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Abstract. We prove existence, uniqueness and Schauder estimates for
the degenerate elliptic and parabolic equations (E) and (NHCP) in RY
associated to the degenerate Kolmogorov operator (K) defined below.
We are concerned in this paper with the properties in Holder spaces of the
degenerate Kolmogorov operator I defined on a smooth function u : (z,y) €
R™ x R" — u(z,y) € R by

where F : R?® — R?" is assumed to be of class C® with bounded derivatives
up to the third order, and D,u, Dyu denote the gradient of u with respect to
x and y respectively. The main features of this operator are its degeneracy
in y and its unbounded drift. The purpose of this paper is to prove existence
and uniqueness of a solution of the elliptic equation

A—Ku=Ff in R?", (E)

and of the nonhomogeneous Cauchy problem

(NHCP)

Ou=Ku+g in (0, +00) x R?"
u(0,-) = f in R2"

associated with /C, to give estimates in the sup-norm of the spatial derivatives
of the solutions, and to prove Schauder estimates.

According to Freidlin [10], the operator K arises, for example, in the study
of the motion y(t) € R™ of a particle of mass one subject to a force field
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F(y,y’) perturbed by a noise. Indeed, y satisfies the stochastic differential
equation

y'(t) =Fy@),y' ) + W),  y(0)=yo, ¥/ (0) ==,  (0.1)

where (W(t)); is the standard Brownian motion in R™. Setting x(t) = y/(t),
(0.1) is equivalent to the system

o (20 _ (P, (W
N\ )\ e 0
(@(0).3(0)) = (@0, 10)

and K is then the Kolmogorov (or Dynkin) operator associated with this
diffusion.

Concerning the study of K in Lebesgue spaces, with respect to some in-
variant measure naturally associated to IC, we refer to Farkas-Lunardi [8]
and Da Prato-Lunardi [7] [6], where regularity and dissipativity results are
proved in the case where F' is a gradient perturbation, in y, of a linear term.

The study in Holder spaces of I, and more generally of degenerate oper-
ators with unbounded coefficients, is the subject of intense research activity.
It is well-known (see e.g. Lunardi [15], Bertoldi-Lorenzi [2] and references
therein) that the parabolic problem associated with a uniformly elliptic op-
erator admits, under some growth assumptions on its coefficients, a unique
classical solution, and that the associated semigroup enjoys nice smoothing
properties that can be used to prove Schauder estimates. The situation is
much more intricate in the case of degenerate operators. A typical example
of such an operator is the so-called Ornstein-Uhlenbeck operator K’, defined
on smooth functions ¢ € C2(RY) by

K'e = $Tr(QD?p) + Bx - Dy,

where the matrix @) is symmetric nonnegative and the matrix B is such that
the hypoellipticity (in the sense of Hérmander [11]) condition det Q¢ > 0
holds, where

t
Qt:/ eSB/QeSB*ds.
0

Using an explicit representation formula (based on Gaussian measures) for
the semigroup T'(t) associated to K', Lunardi [16] proved a priori estimates
for the space derivatives of T'(t), existence and uniqueness of a distributional
solution of the equations (E) and (NHCP) associated to K', and Schauder
estimates for strong solution in some Holder spaces (defined by means of a
distance not equivalent to the Euclidean one in the degenerate case). Using
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a modification of the Bernstein method [1], Lorenzi [12] [13] proved a pri-
ori estimates for the space derivatives of T'(¢) in anisotropic Holder spaces
and then deduced existence and uniqueness of a distributional solution for
the equations (E) and (NHCP) associated with X', as well as Schauder esti-
mates. Da Prato [4] dealt with the operator obtained from K’ by perturbing
the drift B by a suitable smooth and bounded function, still assuming the hy-
poellipticity condition. He then obtained, still using the Bernstein method,
a priori estimates for the first-order space derivatives of 7'(¢). Our purpose
here is to extend their results to the operator K defined by (K). Notice that
K doesn’t satisfy in general the Hormander condition of hypoellipticity on
commutators of vector fields.

From now on, IC will refer to the operator defined by (K), assuming that
F € C3(R?) has bounded first-, second- and third-order derivatives. We
first consider the homogeneous Cauchy problem

{&tu = Ku in (0, +00) x R?"

u(0,-) = f in R2" (HCP)

and prove the following theorem:

Theorem 0.1. If f € Cy(R*"), the homogeneous Cauchy problem (HCP)
admits a unique classical solution uy such that us(t,-) belongs to C3(R*")
for each t > 0. The associated semigroup (T'(t))i>0, defined by T(t)f(-) =
us(t,-), satisfies the estimates given in steps 2.1 and 2.2 below (with T, re-
placed by T).

These estimates can also be obtained by probabilistic methods using Malli-
avin calculus (see Priola [20]—see also Cerrai [3] for a probabilistic point of
view on the Kolmogorov operator). In the case where F' is linear, we recover
the estimates obtained by Lorenzi [13].

The estimates stated in the above theorem allow us to prove existence
and uniqueness of a weak solution of (E) and (NHCP) as well as Schauder
estimates. We refer to the next section for the definition of the functional
spaces involved in the following theorems.

Theorem 0.2. For every A > 0 and f € Cy(R?*"), equation (E) has a
weak solution u. Moreover, if f € CPO/3(R™ x R™), with 0 € (0,1), u €
C2H0.240)/3(R™ x R™) and it is the only weak solution of (E) which is bounded
and continuous and whose Laplacian in x is bounded continuous. Moreover,
we have the Schauder estimate

ullgz+o.c2100/3 < C| fll oo/, (0.2)
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where C' is a positive constant independent of u and f.

Theorem 0.3. If f € C,(R*™) and g € Cy([0, +o0) x R?), (NHCP) admits

a weak solution w, which is given by the usual variation-of-constants formula

ult, 2, y) = T(0) () + /0 (T(t - $)g(s,)) (&, y)ds.

If moreover f € C2H0:CH0/3(R™ x R™) and g € B([0,T],C%/3(R™ x R")) for
some 0 € (0,1) and T > 0, then u € B([0,T],C2t0-CH)/3(R™ x R™)) and is
the only solution of (NHCP) on [0,T] which is in Cy([0,T] x R™) and whose
Laplacian in x is also in Cy([0,T] x R™). The following Schauder estimate
holds:

sup |[lu(t, -, )llcz+e.2r0r/3 < C|l flle2+o.2r005 + C sup |lg(t, -, )l co.o/s-
0<t<T 0<t<T
(0.3)

The paper is organized as follows. We recall the maximum principle avail-
able for K and we fix some notation concerning the functional spaces used in
this paper in the first section. The second one deals with the proof of The-
orem 0.1, whereas Theorems 0.2 and 0.3 are proved in the last section. The
proofs rely strongly on techniques used in Lorenzi [12], [13] and Lunardi
[14], [15], [16], [17], which we extend to our more general situation, and
we sometimes only sketch the proofs of intermediate claims for the reader’s
convenience, referring for more details to these papers. Nevertheless, the
estimates we get in steps 2.1 and 2.2, which are the keys of the proofs of
these theorems, are new.

1. MAXIMUM PRINCIPLE AND FUNCTIONAL SPACES

1.1. The maximum principle. F' being Lipschitz, there exists A > 0 such
that

sup (Kd)(x? y) - )\QZS(CIT, y)) < o0,
(z,y)ER2™

where ¢(x,y) = |z|? + |y|?>. As a consequence, according to Lorenzi ([12]
Proposition 2.7 and Remark 3.3), K satisfies the following maximum princi-
ple:

Proposition 1.1. Let u be a bounded classical solutions of problem (NHCP)
in (0,T) x R?™ with f € Cy(R?™) and g € C((0,T) x R*™). If g <0 (respec-
tively g > 0) on (0,T) x R?" then, for any 0 <t < T,

t"a' 0o < 00 tivel inf ta ) > inf ) .
[u(t, - Moo < [flloc  (respectively (mﬁyl)neR%U( ,y) (L;)neR%f(w y))
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In particular, if g = 0 then, for any 0 <t <T, ||u(t,-,")|lcc < || floo-

All the uniqueness assertions concerning classical solutions of equations
will follow from this maximum principle.

1.2. Functional spaces. C,(R") denotes the space of bounded continuous
functions on RY endowed with the sup-norm | - ||o. For k = [k] + {k} €
[0, +00), with [k] an integer and {k} € [0,1), C*(R") is the subspace of
Cy(RY) consisting of the functions which are [k]-times continuously differen-
tiable such that their [k]-th order derivatives are Holder continuous of order
{k} and which satisfy

[D%u(a) — D*u(b)]

llul| ok == | D%ul|o0 + sup < oo.
For k = [k]” + {k}+ € [0, +oo), with [k:]_ an integer and {k}* € (0,1], the

Zygmund space CF(R™N) is the subspace of Cy(RY) consisting of the functions
which are in BUCF)™ (RN) (i.e., the functions which are bounded uniformly
continuous together with their [k]~-first derivatives), and such that

|D%u(a) + Du(b) — 2D%u (42|

uller = lull ou- + sup < o0.
ct a%] abeRN astb |a — bl{k}"

It is known (see e.g. [21]) that C*(RY) = C*(RY) if k is not an integer (with
equivalence of the norms), whereas C*(R”) is continuously embedded into
CF(RYN) otherwise. Eventually, given 7,6 > 0 and an interval I C [0, +o0),
we define C™?(R™ x R") and B(I,C™?(R™ x R") by

ueC™(R" xR") &V z,y € R, u(z,-) € CO(R"), u(-,y) € C"(R™), and

[ullene := sup [[u(z,-)]leo + sup [[u(:,y)llen < o0,
rER”™ yeR™

we B(I,CYWR xR)) @ Vtel, ult,--) e CPR" x R"), and
lullBr.cne@nxrny) = Stlel? [ult, -, )leno < oo.

Given a compact set K C R"™ x R™ and h € (0,1), we also consider the
following functional spaces:

u € B(I,C*(K)) < |lullgr.crxy) = Sup Jult, )ler @y < o0

u € Lip(I,C*(K)) & 3C > 0,Vs,t € I, |Jult,-) —u(s, MNerxy < Clt = s
uwe CMI,CHK)) & 3C > 0,Vs,t € I, |u(t,") — u(s,")|or) < Clt — sl
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2. PROOF OF THEOREM 0.1

We approximate /C by the uniformly elliptic operator K. defined by
1
Keu := Ku + %Ayu = §Axu + %Ay + F(x,y) - Dyu+ x - Dyu.

It is well-known (see [15] or [18]) that the homogeneous Cauchy problem
associated with IC¢, namely

ou = Keu in (0, +00) x R?"
u(0,:) = f in R?",

has a unique bounded classical solution for any f € C,(R?"). Moreover
the associated semigroup (7¢(t)); is contractive, in view of the maximum
principle, and maps C,(R?*?) to C3(R?") (see e.g. [15] or [12]). The purpose
of the first two steps of the proof is to obtain, for small time, estimates
of the space derivatives of T¢(t)f independent of €. These estimates allow
us then to extract some sequence €, — 0 such that T'(¢)f := lim, T, (t) f
is a classical solution of (HCP). The last step of the proof deals with the
existence of continuous third-order space derivatives for T'(¢)f.

Step 2.1. For any w > 0 there exist constants Cy, > 0 and T > 0 indepen-
dent of € such that for any € small, t € (0,T] and f € Cy(R?™),

ID2Te(t) flloe < Cue't™/2|f o (2.1)
IDyTe(t) flloo < Coe®'t=3/2| ]| oo
(

| DaaTe(t) flloo < Coe t7 1| flloo
[Day Te(t) flloo < Coe“ t 72| flo- (2.2)
||Dnye(t)f”oo < Cwemt_g”fHoo'

[DaeaTe(t) flloo < Coe't™3/2|| floo
HDmyTE(t)fHoo < Cwewt_g)/QHfHoo-
(t)

B (2.3)
1Dy Te(t) flloo < Cooet™ 72| |-

1Dy Te(t) flloo < Cooe ™t f| -
Proof. We write u = u.. For a,3 > 0 and v < 0 to be fixed later, we
consider the function 2! : R; x R® x R"® — R defined by
2t = u? + at|Dyul? + B3| Dyul?* + 42 DyuD,yu.

We then have
o —Kez' =ge=gl + 92
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with
ge = (a = 1)|Dyul® + (=€ + (38 +7)t?) | Dyul* + 2(y + a)tDyuDyu

+ 2at0; F;0udju + yt20"' F;0;udju + 2 0;F;j0'udju + 26> 0" F;0"udju,
g? =— oat|Dr,,3u|2 — (eoz + ﬁtQ) 1t|Dggyu|2 — eﬁt3]Dyyu|2

— ’ytszquu - e’ytszyquyu,

Hlml+in]
Oz oy™
DyzuDgyu = OiquJ u (we use the Einstein’s summation convention: if an
index appears twice in a term, we sum over it). By Young’s inequality and
for0<t <1,

where 0]}, = for every multi-index m,n and |D,ul> = Zij(ﬁiju)z,

}7t28iFjaiu8ju| < O(t*)|Dyul* + O(t)|Dyul?,
|’yt2Dmquyu| < l;t3|nyu|2 + %HDMU\Q,

eyn €
|€’Yt2Dyy“D:vyu| = %t?”Dyyu‘Q + 2—;t\D$yu\2, (2.4)

for some 7,7 > 0 to be fixed later. Here and in the sequel, an expression
like O(t*), k an integer, denotes a function of ¢ depending on the parameters
a, (,... such that for every choice of these parameters, we have an estimate
of the form |O(t*)| < Ct*, t small, for some positive constant C. Letting
v = —a, we thus get that

gt <{a-14+00 Dl + {38 - a+ O }2IDyul,

1 yles
g2 S{ 1+ g ol Desnl® e B+ T Dyl (25)
1 a
{1 2_77>€a+ (=8+75)2 fiDml?

We now choose 0 < o < 1, ¢ <ﬁ<%andn:ﬁ:%. With such a
choice of the parameters, we get the existence of a T' > 0 independent of
e such that g. < 0 in [0,7] x R™ x R™ for any e. The maximum principle
(cf. Proposition 1.1) and the continuity of Du at t = 0 (cf. Lorenzi [12]
Proposition 2.7, Theorem 2.13) then give ||z1(¢,")||o0 < | f||% for all t €
[0,T]. Independently, since the lowest eigenvalue A,y of the quadratic form
q(z,y) = alz|® + Bly|? + yay is positive for v = —a and B > a/4, we have
for any z,y € R™ and ¢t > 0 that

a1 (t,z,y) = atlz]> + B> + 122y = 1 (2, 9) > Amin (12> +17]%)
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> i (2] + [y [*),
where & = 1z, § = t3/%y. We deduce that for any ¢ € [0, 7] and e,
1 3
t2[| DaTe(t) flloo + t2[| DyTe(t) flloo < K| flloo,

where the constant K is independent of €. Given w > 0, let C,, > 0 be such
that Ce*tt=1/2 > KT Y2 for all t > T. Then, since T, is a contractive
semigroup, we have for any ¢ > T that

HDwTE(t)fHoo = ||DxT5(T)TE(t - T)f”oo < KT*l/ZHTE(t - T)fHoo
< Coe”t 72| f oo,

which is (2.1).
To prove (2.2), we consider the function

2% = 21 4+ M2 Dygul? 4 pt*| Doyl 4+ vt Dyyul® + 05 DyyuDyyu
for some parameters «, 3, A, u, v > 0, 7,0 < 0 to be fixed later. We have
5 = Kez® = ge = 98 + 92 + 92 + 9t
where
3 2 3 2 5 2 2
92 =2Xt|Dypul” + 4pt’| Dyyul® 4+ (6v 4 0)t° | Dyyul® + 4Mt° DypuDyyu
+ (50 + 2,u)t4DyyuDzyu + 2)\t28iju {@JFkaku + 28Z»Fk6jku}
+ 2ut4afu {akaﬁku + aiFk(?iu + aijaiku}
+ 0°0"u { 6] Fydyu + 0, Fidfu + 0 Frdgu }
+ {2viodu + 00 07u} {6 Fudyu + 0" Fdfu + 09 Fidju}
ge = = M| Dyggul® — (X + Mt2)t2|DmyU’2 — (ep + Vtz)t4|D1‘yyu‘2
- eutﬁ|Dyyyu|2 - 9t5nyyquyu - 60t5nyyuDyyyu,
with, as for the sepond—order space derivatives, | Dyzul? = Eijk(&-jku)z and
DyyyuDggyu = 8] kuazkju We first write that

2/\t28iju {03 Fi.0pu + 20, F1,0;,u }

+ 20t 03 { O o + 0, Fdu + 09 Frdpu }

+ {2v0 0 + 0007u} {6 Fudyeu + ' Fidu + 07 Frju

= O(t)|Dyul? + O(t*)|Dygu|* + O(t*)| Dyyul® + O(t5)| Dyyul?
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and
00°0"u { 6] Fropu + 0,Fdu + 0 Frpu }
< O(t)| Doul® + O(t")| Dayul* + O(t°)| Dyyul* + O(#*) Dygul?,
so that
g2 =0(t)|Dyul* + {2\ + O(t)} t| Dyyu|® + {6v + 0 + O(t) } t°| Dyyyul?
+{4p + O(t)} 3| Dyyul* + 4N DyyuDyyu + (50 4 2p)t* DyyuD .
We then get with (2.5) and the definition of g2 with v = —a that
g + 92+ 98 <{a— 1+ 0)} [Doul* + {36 — o+ O(t)} £*| Dyul?
+ {2\ — a4+ O(t)} t|Dyoul?® + {—€eBt> + (6v + 0)t° + O(t%) } | Dyyul®
+ {—eat + (4 — B)t* + O(t")} [ Dyyul?
+ (4X + a)t*DyguDyyu + {eat® + (50 + 2p)t*} DyyuDyyu.
For 7} > 0 to be chosen later,

AN+«

A + « .
t|Dggul® + —— t3 Dyyul®.

21)
Hence, using (2.4) with 77 = 1/2 and 8 > ¢, and assuming that 50 +2u = 0,
we obtain

9 + 92 +9¢ <{a =1+ 0} [Doul* + {36 — a + O(t)} | Dyul*  (2.6)

AN
n {m —a+ 2; ° 4 O(t)} tDggtuf? + {61 + 0 + O()} 7| Dyyul®

|(4X\ + a)t* DypuDgyul <

DN+ a,
2400} #1D.yu

+ {4,u - B+
Moreover, for § > 0 to be fixed later,

0 0|6
9? §<% - u>t4\szu|2 + (% - V)6t6|Dyyyu|2

A (2

1 0
:<5 - 1>pt4|sz,ﬂL|2 + (EM - 1/)6t6|Dyyz’,u|2

{5 s ()
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Independently, the quadratic form go(z,y) = p|z|? + v|y|? + Ozy is positive
if and only if 4 > 0 and v > g. We now claim that we can choose the
parameters such that they satisfy

40+
O0<a<l, 3<8<3, 2\ —a+ zﬁo‘2<0 (2.7)
4u—ﬁ+4k%77<0, 6v+60 <0, U>Z—u7 ]9|<min{2u6,%”},
Indeed, a possible choice is
1 « w
1/5,1/4), h==+a?, f==—-a%, A=at, p=a? v==
0€(1/5,1/4), n 2+a,[3 3 o, A=a", p=a, v 50

for v small. For such a choice of the parameters, we get the existence of
T > 0 such that g. < 0 in [0,7] x R™ x R™ for any € > 0. We conclude as
previously.

To prove (2.3), we consider

23 = 22 + pt3| Dygau|* + 0| Dygyul® + 77| Dyyyu|* + xt°| Dyyyul?
+ wthzyyuDyyyu

for some parameters a, G, \, u, v, p,0,7,x > 0, v,0,w < 0 to be fixed later.
We have

4 - K =go=gl+ 02+ 92+ 9! +97+90,
where
92 = 3pt?| Dygru|® + 50t*| Dyyu|? + 7718 Dyyyul® + (w + 9)3| Dyyyul?
+ (8w + 27)t7DzyyuDyyyu + 6pt3Dxmquyu + 4Ut5DmyuD$yyu
+ 2pt3({9¢jku {&ijl@lu + 38ijl<%lu + 38,‘Flajklu}
+ 20108 {05 Fidyu + 03 Fiofu + 0" Fidsjyu + 20} Ry + 20, Rk}
+ (277576171% + wtsﬁijku>
x {ag"“ﬂalu + 098 Fy0yu + 0, F, 00 u + 207 FLofu + 28J'Flagu}
+ (2Xt98ijku + wtgﬁijku)
x {aijkﬂalu + R Fdu + 0 0T u + 20V Fyofu + zafﬂa;"fu} :
g% = — pt?| Dygaau|® — (ept® + Ut5)]Dmxyu|2 — (eot® + 7'257)|Dmyyu|2
— (et + Xt9)|nyyyu|2 - ext9|Dyyyyul2

8 8
— Wt Dy u Dyt — €wt” Dy Dy .
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In view of Young’s inequality and assuming that 7 4+ 4w = 0, we have
= (3p + O())2| D] + (50 + O())| Diyul?
+ (77 + Ot | Dyyyul* + (w + 9x + O())t%| Dyyyul
+ 6pt3Dmqumyu + 4Ut5Dmyquyu
O(t)|Dyul? + O(t?)| Dygu* + O(t*)| Dyyul?.
Hence, with (2.6), assuming that 5 > «/4 and 50 + 2 = 0,
9+ 9E 92 gl gl + 9l =
{a—14+0®)} |Dyul* + {38 — a+ O(t)} *| Dyul?
4\ + Q@ .

{%—a+ O@ﬁﬂDmm2+mu+9+Om}ﬂDwm2

4
{ —B+ '+an+IX)}fWDMUF+{3P—A+-0@Htﬂmeﬂ2

407

+ {50 —pu+ O(t )}754\Dmyu|2 + {—e,ut4 + (77 — V)t6 + O(t7)} |nyyu|2

+ {—El/t6 + (w+ 9t + O(t )} )} | Dyyyul?
- thSDwyyuDyyyu + 6,0t DyrptuDypyu
+ (40 — 9)t5Dzyyquyu — Tt7\Dmyyu]2 — (67’t7 + )(tg)]Dwyyyu]2
— ext”| Dyyyyul* — wt* DaayyuDayyyu — €wt® DayyyuDyyyyu.
Moreover, for some 7, 3, 6 > 0 to be fixed later,
4o + 10| _

40 + |0
‘(40—0)t5nyyquyu‘ < 2% | |t4’Dxxy |2 2 t6|nyyu|2
3 2 2 4 2
‘6pt Da:xzu-Dx:cyu‘ < 3pt |D£C$xu| + 3pt ‘ngcyu| )
€lo
}fetg’DzyyUDyyyu‘ < |5‘ t4‘D$yy ’2 | |5t6’Dyyy ‘2
|w]

W~
—f:t7|l)x$yy142 + L—l5t9\l)$yyy142,

——t"| Dyyyyul® + —5t9‘Dyyyy 2.

‘WtSD wayyUDayyyu| <

\w!

8
‘“"t Dwyyy“Dyyyyu‘ < 2%

Hence,

G+t +ai+tai+tgd+a’=
{a =14+ 0)} |Dyul* + {38 — a+ O(t)} | Dyul?
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AN+ « 9 5 9
T +O(t) 1 Daguf? + {60+ 0+ O(t) HO| Dy

4\
2+ i+ 0(t>}t3!Dwu!2 +{6p = A+ O(t)} *| Dy

4o + |0
21

+3p+ O(t)} 4 Dy

4o + 10|
2

- 1)u+ (77— v+ ﬁ>t2 +0(t3)}t4|nyyu12

{

{
+{5a—u+

{

{

1
— V> + (w + 9X)t2 + O<t3)}t6‘Dyyyu’2 + {5 - 1}7't7‘Dmryy“’2

+ {e<§ = 1)7’ + (%5 - x)tz}t7\Dwyyu!2 + €<%S - X)tg\Dyyyqu.

We now choose the parameters such that they satisfy (2.7) and also

40+16]
6p <A, bo—pu+ ST +3p <0
Tr—v+ 2y <0, w9y <0 (2.8)
Xsi>Ll Ksisl x>
A possible choice is for example
2
5:%—0427)\:0447M:a271/_?_6>p OZB,O'—T:OZ?’,

o 1 P Losc (LY 5.(L1
= — = — 8] = — _ — —_ —
X 407 ,’7 2 ) 77 47 57 16 ) 87 5
for a small. For such a choice of the parameters, we get the existence of a

small T' > 0 independent of € such that g. < 0 in [0,7] x R™ x R™ for any e.
We then conclude as before. O

The next step shows that we can improve estimates (2.1), (2.2), and (2.3)
when f is more regular:

Step 2.2. If f € C}(R*™), estimates (2.1), (2.2), and (2.3) become

ID2Te(t) flloss 1Dy Te(t) flloo < Co™ || fllcn, (2.9)

< wt —%
meﬂ@ﬂ@,W%ﬂKﬂMm_Cmft\V%“ (2.10)

_3
Iy () flloo < Coe 't H | cn,
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[ DaaaTe(t) flloos |1 DaayTe(t) flloo < Coet ™| fllcr,
[ Dayy Te(t) flloo < Coet=2|| fllcn, (2.11)
[ DyyyTe(t) flloo < Cooet 3| fllcn-
If f € C2(R™), we have
IDTe(t) fllo, 1D*Te(t) flloo < Coe™!l| fllc2, (2.12)

1
| DazaTe(t) flloos | DaayTe(t) flloos | DayyTe(®)flloe < Cuwet™ 2| f|l o2,
_3
[ DyyyTe() flloo < Coe't™2 Il fllc2-

(2.13)
If f € C3(R*™), we have for any k = 1,2,3,

ID*Te(t) flloo < Coe || fllcs- (2.14)

Proof. Since the proof of these inequalities is analogous to what we did
previously, we only sketch it for (2.10). We consider the function

ze = u* + a|Dyul* + a|Dyul? — aDyuDyu + M| Dypul® + pt| Dyyul?
+ vt?|Dyyul* + 0t*DyyuD,yu,

where u = u,. and the coefficients a, A, u, v > 0, 8 < 0 will be chosen later.
We have d;z — Ke = g2 + g2 + g2 + g2, where

gl = — |Duf? = (a + e)|Dyu|2 + 2acDuDyu
+ a(20;F; — 0'F})0iudju + a(20"F; — 0;F;)0"ud;u,

92 = — a|Dyzul® — (14 €)a|Dyyul* — ea| Dyyul* + aDypuDyyu
+ eaDyyuDyyu,

92 = ADazu|* + p Dayul® + (3 + )| Dyyul* + 2(pu + 0)t DyyuDyyu
+ 2M0;5u (95 FyOpu + 20;F,0ju + 205u)
+ (2utdu + 0120 u) (8! Fdu + 8 Fpdlu + & Fydgu)
+ (2utdu + 0t285u)(({)iij8ku + 28iFk3iu),

93 =- )‘t|Dx:c:0U|2 —(n+ 6)‘)t|Dmyu‘2 - (Vt2 + 5N)t|D1‘yyu‘2
- eyt3|Dyyyu\2 - 0t2nyyquyu — thZnyyuDyyyu.

We let 8 = —p and estimate these terms as follows:

ol = {~1+0(/a)} IDauf + 0 {~1+0(va)} [Dyul’.

«Q « EX
,962 <- §|Da:zu|2 - 5(1 + 5)|D:cyu|2 - 7’D99u|27
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92 <O)|Daul* + {A + O(t)} |Degul® + {pn + O(t)} | Deyul?
+{3v—p+ O(t)}t2|Dyy“|2v

1 op
gt < {% — 1} pt| Dy ® + {7 — u} et | Dyyyul?

ou 1
+ { (7 - V) t2 4 e (% — 1) u} t| Dayyul?,

for some § > 0. Hence,
9+ 9.+ 9+
< {-1+0(\@)+0t)} |Dyul* + a{~1+ O(/a)} |Dyul?
_« 2 _« 2
+{x : +0(t) } Dl + { : +O(t) } Dyl
+1* {30 — p+ O(t)} [ Dyyul?

1 )
+ {% - 1} (it Daayu|® + {EM — 1/} et3| Dyyyul?

op 1
+ { <7 — l/> t3 + € (2—5 — 1> [Lt} |Dzyyu]2.

If we choose A = p=«a/4, v =2u/7 = /14 and 6 = 1/2, we see that for «
small, the quadratic form (z,y) — u|z|?+v|y|? +0xy is positive definite and
that there exists 7 > 0 small, independent of €, such that g} +g¢24+g3+g2 <0
in [0, 7] x R?" for any € small. We conclude as previously. O

We can now prove existence and uniqueness for the homogeneous Cauchy
problem (HCP):

Step 2.3. For any f € Cy(R®™), the Cauchy problem (HCP) admits a
unique solution uy.

Proof. Fix f € Cy(R*™) and set u. = T.(-)f. Let 0 < Ty < T, I = [Ty, T
and K C R"™ x R™ compact. Since dyue = Kcue, we see from the previ-
ous step that the sequence (u) is bounded in B(I,C3(K)) and belongs to
Lip(I,C(K)). It then follows from ([14], Proposition 1.1.4(i) and Corol-
lary 1.2.19) that (uc) is bounded in C0=®)/3(1,C?***(K)) and that (dyu.)
is bounded in C(1=®)/3(I, C(K)). Hence the sequences (dyuc) and (DPu,)
for |5 = 0,1,2 are uniformly bounded and equicontinuous in I x K. As
a consequence, there exists uy € C12((0,+0c) x R?*") such that, up to a
subsequence, Oyue — Jyuy and DPu, — DPuy 7+ 18] = 0,1,2, uniformly in any
compact subset of (0,+00) x R?*". In particular, dyus = Kuy. It remains
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to show that uy satisfies the initial condition. This can be done exactly as
in Lorenzi [12]: we first prove the claim for f € C2(R?") using the formula
([18], Proposition 4.3)

T.(0)f(x) — f(x) = /O (Tu(s)Kf) () ds:

we then extend the result by density to a function f € C.(R?"), and even-
tually prove it for f € Cy(R?") by a localization argument. We refer the
reader to [12] for a detailed proof. The uniqueness of uy follows from the
maximum principle. ]

According to the previous step, we can consider the contractive semigroup
(T'(t))i>0 defined on Cy(R**) by T(t)f = us(t,-). Since T.(-)f — T(-)f in
C’llo’f(((), +00) x R?™)| (T'(t));>0 satisfies estimates (2.1) and (2.2). As in [13],
we can also prove that

Step 2.4. If (f,) C Cy(R?™) converges to f € Cp(R?™) in Cioe(R?"), then
T() fn — T f in Cloe([0, +00) x R2%) and also in C12((0,4+00) x R27).

loc

Indeed, we can for the moment prove only that T'(-) f, — T'(*) f in Ciee([0,
+00) x R?") and also in C’llo’cl((O, +00) x R?"). The result of the next step
allows us to redo the proof of this result and to see that we have the conver-
gence in CZIO’CQ((O, +00) x R?") too.

We can now prove that

Step 2.5. (T'(t)) satisfies (2.3).

Proof. The proof follows that of Theorem 3.5 in [12]. We write it down
completely for the reader’s convenience. Let f € CP(R*") and ue = T.(") f,
u = T(-)f. We first prove that u has a derivative of third order. We fix
h < n and consider the operator 7}* defined on C,(R?*") by
lb x+keh7y —¢ T,y
(e y) = LET RV Z 0]

where eq,...,e, is the standard basis of R". Given R > 0, we localize by
considering a cut-off function ngp € C°(By(R)) such that 0 < nrp < 1 and
nr = 1 in Bo(R/2), where By(R) is the ball of radius R centered at 0, and
set Ve, p = NRUe, UZk,R = 7']?(116’3). Then v?’k’R is a classical solution of

&vgkﬁ = /Ce’l)?’k’R + ng,R in (0, 4+o00) x R#"
vl r(0,2) = T (R f) (2, y),
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where (we sum over i but not over k and h)

9l m(ta,y) = (1L F) (@,9) (Ove, )t @ + kep, y) + (8" ve p) (t, @ + ke, y)

— 1l (uKenr) — Omr(a + ken, y) 7l Ouc(t, ,y) — dyuc(t, v, )} ding

— ed'nr(z + kep, y) 00 u(t, z,y) — educ(t, z, )T nr(t, z,y).
According to [19], Theorem 3.5, for t > 0 and (z,y) € R?",

t
nltia) = 1.0 (D) @) + [ (T = 9glin(s.) (@) ds.

" (2.15)
Since 7 (nrf) € Cp(R?*"), the first term on the right-hand side converges to
T(t) (r8(nrf)) (x,y) as e — 0 for any ¢ > 0 and (z,y) € R*". If we denote
by g,i r the function we get by replacing respectively € and u. by 0 and u
in the definition of gg,ﬁ r» and recalling that nr has compact support, we
have that gZhR — g,ﬁﬂR as € — 0 uniformly in I x R?" for any I C (0, +00)
compact. If K C R?" is compact, we then have for any s,t > 0, using the
fact that T is a contractive semigroup, that

HTe(t)ng,R(s, ) = T(t)gZ,R(S, N oo ()
< Hggk,R(Sv ) - QQ,R(& ')”C(RQ”) + HTG(t)gl}cL,R(sv ) - T(t)gl}cL,R(S’ ‘)HL"O(K%
which converge to 0 as € — 0 in view of Step 2.3. Moreover, in view of (2.9)
and for € small,
| Te(t — S)QZk,R(& Mooy < Hg?,k,R(37 Mooy <C

where the constant C'is independent of e. We can thus apply the dominated
convergence theorem to pass to the limit € — 0 in (2.15). We then get for
any t > 0, z,y € R" that

eatr.) = 10) (b)) o)+ [ (700 9lats.) () ds.

(2.16)
We now want to pass to the limit & — 0 in the above expression. First
' (nrf) — On(nrf) in C (R?") and, in view of Step 2.3, g,};R(s, ) — gh in
C? ((0,4+00), R?"), where

loc
gk = O F,0vR + 0"vr — Op(uKnR) — 0mrdinu — Oudinnr

with vg = nru. Using Step 2.4 and by dominated convergence (see (2.12)—
f € C?(R?")), we can thus take the limit & — 0 in (2.16) to get that for any
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t >0 and any (z,y) € R™,

On () (t.9) = T(0) Onton ) (2.) + [ (Tt = s)ghts)) Goeo) s
(2.17)

Since nrf € C}(R*"), for each t > 0 the first member in the right-hand side
belongs to CZ(R?"). Independently, interpolating (2.12) and (2.14) (since
[ € C}), we see that, for any € (0,1) and any T > 0, (T¢(-) f)e is bounded
in B((0,T),C?*(R?")). We deduce that T(-)f € B((0,T),C?T%(R?")) and
then that g% € B((0,T), C%(R?")). Moreover, interpolating (2.2) and (2.10),

we get that for any ¢ € 05/4(}1%2”),

C
1PeaT ()¢ lloc; 1DayT ()]0 < g [¥ll ooy

Choosing o = 3/4, we thus get, by the dominated convergence theorem
applied to (2.17), that for any 4,7 = 1,...,n, d;jau and &), u exist and are
continuous in (0, +oc0) x R?®. We get in the same way the existence and
continuity of &/ "u for any 1, j, h. The first estimate in (2.3) implies that the
function D,,T.(t)f is Lipschitz in x with Lipschitz constant not exceeding
Ce“'t3/2|| f||oo. Hence D,,T(t)f is also Lipschitz with the same estimate
for the Lipschitz constant. Since D,,,T(t)f exists, we deduce that it satisfies
estimate (2.3). We see in the same way that T'(¢) satisfies all the estimates
(2.3), (2.11), (2.13) and (2.14) except those concerning Dy, T'(t).

To prove the same result for D,,,T(t), we take h € {1,...,n} arbitrary,
so that

t
O ) t.2.9) = 70) (9" 0e)) o) + [ (T( = 9)gh(s.) (2.0) ds,
(2.18)

g = 0" Fidvr — 0" (uKnr) — 0mrdj'u — 0ud;nr,
with vg = mru. As before, the first member in the right-hand side of
(2.18) belongs to CZ(R?") for any ¢t > 0. We are going to prove that
g% € B((0,T),C32(R?")). As a consequence of what we just did, we have
g% € B((0,T),C*(R?)). By interpolation, we have for any 6 € (0,1) and
Y € CHR?™),

Cewt Cewt
1P T(t)¢llco < s=gyz ¥ lens 1Dy TOYlco < Smgyzsllvlen-



414 NICOLAS SAINTIER

Hence, by the dominated convergence theorem applied to (2.18), we see that
Dauy(nRu), Dayy(nru) € B((0,T), C*(R?*™)) for any 6 € (0,1/3) and T > 0.
As a consequence, g% € B((0,T), C1*?(R?")) for any 6 € (0,1/3) and T > 0.
We use this argument once more. By interpolation,

Cevt
“waT(t)¢“m7 ”nyT(t)szoo < WM}HCH—@’
Cewt Cewt
[DzaT ()Yl cr < WH@Z’HCH% [ D2y T ()] cn < WH@Z’HCHG-
Interpolating these inequalities we get

Ce*t Cet
1DzaT)Vllor2 < sgya [l 1PeyTYlcrrz < smgyzllvllcare.
We now choose 6 € (1/4,1/3), so that (5 — 46)/4 < 1, and we deduce
that Dy, (ngru), and thus g/, belongs to B((0,T), C3/2(R?")) for ant T > 0.
We can now conclude that Dy, (nru) exists and is continuous by using the
interpolation inequality || Dy, T (t)1]leo < Ce“tt=3/4||9)]| pas2.

We thus proved that u(t,-) € C3(R?") satisfies the appropriate estimates
under the assumptions that f € CE(RQ”). By density, we still have that
u(t,-) € C3(R™) for f € BUCKR?™) for any k = 0,1,2. For a general
f € CF(R?"), it suffices to write T'(t)f = T(t/2)T(t/2)f and remark that
T(t/2)f € CZ(R®*) Cc BUCY(R?). Moreover, the appropriate estimates
for the derivatives of third order of u are still valid since we know that
D?T'(t)f is Lipschitz with the appropriate Lipschitz constant (coming from
the estimates for D3T,(t)f) as we explained above. O

3. PROOF OF THEOREMS 0.2 AND 0.3

Before beginning the proof of Theorems 0.2 and 0.3, we need some esti-
mates on the behavior of (T(t));>0 between the anisotropic spaces C3%¢(R?")
and C3%°(R?"). We first prove that

Step 3.1. for any w > 0 there exists a constant C,, such that for any t > 0
and f € CPH(R™ x R™),

IT(t) fllcsa < Cwe[|fll s

Proof. For a, A\, u,v,p, 7, x,¥,w > 0, 0,0,¢,v < 0 to be fixed later, we
consider the function z = z. defined by

z = u?+a|Dyul? + a|Dyu|? — aDyuDyu + N Dyyul? + pit| Dyyul?
+yt3]Dyyu\2 + HtQnyuDyyu + p\szu\z + 0tDypauD gy
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+Tt2Dxmquyyu + qﬁt?’Dmquyyyu + )(152\Dmyu|2 + 1/1t4\nyyu|2
+wt6|Dyyyul2 + Ut5nyyuDyyyu,

where u = ue = Tc(+) f. Then 0z — Kez = g1 + g2 + g3 + g4 + g5 with

g1 = —|Dzul® + (20, F; — & F;)0judju — (a + €)| Dyul?
+ a(20' F; — 0, F;) & udiu + 2aDyuDyu,
92 = —a| Dygul” + (1 — )| Dayul® + (3v + 0)t?| Dyyul®
+ (4\ — @) DyguDgyu + 2(p + 0)t DyyuDyyu
+ 200;u(0i5 F, Ok + 20;F1,0;1)
+ (2utdu + 020 u) (0 Frdpu + 9; Fpdlu + & Fdu)
+ (230w + 0t20] u) (8" Fdpu + 8 Fydlu + & Fdhu)
— ea(|Dayul® + | Dyyul? — DyyuDyyu),
g3 = ~MDatt2 + (—eA + (2x = 1)) Dyl
+ (—ept + (49 — v)t*)| Dyyyul®
+ (6wt® — evt®)| Dyyyul® — 012 DyyuuD gy + (5vt* — €0t?) Doy Dy
+ Dapat(0 Dyt + 27t Dyyyu + 3¢t2Dyyyu)
+ (200j3u + otdlu + T30 u + Pt30*)

X (03 F101u + 05, F105u + 0,1, F105,u + 035 F1 05w

+ O Fi10i5u + 0; FiO0iiu + 0; F101u + 8fju + Gfku + ajk.u)
+ (otOijru + 2xt*0fu) (05 Fidyu + 205 Foqu + 0" Fdju + 05 F0f u
+ 20, Fyd%u + 207" u)

+ (18205 + 2040 u + vtP 9Ty

X (8kolé?lu + 28g1718fu + &'anljku + 07 Foyu + 28”*}6511 + aijku)
+ (¢t303ju + 2wt00Fy + 0> 0TF )

X (07R Foyu + 209 Fiofu + 07F Fiofu + 209 FofFu + 0 [0 ),
94 = —P’DmmU’Q - XtQ‘szyUP - 1/’154|Dmyyu‘2 - WtG‘Dacyyyu‘Q
— 0tDggazuDypgyu — Tt2aflku8ijklu — ¢t3aijklu8;jku — Utsafékualijku,

g5 = _EP‘D:vmqu - 6><752|Dwavyyu|2 - 6¢754|Dacyyy7~4|2 - GWtqDyyyyu‘Q
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— evt582klu8ijklu - e@fjku[otafjlu + TtQGfklu + Pt39UMy).
We have
g1 < {=1+ O(Va)}|Dzul* + a{ =1+ O(Va)}| Dyul?, (3.1)
and, assuming that 0 + 4 =0 and A, u = o(a),
g2 = (O(t) + o(a))| Dyul* + {(3v + ) + O(t)}t*| Dyyul?

_ (%(1 +0(1)) + O(1)) (1Dagul? + |Dryu?) (3.2)

We now estimate gs. Assuming that p, o, 7, ¢ = o(\), we first write that
(200;j5u + otOfu + 712070 + g3 9k
X (05 F101u + 0 F105u + Oi, Fi0j1u + 03 F10k1u
+ Ok Fy0ij0u + 0, Fidu + 8;Fidju + 0w + O u + Olgu)
= 6pDz2uDypyu + 3(7t|Dmyu|2 + 3Tt2\nyyu| | Dyayu| + 3¢t3DmyuDyyyu
+ 0(A) | Dagu|® + O(Q)‘DmuP + O(O‘)‘Dmu‘z + O(tQ)’Dmyu‘z
+O(t")| Dayyul* + O(t°)| Dyyyul?,
(otOijru + 2xt28fju)
x (0K Fidyu + 208 Fydu + 0" Fydyju + 033 Fi0fu + 20; Fydlu + 20/ )
= 20tDyppu Dyt + 4xt2Dmyquyyu + O(t)|D9Eu|2 + O(t)DMu\2
+ O(t) Dygzt|* + O(t) Dyyuu|? + O(t*)| Dyayus|* + 0(N)| D,
(205w + 2¢t485ku + vtP 9
X (7* Fopu + 287 Fi0fu + 0, F107"u 4+ 078 Fydgu + 209 Fydu + 09%)
= Tt DDyt + 20t Dy u Dyt 4 01| Dyyyul? + O(t)| Dyu|?
+ O)|Dayul® + O(t)| Dygu|® + O(t)| Dygzu|* + O(t?)| Dyayul
+ O(t4)\nyyu|2 + O(t6)‘DyyyU’27
(¢t20sjxu + 2wt00"TFy + Ut582ku)
X (0I* Fopu + 209 FioFu + 0F Fidfu + 209 FofFu + 0 F9)Fu)
— OW)| Dt + O1) [ Dyf? + O(t) Dyl + O(Y) Dayy?
+O(t%)| Dyyyul*.
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Hence,
g1+ 92+ 93 < {~1+O0(Va) + Ot)}| Dyul?* + a{~1 + O(Va) }| Dyul?
_ (%(1 +o(1)) + O(t)) (|1Dgau|® + [ Dayul®) + t2{3v + 6 + O(t)}| Dyyul?
+{=A+0(A) + O} Dagal® + {4+ 2x + 30 + O(t) }t| Dy
+ {40 — v+ O()}’| Dayyul? + {6w + v + O(£)}t°| Dyyyul?
+ (6p + 0)DygauDygyu + 2(0 + T)tDygpuDyyyut
+ (3¢ + T)tszmuDyyyu +3r—-60+ 4x)t2|Dmyu\ | Dgyyu]
+ 3¢t Dy Dy + (50 + 20)t* DDy
— ¢ (ut| Dayyul® + v | Dyyyul* + 082 DyyuDyyyu)
Assuming that ¢ = —6p, 7 = 6p, ¢ = —2p, v > % and 5v + 2¢ = 0, this
becomes
g1+ 92+ g3 < {~1+O(Va) + O(t)}| Doul? + a{~1 + O(Va) }| Dyul?
— (50+0(1) + 0®)) (1Daxul® + [ Dayul?) + 13y = p+ O(1)} | Dyyuf?
+{=A+0(\) + O} Dagwts|* + {—p + 2x — 18p + O(t) }t| Dy
+ {49 — v + O} Dayyul* + {6w + v + O} | Dyyyul?
+ (18p + pt + 4X)t?| Daarytt] | Dayyytt| — 6pt> Dopiryyu Dyt
For § > 0 to be fixed later, we have
|(18p + pu+ AX) 2| Dy ul | Dayyul|
< thmyu\? + %(18p + p+ 4X)58% Dyl
and also
‘f6pt3DmyuDyyyu| < 3pt| Dywyul® + 3pt° | Dyyyul?.
Hence,
g1+ 92+ 93 < {=1+ O(Va) + O(1)} [ Drul” + a{ -1+ O(Va) }[ Dyul?
— (51 +00) +0W®) (IDesul? + [Dayul?)
+ {3V — p+ OO HDyyul® + {=A + o(N) + O()} Duawu|?
18p + u + 4x

2
2 + O(t)}’szyu‘

+t{—p+2x—15p+
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1
+ {4 — v+ S (18p + p+ 4x)0 + O()}| Dayyul”
+ t5{6w + v + 3p + O(t)}| Dyyyul?.

We thus choose the coefficients such that

{3V—,u<0, — i+ 2x — 15p 4 et 53)

4p —v+L1(18p+ p+4x)5 <0, 6w+ v +3p < 0.

Independently, the conditions for the quadratic forms defining z to be posi-
tive at £ = 1 read as

o272

2
v>0%/dp=p/4, x> ‘72/4/) =%, v>5+ 1602 (x—02/p) nggp’

54 2
(v+6p+3 p9p) _ 4ppxto(vx—=9vp+12xp)

2,2 — 00—
dehp—36p— 4?;79‘) 4(px—9p¥—9px)

2
w>p+X9_p9p+

)
(3.4)

We can choose for example

A= p=a? u:%oﬂ, p=ab p=x=0a w= 50@ 0 € (2,7)
for o small. With that choice, we have, for o small, that g1 + g2 + g3 < 0
in [0, 7] x R?" with T independent of e. It remains to check that, with the

same choice of parameters, g4, g5 < 0 in [0, 7] x R?" with 7" independent of
€. We have

3
gy = — 046|Dmmu|2 — oz?’tQ|D:L«mgﬂ\2 - 043154\Dmyyu|2 — %agt |D9Eyyyu|2

+ 60¢6tDmmquxyu — 6046752Dmmquyyu + 205t Dmmquyyyu
2
+ ga3t5Dmyyquyyyu.
Writing

3a8 2 65,2 2
= Dazaauf* + 30°601* | Dagayul?,
3%“6|Dmmu|2 +3a°6t*| Dyayyul?,
‘2a6t3DmmUD:vyyyu‘ < %6
§a3t5szyyUnyyyU < C;_;Daca:yy“’2 + %agth‘nyyy“P’

| 6056tszxxUszmyu ‘ <
‘6a6t2Dmmquyyu‘ <

‘szm:u|2 + a65t6|Dmyyyu|2a
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for 0,8 > 0 to be chosen later, we obtain

7
g4 < af <_1 + 5) |Dagazt)® + @3 (=1 + 3038)t?| Dy

1 o | =
+ a3 <—1 + Py + 3@35> 4 Dyyyu|* + ® (—53—0 + R + 5a3> 18 Dyl

Choosing § = 14 and § = 1/4, we see that, for o small, g4 < 0 in [0, T"] x R?"
with 7" independent of €. The same holds for g5 since we can write in the
same way that

7
elgs <al (—1 + 5) ‘Da:wy“|2 + a3(—1 + 3a35)t2]Dmyyu|2

1 306 -
+a® <—1 tost 3a35> tY Dyyyyul® + o® (—% et 6a3) 18 Dyyyyul?,

and we choose as before § = 14 and 6 = 1/4 to get the result.

We eventually have that 0,2 —K.2 = g1+g2+93+ga+gs < 0in [0, T'] xR?"
with 7" independent of e. We conclude by using the maximum principle and
the semigroup property as in the proof of step 2.1 that for any w > 0 there
exists a constant C,, independent of € such that for any e small, ¢t > 0 and
f ey (R x R,

ITe(t) fllosn < Coe [ fllgaa

It follows from Step 2.1 that
1T Lo ooy < Cett=3/2,
The interpolation equality
(Co(R*"), Gy (R¥))po0 = G "(R™") V6 € (0,1)

proved in ([13], Lemma 5.1; see also [9], Lemma 2 in Appendix C.2 with
P =qo = q1 = q = o0) then implies, as in ([13], Proposition 5.4), that for
every w > 0, there exists C' > 0 such that foreveryt >0and 0 < a < g <1,

IT(t)| pcsaa goosy < Celt=3E0=/2, (3.5)

Since T'(t) is not strongly continuous neither in Cy(R?*?) nor in BUC(R?"?)
as shown in [5], we cannot define its infinitesimal generator. Nevertheless, as
in much of the quoted literature, we can associate with (7°(¢)) an operator
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A, which will play the role of generator as follows. For A > 0, we consider
the operator R(A\) on X := C,(R?") defined by

ROV (@) = | TN f) (). (3.6)

0
Since the semigroup (7(t)) is contractive, the integral is well defined and
R()) is continuous from X to X with norm ||[R(A\)|| < 1/A. Moreover, R(\)
satisfies the resolvent identity and it is one-to-one because, for every (z,y) €
R2" (R(A)f)(z,y) is the Laplace transform of the function t — (T'(t)f)(z,y),
which is equal to f(x) for t = 0. Therefore (see e.g. [22], Theorem VIII.4.1),
there exists a closed operator A : D(A) — X such that

D(A) = Range of R(A\) VA >0, and R(\) = R(\, A).

We now remark that if f = R(\)¢ € D(A) with ¢ € C%9/3(R™ x R") for
some 6 > 1, then Af = Kf. Indeed, fix n € (3,2 + 0) not an integer. By
(3.5) with a = 60/3 and 5 = n/3,

(T ()| punys < Cet=M=/2)|p]| 10,0/

with (7 — 0)/2 < 1. Moreover C""/3 = C"1/3 ¢ C%! since 7 is not integer.
Choosing w € (0, ), we can thus apply the dominated convergence theorem
to get

Kfwy) = [ e METOO @ = [ @)

0 0

Hence (A= K)f = ¢ = (A — A)f, which gives Kf = Af. More generally, we
can characterize D(A) and assert that A = I on D(A) as in Lorenzi [13].
We first have that given any f € CZ(R®*") such that Kf € Cy(R?*"), there
holds

THOKf =KT(t)f. (3.7)
The proof given in ([12], Lemma 4.4) consists in remarking that (3.7) holds
with K¢ instead of I and then passing to the limit. We can then deduce
from (3.7), as in ([12], Proposition 4.5), that

Step 3.2.
feDA)
3 (fa) C GF(R™), g € Cy(R™) s.t. fr — f, Kfa — g in Coc(R™), (3.8)
SUP. ([ fnfloo + 1K fnlloc) < o0
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Moreover, K = A on D(A).
We can now prove Theorem 0.2:
Step 3.3. Proof of Theorem 0.2.

Proof. We fix A > 0 and f € C,(R?"), and we are going to prove that u :=
R(\)f is a weak solution of (E). Let f,, C CZ(R*") be bounded in Cj(R?*")
and converging to f in Cje(R?™). Then u, := R(\)f, € CZ(R*) N D(A)
and, as above, 1, — u in Cjo.(R?"). Since K = A on D(A), we thus have that
Uy, is a classical solution of Au, — Ku, = f,. Hence, for any ¢ € C°(R?"),

Fudbda = / (A — K*) dz.
R2n R2n

Passing to the limit in this inequality gives the result.

Now if f € C%9/3(R?") for some 6 € (0,1), it follows from estimates
(3.5) and the arguments of Lunardi ([17], Theorem 2.1) that u satisfies the
Schauder estimates (0.2). Indeed, given n € (0,1), we are going to prove
that

U E(C"’n/g(Rn % Rn), 02+777(2+77)/3(Rn > Rn)>1—(n—9)/2,oo

— CQ+9,(2+9)/3(R’R % Rn) (39)

We recall that if Yo C Y7 are Banach spaces then the interpolation space
(Y1,Y2), 00 is defined by

(Y17Y2)%OO = {u eYri: HUH%OO = sup é‘*’}’]c(é"u) < OO}?
0<e<1

where
K&, u) = inf lally, + &[]z -
a < Yl, be Y2
u=a+>b

For a given £ > 0, we write u = a + b with
¢ —Xt
awy) = [ MTONE L,

400
bay) = /g e N(T(E) f) (. ).
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In view of (3.5) and Lemma 3.5 in Lunardi [15], we have a € C""/3(R™ x R")
and b € C?H12HM/3(R™ x R™) with

3
lallgnars < C/ =024t fllgooss < CETOR| fllconss,
0

and, choosing w < A,

“+o0o
1bllz+n2emss < C / 1m0t flloors < CE T2 fll oo
3

Hence,
K(&u) < OO fllgows,
which gives (3.9) and (0.2).

We now prove that v = 0 is the unique weak solution of Au — Ku = 0
that belongs to Cy(R?") and such that A,v € Cy(R?"). We adapt to our
situation the arguments of Lorenzi [13]. It suffices to prove that v € D(A)
(since then v := R(\)f for some f € C,(R?") and thus, in view of what we
just did, 0 = Av — Kv = f weakly). We are going to prove that the v,,’s
defined by

O =T(1/m)v
approximate v as needed in (3.8). According to Theorem 0.1, 0y, € Cg’ (R27),
Om — v in Cloe(R?™) and |9 |loo < ||v]|oo for any m. We now prove that

Kty =T(1/m)Kv, (3.10)

which will clearly give the desired result. To use (3.7), we approximate v
by ve € CZ(R?") defined by convolution by ve := v % pe, pe = € *"p(e'z),
where p is some smooth, nonnegative function with compact support in the
unit ball of R?” and of norm 1 in L!'(R?"). It is standard that ve — v
and Ayve — Azv in C)(R?™) as € — 0. Assuming for the moment that
Fve — Fv in Cloe(R?™), where F is the formal operator defined by

Fé = FDyo + xDyo, (3.11)
we eventually get that Kve — Kv in Cjoe(R?"). In view of (3.7),
T(1/m)Kve = KT(1/m)ve.

Passing to the limit in this equality using step 2.4 gives (3.10). It remains
to prove that Fv. — Fuv in Cjo(R?*™). Let (v") C C’l}(R%) be such that
V"™ — u in Cle(R?*™) and v = v™ * p.. Then

Fud = Fo" xpe= 1+ 3 + /3
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: : n n s 2n
with, since v!' — v™ in Cj,.(R*") as € — 0,

Fur(z) = Fi(2) /B e ) + / u(z — )0 po(€)dé

Bo(e)
— Fe,

Fv" % pe — Fv* pe (by performing integration by parts),
)= [ ()~ Rl )~ (el
o(e

— fi(e) = / (Fi(2) — Fiz — ©))u(z — €)0ipe(€)de
Bo(e)
F2(2) = ("0F) % pe) (2) — fa(z) = (0OiF5) % po)(2)
fo(z) = / £ (2 — €)(0pe)(€)de
Bo(e)

e fa(z) = /B IECRICAIGTS

All the previous convergences are locally uniform in z = (z,y) as n — +oo.
Hence,

Fve —Fuxpe= f1+ fa+ [3.
We have (all the convergences are locally uniform in z = (x,y) as € — 0)

fi(2) = /B B = R )z — )i

! / (Fi(2) — Fi(z — €€))o(z — e€)Bip(E)de
Bo(1)

- 0(2)OFi(2) / £60:p(€)dE + v(2)0" Fy(2) / R0,p(¢)de
Bo(1) Bo(1)
= —v(2)0;Fi(2),

f2(2) = (WOF) % pe) (2) — v(2)OiFi(2),
fal2) = /B GO € = /B G0
— () /B e =0

Since Fv = Kv — Ayv € Cp(R?"), Fv % p. — Fv in Cppe(R?™), and we
eventually get that Fo. — Fv in Cjoe(R?"). d
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Step 3.4. Let f € Cy(R*™) and g € C([0,+00) x R?™) such that g €
B([0,T], C*(R*)) for T > 0. Then

ult, 2,y) == (T() f)(2,y) + / (T(t = $)g(5,)) (1, 9)ds

is the only bounded classical solution to (NHCP).
Proof. According to the previous section,
T()f € C(]0,4+00) x R*™) N CH3((0, +-00) x R?™).

It thus suffices to check the regularity of

otz y) = /O (Tt — 5)g(s, ) (2, y)ds. (3.12)

Since (T'(t)) is contractive, v € C([0,+00) x R?"). According to (2.12),
v(t,-) € C?(R™ x R") for any ¢t > 0. Independently, for (z,y) € R?" given,
the map t — (T(t — s)g(s,-))(x,y) belongs to C'((s,+00)) with 9,(T(t —
5)9(s,-))(x,y) = K(T'(t — s)g(s,-))(x,y). Moreover

IK(T (¢ = 5)g(s, Dllcmeny < CITE = s)g(s, )llcz@eny <C. (3.13)

Hence, according to the dominated convergence theorem, v is C! in t with

o(t,z) = ; K(T(t—s)g(s,"))(z,y)ds + g(t, )

= K ; (T'(t = s)g(s, )z, y)ds + g(t, z)

(the last equality comes from (3.13) and the dominated convergence theo-
rem).

We eventually get that v € C([0, +00) x R?") N CH2((0, +00) x R??) with
Oy = Kv. Hence u € C([0, +00) x R?™) N C12((0, +00) x R?") with

ou=KT({t)f+Kv+g=Ku+g.
(]

The proof of Theorem 0.3 follows now the same scheme as the proof of
Theorem 0.2.

Step 3.5. Proof of Theorem 0.3.
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Proof. Let f € Cy(R?") and g € Cy([0, 00) x R?") and

u(t,z,y) = (T()f)(z,y) +v(t, z,y), (3.14)
where v is defined by (3.12). We are going to show that u is a weak solution
of (NHCP). We already know from the proof of the previous step that
u € O([0,00) x R?"). Let g, € C’;’Q([O,oo) x R?") be such that g, — ¢
in Clee([0,00) x R?"). We denote by v, the function v with g replaced by
gn, and by w, the function defined by (3.14) with v replaced by v,. Then,
according to step 3.4, u, is a classical solution of (NHCP) with g replaced by
gn- Moreover, v, — v uniformly in [0,7] x K for any T > 0 and K C R??)
compact. Indeed, since T'(¢) is order-preserving,

sup ‘Un(t’ Z) _U(tvz)|

(t,2)€[0,T]x K
t
- sw / (T(5) (galt — 5,) — glt — 5,)))(=)ds
(t,2)€[0,T]xK |J0
T
< sup / T(s)( sup |gn(r-) — g(r, ) (2)lds,
zeK Jo r€[0,T]

and we pass to the limit using step 2.4. We can now write that for any
¢ € C((0,+00) x R?"),

/ gn@ dtdx dy = / (Orup, — Kuy) ¢ dt dxdy
(0,4-00) xR2" (0,4-00) xR2"

_/(0 . wn(By — ) dt dz dy,
,F00) xXR=<"

where C* is the formal adjoint of K defined on a smooth function i by
K*% = Agp — FDyp — (divE )y — xDyt). (3.15)

Passing to the limit in this equality shows that u is a weak solution of
(NHCP).

The Schauder estimate (0.3) is proved as in Lunardi [17]. Indeed, if f €
C2H0:240/3(R™ % R™), then, in view of (3.5), we have

sup |1T(8) fllao2v0r5 < Cllfl|aorors. (3.16)
0<t<T

We now estimate v. For any (¢,£) € [0, 7] x (0, 1), we consider the functions
a and b defined by

o) = [ U= 0)ds
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and

(t—&)"
bmww=A (T(t - $)g(s,)) (. y)ds,

where (t —&)" = max(t — £,0). Then u(t,-) = a+b and, for every n € (6,1),
we have a € C/3(R" x R") and b € C2+Z+n/3(R" x R") with, according
to (3.5),

t
ds
||a”cn»n/3 <C sup ||g||09»9/3
<T

(t—6)* (t —s)"7" o<t
_n=9
<C& 7 sup |lgllcoors,
0<t<T
e Il
——————5 Sup g 0,0/3
(t— 5)1*"79 o<t<r ¢

_n=9
<C& 2 sup ||gflgoess.
0<t<T

W%wmmwéc/
0

Hence,
v(t, ) G(C’”’n/?’(R” X R”),CQ+’7’(2+”)/3(R” x R™)); a=o
2 b
_ CQ+0,(2+0)/3(RH > Rn)

[e.e]

with

ot Yearaisens < O sup Mellonns * EWlcaentern
) ) — —
0<é<1 =10

< C sup |lgllcooss
0<t<T

and the constant C' is independent of ¢. This inequality and (3.16) give (0.3).
Let w be a weak solution of (NHCP) on [0,T] with f = g = 0 such that
w, Ayw € Cy([0,T] x R?™). We want to prove that w = 0. We briefly sketch
the proof of this result for the reader’s convenience and refer to Lorenzi [13]
for more details. We first extend w to R x R?" in a smooth way by setting
w(t,-) =0fort <0, and w(t,-) = w(T,-) for t > T. To apply the uniqueness
assertion of step 3.4, we then regularize w by convolution by considering

wlt,2) = (wx (ped)(t2) = [ wlt = sz = p()ou(dsas

with pe(s) = e tp(e71s), ¢c(€) = e 2¢p(e~2¢), where p and ¢ are some
nonnegative, smooth function with compact support in the unit ball of R
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and R?" respectively and of L'-norm 1. For ¢y > 0 given, the function
Xe 1= we(- + to,-) is a classical solution of

Oixe(t, 2) — Kxe(t, 2) = ge(t + to, 2) in [0, T] x R?",
Xe(oa ) = we(t(]a )
where g := Oyw. — Kw. € C12([0, T],R?"). In view of step 3.4,

we(t +to,2) = Xe(t, 2) = (T(H)we(to, ) (2) +/0 (T'(ts)ge(s + to, -)) (2)ds.

Assuming for the moment that g. — 0 in Ci,.((0,T) x R?"), we thus get by
passing to the limit, using step 2.4, that

w(t +to,-) = T(t)w(ty,-) in [0,T — to] x R,

Letting tg — 0 gives w = 0. It remains to prove that g. — 0 in Cj,.((0,7T") X
R2"). Since Aywe — Azw in Ciee((0,T) x R?™), it suffices to prove that
Owe — Fwe — Oyw — Fw € Cyp([0,T] x R?™) in Cjoe((0,T) x R?™), F being
defined in (3.11). We do this exactly in the same way as in the proof of step
3.3. We first prove that

{Orwe(t, 2) — Fuwe(t, 2)} — {(Quw * (pede))(t, 2) — (Fw * (pede))(t, 2)}
_ /R (B0 - Fult - sz - Opdio€)ds de

_ /R o Eaw(t — 5,2 — &) pe(5)0 P (€)ds de — (udiFy) x (pede))(t, 2)
and then pass to the limit € — 0. O
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