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♣r♦❞✉❝t✱ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r ✐ts s②♠♠❡tr✐③❛t✐♦♥✳ ❚❤❡♥ t❤❡ ❛ss♦❝✐❛t✐✈❡ ♣r♦♣❡rt②
✐s ❧♦st✳ ■♥ t❤✐s t❤❡s✐s ✐t ✐s s❤♦✇♥ t❤❛t t❤✐s ♣r♦❞✉❝t ✐s✱ ♥❡✈❡rt❤❡❧❡ss✱ ❛ss♦❝✐❛t✐✈❡
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❛❧❣❡❜r❛s ✉♣ t♦ ❤♦♠♦t♦♣②✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛♥ ♦♣❡r❛❞ ♠♦r♣❤✐s♠
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❝♦❞✐✜❡s ♠❛t❝❤✐♥❣ ❞✐❛❧❣❡❜r❛s ❬❩✐♥✶✵❪✿ ❛❧❣❡❜r❛s ✇✐t❤ t✇♦ ❛ss♦❝✐❛t✐✈❡ ♦♣❡r❛t✐♦♥s
s✉❝❤ t❤❛t ❛♥② ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ✐s ❛ss♦❝✐❛t✐✈❡✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ♦♣❡r❛❞ Cacti ❛❝ts ♦♥ t❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦♠♣❧❡① C˚pAq
♦❢ ❛♥ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ A ❬●❱✾✺✱ ▼❙✵✷✱ ❇❋✵✹✱ ❑❛✉✵✼❪✳ ❍❡r❡✱ t❤❡ st✉❞✐❡❞
♣r♦❞✉❝t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝✉♣ ♣r♦❞✉❝t ♦❢ C˚pAq✳

■♥ ❛♥② Cacti✲❛❧❣❡❜r❛ ❛ ♣r❡✲▲✐❡ ♣r♦❞✉❝t✳ ■❢ t❤❡ Cacti✲❛❧❣❡❜r❛ ✐s TV ✇✐t❤ V ❛
✈❡❝t♦r s♣❛❝❡✱ t❤✐s ♣r♦❞✉❝t t✉r♥s ♦✉t t♦ ❜❡ ❛ss♦❝✐❛t✐✈❡✳ ❲❡ s❤♦✇ t❤❛t ❛ ❛ss♦✲
❝✐❛t✐✈❡ ❛♥❞ ❝♦❛ss♦❝✐❛t✐✈❡ ❜✐❛❧❣❡❜r❛ str✉❝t✉r❡ ❛rr❛✐s❡s ✐♥ H “ V ‘ 1H ✇❤❡r❡
1H ✐s t❤❡ ✉♥✐t ♦❢ t❤✐s ♣r♦❞✉❝t✳ ❚❤✐s s❤♦✇s✱ t♦❣❡t❤❡r ✇✐t❤ ❬▼❡♥✵✹✱ ❑❛❞✵✺❪✱
t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ❦✐♥❞ ♦❢ str✉❝t✉r❡s
✐♥ H ❛♥❞ Cacti✲❛❧❣❡❜r❛ str✉❝t✉r❡s ✐♥ TV ✭s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛
str✉❝t✉r❡ ✐s ❣✐✈❡♥ ❜② t❤❡ t❡♥s♦r ♣r♦❞✉❝t✮ s✉❜❥❡❝t t♦ ❛ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥
✭t❤❛t ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❍♦❝❤s❝❤✐❧❞ ❝♦♠♣❧❡① ❡①❛♠♣❧❡✮✳

❑❡②✇♦r❞s✿ ♦♣❡r❛❞s✱ ❈❛❝t✉s ♦♣❡r❛❞✱ ✉♣✲t♦✲❤♦♠♦t♦♣② ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛✱ ♠❛t✲
❝❤✐♥❣ ❞✐❛❧❣❡❜r❛s✱ ❍♦❝❤s❝❤✐❧❞ ❝♦♠♣❧❡①✳





❆❣r❛❞❡❝✐♠✐❡♥t♦s

❆ ▲✉❝✐❛♥❛ ② ❛ ▼❛♥✉❡❧✳ ❊st❛ t❡s✐s ❡stá ❞❡❞✐❝❛❞❛ ❛ ❡❧❧♦s✳ ❆ ▲✉❧❛ ♣♦r ❛❝♦♠✲
♣❛ñ❛r♠❡ ❞❡s❞❡ ❡❧ ♣r✐♥❝✐♣✐♦✱ ❞❡s❞❡ q✉❡ ❝♦♠❡♥③á❜❛♠♦s ♥✉❡str❛ ❢❛♠✐❧✐❛✳ P♦r ❡❧
s✐♠♣❧❡ ② ❢✉♥❞❛♠❡♥t❛❧ ❤❡❝❤♦ ❞❡ ❡❧❡❣✐r ❡st❛r ❛ ♠✐ ❧❛❞♦✳ ❆ ▼❛♥✉ ♣♦rq✉❡ s✉ s♦❧❛
♣r❡s❡♥❝✐❛ ♠❡ ❞✐♦ ❡❧ ❡♠♣✉❥ó♥ ✜♥❛❧✳

❆ ♠✐ ❢❛♠✐❧✐❛ ❡♥ ❡❧ ❛♠♣❧✐♦ s❡♥t✐❞♦ ❞❡ ❧❛ ♣❛❧❛❜r❛✱ ❡s ❞❡❝✐r✱ ✐♥❝❧✉②❡♥❞♦ ❧❛
❡①t❡♥❞✐❞❛ ② ❧❛ ♣♦❧ít✐❝❛✳

❆ ❧♦s q✉❡ ❞❡ ✉♥❛ ♠❛♥❡r❛ ✉ ♦tr❛ ♠❡ ❣✉✐❛r♦♥ ❞✉r❛♥t❡ ❡st❡ t✐❡♠♣♦✿
■♠♠❛ ●á❧✈❡③✱ ▼❛r❝♦ ❋❛r✐♥❛t✐✱ ❆♥❞② ❚♦♥❦s ② ●❛stó♥ ●✐r✐❜❡t✳

❆ ❧♦s ♠✐❡♠❜r♦s ❞❡❧ ❥✉r❛❞♦ q✉❡ ❛♣♦rt❛r♦♥ ♣♦s✐t✐✈❛♠❡♥t❡ ❛ ❡st❛ t❡s✐s✳

❆❧ ❈♦♥✐❝❡t ② ❛ ❧❛ ❋❛❝✉❧t❛❞ ❞❡ ❈✐❡♥❝✐❛s ❊①❛❝t❛s ② ◆❛t✉r❛❧❡s ❞❡ ❧❛ ❯♥✐✈❡rs✐❞❛❞
❞❡ ❇✉❡♥♦s ❆✐r❡s ♣♦r ♣❡r♠✐t✐r♠❡ r❡❛❧✐③❛r ♠✐s ❡st✉❞✐♦s ❞❡ ❞♦❝t♦r❛❞♦✳

P❛rt❡ ❞❡ ❡st❡ tr❛❜❛❥♦ ❢✉❡ r❡❛❧✐③❛❞♦ ❡♥ ❇❛r❝❡❧♦♥❛✳ ❆❧ ■♥st✐t✉t ❞❡ ▼❛t❡♠àt✐❝❛
❞❡ ❧❛ ❯♥✐✈❡rs✐t❛t ❞❡ ❇❛r❝❡❧♦♥❛ ② ❛ ❧❛ ❯♥✐✈❡rs✐t❛t P♦❧✐tè❝♥✐❝❛ ❞❡ ❈❛t❛❧✉♥②❛ ♣♦r
♣❡r♠✐t✐r♠❡ s❡♥❞❛s ✈✐s✐t❛s✳ ❆ ❈❛r❧❡s ❈❛s❛❝✉❜❡rt❛✱ ♣♦r s❡r ❡❧ ♠❡❥♦r ❛♥✜tr✐ó♥
❛❝❛❞é♠✐❝♦✳ ❆ ❇r✉♥♦ ❱❛❧❧❡tt❡ ② ❋❡r♥❛♥❞♦ ▼✉r♦ ❢♦r ✈❛❧✉❛❜❧❡ ✭② ♠✉② ❛♠❡♥❛s✮
❞✐s❝✉ss✐♦♥s✳ ❆ ❧♦s q✉❡ ♠❡ ❛❧♦❥❛r♦♥ ❡♥ s✉ ❝❛s❛✳ ❍✐❝✐❡r♦♥✱ ❛sí✱ ♣♦s✐❜❧❡s ♠✐s
❡st❛❞í❛s ❡♥ ❡❧ ❡①tr❛♥❥❡r♦✳ ❆ ◆✐❝♦❧ás ❖❥❡❞❛ ❇är✱ ♣♦r ❝♦♥s❡❣✉✐r♠❡ ❬❙❡❣✵✹❪✳

❆ ❧♦s q✉❡ ❝♦♥❞✐♠❡♥t❛♥ ♠✐ ✈✐❞❛ ❝♦♥ ❞♦s✐s ❞❡ ❢❡❧✐❝✐❞❛❞✶✱ ❧❛ ❢❛✉♥❛ q✉❡ ❤❛❝❡
❞❡❧ ❧✉❣❛r ❞❡ tr❛❜❛❥♦ ♠✉❝❤♦ ♠ás q✉❡ ❡s♦✿ ❝♦♠♣❛ñ❡r♦s ② ✈❡❝✐♥♦s ❞❡ ♦✜❝✐♥❛✱
❝♦❧❡❣❛s ❞❡ ❞♦❝❡♥❝✐❛✱ ♣❡rs♦♥❛❥❡s ❞❡❧ ❢út❜♦❧ ✭❞❡ ❛q✉í ② ❛❧❧á✮✱ ✉♥ ♣✉ñ❛❞♦ ❞❡
❢ís✐❝♦s t❡ór✐❝♦s✱ ✈❛r✐♦s q✉í♠✐❝♦s ② ❛❧❣ú♥ q✉❡ ♦tr♦ ❜✐ó❧♦❣♦✳ ❆ ❏♦sé ▲✉✐s ❘♦♠❡r♦✱
❙❡r❣✐♦ ❨✉❤❥t♠❛♥ ② ▼❛rtí♥ ▼❡r❡❜ ♣♦rq✉❡ ✭❛❞❡♠ás ❞❡ ♣❡rt❡♥❡❝❡r ❛ ❧❛ ❢❛✉♥❛
❛♥t❡s ❞❡s❝r✐♣t❛✮ ♠❡ ✈❛❧í ❞❡ s✉ ❝♦♥s❡❥♦✳ ❆ ❧❛s ♣❡rs♦♥❛s q✉❡ ♠❡ ❛②✉❞❛r♦♥
❛ ❡①♣r❡s❛r ♦tr❛s ❢❛❝❡t❛s ❞❡ ♠í ♠✐s♠♦ ❞✉r❛♥t❡ ❡st❡ ♣❡rí♦❞♦✳ ❊s ♣❡rt✐♥❡♥t❡
♣♦rq✉❡ ❡st♦ ❛❢❡❝tó ♠✐ ❞❡s❡♠♣❡ñ♦ ❧❛❜♦r❛❧✱ ♣♦s✐t✐✈❛♠❡♥t❡✳

❊♥ ✉♥ r❡♥❣❧ó♥✿ ❙✐ ❡stás ❧❡②❡♥❞♦ ❡st❛ ♦r❛❝✐ó♥ ② t❡ ❞❛s ♣♦r ❛❧✉❞✐❞♦✱ ❣r❛❝✐❛s✳

✶▲✐st❛ ❞❡♠❛s✐❛❞♦ ❧❛r❣❛ ♣❛r❛ ❞❛r ♣♦r ❡①t❡♥s✐ó♥ ✭② ❡♥ ❧❛ q✉❡ ✐♥✈♦❧✉♥t❛r✐❛♠❡♥t❡ ❤❛❜rí❛
♦♠✐s✐♦♥❡s✮





❮♥❞✐❝❡ ❣❡♥❡r❛❧

■♥tr♦❞✉❝❝✐ó♥ ✶

✶✳ ❖♣❡r❛❞s ✾
✶✳✶✳ ❉❡✜♥✐❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✷✳ ➪❧❣❡❜r❛s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✸✳ ❖♣❡r❛❞s s✐♠étr✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳ ❊❧ ♦♣❡r❛❞ Cacti ✹✸
✷✳✶✳ ❊❧ ♦♣❡r❛❞ ❞❡ s✉r②❡❝❝✐♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✷✳✷✳ ❊❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻
✷✳✸✳ Cacti ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✷✳✹✳ ❊❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✷✳✺✳ ➪❧❣❡❜r❛s tr✐❞❡♥❞r✐❢♦r♠❡s ② ❞❡ ❝❛❝t✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
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✸✳ ❯♥❛ ❡str✉❝t✉r❛ A8 ❡♥ Cacti ✽✶
✸✳✶✳ ▲❛s ❝♦♥str✉❝❝✐♦♥❡s ‚ ② ˝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
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✹✳ ❈♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ✾✼
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■♥tr♦❞✉❝❝✐ó♥

❊♥ ❡st❛ t❡s✐s s❡ ❡st✉❞✐❛ ❡❧ ♦♣❡r❛❞ ✭❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦✮ Cacti ❞❡ ❝❛❞❡♥❛s
❝❡❧✉❧❛r❡s ❞❡ ❝❛❝t✉s ✭s✐♥ ❡s♣✐♥❛s✮ ❬▼❙✵✷✱ ❇❋✵✹✱ ❑❛✉✵✼❪✳ ❊st❡ ♦♣❡r❛❞ ❞❡s❝r✐❜❡
❧❛s ❧❧❛♠❛❞❛s á❧❣❡❜r❛s ❞❡ ●❡rst❡♥❤❛❜❡r ② ❱♦r♦♥♦✈ ❬●❱✾✺❪ ✭❛ ♠❡♥♦s ❞❡ ✉♥❛
❝♦♥✈❡♥s✐ó♥ ❞❡ ❣r❛❞✉❛❝✐ó♥✱ ✈❡r ❛♣❛rt❛❞♦ ✷✳✹✮✳ ❊♥ ❡❧ ♠❡♥❝✐♦♥❛❞♦ tr❛❜❛❥♦✱
❧♦s ❛✉t♦r❡s ♠✉❡str❛♥ q✉❡ ❡st❛ ❡str✉❝t✉r❛ ❡stá ♣r❡s❡♥t❡ ❡♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡
❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳

❯♥ ❛♣♦rt❡ ♦r✐❣✐♥❛❧ ✐♠♣♦rt❛♥t❡ ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ✭t❡♦r❡♠❛ ✸✳✽✮ ❡s ♠♦str❛r
q✉❡ ❡♥ t♦❞❛ á❧❣❡❜r❛ s♦❜r❡ ❡❧ ♦♣❡r❛❞ ❞❡ Cacti s❡ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ✭❡①♣❧í✲
❝✐t❛✮ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳ ❊♥ ❡❧ ❝❛s♦ ❞❡❧ ❝♦♠♣❧❡❥♦
❞❡ ❍♦❝❤s❝❤✐❧❞✱ ❡st❡ ♣r♦❞✉❝t♦ ❝♦rr❡s♣♦♥❞❡ ❛ s✐♠❡tr✐③❛❝✐ó♥ ❞❡❧ ♣r♦❞✉❝t♦ ❝✉♣
✭❡q✉✐✈❛❧❡♥t❡ ❛ ❡st❡ ❡♥ ❤♦♠♦❧♦❣í❛✮✳ ❊st❡ r❡s✉❧t❛❞♦ ❡s ♣❛rt❡ ❞❡ ❬●▲❚✶✸❪✳

❈♦♠♦ ♣❛rt❡ ❞❡❧ ❡st✉❞✐♦ ❞❡❧ ♦♣❡r❛❞ Cacti s❡ ❞❡♠✉❡str❛ ✭✈❡r ❛♣❛rt❛❞♦ ✷✳✺✮ q✉❡
t♦❞❛ á❧❣❡❜r❛ tr✐❞❡♥❞r✐❢♦r♠❡ ❞✳❣✳ ✭✈❡r ❬❈❤❛✵✷✱ ✸✳✷❪✮ ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s✳
❆❞❡♠ás✱ ❛❧ ✜♥❛❧ ❞❡❧ ❝❛♣ít✉❧♦ ✷ s❡ ♣r♦♣♦♥❡ ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s
s✐♠étr✐❝❛ q✉❡ ❝♦♥t✐❡♥❡ ❧❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛ ❬▲▼✵✺✱ ❞❡❢✳✷❪✳

P♦r ♦tr❛ ♣❛rt❡✱ s❡ ❡st✉❞✐❛♥ ❝✐❡rt❛s ❡str✉❝t✉r❛s ❞❡ Cacti✲á❧❣❡❜r❛ ❡♥ TV ♣❛r❛
V ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ ❙❡ ❞❡❞✉❝❡ q✉❡ ❧❛s ♠✐s♠❛s ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✭✈❡r
t❡♦r❡♠❛ ✹✳✶✵✮ ❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❞❡ ❜✐á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❝♦❛s♦❝✐❛t✐✈❛ ❡♥
H “ V ‘k¨1H ✳ P❛r❛ ❡❧ ❝❛s♦ ❡♥ ❡❧ q✉❡ s❡ t✐❡♥❡ C “ V ‘k¨1 ❡s ✉♥❛ dg✲❝♦á❧❣❡❜r❛
❝♦❛✉♠❡♥t❛❞❛✱ ❧❛s ❡str✉❝t✉r❛s ❞❡ dg✲❜✐á❧❣❡❜r❛ ❡♥ C s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ❝✐❡r✲
t❛s ✭✐✳❡✳ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦ ❡①t❡r♥♦✮ ❡str✉❝t✉r❛s ❞❡ Cacti✲á❧❣❡❜r❛ ❡♥
TV “ ΩC✱ ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ❡①t✐❡♥❞❡♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ▼❡♥✐❝❤✐ ❬▼❡♥✵✹❪ ②
❑❛❞❡✐s❤✈✐❧✐ ❬❑❛❞✵✺❪✳

▲❛ ♣r❡s❡♥t❡ t❡s✐s s❡ ❞❡s❛rr♦❧❧❛ ❡♥ ❝✉❛tr♦ ❝❛♣ít✉❧♦s ② ❞♦s ❛♣é♥❞✐❝❡s✳ ▲❛ ♠✐s♠❛
s❡ ♦r❣❛♥✐③❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

✶



❊♥ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❧♦s ❝♦♥❝❡♣t♦s ❝❧❛✈❡ ❡♥ t❡♦rí❛ ❞❡ ♦♣❡r❛❞s
q✉❡ s❡ ✉t✐❧✐③❛rá♥ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞❛ ❧❛ ♠♦♥♦❣r❛❢í❛✳ ❊❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡❧
♠✐s♠♦ ❡s ♣r❡s❡♥t❛r ❡❧ ♦♣❡r❛❞ A

p2q
8 ✱ ❧❛ ✈❡rs✐ó♥ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ❞❡❧

♦♣❡r❛❞ Ap2q ❬❩✐♥✶✵❪ q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❝♦♠❜✐♥❛❞❛s✳ ❙❡ ❜✉s❝❛ ✐❧✉str❛r ❧❛
❛♥❛❧♦❣í❛ ❝♦♥ ❡❧ ♦♣❡r❛❞ A ❬▲❱✶✷❪ q✉❡ ❞❡s❝r✐❜❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ② A8 q✉❡
❞❡s❝r✐❜❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳

❈♦♥s✐❞❡r❛♠♦s q✉❡ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ s❡ ❡♥♠❛r❝❛ ❞❡♥tr♦ ❞❡ ❧❛ t♦♣♦❧♦❣í❛
❛❧❣❡❜r❛✐❝❛ ② ❞❡❧ á❧❣❡❜r❛ ❤♦♠♦❧ó❣✐❝❛✳ P♦r ❡st❡ ♠♦t✐✈♦ s❡ ❝♦♥s✐❞❡r❛ ❛ ❧❛ t❡r✲
♠✐♥♦❧♦❣í❛ ❞❡ ❞✐❝❤❛s ár❡❛s ❝♦♠♦ ♣❛rt❡ ❞❡❧ ❧❡♥❣✉❛❥❡ té❝♥✐❝♦ ❞❡ ❧❛ ♣r❡s❡♥t❡
♠♦♥♦❣r❛❢í❛ ② ♥♦ s❡ ❞❡✜♥✐rá♥ ❞❡♥tr♦ ❞❡ ❧❛ ♠✐s♠❛✳ ◆♦t❛❜❧❡s ❡❥❡♠♣❧♦s s♦♥
❝❛t❡❣♦rí❛ ② ❢✉♥t♦r✱ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ❞✐❢❡r❡♥❝✐❛❧❡s ❣r❛❞✉❛❞♦s ✭♦ dg✲❡s♣❛❝✐♦s
✈❡❝t♦r✐❛❧❡s✮✱ ❤♦♠♦❧♦❣í❛ ② ❝♦♥❥✉♥t♦s s✐♠♣❧✐❝✐❛❧❡s✳

▼ás ❛❧❧á ❞❡ ❡st♦✱ s❡ ❜✉s❝❛ s❡r ❧♦ ♠ás ❛✉t♦✲❝♦♥t❡♥✐❞♦ ♣♦s✐❜❧❡✳ P♦r ❡st❡ ♠♦t✐✈♦
② ❞❡❜✐❞♦ ❛ q✉❡ ❡❧ ❧❡♥❣✉❛❥❡ ❞❡ ♦♣❡r❛❞s ❡s ❡s❡♥❝✐❛❧ ②✱ ❧❛♠❡♥t❛❜❧❡♠❡♥t❡✱ ♥♦
❞❡❧ t♦❞♦ ❞✐❢✉♥❞✐❞♦✱ ❡s ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐r ② ✜❥❛r ❧❛ ♥♦t❛❝✐ó♥
♥❡❝❡s❛r✐❛ ♣❛r❛ ❡❧ r❡st♦ ❞❡ ❧❛ t❡s✐s✳ ❉❡ t♦❞❛s ♠❛♥❡r❛s✱ ♥♦ s❡ ♣r❡t❡♥❞❡ q✉❡
❧❛ ♣r❡s❡♥t❛❝✐ó♥ s❡❛ ❝♦♠♣❧❡t❛ s✐♥♦ ♠ás ❜✐❡♥ ♠✐♥✐♠❛❧✐st❛✳ ▲❛ ❡❧❡❝❝✐ó♥ ❞❡ ❡st❡
❡♥❢♦q✉❡ s❡ ❤❛❝❡ ❡✈✐❞❡♥t❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✷ ❞♦♥❞❡ s❡ ♣r❡s❡♥t❛♥ ❧❛s á❧❣❡❜r❛s
❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ q✉❡ ♥♦s ✐♥t❡r❡s❛r❛♥ ❡♥ ❡st❡ tr❛❜❛❥♦ ✭❡st♦ ❡s✱ ❧❛s
♠♦❞❡❧❛❞❛s ♣♦r ❧♦s ♦♣❡r❛❞s A8 ✶✳✸✶ ② A

p2q
8 ✶✳✸✷✮✳ ❙❡ ❜✉s❝❛✱ s❛❝r✐✜❝❛♥❞♦

❣❡♥❡r❛❧✐❞❛❞✱ ♠❛♥t❡♥❡r ❧❛ ❡①♣♦s✐❝✐ó♥ ❧♦ ♠ás ❛❝❝❡s✐❜❧❡ ♣♦s✐❜❧❡✳ ❈♦♠♦ r❡❢❡r❡♥❝✐❛
❞❡❧ t❡♠❛✱ ♥♦s ♣❡r♠✐t✐♠♦s r❡❝♦♠❡♥❞❛r ❬▲❱✶✷✱ ▼❙❙✵✷❪✳

❉❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦ ❡s ✉♥❛ ✐♥tr♦❞✉❝❝✐ó♥✱ ❛❞❛♣t❛❞❛ ❛ ❧❛s ♥❡❝❡s✐✲
❞❛❞❡s ❞❡ ❡st❛ t❡s✐s✱ ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ② ❝♦♥str✉❝❝✐♦♥❡s ❣❡♥❡r❛❧❡s✳ ▲❛s ♠✐s♠❛s
s❡ ♣r❡s❡♥t❛♥ ❝♦♥ ❧❛ ♠❛②♦r s✐♠♣❧❡③❛ ♣♦s✐❜❧❡ ♣❛r❛ s❡r ✉t✐❧✐③❛❞❛s ❡♥ ❧♦s ❡❥❡♠♣❧♦s
q✉❡ ♥♦s ✐♥t❡r❡s❛♥✿ ❧♦s ♦♣❡r❛❞s A ② Ap2q q✉❡ ♠♦❞❡❧❛♥ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s
② á❧❣❡❜r❛s ❝♦♠❜✐♥❛❞❛s ❬❩✐♥✶✵❪✳ ❈♦♠♦ ❛♣♦rt❡ ♦r✐❣✐♥❛❧ ❡♥ ❡st❡ ❝❛♣ít✉❧♦ s❡
t✐❡♥❡ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ Ap2q ❡s ❑♦s③✉❧ ✭r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡
❡♥ ❬❩❇●✶✷❪✮ ② ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡❧ ♦♣❡r❛❞ A

p2q
8 ✳

❨❛ q✉❡ ❡♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❡❧ ✈♦❝❛❜❧♦ ✏♦♣❡r❛❞✑ ❤❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ ❧♦ q✉❡ ❡♥ ❧❛
❧✐t❡r❛t✉r❛ ✭♣♦r ❡❥❡♠♣❧♦ ❬▼❙❙✵✷✱ ▲❱✶✷❪✮ s❡ ❞❡♥♦♠✐♥❛ ✉♥ ✏♦♣❡r❛❞ ♥♦ s✐♠étr✐❝♦✑
✉ ✏♦♣❡r❛❞ ♣❧❛♥❛r✑✱ ✐♥❝❧✉í♠♦s ❛❧ ✜♥❛❧ ❞❡ ❞✐❝❤♦ ❝❛♣ít✉❧♦ ✉♥❛ s❡❝❝✐ó♥ ❞♦♥❞❡ s❡
❞✐s❝✉t❡ ❜r❡✈❡♠❡♥t❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❛♠❜♦s ❝♦♥❝❡♣t♦s ② s✉ r❡❧❛❝✐ó♥ ❝♦♥
❡❧ r❡st♦ ❞❡ ❧❛ t❡s✐s✳

✷



❊♥ ❡❧ ❝❛♣ít✉❧♦ ✷ s❡ ❡st✉❞✐❛ ❡❧ ♦♣❡r❛❞ ❞❡ ❝❛❞❡♥❛s ❝❡❧✉❧❛r❡s ❞❡ ❝❛❝t✉s t♦♣♦❧ó❣✐✲
❝♦s s✐♥ ❡s♣✐♥❛s✱ Cacti ❬▼❙✵✷✱ ❇❋✵✹✱ ❑❛✉✵✼❪✳ ❊❧ ♠✐s♠♦ s❡rá ❡❧ ♦❜❥❡t♦ ❝❡♥tr❛❧
❞❡ ❡st✉❞✐♦ ❡♥ ❡❧ r❡st♦ ❞❡ ❧❛ t❡s✐s✳

❙❡ ❝♦♠✐❡♥③❛ ✐❞❡♥t✐✜❝á♥❞♦❧♦ ❝♦♠♦ s✉❜♦♣❡r❛❞ ❞❡❧ ♦♣❡r❛❞ ❞❡ s✉r②❡❝❝✐♦♥❡s X ❞❡
r❇❋✵✹s✳ ❊❧ ♦♣❡r❛❞ Cacti Ă X ❡s ❡❧ ❣❡♥❡r❛❞♦ ♣♦r ❧❛s s✉r②❡❝❝✐♦♥❡s q✉❡ ♣♦s❡❡♥
❝✐❡rt❛ ♣r♦♣✐❡❞❛❞ ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✹✮ q✉❡ ❧❧❛♠❛r❡♠♦s✱ ❥✉st❛♠❡♥t❡✱ ❝❛❝t✉s✳
▲✉❡❣♦ s❡ ♣r❡s❡♥t❛ ✉♥❛ ♥♦t❛❝✐ó♥ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❧♦s ❝❛❝t✉s ❥✉st✐✜❝❛♥❞♦✱
♣♦❞rí❛ ❞❡❝✐rs❡✱ s✉ ♥♦♠❜r❡✳

❍❛❝✐❛ ❧❛ ♣♦str❡ ❞❡❧ ❝❛♣ít✉❧♦ ✭❛♣❛rt❛❞♦ ✷✳✹✱ s❡ ❡①❤✐❜❡ ❡❧ ❡♠❜❧❡♠át✐❝♦ ❞❡
á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s q✉❡ ❡s ❡❧ ♦r✐❣❡♥ ❤✐stór✐❝♦ ❞❡❧ ♠✐s♠♦✿ C‚pAq✱ ❡❧ ❝♦♠♣❧❡❥♦
❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ ❊st♦ s❡ ❝♦♥s✐❣✉❡ r❡❧❛❝✐♦♥❛♥❞♦ ✭✈í❛
❧❛ s✉s♣❡♥s✐ó♥ ♦♣❡rá❞✐❝❛✮ ❧❛ ❞❡✜♥✐❝✐ó♥ ♦r✐❣✐♥❛❧ ❞❡ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r✲
❱♦r♦♥♦✈ ❬●❱✾✺❪ ❝♦♥ ❧❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s✳

▲✉❡❣♦ s❡ ♣r❡s❡♥t❛ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ á❧❣❡❜r❛s tr✐❞❡♥❞r✐❢♦r♠❡s ② á❧❣❡❜r❛s ❞❡
❝❛❝t✉s✱ s✉r❣✐❞❛ ❛ ♣❛rt✐r ❞❡ ❝♦♠❡♥t❛r✐♦s ❞❡ ▼✳ ❘♦♥❝♦ s♦❜r❡ ✉♥❛ ✈❡rs✐ó♥
♣r❡❧✐♠✐♥❛r ❞❡ ❧❛ t❡s✐s✳ ❈♦♠♦ ❛♣♦rt❡ ♦r✐❣✐♥❛❧✱ s❡ ♦❜t✐❡♥❡ q✉❡ t♦❞❛ á❧❣❡❜r❛
tr✐❞❡♥❞r✐❢♦r♠❡ ❞✳❣✳ ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ tD ❡s ❡❧
♦♣❡r❛❞ q✉❡ ❛①✐♦♠❛t✐③❛ ❧❛s á❧❣❡❜r❛s tr✐❞❡♥❞r✐❢♦r♠❡s ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✷✶✱
t❛♠❜✐é♥ r❡s✉❧t❛ ❧❛ s✉s♣❡♥s✐ó♥ ❞❡❧ ♦♣❡r❛❞ ♣r❡s❡♥t❛❞♦ ❡♥ ❬❈❤❛✵✷✱ ✸✳✷❪✮ s❡
t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ❞✳❣✳ ✭✈❡r ✷✳✶✸✮✿ Cacti Ñ tD✳ ❊st♦ s❡ ❝♦♥s✐❣✉❡
❜❛s❛♥❞♦s❡ ❡♥ ❧♦ ❝♦♥♦❝✐❞♦ ♣❛r❛ ❡❧ ❝❛s♦ ♥♦ ❣r❛❞✉❛❞♦ ❬❘♦♥✵✵✱ ❇❘✶✵❪✳

❯♥ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ ❡s ✉♥ á❧❣❡❜r❛ s♦❜r❡ ❡❧ s✉❜♦♣❡r❛❞ B ✭♥♦ ❞✳❣✱✮ ❞❡ ❧♦s
❝❛❝t✉s ❞❡ ❞✐♠❡♥s✐ó♥ ♠á①✐♠❛✳ ❊st♦s ❥✉♥t♦ ❝♦♥ ❡❧ ❝❛❝t✉s 12 ❣❡♥❡r❛♥ t♦❞♦
Cacti✳ ❯♥ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛ ✭✈❡r ❬▲▼✵✺✱ ✷❪✮ ❡s ✉♥❛ ✈❛r✐❛♥t❡ ❞❡
á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ ✐♥✈❛r✐❛♥t❡ ♣♦r ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ✭❛❧❣✉♥❛s✮ ❡♥tr❛❞❛s✳ ❆♥t❡
❧❛ s✉❣❡r❡♥❝✐❛ ❞❡ ▼✳ ❘♦♥❝♦ ❞❡ ❡st✉❞✐❛r ❞❡ q✉❡ ♠❛♥❡r❛ ❞❛r ✉♥ ❛♥á❧♦❣♦ ❛ ❧❛s
❜r❛❝❡s s✐♠étr✐❝❛s ❡♥ ❡❧ ❝❛s♦ ❞❡ Cacti ♥♦s ♣❡r♠✐t✐♠♦s s✉❣❡r✐r ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❞❡
á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛✳ ❊st♦ ❡s✱ ✈❛❧✐é♥❞♦♥♦s ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡
❡str✉❝t✉r❛s ♣r❡▲✐❡ ② ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛s ✭✈❡r ❬▲▼✵✺✱ ❖●✵✺❪✮ ② ❞❡❧ ❤❡❝❤♦ ❞❡
q✉❡ s❡ t✐❡♥❡ P Ă B Ă Cacti ❞♦♥❞❡ P ❡s ❡❧ ♦♣❡r❛❞ ♣r❡▲✐❡ ✭s✉s♣❡♥❞✐❞♦✮✱ ▲❛
♣r♦♣✉❡st❛ ❡s ❝♦♥s✐❞❡r❛r SymCacti✱ ❡❧ s✉❜♦♣❡r❛❞ ✭❞✳❣✳✮ ❣❡♥❡r❛❞♦ ♣♦r P ② 12 ✿

SymCacti “

B
1

2

✱ 12

F

♦♣❡r❛❞

Ă Cacti

❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛ ❡♥ ❡❧ s❡♥t✐❞♦
❞❡ ❬▲▼✵✺❪ ❝♦♥ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❝♦♠♣❛t✐❜❧❡✳

✸



❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸ s❡ ❡st✉❞✐❛ ❡❧ ♣r♦❞✉❝t♦ ✐♥❞✉❝✐❞♦ ♣♦r ❡❧ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s

A ãÑ Cacti

m2 ÞÑ
12

❊st❡ ♣r♦❞✉❝t♦ ❡s ❛s♦❝✐❛t✐✈♦ ② ♥♦ ❝♦♥♠✉t❛t✐✈♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡①✐st❡ ✉♥❛ ❤♦✲
♠♦t♦♣í❛ q✉❡ r❡s✉❡❧✈❡ ❧❛ ❢❛❧❧❛ ❞❡ ❧❛ ❝♦♥♠✉t❛t✐✈✐❞❛❞✿

δ

ˆ
1

2

˙
“ 12 ´ 1 2

P♦r ❧♦ t❛♥t♦ ❡s ❝♦♥♠✉t❛t✐✈♦ ❡♥ ❧❛ ❤♦♠♦❧♦❣í❛ ❞❡ ❝✉❛❧q✉✐❡r Cacti✲á❧❣❡❜r❛✳
❙✐ s❡ q✉✐❡r❡ ✉♥ ♣r♦❞✉❝t♦ ❡q✉✐✈❛❧❡♥t❡ ✭❡♥ ❤♦♠♦❧♦❣í❛✮ ♣❡r♦ ❝♦♥♠✉t❛t✐✈♦ s❡
♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❡❧ ♣r♦❞✉❝t♦ ❞❛❞♦ ♣♦r 12

`
1 2 ✳ ❆❧ ❤❛❝❡r ❡st♦ s❡ ♣✐❡r❞❡

❧❛ ♣r♦♣✐❡❞❛❞ ❛s♦❝✐❛t✐✈❛✳ ❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡❧ ❝❛♣ít✉❧♦✱ ❡❧ t❡♦r❡♠❛ ✸✳✽✱
♠✉❡str❛ q✉❡ ❡st❡ ♥✉❡✈♦ ♣r♦❞✉❝t♦ r❡s✉❧t❛ ❛s♦❝✐❛t✐✈♦ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳
❊st♦ ❡s✱ ❝♦♥str✉②❡ ❡①♣❧í❝✐t❛♠❡♥t❡ ✉♥ ♠♦r✜s♠♦

A8
η
ÝÑ Cacti

m2 ÞÑ
12

` 1 2

❊st❡ ♠♦r✜s♠♦ s❡ ❝♦♥s✐❣✉❡ ✈í❛ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ✭♥♦ ♦❜✈✐❛ ❛ ♣r✐♦r✐✮

A8
φ
ÝÑ Ap2q

8
µ
ÝÑ Cacti

❞♦♥❞❡ ❡♥ ❧♦s ❞♦s ❣❡♥❡r❛❞♦r❡s ✭❝♦♠♦ ♦♣❡r❛❞✮ ❞❡ A
p2q
8 ❞❡ ❛r✐❞❛❞ ❞♦s s♦♥

❛s✐❣♥❛❞♦s ❛ 12 ② 1 2 ✳ ❊❧ ♠♦r✜s♠♦ µ s❡ ❝♦♥str✉②❡ ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛ ❛ ✈í❛
˝ ② ‚✱ ❞♦s ❝♦♥str✉❝❝✐♦♥❡s s❡♥❝✐❧❧❛s✳ ❊st❡ ♣❛r ❞❡ ♦♣❡r❛❝✐♦♥❡s ② ❧❛ ❝♦♠♣♦s✐❝✐ó♥
❝♦♥ ❡❧ ❡❧❡♠❡♥t♦ q✉❡ ❞❛ ❧❛ ❤♦♠♦t♦♣í❛ ♣❛r❛ ❧❛ ❝♦♥♠✉t❛t✐✈✐❞❛❞ s❡ ❡♥❝✉❡♥tr❛♥
í♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s✿

u˝ ´ u‚ “ ˘ 1

2

˝1 u ´ u ˝n 1

2

♣❛r❛ u ✉♥ ❝❛❝t✉s ❝♦♥ ❝✐❡rt❛ ♣r♦♣✐❡❞❛❞✳ ❊st♦ ❞❛ ❧✉❣❛r ❛ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦
♣❛rt✐❝✉❧❛r ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡❧ ♦♣❡r❛❞ Cacti ② ♣♦r ❧♦ t❛♥t♦ ♣❡r♠✐t❡ ❞❡♠♦str❛r
q✉❡ µ ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s✳
P♦r ♦tr❛ ♣❛rt❡ s❡ ❞❡s❝r✐❜❡ ❧❛ ✐♠❛❣❡♥ ❞❡❧ ♠♦r✜s♠♦ η✳ ❊s ❞❡❝✐r✱ s✐ mn ❡s
❡❧ ❣❡♥❡r❛❞♦r ✭❝♦♠♦ ♦♣❡r❛❞✮ ❞❡ A8 ❡♥ ❛r✐❞❛❞ n ② ηpmnq “

ř
uPC1pnq u s❡

❞❡t❡r♠✐♥❛ ❡❧ ❝♦♥❥✉♥t♦ C 1pnq ❞❡ ♠❛♥❡r❛ s❡♥❝✐❧❧❛✳

✹



❈♦♠♦ ❛♣❧✐❝❛❝✐ó♥✱ s❡ ✐❧✉str❛ ❡❧ ❝❛s♦ ❞❡❧ ♣r♦❞✉❝t♦ ❝✉♣✳ ❊s ✉♥ r❡s✉❧t❛❞♦ ❝❧ás✐❝♦
q✉❡ ❡❧ ♦♣❡r❛❞ Cacti ❛❝tú❛ ❡♥ C˚pAq ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛
❛s♦❝✐❛t✐✈❛ A ❬●❱✾✺✱ ❇❋✵✹✱ ▼❙✵✷✱ ❑❛✉✵✼❪✳ ❊❧ ♣r♦❞✉❝t♦ ❡st✉❞✐❛❞♦ ❝♦rr❡s♣♦♥❞❡
♥✐ ♠ás ♥✐ ♠❡♥♦s q✉❡ ❛❧ ♣r♦❞✉❝t♦ ❝✉♣ ❞❡ C˚pAq✳ P♦r ❧♦ t❛♥t♦✱ ❧❛ s✐♠❡tr✐③❛❝✐ó♥
❞❡❧ ♣r♦❞✉❝t♦ ❝✉♣ ❡s ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳

❊♥ ❡❧ ❝❛♣tít✉❧♦ ✹ s❡ ❡st✉❞✐❛♥ ✉♥ t✐♣♦ ♣❛rt✐❝✉❧❛r ❞❡ Cacti✲á❧❣❡❜r❛s✳ ▼ás
♣r❡❝✐s❛♠❡♥t❡✱ s❡ ❡st✉❞✐❛♥ ❧❛s á❧❣❡❜r❛s ❞❡ ❧❛ ❢♦r♠❛ TV ♣❛r❛ V ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧✱ ❝♦♥ ❧❛ ❣r❛❞✉❛❝✐ó♥ t❡♥s♦r✐❛❧✳ ❉❛❞♦ q✉❡ TV ❡s ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
✭❧✐❜r❡✮ ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧✱ ♥♦s ❝♦♥❝❡♥tr❛r❡♠♦s ❡♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ ❧❛
❡str✉❝t✉r❛ ❞❡ Cacti á❧❣❡❜r❛ s❡❛ ❝♦❤❡r❡♥t❡ ❝♦♥ ❡st♦✳ ❊s ❞❡❝✐r✱ s❡ t✐❡♥❡

12

px, yq “ x b y

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❡str✉❝t✉r❛ ❞❡ Cacti á❧❣❡❜r❛ ❡①t✐❡♥❞❡ ✭❞❡✜♥✐❝✐ó♥ ✹✳✸✮ ❧❛ ❞❡
á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ P❡❞✐r❡♠♦s ❛❞❡♠ás ✭♠♦t✐✈❛❞♦s ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡❧ ❝♦♠♣❧❡❥♦
❞❡ ❍♦❝❤s❝❤✐❧❞✮ ❝✐❡rt❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ✭❞❡✜♥✐❝✐ó♥ ✹✳✹✮✳
❊st❛ ❝♦♥❞✐❝✐ó♥✱ ❡♥ ♣❛rt✐❝✉❧❛r ✐♠♣❧✐❝❛ q✉❡ ❡❧ ♣r♦❞✉❝t♦ ˚ ❞❛❞♦ ♣♦r

x ˚ y :“ p´1q|x| 1

2

px, yq

q✉❡✱ ❡♥ ♣r✐♥❝✐♣✐♦✱ ❡s ♣r❡✲▲✐❡✱ r❡s✉❧t❛ ❛s♦❝✐❛t✐✈♦ ❛❧ r❡str✐♥❣✐r❧♦ ❛ V ✳ ◆♦t❛r q✉❡
❡st♦ ♦❝✉rr❡ t❛♠❜✐é♥ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ②❛ q✉❡✱ ❛❧ r❡str✐♥❣✐rs❡ ❛
❣r❛❞♦ ✉♥♦✱ ❧❛ ♦♣❡r❛❝✐ó♥ ❡♥ ❝✉❡st✐ó♥ ❡s ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s✳

❈♦♥s✐❞❡r❛♠♦s H “ V ‘ k1H ❞♦♥❞❡ 1H ❡s ❡❧ ♥❡✉tr♦ ❢♦r♠❛❧ ❞❡ ˚✳ ❙❡ ♠✉❡str❛
✭✈❡r t❡♦r❡♠❛ ✹✳✶✵✮ q✉❡ ❡❧ ♣r♦❞✉❝t♦ ˚ ② ❡❧ ❝♦♣r♦❞✉❝t♦ ✐♥❞✉❝✐❞♦ ♣♦r ❡❧ ❞✐❢❡✲
r❡♥❝✐❛❧ ❞❛♥ ❧✉❣❛r ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❡♥ H✳ ▼ás ❛ú♥✱ s✐ s❡ t✐❡♥❡
✉♥❛ ❜✐á❧❣❡❜r❛ pH,∆, ˚, ǫ, 1Hq ❛s♦❝✐❛t✐✈❛ ✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✱ s❡ ❝♦♥s✐❞❡r❛ V
❡❧ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛❝✐ó♥✱ ❡♥t♦♥❝❡s TV t✐❡♥❡ ❞❡t❡r♠✐♥❛❞❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡
Cacti✲á❧❣❡❜r❛✱ q✉❡ ❡①t✐❡♥❞❡ ❛ ❧❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧
❣r❛❞♦✳

❊st❛ ❝♦♥str✉❝❝✐ó♥ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❜❛r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳
❙✐H ❡s ✉♥❛ ❝♦á❧❣❡❜r❛✱ s❡ t✐❡♥❡ ❡♥ TV ✉♥❛ ❡str✉❝t✉r❛ ❞❡ dg✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳
❊♥ ❝❛s♦ ❞❡ q✉❡ ❛❞❡♠ás H s❡❛ ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❝✳❢✳ ❬▼❡♥✵✹✱ ❑❛❞✵✺❪✮✱ ❡st❛
❡str✉❝t✉r❛ s❡ ❡①t✐❡♥❞❡ ❛ ✉♥❛ Cacti✲á❧❣❡❜r❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✳

▲✉❡❣♦ s❡ ❡st✉❞✐❛ q✉é ✐♠♣❧✐❝❛♥❝✐❛s ✭✈❡r ❧❡♠❛ ✹✳✶✷✮ t✐❡♥❡ ❞✐❝❤❛ ♣r♦♣✐❡❞❛❞ s♦❜r❡
❧♦s ♠♦r✜s♠♦s ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ Cacti á❧❣❡❜r❛s✳ ❙❡ ❝♦♥❝❧✉②❡ ❛ ♣❛rt✐r ❞❡ ❡st♦
q✉❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❞❛ ❧✉❣❛r ❛ ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❝❛t❡❣♦rí❛s ❡♥tr❡

✺



❜✐á❧❣❡❜r❛s ② á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳

❖tr❛ ✐♠♣❧✐❝❛❝✐ó♥ ❞❡ ❞✐❝❤♦ ❡st✉❞✐♦ ❡s ❡❧ t❡♦r❡♠❛ ✹✳✶✻✳ ❊❧ ♠✐s♠♦ ❞✐❝❡ q✉❡ s✐ s❡
t✐❡♥❡ ✉♥ á❧❣❡❜r❛ ✭❞✳❣✳✮ A ② ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❞✳❣✳✮ H✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡str✉❝t✉r❛s
❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ A ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♥ ❧♦s ♠♦r✲
✜s♠♦s TV Ñ C‚pAq ❞❡ Cacti á❧❣❡❜r❛s ✭❛♠❜❛s s♦♥ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✮✳
❉❛❞❛ ✉♥ á❧❣❡❜r❛ ❞✳❣✳ A✱ ❡st❡ t❡♦r❡♠❛ ❞❡t❡r♠✐♥❛ ♣❛r❛ ❝❛❞❛ ❡str✉❝t✉r❛ ❞❡
H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ A✱ ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ●❡rst❡♥❤❛❜❡r

H‚pΩpHqq Ñ HH‚pAq

❊♥ ❡❧ ❛♣é♥❞✐❝❡ ❆ s❡ ♣r❡s❡♥t❛ ❡❧ ♦♣❡r❛❞ Cacti ❝♦♠♦ ❡❧ ♦♣❡r❛❞ ❛❧❣❡❜r❛✐❝♦
❞❛❞♦ ♣♦r ❧❛s ❝❛❞❡♥❛s s✐♥❣✉❧❛r❡s ❞❡❧ ♦♣❡r❛❞ t♦♣♦❧ó❣✐❝♦ ❞❡ ❈❛❝t✉s ❬❱♦r✵✺❪ ❛❧
❝♦♥s✐❞❡r❛r s✉s ❝❛❞❡♥❛s ❝❡❧✉❧❛r❡s✳ ❊♥ ❝✐❡rt♦ s❡♥t✐❞♦ ② ❛ ♠♦❞♦ ❞❡ ♠♦t✐✈❛❝✐ó♥✱
♣✉❡❞❡ ♣❡♥s❛rs❡ ✉♥ ❝❛❝t✉s ❝♦♠♦ ✉♥❛ s✉♣❡r✜❝✐❡ ✐♥✜♥✐t❡s✐♠❛❧✳ ❙✐❣✉✐❡♥❞♦ ❡st❡
♠♦❞♦ ❞❡ ♣❡♥s❛r✱ s❡ ♣r❡s❡♥t❛ ❡❧ ♦♣❡r❛❞ t♦♣♦❧ó❣✐❝♦ ❝♦♠♦ ✉♥ ♦♣❡r❛❞ r❡❧❛❝✐♦♥❛❞♦
❛ ❧❛s t❡♦rí❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡s ❞❡s❞❡ ❧❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❙❡❣❛❧ ❬❙❡❣✵✹❪✳
❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛s ❝❛❞❡♥❛s ❞❡ ❡st❡ ♦♣❡r❛❞ s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❧❛s t❡♦rí❛s
t♦♣♦❧ó❣✐❝❛s ❝♦♥❢♦r♠❡s ❬❲✐t✽✽✱ ●❡t✾✹✱ ❑♦♥✾✺❪✳

❙❡ ❝♦♠✐❡♥③❛ ♣♦r ❡❧ ♣❛s♦ ❞❡s❞❡ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝❧ás✐❝❛ ❛ ✉♥❛ t❡♦rí❛
❝✉á♥t✐❝❛✱ ♣❛r❛ ❧✉❡❣♦ ❡st✉❞✐❛r ❡❧ ❝❛s♦ ❞❡ ❧❛s t❡♦rí❛s ❝♦♥❢♦r♠❡s ② ❞❡ ❛❤í ❧❧❡❣❛r
❛ ❧♦s ♦♣❡r❛❞s ❞❡ ❝❛❝t✉s t♦♣♦❧ó❣✐❝♦ ② Cacti✳ ❊❧ ♠✐s♠♦ ❞❡s❝r✐❜❡✱ ❞❡s❞❡ ✉♥❛
♣❡rs♣❡❝t✐✈❛ ♣❡rs♦♥❛❧✱ ❧❛ ♠♦t✐✈❛❝✐ó♥ ❞❡❧ ❛✉t♦r ♣❛r❛ ❡st✉❞✐❛r ❡❧ ♦♣❡r❛❞ ❞❡
❝❛❝t✉s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ♠❛t❡r✐❛❧ ❛❧❧í ❡①♣✉❡st♦ ♥♦ ❡s ♥❡❝❡s❛r✐♦✱ ❞❡s❞❡ ✉♥
♣✉♥t♦ ❞❡ ✈✐st❛ ❡str✐❝t♦✱ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ② ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s
❡①♣✉❡st♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✳ ❊s ♣♦r ❡s♦ q✉❡ ♥♦s ♣❡r♠✐t✐♠♦s ❧❛ ❧✐❝❡♥❝✐❛ ❞❡
✉t✐❧✐③❛r ✉♥ ❧❡♥❣✉❛❥❡ ♠❛t❡♠át✐❝♦ ♥♦ ❞❡❧ t♦❞♦ ♣r❡❝✐s♦✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s❡
s❛❝r✐✜❝❛ r✐❣✉r♦s✐❞❛❞ ❡♥ ❧❛ ❡①♣♦s✐❝✐ó♥ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❤❛❝❡r❧❛ ♠ás ❡♥t❡♥❞✐❜❧❡
② ❛♠❡♥❛✳

❊♥ ❡st❡ ❛♣é♥❞✐❝❡ s❡ ❝♦♠✐❡♥③❛ ♣♦r ✐♥tr♦❞✉❝✐r ❜r❡✈❡♠❡♥t❡ t❡♦rí❛s ❞❡ ❝❛♠♣♦s
❝♦♠♦ ❝♦♥t❡①t✉❛❧✐③❛❝✐ó♥ ❞❡ ❧❛s t❡♦rí❛s ❝♦♥❢♦r♠❡s✳ ❊♥ ❡❧ ♠✐s♠♦ s❡ ❞❡s❝r✐❜❡ ✉♥
❢♦r♠❛❧✐s♠♦ ♠❛t❡♠át✐❝♦ ♣❛r❛ tr❛t❛r t❡♦rí❛s ❞❡ ❝❛♠♣♦s✳ ❉❡s❞❡ ❡st❡ ♣✉♥t♦ ❞❡
✈✐st❛✱ s❡ ❞❡✜♥❡ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♠♦ ✉♥ ❢✉♥t♦r q✉❡ ♣❛rt❡ ❞❡ ❛❧❣✉♥❛
❝❛t❡❣♦rí❛ ❞❡ ❝♦❜♦r❞✐s♠♦ ② t♦♠❛ ✈❛❧♦r❡s ❡♥ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ✭♦ ❡s♣❛❝✐♦s ❞❡
❍✐❧❜❡rt✮✳ ▲❛ s✐♠❡trí❛ ❞❡ ❧❛ t❡♦rí❛ ❡stá ❝♦❞✐✜❝❛❞❛ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦❜♦r❞✐s♠♦
❡❧❡❣✐❞❛✳ ◆♦ s❡ ❜✉s❝❛ ❧❛ ❝♦♠♣❧❡t❛ ✭♥♦ ♣♦s✐❜❧❡ ❛ú♥✮ r✐❣✉r♦s✐❞❛❞ ♠❛t❡♠át✐❝❛
♣❛r❛ ❞❡✜♥✐r t❡♦rí❛s ❝✉á♥t✐❝❛s s✐♥♦ ❡①♣♦♥❡r ❧❛s ✐❞❡❛s ❢ís✐❝❛s ❞❡trás ❞❡ ❧♦s
♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s q✉❡ ♥♦s ✐♥t❡r❡s❛♥✳

✻



❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥✱ ❧❛ ♠ás ✐♠♣♦rt❛♥t❡ ❞❡❧ ❛♣é♥❞✐❝❡✱ s❡ t♦♠❛ ❝♦♠♦ ♣✉♥t♦
❞❡ ♣❛rt✐❞❛ ❧❛s t❡♦rí❛s ❝♦♥❢♦r♠❡s ❞❡s❞❡ ❧❛ ó♣t✐❝❛ ❞❡ ❙❡❣❛❧ ❬❙❡❣✵✹❪ ② s❡ ❜✉s❝❛
❧❧❡❣❛r ❛❧ ♦♣❡r❛❞ ❞❡ Cacti✳
❙❡ ❞❡✜♥❡ ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡ ❝♦♠♦ ✉♥ ❢✉♥t♦r ✭♣r♦②❡❝t✐✈♦✮

U : RS Ñ Hilb

❞❡s❞❡ ❧❛ ❝❛t❡❣♦rí❛ ✭❞❡ ❝♦❜♦r❞✐s♠♦✮ ❞❡ s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥ ✭s✉♣❡r✜❝✐❡s
❝♦♠♣❛❝t❛s ❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❝♦♠♣❧❡❥❛✮ ❛ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt✳ ❈♦♠♦ ❛♣♦rt❡
❝♦♥❝❡♣t✉❛❧ ❡♥ ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ♣♦❞❡♠♦s ♠❡♥❝✐♦♥❛r ❡❧ ❤❡❝❤♦ ❞❡ ✐♥❝❧✉✐r ❡❧
s❡♠✐❣r✉♣♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ S

1 ❝♦♠♦ ✢❡❝❤❛s ❡♥ ❧❛ ❝❛t❡❣♦rí❛✳

▲✉❡❣♦ s❡ ❡st✉❞✐❛ ❧❛ s✉❜❝❛t❡❣♦rí❛ C ❞❛❞❛ ♣♦r ❧♦s ❝✐❧✐♥❞r♦s✳ ❆❧ r❡str✐♥❣✐r ❧❛ t❡♦✲
rí❛ s❡ t✐❡♥❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ U : C Ñ Hilb✳ ❊st❛ ✐♥❞✉❝❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥
✭✉♥✐t❛r✐❛✮ ❞❡❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦✳ ❉❡ ♠❛♥❡r❛ r❡❝í♣r♦❝❛✱ ❝✉❛❧q✉✐❡r r❡♣r❡s❡♥✲
t❛❝✐ó♥ ❞❡ ❡st❡ t✐♣♦ s❡ ❡①t✐❡♥❞❡ ❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ C✳ ❊♥ ❝♦♥s✐❣✉✐❡♥t❡✱ s❡
❡st✉❞✐❛♥ ❞✐❝❤❛s r❡♣r❡s❡♥t❛❝✐♦♥❡s ② ❞❡ q✉é ♠❛♥❡r❛ ❡stá♥ ❞❡t❡r♠✐♥❛❞❛s✱ ❛ s✉
✈❡③✱ ♣♦r s✉s ✈❡❝t♦r❡s ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❙❡ ♣r❡s❡♥t❛ t❛♠❜✐é♥ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛
❡♥tr❡ ❡st❡ ❝♦♥❝❡♣t♦ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❙❡❣❛❧ ❞❡ ❝❛♠♣♦ ♣r✐♠❛r✐♦✳ ❆ ♣❛rt✐r ❞❡
❛❤í s❡ ✐♥tr♦❞✉❝❡ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡st❛❞♦✲♦♣❡r❛❞♦r✳

❉❛❞♦ q✉❡ t♦❞❛ s✉♣❡r✜❝✐❡ s❡ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡r ❡♥ ❝✐❧✐♥❞r♦s ② ♣❛♥t❛❧♦♥❡s
✭s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ♥✉❧♦ ❝♦♥ tr❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞❡✮✱ ✉♥❛ t❡♦rí❛ ❝♦♥✲
❢♦r♠❡ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r s✉ ✈❛❧♦r ❡♥ ❡❧❧❛s✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡❧ ✈❛❧♦r
❞❡ ✉♥❛ t❡♦rí❛ ❡♥ ❧❛s s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ♥✉❧♦ ❧❛ ❞❡t❡r♠✐♥❛✳ ❊s ♣♦r ❡s♦ q✉❡
r❡str✐♥❣✐♠♦s ❛ S0 ❧❛ s✉❜❝❛t❡❣♦rí❛ ❞❡ s✉♣❡r✜❝✐❡s ❝♦♥ só❧♦ ✉♥ ❝ír❝✉❧♦ s❛❧✐❡♥t❡
② ❣é♥❡r♦ ♥✉❧♦✳ ❙❡ ♣r❡s❡♥t❛ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❛❧ ♦♣❡r❛❞ ❞❡ ❝❛❝t✉s ✭t♦♣♦❧ó❣✐❝♦✮
❝♦♠♦ ✉♥ ❝❛s♦ ✏❧í♠✐t❡✑ ♦ ✏✐♥✜♥✐t❡s✐♠❛❧✑ ❞❡ s✉♣❡r✜❝✐❡s ❞❡ S0✳ P♦r ú❧t✐♠♦ s❡
♣r♦♣♦♥❡ ❡❧ ❡st✉❞✐♦ ❞❡❧ ♦♣❡r❛❞ ❞❡ ❝❛❞❡♥❛s ❞❡ ❈❛❝t✉s ❝♦♠♦ ✉♥ ♠♦❞❡❧♦ ❞❡
❥✉❣✉❡t❡ ♣❛r❛ t❡♦rí❛s t♦♣♦❧ó❣✐❝❛s ❝♦♥❢♦r♠❡s ❬❲✐t✽✽✱ ●❡t✾✹✱ ❑♦♥✾✺✱ ❈♦s✵✼❪ ❛
❣é♥❡r♦ ❝❡r♦✳

❊♥ ❡❧ ❛♣é♥❞✐❝❡ ❇ s❡ ❛❞❥✉♥t❛ ② ❡①♣❧✐❝❛ ❡❧ ❝ó❞✐❣♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❧♦s ❝ó♠♣✉t♦s
❞❡❧ ❝❛♣ít✉❧♦ ✷✳ ❊st❡ ❝ó❞✐❣♦ ❤❛ s✐❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞❡❧
♦♣❡r❛❞ Cacti✳ ❊❧ ❤❡❝❤♦ ❞❡ ✐♠♣❧❡♠❡♥t❛r ❞✐❝❤♦ ♦♣❡r❛❞ ❡♥ ❧❛ ❝♦♠♣✉t❛❞♦r❛ ❤❛
❣❡♥❡r❛❞♦ ✉♥❛ ❛r❡♥❛ ❞♦♥❞❡ ❣❡♥❡r❛r ❡❥❡♠♣❧♦s ② ❡①♣❡r✐♠❡♥t❛r ❝♦♥❥❡t✉r❛s✳
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❈❛♣ít✉❧♦ ✶

❖♣❡r❛❞s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ♣r❡s❡♥t❛♥ ❧♦s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♦♣❡r❛❞s
✭♣❧❛♥❛r❡s ♦ ♥♦ s✐♠étr✐❝♦s✮ q✉❡ s❡ ✉t✐❧✐③❛rá♥ ❝♦♠♦ ❧❡♥❣✉❛❥❡ ❛ ❧♦ ❧❛r❣♦ ❞❡
t♦❞♦ ❡❧ tr❛❜❛❥♦✳ ▲♦s ♦♣❡r❛❞s ❬▼❛②✼✷❪ ❜✉s❝❛♥ ❛❜str❛❡r ② ♠♦❞❡❧❛r ❡❧ ❝♦♥❝❡♣t♦
❞❡ ♦♣❡r❛❝✐ó♥✳ ❯♥ ♦♣❡r❛❞ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦♣❡r❛❝✐♦♥❡s ❞❡
❞✐st✐♥t❛ ❛r✐❞❛❞ ❥✉♥t♦ ❝♦♥ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ ❞❡ ❧❛s ♠✐s♠❛s ❬▲❱✶✷✱ ▼❙❙✵✷❪✳
❊st❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ ❡♥tr❡ ❞♦s ♦♣❡r❛❝✐♦♥❡s ❝♦♥s✐st❡ ❡♥ r❡❡♠♣❧❛③❛r ❡❧
r❡s✉❧t❛❞♦ ❞❡ ✉♥❛ ❡♥ ✉♥❛ ❞❡ ❧❛s ❡♥tr❛❞❛s ❞❡ ❧❛ ♦tr❛✳ ▲❛ ❡①♣♦s✐❝✐ó♥ s❡ ❜❛s❛
♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❬▲❱✶✷❪ ❡♥ ❝✉❛♥t♦ ❛ ❧♦s ❝♦♥t❡♥✐❞♦s✱ ♣❡r♦ ✉t✐❧✐③❛♠♦s ❧❛
♥♦t❛❝✐ó♥ ❞❡ ❬▼✉r✶✶❪✳

❈♦♠❡♥③❛♠♦s ♣r❡s❡♥t❛♥❞♦✱ ❝♦♠♦ ❡❥❡♠♣❧♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥✱ ❡❧ ♦♣❡r❛❞ A q✉❡
♠♦❞❡❧❛ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❛♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♣❡r❛❞
❛ tr❛✈és ❞❡ ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❥✉♥t♦ ❝♦♥ ♦tr❛s ❞❡✜♥✐❝✐♦♥❡s ② ❡❥❡♠♣❧♦s
❜ás✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡st❡ ❝♦♥❝❡♣t♦✳ ▲✉❡❣♦ s❡ ✐♥tr♦❞✉❝❡♥ ❧♦s ár❜♦❧❡s ❝♦♠♦
✉♥ ❧❡♥❣✉❛❥❡ ♣❛r❛ ❡①♣r❡s❛r ♦♣❡r❛❞s ❞❛❞♦ ♣♦r ♦❜❥❡t♦s ❝♦♠❜✐♥❛t♦r✐♦s✳ ❙❡ t✐❡♥❡
❛sí✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ ❧✐❜r❡✳

❊♥ ❧❛ s❡❝❝✐ó♥ ✶✳✷✱ s❡ ❡①♣♦♥❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦✲
♣í❛ ❬❙t❛✻✸✱ ❇❱✼✸❪ ❞❡ ✉♥ ♦♣❡r❛❞ ❞❛❞♦✳ ❊❧ ❡♥❢♦q✉❡ r❡s♣❡❝t♦ ❛ ❡st❡ ❝♦♥❝❡♣t♦✱ ❧❛
❞✉❛❧✐❞❛❞ ❞❡ ❑♦s③✉❧ ❬●❑✾✹❪ ② ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❡s ♠ás ❜✐❡♥ ♠✐♥✐♠❛❧✐st❛✿
s❡ ♣r❡s❡♥t❛ ❧♦ ♥❡❝❡s❛r✐♦ ♣❛r❛ ♣♦❞❡r ❞❡✜♥✐r ❧♦s ♦♣❡r❛❞s A8 ② A

p2q
8 ❧❛s ✈❡rs✐♦♥❡s

❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ❞❡ ❧♦s ♦♣❡r❛❞s A ② Ap2q ❬❩✐♥✶✵❪✳

❊♥ ❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ s❡ ✐♥tr♦❞✉❝❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦✱ ❡st♦ ❡s✱ ✉♥
♦♣❡r❛❞ ❝✉②❛s ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s t✐❡♥❡♥ ✉♥❛ ❛❝❝✐ó♥ ❞❡❧ ❣r✉♣♦ s✐♠étr✐❝♦ Sn
✭❥✉♥t♦ ❝♦♥ ❝✐❡rt❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞✮✳ ❊♥ ❞✐❝❤❛ s❡❝❝✐ó♥ s❡ ❞✐s❝✉t❡♥ ❧❛s ❞✐❢❡r❡♥❝✐❛s
❡♥tr❡ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦ ② ♥♦ s✐♠étr✐❝♦✱ ❤❛❝✐❡♥❞♦ ❡s♣❡❝✐❛❧ é♥❢❛s✐s
❡♥ ❡❧ ✉s♦ ❞❡ ❛♠❜❛s ♥♦❝✐♦♥❡s ❡♥ ❡❧ ❝❛♣ít✉❧♦ s✐❣✉✐❡♥t❡✳

✾



✶✳✶✳ ❉❡✜♥✐❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s

P♦♥❣❛♠♦s ❝♦♠♦ ❡❥❡♠♣❧♦ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ ▲❛ ♠✐s♠❛ ❝♦♥s✐st❡ ❡♥ ✉♥
❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♥ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ x ¨ y ♣❛r❛
x, y P V ✳ ❊❧ ♠✐s♠♦ ❡s ✉♥❛ ♦♣❡r❛❝✐ó♥ ❜✐♥❛r✐❛✱ ❧❧❛♠é♠♦s❧❛ m2✳ ❊st♦ ❡s✱

m2 : V b V Ñ V

❊sq✉❡♠át✐❝❛♠❡♥t❡✱ s❡ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ✉♥❛ ❝❛❥❛ ❝♦♥ ❞♦s ❡♥tr❛❞❛s ② ✉♥❛
s❛❧✐❞❛✿

m2

❆❤♦r❛ ❜✐❡♥✱ ✉♥♦ ♣♦❞rí❛ ❝♦♥str✉✐r ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ t❡r♥❛r✐❛ ❛ ♣❛rt✐r ❞❡ m2 ❛♣❧✐✲
❝❛♥❞♦ ést❛ ❞♦s ✈❡❝❡s✿ ❙❡ ❝❛❧❝✉❧❛ ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ❡❧❡♠❡♥t♦s ② ❡❧ r❡s✉❧t❛❞♦
s❡ ♠✉❧t✐♣❧✐❝❛ ♣♦r ✉♥ t❡r❝❡r♦✳ ❱♦❧✈✐❡♥❞♦ ❛ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡sq✉❡♠át✐❝❛✱ ❡st♦
s❡rí❛✿

m2

m2

▲❧❛♠❡♠♦s ❛ ❡st❛ ♦♣❡r❛❝✐ó♥ m2 ˝1 m2✱ ❞♦♥❞❡ ❧❛ ♥♦t❛❝✐ó♥ ✐♥tr♦❞✉❝✐❞❛ ˝1

s✐❣♥✐✜❝❛ ❥✉st❛♠❡♥t❡ q✉❡ ❡❧ r❡s✉❧t❛❞♦ ✉♥❛ ♦♣❡r❛❝✐ó♥ s❡ ✉t✐❧✐③❛rá ❡♥ ❧❛ ♣r✐♠❡r❛
❡♥tr❛❞❛ ❞❡ ❧❛ ♦tr❛✳ ❊st♦ ❡s✱ ♣❛r❛ ❡❧❡♠❡♥t♦s x1, x2, x3 P V ✱

pm2 ˝1 m2q
`
x1, x2, x3

˘
“ px1 ¨ x2q ¨ x3

❙❡ ♣♦❞rí❛ ❤❛❜❡r ❝❛❧❝✉❧❛❞♦ t❛♠❜✐é♥ m2 ˝2 m2✱ ❡st♦ ❡s✿

m2

m2

❊s ❞❡❝✐r✱ ♣❛r❛ ❡❧❡♠❡♥t♦s x1, x2, x3 P V ✱

pm2 ˝2 m2q
`
x1, x2, x3

˘
“ x1 ¨ px2 ¨ x3q

❈♦♠♦ ❥✉st❛♠❡♥t❡ ❡❧ á❧❣❡❜r❛ ❡s ❛s♦❝✐❛t✐✈❛✱ t❡♥❡♠♦s q✉❡ ❛♠❜❛s ♦♣❡r❛❝✐♦♥❡s
❝♦✐♥❝✐❞❡♥ ② ❞❡✜♥✐♠♦s✿

m3 :“ m2 ˝1 m2 “ m2 ˝2 m2

✶✵



❊s ❞❡❝✐r✱ s❡ ♠✉❧t✐♣❧✐❝❛♥ ❧❛s tr❡s ❡♥tr❛❞❛s s✐♥ ✐♠♣♦rt❛r ❡❧ ♦r❞❡♥ ❡♥ ❡❧ q✉❡ s❡
r❡❛❧✐③❛♥ ❧❛s ♦♣❡r❛❝✐♦♥❡s ✭♣❡r♦ sí r❡s♣❡t❛♥❞♦ ❡❧ ♦r❞❡♥ ❞❡ ❧♦s ❡❧❡♠❡♥t♦s✮✳ ❊♥
❝✉❛❧q✉✐❡r ❛r✐❞❛❞ s❡ ♣✉❡❞❡ r❡❛❧✐③❛r ❧♦ ♠✐s♠♦✱ ❡s ❞❡❝✐r✱ ❞❡✜♥✐r mn ❝♦♠♦ ❡❧
♣r♦❞✉❝t♦ ❞❡ s✉s ❡♥tr❛❞❛s s✐♥ ✐♠♣♦rt❛r ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧♦s ♣❛ré♥t❡s✐s✳

❊st❡ ❡❥❡♠♣❧♦ ❝♦♥s✐st❡ ❡♥t♦♥❝❡s ❡♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥ s❡♥❝✐❧❧❛ ❞❡ ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s✳
P❛s❡♠♦s ❛❤♦r❛ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♣❡r❛❞✱ ♣❛r❛ ❧✉❡❣♦ ✈♦❧✈❡r ❛❧ ♠✐s♠♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✳ ✭❬▲❱✶✷✱ ✺✳✾✳✹❪❬▼❙❙✵✷✱ ✶✳✸❪❬▼✉r✶✶✱ ✷✳✹ ② ✷✳✻❪✮ ❯♥ ♦♣❡r❛❞ ✭♥♦
s✐♠étr✐❝♦ ♦ ♣❧❛♥❛r✮ O ❡♥ ✉♥❛ ❝❛t❡❣♦rí❛ ♠♦♥♦✐❞❛❧ V ❝♦♥s✐st❡ ❡♥✿

❖❜❥❡t♦s tOpnqunPN0
q✉❡ ❧❧❛♠❛r❡♠♦s ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s✳

▼♦r✜s♠♦s ✭✉♥♦ ♣♦r ❝❛❞❛ n,m P N0, i P t1, . . . , nu✮

Opnq b Opmq
˝iÝÑ Opn ` m ´ 1q

❛ ❧♦s ❝✉❛❧❡s ❧❧❛♠❛r❡♠♦s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳

❯♥ ❡❧❡♠❡♥t♦ 1 P Op1q ✐❞❡♥t✐❞❛❞ ♣❛r❛ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✱ ❡s
❞❡❝✐r✱ ♣❛r❛ ❝✉❛❧q✉✐❡r wn P Opnq ② ❝✉❛❧q✉✐❡r i P t1, . . . , nu s❡ t✐❡♥❡
wn ˝i 1 “ wn “ 1 ˝1 wn✳

▲❛s ❝♦♠♣♦s✐❝✐♦♥❡s ❝✉♠♣❧❡♥ ❧❛ s✐❣✉✐❡♥t❡ ❛s♦❝✐❛t✐✈✐❞❛❞✿

pwr ˝i wpq ˝j wq “

#
pwr ˝j wqq ˝i`q´1 wp s✐ j ă i

wr ˝i pwp ˝j´i`1 wqq s✐ i ď j ă p ` i

❝✉❛❧❡sq✉✐❡r❛ s❡❛♥ wp P Oppq, wq P Opqq, wr P Oprq✳

❊♥ ❡st❡ tr❛❜❛❥♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♦♣❡r❛❞s ❡♥ ❝♦♥❥✉♥t♦s✱ ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s ②
❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ✭❞✐❢❡r❡♥❝✐❛❧❡s ❣r❛❞✉❛❞♦s✮✳ ❊♥ ❡st♦s ❝♦♥t❡①t♦s✱ ❡♥ ❣❡♥❡r❛❧✱
❡st✉❞✐❛r❡♠♦s ♦♣❡r❛❞s r❡❞✉❝✐❞♦s✱ ❡st♦ ❡s✱ Op0q “ H✱ Op1q “ 1 ❡♥ ❡❧ ❝❛s♦ ❞❡
❝♦♥❥✉♥t♦s ② Op0q “ 0✱ Op1q “ x1y ♣❛r❛ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳ ❊s ❞❡❝✐r✱ t♦❞♦s
❧♦s ♦♣❡r❛❞s s❡rá♥ r❡❞✉❝✐❞♦s s✐ ♥♦ s❡ ❞❡✜♥❡♥ ❧♦s ❡s♣❛❝✐♦s ❞❡ ♦♣❡r❛❝✐♦♥❡s 0✲
❛r✐❛s ② 1✲❛r✐❛s ❞❡ ♠❛♥❡r❛ ❡①♣❧í❝✐t❛ ✭❝♦♠♦✱ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❧♦s ♦♣❡r❛❞s End ❛
❝♦♥t✐♥✉❛❝✐ó♥ ② S ❞❡❧ ❝❛♣ít✉❧♦ ❆✮✳

❊❥❡♠♣❧♦ ✶✳✷✳ ❱♦❧✈❡♠♦s ❛❧ ❡❥❡♠♣❧♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ q✉❡ ❧❧❛♠❛r❡✲
♠♦s A✳ ❉❡✜♥✐❞♦ ❞❡ ♠❛♥❡r❛ ♣r❡❝✐s❛ A ❡s ❡❧ ♦♣❡r❛❞ ✭❡♥ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✮
❞❛❞♦ ♣♦r✿

Ap1q “ x1y, Apnq “ xmny

mn ˝i mm “ mn`m´1✳ ✭❊♥ ♣❛rt✐❝✉❧❛r✿ mn ˝i 1 “ mn “ 1 ˝1 mn✳✮

✶✶



❊❥❡♠♣❧♦ ✶✳✸✳ P❛r❛ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V ✱ s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❡❧ ♦♣❡r❛❞
✭❡♥ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✮ EndpV q ✭✈❡r ❬▲❱✶✷✱ ✺✳✷✳✶✶ ② ✺✳✾✳✽❪✮ ❞❛❞♦ ♣♦r✿

EndpV qpnq “ HompV bn, V q

② ♣❛r❛ f P EndpV qpnq, g P EndpV qpmq, i P t1, . . . ,mu✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧
❡stá ❞❛❞❛ ♣♦r✿

g ˝i fpv1, . . . , vn`m´1q “ gpv1, . . . , vi´1, fpvi, . . . , vn`i´1q, vn`i, . . . , vn`m´1q

❝✉②❛ ✉♥✐❞❛❞ ❡s 1V ✱ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳

❊❥❡♠♣❧♦ ✶✳✹✳ ❙❡❛ S ❡❧ ♦♣❡r❛❞ ✭❡♥ ❝♦♥❥✉♥t♦s✮ ❞❛❞♦ ♣♦r

Spnq “ Sn ❡❧ ❣r✉♣♦ ❞❡ ♣❡r♠✉t❛❝✐♦♥❡s ❞❡ n ❡❧❡♠❡♥t♦s✳

P❛r❛ σp P Sp, σq P Sq✱ ❧❛ ♣❡r♠✉t❛❝✐ó♥ σp ˝i σq P Sp`q´1 ❡stá ❞❛❞❛ ♣♦r✿

`
σp ˝i σq

˘
pkq :“

$
’’’’’’&
’’’’’’%

σppkq s✐ k ă i ② σppkq ă σppiq

σppkq ` q ´ 1 s✐ k ă i ② σppkq ą σppiq

σqpk ` 1 ´ iq ` σppiq s✐ i ď k ă i ` q

σppk ` 1 ´ qq s✐ k ě i ` q ② σppkq ă σppiq

σppk ` 1 ´ qq ` q ´ 1 s✐ k ě i ` q ② σppkq ą σppiq

❊s ❞❡❝✐r✱ ❧❛ ♣❡r♠✉t❛❝✐ó♥ r❡s✉❧t❛♥t❡ s❡ ♦❜t✐❡♥❡ r❡❡♠♣❧❛③❛♥❞♦ ❡❧ ✈❛❧♦r
✐✲és✐♠♦ ❞❡ σp ♣♦r t♦❞❛ ❧❛ ♣❡r♠✉t❛❝✐ó♥ σq ♣❡r♦ ❛❝t✉❛♥❞♦ ❡♥ ❡❧ ❝♦♥❥✉♥t♦
ti, . . . , i ` q ´ 1u✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✳ ❯♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s O
φ
ÝÑ P ❝♦♥s✐st❡ ❡♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥

❞❡ ♠♦r✜s♠♦s tOpnq
φnÝÑ PpnqunPN0

q✉❡ ❝♦♥♠✉t❛♥ ❝♦♥ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s
♣❛r❝✐❛❧❡s ② q✉❡ ❝✉♠♣❧❡ φ1p1Oq “ 1P ✳

P❛r❛ O ✉♥ ♦♣❡r❛❞ ✭❡♥ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✮✱ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ O✲á❧❣❡❜r❛ ❡♥
✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V ❝♦♥s✐st❡ ❡♥ ✉♥ ♠♦r✜s♠♦ O Ñ EndpV q✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✻✳ ❊❧ ❝♦♥❝❡♣t♦ ✉s✉❛❧ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭♥♦ ✉♥✐t❛r✐❛✮
❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ❞❡ A✲á❧❣❡❜r❛✳

❖♣❡r❛❞s ❞✐❢❡r❡♥❝✐❛❧❡s ❣r❛❞✉❛❞♦s

❉❡✜♥✐❝✐ó♥ ✶✳✼✳ ❯♥ ♦♣❡r❛❞ ❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ❞✐❢❡r❡♥✲
❝✐❛❧❡s ❣r❛❞✉❛❞♦s s❡ ❛❜r❡✈✐❛rá dg✲♦♣❡r❛❞✳

✶✷



❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡♥ ✉♥ dg✲♦♣❡r❛❞ ❧♦s ❡s♣❛❝✐♦s Opnq s♦♥ dg✲❡s♣❛❝✐♦s ✈❡❝✲
t♦r✐❛❧❡s ②✱ ♣♦r ❝♦♥s✐❣✉✐❡♥t❡✱ ❡s ♣❛rt❡ ❞❡ ❧❛ ❡str✉❝t✉r❛ ✉♥❛ ❣r❛❞✉❛❝✐ó♥ | ¨ | ❡♥
❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ② ✉♥ ❞✐❢❡r❡♥❝✐❛❧

d : Opnq Ñ Opnq

❊♥ ❝✉❛♥t♦ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✱ s❡ t♦♠❛ ❧❛ ♥♦❝✐ó♥
❡stá♥❞❛r ❞❡ ♠♦r✜s♠♦ ❡♥ ❡st❛ ❝❛t❡❣♦rí❛✱ ❡st♦ ❡s✱ ♠♦r✜s♠♦ ❧✐♥❡❛❧ ❞❡ ❣r❛❞♦
♥✉❧♦ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✳ ❊♥ ❝♦♥❝r❡t♦✱ ❧❛s ˝i ❞❡❜❡♥ ❝✉♠♣❧✐r✿

|v ˝i w| “ |v| ` |w|

dpv ˝i wq “ dv ˝i w ` p´1q|v|v ˝i dw

❖❜s❡r✈❛❝✐ó♥ ✶✳✽✳ ◆♦t❛r q✉❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡❧ ❡❥❡♠♣❧♦ ✶✳✸ s❡ ♣✉❡❞❡ ❣❡♥❡✲
r❛❧✐③❛r ❞❡ ♠❛♥❡r❛ ❝❛♥ó♥✐❝❛ ❛ dg✲♦♣❡r❛❞s✳ ❙❡ ❝♦♥s✐❞❡r❛♥ ♠♦r✜s♠♦s ✭❛❤♦r❛ sí✮
❞❡ ❝✉❛❧q✉✐❡r ❣r❛❞♦ ② ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡stá ❞❛❞♦ ♣♦r✿ df “ d ˝ f ´ p´1q|f |f ˝ d✳
P❛r❛ ✉♥ dg✲♦♣❡r❛❞ O✱ ✉♥❛ O✲á❧❣❡❜r❛ ❝♦♥s✐st❡ ❡♥ ✉♥ dg✲❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V
② ✉♥ ♠♦r✜s♠♦ ✭❞❡ dg✲♦♣❡r❛❞s✮

O Ñ EndpV q.

Pr♦♣♦♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ❝♦♥✈❡♥❝✐ó♥ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ á❧❣❡❜r❛s s♦❜r❡ ✉♥
♦♣❡r❛❞ O✳ ❙✐ ν P Opnq, µ P Opmq, x1, . . . , xn´1, y1, . . . , ym P V ✱ ❝♦♥✈❡♥✐♠♦s

`
ν˝iµ

˘
px1, . . . , xn´1, y1, . . . , ymq “ p´1qεν

`
x1, . . . , xi´1, µpy1, . . . , ymq, xi, . . . , xn´1

˘

❞♦♥❞❡ ε “
´ři´1

j“1 |xj|
¯ ´

|µ| `
řm

j“1 |yj|
¯
✳

❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ ② ♣❛r❛ ✜❥❛r ♥♦t❛❝✐ó♥ ❡♥ ❡❧ ❝❛s♦ ❞❡ ♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s✱
s❡❛ V ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ ❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ O✲á❧❣❡❜r❛ ❞✳❣✳ ❙❡❛ ‹ P Op2q✳
P❛r❛ x, y P V ✱ ❧❛ ❡①♣r❡s✐ó♥ x ‹ y s❡ ❞❡✜♥❡ ❝♦♠♦

x ‹ y “ p´1q|x||‹|
‹ px, yq

❉❡ ❡st❛ ♠❛♥❡r❛✱ ✈❡♠♦s q✉❡ ❡❧ ❤❡❝❤♦ q✉❡ ‹ s❡❛ ❛s♦❝✐❛t✐✈❛ s❡ tr❛❞✉❝❡ ❡♥

px ‹ yq ‹ z “ x ‹ py ‹ zq

p´1q|x||‹|
`

‹ px, yq
˘

‹ z “ p´1q|x||‹|
‹

`
x, py ‹ zq

˘

p´1qp|x|`|y|`|‹|q|‹|
‹

`
‹ px, yq, z

˘
“ p´1q|y||‹|

‹
`
x,‹py, zq

˘

p´1qp|x|`|y|`|‹|q|‹|
‹

`
‹ p¨, ¨q, ¨

˘
px, y, zq “ p´1qp|y|`|x|q|‹|

‹
`
¨,‹p¨, ¨q

˘
px, y, zq

❊♥ ❡❧ ❧❡♥❣✉❛❥❡ ❞❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✱ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ s❡ tr❛❞✉❝❡ ❡♥✿

p´1q|‹||‹|
‹ ˝1‹ “ ‹ ˝2 ‹

✶✸



❖❜s❡r✈❛❝✐ó♥ ✶✳✾✳ ❚♦❞♦ ♦♣❡r❛❞ ❡♥ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♣✉❡❞❡ ♣❡♥s❛rs❡ ❝♦✲
♠♦ ♦♣❡r❛❞ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦ ❝♦♥ ❣r❛❞✉❛❝✐ó♥ ② ❞✐❢❡r❡♥❝✐❛❧ tr✐✈✐❛❧❡s✳ P♦r
❡❥❡♠♣❧♦✱ ❡❧ ♦♣❡r❛❞ A ♣✉❡❞❡ ♣❡♥s❛rs❡ ❞❡ ❡st❛ ♠❛♥❡r❛✳ ❊♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ dg✲
♦♣❡r❛❞s✱ ✉♥❛ A á❧❣❡❜r❛ ❡s ✉♥ á❧❣❡❜r❛ ❞✳❣✳ ✭②❛ q✉❡ Bm2 “ 0 s❡ tr❛❞✉❝❡ ❡♥
dpa.bq “ da.b ` p´1q|a|a.db✮✳

❘❡❝♦r❞❡♠♦s q✉❡ s✐ V ❡s ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ s❡ ❞❡✜♥❡ s✉ s✉s♣❡♥s✐ó♥ ΣV ❡♥ ❡❧
♠✐s♠♦ ❡s♣❛❝✐♦ ❜❛s❡ ❝♦♥ ❣r❛❞✉❛❝✐ó♥

| ¨ |ΣV “ | ¨ |V ` 1

② ❞✐❢❡r❡♥❝✐❛❧
dΣV “ ´dV

❙✐♠✐❧❛r♠❡♥t❡✱ s❡ ❞❡✜♥❡ ❧❛ ❞❡s✉s♣❡♥s✐ó♥✱ Σ´1V ✱ ❞♦♥❞❡ ❞❡❧ ❣r❛❞♦ ♦r✐❣✐♥❛❧ s❡
s✉str❛❡ ❧❛ ✉♥✐❞❛❞✳

■♥tr♦❞✉❝✐r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ s✉s♣❡♥s✐ó♥ ❞❡ ✉♥ ♦♣❡r❛❞✳ ❆✉♥✲
q✉❡ ♥♦ s❡❛ ❝r✉❝✐❛❧ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ t❡s✐s✱ s❡rá ❝ó♠♦❞♦ ❝♦♥t❛r ❝♦♥ é❧ ❡♥
❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ ❞❡❧ ❝❛♣ít✉❧♦ ✷✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✵✳ ❙❡❛ O ✉♥ ♦♣❡r❛❞ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦✱ ❧❛ s✉s♣❡♥s✐ó♥ ♦♣❡✲
rá❞✐❝❛ ΣO ❡stá ❞❡t❡r♠✐♥❛❞❛ ❛❧ ❝♦♥s✐❞❡r❛r

`
ΣO

˘
pnq :“ Σn´1Opnq

❝♦♥ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❤❡r❡❞❛❞❛s ❞❡ O✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ó♣❡r❛❞ s✐♠étr✐❝♦ ✭✈❡r s❡❝❝✐ó♥ ✶✳✸✮ s❡ ❞❡❜❡ ❛❞❡♠ás t❡♥s♦r✐③❛r
❡❧ ❡s♣❛❝✐♦ Σn´1Opnq ❝♦♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ s✐❣♥♦ ✭✈❡r ❞❡✜♥✐❝✐ó♥ ❬▼❙❙✵✷✱ ✸✳✶✸❪✱
♦ ❡❧ ❛♣❛rt❛❞♦ ❬▲❱✶✷✱ ✼✳✷✳✷❪✮

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ΣEndpV q » EndpΣ´1V q ✭❝✳❢✳ ❬▼❙❙✵✷✱
✸✳✶✻❪✮ s❡ t✐❡♥❡ ❧❛ s✐❣✉✐❡♥t❡ r❡❧❛❝✐ó♥ ❡♥tr❡ á❧❣❡❜r❛s s♦❜r❡ O ② ΣO✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✶✳ ❆ ♣❛rt✐r ❞❡ ❧❛ s✉s♣❡♥s✐ó♥✱ s❡ t✐❡♥❡ ✉♥❛ r❡❧❛❝✐ó♥ ✶✲✶ ❡♥tr❡
❧❛s ❡str✉❝t✉r❛s ❞❡ O✲á❧❣❡❜r❛ ❡♥ V ② ❧❛s ❡str✉❝t✉r❛s ❞❡ ΣO✲á❧❣❡❜r❛s ❡♥ ΣV ✳

❙✐O ❡stá ❞❛❞♦ ♣♦r ❣❡♥❡r❛❞♦r❡s ② r❡❧❛❝✐♦♥❡s s❛❜❡♠♦s q✉❡ ΣO t✐❡♥❡ ❧♦s ♠✐s♠♦s
❣❡♥❡r❛❞♦r❡s ♣❡r♦ s✉❜✐❞♦s ❡♥ ❣r❛❞♦ ✭s✉ ❛r✐❞❛❞ ♠❡♥♦s ✉♥♦✮✳ ❆ ♣❛rt✐r ❞❡ ❧❛
♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r s❡ ♣✉❡❞❡♥ ❝❛❧❝✉❧❛r ❞❡ ♠❛♥❡r❛ s❡♥❝✐❧❧❛ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡
❞❡✜♥❡♥ ΣO✳

✶✹



❖♣❡r❛❞s ② ár❜♦❧❡s

❈♦♠♦ s❡ ❡♥tr❡✈é ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✱ ❧♦s ♦♣❡r❛❞s ♣✉❡❞❡♥
r❡♣r❡s❡♥t❛rs❡ ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ♣♦r ♠❡❞✐♦ ❞❡ ár❜♦❧❡s ❝✉②♦s ✈ért✐❝❡s ✐♥t❡r♥♦s
✭✈❡r ❞❡✜♥✐❝✐ó♥ ❛❜❛❥♦✮ ❝♦❞✐✜❝❛♥ ❧❛s ♦♣❡r❛❝✐♦♥❡s ② ❡❧ ár❜♦❧ ♠✐s♠♦ ❞❡ q✉é
♠❛♥❡r❛ ést❛s s❡ ❝♦♠♣♦♥❡♥ ✭❡s ❞❡❝✐r✱ ❞❡ q✉é ♠❛♥❡r❛ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ✉♥❛ s✐r✈❡
❝♦♠♦ ❡♥tr❛❞❛ ❡♥ ♦tr❛✮✳ ❉❡ ❤❡❝❤♦✱ ✈❡r❡♠♦s q✉❡ ❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦
❞❡ ♦♣❡r❛❝✐♦♥❡s ❡stá ❞❛❞♦ ♣♦r ❧♦s ár❜♦❧❡s ❡t✐q✉❡t❛❞♦s ♣♦r ❞✐❝❤♦ ❝♦♥❥✉♥t♦✳ ❆
❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❛r❡♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ár❜♦❧ q✉❡ ✉t✐❧✐③❛r❡♠♦s ❡♥ ❡❧ r❡st♦ ❞❡
❧❛ ♠♦♥♦❣r❛❢í❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✷✳ ❯♥ ár❜♦❧ ár❜♦❧ ✭♣❧❛♥❛r r❡❞✉❝✐❞♦ ❝♦♥ r❛í③✮ ❞❡ n ❤♦❥❛s T
❝♦♥s✐st❡ ❡♥ ✉♥ ❣r❛❢♦ ❣r❛❢♦ ❞✐r✐❣✐❞♦ ✭✐✳❡✳ ❝♦♥❥✉♥t♦ s✐♠♣❧✐❝✐❛❧ ✶✲❞✐♠❡♥s✐♦♥❛❧✮✱
❝♦♥trá❝t✐❧ ② ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

▲♦s ✈ért✐❝❡s ❞❡ ✈❛❧❡♥❝✐❛✶ 1 ❡stá♥ ❡t✐q✉❡t❛❞♦s ♣♦r 0, 1, . . . , n✳ ❊❧ ✈ért✐❝❡
❡t✐q✉❡t❛❞♦ ♣♦r 0 ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ r❛í③ ❞❡❧ ár❜♦❧ ② ❡❧ r❡st♦ ❛ ❧❛s ❤♦✲
❥❛s✳ ▲❧❛♠❛r❡♠♦s ✐♥t❡r♥♦s ❛ ❧♦s ✈ért✐❝❡s q✉❡ ♥♦ s♦♥ ❤♦❥❛s ♥✐ ❧❛ r❛í③✳
◆♦t❛r❡♠♦s ♣♦r inpT q ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ✈ért✐❝❡s ✐♥t❡r♥♦s✳

❊❧ ❣r❛❢♦ ❡stá ❞✐r✐❣✐❞♦ ❤❛❝✐❛ ❧❛ r❛í③✳ ❊s ❞❡❝✐r✱ ❞❡s❞❡ ❝✉❛❧q✉✐❡r ✈ért✐❝❡
❡①✐st❡ ✉♥ ✭ú♥✐❝♦✮ ❝❛♠✐♥♦ ❞✐r✐❣✐❞♦ q✉❡ t❡r♠✐♥❛ ❡♥ ❧❛ r❛í③✳ ❊st♦ ✐♠♣❧✐❝❛
q✉❡✱ s❛❧✈♦ ❧❛ r❛í③✱ ❝❛❞❛ ✈ért✐❝❡ t✐❡♥❡ ✉♥❛ s♦❧❛ ❛r✐st❛ s❛❧✐❡♥t❡✳ ▲❛ ❝❛♥t✐❞❛❞
❞❡ ❛r✐st❛s ❡♥tr❛♥t❡s ❛ ✉♥ ✈ért✐❝❡ v s❡ ❧❧❛♠❛rá ❧❛ ❛r✐❞❛❞ ❞❡ ❞✐❝❤♦ ✈ért✐❝❡
② ❧❛ ♥♦t❛r❡♠♦s ❝♦♠♦ arpvq✳ ▲♦s ✈ért✐❝❡s ❞❡ ❛r✐❞❛❞ 0 s♦♥ ❡①❛❝t❛♠❡♥t❡
❧❛s ❤♦❥❛s✳ P♦r ❞❡✜♥✐❝✐ó♥✱ ❧❛ r❛í③ ❞❡❜❡ t❡♥❡r ❛r✐❞❛❞ 1✳

◆♦ ❤❛② ✈ért✐❝❡s ✐♥t❡r♥♦s ❝♦♥ ❛r✐❞❛❞ 1✱ ❡s ❞❡❝✐r✱ ❡❧ ár❜♦❧ ❡s r❡❞✉❝✐❞♦✳
❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♥♦ ❤❛② ✈ért✐❝❡s ❞❡ ✈❛❧❡♥❝✐❛ 2 ②❛ q✉❡ ❡st♦ s❡rí❛ t❡♥❡r
✉♥❛ ❛r✐st❛ ❡♥tr❛♥t❡ ② ✉♥❛ s❛❧✐❡♥t❡✳

▲❛s ❤♦❥❛s t✐❡♥❡♥ ✉♥ ór❞❡♥ t♦t❛❧✱ ②❛ q✉❡ s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ❡❧ ❝♦♥❥✉♥t♦
t1, . . . , nu✳ ❆❧ r❡♣r❡s❡♥t❛r ❣rá✜❝❛♠❡♥t❡ ✉♥ ár❜♦❧ ❡♥ ❡❧ ♣❧❛♥♦✱ ❧♦ ❤❛r❡♠♦s
❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❡st❡ ♦r❞❡♥ s❡ ❧❡❛ ❡♥ s❡♥t✐❞♦ ❤♦r❛r✐♦✳

❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛❧ ♣✉♥t♦ ❛♥t❡r✐♦r✱ s❡ t✐❡♥❡ ✉♥ ♦r❞❡♥ t♦t❛❧ ❡♥ ❧❛s
❛r✐st❛s ❡♥tr❛♥t❡s ❛ ✉♥ ✈ért✐❝❡ v✱ ❧♦ q✉❡ ❧♦ ❤❛❝❡ ✉♥ ár❜♦❧ ♣❧❛♥❛r✳ ❆❧
r❡♣r❡s❡♥t❛r❧♦ ❣rá✜❝❛♠❡♥t❡✱ s❡ ❧❡❡rá ❡♥ s❡♥t✐❞♦ ❤♦r❛r✐♦✳

✶❈❛♥t✐❞❛❞ ❞❡ ❛r✐st❛s q✉❡ ❝♦♥✢✉②❡♥ ❡♥ ❡❧ ✈ért✐❝❡✱ s❡❛♥ ést❛s ❡♥tr❛♥t❡s ♦ s❛❧✐❡♥t❡s✳

✶✺



❈♦♠♦ ❝♦♥✈❡♥❝✐ó♥✱ ♣❡♥s❛r❡♠♦s ❛ ❧❛s ❤♦❥❛s ♥✉♠❡r❛❞❛s ❞❡ ✐③q✉✐❡r❞❛ ❛ ❞❡r❡❝❤❛✳
▲❧❛♠❛r❡♠♦s n✲❝♦r♦❧❛ ❛❧ ár❜♦❧ ❞❡ n ❤♦❥❛s ② ✉♥ s♦❧♦ ✈ért✐❝❡ ✐♥t❡r♥♦✳ ❯♥ ❡❥❡♠♣❧♦
❞❡ ✉♥❛ ❝♦r♦❧❛ ❞❡ ❝✐♥❝♦ ❡♥tr❛❞❛s ❡s✿

1

++

2

��

3

��

4

��

5

ss‚

��

0

P♦❞❡♠♦s ♦♠✐t✐r ❞✐❜✉❥❛r ❧❛s ✢❡❝❤❛s s✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥ ár❜♦❧ s✐❡♠♣r❡ ❞✐r✐❣✐❞♦
❤❛❝✐❛ ❛❜❛❥♦✱ ❡s ❞❡❝✐r✱ ❧❛ r❛í③ ❡s ❡❧ ✈ért✐❝❡ q✉❡ ❡stá ♠ás ❛❜❛❥♦ ❡♥ ❡❧ ❞✐❜✉❥♦✳
❈♦♠♦ ♣✉❡❞❡ ✈❡rs❡✱ ❡♥ ❡st❡ ❡❥❡♠♣❧♦ ❧❛s ❡t✐q✉❡t❛s ❡stá♥ ♦r❞❡♥❛❞❛s ❡♥ s❡♥t✐❞♦
❤♦r❛r✐♦ ❞❡s❞❡ ❧❛ r❛í③ ✭② ♣♦r ❡st❡ ♠♦t✐✈♦✱ ❧❛s ♣♦❞❡♠♦s ♦♠✐t✐r ❡♥ ❡❧ ❞✐❜✉❥♦✮✳

❉❡✜♥✐♠♦s ❛❤♦r❛ T ✱ ❡❧ ♦♣❡r❛❞ ❞❡ ár❜♦❧❡s✳ ❊❧ ♠✐s♠♦ ❝♦♥s✐st❡ ❡♥ ❡❧ ♦♣❡r❛❞
✭❡♥ ❝♦♥❥✉♥t♦s✮ ❝✉②❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ T pnq “ tár❜♦❧❡s ❝♦♥ n ❤♦❥❛su ② ❞♦♥❞❡
❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ i✲és✐♠❛ ❝♦♥s✐st❡ ❡♥ ♣❡❣❛r ❧❛ r❛í③ ❞❡ ✉♥ ár❜♦❧ ❛ ❧❛ i✲
és✐♠❛ ❤♦❥❛ ❞❡❧ ♦tr♦✳ ▲❛s ❤♦❥❛s ❞❡❧ ár❜♦❧ r❡s✉❧t❛♥t❡ s❡ ❡t✐q✉❡t❛♥ ❝♦♥ ❡❧ ♦r❞❡♥
❞❡s❝r✐♣t♦ ❛♥t❡r✐♦r♠❡♥t❡✳

P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ P T p7q, P T p6q✱ r❡s✉❧t❛

˝1 “

˝3 “

˝6 “

▲❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥ ♥♦s ♠✉❡st❛ ✉♥❛ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡ ② ♠ás ❝♦♠♣❛❝t❛
❞❡ ❝♦❞✐✜❝❛r ✉♥ ár❜♦❧ ✭♣❧❛♥❛r✮✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✸✳ ❯♥ ár❜♦❧ T ❞❡ n ❤♦❥❛s ❝♦♥s✐st❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ✭q✉❡
❧❧❛♠❛r❡♠♦s t❛♠❜✐é♥ T ✮ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ t1, . . . , nu ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s
♣r♦♣✐❡❞❛❞❡s✿

✶✻



P❛r❛ ❝❛❞❛ i P t1, . . . , nu✱ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ tiu P T ✭q✉❡ s❡rá♥ ❧❛s n
❤♦❥❛s✮✳

t1, . . . , nu P T ✳ ✭❖ s❡❛✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❧❛s ❤♦❥❛s s✐❡♠♣r❡ ❧♦
♣❡♥s❛r❡♠♦s ❝♦♠♦ ♣❛rt❡ ❞❡ T ✱ ②❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ r❛í③✳✮

❈❛❞❛ v P T ❡s ✉♥❛ ❧✐st❛ ❞❡ ♥ú♠❡r♦s ❝♦rr❡❧❛t✐✈♦s ✭❡s ❞❡❝✐r✱ ❡①✐st❡♥ i ď j

t❛❧❡s q✉❡ v “ ti, . . . , ju✮✳

v X v1 ‰ H ùñ v Ă v1 ó v Ą v1

❊❧ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡❧ ár❜♦❧ s❡rá T ❝♦♥ ✉♥❛ ❛r✐st❛ v Ñ v1 s✐ v Ą v1 ❞❡
♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛✱ ❡s ❞❡❝✐r v Ą w Ą v1 ùñ w “ v ó w “ v1✳ ❆❣r❡❣❛♠♦s ❡❧
✈ért✐❝❡ 0 ② ✉♥❛ ❛r✐st❛ t1, . . . , nu Ñ 0✳

▲♦s s✉❜❝♦♥❥✉♥t♦s q✉❡ ❞❡✜♥❡♥ ❡❧ ár❜♦❧s ♣✉❡❞❡♥ ♣❡♥s❛rs❡ ❝♦♠♦ ✉♥❛ ❡①♣r❡s✐ó♥
❝♦♥ ❧❧❛✈❡s ❡♥ ❡❧ ❝♦♥❥✉♥t♦ 1, . . . , n✱ ♣♦r ❡❥❡♠♣❧♦

“ tt1, 2ut3, 4ut5, 6, 7uu

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ ❝♦♥s✐st❡ ❡♥ s✉st✐t✉✐r ❡❧ i✲és✐♠♦ ❡❧❡✲
♠❡♥t♦ ❞❡ ✉♥❛ ❡①♣r❡s✐ó♥ ♣♦r t♦❞❛ ❧❛ ♦tr❛ ❡①♣r❡s✐ó♥ ❡t✐q✉❡t❛♥❞♦ ♥✉❡✈❛♠❡♥t❡
❡❧ r❡s✉❧t❛❞♦✳ ❆sí✱ ❡❧ ❡❥❡♠♣❧♦ ❛♥t❡s ❡①♣✉❡st♦ r❡s✉❧t❛✿

tt1, 2ut3, 4ut5, 6, 7uulooooooooooomooooooooooon ˝3 tt1, 2, 3ut4, 5, 6uulooooooooomooooooooon “ tt1, 2utt3, 4, 5ut6, 7, 8uu9ut10, 11, 12uuloooooooooooooooooooooooomoooooooooooooooooooooooon

❉❡✜♥✐❝✐ó♥ ✶✳✶✹✳ P❛r❛ ✉♥ ❝♦♥❥✉♥t♦ ❣r❛❞✉❛❞♦ X “ tXnuně2 s❡ ❞❡✜♥❡ ❡❧
♦♣❡r❛❞ ❧✐❜r❡ ✭❡♥ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦♥❥✉♥t♦s✮ ❞❛❞♦ ♣♦r X ✭q✉❡ s❡rá♥ ❧❛s ♦♣❡r❛✲
❝✐♦♥❡s✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

T Xpnq “ tár❜♦❧❡s ❝♦♥ n ❤♦❥❛s ❡t✐q✉❡t❛❞♦s ❡♥ Xu

❞♦♥❞❡ ✉♥ ár❜♦❧ ❡t✐q✉❡t❛❞♦ ❡♥ X ❝♦♥s✐st❡ ❡♥ ✉♥ ár❜♦❧ ❝♦♥ ✉♥❛ ❛s✐❣♥❛❝✐ó♥
q✉❡ ❧❡ ❤❛❝❡ ❝♦rr❡s♣♦♥❞❡r ❛ ❝❛❞❛ ✈ért✐❝❡ ✐♥t❡r♥♦ v✱ ✉♥ ❡❧❡♠❡♥t♦ xv P Xarpvq✳
❖❜s❡r✈❛r q✉❡ ❡❧ ár❜♦❧ ❝♦♥ ✉♥❛ s♦❧❛ ❤♦❥❛ ✭② ♥✐♥❣ú♥ ✈ért✐❝❡ ✐♥t❡r♥♦✮ s❡ ❝♦♥s✐❞❡r❛
❡t✐q✉❡t❛❞♦✳ ▼ás ❛ú♥✱ r❡s✉❧t❛ ❡♥ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡❧ ♦♣❡r❛❞ ❧✐❜r❡✳
▲❧❛♠❛r❡♠♦s x ❛ ❧❛ n✲❝♦r♦❧❛ ❡t✐q✉❡t❛❞❛ ♣♦r ✉♥ x P Xn✳ ❖❜s❡r✈❛r q✉❡ T X ❡stá
❣❡♥❡r❛❞♦ ❝♦♠♦ ♦♣❡r❛❞ ♣♦r ❧❛s ❝♦r♦❧❛s x ❝♦♥ x P X✱ ❡s ❞❡❝✐r✱ ❝✉❛❧q✉✐❡r ár❜♦❧
❡♥ T X s❡ ❝♦♥s✐❣✉❡ ❞❡ ❧❛s x ✈í❛ ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳
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❊❥❡♠♣❧♦s ✶✳✶✺✳

❙✐ s❡ ❝♦♥s✐❞❡r❛ Xn “ t‚u @n ě 2 s❡ ♦❜t✐❡♥❡ T X “ T

❙✐ s❡ ❝♦♥s✐❞❡r❛ X̂2 “ t‚u ② X̂n “ H s✐ n ‰ 2 s❡ t✐❡♥❡ T X̂ ãÑ T ❡❧
s✉❜♦♣❡r❛❞ ❢♦r♠❛❞♦ ♣♦r ❧♦s ár❜♦❧❡s ❜✐♥❛r✐♦s✳ P♦r ❡❥❡♠♣❧♦

T X̂p2q “ t u

T X̂p3q “

#
,

+

❙✐ s❡ ❝♦♥s✐❞❡r❛ rX2 “ t‚, ˝u ② rXn “ H ♣❛r❛ n ą 2✱ T rX r❡s✉❧t❛ ❡❧ ♦♣❡r❛❞
❞❡ ár❜♦❧❡s ❜✐♥❛r✐♦s ❝♦♥ ✈ért✐❝❡s ✐♥t❡r♥♦s ❞❡❝♦r❛❞♦s ♣♦r ‚ ② ˝✳

P♦r ❡❥❡♠♣❧♦ ✱ , ✱ P T rXp4q✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✻✳ ❉❛❞❛ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ dg✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s E “ tEnuně2

s❡ ❞❡✜♥❡ ❡❧ dg✲♦♣❡r❛❞ ❧✐❜r❡ FpEq ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

FpEqpnq “
à

TPT pnq

â

vPinpT q

Earpvq

➱st♦s s♦♥ dg✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✱ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ② ❡❧ ❣r❛❞♦ ❡①t❡♥❞✐❞♦
♥❛t✉r❛❧♠❡♥t❡ ❛❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧✱ ❡st♦ ❡s✿

dpx b yq “ dx b y ` p´1q|x|x b dy

|x b y| “ |x| ` |y|

▲❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❡stá♥ ❞❛❞❛s ♣♦r ❡❧ ♣❡❣❛❞♦ ❞❡ ár❜♦❧❡s✳ ❊st♦ ❡s✱
❡♥ ❧♦s s✉♠❛♥❞♦s ❞❛❞♦s ♣♦r ár❜♦❧❡s T1, T2 ❞❡ n ② m ❤♦❥❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ s❡
❞❡✜♥❡ ❡♥ ❡s❛ ❝♦♠♣♦♥❡♥t❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ ✈í❛ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥✿

´ â

vPinpT1q

Earpvq

¯
b

´ â

vPinpT2q

Earpvq

¯
ι

ÝÑ
â

vPinpT1˝Ti T2q

Earpvq

x b y ÞÑ ιpx b yq “: x ˝i y

P♦r ❡❥❡♠♣❧♦✱ s✐ T1 “ , x “ x1 b x2 b x3 b x4 P E3 b E2 b E2 b E3 ②

T2 “ , y “ y1 b y2 b y3 P E2 b E3 b E3 s❡ t✐❡♥❡

✶✽



¨
˚̋

, x1 b x2 b x3 b x4

˛
‹‚˝3

ˆ
, y1 b y2 b y3

˙
“

“

¨
˚̋

, x1 b x2 b x3 b y1 b y2 b y3 b x4

˛
‹‚

❙✐ s❡ ❡❧✐❣❡ ✉♥❛ ❜❛s❡ ♣❛r❛ ❧♦s ❡s♣❛❝✐♦s En✱ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ FpEq ♣✉❡❞❡
s✐♠♣❧✐✜❝❛rs❡ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✼✳ ❙✐ En “ xXny ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❝♦♥ ❜❛s❡ Xn ② ❧♦
❝♦♥s✐❞❡r❛♠♦s ❝♦♠♦ dg✲❡s♣❛❝✐♦ ❝♦♥ ❞✐❢❡r❡♥❝✐❛❧ tr✐✈✐❛❧✱ s❡ t✐❡♥❡

FpEqpnq “ xT Xpnqy

❊s ❞❡❝✐r✱ FpEq ❡stá ❣❡♥❡r❛❞♦ ✭❡♥ ❝❛❞❛ ❛r✐❞❛❞✮ ❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ♣♦r
❧♦s ár❜♦❧❡s ❡t✐q✉❡t❛❞♦s ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ X✳ ▼ás ❛ú♥✱ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s
♣❛r❝✐❛❧❡s ❡♥ FpEq ❝♦rr❡s♣♦♥❞❡♥ ❛ ❡①t❡♥❞❡r ❧✐♥❡❛❧♠❡♥t❡ ❧❛s ❞❡ T X✳

❱♦❧✈✐❡♥❞♦ ❛❧ ❡❥❡♠♣❧♦ ❛♥t❡r✐♦r✱

❙✐ s❡ ❝♦♥s✐❞❡r❛ Xn “ t‚u @n ě 2 s❡ t✐❡♥❡✱ ❡♥t♦♥❝❡s✱ En “ x‚y✳ ▲✉❡❣♦

FpEqpnq “ xT pnqy

❖ s❡❛✱ ❧❛s ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s ❝♦♥s✐st❡♥ ❡♥ ❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❞❡
ár❜♦❧❡s ❞❡ n✲❤♦❥❛s✳

❙✐ s❡ ❝♦♥s✐❞❡r❛ X̂2 “ t‚u ② X̂n “ H s✐ n ‰ 2 s❡ ♦❜t✐❡♥❡ Ê2 “ x‚y ✭②
Ên “ 0 s✐ n ‰ 2✮✳ P♦r ❧♦ t❛♥t♦✱

FpÊqpnq “ xT P T pnq : T ❜✐♥❛r✐♦y

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛s ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s ❡stá♥ ❣❡♥❡r❛❞❛s ♣♦r ❧♦s ár✲
❜♦❧❡s ❜✐♥❛r✐♦s ❞❡ n✲❤♦❥❛s✳ P♦r ❡❥❡♠♣❧♦✱

FÊp2q “ x y

FÊp3q “ x , y

✶✾



❆❧ ❝♦♥s✐❞❡r❛r rX2 “ t‚, ˝u ② rXn “ H ♣❛r❛ n ą 2✱ s❡ t✐❡♥❡

F rEpnq “ xT rXpnqy

❆sí✱ ♣♦r ❡❥❡♠♣❧♦✱ ` ´ 3 ´ P F rEp4q✳

P❛s❡♠♦s ❛❤♦r❛ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s ❛❧❣❡❜r❛✐❝♦s ❜ás✐❝♦s ❞❡ ❧❛
t❡♦rí❛ ❞❡ ♦♣❡r❛❞s q✉❡ ♥❡❝❡s✐t❛r❡♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✽✳ ❙❡❛ O ✉♥ dg✲♦♣❡r❛❞✳ ❯♥ ✐❞❡❛❧ ❞❡ O ❝♦♥s✐st❡ ❡♥ ✉♥❛
❝♦❧❡❝❝✐ó♥ ❞❡ s✉❜❡s♣❛❝✐♦s

Ipnq Ă Opnq

t❛❧ q✉❡ µ P I ó ν P I ✐♠♣❧✐❝❛ µ ˝i ν P I✳

❙❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡♥t♦♥❝❡s ❡❧ ♦♣❡r❛❞ ❝♦❝✐❡♥t❡

`
O{I

˘
pnq “

Opnq

Ipnq

❝♦♥ ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s µ ˝i ν :“ µ ˝i ν✳

❉❛❞♦ ✉♥ s✉❜❝♦♥❥✉♥t♦ R ❞❡ O ✭♠ás ♣r❡❝✐s❛♠❡♥t❡✱ Rpnq Ă Opnq ♣❛r❛ ❝❛❞❛
n P N✮✱ s❡ ❞❡✜♥❡ ❡❧ ✐❞❡❛❧ ❣❡♥❡r❛❞♦ ♣♦r R ❛❧ ♠❡♥♦r ✐❞❡❛❧ q✉❡ ❝♦♥t✐❡♥❡ ❛ R✱
❡st♦ ❡s✱ ❧❛ ✐♥t❡s❡❝❝✐ó♥ ❞❡ t♦❞♦s ❧♦s ✐❞❡❛❧❡s q✉❡ ❝♦♥t✐❡♥❡♥ ❛ R✳

❊❥❡♠♣❧♦s ✶✳✶✾✳

❈♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥ tXnuně2 ② En “ xXny
❝♦♠♦ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✳ ❙❡❛ Y ✉♥❛ s✉❜❝♦❧❡❝❝✐ó♥✱ ❡st♦ ❡s✱ Yn Ă
Xn ♣❛r❛ t♦❞♦ n ě 2 ✭♣♦❞rí❛ s❡r Yn “ H✮✳ ❙❡ t✐❡♥❡ ❡❧ ✐❞❡❛❧ I ❣❡♥❡r❛❞♦
✭❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✮ ❡♥ ❛r✐❞❛❞ n ♣♦r ❧♦s ár❜♦❧❡s ❡t✐q✉❡t❛❞♦s q✉❡
t✐❡♥❡♥ ❛❧❣ú♥ ✈ért✐❝❡ ❝♦♥ ❡t✐q✉❡t❛ ❡♥ Y ✳

Ipnq “ xtT P T Xpnq : ❛❧❣ú♥ ✈ért✐❝❡ ❡stá ❡t✐q✉❡t❛❞♦ ♣♦r Y uy

❆❧ ❝♦♥s✐❞❡r❛r ❡❧ ❝♦❝✐❡♥t❡✱ s❡ ♦❜t✐❡♥❡

FpEq

I
» FpE 1q

❞♦♥❞❡ E 1
n “ xXny{xYny » xXnzYny✳
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❱❡❛♠♦s ❛❤♦r❛ ♦tr❛ ❞❡s❝r✐♣✐❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ A✳ ❈♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞
❧✐❜r❡ ♣❛r❛ X2 “ t‚u✱ ❡st♦ ❡s✱ ❧✐❜r❡ ❡♥ E2 “ x‚y, En “ 0 @n ‰ 2✳

❘❡❝♦r❞❡♠♦s q✉❡ ❡♥ ❡st❡ ❝❛s♦ FpEqpnq “ xT P T pnq : T ❜✐♥❛r✐♦y

❈♦♥s✐❞❡r❛♠♦s ❡♥t♦♥❝❡s I ❡❧ ✐❞❡❛❧ ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ❡❧❡♠❡♥t♦

a :“ ˝1 ´ ˝2 “ ´ P FpEqp3q

❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s
FpEq

I
» A

②❛ q✉❡ FpEqpnq ❡s ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ár❜♦❧❡s ❜✐♥❛r✐♦s
② ❡♥ ❡❧ ❝♦❝✐❡♥t❡ t♦❞♦s r❡s✉❧t❛♥ ✐❞❡♥t✐✜❝❛❞♦s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❛❧
❝♦♥s✐❞❡r❛r ❡❧ ♠♦r✜s♠♦

FpEqpnq
ϕ
ÝÑ Apnq

T ÞÑ mn

s❡ t✐❡♥❡ I “ Kerϕ✳ ❱❡❛♠♦s ❡st♦✳ ❈♦♠♦ a P Kerϕ ② ést❡ ❡s ✉♥ ✐❞❡❛❧✱ s❡
t✐❡♥❡ I Ă Kerϕ✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s❡ ♣✉❡❞❡ ✈❡r ✐♥❞✉❝t✐✈❛♠❡♥t❡ ✭♣❛r❛
n ě 2✮ q✉❡ dim pIpnqq “ 2n´1 ´ 1 ②✱ ❞❛❞♦ q✉❡ dim pFpEqpnqq “ 2n´1✱
s❡ s✐❣✉❡ ❧❛ ✐❣✉❛❧❞❛❞✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✵✳ ❙❡❛ O ✉♥ dg✲♦♣❡r❛❞✱ s✉ ❤♦♠♦❧♦❣í❛

HOpnq :“
Ker

`
Opnq

d
ÝÑ Opnq

˘

Im
`
Opnq

d
ÝÑ Opnq

˘

❤❡r❡❞❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ dg✲♦♣❡r❛❞ ✭❝♦♥ ❞✐❢❡r❡♥❝✐❛❧ tr✐✈✐❛❧✮✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ r❡s✉❧t❛❞♦ s❡ ❞❡s♣r❡♥❞❡ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ♣r♦♣✐❡❞❛❞❡s

Kerpnq “ Ker
`
Opnq

d
ÝÑ Opnq

˘
❡s ✉♥ s✉❜♦♣❡r❛❞ ❞❡ O ✭② d|Ker

“ 0✮✳

Impnq “ Im
`
Opnq

d
ÝÑ Opnq

˘
❡s ✉♥ ✐❞❡❛❧ ❞❡ Ker✳

❙❡❛♥ µ, ν P Ker✱ s❡ t✐❡♥❡

dpµ ˝i νq “ dµ ˝i ν ` p´1q|µ|µ ˝i dν “ 0.

P♦r ❧♦ t❛♥t♦✱ µ ˝i ν P Ker ❝♦♠♦ s❡ q✉❡rí❛ ✈❡r✳
❆❤♦r❛✱ s❡❛ µ P Im✱ ❡st♦ ❡s✱ Dξ : dξ “ µ✳ ▲✉❡❣♦✱ ♣❛r❛ ν P Ker✱ s❡ t✐❡♥❡

dpξ ˝i νq “ µ ˝i ν ` p´1q|ξ|ξ ˝i dν “ µ ˝i ν.

▲✉❡❣♦✱ µ ˝i ν P Im✳ ❆♥á❧♦❣❛♠❡♥t❡✱ s❡ ✈❡ q✉❡ ν 1 ˝j µ P Im ♣❛r❛ ν 1 P Im✳
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❉❡✜♥✐❝✐ó♥ ✶✳✷✶✳ ❯♥ ♠♦r✜s♠♦ ❞❡ dg✲♦♣❡r❛❞s φ : O Ñ P s❡ ❞✐❝❡ ✉♥❛
❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧ ♦ ✉♥ ❝✉❛s✐ ✐s♦♠♦r✜s♠♦ s✐ ❝❛❞❛ φn : Opnq Ñ Ppnq ❡s ✉♥❛
❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧ ❞❡ dg✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ✭❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s✮✳ ❊st♦ ❡s
❡q✉✐✈❛❧❡♥t❡ ❛ q✉❡ ❡❧ ♠♦r✜s♠♦ ✐♥❞✉❝✐❞♦ φ : HO Ñ HP s❡❛ ✉♥ ✐s♦♠♦r✜s♠♦✳

✶✳✷✳ ➪❧❣❡❜r❛s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ♣r❡s❡♥t❛r❡♠♦s ❡❧ ❝♦♥❝❡♣t♦ ❞❡ á❧❣❡❜r❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳
❊st♦ ❝♦♥s✐st❡ ❡♥ ❞❛r✱ ♣❛r❛ ✉♥ dg✲♦♣❡r❛❞O✱ ✉♥ ♦♣❡r❛❞O8 ❞♦♥❞❡ ❧❛s r❡❧❛❝✐♦♥❡s
❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ♦r✐❣✐♥❛❧❡s ❞❡ O ❤❛♥ s✐❞♦ r❡❧❛❥❛❞❛s ✭s❡ s❛t✐s❢❛❝❡♥ ❛ ♠❡♥♦s
❞❡ ❤♦♠♦t♦♣í❛✮✳ ❊st❛ ✐❞❡❛ s❡ ❢♦r♠❛❧✐③❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥❛ r❡s♦❧✉❝✐ó♥ ♠✐♥✐♠❛❧
❞❡ O ✭✉♥ ♦♣❡r❛❞ ❧✐❜r❡ ❛ ♠❡♥♦s ❞❡ ✉♥ ❞✐❢❡r❡♥❝✐❛❧ ✭❞❡s❝♦♠♣♦♥✐❜❧❡✮ ❬▼❙❙✵✷✱
■■✳✸✳✶✵❪ q✉❡ s❡❛ ❞é❜✐❧ ❡q✉✐✈❛❧❡♥t❡ ❛❧ ♦♣❡r❛❞ ❞❡ ♣❛rt✐❞❛✮✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ♦♣❡r❛❞s ❝✉❛❞rát✐❝♦s✱ ✉♥ ❝❛♥❞✐❞❛t♦ ❛ r❡s♦❧✉❝✐ó♥ ♠✐♥✐♠❛❧ ❡s
O8 “ ΩpO!q✱ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❡♥ ❡❧ ❞✉❛❧ ❑♦s③✉❧ ❞❡ O✳ ❉❡❜✐❞♦ ❛ q✉❡
só❧♦ ✉t✐❧✐③❛r❡♠♦s ❡st❡ ❝♦♥❝❡♣t♦ ❛♣❧✐❝❛❞♦ ❛ ❧♦s ♦♣❡r❛❞s A ② Ap2q✱ ♥♦s ♣❡r♠✐✲
t✐r❡♠♦s s✐♠♣❧✐✜❝❛r ❡st❛s ❝♦♥str✉❝❝✐♦♥❡s✳ ▲❛ s✐♠♣❧✐✜❝❛❝✐ó♥ ♣❛r❛ ❡st♦s ❝❛s♦s
♣❛rt✐❝✉❧❛r❡s ❡s ♥♦t♦r✐❛✱ ②❛ q✉❡ s❡ tr❛t❛ ♦♣❡r❛❞s ❝✉❛❞rát✐❝♦s ❣❡♥❡r❛❞♦s ♣♦r ✉♥
❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s q✉❡✱ ❛❞❡♠ás✱ r❡s✉❧t❛♥ ❧❛ ❧✐♥❡❛r✐③❛❝✐ó♥
❞❡ ✉♥ ♦♣❡r❛❞ ❞❡ ❝♦♥❥✉♥t♦s ✭❡s ❞❡❝✐r✱ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡ ❧♦ ❞❡✜♥❡♥ ♣✉❡❞❡♥
❡s❝r✐❜✐rs❡ ❝♦♠♦ ✐❣✉❛❧❞❛❞❡s✮✳ ❊♥ ❛♠❜♦s ❝❛s♦s✱ s❡♥❞❛s ❝♦♥tr✉❝❝✐♦♥❡s ❞❛♥ ❧✉❣❛r
❛ r❡s♦❧✉❝✐♦♥❡s ♠✐♥✐♠❛❧❡s ❝♦♠♦ s❡ ❜✉s❝❛❜❛✳ ❊st♦ ♣✉❡❞❡ ✈❡rs❡ ❛ ♣❛rt✐r ❞❡❧
♠ét♦❞♦ ❞❡ r❡❡s❝r✐t✉r❛ ❬▲❱✶✷✱ ✽✳✶❪

❆❝❧❛r❛❝✐ó♥✿ ❊❧ ♠❛t❡r✐❛❧ ❞❡ ❡st❛ s❡❝❝✐ó♥ ♥♦ ❡s r❡q✉❡r✐❞♦✱ ❡♥ ✉♥ s❡♥t✐❞♦ ❢♦r♠❛❧✱
♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡❧ r❡st♦ ❞❡ ❧❛ t❡s✐s✳ ❊s ✐♥❝❧✉í❞♦ ❛q✉í ❝♦♥ ❧❛ ✐♥t❡❝✐ó♥ ❞❡
❝♦♥t❡①t✉❛❧✐③❛r ❧♦s ♦❜❥❡t♦s ✉t✐❧✐③❛❞♦s✳ ❆ ❧♦s ❡❢❡❝t♦s ❞❡ ❛✉t♦❝♦♥t❡♥❝✐ó♥ ❞❡❧
♠❛♥✉s❝r✐t♦✱ ♣✉❡❞❡ ♣❡♥s❛rs❡ ❧♦s ❡❥❡♠♣❧♦s ✶✳✸✶ ② ✶✳✸✷ ❝♦♠♦ ❞❡✜♥✐❝✐♦♥❡s ❞❡
❧♦s ♦♣❡r❛❞s A8 ② A

p2q
8 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ♣❛rt✐r ❞❡ ❡st♦✱ s❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r

❞❡ ♠❛♥❡r❛ ❞✐r❡❝t❛ ✭② ❡❧❡♠❡♥t❛❧✮ q✉❡ ❧♦s ♠♦r✜s♠♦s

A8 Ñ A ② Ap2q
8 Ñ Ap2q

s♦♥ ❡q✉✐✈❛❧❡♥❝✐❛s ❞é❜✐❧❡s ② q✉❡ ❧♦s ♦♣❡r❛❞s ❛sí ❞❡✜♥✐❞♦s s♦♥ r❡s♦❧✉❝✐♦♥❡s
♠✐♥✐♠❛❧❡s✳ ❆ú♥ ❛sí✱ ❛♥t❡ ❧❛ ❛✉s❡♥❝✐❛ ❞❡ t❛❧ ✈❡r✐✜❝❛❝✐ó♥✱ só❧♦ s❡rá♥ ✉t✐❧✐③❛❞♦s
❧♦s ♦❜❥❡t♦s A8 ② A

p2q
8 ❡♥ sí ♠✐s♠♦s✳ ❊s ❞❡❝✐r✱ ❧♦s r❡s✉❧t❛❞♦s ❞❡❧ ❝❛♣ít✉❧♦ ✸ ♥♦

r❡q✉✐❡r❡♥ ❞❡ ❧❛ t❡♦rí❛ ❞❡ ♦♣❡r❛❞s ❛q✉í ❡①♣✉❡st❛✱ ✈❡r❜✐❣r❛❝✐❛✱ t❡♦rí❛ ❤♦♠♦tó✲
♣✐❝❛ ✭② r❡s♦❧✉❝✐♦♥❡s ♠✐♥✐♠❛❧❡s✮✱ ✭♦♣❡r❛❞s ❝✉❛❞rát✐❝♦s ②✮ t❡♦rí❛ ❞❡ ❑♦s③✉❧ ②
❝♦♥tr✉❝❝✐ó♥ ❝♦❜❛r✳
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❖♣❡r❛❞s ❝✉❛❞rát✐❝♦s

❯♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ❡s ✉♥ ♦♣❡r❛❞ ❞❛❞♦ ♣♦r ❣❡♥❡r❛❞♦r❡s ❜✐♥❛r✐♦s ② r❡❧❛❝✐♦♥❡s
❝✉❛❞rát✐❝❛s ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s✳ P❡♥s❛♥❞♦ ❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❝♦♠♦ ár❜♦❧❡s ❡t✐✲
q✉❡t❛❞♦s ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ s❡ ❝♦♥s✐❞❡r❛♥ ❣❡♥❡r❛❞♦r❡s
❞❡ ❛r✐❞❛❞ ❞♦s s✉❥❡t♦s ❛ r❡❧❛❝✐♦♥❡s ❞❛❞❛s ♣♦r ✭❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ❞❡✮
ár❜♦❧❡s ❞❡ ❛❧t✉r❛ ❞♦s ✭♦ s❡❛✱ ❝♦♥ ❞♦s ✈ért✐❝❡s ✐♥t❡r♥♦s✮✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s
❛♥t❡r✐♦r♠❡♥t❡✱ ♥♦s r❡str✐♥❣✐r❡♠♦s ❛ ♦♣❡r❛❞s ❞❡ ♣r❡s❡♥t❛❝✐ó♥ ✜♥✐t❛✳ ▼✉❝❤♦s
♦♣❡r❛❞s s❡ ♣✉❡❞❡♥ ♣r❡s❡♥t❛r ❞❡ ❡st❛ ♠❛♥❡r❛✳ ❊♥ ❡❧ ❝♦♥t❡①t♦ ♥♦ s✐♠étr✐❝♦✱
❡❧ ♦♣❡r❛❞ A q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ❡s ❡❧ ❡❥❡♠♣❧♦ ❡♠❜❧❡♠át✐❝♦✳
❚❛♠❜✐é♥ ❡❧ ♦♣❡r❛❞ Ap2q✱ q✉❡ ❞❡✜♥✐r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✱ ❡s ❞❡ ❡st❡ t✐♣♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✷✳ ❯♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ✭❞❡ ♣r❡s❡♥t❛❝✐ó♥ ✜♥✐t❛✮ ❡s ✉♥ ♦♣❡r❛❞
❞❡✜♥✐❞♦ ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡♥❡r❛❞♦r❡s ❜✐♥❛r✐♦s ② r❡❧❛❝✐♦♥❡s ❝✉❛❞rá✲
t✐❝❛s ❡♥tr❡ ❡❧❧♦s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ tr❛t❛ ❞❡❧ ❝♦❝✐❡♥t❡ ❞❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥
✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❞♦r❡s X “ X2 ✭♦ s❡❛✱ Xn “ H s✐ n ‰ 2✮ ♣♦r ✉♥ ✐❞❡❛❧
IpRq ❣❡♥❡r❛❞♦ ♣♦r r❡❧❛❝✐♦♥❡s R ❞❡ ❧❛ ❢♦r♠❛✿

R Ă FxXyp3q “ xT Xp3qy

❊♥ ❛r✐❞❛❞ 3 ❞✐❝❤♦ ♦♣❡r❛❞ ❧✐❜r❡ ❝♦♥s✐st❡ ❡♥ t♦❞♦s ❧♦s ár❜♦❧❡s ❜✐♥❛r✐♦s ❡t✐q✉❡✲
t❛❞♦s ❡♥ X2 ✭②❛ q✉❡ X só❧♦ t✐❡♥❡ ❣❡♥❡r❛❞♦r❡s ❞❡ ❛r✐❞❛❞ 2✮✳ ❊s ❞❡❝✐r✱

R Ă x x
y

, x
y

yx,yPX

❊❧ dg✲♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ❞❛❞♦ ♣♦r X ② R ❡s ❡♥t♦♥❝❡s

OpX,Rq “
FxXy

IpRq

❞♦♥❝❡ IpRq ❡s ❡❧ ✐❞❡❛❧ ❣❡♥❡r❛❞♦ ♣♦r R✳

❊❥❡♠♣❧♦ ✶✳✷✸✳ ❈♦♠♦ ✈✐♠♦s ❡♥ ✶✳✶✾✱ A “ OpX,Rq ♣❛r❛ X “ tm2u ②

R “ xm2 ˝1 m2 ´ m2 ˝2 m2y

❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦ ❞❡ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦✱ ✐♥tr♦❞✉❝✐r❡♠♦s ❛q✉í ❡❧ ♦♣❡r❛❞
Ap2q✱ ✉♥♦ ❞❡ ❧♦s ♦♣❡r❛❞s q✉❡ ✉t✐❧✐③❛r❡♠♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸✳ ❆❧ ❝♦♥tr❛r✐♦ ❞❡
❧♦ ❤❡❝❤♦ ❝♦♥ ❡❧ ♦♣❡r❛❞ A✱ ❧♦ ♣r❡s❡♥t❛r❡♠♦s ♣r✐♠❡r♦ ❝♦♠♦ ó♣❡r❛❞ ❝✉❛❞rát✐❝♦
♣❛r❛ ❧✉❡❣♦ ❞❛r ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ❡♥ ❝❛❞❛ ❛r✐❞❛❞ ✭② ❧❛s
❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✮✳ ❊❧ ♦♣❡r❛❞Ap2q ♠♦❞❡❧❛ á❧❣❡❜r❛s ❝♦♥ ❞♦s ♦♣❡r❛❝✐♦♥❡s
❛s♦❝✐❛t✐✈❛s q✉❡ ❛❞❡♠ás ❛s♦❝✐❛♥ ❡♥tr❡ ❡❧❧❛s ❞❡ ✉♥❛ ♠❛♥❡r❛ ♣❛rt✐❝✉❧❛r✳ ❊st♦
❡s✱ ❞♦s ♦♣❡r❛❝✐♦♥❡s ˝ ② ‚ t❛❧❡s q✉❡✿

p ˝ q˝ “ ˝p ˝ q, p ‚ q‚ “ ‚p ‚ q, p ‚ q˝ “ ‚p ˝ q, p ˝ q‚ “ ˝p ‚ q
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❖✱ s✐ ♣❡♥s❛♠♦s ❛ ❧❛s ♦♣❡r❛❝✐♦♥❡s ˝ ② ‚ ❝♦♠♦ ❝♦r♦❧❛s ② ✱

“ , “ , “ , “ ,

❉❡✜♥✐❝✐ó♥ ✶✳✷✹✳ ❬❩✐♥✶✵✱ ❩❇●✶✷❪ ❉❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞ Ap2q ❝♦♠♦ OpX,Rq
♣❛r❛ X “ tm˝,m‚u ②

R “xm‚ ˝1 m‚ ´ m‚ ˝2 m‚,m˝ ˝1 m‚ ´ m˝ ˝2 m‚,

m‚ ˝1 m˝ ´ m‚ ˝2 m˝,m˝ ˝1 m˝ ´ m˝ ˝2 m˝y

❆❤♦r❛✱ ❛♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦ ❤❡❝❤♦ ❝♦♥ A✱ ♣♦❞rí❛♠♦s t❛♠❜✐é♥ ♣r❡s❡♥t❛r ❡❧
♦♣❡r❛❞ Ap2q ❝♦♠♦ ❣❡♥❡r❛❞♦ ✭❝♦♠♦ dg✲❡s♣❛❝✐♦✮ ❡♥ ❝❛❞❛ ❛r✐❞❛❞ ♣♦r ✉♥ mξ

❝♦♥ ξ P t‚, ˝un´1 ✭❡♥ ❡st❡ ❝❛s♦ ❞✐r❡♠♦s |ξ| “ n✮✳

❊s ❞❡❝✐r✱ s❡ t✐❡♥❡✿
Ap2qpnq “ xmξyξPt˝,‚un´1

❞♦♥❞❡ t❛♥t♦ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❝♦♠♦ ❧❛ ❣r❛❞✉❛❝✐ó♥ s♦♥ tr✐✈✐❛❧❡s ② ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s
♣❛r❝✐❛❧❡s ❡stá♥ ❞❡✜♥✐❞❛s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

mξ1 ˝i mξ2 “ mpξ1
1
,...,ξ1

i´1
,ξ2

1
,...,ξ2

q´1
,ξ1

i,...,ξ
1
p´1

q

♣❛r❛ |ξ1| “ p, |ξ2| “ q ❡ i : 1 ď i ď p✳
P♦r ❡❥❡♠♣❧♦✱

m‚˝˝‚ ˝4 m‚˝ “ m‚˝˝p‚˝q‚

❞♦♥❞❡ ❡❧ ♣❛ré♥t❡s✐s ❡stá só❧♦ ♣❛r❛ ❡♥❢❛t✐③❛r ❧❛ ♦♣❡r❛❝✐ó♥ r❡❛❧✐③❛❞❛✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ i✲és✐♠❛ ❞❡ ✉♥ ❣❡♥❡r❛❞♦r ❡♥ ❛r✐❞❛❞ p ② ✉♥♦
❡♥ ❛r✐❞❛❞ q r❡s✉❧t❛ ❡♥ ❡❧ ❣❡♥❡r❛❞♦r ❡t✐q✉❡t❛❞♦ ❝♦♥ ❧♦s ♣r✐♠❡r♦s i´ 1 ✈❛❧♦r❡s
❞❡ ❧❛ ♣r✐♠❡r❛ ❡t✐q✉❡t❛✱ s❡❣✉✐❞♦ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛ s❡❣✉♥❞❛ ② ❝♦♠♣❧❡t❛♥❞♦
❝♦♥ ❧♦s r❡st❛♥t❡s ✈❛❧♦r❡s ❞❡ ❧❛ ♣r✐♠❡r❛✳

❖tr♦ ❡❥❡♠♣❧♦ s✐♠✐❧❛r ❞❡ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ❡s ❡❧ ♦♣❡r❛❞ Ax2y ❬❩✐♥✶✵✱ ❉♦t✵✾❪
q✉❡ ❧❛s ❞❡s❝r✐❜❡ á❧❣❡❜r❛s ❝♦♠♣❛t✐❜❧❡s ✿ ❡s♣❛❝✐♦s ❝♦♥ ❞♦s ♣r♦❞✉❝t♦s ❛s♦❝✐❛t✐✈♦s
t❛❧❡s q✉❡ ❧❛ s✉♠❛ t❛♠❜✐é♥ ❡s ❛s♦❝✐❛t✐✈❛ ✭♦✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❞♦s ♣r♦❞✉❝t♦s
t❛❧❡s q✉❡ ❝✉❛❧q✉✐❡r ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❡❧❧♦s ❡s ❛s♦❝✐❛t✐✈❛✮✳

❊❥❡♠♣❧♦ ✶✳✷✺✳ ❙❡ ❞❡✜♥❡ Ax2y “ OpX,Rq ❝♦♥ X “ tm˝,m‚u ②

R “xm‚ ˝1 m‚ ´ m‚ ˝2 m‚,m˝ ˝1 m˝ ´ m˝ ˝2 m˝,

m˝ ˝1 m‚ ` m‚ ˝1 m˝ ´ m˝ ˝2 m‚ ´ m‚ ˝2 m˝y
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❊❧ ❤❡❝❤♦ ❞❡ q✉❡ m˝ `m‚ s❡❛ ✉♥❛ ♦♣❡r❛❝✐ó♥ ❛s♦❝✐❛t✐✈❛ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡①✐st❡
✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s✿

A Ñ Ax2y

m2 ÞÑ m˝ ` m‚

❆❞❡♠ás✱ ❝♦♠♦ RAx2y Ă RAp2q ✱ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ♥❛t✉r❛❧✿

Ax2y Ñ Ap2q

m˝ ÞÑ m˝

m‚ ÞÑ m‚

❈♦♠♣♦♥✐❡♥❞♦ ❛♠❜♦s ♠♦r✜s♠♦s✱ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s✿

A Ñ Ap2q

m2 ÞÑ m˝ ` m‚

❛❞❡♠ás ❞❡ ❧♦s ♠♦r✜s♠♦s ♦❜✈✐♦s

A Ñ Ap2q A Ñ Ap2q

m2 ÞÑ m˝ m2 ÞÑ m‚

P♦r ♦tr❛ ♣❛rt❡✱ ✉♥ ❡❥❡♠♣❧♦ tr✐✈✐❛❧ ❞❡ Ap2q✲á❧❣❡❜r❛ s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ ✉♥❛
A✲á❧❣❡❜r❛ ♣♦♥✐❡♥❞♦ m˝ “ m‚ “ m2✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦
❞❡ ♦♣❡r❛❞s Ap2q p

ÝÑ A ❞❛❞♦ ♣♦r ppm˝q “ ppm‚q “ m2✳

❊❧ O8 ❞❡ ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ O

❉❛❞♦ ✉♥ ♦♣❡r❛❞ O✱ s❡ ❜✉s❝❛ ✉♥ ♦♣❡r❛❞ O8 q✉❡ s❡❛ ✉♥❛ r❡s♦❧✉❝✐ó♥ ♠✐♥✐♠❛❧✳
❊st♦ ❡s✱ ✉♥ ♦♣❡r❛❞ ❧✐❜r❡ ❛ ♠❡♥♦s ❞❡ ✉♥ ❞✐❢❡r❡♥❝✐❛❧ ✭❞❡s❝♦♠♣♦♥✐❜❧❡✮ ❬▼❙❙✵✷✱
■■✳✸✳✶✵❪ t❛❧ q✉❡ s❡ t❡♥❣❛ ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧ O8

„
ÝÑ O✳ ❊♥ ❡❧ ❝❛s♦ ❞❡

❧♦s ♦♣❡r❛❞s ❝✉❛❞rát✐❝♦s✱ s❡ t✐❡♥❡ ✉♥ ❝❛♥❞✐❞❛t♦✿ O8 “ ΩO! ❬▲❱✶✷✱ ✶✵✳✶❪✱ ❧❛
❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❡♥ s✉ ❞✉❛❧ ❑♦s③✉❧✳ ◆♦s ✐♥t❡r❡s❛♥ ❧❛s r❡s♦❧✉❝✐♦♥❡s ❞❡ ❧♦s
♦♣❡r❛❞s A ② Ap2q✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s ❡st❡ ❝❛♥❞✐❞❛t♦ ❢✉♥❝✐♦♥❛✳ ◆✉❡✈❛♠❡♥t❡✱ ❡❧
❡❥❡♠♣❧♦ ❡♠❜❧❡♠át✐❝♦ ✭② ❡❧ ♦r✐❣❡♥ ❞❡❧ ❝♦♥❝❡♣t♦ ❬❙t❛✻✸❪✮ ❡s ❡❧ ❞❡ ♦♣❡r❛❞ A✱
q✉❡ ❛①✐♦♠❛t✐③❛ ❧❛s á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❡❧ ♠✐s♠♦ ❡stá ❞❛❞♦
♣♦r ✉♥❛ ♦♣❡r❛❝✐ó♥ ❛s♦❝✐❛t✐✈❛ m2✳ ❊♥ ❝❛❞❛ ❛r✐❞❛❞ ❤❛② ✉♥❛ ♦♣❡r❛❝✐ó♥ mn q✉❡
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❝♦♥s✐st❡ ❡♥ ♠✉❧t✐♣❧✐❝❛r ❧♦s ❡❧❡♠❡♥t♦s ♣❛r❛ ❝✉❛❧q✉✐❡r ♣♦s✐❝✐ó♥ ❞❡ ♣❛ré♥t❡s✐s✳

❊❧ ♦♣❡r❛❞A8✱ q✉❡ ❞❡s❝r✐❜❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✱ ❡st❛rá
❞❛❞♦ ♣♦r ✉♥❛ ♦♣❡r❛❝✐ó♥ ❜✐♥❛r✐❛ m2 q✉❡ ♥♦ ❡s ❛s♦❝✐❛t✐✈❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧❛ ❢❛❧❧❛
❞❡ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ❡s ❝♦rr❡❣✐❞❛ ♣♦r ✉♥❛ ♦♣❡r❛❝✐ó♥ t❡r♥❛r✐❛✳ ❊st♦ ❡s✱ ❤❛② ✉♥❛
♦♣❡r❛❝✐ó♥ t❡r♥❛r✐❛ m3 t❛❧ q✉❡✿

Bm3 “ m2 ˝1 m2 ´ m2 ˝2 m2

❚♦♣♦❧ó❣✐❝❛♠❡♥t❡✱ ❡st♦ s❡ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ✉♥❛ ✶✲❝❡❧❞❛ ❝✉②♦ ❜♦r❞❡ s♦♥ ❧❛s
❞♦s ✵✲❝❡❧❞❛s✿

m2 ˝2 m2
m3 // m2 ˝1 m2

❖ ❜✐❡♥✱ ÝÝÝÑ s✐ r❡♣r❡s❡♥t❛♠♦s m2 “ ② m3 “ ✳

❆❤♦r❛ ❜✐❡♥✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ á❧❣❡❜r❛ ♥♦ ❛s♦❝✐❛t✐✈❛✱ ❛ ♣❛rt✐r ❞❡ ❧❛ ♦♣❡r❛❝✐ó♥
❜✐♥❛r✐❛ ♣✉❡❞❡♥ ❞❡✜♥✐rs❡ ❝✐♥❝♦ ♦♣❡r❛❝✐♦♥❡s ❝✉❛t❡r♥❛r✐❛s✳ ▲❛s ♠✐s♠❛s ❝♦♥s✐st❡♥
❡♥✱ ❞❛❞♦s ❝✉❛tr♦ ❡❧❡♠❡♥t♦s✱ ♠✉❧t✐♣❧✐❝❛r❧♦s ❛s♦❝✐❛♥❞♦ ❞❡ t♦❞❛s ❧❛s ♠❛♥❡r❛s
♣♦s✐❜❧❡s✳ ❊s ❞❡❝✐r✱ t♦❞❛s ❧❛s ♠❛♥❡r❛s ❞❡ ♣♦♥❡r ♣❛ré♥t❡s✐s ❛ ❧❛ ❡①♣r❡s✐ó♥ abcd
♣❛r❛ a, b, c, d ❡❧❡♠❡♥t♦s ❞❡❧ á❧❣❡❜r❛✳ P♦r s✉♣✉❡st♦✱ ❡♥ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
❡st❛s ♦♣❡r❛❝✐♦♥❡s ❝♦✐♥❝✐❞❡♥✳ ❉❡ ♠❛♥❡r❛ ❣rá✜❝❛✱ ❧♦ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❝♦♠♦
t♦❞♦s ❧♦s ár❜♦❧❡s ❜✐♥❛r✐♦s ♣♦s✐❜❧❡s ❝♦♥ ❝✉❛tr♦ ❤♦❥❛s✿

ppabqcqd papbcqqd pabqpcdq appbcqdq apbpcdqq

❊♥ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✱ ✉s❛♥❞♦ q✉❡ ÝÝÝÑ
✈❡♠♦s q✉❡ ❞✐❝❤❛s ♦♣❡r❛❝✐♦♥❡s s❡ r❡❧❛❝✐♦♥❛♥ ✉♥❛s ❝♦♥ ♦tr❛s ♠❡❞✐❛♥t❡✿
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◆♦ ❡s ♥❡❝❡s❛r✐♦ q✉❡ ❧♦s ❞♦s ❝❛♠✐♥♦s ❝♦✐♥❝✐❞❛♥✱ ♣❡r♦ sí ❞❡❜❡♥ ❤❛❝❡r❧♦ ❛ ♠❡♥♦s
❞❡ ❤♦♠♦t♦♣í❛✳ ❊s ❞❡❝✐r✱ ❧❛ ❢❛❧❧❛ ❞❡ q✉❡ ❛♠❜♦s ❝❛♠✐♥♦s ❝♦✐♥❝✐❞❛♥ ❡s ❝♦rr❡❣✐❞❛
♣♦r ✉♥❛ ♦♣❡r❛❝✐ó♥ m4✿

Bm4 “ m2 ˝1 m3 ` m3 ˝2 m2 ` m2 ˝2 m3 ´ m3 ˝3 m2 ´ m3 ˝1 m2

❊s ✐♠♣♦rt❛♥t❡ ♥♦t❛r ❝ó♠♦ ❧❛ ❡❝✉❛❝✐ó♥ ❛❧❣❡❜r❛✐❝❛ t✐❡♥❡ s✉ ✐♥t❡r♣r❡t❛❝✐ó♥ ❣❡♦✲
♠étr✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ♦r✐❡♥t❛❝✐ó♥ ② ❞✐s♣♦s✐❝✐ó♥ ❞❡ ❧❛s ✶✲❝❡❧❞❛s ❡♥ ❡❧ ♣❡♥tá❣♦♥♦✳
❱❡❛♠♦s ✉♥ ❡❥❡♠♣❧♦ ♠ás ❛♥t❡s ❞❡ ❞❛r ❧❛ ❡❝✉❛❝✐ó♥ ❣❡♥❡r❛❧✳

❊♥ ❛r✐❞❛❞ n “ 5✱ ❛ ♣❛rt✐r ❞❡ ❧❛ ♦♣❡r❛❝✐ó♥ ❜✐♥❛r✐❛ ♣✉❡❞❡♥ ❢♦r♠❛rs❡ ✶✹
♦♣❡r❛❝✐♦♥❡s ✺✲❛r✐❛s✱ ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ✶✹ ár❜♦❧❡s ❜✐♥❛r✐♦s ❝♦♥ ✺ ❤♦❥❛s✳
❊s ❞❡❝✐r✱ ✉♥♦ ♣♦r ❝❛❞❛ ♠❛♥❡r❛ ❞❡ ♣♦♥❡r ♣❛ré♥t❡s✐s ❡♥ ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡ ✺
❡❧❡♠❡♥t♦s✳

❯t✐❧✐③❛♥❞♦ ❧❛ r❡❧❛❝✐ó♥ ÝÝÝÑ ✱ s❡ ♣✉❡❞❡♥ ❝♦♥❡❝t❛r ❡♥tr❡ ❡❧❧❛s✳ ❊s ❞❡❝✐r✱
s❡ ♣✉❡❞❡♥ ❛r♠❛r ✷✶ ✶✲❝❡❧❞❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❝♦♠❜✐♥❛r ❞♦s m2 ② ✉♥❛ m3✳

❆ s✉ ✈❡③✱ ❡st❛s ✶✲❝❡❧❞❛s s❡ r❡❧❛❝✐♦♥❛♥ ❡♥tr❡ sí ✈í❛ m2 ˝1,2 m4✱ m3 ˝1,2,3 m3 ②
m4 ˝1,2,3,4 m2✳ ●❡♦♠étr✐❝❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♦r❣❛♥✐③❛r ❡st❛ ✐♥❢♦r♠❛❝✐ó♥ ✉t✐❧✐✲
③❛♥❞♦ ✉♥ ♣♦❧✐❡❞r♦ ❝♦♠♦ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ✜❣✉r❛✳
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❊♥ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ s❡ ♣✐❞❡ ❡♥t♦♥❝❡s q✉❡ ❡①✐st❛
✉♥ m5 t❛❧ q✉❡✿

Bm5 “
n´1ÿ

i“1

ÿ

p`q“6

p´1qpi´1q`pp´iqq mp ˝i mq

❆❧ ❝♦♥t✐♥✉❛r ❛✉♠❡♥t❛♥❞♦ ❧❛ ❛r✐❞❛❞ ♣✉❡❞❡ ✈❡rs❡ q✉❡ ♣❛r❛ ❝❛❞❛ n P N s❡
t✐❡♥❡ ✉♥ ♣♦❧ít♦♣♦ ❞❡ ❙t❛s❤❡✛ ❬❙t❛✻✸✱ ❇❱✼✸❪ q✉❡ ❞✐❛❣r❛♠át✐❝❛♠❡♥t❡ ❞❡s❝r✐❜❡
❧❛ ❡❝✉❛❝✐ó♥✿

Bmn “
n´1ÿ

i“1

ÿ

p`q“n`1

p´1qpi´1q`pp´iqq mp ˝i mq

❉❡✜♥✐❝✐ó♥ ✶✳✷✻✳ ❉❛❞♦ O “ OpX,Rq ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦✱ s❡ ❞❡✜♥❡ s✉
♦♣❡r❛❞ ❞✉❛❧ ❑♦s③✉❧ ❬▲❱✶✷✱ ✼✳✼✳✶❪ ❝♦♠♦ O! “ OpX˚, RKq✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱
✐❞❡♥t✐✜❝❛♥❞♦ xXy » xXy˚✱ RK ❡s ❡❧ ❡s♣❛❝✐♦ ♦rt♦❣♦♥❛❧ ❛ R ❡♥

FxXyp3q “ x x
y

yx,yPX ‘ x x
y

yx,yPX

r❡s♣❡❝t♦ ❛ ❧❛ ♠❛tr✐③

ˆ
I 0

0 ´I

˙
✳

P♦r ❡❥❡♠♣❧♦✱ s✐O “ OpX,R “ 0q “ F xXy ❡♥t♦♥❝❡sO! “ O pX,R “ FxXyp3qq
② ✈✐❝❡✈❡rs❛✳

✷✽



❊❥❡♠♣❧♦s ✶✳✷✼✳ A » A! ❬▲❱✶✷❪ ② Ap2q » pAp2qq! ❬❩❇●✶✷❪✳

❉❡♠♦str❛❝✐ó♥✳ ■♥❝❧✉í♠♦s ❛q✉í ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❡ ❤❡❝❤♦ ♣❛r❛ ✐❧✉str❛r
❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r✳ ❊♥ ❛♠❜♦s ❝❛s♦s s❡ ❞❡♠✉❡str❛ ♣♦r ♠❡❞✐♦ ❞❡ s❡♥❞♦s
❝á❧❝✉❧♦s ❞✐r❡❝t♦s ❛ ♣❛rt✐r ❞❡ ❧❛ ♠✐s♠❛✳

❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦✱ r❡❝♦r❞❡♠♦s q✉❡ A “ OpX,Rq ♣❛r❛ X “ tm2u

R “ x

v1hkkkikkkj
m2 ˝1 m2 ´

v2hkkkikkkj
m2 ˝2 m2y

❈❛❧❝✉❧❡♠♦s ❡♥t♦♥❝❡s RK ❡♥ ❡❧ ❡s♣❛❝✐♦ Ap3q “ xv1, v2y✳ ▲❛s ❝♦♦r❞❡♥❛❞❛s ❞❡❧
❣❡♥❡r❛❞♦r ❞❡ R ❡♥ ❧❛ ❜❛s❡ tv1, v2u s♦♥ p1,´1q ② ❧❛ ♠❛tr✐③ ❞❡❧ ♣r♦❞✉❝t♦ ✐♥t❡r♥♦

❡s

ˆ
1 0

0 ´1

˙
✳ ❉❛❞♦ q✉❡

`
1 ´1

˘ ˆ
1 0

0 ´1

˙ ˆ
1

´1

˙
“ 0✱ ❞❡❞✉❝✐♠♦s RK “ R✳

❊❧ s❡❣✉♥❞♦ ❝❛s♦ ❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦✳ ❘❡❝♦r❞❡♠♦s q✉❡ Ap2q “ OpX,Rq
♣❛r❛ X “ tm˝,m‚u ② R

R “xm‚ ˝1 m‚ ´ m‚ ˝2 m‚,m˝ ˝1 m‚ ´ m˝ ˝2 m‚,

m‚ ˝1 m˝ ´ m‚ ˝2 m˝,m˝ ˝1 m˝ ´ m˝ ˝2 m˝y

▲❧❛♠❡♠♦s

v‚‚

1 :“ m‚ ˝1 m‚ v
˝‚

1 :“ m˝ ˝1 m‚ v
‚˝

1 :“ m‚ ˝1 m˝ v
˝˝

1 :“ m˝ ˝1 m˝

v‚‚

2 :“ m‚ ˝2 m‚ v
˝‚

2 :“ m˝ ˝2 m‚ v
‚˝

2 :“ m‚ ˝2 m˝ v
˝˝

2 :“ m˝ ˝2 m˝

❈♦♥s✐❞❡r❛♠♦s ❧❛ ❜❛s❡ tv‚‚

1 , v
˝‚

1 , v
‚˝

1 , v
˝˝

1 , v
‚‚

2 , v
˝‚

2 , v
‚˝

2 , v
˝˝

2 u✳ ▲❛s r❡❧❛❝✐♦♥❡s s❡ ❡s✲
❝r✐❜❡♥ ❞❡ ♠❛♥❡r❛ s✐♠♣❧❡ ❡♥ ❡st❛ ❜❛s❡✱ ②❛ q✉❡

R “ xv‚‚

1 ´ v‚‚

2 , v
˝‚

1 ´ v˝‚

2 , v
‚˝

1 ´ v‚˝

2 , v
˝˝

1 ´ v˝˝

2 y

❉❡ ❡st❛ ♠❛♥❡r❛✱ r❡s✉❧t❛ ❡✈✐❞❡♥t❡ q✉❡ ❝❛❞❛ ❣❡♥❡r❛❞♦r ❞❡ R ❡s ♦rt♦❣♦♥❛❧ ❛ sí

♠✐s♠♦ ✭r❡s♣❡❝t♦ ❛ ❧❛ ♠❛tr✐③

ˆ
I4ˆ4 0

0 ´I4ˆ4

˙
✮ ②✱ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r✱ s❡

t✐❡♥❡ RK “ R✳

❈♦♠♦ ❡❥❡♠♣❧♦✱ ♣♦❞❡♠♦s ♠❡♥❝✐♦♥❛r t❛♠❜✐é♥ q✉❡ ❡❧ ❞✉❛❧ ❑♦s③✉❧ ❞❡❧ ♦♣❡r❛❞
Ax2y ❡s ❡❧ ♦♣❡r❛❞ q✉❡ ❞❡s❝r✐❜❡ ❧❛s á❧❣❡❜r❛s t♦t❛❧♠❡♥t❡ ❝♦♠♣❛t✐❜❧❡s❬❩✐♥✶✵❪✳

❊❥❡♠♣❧♦ ✶✳✷✽✳ ❊❧ ❞✉❛❧ ❑♦s③✉❧ ❞❡❧ ♦♣❡r❛❞ Ax2y ❡s ❡❧ ♦♣❡r❛❞ ❬❩✐♥✶✵✱ ❉♦t✵✾❪
pAx2yq! “ OpX,Rq ♣❛r❛ X “ tm˝,m‚u ② r❡❧❛❝✐♦♥❡s

“ , “ , “ “ “
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P❛r❛ ✉♥ dg✲♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ O “ OpX,Rq✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ ♦♣❡r❛❞ ΩO!✱
❞♦♥❞❡ Ω ❡s ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ✭✈❡r ❬●❑✾✹❪❬✸✳✷❪ ② ❬▲❱✶✷❪❬✻✳✺❪✮✳
❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ♦♣❡r❛❞ ΩO! ❡stá ❣❡♥❡r❛❞♦ ❞❡ ♠❛♥❡r❛ ❧✐❜r❡ ♣♦r ❧❛s ♦♣❡r❛✲
❝✐♦♥❡s ❞❡ O! ② ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❜❛r ❞❡s❛r♠❛ ✉♥ ❣❡♥❡r❛❞♦r ❡♥ ❧❛ s✉♠❛ ❞❡ t♦❞❛s
❧❛s ♣♦s✐❜❧❡s ♠❛♥❡r❛s ❞❡ ♦❜t❡♥❡r❧♦ ❝♦♠♦ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❞♦s ♦♣❡r❛❝✐♦♥❡s ❡♥O!✳

❖❜s❡r✈❡♠♦s q✉❡ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ♥❛t✉r❛❧

ΩO! Ñ O

❞❡✜♥✐❞♦ ♣♦r x ÞÑ x ♣❛r❛ x P X2✳

❊st❡ ♠♦r✜s♠♦ ✐♥❞✉❝✐❞♦ ❡♥ ❤♦♠♦❧♦❣í❛ ❡s s✐❡♠♣r❡ ✉♥ ✐s♦♠♦r✜s♠♦ ❡♥ ❣r❛❞♦
❝❡r♦✱ H0O8

»
ÝÑ H0O✳ ❊st♦ s❡ ❞❡❜❡ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❛ q✉❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❡♥

❣r❛❞♦ ❝❡r♦ ❞❡ O8pnq ❝♦♥s✐st❡ ❡♥ ❧♦s ár❜♦❧❡s ❜✐♥❛r✐♦s ❞❡ n ❤♦❥❛s ❡t✐q✉❡t❛❞♦s
❡♥ ♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s ❞❡ OpX,RKq q✉❡ r❡s✉❧t❛♥✱ ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧ ❝♦♥❥✉♥t♦
X✳ P♦r ♦tr❛ ♣❛rt❡✱ ❡♥ ❣r❛❞♦ ✉♥♦ s❡ t✐❡♥❡♥ ❧♦s ár❜♦❧❡s ✭❞❡ n ❤♦❥❛s✮ q✉❡ t✐❡♥❡♥
❡①❛❝t❛♠❡♥t❡ ✉♥ ✈ért✐❝❡ ❝♦♥ ❛r✐❞❛❞ tr❡s ② ❡❧ r❡st♦ ❞❡ ❛r✐❞❛❞ ❞♦s ❡t✐q✉❡t❛❞♦s ❡♥
✉♥❛ ♦♣❡r❛❝✐ó♥ t❡r♥❛r✐❛ ② ❡❧ r❡st♦ ❜✐♥❛r✐❛s ❞❡ OpX,RKq r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♥❛
♦♣❡r❛❝✐ó♥ t❡r♥❛r✐❛ ❡♥ OpX,RKq ❝♦♥s✐st❡ ❡♥ ❧❛ ❝❧❛s❡ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ✭❞❛❞❛
♣♦r ❧❛ r❡❧❛❝✐♦♥ RK✮ ❞❡ ✉♥ ár❜♦❧ ❜✐♥❛r✐♦ ❡t✐q✉❡t❛❞♦ ❡♥ X✳ ❙❡ ♣✉❡❞❡ ✈❡r✐✜❝❛r
❞❡ ♠❛♥❡r❛ ❞✐r❡❝t❛ q✉❡ ❧❛ ✐♠❛❣❡♥ ♣♦r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❝♦❜❛r ❞❡ ❧❛s ❝♦r♦❧❛s
❡t✐q✉❡t❛❞❛s ❞❡ tr❡s ❤♦❥❛s ❝♦♥s✐st❡ ❡♥ R ♠✐r❛❞❛ ❞❡♥tr♦ ❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡
❝❡r♦ ❞❡❧ ♦♣❡r❛❞ O8✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣r❛❞♦
✉♥♦ ❡s xRy ♠✐r❛❞❛ ❞❡♥tr♦ O8 ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ♠♦r✜s♠♦ ♠❡♥❝✐♦♥❛❞♦ ✐♥❞✉❝❡
❡s ✉♥ ✐s♦♠♦r✜s♠♦ ❡♥ ❧❛ ❤♦♠♦❧♦❣í❛ ❞❡ ❣r❛❞♦ ❝❡r♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✾✳ ❯♥ ♦♣❡r❛❞ s❡ ❞✐❝❡ ❑♦s③✉❧ s✐ ❡❧ ♠♦r✜s♠♦ ♥❛t✉r❛❧ ΩO! Ñ O

❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧✳ ❊♥ ❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s O8 :“ ΩO!✳
▼ás ❛❞❡❧❛♥t❡✱ ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✸✻✱ ✈❡r❡♠♦s q✉❡ ❧♦s ♦♣❡r❛❞s A ② Ap2q s♦♥
❑♦s③✉❧✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s q✉é s❡ ♦❜t✐❡♥❡ ♣♦r ♠❡❞✐♦ ❞❡ ❡st❛ ❝♦♥str✉❝❝✐ó♥ ❡♥ ❡❧
❝❛s♦ ❞❡ ❧♦s ♦♣❡r❛❞s A ② Ap2q✳ ❊s ❞❡❝✐r✱ ❡①♣❧✐❝✐t❛r❡♠♦s ❧♦s ♦♣❡r❛❞s A8 ② A

p2q
8 ✳

❊st♦s ♦♣❡r❛❞s s❡rá♥ ♥❡❝❡s❛r✐♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✸✳ P♦r ♦tr❛ ♣❛rt❡✱ s♦♥ ❧♦s ú♥✐❝♦s
♦♣❡r❛❞s ✏❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✑ q✉❡ ❥✉❡❣❛♥ ✉♥ ♣❛♣❡❧ ✐♠♣♦r❛♥t❡ ❡♥ ❡st❛ t❡s✐s✳
❊s ♣♦r ❡s♦ q✉❡ ❤❡♠♦s ❞❡❝✐❞✐❞♦ ♠❛♥t❡♥❡r ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ✐♥✈♦❧✉❝r❛❞❛s ❧♦
♠ás s❡♥❝✐❧❧❛s ♣♦s✐❜❧❡s✳
◆♦t❛r q✉❡ ❡♥ ❛♠❜♦s ❡❥❡♠♣❧♦s✱ s♦♥ ❛✉t♦❞✉❛❧❡s ❑♦s③✉❧ ✶✳✷✼ ② ♣♦r ❧♦ t❛♥t♦ s❡rá
A8 “ ΩA ② A

p2q
8 “ ΩAp2q✳
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▲❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥ ♠✉❡str❛ ❞❡ q✉é ♠❛♥❡r❛ s❡ s✐♠♣❧✐✜❝❛ ❡❧ ❝á❧❝✉❧♦ ❞❡
❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ♦♣❡r❛❞s A ② Ap2q✳ ❊st♦ s❡ ❞❡❜❡ ❛
q✉❡ ést♦s s♦♥ ❧✐♥❡❛❧✐③❛❝✐♦♥❡s ❞❡ ♦♣❡r❛❞s ❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❡♥ ❝❛❞❛ ❛r✐❞❛❞✳
P♦r ❧♦ t❛♥t♦✱ ♣♦r ✉♥❛ ♣❛rt❡✱ ❧♦s ❡s♣❛❝✐♦s ❞❡ ♦♣❡r❛❝✐♦♥❡s s♦♥ ❞❡ ❞✐♠❡♥s✐ó♥
✜♥✐t❛ ② tr✐✈✐❛❧❡s ❝♦♠♦ dg✲❡s♣❛❝✐♦s✳ ▼✐❡♥tr❛s✱ ♣♦r ♦tr❛ ♣❛rt❡✱ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s
♣❛r❝✐❛❧❡s s♦♥ ♣❛rt✐❝✉❧❛r♠❡♥t❡ s❡♥❝✐❧❧❛s✳ ❆ ❧♦s ❡❢❡❝t♦s ❞❡ ❛✉t♦❝♦♥t❡♥❝✐ó♥ ❞❡ ❧❛
t❡s✐s✱ s❡ ♣✉❡❞❡ ♣❡♥s❛r ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❝♦♠♦ ✉♥❛ ❞❡✜♥✐❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✵✳ ❙❡❛ O ✉♥ ♦♣❡r❛❞ ❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦ ❡♥ ❝❛❞❛ ❛r✐❞❛❞
② ♥♦t❡♠♦s ♣♦r Ô ❛ s✉ ❧✐♥❡❛❧✐③❛❝✐ó♥✳ ▲❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r✭✈❡r ❬●❑✾✹✱ ✸✳✷❪
② ❬▲❱✶✷✱ ✻✳✺❪✮ ❡♥ Ô✱ r❡s✉❧t❛ ❝♦♥s✐❞❡r❛r ❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥ O

ΩÔ “ xT Oy

❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ❡str✉❝t✉r❛ ❞❡ ♦♣❡r❛❞ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦✳

❙✐ a P T O s✉ ❣r❛❞♦✷ ❡s✿

|a|B “ n ´ #p❛r✐st❛s ✐♥t❡r♥❛s ❞❡ T q ´ 2

❆sí✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛s ❝♦r♦❧❛s t✐❡♥❡♥ ❣r❛❞♦ n ´ 2 ② ❧♦s ár❜♦❧❡s ❞❡ ❣r❛❞♦
❝❡r♦ s♦♥ ❡①❛❝t❛♠❡♥t❡ ❧♦s ❜✐♥❛r✐♦s✳

❊❧ ❞✐❢❡r❡♥❝✐❛❧ ❜❛r ❞❡✜♥✐❞♦ ♣❛r❛ ✉♥ x P Opnq ♣♦r

dBpxq “
ÿ

x“y˝Oi z

p´1qpi´1q`pp´iqq y ˝T O

i z

❞♦♥❞❡ p, q s♦♥ t❛❧❡s q✉❡ n “ p` q´ 1 ② ❧❛ s✉♠❛ ❡s s♦❜r❡ t♦❞❛s ❧❛s ♠❛✲
♥❡r❛s ❞❡ ❝♦♥s❡❣✉✐r x P Opnq ❝♦♠♦ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ y P Oppq, z P Opqq✳

❘❡❝♦r❞❡♠♦s q✉❡ x, y, z ❞❡♥♦t❛♥ ❧❛s ❝♦r♦❧❛s ❡t✐q✉❡t❛❞❛s ♣♦r x, y, z r❡s✲
♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ T O ❡stá ❣❡♥❡r❛❞♦ ❝♦♠♦ ♦♣❡r❛❞ ♣♦r ❧❛s ❝♦r♦❧❛s✱ ❡❧
❞✐❢❡r❡♥❝✐❛❧ q✉❡❞❛ ❞❡✜♥✐❞♦ ❡①t❡♥❞✐❡♥❞♦ ♣♦r ❝♦♠♣♦s✐❝✐ó♥ ② ❧✐♥❡❛❧♠❡♥t❡✳

✷❊♥ ❣❡♥❡r❛❧✱ s❡ ❝♦♥s✐❞❡r❛ ❧❛ s✉s♣❡♥s✐ó♥ ❞❡❧ ♦♣❡r❛❞ Ô✳ ❈♦♠♦ ❡♥ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r q✉❡
❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ♦♣❡r❛❞ O t✐❡♥❡ ❣r❛❞✉❛❝✐ó♥ tr✐✈✐❛❧✱ ♣r❡❢❡r✐♠♦s ❞✐r❡❝t❛♠❡♥t❡
❡①♣❧✐❝✐t❛r ❧♦s ❣r❛❞♦s ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s✳
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❊❥❡♠♣❧♦ ✶✳✸✶✳ ❊①♣❧✐❝✐t❡♠♦s ❡❧ ♦♣❡r❛❞ A8 :“ ΩpA!q “ ΩpAq✳ ❘❡❝♦r❞❡♠♦s

Ap1q “ x1y, ② ♣❛r❛ n ě 2, Apnq “ xmny

❊s ❞❡❝✐r✱ ❡stá ❣❡♥❡r❛❞♦ ✭❧✐♥❡❛❧♠❡♥t❡✮ ♣♦r ✉♥❛ s♦❧❛ ♦♣❡r❛❝✐ó♥ ❡♥ ❝❛❞❛ ❛r✐❞❛❞✳
P♦r ❧♦ t❛♥t♦ ❛❧ ❝♦♥s✐❞❡r❛r ❧❛ ❝♦❧❡❝❝✐ó♥ X “ tXnuně2 ❢♦r♠❛❞❛ ♣♦r ❧♦s ❣❡♥❡r❛✲
❞♦r❡s ✭❡s ❞❡❝✐r Xn “ tmnu✮ s❡ t✐❡♥❡✱

ΩpAqpnq “ xT Xpnqy

❊❧ ❞✐❢❡r❡♥❝✐❛❧ ❜❛r✱ q✉❡❞❛ ❞❡✜♥✐❞❛ ♣♦r s✉ ✈❛❧♦r ❡♥ ❧❛s ❝♦r♦❧❛s
..n..

✿

dB
` ..n.. ˘

“
n´1ÿ

i“1

ÿ

p`q“n`1

p´1qpi´1q`pp´iqq
p

q

i

P♦r ❡❥❡♠♣❧♦✿ dB
` ˘

“ ´

❊❥❡♠♣❧♦ ✶✳✸✷✳ ❆❤♦r❛✱ ♣r❡s❡♥t❡♠♦s ❞❡ ♠❛♥❡r❛ ❡①♣❧í❝✐t❛ ❡❧ ♦♣❡r❛❞

Ap2q
8 :“ ΩppAp2qq!q “ ΩpAp2qq

❘❡❝♦r❞❡♠♦s q✉❡

Ap2qp1q “ x1y, ② ♣❛r❛ n ě 2, Ap2qpnq “ xmξ : ξ P t˝, ‚upn´1qy

P♦r ❧♦ t❛♥t♦✱ ❛❧ ❝♦♥s✐❞❡r❛r Xp2q ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❛❞❛ ♣♦r Xp2q
n “ t˝, ‚upn´1q

r❡s✉❧t❛

ΩpAp2qqpnq “ xT Xp2qpnqy

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡❧ ♦♣❡r❛❞ ΩpAp2qq ❡s ❡❧ ♦♣❡r❛❞ ❣❡♥❡r❛❞♦ ✭❧✐❜r❡♠❡♥t❡✮ ♣♦r
❧❛s ❝♦r♦❧❛s ❡t✐q✉❡t❛❞❛s ♣♦r mξ ② s✉ ❞✐❢❡r❡♥❝✐❛❧ q✉❡❞❛ ❞❡✜♥✐❞♦ ♣♦r✿

B
`
mξ

˘
“

n´1ÿ

i“1

ÿ

ξ1˝iξ2“ξ

p´1qpi´1q`qpp´iqmξ1 ˝i mξ2

❞♦♥❞❡ p “ |ξ1|, q “ |ξ2|✱ ② ξ1 ˝i ξ
2 :“ pξ1

1, . . . , ξ
1
i´1, ξ

2
1 , . . . , ξ

2
q´1, ξ

1
i, . . . , ξ

1
p´1q✳

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ξ1 ˝i ξ
2 ❡s ❧❛ ❡t✐q✉❡t❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ mξ1 ˝Ap2q

i mξ2 ✳

P♦r ❡❥❡♠♣❧♦✱

Bm‚˝ “ m˝ ˝1 m‚ ´ m‚ ˝2 m˝

✸✷



❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸ s❡ ❝♦♥str✉②❡ ✉♥ ♠♦r✜s♠♦ A
p2q
8

µ
ÝÑ Cacti ❞❡❝r❡t❛♥❞♦ s✉ ✈❛❧♦r

❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s mξ✳ ❈♦rr♦❜♦r❛r q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ s❡ ❤❛②❛ ❞❡✜♥✐❞♦ ✉♥
♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ❝♦♥s✐st❡ ❡♥ ✈❡r✐✜❝❛r µB “ δµ ❞♦♥❞❡ δ ❡s ❡❧ ❞✐❢❡r❡♥❝✐❛❧
❞❡ Cacti✳ ❊st❛ ❡❝✉❛❝✐ó♥✱ ❛ s✉ ✈❡③ só❧♦ ❡s ♥❡❝❡s❛r✐❛ ✈❡r✐✜❝❛r❧❛ ♣❛r❛ ❝❛❞❛ mξ✳
❊♥ ❡❧ ❛♣é♥❞✐❝❡ ❇ s❡ ❞❡s❝r✐❜❡ ❞❡ q✉é ♠❛♥❡r❛ ❡st♦ s❡ ❤❛ ❝♦rr♦❜♦r❛❞♦ ❝♦♥ ❧❛
❛②✉❞❛ ❞❡ ❧❛ ❝♦♠♣✉t❛❞♦r❛ ❤❛st❛ ❡t✐q✉❡t❛s ξ ❞❡ ❧❛r❣♦ |ξ| “ 9 ✭❧♦ q✉❡ s❡ tr❛❞✉❝❡
❡♥ ❡❝✉❛❝✐♦♥❡s ❞❡ ♠✐❧❡s ❞❡ tér♠✐♥♦s✮✳

P❡♥s❛♠♦s ✉♥❛ ❝♦r♦❧❧❛ ❞❡ ❛r✐❞❛❞ n ❡t✐q✉❡t❛❞❛ ♣♦r ξ P t˝, ‚upn´1q ❝♦♥ ❡❧ ✈❛❧♦r
❞❡ ξpiq ❞✐❜✉❥❛❞♦ ❡♥tr❡ ❧❛ ❡♥tr❛❞❛ i´ 1 ❡ i✱ ❝♦♠♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❧♦s s✐❣✉✐❡♥t❡s
❡❥❡♠♣❧♦s✳

m˝ “ , m‚ “ , m‚‚ “ , m‚˝˝‚˝‚ “

❆sí✱ ❡❧ ❝á❧❝✉❧♦ ❛♥t❡r✐♦r✱ ♣✉❡❞❡ ❡s❝r✐❜✐rs❡ ❝♦♠♦

B
´ ¯

“ ˝1 ´ ˝2 “ ´

P♦r ú❧t✐♠♦✱ ❝❛❜❡ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛❧ ♦♣❡r❛❞ A8✱ ❡❧ ♦♣❡r❛❞
A

p2q
8 s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r ❝♦♥ ♣♦❧ít♦♣♦s ❞❡ ❙t❛s❤❡✛✳ ❊s ❞❡❝✐r✱ ❧❛ ❡❝✉❛❝✐ó♥ ♣❛r❛

❡❧ ✈❛❧♦r ❞❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ♣✉❡❞❡ ❡sq✉❡♠❛t✐③❛rs❡ ❝♦♥ ❞✐❝❤♦s
♣♦❧ít♦♣♦s✳ ❊♥ ❡st❡ ❝❛s♦✱ ❡♥ ❝❛♠❜✐♦✱ s❡ t✐❡♥❡ ❡♥ ❛r✐❞❛❞ n ✉♥ ♣♦❧ít♦♣♦ ♣♦r ❝❛❞❛
❣❡♥❡r❛❞♦r✳ ❊s ❞❡❝✐r✱ ❡♥ ✈❡③ ❞❡ ✉♥ só❧♦ ♣♦❧ít♦♣♦✱ s❡ t✐❡♥❡ ✉♥♦ ♣♦r ❝❛❞❛ ❡t✐q✉❡t❛
ξ P t˝, ‚un´1✳ ❊♥ ❛r✐❞❛❞ tr❡s s❡ t✐❡♥❡♥ ❧❛s s✐❣✉✐❡♥t❡s ✶✲❝❡❧❞❛s✿

ÝÝÝÑ , ÝÝÝÑ , ÝÝÝÑ , ÝÝÝÑ

❊♥ ❛r✐❞❛❞ ❝✉❛tr♦✱ s❡ t✐❡♥❡ ✉♥ ♣❡♥tá❣♦♥♦ ♣♦r ❝❛❞❛ ξ P t˝, ‚u3✱ ♣♦r ❡❥❡♠♣❧♦
♣❛r❛ ξ “ p˝, ‚, ˝q s❡ t✐❡♥❡

��

//

��

�� ��
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❊❥❡♠♣❧♦ ✶✳✸✸✳ ❆✉♥q✉❡ ♥♦ s❡❛ ❝r✉❝✐❛❧ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❛ t❡s✐s✱ ♣♦✲
❞❡♠♦s ♠♦str❛r✱ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ❡❧ ♦♣❡r❛❞ A

x2y
8 ✳ ❨❛ q✉❡ ❡st❡ ♦♣❡r❛❞ ❡s

❑♦s③✉❧ ❬❙tr✵✽❪✱ ❡❧ ♠✐s♠♦ s❡rá

Ax2y
8 “ ΩAx2y!

❊st❡ ♦♣❡r❛❞ ❡stá ❞❛❞♦ ♣♦r ❬❩❤❛✶✸✱ ✹✳✹❪✿

Ax2y
8 pnq “ xma,b : n “ a ` b ` 1pi, j ě 0qy

❝♦♥ |ma,b| “ n ´ 2 ② ❞✐❢❡r❡♥❝✐❛❧ ❞❛❞♦ ♣♦r

Bpmi,jq “
n´1ÿ

i“1

ÿ

a“r`u,b“s`v

p´1qpi´1q`qpp´iqmr,s ˝i mu,v

❞♦♥❞❡✱ p “ |mr,s|, q “ |mu,v|✳

P♦❞❡♠♦s ♣❡♥s❛r q✉❡✱ s✐ ❡♥ ❡❧ ❝❛s♦ ❞❡ Ap2q ❧❛s ❝♦r♦❧❛s ❡stá♥ ❡t✐q✉❡t❛❞❛s ♣♦r
t✐r❛s ξ P t˝, ‚un´1✱ ❡♥ Ax2y! ❡stá♥ ❡t✐q✉❡t❛❞❛s ♣♦r ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❜❧❛♥❝♦s ②

♥❡❣r♦s✳ ❊s ❞❡❝✐r✱ ❝♦♠♦ ❡♥ Ax2y! ❧❛s ♦♣❡r❛❝✐♦♥❡s ˝ ② ‚ s❡ ♣✉❡❞❡♥ ✐♥t❡r❝❛♠❜✐❛r✱
só❧♦ ✐♠♣♦rt❛ ❧❛ ❝❛♥t✐❞❛❞✳ ❆♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦ q✉❡ s✉❝❡❞❡ ❡♥ ❡❧ ♦♣❡r❛❞ Ap2q✱
❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ❣❡♦♠étr✐❝♦✱ s❡ t✐❡♥❡ ✉♥ ♣♦❧ít♦♣♦ ❞❡ ❙t❛s❤❡✛ ♣♦r ❝❛❞❛
♣❛r a, b ❝♦♥ a ` b “ n ´ 1✳

❋✐❥❡♠♦s ❜r❡✈❡♠❡♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ♥♦t❛❝✐ó♥✳ ❉✐r❡♠♦s q✉❡ rξs “ pa, bq ♣❛r❛ ✉♥❛
❡t✐q✉❡t❛ ξ P t˝, ‚un´1 s✐ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✈❡❝❡s q✉❡ ˝ ❛♣❛r❡❝❡ ❡♥ ξ ❡s a ②
❧❛ ❝❛♥t✐❞❛❞ q✉❡ ‚ ❛♣❛r❡❝❡ ❡s b✳ P♦❞❡♠♦s ❢♦r♠❛❧✐③❛r ❧♦ ❞✐❝❤♦ ❡♥ ❡❧ ♣❛rr❛❢♦
❛♥t❡r✐♦r ♦❜s❡r✈❛♥❞♦ q✉❡ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s✿

Ax2y
8

ϕ
ÝÑ Ap2q

8

ma,b ÞÑ
ÿ

rξs“pa,bq

mξ

❉❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❣❡♦♠étr✐❝♦✱ ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ❧❡ ❛s✐❣♥❛ ❛ ❝❛❞❛ ♣♦❧ít♦♣♦
❞❡ ❙t❛s❤❡✛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✉♥ ♣❛r pa, bq ❡♥ A

x2y
8 ❧❛ s✉♠❛ ❞❡ t♦❞♦s ❧♦s

♣♦❧ít♦♣♦s ❡♥ A
p2q
8 ❝♦♥ ❡t✐q✉❡t❛s ξ t❛❧❡s q✉❡ rξs “ pa, bq✳

P♦r ♦tr❛ ♣❛rt❡✱ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ A8 Ñ A
x2y
8 ❞❛❞♦ ♣♦r

A8
ψ
ÝÑ Ax2y

8

mn ÞÑ
ÿ

a`b“n´1

ma,b
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◆✉❡✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❞❡ ♠❛♥❡r❛ ❣❡♦♠étr✐❝❛ q✉❡ ❡st❡ ♠♦r✜s♠♦ ❛s✐❣✲
♥❛ ❛❧ ♣♦❧ít♦♣♦ ❞❡ ❛r✐❞❛❞ n ❡♥A8✱ ❧❛ s✉♠❛ ❞❡ ❧♦s ♣♦❧ít♦♣♦s ❡♥A

x2y
8 ❡t✐q✉❡t❛❞♦s

♣♦r pa, bq t❛❧❡s q✉❡ a ` b “ n ´ 1✳

❚❡♥❡♠♦s ❡♥t♦♥❝❡s ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦

❈♦r♦❧❛r✐♦ ✶✳✸✹✳ ❚♦❞❛ A
p2q
8 ✲á❧❣❡❜r❛ ❡s ✉♥❛ A

x2y
8 ✲á❧❣❡❜r❛ ② t♦❞❛ A

x2y
8 ✲á❧❣❡❜r❛

❡s ✉♥❛ A8✲á❧❣❡❜r❛✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸ ❞❡✜♥✐r❡♠♦s ✭✈❡r ✸✳✻✮ ✉♥ ♠♦r✜s♠♦ A
p2q
8

µ
ÝÑ Cacti ♣❛rt✐❡♥❞♦

❞❡
ÞÑ

12

ÞÑ 1 2

❊❧ ♠✐s♠♦ t❡♥❞rá ❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❞❡ q✉❡ ❛♠❜❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ ❛s♦❝✐❛t✐✈❛s
②✱ ♣♦r ❧♦ t❛♥t♦ t❡♥❞r❡♠♦s m˝˝ “ m‚‚ “ 0 ✭♥♦ ❛sí m˝‚ ② m‚˝✮✳ ❆ ♣❛rt✐r ❞❡
❡❧ ♠♦r✜s♠♦ µ ❝♦♥s❡❣✉✐r❡♠♦s ✉♥ ♠♦r✜s♠♦ A8

η
ÝÑ Cacti ❣r❛❝✐❛s ❛ ❧❛ r❡❧❛❝✐ó♥

❡♥tr❡ ❧♦s ♦♣❡r❛❞s A8 ② A
p2q
8 q✉❡ r❡s✉♠✐♠♦s ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛❝✐ó♥

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✺✳ ❙❡ t✐❡♥❡ ❡❧ ♠♦r✜s♠♦ ❞❡ ✭dg✲✮♦♣❡r❛❞s φ “ ϕ ˝ ψ✱

A8

φ

''
ψ

// A
x2y
8

ϕ
// A

p2q
8

❊❧ ♠✐s♠♦ ❡stá ❞❡✜♥✐❞♦ ❡♥ ❡❧ ❣❡♥❡r❛❞♦r ❞❡ ❝❛❞❛ ❛r✐❞❛❞ ❞❡ A8 ❝♦♠♦ ❧❛ s✉♠❛
❞❡ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ ❞✐❝❤❛ ❛r✐❞❛❞ ❡♥ A

p2q
8 ✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✿

Apnq Ñ Ap2qpnq

mn ÞÑ
ÿ

|ξ|“n

mξ

❊st♦ s❡ ✉t✐❧✐③❛rá ♠ás ❛❞❡❧❛♥t❡ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ A8✲á❧❣❡❜r❛ ❡♥
❡❧ ♦♣❡r❛❞ Cacti ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✹✮✳ ❙❡ ❝♦♥str✉✐rá ✉♥❛ ❛♣❧✐❝❛❝✐ó♥A

p2q
8

µ
ÝÑ Cacti

② s❡ ♦❜t❡♥❞rá ❧❛ ❡str✉❝t✉r❛ ❞❡ A8✲á❧❣❡❜r❛ ♠❡❞✐❛♥t❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥✿

A8
φ
ÝÑ Ap2q

8
µ
ÝÑ Cacti

❊♥ r❡s✉♠❡♥✱ ✈❡r❡♠♦s q✉❡ s❡ t✐❡♥❡ ❡♥ t♦❞❛ Cacti✲á❧❣❡❜r❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡
á❧❣❡❜r❛ s♦❜r❡ ❡❧ ♦♣❡r❛❞ A

p2q
8 q✉❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ❡s ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛

s♦❜r❡ ❧♦s ♦♣❡r❛❞s Ax2y
8 ② A8✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♣❛r❛ ❝♦♠♣❧❡t❛r ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧♦s ♦♣❡r❛❞s A ② Ap2q✱
✈❡❛♠♦s q✉❡ ❛♠❜♦s s♦♥ ❑♦s③✉❧✳

✸✺



Pr♦♣♦s✐❝✐ó♥ ✶✳✸✻✳ A ❡s ❑♦s③✉❧ ✭✈❡r ❬▲❱✶✷✱ ✽✳✶✳✶❪✮✳ ❚❛♠❜✐é♥ Ap2q ❡s ❑♦s③✉❧
✭✈❡r ❬▲❱✶✷✱ ✾✳✼✳✹❪ ② ❬❩❇●✶✷❪✮✳

❊❧ r❡s✉❧t❛❞♦ s❡ ❝♦♥s✐❣✉❡ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛❧ ❝❛s♦ ❞❡❧ ♦♣❡r❛❞ A ✈í❛ ❡❧
♠ét♦❞♦ ❞❡ r❡❡s❝r✐t✉r❛ q✉❡ ✈❡r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳ ❉❡ ❤❡❝❤♦✱ ❡s ❡❧ ❡❥❡r❝✐❝✐♦
✾✳✼✳✹ ❡♥ ❬▲❱✶✷❪✳ ❉❛r❡♠♦s ✉♥ ❜♦sq✉❡❥♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❛q✉í✳ ❆❧ ♠♦♠❡♥t♦
❞❡ ❡s❝r✐t✉r❛ ❞❡ ❡st❛ t❡s✐s✱ ❡❧ ♠✐s♠♦ r❡s✉❧t❛❞♦ ❤❛ s✐❞♦ ♣✉❜❧✐❝❛❞♦ ❡♥ ❬❩❇●✶✷❪✳

▲❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ② ❡❧ t❡♦r❡♠❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✭✈❡r ❬▲❱✶✷✱ ✽✳✶❪✮ ❞❛♥ ✉♥
❝r✐t❡r✐♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r s✐ ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ❡s ❑♦s③✉❧✱ ❡❧ ❧❧❛♠❛❞♦♠ét♦❞♦
❞❡ r❡❡s❝r✐t✉r❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✼✳ ❙❡❛ OpX,Rq ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ❝♦♥ ✉♥ ♦r❞❡♥ ❡♥ X “
tµ1 ă ¨ ¨ ¨ ă µku✳ ▲❛s ♦♣❡r❛❝✐♦♥❡s t❡r♥❛r✐❛s ❡stá♥ ❣❡♥❡r❛❞❛s ♣♦r tµi˝1µj, µi˝2

µju✳ ❙❡ ✐♠♣♦♥❡ ❡❧ s✐❣✉✐❡♥t❡ ♦r❞❡♥✿

µi ˝2 µj ă µi ˝1 µj

µi ˝1|2 µj ă µk ˝1|2 µl s✐ i ă k ♣❛r❛ ❝✉❛❧❡sq✉✐❡r❛ j, l✳

µi ˝1|2 µj ă µi ˝1|2 µk s✐ j ă k ♣❛r❛ ❝✉❛❧q✉✐❡r i✳

❊st❡ ♦r❞❡♥ ❞❡✜♥❡ ✉♥❛ r❡❣❧❛ ❞❡ r❡❡s❝r✐t✉r❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳
❙❡❛

ř
λi,s,jpµi ˝s µjq P R✱ ❞♦♥❞❡ λ0pµi0 ˝s0 µj0q ❡s ❡❧ ♠❛②♦r ❞❡ ❧♦s tér♠✐♥♦s

✭♥♦ ♥✉❧♦s✮✱ ❡♥t♦♥❝❡s ❧❛ r❡❣❧❛ ❞❡ r❡❡s❝r✐t✉r❛ ❡s

λ0pµi0 ˝s0 µj0q ÞÑ
ÿ

λi,s,j‰λ0

λi,s,jpµi ˝s µjq

❆❧ tér♠✐♥♦ λ0pµi0˝s0µj0q ❧♦ ❧❧❛♠❛r❡♠♦s ❧í❞❡r✳ ❯♥ ♠♦♥♦♠✐♦ ❡♥ tr❡s ❣❡♥❡r❛❞♦r❡s
µi ˝sµj ˝tµk s❡ ❞✐❝❡ ❝rít✐❝♦ s✐ t❛♥t♦ µi ˝sµj ❝♦♠♦ µj ˝tµk s♦♥ tér♠✐♥♦s ❧í❞❡r❡s✳
❉❛❞♦ ✉♥ tér♠✐♥♦ ❝rít✐❝♦✱ s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r ❧❛s r❡❣❧❛s ❞❡ r❡❡s❝r✐t✉r❛ ❞❡ ❞♦s
♠❛♥❡r❛s✳ ❙✐ s❡ ❧❧❡❣❛ ✭♣♦r ❧♦s t♦❞♦s ❧♦s ❝❛♠✐♥♦s ♣♦s✐❜❧❡s✮ ❛❧ ♠✐s♠♦ r❡s✉❧t❛❞♦
❛♣❧✐❝❛♥❞♦ s✉❝❡s✐✈❛♠❡♥t❡ ❧❛s r❡❣❧❛s ❞❡ r❡❡s❝r✐t✉r❛ ❛ ✉♥ tér♠✐♥♦✱ ést❡ s❡ ❞✐❝❡
❝♦♥✢✉❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✸✽✳ ❬▲❱✶✷❪ ❙❡❛ OpX,Rq ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦✳ ❊♥ ❧❛ ♥♦t❛❝✐ó♥
❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r✱ s✐ ❝❛❞❛ ♠♦♥♦♠✐♦ ❝rít✐❝♦ ❡s ❝♦♥✢✉❡♥t❡ ❡♥t♦♥❝❡s ❡❧
♦♣❡r❛❞ ❡s ❑♦s③✉❧✳

❱í❛ ❡❧ ♠ét♦❞♦ ❞❡ r❡❡s❝r✐t✉r❛✱ s❡ t✐❡♥❡ ❡♥t♦♥❝❡s ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❈♦r♦❧❛r✐♦ ✶✳✸✾✳ ❊❧ ♦♣❡r❛❞ Ap2q ❡s ❑♦s③✉❧✳
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❉❡♠♦str❛❝✐ó♥✳ ▲❛s r❡❣❧❛s ❞❡ r❡❡s❝r✐t✉r❛ s♦♥✿

y
x

ÞÑ
y

x

♣❛r❛ x, y P t˝, ‚u✱ ❡s ❞❡❝✐r✿

ÞÑ , ÞÑ , ÞÑ , ÞÑ

▲♦s ♠♦♥♦♠✐♦s ❝rít✐❝♦s s♦♥ ❧♦s ❞❡ ❧❛ ❢♦r♠❛
y
z

x

♣❛r❛ x, y, z P t˝, ‚u✳ ❆❧ ❝❛❧❝✉❧❛r

❧♦s ❞♦s ❝❛♠✐♥♦s ❞❡ r❡❡s❝r✐t✉r❛ ♣♦s✐❜❧❡s✱ ❡❧ ♣❡♥tá❣♦♥♦ q✉❡❞❛ ❝♦♥✢✉❡♥t❡✿

y
z

x

��

//

y

z
x

��

x z

y

��

y
z

x

��
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✶✳✸✳ ❖♣❡r❛❞s s✐♠étr✐❝♦s

❊♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ s❡ s✉❡❧❡ ❧❧❛♠❛r
♦♣❡r❛❞ ♣❧❛♥❛r ✉ ♦♣❡r❛❞ ♥♦ s✐♠étr✐❝♦ ② t✐❡♥❡ s✉ ♦r✐❣❡♥ ✭❛✉♥q✉❡ ❝♦♥ ❞✐❢❡r❡♥t❡
♥♦t❛❝✐ó♥✮ ❡♥ ❡❧ tr❛❜❛❥♦ s❡♠✐♥❛❧ ❞❡ ●❡rst❡♥❤❛❜❡r ❬●❡r✻✸❪ ❜❛❥♦ ❧❛ ❞❡♥♦♠✐♥❛✲
❝✐ó♥ s✐st❡♠❛ ♣r❡✲▲✐❡✳ ❊❧ ✈♦❝❛❜❧♦ ✏♦♣❡r❛❞✑ ✭❞❡❜✐❞♦ ❛ ▼❛② ❬▼❛②✼✷❪✮ s❡ ✉t✐❧✐③❛
♣❛r❛ ❞❡♥♦t❛r ❧♦ q✉❡ ♥♦s♦tr♦s ❧❧❛♠❛r❡♠♦s ✉♥ ♦♣❡r❛❞ s✐♠étr✐❝♦✳ ❊st❡ ❝♦♥❝❡♣t♦
❡s s✉♠❛♠❡♥t❡ út✐❧ ♣❛r❛ ♠♦❞❡❧❛r á❧❣❡❜r❛s ❡♥ ❝✉②❛ ❞❡✜♥✐❝✐ó♥ s❡ ✐♥t❡r❝❛♠❜✐❛♥
❡♥tr❛❞❛s ✭❝♦♥♠✉t❛t✐✈❛s✱ ❞❡ ▲✐❡✱ ❞❡ ●❡rst❡♥❤❛❜❡r✱ ❞❡ P♦✐ss♦♥✱ ♣r❡✲▲✐❡✱ ❡t❝✮✳
■♥❝❧✉✐♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❡♥ ❡st❛ ♠♦♥♦❣r❛❢í❛ ❞❡❜✐❞♦ ❛ s✉ ✐♠♣♦rt❛♥❝✐❛ ② ♣❛r❛
❡✈✐t❛r ❝♦♥❢✉s✐ó♥✱ s✐ ❜✐❡♥ ❡s ❝✐❡rt♦ q✉❡ só❧♦ ✉t✐❧✐③❛r❡♠♦s ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞
s✐♠étr✐❝♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹ ❞♦♥❞❡ ❝♦♥s✐❞❡r❛r❡♠♦s ❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛ ❞❡❧
♦♣❡r❛❞ Cacti✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ❡❧ t❡♦r❡♠❛ ✹✳✶✵ s❡ ❞❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s
Cacti✲á❧❣❡❜r❛s ❛❧ ❝♦♥s✐❞❡r❛r ❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛✳
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❉❡✜♥✐❝✐ó♥ ✶✳✹✵✳ ❬▲❱✶✷✱ ✺✳✸✳✹❪ ❯♥ ♦♣❡r❛❞ s✐♠étr✐❝♦ ❡s ✉♥ ♦♣❡r❛❞ O ❝♦♥ ✉♥❛
❛❝❝✐ó♥ ❞❡❧ ❣r✉♣♦ s✐♠étr✐❝♦ ❡♥ n ❡❧❡♠❡♥t♦s Sn ❡♥ Opnq ♣❛r❛ ❝❛❞❛ n P N t❛❧
q✉❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s s♦♥ ❡q✉✐✈❛r✐❛♥t❡s✳ ❊s ❞❡❝✐r✱ ❝♦♥ ❧❛ ♥♦t❛❝✐ó♥
❞❡❧ ❡❥❡♠♣❧♦ ✶✳✹✱ s❡ t✐❡♥❡

pwp ‚ σpq ˝i pwq ‚ σqq “ pwp ˝i wqq ‚ pσp ˝Si σqq

♣❛r❛ ωp P Oppq, ωq P Opqq, σp P Sp, σq P Sq ❝✉❛❧❡sq✉✐❡r❛✳ ❯♥ ♠♦r✜s♠♦ ❞❡
♦♣❡r❛❞s s✐♠étr✐❝♦s ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ❡q✉✐✈❛r✐❛♥t❡✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ♠♦str❛♠♦s ❜r❡✈❡♠❡♥t❡ ❧❛s r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❛♠❜♦s ❝♦♥❝❡♣t♦s✳
▲♦ q✉❡ r❡st❛ ❞❡❧ ❝❛♣ít✉❧♦ s❡ ❜❛s❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❬▲❱✶✷✱ ✺✳✾✳✶✶❪✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✹✶✳ ❚♦❞♦ ♦♣❡r❛❞ s✐♠étr✐❝♦ ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ ♦♣❡r❛❞ ✭♥♦
s✐♠étr✐❝♦✮ ♦❧✈✐❞❛♥❞♦ ❧❛ ❡str✉❝t✉r❛ ✭❞❛❞❛ ♣♦r ❧❛s ❛❝❝✐♦♥❡s ❞❡ ❧♦s ❣r✉♣♦s Sn✮✳

❊❥❡♠♣❧♦ ✶✳✹✷✳ ❊❧ ♦♣❡r❛❞ End ❞❡❧ ❡❥❡♠♣❧♦ ✶✳✸ ❡s ❡♥ r❡❛❧✐❞❛❞ ✉♥ ♦♣❡r❛❞
s✐♠étr✐❝♦ ✭✈❡r ❬▲❱✶✷✱ ✺✳✷✳✶✶❪✮✳ ❆❧ ❛❝t✉❛r ❝♦♥ ✉♥❛ ♣❡r♠✉t❛❝✐ó♥ σ P Sn ❡♥ ✉♥❛
f P sEndpV qpnq “ HompV bn, V q✱ s❡ ♦❜t✐❡♥❡ ❧❛ ❢✉♥❝✐ó♥ fσ ❞❛❞❛ ♣♦r ♣❡r♠✉t❛r
❧❛s ❡♥tr❛❞❛s ❞❡ f ✳

❈✉❛♥❞♦ ♥♦s ❡st❡♠♦s r❡✜r✐❡♥❞♦ ❛ é❧ ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦✱ ❧♦ ♥♦t❛r❡♠♦s sEnd
♣❛r❛ ❡①♣❧✐❝✐t❛r q✉❡ s❡ ❡stá t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❞✐❝❤❛ ❡str✉❝t✉r❛✳ ❆❧ ♣r❡s❡♥t❛r❧♦
❡♥ ✶✳✸✱ ❧♦ ❤✐❝✐♠♦s ❝♦♠♦ ♦♣❡r❛❞ ♥♦ s✐♠étr✐❝♦✱ ♦❧✈✐❞❛♥❞♦ ❛sí ✭✈❡r ❬▲❱✶✷✱ ✺✳✾✳✽❪✮
❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛✳

❚❛♠❜✐é♥✱ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛❧ ❝❛s♦ ♥♦ s✐♠étr✐❝♦✱ s❡ t✐❡♥❡ ❧❛ ♥♦❝✐ó♥ ❞❡
O✲á❧❣❡❜r❛ ❡♥ ❡❧ ❝♦♥t❡①t♦ s✐♠étr✐❝♦✿ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s

O Ñ sEndpV q

◆♦t❛r q✉❡ s✐ ❝♦♥s✐❞❡r❛♠♦s ❛ ❛♠❜♦s ♦♣❡r❛❞s ❝♦♠♦ ♣❧❛♥❛r❡s✱ ❧❛s ♥♦❝✐♦♥❡s ❞❡
á❧❣❡❜r❛ s✐♠étr✐❝❛ ② ♥♦ s✐♠étr✐❝❛ ❡♥ ❣❡♥❡r❛❧ ♥♦ ❝♦✐♥❝✐❞❡♥✳ ❉❡❥❛r❡♠♦s ❝❧❛r♦ ❛
q✉é ♥♦s r❡❢❡r✐♠♦s ❡♥ ❝❛❞❛ ❝❛s♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹✳

❈♦♥s✐❞❡r❛r ✉♥ ♦♣❡r❛❞ s✐♠étr✐❝♦ ❝♦♠♦ ♣❧❛♥❛r t✐❡♥❡ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❛❞❥✉♥t❛
q✉❡ ❧❧❛♠❛r❡♠♦s ❧❛ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞❡ ✉♥ ♦♣❡r❛❞✳ P❛r❛ s❡r ♠ás ♣r❡❝✐s♦s✱ ✜❥❡♠♦s
❧❛ ❝❛t❡❣♦rí❛ ❞❡ tr❛❜❛❥♦ V ❛ dg✲❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✳ ▲❧❛♠❡♠♦s Opd ❛ ❧❛
❝❛t❡❣♦rí❛ ❞❡ ♦♣❡r❛❞s ♣❧❛♥❛r❡s ② OpdS ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s✳
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❖❜s❡r✈❛❝✐ó♥ ✶✳✹✸✳ ❊❧ ♦❧✈✐❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛ ❡s ✉♥ ❢✉♥t♦r ❞❡ ❧❛
❝❛t❡❣♦rí❛ ❞❡ dg✲♦♣❡r❛❞s s✐♠étr✐❝♦s ❡♥ ❧❛ ❞❡ dg✲♦♣❡r❛❞s ♥♦ s✐♠étr✐❝♦s✳ ❊st❡
❢✉♥t♦r✱ q✉❡ ❧❧❛♠❛r❡♠♦s Ou✱ t✐❡♥❡ ✉♥ ❛❞❥✉♥t♦ S % Ou✿

Opd
S ,,

OpdS

Ou

ll

P❛r❛ ✉♥ ♦♣❡r❛❞ O✱ ❡❧ ♦♣❡r❛❞ SO s❡ ❞❡✜♥❡ ❡♥ ❝❛❞❛ ❛r✐❞❛❞ ♣♦r ❡❧ ♣r♦❞✉❝t♦
t❡♥s♦r✐❛❧ ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s ② ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ r❡❣✉❧❛r ❞❡ ❞✐♠❡♥s✐ó♥
n ✭✈❡r ❬▲❱✶✷✱ ✺✳✾✳✶✶❪✮✱ ❡s ❞❡❝✐r✿

SOpnq :“ Opnq b krSns

P♦❞❡♠♦s ♣❡♥s❛r ❡st❛ ❝♦♥str✉❝❝✐ó♥ ❝♦♠♦ ❛❣r❡❣❛r ❛❧ ❡s♣❛❝✐♦ ❞❡ ♦♣❡r❛❝✐♦✲
♥❡s n✲❛r✐❛s ❧❛s ♦♣❡r❛❝✐♦♥❡s q✉❡ s❡ ❝♦♥s✐❣✉❡♥ ❞❡ ❧❛s ♦r✐❣✐♥❛❧❡s ♣❡r♠✉t❛♥✲
❞♦ ❧❛s ❡♥tr❛❞❛s✳ P♦r ❡❥❡♠♣❧♦✱ s✐ Opnq “ xXny✱ ❝♦♥ Xn ✉♥ ❝♦♥❥✉♥t♦✱ s❡rá
SOpnq “ xtpx, σq P Xn ˆ Snuy✳

❙❡ ❧❧❛♠❛ r❡❣✉❧❛r❡s ❛ ❧♦s ♦♣❡r❛❞s s✐♠étr✐❝♦s q✉❡ ♣r♦✈✐❡♥❡♥ ❞❡ r❡❣✉❧❛r✐③❛r ✉♥
♦♣❡r❛❞ ♥♦ s✐♠étr✐❝♦✱ ♦ s❡❛✱ ❛ ❧♦s ♦♣❡r❛❞s s✐♠étr✐❝♦s ❡♥ ❧❛ ✐♠❛❣❡♥ ❞❡ S✳ ◆♦
t♦❞♦s ❧♦s ♦♣❡r❛❞s s✐♠étr✐❝♦s s♦♥ r❡❣✉❧❛r❡s✱ ❡s ❢á❝✐❧ ✈❡r q✉❡ ❡❧ ♦♣❡r❛❞ sEndpV q
♥♦ ❧♦ ❡s✳

❊♥ ❧♦ q✉❡ ❝♦♥❝✐❡r♥❡ ❛❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✱ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞❡ ✉♥
♦♣❡r❛❞ só❧♦ ❡s r❡❧❡✈❛♥t❡ ❡♥ r❡❧❛❝✐ó♥ ❛ ❧♦s ♦♣❡r❛❞s A ② SA “ Ass ✭♣r❡s❡♥t❛❞♦
❛ ❝♦♥t✐♥✉❛❝✐ó♥✮ ② s✉s ✈❡rs✐♦♥❡s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳

❊❥❡♠♣❧♦ ✶✳✹✹✳ ❙❡❛ Ass ❡❧ ♦♣❡r❛❞ s✐♠étr✐❝♦ ❞❛❞♦ ♣♦r✿

Asspnq “ xmnσ : σ P Sny “ xmnySn ♠ó❞✉❧♦ ❧✐❜r❡ » xSny

mpσ ˝i mqτ :“ pmp ˝A
i mqqpσ ˝Si τq “ mp`q´1pσ ˝Si τq

◆♦t❛r q✉❡ Ass ❡s ❧❛ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ A✳ P♦r ❧♦ t❛♥t♦✱ ❧♦s ♠♦r✜s♠♦s
❞❡ ♦♣❡r❛❞s ♥♦ s✐♠étr✐❝♦s A Ñ EndpV q ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦
❝♦♥ ❧♦s ♠♦r✜s♠♦s ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s ❞❡ Ass Ñ sEndpV q✳ ▲✉❡❣♦✱ ❧❛s
♥♦❝✐♦♥❡s ❞❡ A✲á❧❣❡❜r❛ ② Ass✲á❧❣❡❜r❛ ❝♦✐♥❝✐❞❡♥✳

❊❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦ ❡s ❝❡♥tr❛❧ ❡♥ ❧❛ t❡♦rí❛ ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s ②✱ ❛❧ ♠✐s♠♦
t✐❡♠♣♦✱ ♥♦ ❡s ❡①♣r❡s❛❜❧❡ ❞❡ ♠❛♥❡r❛ ♥♦ s✐♠étr✐❝❛ ✭❡s ❞❡❝✐r✱ ♥♦ ♣r♦✈✐❡♥❡ ❞❡
r❡❣✉❧❛r✐③❛r ✉♥ ♦♣❡r❛❞ ♣❧❛♥❛r✮✳
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❊❥❡♠♣❧♦ ✶✳✹✺✳
❊❧ ♦♣❡r❛❞ s✐♠étr✐❝♦ Com ❬▲❱✶✷✱ ✺✳✷✳✶✵❪ q✉❡ ♠♦❞❡❧❛ á❧❣❡❜r❛s ❝♦♥♠✉t❛t✐✈❛s
❡stá ❞❛❞♦ ♣♦r✿

Compnq “ xmny✱ ❝♦♥ ❛❝❝✐ó♥ tr✐✈✐❛❧✿ mnσ “ mn @σ P Sn✳

mp ˝i mq :“ mp`q´1

▲❛ ♥♦❝✐ó♥ ❞❡ Com✲á❧❣❡❜r❛ ❡s ❧❛ ❞❡ á❧❣❡❜r❛ ❝♦♥♠✉t❛t✐✈❛✳ ❖❜s❡r✈❡♠♦s q✉❡ s❡
t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s✿

Ass Ñ Com

mnσ ÞÑ mn

❱✐♠♦s ❞❡ q✉é ♠❛♥❡r❛ ❞❡✜♥✐r ♦♣❡r❛❞s ✭♣❧❛♥❛r❡s✮ ♠❡❞✐❛♥t❡ ♦♣❡r❛❝✐♦♥❡s ②
r❡❧❛❝✐♦♥❡s✳ ❙✐ ❜✐❡♥ ❧♦ ❤❡♠♦s ❤❡❝❤♦ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ♦♣❡r❛❞s ♥♦ s✐♠étr✐❝♦s✱
❡st♦ ♣✉❡❞❡ ❤❛❝❡rs❡✱ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛✱ ♣❛r❛ ♦♣❡r❛❞s s✐♠étr✐❝♦s✳ ▲❧❛♠❡♠♦s
gEns ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦♥❥✉♥t♦s ❣r❛❞✉❛❞♦s ② ❛❜r❡✈✐❡♠♦s ♣♦r FpXq ❛❧ ♦♣❡r❛❞
❧✐❜r❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❣r❛❞✉❛❞♦✱ ❡s ❞❡❝✐r✱ ❧❛ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥
❝♦♥❥✉♥t♦s✿

FpXq “ xT pXqy

❖❜s❡r✈❛❝✐ó♥ ✶✳✹✻✳ ❉❛❞♦ ✉♥ ❝♦♥❥✉♥t♦ ❣r❛❞✉❛❞♦ X “ tXnuě2✱ ❡❧ ♦♣❡r❛❞
s✐♠étr✐❝♦ ❧✐❜r❡ ❡♥ X✱ FSpXq✱ ❡s ❧❛ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ ❧✐❜r❡ ❡♥ X✿

FSpXq “ SFpXq

❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ S ② F s♦♥ ❛❞❥✉♥t♦s ❛ ❧♦s ❢✉♥t♦r❡s ♦❧✈✐❞♦✿

gEns
F

,,
Opd

S ,,

Ou

ll OpdS

Ou

ll

❆sí✱ ♣♦r ❡❥❡♠♣❧♦✱ ♣✉❡❞❡ ❞❡✜♥✐rs❡ ❡❧ ♦♣❡r❛❞ Lie ✭q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❞❡ ▲✐❡✮
❝♦♠♦ ✉♥ ♦♣❡r❛❞ ❝✉❛❞rát✐❝♦ ✭❛♥á❧♦❣❛♠❡♥t❡ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ✶✳✷✷✮

❊❥❡♠♣❧♦ ✶✳✹✼✳ ❊❧ ♦♣❡r❛❞ Lie ❬▲❱✶✷✱ ✺✳✷✳✶✵❪ ❡stá ❣❡♥❡r❛❞♦ ♣♦r ✉♥❛ ♦♣❡r❛❝✐ó♥
❜✐♥❛r✐❛ c2 ✭❡❧ ❝♦r❝❤❡t❡✮ q✉❡ ❡s ❛♥t✐s✐♠étr✐❝❛ ✭♦ s❡❛✱ cp1Ø2q

2 “ ´c2✮ s✉❥❡t♦ ❛ ❧❛
r❡❧❛❝✐ó♥ ❝✉❛❞rát✐❝❛ ❞❛❞❛ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❏❛❝♦❜✐✳

❱❛r✐❛s ♦tr❛s ❡str✉❝t✉r❛s ❛❧❣❡❜r❛✐❝❛s ♣✉❡❞❡♥ s❡r ♠♦❞❡❧❛❞❛s ❡♥ ❡❧ ❧❡♥❣✉❛❥❡ ❞❡
♦♣❡r❛❞s s✐♠étr✐❝♦s✱ ♣♦r ❡❥❡♠♣❧♦ á❧❣❡❜r❛s ❞❡ P♦✐ss♦♥ ② ●❡rst❡♥❤❛❜❡r✳
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❈♦♠♦ s❡ ♠❡♥❝✐♦♥ó ❛♥t❡r✐♦r♠❡♥t❡✱ ♥♦ ❡s ♥✉❡str❛ ✐♥t❡♥❝✐ó♥ ❡①t❡♥❞❡r♥♦s ❡♥
❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦ ②❛ q✉❡ ♥♦ ❡s ❝❧❛✈❡ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛
♣r❡s❡♥t❡ t❡s✐s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝♦♥s✐❞❡r❛♠♦s ♣❡rt✐♥❡♥t❡ ♠❡♥❝✐♦♥❛r ❧♦ s✐❣✉✐❡♥t❡✳
❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ s❡ ❡st✉❞✐❛rá q✉é ♦❝✉rr❡ ❛❧ ❝❛♠❜✐❛r ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦
✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♥♠✉t❛t✐✈♦✮ ♣♦r s✉ s✐♠❡tr✐③❛❝✐ó♥ ✭♣❛r❛ ✈♦❧✈❡r❧♦ ❝♦♥♠✉✲
t❛t✐✈♦✮✳ ❊❧ ♣r♦❞✉❝t♦ ❡st✉❞✐❛❞♦ ❡stá ❞❛❞♦ ♣♦r ❡❧ ❝❛❝t✉s 12 ✳

▲♦s ♦♣❡r❛❞s ❡st✉❞✐❛❞♦s ❡♥ ❞✐❝❤♦ ❝❛♣ít✉❧♦✱ X ② Cacti✱ ♣♦s❡❡♥ ✉♥❛ ❡str✉❝t✉r❛
❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s ✭❞❛❞❛ ♣♦r ✐♥t❡r❝❛♠❜✐❛r ❧❛s ❡t✐q✉❡t❛s ❞❡❧ ❝♦❞♦♠✐♥✐♦ ②
❧♦s ❧ó❜✉❧♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳ ❊❧ ♣r♦❞✉❝t♦ s✐♠❡tr✐③❛❞♦ ❡stá ❞❛❞♦✱ ❡♥t♦♥❝❡s✱
♣♦r ❧❛ s✉♠❛ ❞❡ ❞✐❝❤♦ ❝❛❝t✉s ② é❧ ♠✐s♠♦ ❛❝t✉❛❞♦ ♣♦r ❧❛ tr❛♥s♣♦❝✐s✐ó♥ p1 Ø 2q✿

12

`
12

p1Ø2q
“

12

`
1 2

❉❡ t♦❞❛s ♠❛♥❡r❛s✱ ❛❧❧í ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦ ♥♦ s❡ ✉t✐❧✐③❛✱ ②❛ q✉❡

s❡ ❡①♣❧✐❝✐t❛ 12
p1Ø2q

“ 1 2 ✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❝❛♣ít✉❧♦✱ ❛❧ ❞❡✜♥✐r ❡❧ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ♥♦ s✐♠étr✐❝♦s
A8

η
ÝÑ Cacti s❡ t✐❡♥❡✱ ♣♦r ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s

s✐♠étr✐❝♦s Ass8
rη

ÝÑ sCacti ✭❞♦♥❞❡ Ass8 ❡s ❧❛ ✈❡rs✐ó♥ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛
❞❡ Ass ❬▲❱✶✷✱ ✾✳✷❪ ②✱ ❛❧ ♠✐s♠♦ t✐❡♠♣♦✱ Ass8 “ SA8✮✳

P❛r❛ ♣♦❞❡r ❞❡t❡r♠✐♥❛r q✉é ❞❛t♦s s❡ r❡q✉✐❡r❡♥ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ sCacti á❧❣❡✲
❜r❛✱ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✾ s❡ ❝♦♥s✐❞❡r❛♥ ❣❡♥❡r❛❞♦r❡s ❞❡ sCacti ❝♦♠♦ ♦♣❡r❛❞
s✐♠étr✐❝♦✱ ❧♦ q✉❡ ❞❡❜❡ ✐♥t❡r♣r❡t❛rs❡ ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✹✻✳

▼ás ❛❞❡❧❛♥t❡ ✭❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹✮ s❡ ❡st✉❞✐❛♥ sCacti✲á❧❣❡❜r❛s✱ ❡s ❞❡❝✐r á❧❣❡❜r❛s
s♦❜r❡ ❡❧ ♦♣❡r❛❞ s✐♠étr✐❝♦✳ P❛r❛ ❡st♦✱ ♣r❡✈✐❛♠❡♥t❡ s❡ ❡st❛❜❧❡❝❡ ❧❛ r❡❧❛❝✐ó♥
❡♥tr❡ á❧❣❡❜r❛s s♦❜r❡ ❡❧ ♦♣❡r❛❞ Cacti ② s♦❜r❡ ❡❧ ♦♣❡r❛❞ s✐♠étr✐❝♦ sCacti✳
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❈❛♣ít✉❧♦ ✷

❊❧ ♦♣❡r❛❞ Cacti

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞✐❛r❡♠♦s ❡❧ ♦♣❡r❛❞ Cacti ❬❑❛✉✵✼❪✳ ❊st❡ ♦♣❡r❛❞ ❡s ❧❧❛✲
♠❛❞♦ ♦r✐❣✐♥❛❧♠❡♥t❡ H ❡♥ ❬▼❙✵✷❪ ② ❝♦❞✐✜❝❛ ❧❛s á❧❣❡❜r❛s ❞❡ ●❡rst❡♥❤❛❜❡r
② ❱♦r♦♥♦✈ ❬●❱✾✺❪✳ ❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ✜❥❛r ✉♥❛ ❝♦♥✈❡♥❝✐ó♥ ❞❡ ♥♦t❛❝✐ó♥ ②
s✐❣♥♦s✱ ❧♦ ✈❡r❡♠♦s ❝♦♠♦ s✉❜♦♣❡r❛❞ ❞❡❧ ♦♣❡r❛❞ ❞❡ s✉r②❡❝❝✐♦♥❡s ❞❡✜♥✐❞♦ ♣♦r
❇❡r❣❡r ② ❋r❡ss❡ ❡♥ ❬❇❋✵✹❪✳

❊❧ ❝❛♣ít✉❧♦ s❡ ♦r❣❛♥✐③❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

❊♥ ❧❛ ♣r✐♠❡r❛ s❡❝❝✐ó♥ s❡ ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞ X ❞❡ s✉r②❡❝❝✐♦♥❡s ❬❇❋✵✹❪ ❞❡❧
❝✉❛❧ Cacti s❡rá ✉♥ s✉❜♦♣❡r❛❞✳ ❆sí✱ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ② ❝♦♥✈❡♥❝✐♦♥❡s ❞❡ s✐❣♥♦
✐♥tr♦❞✉❝✐❞❛s ❡♥ ❡st❛ s❡❝❝✐ó♥ ✭♣❛r❛ X ✮ s❡rá♥ ❧❛s q✉❡ s❡ ✉t✐❧✐③❛rá♥ ❛ ❧♦ ❧❛r❣♦ ❞❡❧
r❡st♦ ❞❡❧ ❝❛♣ít✉❧♦ ✭♣❛r❛ Cacti✮✳ ❈r❡❡♠♦s q✉❡ ❛ ❝♦♥s✐❞❡r❛r ❡❧ ♦♣❡r❛❞ X ♣❡r♠✐t❡
❞❛r ✉♥❛ ❞❡✜♥✐❝✐ó♥ ♣r❡❝✐s❛ ❞❡ ❞✐❝❤❛s ❞❡✜♥✐❝✐♦♥❡s ② ❝♦♥✈❡♥❝✐♦♥❡s✳ ▲♦ q✉❡✱
❛ s✉ ✈❡③✱ ❡s r❡q✉✐s✐t♦ ✐♥❞✐s♣❡♥s❛❜❧❡ ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧
✭❞❡s❝r✐♣t❛ ❡♥ ❡❧ ❛♣é♥❞✐❝❡ ❇✮ ② ❧♦s ❝á❧❝✉❧♦s r❡❛❧✐③❛❞♦s

❙❡ ❝♦♥t✐♥ú❛ ❞❡✜♥✐❡♥❞♦ ❡❧ ♦♣❡r❛❞ ❞❡ ❝❛❝t✉s ❤❛❝✐❡♥❞♦ é♥❢❛s✐s ❡♥ ❧❛ ♥♦t❛❝✐ó♥ ♣♦r
♠❡❞✐♦ ❞❡ ❡sq✉❡♠❛s ❞❡ ❝❛❝t✉s✳ ❙❡ r❡✈✐s❛♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s
♣❛r❝✐❛❧❡s ② ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ ♣r❡s❡♥t❛r ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❣❡♦♠étr✐❝❛ ❞❡ ❧❛s
♠✐s♠❛s ❡♥ ❡❧ ♦♣❡r❛❞ ❞❡ ❝❛❝t✉s✳ ❙✐ ❜✐❡♥ ♣✉❡❞❡ ♣❛r❡❝❡r s✉♣❡r✢✉♦✱ ❡st❡ ❝❛♠❜✐♦
❡♥ ❧❛ ♥♦t❛❝✐ó♥ ❤❛ s✐❞♦ ❢✉♥❞❛♠❡♥t❛❧ ②❛ q✉❡ ❤❛ ♣r♦♣♦r❝✐♦♥❛❞♦ ❧❛ ✐♥t✉✐❝✐ó♥
♥❡❝❡s❛r✐❛ ♣❛r❛ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ② r❡s✉❧t❛❞♦s ❞❡❧ r❡st♦ ❞❡❧ tr❛❜❛❥♦✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❡❧ ❝♦♠❡♥t❛ ❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛ ❡♥ ❡❧
♦♣❡r❛❞ Cacti ② s❡ ❧♦ ♣r❡s❡♥t❛ ❞❛❞♦ ♣♦r ❣❡♥❡r❛❞♦r❡s ② r❡❧❛❝✐♦♥❡s✳

❊♥ ❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛ ❡❧ ❡❥❡♠♣❧♦ ❝❧ás✐❝♦ ❬●❱✾✺❪ ❞❡ Cacti✲á❧❣❡❜r❛✿
❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳
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✷✳✶✳ ❊❧ ♦♣❡r❛❞ ❞❡ s✉r②❡❝❝✐♦♥❡s

❊♥ ❬❇❋✵✹❪ s❡ ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞ ❞❡ s✉r②❡❝❝✐♦♥❡s X ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✳ ❯♥❛ ❢✉♥❝✐ó♥ u : t1, . . . , n` ku Ñ t1, . . . , nu s♦❜r❡②❡❝t✐✈❛ s❡
❞✐❝❡ ♥♦✲❞❡❣❡♥❡r❛❞❛ s✐ upiq ‰ upi ` 1q ♣❛r❛ t♦❞♦ i✳

❙❡ ❞❡✜♥❡ X pnq ❝♦♠♦ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦ ❝✉②❛ ❝♦♠♣♦✲
♥❡♥t❡ ❡♥ ❣r❛❞♦ k✱ X pnqk✱ ❡stá ❣❡♥❡r❛❞❛ ♣♦r ❧❛s s✉r②❡❝❝✐♦♥❡s ♥♦✲❞❡❣❡♥❡r❛❞❛s
u : t1, . . . , n ` ku Ñ t1, . . . , nu✳

❯s✉❛❧♠❡♥t❡ ❞❡♥♦t❛r❡♠♦s ✉♥❛ s✉r②❡❝❝✐ó♥ u ♣♦r s✉ s❡❝✉❡♥❝✐❛ ❞❡ ✈❛❧♦r❡s✱

u “
`
up1q, . . . , upn ` kq

˘
.

❆s✐♠✐s♠♦✱ s✐ ♥♦ ❤❛② r✐❡s❣♦ ❞❡ ❝♦♥❢✉s✐ó♥✱ ♥♦s ♣❡r♠✐t✐r❡♠♦s ♦♠✐t✐r ❧❛s ❝♦♠❛s
s❡♣❛r❛❞♦r❛s✳ P♦r ❡❥❡♠♣❧♦✱ p1, 2, 1q “ p121q✳

❊❧ ❞✐❢❡r❡♥❝✐❛❧ δ : X pnqk Ñ X pnqk´1 ❡stá ❞❛❞♦ ♣♦r

δpuq “
n`kÿ

i“1

signoipuqδipuq

❞♦♥❞❡ δi ❡✈✐t❛ ❧❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❞❡ ❧❛ s❡❝✉❡♥❝✐❛✱

δipuq “
`
up1q, . . . , ˆupiq, . . . , upn ` kq

˘
.

❝♦♥ signoipuq ❞❡✜♥✐❞♦ ❝♦♠♦ ❝❡r♦ s✐ δipuq ②❛ ♥♦ ❡s ✉♥❛ s✉r②❡❝❝✐ó♥ ♥♦ ❞❡❣❡✲
♥❡r❛❞❛ ② ❡♥ ♦tr♦ ❝❛s♦ ❡stá ❞❛❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿ s❡ ❝♦♥s✐❞❡r❛ ❧❛ s✉❜✲
s❡❝✉❡♥❝✐❛ ❞❡ ❡st♦s ✈❛❧♦r❡s ✭❧♦s q✉❡ signoipuq s❡rá ♥♦ ♥✉❧♦✮✱ pupj1q, . . . , upjkqq
❞♦♥❞❡ s❡ ♦♠✐t❡ ❧❛ ú❧t✐♠❛ ❛♣❛r✐❝✐ó♥ ❞❡ ❝❛❞❛ ✈❛❧♦r 1, . . . , n ② s❡ ❞❡✜♥❡

signojrpuq “ p´1qr´1✱

signojpuq “ p´1qr s✐ upjq ❡s ❧❛ ú❧t✐♠❛ ❛♣❛r✐❝✐ó♥ ❞❡ ❡s❡ ✈❛❧♦r ② upjrq ❧❛
♣❡♥ú❧t✐♠❛✳

P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ u “ p1213231q✱ ❛❧ ❡❧✐♠✐♥❛r ❧❛s ❛♣❛r✐❝✐♦♥❡s ❞❡❧ ✈❛❧♦r 2

q✉❡❞❛ ✉♥❛ s✉r②❡❝❝✐ó♥ ❞❡❣❡♥❡r❛❞❛✳ ▲❛ s✉❜s❡❝✉❡♥❝✐❛ ♠❡♥❝✐♦♥❛❞❛ ❡♥ ❡❧ ♣árr❛❢♦
❛♥t❡r✐♦r ❡s p1, 1, 3q ② ❛❧ ❝❛❧❝✉❧❛r ❡❧ ❞✐❢❡r❡♥❝✐❛❧✱ q✉❡❞❛✿

δu “ `p213231q ´ p123231q ` p121231q ´ p121321q ` p121323q
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▲❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s

˝t : X pnqk b X pmql Ñ X pm ` n ´ 1qk`l p1 ď t ď nq

❡stá♥ ❞❡✜♥✐❞❛s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

❙✐ u P X pnqk ❝♦♥ r “ |u´1ttu|✱ ❡♥t♦♥❝❡s ❧❛s r ♦❝✉rr❡♥❝✐❛s ❞❡ t ❞❡t❡r♠✐♥❛♥
r ` 1 s✉❜s❡❝✉❡♥❝✐❛s ❞❡ u ❞❡ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

u “ pu0, t, u1, t, . . . , ur´1, t, urq

❆❤♦r❛✱ ♣❛r❛ ✉♥❛ ❡❧❡❝❝✐ó♥ ❞❡ í♥❞✐❝❡s 1 “ j0 ď ¨ ¨ ¨ ď jr “ m ` l✱ s❡ t✐❡♥❡♥ ❧❛s
s✉❜s❡❝✉❡♥❝✐❛s ❞❡ v ❞❛❞❛s ♣♦r

vp “
`
vpiq

˘
jp´1ďiďjp

❙❡ ❞❡✜♥❡

u ˝t v “
ÿ

1“j0ď¨¨¨ďjr“m`l

˘pβu0, αv1, βu1, αv2, . . . , βur´1, αvr, βurq

❞♦♥❞❡ ❧❛s ❢✉♥❝✐♦♥❡s α ② β s♦♥

αpsq “ s ` t ´ 1, βpsq “

#
s s✐ s ă t

s ` m ´ 1 s✐ s ą t

P❛r❛ ❞❡✜♥✐r ❡❧ s✐❣♥♦ ❞❡ ❝❛❞❛ tér♠✐♥♦ ❡♥ ❧❛ s✉♠❛✱ ❝♦♥s✐❞❡r❛♠♦s ❡❧ ❣r❛❞♦
r❡❧❛t✐✈♦ ❞❡ ✉♥❛ s✉❜s✉❝❡s✐ó♥ u1 “ pupaq, upa ` 1q, . . . , upbqq r❡s♣❡❝t♦ ❛ ❧❛
s✉❝❡s✐ó♥ ♦r✐❣✐♥❛❧ u P X pnqk✳ ❊❧ ♠✐s♠♦ s❡ ❞❡✜♥❡ ❝♦♠♦

|u1| “ 7ta ď i ă b : upiq “ upi1q ♣❛r❛ ❛❧❣ú♥ i1 t❛❧ q✉❡ i ă i1 ď m ` ku

❡st♦ ❡s✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✈❛❧♦r❡s ✭s❛❧✈♦ ❡❧ ú❧t✐♠♦✮ ❡♥ ❧❛ s✉❜s✉❝❡s✐ó♥ u1 q✉❡ s❡
r❡♣✐t❡♥ ❛❧❣✉♥❛ ✈❡③ ♠ás ❛❞❡❧❛♥t❡ ❡♥ u✳

❊❧ s✐❣♥♦ ˘ ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ♣❛r❛ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s 2r sí♠❜♦❧♦s✿

u1, . . . , ur, v1, . . . , vr, ÞÑ v1, u1, . . . , vr, ur,

❞♦♥❞❡ ❡❧ ❣r❛❞♦ ❞❡ ur ② uq ♣❛r❛ q ‰ r s♦♥ ❧♦s ❣r❛❞♦s ❞❡ pt, urq ② pt, uq, tq
r❡❧❛t✐✈♦s ❛ u ② ❧♦s ❣r❛❞♦s ❞❡ vp s♦♥ ❧♦s ❣r❛❞♦s r❡s♣❡❝t✐✈♦s ❛ v✳
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❊❥❡♠♣❧♦ ✷✳✷✳ ❈♦♥s✐❞❡r❡♠♦s ❧❛s s✉❝❡s✐♦♥❡s p121q P X p2q1, u P X pnqk✱ ❧❛
❝♦♠♣♦s✐❝✐ó♥ p121q ˝1 u P X pn ` 1qk`1 ❡stá ❞❛❞❛ ♣♦r

p121q ˝1 u “
n`kÿ

j“1

p´1q|u|j 8uj

❞♦♥❞❡ |u|j ❡s ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❞❡ pup1q, . . . , upjqq r❡s♣❡❝t♦ ❛ u ② 8uj ❡stá ❞❛❞♦
♣♦r r❡❡♠♣❧❛③❛r ❡❧ j✲és✐♠♦ ✈❛❧♦r ❞❡ u ♣♦r pupjq, n ` 1, upjqq✱

8uj “ pup1q, . . . , upj ´ 1q, upjq, n ` 1, upjq, upj ` 1q. . . . , upn ` kqq.

P♦r ❡❥❡♠♣❧♦ s✐ u “ p123141q✱ s❡ t✐❡♥❡

8u1 “ p15123141q 8u2 “ p12523141q 8u3 “ p12353141q
8u4 “ p12315141q 8u5 “ p12314541q 8u6 “ p12314151q

② ❛sí

p121q ˝1 u “ p15123141q ` p12523141q ´ p12353141q

´p12315141q ´ p12314541q ` p12314151q

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❛♣❛rt❛❞♦✱ ❡st✉❞✐❛r❡♠♦s ❡❧ s✉❜♦♣❡r❛❞ ❞❡ X ❞❛❞♦ ♣♦r ✉♥ t✐♣♦
❡s♣❡❝✐❛❧ ❞❡ s✉r②❡❝❝✐♦♥❡s✿ ❧♦s ❝❛❝t✉s ✭❞❡✜♥✐❝✐ó♥ ✷✳✹✮✳ ❱❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡
q✉❡ 8uj ♣✉❡❞❡ ✐♥t❡r♣r❡t❛rs❡ ❣❡♦♠étr✐❝❛♠❡♥t❡ ❡♥ Cacti ❝♦♠♦ ❧❛ ♦♣❡r❛❝✐ó♥ ❞❛❞❛
♣♦r ♣❡❣❛r ❡❧ ❧ó❜✉❧♦ n` 1 s♦❜r❡ ❡❧ j✲és✐♠♦ ❛r❝♦✳ ❆❧ ❤❛❝❡r❧♦✱ ✈♦❧✈❡r❡♠♦s s♦❜r❡
❡st❡ ❡❥❡♠♣❧♦ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✼ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ✸✳✶✱ ❞♦♥❞❡ s❡ ♣r❡s❡♥t❛♥ ❧❛s
❝♦♥str✉❝❝✐♦♥❡s ˝ ② ‚✳

✷✳✷✳ ❊❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s

❉❡✜♥✐r❡♠♦s ❛❤♦r❛ ❡❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s ❝♦♠♦ s✉❜♦♣❡r❛❞ ❞❡❧ ♦♣❡r❛❞ X ❞❡
s✉r②❡❝❝✐♦♥❡s✳ ❊❧ ♠✐s♠♦ ❡st❛rá ❣❡♥❡r❛❞♦ ♣♦r ❝✐❡rt♦ t✐♣♦ ❞❡ s✉r②❡❝❝✐♦♥❡s q✉❡
❧❧❛♠❛r❡♠♦s ❝❛❝t✉s✳ ❈♦♥t✐♥✉❛♠♦s ✈❛❧✐é♥❞♦♥♦s ❞❡ ❬❇❋✵✹❪✱ ②❛ q✉❡ ❞✐r❡♠♦s q✉❡
Cacti “ X2✱ ❡❧ s❡❣✉♥❞♦ ♣❛s♦ ❞❡ ❧❛ ✜❧tr❛❝✐ó♥ ♣r❡s❡♥t❛❞❛ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥
s✐❣✉✐❡♥t❡✳ ▲✉❡❣♦ ✐♥tr♦❞✉❝✐r❡♠♦s ✉♥❛ ♥♦t❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❧❛ ❝✉❛❧ ❧♦s ❝❛❝t✉s
♣✉❡❞❡♥ r❡♣r❡s❡♥t❛rs❡ ❞❡ ♠❛♥❡r❛ ❣rá✜❝❛ ✭❧♦ q✉❡ ❥✉st✐✜❝❛ ❧❛ ♥♦♠❡♥❝❧❛t✉r❛✮✳
❊st♦ ♥♦s ♣❡r♠✐t❡ ❝✐❡rt❛ ✐♥t✉✐❝✐ó♥ ❣❡♦♠étr✐❝❛ ❡♥ ❧❛s ♦♣❡r❛❝✐♦♥❡s✳ P♦r ❡s♦✱
r❡✈✐s❛♠♦s ❧❛ ❡str✉❝t✉r❛ ❞❡ dg✲♦♣❡r❛❞ ❞❡s❞❡ ❡st❛ ♥♦t❛❝✐ó♥✳

✹✻



❖❜s❡r✈❛❝✐ó♥ ✷✳✸✳ ❙❡ t✐❡♥❡ ✉♥❛ ✜❧tr❛❝✐ó♥ ❞❡ s✉❜♦♣❡r❛❞s ❬❇❋✵✹❪✿

F1X Ă F2X Ă ¨ ¨ ¨ Ă FrX Ă ¨ ¨ ¨ Ă X

❞♦♥❞❡ ❡❧ r✲és✐♠♦ ♣❛s♦ ❞❡ ❧❛ ✜❧tr❛❝✐ó♥ ❡stá ❣❡♥❡r❛❞♦ ♣♦r ❧❛s s✉r②❡❝❝✐♦♥❡s u
♣❛r❛ ❧❛s ❝✉❛❧❡s ❧❛s s✉❜s❡❝✉❡♥❝✐❛s ui,j ❢♦r♠❛❞❛s ♣♦r ❧♦s ✈❛❧♦r❡s i ② j ♥♦ t✐❡♥❡♥
♠ás ❞❡ r ✈❛r✐❛❝✐♦♥❡s✳ ❊st♦ ❡s✱ ♣❛r❛ ❝❛❞❛ 1 ď i ă j ď n✱ s✐ u´1pti, juq “
tk1, . . . , ksu ❡♥t♦♥❝❡s |tt : upktq ‰ upkt`1qu| ď r.

P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ u P X pnqk s❡ t✐❡♥❡✿

u P F1X s✐ ② só❧♦ s✐ u ❡s ✉♥❛ ❜✐②❡❝❝✐ó♥ ✭♦ s❡❛✱ k “ 0✮✳

u P F2X s✐ ② só❧♦ s✐ u ♥♦ ♣♦s❡❡ ♥✐♥❣✉♥❛ s✉❜s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❢♦r♠❛
pi, j, i, jq ♣❛r❛ 1 ď i ‰ j ď n ❝✉❛❧❡sq✉✐❡r❛✳

❊❧ s❡❣✉♥❞♦ ♣❛s♦ ❞❡ ❡st❛ ✜❧tr❛❝✐ó♥ ❡s✱ ❛ ♠❡♥♦s ❞❡ ✉♥❛ ❝♦♥✈❡♥❝✐ó♥ ❞❡ s✐❣♥♦✱
✐s♦♠♦r❢♦ ❛❧ ❝♦♠♣❧❡❥♦ ❞❡ ❝❛❞❡♥❛s ❞❡❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s t♦♣♦❧ó❣✐❝♦ s✐♥ ❡s♣✐✲
♥❛s ❬❑❛✉✵✼✱ ❑▲P✵✸❪✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❝♦♠♦ ❞❡✜♥✐❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ Cacti ❝♦♠♦ ❞✐❝❤♦
s✉❜♦♣❡r❛❞✱ ❡st♦ ❡s✿

❉❡✜♥✐❝✐ó♥ ✷✳✹✳ ▲❧❛♠❛r❡♠♦s Cacti ❛❧ s✉❜♦♣❡r❛❞ F2X Ă X ✳

❉❡❝✐♠♦s ❡♥t♦♥❝❡s q✉❡ ✉♥❛ s✉r②❡❝❝✐ó♥ u : t1, . . . , n ` ku Ñ t1, . . . , nu ❡s
✉♥ ❝❛❝t✉s s✐ t✐❡♥❡ ♥♦ ♠ás ❞❡ 2 ✈❛r✐❛❝✐♦♥❡s ✭♦ s❡❛✱ ♥♦ ♣♦s❡❡ s✉❜s❡❝✉❡♥❝✐❛s
pi, j, i, jq ❝♦♥ 1 ď i ‰ j ď n✮✳ P♦r ❡❥❡♠♣❧♦✱ p1232141q ② p2123q s♦♥ ❝❛❝t✉s✱
♣❡r♦ p121312q ♥♦ ❧♦ ❡s✳ ▲❧❛♠❛r❡♠♦s ❛❧ ❞♦♠✐♥✐♦ ② ❡❧ ❝♦❞♦♠✐♥✐♦ ❞❡❧ ❝❛❝t✉s
❛r❝♦s ② ❧ó❜✉❧♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❘❡♣r❡s❡♥t❛❝✐ó♥ ❣❡♦♠étr✐❝❛ ❞❡ ✉♥ ❝❛❝t✉s

●❡♦♠étr✐❝❛♠❡♥t❡✱ ❧♦s ❝❛❝t✉s s❡ r❡♣r❡s❡♥t❛♥ ✉♥ ❞✐❛❣r❛♠❛ ❞❡ ❧ó❜✉❧♦s ② ❛r❝♦s✳
❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡s❝r✐❜✐r❡♠♦s ❧♦s ❞✐❛❣r❛♠❛s ❛ ❝♦♥s✐❞❡r❛r ② ❞❡ q✉é ♠❛♥❡r❛
❡st♦s r❡♣r❡s❡♥t❛♥ ❝❛❝t✉s✳ ▲❛s ❞❡✜♥✐❝✐♦♥❡s ❢♦r♠❛❧✐③❛rá♥ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡❛✿ s✐
s❡ t✐❡♥❡ ✉♥ ❞✐❜✉❥♦ ❞❡ ✉♥ ❝❛❝t✉s ❝♦♥ s✉s ❧ó❜✉❧♦s ♥✉♠❡r❛❞♦s✱ ❛❧ r❡❝♦rr❡r❧♦ ❡♥
s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ s❡ ♣r♦❞✉❝❡ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♥ú♠❡r♦s q✉❡ ❝♦rr❡s♣♦♥❞❡♥
❛ ❧♦s ❧ó❜✉❧♦s q✉❡ s❡ ✈❛♥ r❡❝♦rr✐❡♥❞♦✱ ② ❛sí s❡ t✐❡♥❡ ✉♥❛ ❢✉♥❝✐ó♥ s✉r②❡❝t✐✈❛
t❛r❝♦su Ñ t❧ó❜✉❧♦su✳ ❊st❛ ❝♦♥str✉❝❝✐ó♥ ❡s ❧❛ q✉❡ ❞❛ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡
❧❛ ❞❡s❝r✐♣❝✐ó♥ ❝♦♠❜✐♥❛t♦r✐❛ ② ❧❛ ❣❡♦♠étr✐❝❛✳
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❉❡✜♥✐❝✐ó♥ ✷✳✺✳ ❯♥ ❡sq✉❡♠❛ ❞❡ ❝❛❝t✉s ❝♦♥s✐st❡ ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❞❛t♦s✳

❯♥ ♥ú♠❡r♦ n P N q✉❡ s❡rá ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❧ó❜✉❧♦s✳ P❡♥s❛r❡♠♦s ❧♦s
❧ó❜✉❧♦s ✐♥❞❡①❛❞♦s ♣♦r ❡❧ ❝♦♥❥✉♥t♦s t1, . . . , nu✳

❈❛❞❛ ❧ó❜✉❧♦ t❡♥❞rá ✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ♣✉♥t♦s✳ ❚♦❞♦ ❧ó❜✉❧♦ t❡♥❞rá s✐❡♠♣r❡
✉♥ ♣✉♥t♦ ❜❛s❡ q✉❡ ♥♦t❛r❡♠♦s ‚i✳

❈❛❞❛ ❧ó❜✉❧♦ ♣♦❞rá t❡♥❡r ✭♦ ♥♦✮ ♦tr♦s ♣✉♥t♦s✳ ▲❧❛♠❛r❡♠♦s Pi ❛❧ ❝♦♥❥✉♥t♦
❞❡ ❡st♦s ♣✉♥t♦s✳

❈♦♥s✐❞❡r❛r❡♠♦s ✉♥ ♣✉♥t♦ ❡①tr❛✱ ‚ q✉❡ s❡rá ❧❛ r❛í③ ❞❡❧ ❝❛❝t✉s✳

❯♥ ár❜♦❧ T ❞✐r✐❣✐❞♦✱ ♣❧❛♥❛r ② ❝♦♥ r❛í③ ❝✉②♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❡s

V pT q “ t‚, ‚1, ¨ ¨ ¨ ‚nu
nğ

i“1

Pi

② s❡ ❞❡❜❡ ❝✉♠♣❧✐r✿

• ▲❛ r❛í③ ❞❡❧ ár❜♦❧ ❡s ‚✳

• ❍♦❥❛spT q Ă t‚1, ¨ ¨ ¨ ‚nu✳

• P❛r❛ t♦❞♦ 1 ď i ď n, p P Pi s❡ t✐❡♥❡ ❧❛ ❛r✐st❛ p Ñ ‚i✳

• ❙❡ t✐❡♥❡ ♣❛r❛ ❝❛❞❛ 1 ď i ď n, p P Pi ✉♥❛ ✭ú♥✐❝❛✮ ❛r✐st❛ ‚i Ñ p ❝♦♥
p “ ‚ ♦ ❜✐❡♥ p P Pj ❝♦♥ j ‰ i✳

◆♦t❡♠♦s q✉❡✱ ♣♦r ❞❡✜♥✐❝✐ó♥✱ ❡♥ ❝❛❞❛ ✈ért✐❝❡ ❤❛② ❛ ❧♦ s✉♠♦ ✉♥❛ ú♥✐❝❛ ❛r✐st❛
s❛❧✐❡♥t❡✳ ❉❡ ✐❣✉❛❧ ♠♦❞♦ q✉❡ ❛♥t❡s✱ ❛❧ r❡♣r❡s❡♥t❛r ❡❧ ár❜♦❧ ♣♦❞❡♠♦s ♦♠✐t✐r
❧❛ ❞✐r❡❝❝✐ó♥ ❞❡ ❧❛s ❛r✐st❛s ♣❡♥s❛♥❞♦ q✉❡ ❡❧ ❞✐❜✉❥♦ s❡ ❡♥❝✉❡♥tr❛ ♦r✐❡♥t❛❞♦ ❞❡
❛rr✐❜❛ ❤❛❝✐❛ ❛❜❛❥♦✳

❊❥❡♠♣❧♦s✿ P❛r❛ n “ 5✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❧♦s ❡sq✉❡♠❛s ❞❛❞♦s ♣♦r
P1 “ tau, P2 “ P4 “ P5 “ H, P3 “ tb, cu ❝♦♥ ár❜♦❧

‚4

‚5 a

‚1 ‚2

c b

‚3

‚
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k1 “ 2✱ ki “ 0 s✐ i ‰ 1✳

ρp1q “ ‚, ρp2q “ ρp4q “ 1, ρp3q “ ρp5q “ 2 ❝♦♥ 2 ă 4 ② 3 ă 5✳

② P1 “ ta, bu, P2 “ P3 “ P4 “ P5 “ H ❝♦♥ ár❜♦❧

‚3 ‚4

‚5 ‚2

b a

‚1

‚

◆♦t❛❝✐ó♥✳ ❯♥ ❡sq✉❡♠❛ ❞❡ ❝❛❝t✉s s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ❣rá✜❝❛♠❡♥t❡ ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

✐✳ P♦r ❝❛❞❛ i s❡ ❞✐❜✉❥❛ ❡♥ ❡❧ ♣❧❛♥♦ ❡❧ ❧ó❜✉❧♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡✱ ❡st♦ ❡s ✉♥❛
❝✉r✈❛ ❝❡rr❛❞❛ s✐♠♣❧❡ ② s❡ ❧❛ ❡t✐q✉❡t❛ ✭❞❡♥tr♦✮ ❝♦♥ i✳

✐✐✳ ❊♥ ❝❛❞❛ ❝✉r✈❛ s❡ ♠❛r❝❛♥ s✉ ♣✉♥t♦ ❜❛s❡ ② ❧♦s ♣✉♥t♦s Pi r❡s♣❡t❛♥❞♦ ❡❧
♦r❞❡♥ ❝í❝❧✐❝♦ ❞❡❧ ár❜♦❧✳

✐✐✐✳ ❙❡ ✐❞❡♥t✐✜❝❛♥ ❧♦s ♣✉♥t♦s ❞❛❞♦s ♣♦r ❧❛s ❛r✐st❛s ❞❡❧ t✐♣♦ ‚i Ñ p r❡s♣❡✲
t❛♥❞♦ ❡❧ ♦r❞❡♥ ❝í❝❧✐❝♦ ❡♥ p ✭❡s ❞❡❝✐r✱ ❝♦♠♦ ❧♦s ❧ó❜✉❧♦s q✉❡ s❡ ✐♥t❡rs❡❝❛♥
❡♥ p ❡♥ ❡❧ ❞✐❜✉❥♦ ② ❧♦s ♣✉♥t♦s ❜❛s❡ ❝♦♥❡❝t❛❞♦s ❞✐r❡❝t❛♠❡♥t❡ ❝♦♥ p ❡♥ ❡❧
ár❜♦❧ ❝♦✐♥❝✐❞❡♥✱ ❞❡❜❡♥ ❡st❛r ❞✐s♣✉❡st♦s ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛✮✳ ❡❧ ♣✉♥t♦
❜❛s❡ ❞❡❧ i✲és✐♠♦ ❧ó❜✉❧♦ ❛❧ ♣✉♥t♦ ppiq✳

P♦r ❝♦♥✈❡♥❝✐ó♥✱ s✐❡♠♣r❡ ❞✐❜✉❥❛r❡♠♦s ✉♥ ❝❛❝t✉s ❝♦♥ ❧❛ r❛í③ ❛❜❛❥♦ ② ❡♥ ❡❧ ❝❛s♦
❞❡ q✉❡ ✈❛r✐♦s ❧ó❜✉❧♦s s❡ ♣❡❣✉❡♥ ❡♥ ✉♥ ♠✐s♠♦ ♣✉♥t♦✱ ❡❧ ♦r❞❡♥ ❡♥ ❧♦s ♠✐s♠♦s
❝♦♠♦ ❞❡ ❞❡r❡❝❤❛ ❛ ✐③q✉✐❡r❞❛✳
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▲♦s ❡❥❡♠♣❧♦s ❛♥t❡r✐♦r❡s s❡ ♣✉❡❞❡♥ ❞✐❜✉❥❛r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

‚4

‚5 a

‚1 ‚2

c b

‚3

‚

ÐÑ

4

15

3

2

‚3 ‚4

‚5 ‚2

b a

‚1

‚

ÐÑ 1
2

3

4

5

❖❜s❡r✈❡♠♦s q✉❡ s❡ ♦❜t✐❡♥❡✱ ♣♦r ♠❡❞✐♦ ❞❡ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦✱ ✉♥❛ ✜❣✉r❛ ❡♥
❡❧ ♣❧❛♥♦ ❢♦r♠❛❞❛ ♣♦r n ❝✉r✈❛s s✐♠♣❧❡s ❝❡rr❛❞❛s ❡t✐q✉❡t❛❞❛s✳ ❊♥ ❧❛ ♠✐s♠❛ s❡
❡♥❝✉❡♥tr❛♥ ♠❛r❝❛❞♦s k` 1 ♣✉♥t♦s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛ r❛í③ ② ❧♦s ki ♣✉♥t♦s
s♦❜r❡ ❝❛❞❛ ❧ó❜✉❧♦ ✭❡s ❞❡❝✐r✱ s✐ ki “ 7Pi s❡ t✐❡♥❡♥ 1`

ř
ki ♣✉♥t♦s ♠❛r❝❛❞♦s ❡♥

❡❧ ❞✐❜✉❥♦✮✳ ▲♦s ♣✉♥t♦s k ` 1 ♣✉♥t♦s ❞✐st✐♥❣✉✐❞♦s ❞❡t❡r♠✐♥❛♥ ❡♥t♦♥❝❡s n ` k

❛r❝♦s ✭s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛ ❡♥tr❡ ❞♦s ❞❡ ❡st♦s ♣✉♥t♦s✮✳

❱❡❛♠♦s ❛❤♦r❛ ❞❡ q✉é ♠❛♥❡r❛ ✉♥ ❡sq✉❡♠❛ r❡♣r❡s❡♥t❛ ✉♥❛ s✉r②❡❝❝✐ó♥✳ ❆❧
❝♦♥s✐❞❡r❛r ✉♥ ❡sq✉❡♠❛ ❝♦♥ n ❧ó❜✉❧♦s ② n ` k ❛r❝♦s✱ ❧❛ s✉r②❡❝❝✐ó♥ q✉❡ ❧❡
❝♦rr❡s♣♦♥❞❛ s❡rá✱ ❡♥t♦♥❝❡s✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ❛ ❝❛❞❛ ❛r❝♦ ❧❡ ❛s✐❣♥❛ ❡❧ ❧ó❜✉❧♦
❛❧ q✉❡ ♣❡rt❡♥❡❝❡✳ P❛r❛ ❡st♦✱ ❞❡❜❡♠♦s ❞❛r ✉♥❛ ♠❛♥❡r❛ ❞❡ ❡t✐q✉❡t❛r ❧♦s ❛r❝♦s
❞❡ ✉♥ ❡sq✉❡♠❛ ❝♦♥ ❡❧ ❝♦♥❥✉♥t♦ t1, . . . , n ` ku✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❞❡❜❡♠♦s
❞✐st✐♥❣✉✐r ✉♥ ♦r❞❡♥ t♦t❛❧ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ❛r❝♦s ❞❡ ✉♥ ❡sq✉❡♠❛✳

❙❡ ❞❡✜♥❡ ✉♥ ♦r❞❡♥ ❝í❝❧✐❝♦ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❛r❝♦s ❞❡ ❧❛s s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ ▲❛
♦r✐❡♥t❛❝✐ó♥ ♣♦s✐t✐✈❛ ✭❛♥t✐✲❤♦r❛r✐❛✮ ❞❡ ❝❛❞❛ ❧ó❜✉❧♦ ✐♥❞✉❝❡ ✉♥❛ ❞✐r❡❝❝✐ó♥ ❡♥ s✉s
❛r❝♦s✱ ❡s ❞❡❝✐r✱ ❞❡t❡r♠✐♥❛ s✉s ♣✉♥t♦s ❞❡ ✐♥✐❝✐♦ ② ✜♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s
✉♥ ❛r❝♦ p ñ q ✭❡s ❞❡❝✐r✱ ✉♥ ❛r❝♦ q✉❡ ❝♦♠✐❡♥③❛ ❡♥ p ② t❡r♠✐♥❛ ❡♥ q✮ s♦❜r❡ ✉♥
❧ó❜✉❧♦ i✳ ❆ ♣❛rt✐r ❞❡❧ ♦r❞❡♥ ❝í❝❧✐❝♦ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧ó❜✉❧♦s q✉❡ s❡ ✐♥t❡rs❡❝❛♥
❡♥ q✱ s❡ ❝♦♥s✐❞❡r❛ j ❡❧ ❧ó❜✉❧♦ s✐❣✉✐❡♥t❡ ❛❧ i✳ ❊♥ ❡❧ ❞✐❜✉❥♦ ❞❡❧ ❡sq✉❡♠❛✱ ❡❧
❧ó❜✉❧♦ j ❡s ❡❧ q✉❡ s✐❣✉✐❡♥t❡ ❛ i ❝✉❛♥❞♦ s❡ ❧❡❡♥ ❧♦s ❧ó❜✉❧♦s q✉❡ ❝♦♥✢✉②❡♥ ❡♥ q
❞❡ ♠❛♥❡r❛ ❛♥t✐❤♦r❛r✐❛✳ ❊♥ ❡st❡ ❧ó❜✉❧♦✱ ❤❛② ✉♥ ú♥✐❝♦ ❛r❝♦ q ñ r ✭❡s ❞❡❝✐r✱ ✉♥
ú♥✐❝♦ ❛r❝♦ q✉❡ ❝♦♠✐❡♥③❛ ❡♥ q✮ ② ❡s ést❡ ❡❧ q✉❡ s❡ ❞❡✜♥❡ ❝♦♠♦ s✉❝❡s♦r ❞❡ p ñ q✳
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P♦r ú❧t✐♠♦✱ s❡ ❞❡✜♥❡ ❝♦♠♦ ❛r❝♦ ✐♥✐❝✐❛❧ ❛❧ ❛r❝♦ q✉❡ ❝♦♠✐❡♥③❛ ❡♥ ❧❛ r❛í③ ② q✉❡
♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ♣r✐♠❡r ❧ó❜✉❧♦ q✉❡ s❡ ♣❡❣❛ ❡♥ ❧❛ ♠✐s♠❛ ✭❧♦s ❧ó❜✉❧♦s q✉❡ ❛❧❧í
s❡ ♣❡❣❛♥ t✐❡♥❡♥ ✉♥ ♦r❞❡♥✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ t✐❡♥❡ ✉♥ ♦r❞❡♥ t♦t❛❧ ❡♥ ❧♦s
❛r❝♦s ❞❡ ✉♥ ❡sq✉❡♠❛✳

●rá✜❝❛♠❡♥t❡✱ ❡st❡ ♣r♦❝❡s♦ ❝♦rr❡s♣♦♥❞❡ ❛ r❡❝♦rr❡r ❛r❝♦ ♣♦r ❛r❝♦ ❡❧ ❡①t❡r✐♦r
❞❡❧ ❞✐❜✉❥♦ ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ❝♦♠❡♥③❛♥❞♦ ❡♥ ❧❛ r❛í③✳

❊❧ ♦r❞❡♥ t♦t❛❧ ♣❡r♠✐t❡ ❡t✐q✉❡t❛r ❧♦s ❛r❝♦s ♣♦r ❡❧ ❝♦♥❥✉♥t♦ t1, . . . , n` ku✳ ❉❡
❡st❛ ♠❛♥❡r❛ s❡ t✐❡♥❡ ✉♥❛ s✉r②❡❝❝✐ó♥ ❞❡✜♥✐❞❛ ❝♦♠♦✿

t1, . . . , n ` ku Ñ t1, . . . , nu

❛r❝♦ ÞÑ ❧ó❜✉❧♦

❆❧ ❛♣❧✐❝❛r❧❡ ❡st❡ ♣r♦❝❡s♦ ❛❧ ❡❥❡♠♣❧♦ ❞❡ ❡sq✉❡♠❛ q✉❡ ✈✐♠♦s ❛♥t❡s✱

1
2

3

4

5

♦❜t❡♥❡♠♦s ❡❧ ❝❛❝t✉s ❞❡ ✺ ❧ó❜✉❧♦s ② ✼ ❛r❝♦s p1, 2, 4, 1, 3, 5, 1q✳ ❱❡❛♠♦s ✉♥♦s
❡❥❡♠♣❧♦s ♠ás✿

12 1

2

21

3
1

2

3

4

1

234

p1, 2q p1, 2, 1q p2, 1, 3, 1q p1, 2, 3, 2, 1, 4, 1q p1, 2, 3, 1, 4, 1q

▲♦ ✐♠♣♦rt❛♥t❡ ❡s q✉❡✱ ❞❛❞❛ ✉♥❛ s✉r②❡❝❝✐ó♥ q✉❡ ❡s ✉♥ ❝❛❝t✉s✱ ❡❧ ♣r♦❝❡s♦ s❡
♣✉❡❞❡ r❡✈❡rt✐r✳ ❙❡ ❝♦♠✐❡♥③❛ ❞❡ ❧❛ r❛í③ ② s❡ ❞✐❜✉❥❛ ❝❛❞❛ ❛r❝♦ ❞❡❧ ❡sq✉❡♠❛ ❡♥
s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✳ ▲❛ ♣r♦♣✐❡❞❛❞ ❞❡ q✉❡ ❧❛ s✉r②❡❝❝✐ó♥ ❡♥ ❝✉❡st✐ó♥ s❡❛ ✉♥
❝❛❝t✉s ♣❡r♠✐t❡✱ ❥✉st❛♠❡♥t❡✱ ♦❜t❡♥❡r ✉♥ ❡sq✉❡♠❛ ❝♦♠♦ r❡s✉❧t❛❞♦✳

❊♥ r❡s✉♠❡♥✱ ❡❧ ♣r♦❝❡s♦ ❞❡ ❧❡❡r ✉♥ ❞✐❜✉❥♦ ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ❞❡s❞❡ ❧❛ r❛í③
❞❛ ❧✉❣❛r ❛ ✉♥ ú♥✐❝♦ ❝❛❝t✉s ② t♦❞♦ ❝❛❝t✉s ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ❞❡ ❡st❛ ❢♦r♠❛✳
❚❡♥❡♠♦s ❡♥t♦♥❝❡s ✉♥❛ ♥♦t❛❝✐ó♥ ♣❛r❛ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡❧ ♦♣❡r❛❞ Cacti✳ ❆
❝♦♥t✐♥✉❛❝✐ó♥✱ ♣r❡s❡♥t❛♠♦s ❞❡ q✉é ♠❛♥❡r❛ s❡ ♣✉❡❞❡♥ ✐♥t❡r♣r❡t❛r ❣❡♦♠étr✐❝❛✲
♠❡♥t❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ② ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳
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❖❜s❡r✈❛❝✐ó♥ ✷✳✻✳ ❊♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ s❡ ♣✉❡❞❡ ✈❡r
❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ❧♦s ❝❛❝t✉s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❛❧ ❡❧✐♠✐♥❛r ❧♦s ❛r❝♦s q✉❡ ♥♦ s♦♥
❧ó❜✉❧♦s ❡♥t❡r♦s✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ ❧❧❛♠❛♠♦s ❛r❝♦ ♣r♦♣✐♦ ❛ ✉♥ ❛r❝♦ q✉❡ ♥♦
❡s ✉♥ ❧ó❜✉❧♦ ❡♥t❡r♦✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♥ ❝❛❝t✉s s❡ ❝❛❧❝✉❧❛ ❝♦♠♦ ❧❛ s✉♠❛ ❞❡ ❧♦s
❝❛❝t✉s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❛❧ ❡❧✐♠✐♥❛r ❧♦s ❛r❝♦s ♣r♦♣✐♦s✳ ❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ♣❛r❛
❞❡t❡r♠✐♥❛r ❡❧ s✐❣♥♦ ❞❡❧ tér♠✐♥♦ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❝❛❞❛ ❛r❝♦ ❡s ❡❧ s✐❣✉✐❡♥t❡✳

❊♠♣❡③❛♥❞♦ ❞❡s❞❡ ❧❛ r❛í③ ② ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦✱ s❡ ❛s✐❣♥❛ ❛❧t❡r♥❛❞❛♠❡♥t❡
` ② ´ ❛ ❝❛❞❛ ❛r❝♦ ♣r♦♣✐♦ s❛❧✈♦ ❛❧ ú❧t✐♠♦ ❞❡ ❝❛❞❛ ❧ó❜✉❧♦✳ ▲✉❡❣♦✱ ❛❧ ú❧t✐♠♦ ❞❡
❝❛❞❛ ❧ó❜✉❧♦ s❡ ❧❡ ❛s✐❣♥❛ ❡❧ s✐❣♥♦ ❝♦♥tr❛r✐♦ ❛❧ ❛♥t❡ú❧t✐♠♦ ❞❡❧ ♠✐s♠♦ ❧ó❜✉❧♦✳

❊st♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦✿

1

2

3

4

4

1 2

3

1

2 3
4

1

2
3

4

1

2

3

4

1

2

3

4δ

❖❜s❡r✈❛❝✐ó♥ ✷✳✼✳ ▲❛ ❝♦♠♣♦s✐❝✐ó♥ u ˝i v ♣✉❡❞❡ ✈❡rs❡ ❣rá✜❝❛♠❡♥t❡ ❝♦♠♦ ❧❛
s✉♠❛ ❞❡ t♦❞♦s ❧♦s ❝❛❝t✉s ♣♦s✐❜❧❡s ♦❜t❡♥✐❞♦s ♣♦r r❡❡♠♣❧❛③❛r ❡❧ i✲és✐♠♦ ❧ó❜✉❧♦
❞❡ u ♣♦r t♦❞♦ ❡❧ ❝❛❝t✉s v ② ❧✉❡❣♦ ♣❧❛♥t❛r ❧♦s s✉❜❝❛❝t✉s ❞❡ u q✉❡ ♦r✐❣✐♥❛❧♠❡♥t❡
❡st❛❜❛♥ s♦❜r❡ ❡❧ ❧ó❜✉❧♦ i ❡♥ t♦❞♦s ❧♦s ❛r❝♦s ♣♦s✐❜❧❡s ❞❡ v ✭♠❛♥t❡♥✐❡♥❞♦ ❡❧
♦r❞❡♥ r❡❧❛t✐✈♦ ❞❡ ❛q✉❡❧❧♦s✮✳ ❊s ❞❡❝✐r✱

i

.
.
. 1u

0u

2u

r+1u

ru

˝i v “
ÿ

˘

.
.
.

1u

0u

2u

r+1u

ru

v

❊❧ s✐❣♥♦ ❞❡ ❝❛❞❛ tér♠✐♥♦ ♣✉❡❞❡ ❝❛❧❝✉❧❛rs❡ ❛ ♣❛rt✐r ❞❡ ❧♦s ❞✐❜✉❥♦s ❞❡ ♠❛♥❡r❛
s❡♥❝✐❧❧❛✳ ▲♦s ♣✉♥t♦s ❜❛s❡ ❞❡ ❧♦s ❧ó❜✉❧♦s ✭q✉❡ ♥♦ s♦♥ ❧❛ r❛í③✮ ❞❡ ❝❛❞❛ tér♠✐♥♦ ❞❡
u˝i v ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ♣✉♥t♦s ❜❛s❡ ❞❡ ❧♦s ❧ó❜✉❧♦s ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝❛❝t✉s
✭q✉❡ ♥♦ s♦♥ ❧❛ r❛í③✮ u ② v✳ ▲♦s ♣✉♥t♦s ❜❛s❡ ❞❡ ❝❛❞❛ ❝❛❝t✉s ❧♦s ♣❡♥s❛♠♦s
♦r❞❡♥❛❞♦s ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ❛ ♣❛rt✐r ❞❡ ❧❛ r❛í③✳ ❆sí✱ ❡❧ s✐❣♥♦ ❞❡ ❝❛❞❛
tér♠✐♥♦ ❝♦rr❡s♣♦♥❞❡ ❛❧ s✐❣♥♦ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s ♣✉♥t♦s ❞❡ u s❡❣✉✐❞♦s
❞❡ ❧♦s ❞❡ v ❛❧ ♦r❞❡♥ ❡♥ ❡❧ q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❞✐❝❤♦ tér♠✐♥♦✳

✺✷



P♦r ❡❥❡♠♣❧♦✱ s✐ u ❡s ❡❧ ❝❛❝t✉s ❞❡ ✷✳✷✱ u “ p123141q “ 1

234

✱ s❡ t✐❡♥❡

1

2

˝1 1

234

“ ` 1

234

5 ` 1

234

5

´ 1

2

3

4

5

´ 1

234

5

´ 1

234

5

` 1

234

5

❞♦♥❞❡ ❧❛s ❞✐s♣♦s✐❝✐♦♥❡s ❞❡ ❧♦s ♣✉♥t♦s s♦♥ ‚ ‚ � ❡♥ ❧❛ ♦r✐❣✐♥❛❧ ② ❡♥ ❧♦s ❞♦s
♣r✐♠❡r♦s tér♠✐♥♦s ❞❡❧ r❡s✉❧t❛❞♦✱ ‚�‚ ❡♥ ❧♦s s✐❣✉✐❡♥t❡s tr❡s ② �‚‚ ❡♥ ❡❧ ú❧t✐♠♦✳

✷✳✸✳ Cacti ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦

❊s ✉♥❛ ❜✉❡♥❛ ♦♣♦rt✉♥✐❞❛❞ ♣❛r❛ ❞❡s❝r✐❜✐r ❧❛ ❡str✉❝t✉r❛ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦ ❡♥
Cacti ② ❞❡ ❡st❛ ♠❛♥❡r❛ ❡✈✐t❛r ❝♦♥❢✉s✐♦♥❡s ❡♥tr❡ ❛♠❜♦s ❝♦♥❝❡♣t♦s✳ ❊♥ r❡❛❧✐❞❛❞✱
❡❧ ♦♣❡r❛❞ X t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ♦♣❡r❛❞ s✐♠étr✐❝♦ ❝♦♥ ❧❛s ♣❡r♠✉t❛❝✐♦♥❡s
❛❝t✉❛♥❞♦ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❧❡❣❛❞❛ ❞❡ ❧❛s s✉r②❡❝❝✐♦♥❡s ✭❧❛s ❡t✐q✉❡t❛s ❞❡ ❧♦s ❧ó✲
❜✉❧♦s ❡♥ ❧♦s ❝❛❝t✉s✮✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s✐ u P X pnqk, u “

`
up1q, . . . , upn`kq

˘

✉♥❛ ♣❡r♠✉t❛❝✐ó♥ σ P Sn ❛❝tú❛ ✈í❛ uσ “
`
σpup1qq, . . . , σpupn` kqq

˘
✳ ❊♥ Cacti

❡st♦ s❡ tr❛❞✉❝❡ ❡♥ ♣❡r♠✉t❛r ❧❛s ❡t✐q✉❡t❛s ❞❡ ❧♦s ❧ó❜✉❧♦s✳

P♦r ❧♦ ✈✐st♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✸✱ ❧♦s ♠♦r✜s♠♦s ❞❡ ♦♣❡r❛❞s ♥♦ s✐♠étr✐❝♦s ❞❡ A8

❡♥ Cacti ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❝♦♥ ❧♦s ♠♦r✜s♠♦s ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s
❞❡ Ass8 ❡♥ sCacti✳ P♦r ❧♦ t❛♥t♦✱ s❡ ❞❡❞✉❝❡ ❡❧ s✐❣✉✐❡♥t❡ ❝♦r♦❧❛r✐♦✿

❈♦r♦❧❛r✐♦ ✷✳✽✳ ❊❧ ♠♦r✜s♠♦ η ❞❡✜♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s s✐♠étr✐❝♦s
rη : Ass8 Ñ sCacti✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ V ✱ t❛♥t♦ sCacti ❝♦♠♦
sEndpV q ♣✉❡❞❡♥ ✈❡rs❡ ❝♦♠♦ ♦♣❡r❛❞s s✐♠étr✐❝♦s ♦ ♥♦✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ✉♥❛
sCacti✲á❧❣❡❜r❛ ✭❡s ❞❡❝✐r✱ ❝♦♥s✐❞❡r❛♥❞♦ sCacti Ñ sEndpV q ✉♥ ♠♦r✜s♠♦ ❞❡
♦♣❡r❛❞s s✐♠étr✐❝♦s✮ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ Cacti✲á❧❣❡❜r❛ ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡
q✉❡ ♣❛r❛ t♦❞♦ ❝❛❝t✉s

uσpx1, . . . , xnq “ u
`
xσp1q, . . . , xσpnq

˘

P❛r❛ ❝♦♥❝❧✉✐r ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛ ❡str✉❝t✉r❛ s✐♠étr✐❝❛✱ ❧❛ s✐❣✉✐❡♥t❡ ♦❜s❡r✈❛✲
❝✐ó♥ ♠✉❡str❛ ❝✉á❧❡s s♦♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ sCacti ✭❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦✮✳

✺✸



❖❜s❡r✈❛❝✐ó♥ ✷✳✾✳ ❈♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦✱ sCacti ❡stá ❣❡♥❡r❛❞♦ ♣♦r ❧♦s
❝❛❝t✉s

Cn “ 1

..
.

n

2

“ p1, 2, . . . , nq

Bn “
1

2..
.

n

3

“ p1, 2, 1, . . . , 1, n, 1q

♣♦r ❝♦♥✈❡♥❝✐ó♥✱ B1 “ C1 “ p1q✱ ❡❧ ❝❛❝t✉s ❝♦♥ ✉♥ só❧♦ ❧ó❜✉❧♦✳

❯♥❛ ♠❛♥❡r❛ ❞❡ ✈❡r q✉❡ ❡st♦ ❡s ❝✐❡rt♦ ❡s ❝♦♥s✐❞❡r❛r ♣❛r❛ u ✉♥ ❝❛❝t✉s✱ ❡❧
s✐❣✉✐❡♥t❡ ♣r♦❝❡❞✐♠✐❡♥t♦ q✉❡ ❧♦ ❝♦♥str✉②❡ ❛ ♣❛rt✐r ❞❡ ❝♦♠♣♦s✐❝✐♦♥❡s ❛❧t❡r♥❛❞❛s
❞❡ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ t✐♣♦ C ② B✳ ❉✐❝❤♦ ❝❛❝t✉s t❡♥❞rá ❛❧❣✉♥❛ ❝❛♥t✐❞❛❞ ❞❡
❧ó❜✉❧♦s ❡♥ q✉❡ s❡ ♣❡❣❛♥ ❡♥ ❧❛ r❛í③✱ ❞✐❣❛♠♦s r✳ ❈♦♠❡♥③❛♠♦s ❡♥t♦♥❝❡s ❝♦♥ ❧❛
❝♦r♦❧❛ Cr✳ ❙♦❜r❡ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ❧ó❜✉❧♦s ❤❛② ❛❧❣✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ♣✉♥t♦s✱ ki
✭❧♦s ♠✐s♠♦s ❞❡❧ ❡sq✉❡♠❛ ❞❡ ❝❛❝t✉s✮✳ ❈♦♠♣♦♥❡♠♦s ❡♥ ❝❛❞❛ ❧ó❜✉❧♦ i ❞❡ Cr ❝♦♥
Bki ✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s ✉♥❛ r✲❝♦r♦❧❛ ❞♦♥❞❡ ❡♥ ❝❛❞❛ ❧ó❜✉❧♦ ♣✉s✐♠♦s ki ♣✉♥t♦s
② ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ♣✉♥t♦s ❤❛② ✉♥ ú♥✐❝♦ ❧ó❜✉❧♦ q✉❡ ❧♦ t✐❡♥❡ ❝♦♠♦ ❜❛s❡✳
❆❤♦r❛✱ ❡♥ u✱ s♦❜r❡ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ♣✉♥t♦s ❤❛② ❛❧❣✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ❧ó❜✉❧♦s✳
❈♦♠♣♦♥❡♠♦s ❡♥t♦♥❝❡s ❡♥ ❝❛❞❛ ❧ó❜✉❧♦ ❞❡ ❡st♦s ❝♦♥ ❧❛ ❝♦r♦❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡✳
▲✉❡❣♦✱ ❡♥ u✱ ❝❛❞❛ ✉♥♦ ❞❡ ❡st♦s ♥✉❡✈♦s ❧ó❜✉❧♦s t✐❡♥❡ ❛❧❣✉♥❛ ❝❛♥t✐❞❛❞ ❞❡ ♣✉♥t♦s
② ❡♥t♦♥❝❡s ❝♦♠♣♦♥❡♠♦s ❡♥ ❡❧❧♦s ❝♦♥ ❡❧ Bk ❝♦rr❡s♣♦♥❞✐❡♥t❡✳ ❘❡♣✐t✐❡♥❞♦ ❡st❡
♣r♦❝❡❞✐♠✐❡♥t♦ ✭❝♦♠♣♦♥❡r ❛❧t❡r♥❛❞❛♠❡♥t❡ Cs ② Bs✮ s❡ ♦❜t✐❡♥❡ ✉♥ ❝❛❝t✉s q✉❡
❡s✱ ❛❧ ♠❡♥♦s ❞❡ ✉♥❛ ♣❡r♠✉t❛❝✐ó♥ ❡♥ ❧❛s ❡t✐q✉❡t❛s ❞❡ ❧♦s ❧ó❜✉❧♦s✱ u✳

P♦r ❧♦ t❛♥t♦✱ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ sCacti✲á❧❣❡❜r❛ ❛❧❝❛♥③❛ ❝♦♥ ❞❡s❝r✐❜✐r ❝ó♠♦
❛❝tú❛♥ ❡st♦s ❝❛❝t✉s ② ❞❡t❡r♠✐♥❛r q✉❡ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❣r✉♣♦ s✐♠étr✐❝♦ ❡stá ❞❛❞❛
♣♦r ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧❛s ❡♥tr❛❞❛s✳ ❱❡r✐✜❝❛r q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ s❡ ❞❡✜♥✐ó
sCacti á❧❣❡❜r❛ ✐♠♣❧✐❝❛ ✈❡r q✉❡ ❡❧ ♠♦r✜s♠♦ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧
✭❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s✮ ② ✈❡r✐✜❝❛r ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s ❡♥tr❡ ♣❛r❡s ❞❡
❣❡♥❡r❛❞♦r❡s✳

❊st♦ ❡s✱ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ ✉♥ dg✲❡s♣❛❝✐♦ V ✱
s❡ ♣✉❡❞❡♥ ❞❡t❡r♠✐♥❛r ✭♣❛r❛ ❝❛❞❛ a, b, b1, . . . , bm P V, n ě 1✮ ❧♦s ✈❛❧♦r❡s ❞❡
C2pa, bq ② Bnpa, b1, . . . , bnq ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ s❡ ✈❡r✐✜q✉❡

C2 ❞❡ ❧✉❣❛r ❛ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ✭❞❡ ❣r❛❞♦ ❝❡r♦✮

▲❛s ♦♣❡r❛❝✐♦♥❡s Bn t✐❡♥❡♥ ❣r❛❞♦ n ② ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❡❝✉❛❝✐♦♥❡s

✺✹



❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ✭♣❛r❛ a, b1, . . . , bn, c1, . . . , cm P V ✮✳

pBn ˝1 Bmqpa, b1, . . . , bn, c1, . . . , cmq “ Bn

`
Bmpa, b1, . . . , bnq, c1, . . . , cm

˘

▲❛s ❝✉❛❧❡s✱ ❛❧ ❡①♣❧✐❝✐t❛r Bn ˝1 Bm

Bn ˝1 Bm “
1

2..
.

n

3

˝1
1

2..
.

m

3

“
ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

m
+
1

...

m
+
n
-
1

m
+
2

1

2

..
.

m

3

✭❞♦♥❞❡ ❡❧ s✐❣♥♦ ❡stá ❞❛❞♦ ♣♦r ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s ♣✉♥t♦s ❞❡ Bn ②
Bm ❝♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✼✮✱ s❡ ♦❜t✐❡♥❡♥ ❧❛s ❧❧❛♠❛❞❛s
✐❞❡♥t✐❞❛❞❡s ❞❡ ❜r❛❝❡s✳

P♦r ♦tr❛ ♣❛rt❡✱ ❧❛s ♦♣❡r❛❝✐♦♥❡s ❞❡❜❡♥ ✈❡r✐✜❝❛r ✭♣❛r❛ a, b, c1, . . . , cm P V ✮

pBm ˝1 C2qpa, b, c1, . . . , cmq “ Bm

`
C2pa, bq, c1, . . . , cm

˘
.

❊st❛s ❡❝✉❛❝✐♦♥❡s ♣✉❡❞❡♥ ✐♥t❡r♣r❡t❛rs❡ ❝♦♠♦ ✉♥❛ r❡❣❧❛ ❞❡ ❞✐str✐❜✉t✐✈✐✲
❞❛❞ ❛❧ ❝❛❧❝✉❧❛r ❞❡ ♠❛♥❡r❛ ❡①♣❧í❝✐t❛ Bn ˝1 C2

1

2..
.

m

3

˝1

12

“
ÿ

k

2

3

...

1

k..
.

m+1

k
+
1

▲❛s ❛❝❝✐♦♥❡s ❞❡ C2 ② Bn ❛sí ❞❡✜♥✐❞❛s s❡❛♥ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧
❞❡ V ✱ ❡st♦ ❡s δC2 “ rd, C2s ② δBn “ rd,Bns✳ ❈♦♠♦ δC2 “ 0✱ s❡ t✐❡♥❡
q✉❡ ❡❧ ♣r♦❞✉❝t♦ ❞❛❞♦ ♣♦r C2 ❤❛❝❡ ❞❡ V ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❞✳❣✳ ❊♥
❝✉❛♥t♦ ❛❧ ❜♦r❞❡ ❞❡ Bm✱ r❡❝♦r❞❡♠♦s q✉❡ ést❡ s❡ ❡s❝r✐❜❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡
❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

δBm “ δ
`

1

2..
.

m

3

˘
“ 1

2

..
.

m

3

`
m´1ÿ

i“2

p´1qi`1 1 2

.
.
.

m

i

i
+
1 .
.
.

` p´1qm`1 1
2

...

m

3

m-1

❧♦ q✉❡ ♥♦s ❞✐❝❡ q✉❡ ❡♥ V ❞❡❜❡ s❡r

rd,Bns “
`
C2 ˝2Bm´1

˘p12q
`
m´1ÿ

i“2

p´1qi`1Bm´1 ˝iC2 `p´1qm`1C2 ˝1Bm´1

✺✺



❖❜s❡r✈❛❝✐ó♥ ✷✳✶✵✳ ❆ ♣❛rt✐r ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ ✈❡♠♦s q✉❡ s❡ ♣✉❡❞❡
❞❡✜♥✐r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♠❛♥❡r❛ ♠ás ❡❧❡❣❛♥t❡ ❞❡t❡r♠✐♥❛♥❞♦ s✉ ✈❛❧♦r ❡♥ ❧♦s
❣❡♥❡r❛❞♦r❡s ② ❡①t❡♥❞✐❡♥❞♦ ❝♦♠♦ ❞❡r✐✈❛❝✐ó♥ ❞❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s✳
❊st♦ ❡s✱ ❞❡✜♥✐❡♥❞♦

δCn “ 0

δBn “
n`1ÿ

i“1

p´1qi`1p1, 2, 1, . . . , ✚✚❩❩1loomoon
i✲és✐♠♦ 1

, . . . , 1, n, 1q

▲❛ ❢♦r♠❛ ❡♥ ❧❛ q✉❡ s❡ ✐♥tr♦❞✉❥♦ ❛♥t❡r✐♦r♠❡♥t❡ t✐❡♥❡ ❧❛ ✈❡♥t❛❥❛ ❞❡ s❡r ✉♥❛
❢ór♠✉❧❛ q✉❡ ♣❡r♠✉t❡ ❝❛❧❝✉❧❛r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❧❛ ❜❛s❡ ✭❝♦♠♦
❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✮ ❞❡ ❝❛❞❛ Cactipnq ❞❡ ♠❛♥❡r❛ s❡♥❝✐❧❧❛ ✭② ❡✜❝✐❡♥t❡✮✳ ❊st♦
♣❡r♠✐t❡ ✐♠♣❧❡♠❡♥t❛r ❡❧ ♦♣❡r❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❡❧
❛♣é♥❞✐❝❡ ❇✳ P♦r ❡❥❡♠♣❧♦✱ s✐ s❡ q✉✐❡r❡ ❝❛❧❝✉❧❛r ❡❧ ❜♦r❞❡ ❞❡ p121341656761q
s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❧❛ ✏r❡❝❡t❛✑ ❞❛❞❛ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ♦r✐❣✐♥❛❧ s✐♥ ♣❡♥s❛r ❞❡ q✉é
♠❛♥❡r❛ s❡ ❡s❝r✐❜❡ ❝♦♠♦ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❣❡♥❡r❛❞♦r❡s✳ ❉❡s❞❡ ❡s❡ ♣✉♥t♦ ❞❡
✈✐st❛✱ ✈❛❧❡ ❞❡st❛❝❛r ❡❧ ✈❛❧♦r ❢ór♠✉❧❛ ❝❡rr❛❞❛ ❞❡❧ tr❛❜❛❥♦ ❞❡ ❬❇❋✵✹❪✳ ❙✐ ❜✐❡♥
❡s ❝✐❡rt♦ q✉❡ ❞❡✜♥✐r ❡❧ ❜♦r❞❡ ❞❡ ♠❛♥❡r❛ ♠í♥✐♠❛ ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ✭❞❡ ❧❛
♠❛♥❡r❛ ❛❞❡♠ás ♥❛t✉r❛❧ q✉❡ ❞❡❝ís✮ ❡s ♠ás ❡❝♦♥ó♠✐❝❛ ② ❡❧❡❣❛♥t❡ ❞❡s❞❡ ✉♥
♣✉♥t♦ ❞❡ ✈✐st❛ ❛❜str❛❝t♦✳

✷✳✹✳ ❊❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞

P♦r ú❧t✐♠♦✱ ♠♦str❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❡❧ ❡❥❡♠♣❧♦ ❡♠❜❧❡♠át✐❝♦ ✭② q✉❡ ❞❛ ♦r✐❣❡♥
❛❧ ❝♦♥❝❡♣t♦ ❬●❱✾✺❪✮ ❞❡ Cacti✲á❧❣❡❜r❛✿ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

❙❡❛ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ ❉❡♥♦t❡♠♦s ♣♦r C‚pAq ② H˚pAq ❛ s✉ ❝♦♠♣❧❡❥♦ ②
❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥ ❡❧ tr❛❜❛❥♦ s❡♠✐♥❛❧ ❬●❡r✻✸❪✱
❡❧ ❛✉t♦r ✐❞❡♥t✐✜❝❛ ❡❧ ♣r♦❞✉❝t♦ ❝✉♣ ✭❝♦♠♣♦♥❡r ❝♦♥ ❡❧ ♣r♦❞✉❝t♦ ❞❡❧ á❧❣❡❜r❛✮

pf ! gqpa1, . . . , ap`qq “ fpa1, . . . , apqgpap`1, . . . , ap`qq,

② ❧❛ ♦♣❡r❛❝✐ó♥ ♣r❡✲▲✐❡ ❞❡ ❝♦❝❛❞❡♥❛s ❡♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✿

f ˚ g “
pÿ

i“1

f ˝i g “
pÿ

i“1

fp. . . , gp. . . qloomoon
i✲és✐♠♦ ❧✉❣❛r

, . . . q

✭❞♦♥❞❡ f : Abp Ñ A, g : Abq Ñ A✮✳

✺✻



❊st❛s ♦♣❡r❛❝✐♦♥❡s✱ ❛❧ ♣❛s❛r ❛ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❛♥ ❧✉❣❛r ❛ ❧♦ q✉❡ ♣♦st❡r✐♦r♠❡♥✲
t❡ s❡ ❞❡♥♦♠✐♥ó ✉♥ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r✳ ❊♥ ❬●❱✾✺❪ ❧♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛♥
❧❛s ♦♣❡r❛❝✐♦♥❡s ❜r❛❝❡ ❡♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✳

ftg1, . . . , gmu “
ÿ

0ďi1ď¨¨¨ďimďn

fp. . . , g1, . . . , gm, . . . q

❞♦♥❞❡ gj ❡stá ✐♥s❡rt❛❞❛ ❡♥ ❧❛ ❡♥tr❛❞❛ ij✲és✐♠❛ ❞❡ f ✳ ▲❛s ♠✐s♠❛s s♦♥ ✉♥❛
❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♦♣❡r❛❝✐ó♥ ♣r❡✲▲✐❡ ❛♥t❡r✐♦r ②❛ q✉❡ ést❛ ❡s ftgu✳

❆❧ ♦♣❡r❛❞ q✉❡ ❛①✐♦♠❛t✐③❛ ❡st❛s ♦♣❡r❛❝✐♦♥❡s ✭❡❧ ♣r♦❞✉❝t♦ ❝✉♣ ② ❧❛s ❜r❛❝❡s✮ ❧♦
❧❧❛♠❛r❡♠♦s GV ✱ ❡❧ ♦♣❡r❛❞ ❞❡ ●❡rst❡♥❤❛❜❡r ② ❱♦r♦♥♦✈✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✶✳ ❊❧ ♦♣❡r❛❞ ❞✳❣✳ GV q✉❡ ❛①✐♦♠❛t✐③❛ ❧❛s á❧❣❡❜r❛s ❞❡ ●❡rt❡♥✲
❤❛❜❡r ② ❱♦r♦♥♦✈ ❬●❱✾✺❪ ❡stá ❣❡♥❡r❛❞♦ ♣♦r

M2 “ Y P GVp2q, |M2| “ ´1 y M1,n “ ¨t¨ ¨ ¨ un P GVpn ` 1q, |M1,n| “ 0

t♦♠❛♠♦s ❝♦♠♦ ❞❡✜♥✐❝✐ó♥ ❞❡ ❣r❛❞♦ ❛❧ ❧❧❛♠❛❞♦ | ¨ | “ deg´ 1 ❡♥ ❬●❱✾✺❪✳ ❊♥ ❡❧
❡❥❡♠♣❧♦ ❞❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❡st❡ ❣r❛❞♦ degpfq “ r ♣❛r❛ f : Abr Ñ A✳
❖ s❡❛✱ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ❣r❛❞♦ ❞❡s✉s♣❡♥❞✐❞♦ ❞❡❧ ❤♦♠♦❧ó❣✐❝♦✳
❊st♦s ❣❡♥❡r❛❞♦r❡s ❡stá♥ s✉❥❡t♦s ❛ ❝✐❡rt❛s r❡❧❛❝✐♦♥❡s✳ P❛r❛ ❡①♣❧✐❝❛r ❡st❛s r❡✲
❧❛❝✐♦♥❡s ❞❡ ♠❛♥❡r❛ ♠ás ❝❧❛r❛✱ ❞✐r❡♠♦s ❝✉á♥❞♦ ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ V ❡s ✉♥❛
GV✲á❧❣❡❜r❛✳ P♦r ✉♥❛ ♣❛rt❡✱M2 ❞❛ ❧✉❣❛r ❛ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❝♦♠♣❛t✐❜❧❡
❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✱ ❡st♦ ❡s✱ BY “ 0✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡❧ ♣r♦❞✉❝t♦ Y ❤❛❝❡ ❞❡
V ✉♥ á❧❣❡❜r❛ ❞✳❣✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛s M1,n ❞❡t❡r♠✐♥❛♥ ❡♥ V ❧♦ q✉❡ s❡ ❧❧❛♠❛
✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡✱ ❡s ❞❡❝✐r✱ ❝✉♠♣❧❡♥

xtx1, . . . , xmuty1, . . . , ynu “
ÿ

0ďi1ď¨¨¨ďimďn

p´1qαxty1, . . . , yi1 , x1tyi1`1, . . . u, . . . , yim , xmtyim`1, . . . u, . . . , ynu

✭❞♦♥❞❡ α :“
řm

p“1 |xp|
řip
q“1 |yq| ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡ ❧❛ ❡①♣r❡s✐ó♥✮✳ ❆❞❡✲

♠ás✱ ❡❧ ♣r♦❞✉❝t♦ ② ❧❛s ❜r❛❝❡s ✈❡r✐✜❝❛♥ ❧❛ s✐❣✉✐❡♥t❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞

px1 Y x2qty1, . . . , ynu “
nÿ

k“0

p´1qβx1ty1, . . . , yku Y x2tyk`1, . . . , ynu,

✭❛q✉í ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❡s β “ p|x2| `1q
řk

p“1 |yp|✮✳ P♦r ú❧t✐♠♦✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧
❞❡ ❧❛s ❜r❛❝❡s ❡stá ❞❛❞♦ ♣♦r

pBM1,nqpx, x1, . . . , xnq “ ´ p´1qp|x|`1q|x1|x1 ¨ xtx2, . . . , xn`1u

´ p´1q|x|
nÿ

i“1

p´1q|x1|`¨¨¨`|xi|xtx1, . . . , xi ¨ xi`1, . . . , xn`1u

` p´1q|x|`|x1|`¨¨¨`|xn|xtx1, . . . , xnu ¨ xn`1

✺✼



❉❛❞♦ q✉❡ ❡st❛ ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞ ❧❛ ✉t✐❧✐③❛r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✱ ❧❛ r❡❡s❝r✐❜✐♠♦s
❝♦♠♦

M1,n “ ´pM2 ˝2 M1,n´1qp12q ` M2 ˝1 M1,n´1 ´
n´1ÿ

j“2

M1,n´1 ˝j M2

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ ♥♦s ❞✐❝❡ q✉❡ GV ② Cacti ❛①✐♦♠❛t✐③❛♥ ❡s❡♥❝✐❛❧♠❡♥t❡ ❧❛ ♠✐s✲
♠❛ ❡str✉❝t✉r❛ ❛❧❣❡❜r❛✐❝❛ ✭❡st♦ ❡s✱ ❛ ♠❡♥♦s ❞❡ ❝♦♥✈❡♥❝✐ó♥ ❡♥ ❧❛ ❣r❛❞✉❛❝✐ó♥✮✳

▲❡♠❛ ✷✳✶✷✳ ▲♦s ♦♣❡r❛❞s GV ② Cacti ❛①✐♦♠❛t✐③❛♥ ❧❛s ♠✐s♠❛s á❧❣❡❜r❛s ❛
♠❡♥♦s ❞❡ ❣r❛❞♦✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ✉♥ ❡s♣❛❝✐♦ ✭❞✳❣✳✮ V ❡s ✉♥ á❧❣❡❜r❛ s♦❜r❡
GV s✐ ② só❧♦ s✐ ΣV ❧♦ ❡s s♦❜r❡ Cacti ❛❧ ✐❞❡♥t✐✜❝❛r

12

Ø M2
1

2..
.

n

3

Ø M1,n´1

❉❡♠♦str❛❝✐ó♥✳ ▲❛ ❞❡♠♦str❛❝✐ó♥ ❝♦♥s✐st❡ s❡♥❝✐❧❧❛♠❡♥t❡ ❡♥ ✈❡r✐✜❝❛r q✉❡ ❧❛s
r❡❧❛❝✐♦♥❡s q✉❡ ❞❡✜♥❡♥ ✉♥❛ GV á❧❣❡❜r❛ ❡♥ Σ´1V ❞❛♥ ❧✉❣❛r ❛ ❧❛s q✉❡ ❞❡✜♥❡♥
✉♥❛ Cacti á❧❣❡❜r❛ ❡♥ V ✳ P♦❞❡♠♦s ❡s❝r✐❜✐r ✉♥ ❡❧❡♠❡♥t♦ ✭❤♦♠♦❣é♥❡♦✮ v P Σ´1V

❝♦♠♦ 5v ❞♦♥❞❡ ❡❧ sí♠❜♦❧♦ 5 t✐❡♥❡ ❣r❛❞♦ ✭♠❡♥♦s✮ ✉♥♦ ② v ❡❧ ❣r❛❞♦ ♦r✐❣✐♥❛❧ ❡♥
V ✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ✈❡r✐✜q✉❡♠♦s ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❜r❛❝❡✳ ❙✐✱ Σ´1V ❡s ✉♥
á❧❣❡❜r❛ s♦❜r❡ GV ✱ s❡ t✐❡♥❡

5xt5x1, . . . , 5xm´1ut51y1, . . . , 5
1yn´1u “

ÿ

0ďi1ď¨¨¨ďim´1ďn´1

p´1qα 5xt5y1, . . . , 5
1yi1 , 5x1t51yi1`1, . . . u, . . . , 5

1yim´1
, 5xm´1t51yim´1`1, . . . u, . . . , 5

1yn´1u

✭❞♦♥❞❡ α :“
řm´1

p“1 p|xp|´1q
řip
q“1p|yq|´1q✮✳ ▲❛ ♠✐s♠❛ ✐❞❡♥t✐❞❛❞✱ ❧❛ ❡s❝r✐❜✐♠♦s

✉♥❛ ✐❞❡♥t✐❞❛❞ ❞❡ ♦♣❡r❛❝✐♦♥❡s

5 ¨ t51¨, . . . , 5m´1¨ut51
1¨, . . . , 5

1
n´1¨u “

ÿ

0ďi1ď¨¨¨ďim´1ďn´1

˘ 5¨t51¨, . . . , 5
1
i1

¨, 51¨t51
i1`1¨, . . . u, . . . , 5

1
im´1

¨, 5m´1¨t51
im´1`1¨, . . . u, . . . , 51

n´1¨u

❞♦♥❞❡ ❛❤♦r❛ ❡❧ s✐❣♥♦ ❡s ❡❧ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s sí♠❜♦❧♦s 5 ② 51✳ ✭▲❛
✐❞❡♥t✐❞❛❞ ❛♥t❡r✐♦r s❡ r❡❝✉♣❡r❛ ❛❧ ❡✈❛❧✉❛r ❡♥ px, x1, . . . , xm, y1, . . . , ynq✳✮ ❊♥
Cacti ❡st❛ r❡❧❛❝✐ó♥ s❡ ❝♦rr❡s♣♦♥❞❡ ❥✉st❛♠❡♥t❡ ❝♦♥ ❧❛ q✉❡ s❡ t✐❡♥❡ ❡♥tr❡ ❧♦s
❣❡♥❡r❛❞♦r❡s Bm ② Bn ✭✈✐st❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✮✿

1

2..
.

n

3

˝1
1

2..
.

m

3

“
ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

m
+
1

...

m
+
n
-
1

m
+
2

1

2

..
.

m

3
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❘❡❝♦r❞❡♠♦s q✉❡ ❡❧ s✐❣♥♦ ❡s ❡❧ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥❞❡ ❧♦s ♣✉♥t♦s ❞❡ Bn ② Bm

❛❧ ❧❡❡r❧♦s ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ❞❡s❞❡ ❧❛ r❛í③ ✭✈❡r ✷✳✼✮ ②✱ ❞❡ ❡st❛ ♠❛♥❡r❛✱
❝♦✐♥❝✐❞❡♥ ❝♦♥ ❡❧ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s 5 ② 51✳

▲❛ ✈❡r✐✜❝❛❝✐ó♥ ❞❡ ❧❛s ❞❡♠ás r❡❧❛❝✐♦♥❡s ❡♥ ❛♥á❧♦❣❛✳

❊st❡ ❧❡♠❛✱ ❡♥ ❝♦♠❜✐♥❛❝✐ó♥ ❝♦♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✶✶✱ ❞✐❝❡ q✉❡ Cacti “ ΣGV ✳
❉❡ ❡st❛ ♠❛♥❡r❛✱ t❡♥❡♠♦s ✉♥ ❞✐❝❝✐♦♥❛r✐♦ ❡♥tr❡ ❛♠❜♦s ❝♦♥❝❡♣t♦s✳

❱♦❧✈✐❡♥❞♦ ❛❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✱ s❡ ♣✉❡❞❡ ❛❤♦r❛ tr❛❞✉❝✐r ❡❧ r❡s✉❧t❛❞♦
❝❧ás✐❝♦ ❞❡ ❬●❱✾✺❪ ❡♥ ❡❧ ❧❡♥❣✉❛❥❡ ❞❡ á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s✳ ❊s ❞❡❝✐r✱ C‚pAq ❡s
✉♥❛ Cacti✲á❧❣❡❜r❛ ✭❝♦♥s✐❞❡r❛♥❞♦ ❡❧ ❣r❛❞♦ ❤♦♠♦❧ó❣✐❝♦✮ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

Cacti Ñ sEndpC‚pAqq
12

“ p1, 2q ÞÑ ❝✉♣

1

2

“ p1, 2, 1q ÞÑ ˚ ✭♦♣❡r❛❝✐ó♥ ♣r❡✲▲✐❡✮

1

2..
.

n

3

“ p1, 2, 1, 3, 1 . . . , 1, n, 1q ÞÑ n ´ ❜r❛❝❡

❊♥ ❡st❡ ❝♦♥t❡①t♦✱ ❡❧ t❡♦r❡♠❛ ✸✳✽ ❞✐❝❡ q✉❡ ❧❛ s✐♠❡tr✐③❛❝✐ó♥ ❞❡❧ ♣r♦❞✉❝t♦ ❝✉♣
❡s ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ❡♥ ❡❧ s❡♥t✐❞♦ ♦♣❡rá❞✐❝♦✳ ❉❡ ❛❝✉❡r❞♦ ❛ ❧♦
✈✐st♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ✶✳✸✱ t❡♥❡♠♦s ✉♥ ♠♦r✜s♠♦ ❡①♣❧í❝✐t♦

Ass8 Ñ sEndpC‚pAqq

m2 ÞÑ ❝✉♣ ` ❝✉♣p1Ø2q

P♦r ♦tr❛ ♣❛rt❡✱ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✹ ✈❡♠♦s q✉❡ ❡st❡ ❡❥❡♠♣❧♦ ♣♦s❡❡ ❧❛ ♣r♦♣✐❡❞❛❞
❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ❛❧❧í ❡st✉❞✐❛❞❛✳ ❖❜t❡♥❡♠♦s ❡♥t♦♥❝❡s ✭✈❡r t❡♦✲
r❡♠❛ ✹✳✶✻✮ q✉❡ s✐ H ❡s ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❞✳❣✳✮ ✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✱ ❧❛s ♣♦s✐❜❧❡s
❡str✉❝t✉r❛s ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❞❡ A ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦
❝♦♥ ❧♦s ♠♦r✜s♠♦s ✭❞❡ á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s✮ ΩH Ñ C‚pAq✳
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✷✳✺✳ ➪❧❣❡❜r❛s tr✐❞❡♥❞r✐❢♦r♠❡s ② ❞❡ ❝❛❝t✉s

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ♠♦str❛r q✉❡ t♦❞❛ á❧❣❡❜r❛ tr✐❞❡♥❞r✐❢♦r♠❡ ❞✳❣✳
✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✷✶✮ ❡s ✉♥❛ Cacti á❧❣❡❜r❛✳ ❊st♦ ❣❡♥❡r❛❧✐③❛ ❡❧ tr❛❜❛❥♦ ❞❡ ❬❘♦♥✵✵✱
❇❘✶✵❪ ❡♥ ❡❧ ❝❛s♦ ♥♦ ❣r❛❞✉❛❞♦✳ ❊❧ ❡st✉❞✐♦ ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ s✉r❣❡ ❛ ♣❛rt✐r ❞❡
❝♦♠❡♥t❛r✐♦s ❞❡ ▼✳ ❘♦♥❝♦ s♦❜r❡ ✉♥❛ ✈❡rs✐ó♥ ♣r❡❧✐♠✐♥❛r ❞❡ ❡st❛ ♠♦♥♦❣r❛❢í❛✳
❊❧ r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ q✉❡ r❡❧❛❝✐♦♥❛ Cacti ② tD ✭✈❡r ✷✳✷✶✮ ❡s ❡❧ s✐❣✉✐❡♥t❡✿

❚❡♦r❡♠❛ ✷✳✶✸✳ ❙❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ✭❞✳❣✳✮ Cacti Ñ tD✳ ❊s
❞❡❝✐r✱ t♦❞❛ á❧❣❡❜r❛ ✭q “ 0✮✲tr✐❞❡♥❞r✐❢♦r♠❡ ✭❞✳❣✳✮ ❡s ✉♥❛ Cacti✲á❧❣❡❜r❛✳

❊♥ r❡❛❧✐❞❛❞✱ ♦❜t❡♥❡♠♦s ✉♥ r❡s✉❧t❛❞♦ s✐♠✐❧❛r✳ ❈♦♥s✐❞❡r❛♠♦s ❡❧ ♦♣❡r❛❞ K ✭✈❡r
❞❡✜♥✐❝✐ó♥ ✷✳✶✹✮ ② ✈❡♠♦s q✉❡ ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ✭❞✳❣✳✮ GV Ñ K✳
❨❛ ❤❡♠♦s ✈✐st♦ q✉❡ Cacti “ ΣGV ② ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ✭❡st♦ ❡s✱ ❛ ♣❛rt✐r ❞❡
❧♦s ❛r❣✉♠❡♥t♦s ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✶✶✮ s❡ t✐❡♥❡ tD “ ΣK✳

❊❧ ♠♦r✜s♠♦ Cacti Ñ K ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✶✺✮ ❡❧ ❞❡✜♥✐❞♦
❡♥ ❬❘♦♥✵✵✱ ❇❘✶✵❪ ♣❛r❛ ❡❧ ❝❛s♦ ♥♦ ❣r❛❞✉❛❞♦✳ ❱❡♠♦s ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ q✉❡ ❡❧
♠✐s♠♦ s✐❣✉❡ s✐❡♥❞♦ ✈á❧✐❞♦ ❝♦♠♦ ♠♦r✜s♠♦ ❡♥ ❡❧ ❝❛s♦ ❣r❛❞✉❛❞♦ ② ✈❡r✐✜❝❛♠♦s
❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ✭✈❡r ❧❡♠❛ ✷✳✶✻✮✳

❈♦♠❡♥❝❡♠♦s ❞❡✜♥✐❡♥❞♦✱ ❜❛sá♥❞♦♥♦s ❡♥ ❬❈❤❛✵✷✱ s❡❝✳ ✸❪ ❡❧ ♦♣❡r❛❞ K ② ❧❛
❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s á❧❣❡❜r❛s s♦❜r❡ ést❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✹✳ ❊❧ ♦♣❡r❛❞ ✭❞✳❣✳✮ K ❬❈❤❛✵✷✱ ✸✳✷❪ ❡stá ❣❡♥❡r❛❞♦ ♣♦r tr❡s
♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s ⊲,⊳ ② ‚ ❝♦♥ | ‚ | “ 1, | ⊲ | “ | ⊳ | “ 0✱ s✉❥❡t♦s ❛ ❧❛s
s✐❣✉✐❡♥t❡s r❡❧❛❝✐♦♥❡s✳

⊳ ˝1 ⊲ “ ⊲ ˝2 ⊳

⊳ ˝1 ⊳ “ ⊳ ˝2 ⊳ ` ⊳ ˝2 ⊲

⊲ ˝2 ⊲ “ ⊲ ˝1 ⊲ ` ⊲ ˝1 ⊳

⊳ ˝1 ‚ “ ‚ ˝2 ⊳

‚ ˝1 ⊲ “ ⊲ ˝2 ‚

‚ ˝1 ⊳ “ ‚ ˝2 ⊲

‚ ˝1 ‚ “ ´ ‚ ˝2 ‚

❙❡ ❞❡✜♥❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❛ ♣❛rt✐r ❞❡ B⊳ “ ‚ “ ´B⊲ ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ B‚ “ 0✳
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❉❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ K✲á❧❣❡❜r❛ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ pV, dq ❝♦♥s✐st❡ ❡♥ ❞❡✲
t❡r♠✐♥❛r ❧❛ ❛❝❝✐ó♥ ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s ⊲✱ ⊳ ② ‚ ❞❡ ♠❛♥❡r❛ q✉❡ s❡
s❛t✐s❢❛❣❛♥ ♣❛r❛ t♦❞♦ x, y, z P V ✭❝✳❢✳ ❬❈❤❛✵✷✱ ❞❡❢✳ ✸❪✮

px⊲ yq ⊳ z “ x⊲ py ⊳ zq

px⊳ yq ⊳ z “ x⊳ py ⊳ ` ⊲ zq

x⊲ py ⊲ zq “ px⊳ ` ⊲ yq ⊲ z

px ‚ yq ⊳ z “ x ‚ py ⊳ zq

px⊲ yq ‚ z “ x⊲ py ‚ zq

px⊳ yq ‚ z “ p´1q|y|x ‚ py ⊲ zq

px ‚ yq ‚ z “ x ‚ py ‚ zq

❉♦♥❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡s

dpx⊳ yq ´ dx⊳ y ´ p´1q|x|x⊳ dy “ p´1q|x|x ‚ y

dpx⊲ yq ´ dx⊲ y ´ p´1q|x|x⊲ dy “ p´1q|x|`1x ‚ y

dpx ‚ yq ´ dx ‚ y ´ p´1q|x|`1x ‚ dy “ 0

❱❡❛♠♦s ❛❤♦r❛ q✉❡ t♦❞❛ K✲á❧❣❡❜r❛ ❡s ✉♥ á❧❣❡❜r❛ ❞❡ GV ✳ P❛r❛ ❡st♦ ❛❞❛♣t❛♠♦s
❧❛ ❞❡✜♥✐❝✐ó♥ ❞❛❞❛ ♣♦r ❬❘♦♥✵✵❪ ❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛s ✐♠á❣❡♥❡s ❞❡ ❧❛s
♦♣❡r❛❝✐♦♥❡s M1,n ❛ ♣❛rt✐r ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ⊲ ② ⊳✳ ❈♦♥ ❧♦ ✈✐st♦ ❡♥ ✶✳✽ ❡♥
♠❡♥t❡✱ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡s ❡s❝r✐❜✐r ❧❛ ❞❡✜♥✐❝✐ó♥ ♦r✐❣✐♥❛❧ ❡♥ ❧❡♥❣✉❛❥❡ ♦♣❡rá❞✐❝♦
② t♦♠❛r❧❛ ❝♦♠♦ ❞❡✜♥✐❝✐ó♥ ♣❛r❛ ❡❧ ❝❛s♦ ❣r❛❞✉❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✺✳ ❙❡ ❞❡✜♥❡ ❡❧ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ✭❜❛sá♥❞♦♥♦s ❡♥ ❬❘♦♥✵✵❪✮✳

GV Ñ K

M2 ÞÑ M2 :“ ‚

M1,n ÞÑ M1,n

❞♦♥❞❡

M1,n :“
nÿ

i“0

p´1qn´i
´

p2⊳ p3⊳ . . . pi ´ 1⊳ iqq
˘

looooooooooooooomooooooooooooooon
i´1 ❡♥tr❛❞❛s

⊲1
¯
⊳

`
ppi ` 1⊲ i ` 2q . . .⊲ nq ⊲ n ` 1

˘
looooooooooooooooooooomooooooooooooooooooooon

n´i`1 ❡♥tr❛❞❛s

✭❞♦♥❞❡ 1, ¨ ¨ ¨ , n ` 1 ✐♥❞✐❝❛♥ ❡❧ ❧✉❣❛r ❞❡ ✐♥s❡r❝✐ó♥ ❞❡ ❝❛❞❛ ❛r❣✉♠❡♥t♦✳✮

✻✶



❉❡ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡✱ ❧❧❛♠❛♥❞♦

♦ :“ p⊳ ˝1 ⊲qp12q “ p⊲ ˝2 ⊳qp12q

ωk⊲ :“
`
pp¨ ⊲ ¨q . . .⊲ ¨q ⊲ ¨

˘
“ ⊲ ˝1 ω

k´1
⊲ P Kpkq

ωk⊳ :“
`

¨ ⊳p¨ ⊳ . . . p¨ ⊳ ¨qq
˘

“ ⊳ ˝2 ω
k´1
⊳ P Kpkq

✭❝♦♥s✐❞❡r❛♥❞♦ ω2
⊳ “ ⊳; ω2

⊲ “ ⊲, ω1
⊲ “ id “ ω1

⊳✮✱ M1,n s❡ ❡s❝r✐❜❡ ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ❢♦r♠❛

M1,n “ p´1qn ⊳ ˝2ω
n
⊲ ` ⊲p12q ˝2 ω

n
⊳

`
n´1ÿ

i“1

p´1qn´ip ♦ ˝2 ω
i
⊳q ˝i`1 ω

n´i
⊲

❱❛❧❡ ♠❡♥❝✐♦♥❛r ✭❛✉♥q✉❡ ♥♦ ❧♦ ✉t✐❧✐③❛r❡♠♦s✮ q✉❡ s✐ ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ V ❡s ✉♥❛
K✲á❧❣❡❜r❛✱ ♣❛r❛ ❡❧❡♠❡♥t♦s x, y1, . . . , yn P V ✱ ❧❛ ❢ór♠✉❧❛ ❡s

M1,npx, y1, . . . , ynq “

“
nÿ

i“0

p´1qn´i`ε
´

py1⊳py2⊳. . . pyi´2⊳yi´1qq
˘
⊲x

¯
⊳

`
ppyi⊲yi ` 1q . . .⊲yn´1q⊲yn

˘

❞♦♥❞❡ ε “ |x|
` i´1ř
j“1

|yj|
˘
❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡ ✐♥t❡r❝❛♠❜✐❛r x, y1, . . . , yi´1✳

▲❛ ❡①♣r❡s✐ó♥ ♦r✐❣✐♥❛❧ ❞❡ ❬❘♦♥✵✵✱ ❇❘✶✵❪ s❡ r❡❝✉♣❡r❛ ❡♥ ❡❧ ❝❛s♦ ❞❡ V tr✐✈✐❛❧✲
♠❡♥t❡ ❣r❛❞✉❛❞♦✳

▲❡♠❛ ✷✳✶✻✳ ❊❧ ♠♦r✜s♠♦ ❡s ❞❡ ♦♣❡r❛❞s ❞✳❣✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ ❜✐❡♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❬❘♦♥✵✵✱ ❇❘✶✵❪ s♦♥ ♣❛r❛ ❡❧ ❝❛s♦ ♥♦
❣r❛❞✉❛❞♦✱ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ⊲ ② ⊳ s❡❛♥ ❞❡ ❣r❛❞♦ ✵ ✭② ést❛s s❡❛♥
❧❛s q✉❡ t✐❡♥❡♥ ♠❛②♦r ♣r♦t❛❣♦♥✐s♠♦ ❡♥ ❧❛s ✐❞❡♥t✐❞❛❞❡s ❛ ✈❡r✐✜❝❛r✮ ♣❡r♠✐t❡
r❡✉t✐❧✐③❛r ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ✐♥❝❧✉í❞❛s ❡♥ ❡st♦s ❛rtí❝✉❧♦s ♣❛r❛ ♣r♦❜❛r q✉❡
M1,n ❝✉♠♣❧❡♥ ❧❛ ✐❞❡♥t✐❞❛❞ ❜r❛❝❡ ✭✈❡r ❬❘♦♥✵✵✱ ✺❪✮ ② ❧❛ ❝♦♠♣❛t✐❜✐❧❞❛❞ ❡♥tr❡
ést❛s ② M2 ✭✈❡r ❬❇❘✶✵✱ ✷✳✷❪ ♣❛r❛ ❡❧ ❝❛s♦ q “ 0✮✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ só❧♦ q✉❡❞❛
✈❡r✐✜❝❛r q✉❡ ❡❧ ♠♦r✜s♠♦ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✳

✻✷



❈❛❧❝✉❧❡♠♦s ♣r✐♠❡r♦ ❧♦s ❜♦r❞❡s ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ♦ , ω⊳, ω⊲

✭✐✮ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡s ✐♥♠❡❞✐❛t♦ ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦ q✉❡

B ♦ “ M2 ˝1 ⊲
p12q ´ ⊳ ˝1 M

p12q
2 “ M2 ˝1 ⊲

p12q ´ pM2 ˝2 ⊳qp12q

✭✐✐✮ ❙❡ t✐❡♥❡ Bωk⊲ “ ´
řk´1

j“1 ω
k´1
⊲ ˝j M2✿

Bωk`1
⊲ “ Bp⊲ ˝1 ω

k
⊲q

“ pB⊲q ˝1 ω
k
⊲ ` ⊲ ˝1 Bωk⊲

“ ´M2 ˝1 ω
k
⊲ ´ ⊲ ˝1

k´1ÿ

j“1

ωk´1
⊲ ˝j M2

“ ´
`
ωk⊲ ˝k M2 `

k´1ÿ

j“1

ωk⊲ ˝j M2

˘

“ ´
kÿ

j“1

ωk⊲ ˝j M2

✭✐✐✐✮ ❙❡ t✐❡♥❡ Bωk⊳ “
řk´1

j“1 ω
k´1
⊳ ˝j M2✿

Bωk`1
⊳ “ Bp⊳ ˝2 ω

k
⊳q

“ pB⊳q ˝2 ω
k
⊳ ` ⊳ ˝2 Bωk⊳

“ M2 ˝2 ω
k
⊳ ` ⊳ ˝2

k´1ÿ

j“1

ωk´1
⊳ ˝j M2

“ ωk⊳ ˝1 M2 `
kÿ

j“2

ωk⊳ ˝j M2

“
kÿ

j“1

ωk⊳ ˝j M2

✭✐✈✮ ❆❤♦r❛✱ ❝❛❧❝✉❧❡♠♦s tér♠✐♥♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ BM1,n✿

M2 ˝1 ⊲
p12q ˝2 ω

i
⊳ ˝i`2 ω

n´i
⊲ “

`
pM2 ˝1 ⊲

p12qq ˝3 ω
n´i
⊲

˘
˝2 ω

i
⊳

“
`
pM2 ˝2 ω

n´i
⊲ q ˝1 ⊲

p12q
˘

˝2 ω
i
⊳

“
`
pM2 ˝2 p⊲ ˝1 ω

n´i´1
⊲ qq ˝1 ⊲

p12q
˘

˝2 ω
i
⊳

“
`
ppM2 ˝1 ⊳q ˝2 ω

n´i´1
⊲ q ˝1 ⊲

p12q
˘

˝2 ω
i
⊳

“
`
M2 ˝1 ♦ ˝3 ω

n´i´1
⊲

˘
˝2 ω

i
⊳

“ M2 ˝1 p ♦ ˝2 ω
i
⊳ ˝i`2 ω

n´i´1
⊲ q

✻✸



❞♦♥❞❡ s❡ ✉t✐❧✐③❛ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♦♣❡r❛❞ ② ❡❧ ❤❡❝❤♦
‚ ˝2 ⊲ “ ‚ ˝1 ⊳✳

✭✈✮ ❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ✭✉s❛♥❞♦ ❧❛ ♠✐s♠❛ ✐❞❡♥t✐❞❛❞✱ ♣❡r♦ ❛❧ r❡✈és✮ ❛❧ ✐t❡♠
❛♥t❡r✐♦r✱ t❡♥❡♠♦s

pM2 ˝2 ⊳qp12q ˝2 ω
i
⊳ ˝i`2 ω

n´i
⊲ “

`
pM2 ˝1 ω

i
⊳q ˝i`1 ⊳

˘σ
˝i`2 ω

n´i
⊲

“
`
ppM2 ˝1 ⊳q ˝3 ω

i´1
⊳ q ˝i`1 ⊳

˘σ
˝i`2 ω

n´i
⊲

“
`
ppM2 ˝2 ⊲q ˝3 ω

i´1
⊳ q ˝i`1 ⊳

˘σ
˝i`2 ω

n´i
⊲

“
`
M2 ˝2 p ♦ ˝2 ω

i´1
⊳ ˝i`1 ω

n´i
⊲ q

˘p12q

✭❞♦♥❞❡ σ “ p1, 2, 3, . . . , k, k ` 1, . . . , i, i ` 1q✳✮

✭✈✐✮ ❏✉♥t❛♥❞♦ ❧♦s ✐t❡♠s ❞♦s ❛♥t❡r✐♦r❡s ❝♦♥ ✭✐✮✱ ♦❜t❡♥❡♠♦s

n´1ÿ

i“1

p´1qn´iB ♦ ˝2 w
i
⊳ ˝i`2 w

n´i
⊲ “

n´1ÿ

i“1

p´1qn´i
`
M2 ˝1 ⊲

p12q ´ pM2 ˝2 ⊳qp12q
˘

˝2 w
i
⊳ ˝i`2 w

n´i
⊲

“
n´2ÿ

i“1

p´1qn´iM2 ˝1 p ♦ ˝2 w
i
⊳ ˝i`2 w

n´1´i
⊲ q

` M2 ˝1 p⊲p12q ˝2 w
n´1
⊳ q

´
n´1ÿ

i“2

p´1qn´i
`
M2 ˝2 p ♦ ˝2 w

i´1
⊳ ˝i`2 w

n´i
⊲ q

˘p12q

´ p´1qn´1pM2 ˝2 ⊳qp12q ˝3 w
n´1
⊲

“ ´M2 ˝1 M1,n´1 ´ p´1qn´1M2 ˝1 p ⊳ ˝2 ω
n´1
⊲ q

`
`
M2 ˝2 M1,n´1

˘p12q
´

`
M2 ˝2 p⊲p12q ˝2 ω

n´1
⊳ q

˘p12q

❆❤♦r❛✱ ❛ ♣❛rt✐r ❞❡
`
M2 ˝2 p⊲p12q ˝2 ω

n´1
⊳ q

˘p12q
“

`
M2 ˝2 ⊲

p12qq ˝3 ω
n´1
⊳ q

˘p12q

“
`
pM2 ˝1 ⊳qp13q ˝3 ω

n´1
⊳

˘p12q

“ M
p12q
2 ˝2 ω

n
⊳

M2 ˝1 p ⊳ ˝2 ω
n´1
⊲ q “ pM2 ˝1 ⊳q ˝3 ω

n´1
⊲ q

“ pM2 ˝2 ⊲q ˝3 ω
n´1
⊲ q

“ M2 ˝2 ω
n
⊲

✻✹



❝♦♥❝❧✉í♠♦s ✭✈♦❧✈✐❡♥❞♦ ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✮ q✉❡

n´1ÿ

i“1

p´1qn´iB ♦ ˝2 w
i
⊳ ˝i`2 w

n´i
⊲ ` M

p12q
2 ˝2 ω

n
⊳ ` p´1qnM2 ˝2 ω

n
⊲ “

“
`
M2 ˝2 M1,n´1

˘p12q
´ M2 ˝1 M1,n´1

✭✈✐✐✮ ❯t✐❧✐③❛♥❞♦ ❧♦s ✐t❡♠s ✭✐✐✮ ② ✭✐✐✐✮✱ ✈❡❛♠♦s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s tér♠✐♥♦s
❞❡ BM1,n ❞♦♥❞❡ ❛♣❛r❡❝❡♥ Bω⊳ ② Bω⊲✿

n´1ÿ

i“1

p´1qn´i

♦ ˝2

`
Bwi⊳ ˝i`2 w

n´i
⊲ ` wi⊳ ˝i`2 Bwn´i

⊲

˘
“

“
n´1ÿ

i“1

p´1qn´i
´

♦ ˝2

´ i´1ÿ

j“1

ωi´1
⊳ ˝j M2

¯
˝i`2 w

n´i
⊲

` ♦ ˝2 w
i
⊳ ˝i`2

´
´

n´i´1ÿ

j“1

ωn´i´1
⊲ ˝j M2

¯¯

“
n´1ÿ

i“1

iÿ

j“2

p´1qn´i´1
´

♦ ˝2 ω
i
⊳ ˝i`2 w

n´i´1
⊲

¯
˝j M2

´
n´1ÿ

i“1

n´i´1ÿ

j“i`1

p´1qn´i
´

♦ ˝2 ω
i
⊳ ˝i`2 ω

n´i´1
⊲

¯
˝j M2

“
nÿ

j“2

n´2ÿ

i“1

p´1qn´1´i
`

♦ ˝2 w
i
⊳ ˝i`2 ω

n´i´1
⊲

˘
˝j M2

“
nÿ

j“2

´
M1,n´1 ´ p´1qn´1 ⊳ ˝2ω

n´1
⊲ ´ ⊲p12q ˝2 ω

n´1
⊳

¯
˝j M2

“

˜
n´1ÿ

j“2

M1,n´1 ˝j M2

¸
´ p´1qn ⊳ ˝2Bω

n
⊲ ´ ⊲p12q ˝2 Bωn⊳

✻✺



❆❤♦r❛ ❝❛❧❝✉❧❛♠♦s BM1,n

BM1,n “ B

˜
p´1qn ⊳ ˝2ω

n
⊲ ` ⊲p12q ˝2 ω

n
⊳ `

n´1ÿ

i“1

p´1qn´i

♦ ˝2 ω
i
⊳ ˝i`2 ω

n´i
⊲

¸

“ p´1qnM2 ˝2 ω
n
⊲ ` p´1qn ⊳ ˝2Bω

n
⊲ ` M

p12q
2 ˝2 ω

n
⊳ ` ⊲p12q ˝2 Bωn⊳

`
n´1ÿ

i“1

p´1qn´i
´

B ♦ ˝2 w
i
⊳ ˝i`2 w

n´i
⊲ ` ♦ ˝2 Bwi⊳ ˝i`2 w

n´i
⊲ ` ♦ ˝2 w

i
⊳ ˝i`2 Bwn´i

⊲

¯

“ pM2 ˝2 M1,n´1qp12q ´ M2 ˝1 M1,n´1 `
n´1ÿ

j“2

M1,n´1 ˝j M2

◗✉❡ ❡s ❧♦ q✉❡ q✉❡rí❛♠♦s ✈❡r ✭❛ ♠❡♥♦s ❞❡ ✉♥ s✐❣♥♦ ❣❧♦❜❛❧ q✉❡ s❡ r❡s✉❡❧✈❡ ❛❧
❝♦♥s✐❞❡r❛r B⊳ “ ‚ “ ´B⊲✮✳

❯♥ ❡❥❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ s♦❜r❡ K

❊♥ ❡st❡ ❛♣❛rt❛❞♦✱ ♣r❡s❡♥t❛♠♦s ✉♥ ❡❥❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ s♦❜r❡ K✳ ❊❧ ♠✐s♠♦
❝♦♥s✐st❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣❛rt✐❝✐♦♥❡s ✭♦r❞❡♥❛❞❛s✮ ❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦s ✭♦r❞❡✲
♥❛❞♦s✮✳ ❙❡ tr❛t❛ ❞❡ ❧❛ ✈❡rs✐ó♥ ❞✳❣✳ ❞❡❧ ❡❥❡♠♣❧♦ ❬❇❘✶✵✱ ✶✳✷ ❜✮❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱
✐♥tr♦❞✉❝✐♠♦s ❡❧ ❡s♣❛❝✐♦ ❞✳❣✳ Π✱ s✐❣✉✐❡♥❞♦ ❬❈❤❛✵✷✱ ✶✳✶❪✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✼✳ ❙❡❛ ti1 ă ¨ ¨ ¨ ă ipu Ă N ✭✉♥ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ✜♥✐t♦✮✱ ❛❧
q✉❡ ❧❡ ❛s✐❣♥❛♠♦s ❡❧ sí♠❜♦❧♦ π :“ i1 ^ ¨ ¨ ¨ ^ ip✳ ▲❧❛♠❡♠♦s |π| “ 7π´1 “ p´1✳
◆♦t❛r q✉❡ |π| ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ sí♠❜♦❧♦s ^ ❡♥ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ π✳
P❛r❛ n P N✱ ❝♦♥s✐❞❡r❡♠♦s Πpnq ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣❡♥❡r❛❞♦ ♣♦r ❧❛s ♣❛rt✐✲
❝✐♦♥❡s ♦r❞❡♥❛❞❛s ❞❡ t1, . . . , nu✳ ❊st♦ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ❧❛s ❡①♣r❡s✐♦♥❡s

π “ π1 b . . . b πr

❞♦♥❞❡ ❝❛❞❛ i P t1, . . . , nu ❛♣❛r❡❝❡ ❡♥ só❧♦ ✉♥♦ ❞❡ ❧♦s πj✳ P♦r ❡❥❡♠♣❧♦✿

P❛r❛ n “ 1 só❧♦ s❡ t✐❡♥❡ π “ 1

P❛r❛ n “ 2✱ ❧❛s ♣♦s✐❜❧❡s ♣❛rt✐❝✐♦♥❡s s♦♥

1 ^ 2, 1 b 2, 2 b 1

P❛r❛ n “ 3 ❛❧❣✉♥❛s ♣♦s✐❜✐❧✐❞❛❞❡s s♦♥

3 b 1 ^ 2, 1 b 3 b 2, 2 ^ 3 b 1, 1 ^ 2 ^ 3
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Π s❡rá ❡❧ ❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ♣♦r t♦❞❛s ❧❛s ♣❛rt✐❝✐♦♥❡s ♦r❞❡♥❛❞❛s✱ ❡st♦ ❡s

Π :“
à
nPN

Πpnq “ xπ : π ♣❛rt✐❝✐ó♥ ♦r❞❡♥❛❞❛y

❊❧ ❣r❛❞♦ ❞❡ ❝❛❞❛ ♣❛rt✐❝✐ó♥ s❡rá

|π| :“
rÿ

i“1

|πi|

q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ sí♠❜♦❧♦s ^ ❡♥ ❧❛ ❡①♣r❡s✐ó♥✳

❆ ♣❛rt✐r ❞❡ ❞♦s s✉❜❝♦♥❥✉♥t♦s π1 “ i1 ^ ¨ ¨ ¨ ^ ip, π
2 “ i11 ^ ¨ ¨ ¨ ^ i1q s❡ ♣✉❡❞❡

❝♦♥s✐❞❡r❛r ❡❧ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❛❞♦ ♣♦r ❧❛ ✉♥✐ó♥ ❞❡ ❛♠❜♦s✳ ❙❡ q✉✐❡r❡
q✉❡ ❡st❛ ♦♣❡r❛❝✐ó♥ r❡❝✉❡r❞❡ ❡❧ tr❛❜❛❥♦ ❤❡❝❤♦ ❛❧ r❡♦r❞❡♥❛r✱ ❛sí✱ s❡ ❞❡✜♥❡

π1 ^ π2 :“ i1 ^ ¨ ¨ ¨ ^ ip ^ i11 ^ ¨ ¨ ¨ ^ i1q

P♦r ❡❥❡♠♣❧♦✱ s✐ π1 “ 1 ^ 3 ^ 7 ② π2 “ 2 ^ 5✱ r❡s✉❧t❛♥

π1 ^ π2 “ 1 ^ 3 ^ 7 ^ 2 ^ 5 “ ´1 ^ 2 ^ 3 ^ 5 ^ 7

π2 ^ π1 “ 2 ^ 5 ^ 1 ^ 3 ^ 7 “ ´1 ^ 2 ^ 3 ^ 5 ^ 7

◆♦t❛r q✉❡ s❡ t✐❡♥❡ ❡♥ ❣❡♥❡r❛❧

π1 ^ π2 “ p´1qp|π1|`1qp|π2|`1qπ2 ^ π1

P❛r❛ ❝♦♥❝❧✉✐r ❧❛ ❞❡✜♥✐❝✐ó♥✱ s❡ ❞❛ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ Π ❛ ♣❛rt✐r ❞❡ s✉ ✈❛❧♦r ❡♥
❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✳ ❙✐ π “ π1 b ¨ ¨ ¨ b πr✱ s❡ ❞❡✜♥❡

dpπq “
r´1ÿ

j“1

p´1q|π1|`¨¨¨`|πj |π1 b ¨ ¨ ¨ b pπj ^ πj`1q b ¨ ¨ ¨ b πr

◆♦t❛r q✉❡ d ❡s ❞❡ ❣r❛❞♦ `1✱ ②❛ q✉❡ s❡ ❛❣r❡❣❛ ✉♥ ^ ❡♥ ❝❛❞❛ tér♠✐♥♦✳

❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s π “ 1 ^ 3 b 4 b 2 ^ 5 ② ❝❛❧❝✉❧❡♠♦s

dπ “ ´1 ^ 3 ^ 4 b 2 ^ 5 ´ 1 ^ 3 b 4 ^ 2 ^ 5

“ ´1 ^ 3 ^ 4 b 2 ^ 5 ` 1 ^ 3 b 2 ^ 4 ^ 5

◆♦s s❡rá ✉t✐❧ t❡♥❡r✱ ❞❛❞❛s ❞♦s ♣❛rt✐❝✐♦♥❡s π1 P Πpnq, π2 P Πpmq✱ ❧❛ ♣❛rt✐❝✐ó♥
q✉❡ ést❛s ❞❡✜♥❡♥ ❡♥ Πpn ` mq ❛❧ ❝♦♥s✐❞❡r❛r ❧♦s s✉❜❝♦♥❥✉♥t♦s ♦r✐❣✐♥❛❧❡s ❞❡
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π1 ② ❧♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ π2 ❞❡s❢❛s❛❞♦s ❡♥ n✳ ❙❡❛♥ π1 “ π1
1 b ¨ ¨ ¨ b π1

r ②
π2 “ π2

1 b ¨ ¨ ¨ bπ2
s ✳ ❙✐ π

2
j “ i1 ^ ¨ ¨ ¨ ^ ip✱ ❧❧❛♠❛r❡♠♦s π̂2 :“ i1 `n^ ¨ ¨ ¨ ^ ip`n✳

❙❡ ❞❡✜♥❡ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛

π1 b π̂
2

“ π1
1 b ¨ ¨ ¨ b π1

r b π̂2
1 b . . . b π̂2

r`s

❆sí✱ ♣♦r ❡❥❡♠♣❧♦ s✐ π1 “ 1 ^ 3 b 4 b 2 ^ 5 ② π2 “ 2 ^ 3 b 1 ^ 4✱ r❡s✉❧t❛

π1 ^ π̂
2

“ 1 ^ 3 b 4 b 2 ^ 5 b 7 ^ 8 b 6 ^ 9

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✐♥tr♦❞✉❝✐♠♦s ❡❧ ❝♦♥❝❡♣t♦ ❞❡ s❤✉✤❡✳ ❯♥ s❤✉✤❡ ❡s ✉♥ t✐♣♦ ❞❡
♣❡r♠✉t❛❝✐ó♥ ♠❡③❝❧❛ ♠❛♥t❡♥✐❡♥❞♦ ❡❧ ♦r❞❡♥ ❞❡♥tr♦ ❞❡ ❞✐st✐♥t♦s ❜❧♦q✉❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✽✳ ❙❡❛♥ k1, . . . , kp P N, n “
ř
ki✳ ❯♥ k1, . . . , kp✲s❤✉✤❡ ❡s ✉♥❛

♣❡r♠✉t❛❝✐ó♥ σ P Sn t❛❧ q✉❡

σp1q ă . . . ă σpk1q

σpk1 ` 1q ă . . . ă σpk1 ` k2q
✳✳✳

σpk1 ` ¨ ¨ ¨ ` kp´1 ` 1q ă . . . ă σpnq

▲❧❛♠❛r❡♠♦s Shpk1, . . . , kpq ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s k1, . . . , kp✲s❤✉✤❡s✳ ❆sí✱ ♣♦r
❡❥❡♠♣❧♦✱

1

��

2

''

3

''

4

uu

5

ww
1 2 3 4 5

❡s ✉♥ 3, 2✲s❤✉✤❡✳

❚❛♠❜✐é♥ ✉t✐❧✐③❛r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s s✉❜❝♦♥❥✉♥t♦s ❞❡ r, s✲s❤✉✤❡s✿

Sh⊲pr, sq “ tσ P Sh : σpr ` sq “ r ` su

Sh⊳pr, sq “ tσ P Sh : σprq “ r ` su

Sh‚pr, sq “ tσ P Sh : σprq “ r ` s ´ 1, σpr ` sq “ r ` su

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✾✳ ❊s ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ q✉❡ ♣❛r❛ t♦❞♦ τ P Shpr, s, tq✱
s❡ t✐❡♥❡♥ ú♥✐❝♦s σ P Shpr, sq✱ ω P Shpr ` s, tq✱ γ P Shpr, s ` tq ② δ P Shps, tq
t❛❧❡s q✉❡

τ “ σω “ δγ

✭❞♦♥❞❡ σ ② δ s❡ ♣✐❡♥s❛♥ ❝♦♠♦ ❧❛ ✐❞❡♥t✐❞❛❞ s♦❜r❡ ❧♦s ❡❧❡♠❡♥t♦s ❡♥ ❧♦s q✉❡ ♥♦
❡stá♥ ❞❡✜♥✐❞❛s✮✳ ❊st♦ ❞❛ ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡♥tr❡ ❧♦s ♣❛r❡s pσ, ωq ② pγ, δq✳
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Pr♦♣♦s✐❝✐ó♥ ✷✳✷✵✳ ❙❡ t✐❡♥❡ ❡♥ Π ✉♥❛ ❡str✉❝t✉r❛ ❞❡ K á❧❣❡❜r❛ ❞❛❞❛ ♣♦r
✭❧❧❛♠❛♠♦s π “ π1 b π̂

2
✮

π1 ⊲ π2 “
ÿ

σPSh⊲pr,sq

p´1qǫσπσ´1p1q b . . . b πσ´1pr`sq

π1 ⊳ π2 “
ÿ

σPSh⊳pr,sq

p´1qǫσπσ´1p1q b . . . b πσ´1pr`sq

π1 ‚ π2 “
ÿ

σPSh‚pr,sq

p´1qν`ǫσπσ´1p1q b . . . b πr“σ´1pr`s´1q ^ πr`s“σ´1pr`sq

❊♥ ❧❛ ❢ór♠✉❧❛✱ ǫσ ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡ ✐♥t❡r❝❛♠❜✐❛r ❧♦s πi s❡❣ú♥ σ ②
ν :“ |π2

1| ` ¨ ¨ ¨ ` |π2
s´1| ` 1 “ |π2| ´ |π2

s | ` 1✳

❆♥t❡s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ✐❧✉str❡♠♦s ❝♦♥ ✉♥♦s ❡❥❡♠♣❧♦s ❧❛s ♦♣❡r❛❝✐♦♥❡s r❡❝✐é♥
❞❡✜♥✐❞❛s✳ ❙❡❛ π1 “ 1 ^ 3 b 2 ② π2 “ 2 b 1✱ ❧✉❡❣♦ π “ 1 ^ 3 b 2 b 5 b 4 ② s❡
t✐❡♥❡ ❡♥t♦♥❝❡s

π ⊲ π1 “ 1 ^ 3 b 2 b 5 b 4 ` 1 ^ 3 b 5 b 2 b 4 ` 5 b 1 ^ 3 b 2 b 4

π ⊳ π1 “ 1 ^ 3 b 5 b 4 b 2 ` 5 b 1 ^ 3 b 4 b 2 ` 5 b 4 b 1 ^ 3 b 2

π ‚ π1 “ ´1 ^ 3 b 5 b 2 ^ 4 ´ 5 b 1 ^ 3 b 2 ^ 4

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s ♣r✐♠❡r♦ q✉❡ d⊲ “ ´‚✳ P❛r❛ ❡st♦✱ ❝❛❧❝✉❧❛♠♦s

dpπ1⊲π2q “
r`s´1ÿ

i“1

ÿ

σPSh⊲pr,sq

p´1qαi,σπσ´1p1qb. . .bπσ´1piq^πσ´1pi`1qb. . .bπσ´1pr`sq

❞♦♥❞❡ αi,σ “ ǫσ ` |πσ´1p1q| ` ¨ ¨ ¨ ` |πσ´1piq|✳ ❆❤♦r❛ ❜✐❡♥✱ s✐ σ´1piq ď r ②
r ă σ´1pi ` 1q ă r ` s ✭❡s ❞❡❝✐r✱ ✉♥ í♥❞✐❝❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ s✉❜❝♦♥❥✉♥t♦
❞❡ π1 ② ❡❧ ♦tr♦ ❛ π2✮ ❡♥ ❧❛ s✉♠❛ s❡ t✐❡♥❡ ✉♥ tér♠✐♥♦ ❤❡r♠❛♥♦ ❞❛❞♦ ♣♦r
σ1 “ σpi, i ` 1q✳ ◆♦t❛r q✉❡ ést♦s tér♠✐♥♦s s❡ ❝❛♥❝❡❧❛♥ ②❛ q✉❡

αi,σ ´ αi,σ1 “ ǫσ ´ ǫσ1 ` |πσ´1piq| ´ |πσ´1pi`1q|

” |πσ´1piq||πσ´1pi`1q| ` |πσ´1piq| ´ |πσ´1pi`1q| pmód 2q

” p|πσ´1piq| ` 1qp|πσ´1pi`1q| ` 1q ` 1 pmód 2q

♣❡r♦ ❡♥ ✉♥ tér♠✐♥♦ s❡ ❡♥❝✉❡♥tr❛ ❡❧ ❢❛❝t♦r πσ´1piq ^ πσ´1pi`1q ② ❡♥ ❡❧ ♦tr♦
πσ´1pi`1q ^ πσ´1piq ❝♦♠♣❡♥s❛♥❞♦ ❡❧ s✐❣♥♦ ✭✈❡r ✷✳✶✼✮✳
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❙❡ t✐❡♥❡ ❡♥t♦♥❝❡s✱ ❛❧ ❞❡s❝❛rt❛r ❞❡ ❧❛ s✉♠❛ ❧♦s tér♠✐♥♦s q✉❡ s❡ ❝❛♥❝❡❧❛♥✱

dpπ1 ⊲ π2q “
ÿ

σPSh⊲pr,sq
1ďiăr`s

σ´1piq,σ´1piqăr

p´1qαi,σπσ´1p1q b . . . b πσ´1piq ^ πσ´1pi`1q b . . . b πr`s

`
ÿ

σPSh⊲pr,sq
1ďiăr`s

σ´1piq,σ´1piqąr

p´1qαi,σπσ´1p1q b . . . b πσ´1piq ^ πσ´1pi`1q b . . . b πr`s

`
ÿ

σPSh‚pr,sq

p´1qαr,σπσ´1p1q b . . . b πr ^ πr`s

“ dπ1 ⊲ π2 ` p´1q|π1|π1 ⊲ dπ2 ´ p´1q|π1|π1 ‚ π2

❉❡ ♠❛♥❡r❛ s✐♠✐❧❛r ♣✉❡❞❡ ✈❡rs❡ q✉❡ s❡ ❝✉♠♣❧❡ d⊳ “ ‚✳

❱❡❛♠♦s ❛❤♦r❛ q✉❡ s❡ s❛t✐s❢❛❝❡♥ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡ ✐♥✈♦❧✉❝r❛♥ ⊲ ② ⊳✳ P❛r❛
❤❛❝❡r ♠ás s❡♥❝✐❧❧❛ ❧❛ ❧❡❝t✉r❛✱ ❧❧❛♠❡♠♦s✱ ❝♦♠♦ ❛♥t❡s✱ π “ π1 b π2 b π3✳
❈♦♠❡♥❝❡♠♦s ♣♦r ❡❧ ❝❛s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

pπ1 ⊲ π2q ⊳ π3 “ π1 ⊲ pπ2 ⊳ π3q

❊❧ ♠✐❡♠❜r♦ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ ❡s
ÿ

σPSh⊲pr,sq
ωPSh⊳pr`s,tq

p´1qǫσ`ǫωπσ´1ω´1p1q b . . . b πσ´1ω´1pr`s`tq

✭♥♦t❛r q✉❡ ❞❡ ❧❛ ❡①t❡♥s✐ó♥ ❞❡ σ ❝♦♠♦ ❧❛ ✐❞❡♥t✐❞❛❞ ♥♦ ✐♥tr♦❞✉❝❡ ❛♠❜✐❣ü❡❞❛❞
❡♥ ❧♦s s✐❣♥♦s q✉❡ ést❛ ❞❡t❡r♠✐♥❛✮✳ ❆❤♦r❛✱ ❡❧ s❡❣✉♥❞♦ ♠✐❡♠❜r♦ ❡s

ÿ

δPSh⊲ps,tq
γPSh⊳pr,s`tq

p´1qǫδ`ǫγπδ´1γ´1p1q b . . . b πδ´1γ´1pr`s`tq

❆♠❜♦s ♠✐❡♠❜r♦s ♣✉❡❞❡♥ ❡s❝r✐❜✐rs❡ ❝♦♠♦ ✉♥❛ s✉♠❛ s♦❜r❡ ❝✐❡rt♦s τ P Shps, r, tq✳
▲❛s τ s♦♥ ❧❛s ♠✐s♠❛s ❡♥ ❛♠❜♦s ♠✐❡♠❜r♦s ②❛ q✉❡✱ ❜❛❥♦ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛
❞❛❞❛ ♣♦r ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✶✾✱ s❡ t✐❡♥❡

σ P Sh⊲pr, sq ② ω P Sh⊳pr ` s, tq ðñ δ P Sh⊳ps, tq ② γ P Sh⊲pr, s ` tq

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❧❛ ❡❝✉❛❝✐ó♥ s❡ s❛t✐s❢❛❝❡ s✐ ǫσ ` ǫω ” ǫδ ` ǫγ pmód 2q✳ P❡r♦
❡st♦ ❡s ✐♥♠❡❞✐❛t♦ ②❛ q✉❡ ❛♠❜♦s ❝♦✐♥❝✐❞❡♥ ❝♦♥ ❡❧ s✐❣♥♦ ❛♥á❧♦❣❛♠❡♥t❡ ❞❡✜♥✐❞♦
♣❛r❛ τ ✱ ❡s ❞❡❝✐r✱ ǫτ “ |τ | ` κτ ✳

✼✵



❱❡❛♠♦s ❛❤♦r❛ ❧❛ ❡❝✉❛❝✐ó♥

pπ1 ⊳ π2q ⊳ π3 “ π1 ⊳ pπ2 ⊳ ` ⊲ π3q

❆ ❧❛ ✐③q✉✐❡r❞❛ s❡ t✐❡♥❡
ÿ

σPSh⊳pr,sq
ωPSh⊳pr`s,tq

p´1qǫσ`ǫωπσ´1ω´1p1q b . . . b πσ´1ω´1pr`s`tq

② ❛ ❧❛ ❞❡r❡❝❤❛
ÿ

δPSh⊳ps,tq
γPSh⊳pr,s`tq

p´1qǫδ`ǫγπδ´1γ´1p1q b . . . b πδ´1γ´1pr`s`tq

`
ÿ

δPSh⊲ps,tq
γPSh⊳pr,s`tq

p´1qǫδ`ǫγπδ´1γ´1p1q b . . . b πδ´1γ´1pr`s`tq

“
ÿ

δPShps,tq
γPSh⊳pr,s`tq

p´1qǫδ`ǫγπδ´1γ´1p1q b . . . b πδ´1γ´1pr`s`tq

②❛ q✉❡ Sh⊳ps, tq Y Sh⊲ps, tq “ Shps, tq✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ❡❝✉❛❝✐ó♥ s❡ s✐❣✉❡ ❛❧
♣❡r❝❛t❛r♥♦s ❞❡ q✉❡ ❡♥ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ♠❡♥❝✐♦♥❛❞❛ ❛♥t❡s ✭✈❡r ✷✳✶✾✮ ✈❛❧❡

σ P Sh⊳pr, sq ② ω P Sh⊳pr ` s, tq ðñ δ P Shps, tq ② γ P Sh⊳pr, s ` tq

❊❧ ❝❛s♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥

pπ1 ⊳ ` ⊳ π2q ⊲ π3 “ π1 ⊲ pπ2 ⊲ π3q

❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛❧ ❛♥t❡r✐♦r✱ ❛ ♣❛rt✐r ❞❡ q✉❡ s❡ t✐❡♥❡

σ P Shpr, sq ② ω P Sh⊲pr ` s, tq ðñ δ P Sh⊲ps, tq ② γ P Sh⊲pr, s ` tq

❊♥ r❡s✉♠❡♥✱ t❡♥❡♠♦s d⊳ “ ‚ “ ´d⊲✱ s❛❜❡♠♦s q✉❡ s❡ s❛t✐s❢❛❝❡♥ ❧❛s tr❡s
❡❝✉❛❝✐♦♥❡s

⊳ ˝1 ⊲ ´ ⊲ ˝2 ⊳ “ 0

⊳ ˝1 ⊳ ´ ⊳ ˝2 ⊳ ´ ⊳ ˝2 ⊲ “ 0

⊲ ˝2 ⊲ ´ ⊲ ˝1 ⊲ ´ ⊲ ˝1 ⊳ “ 0

✼✶



② q✉❡r❡♠♦s ✈❡r ❧❛s s✐❣✉✐❡♥t❡s

‚ ˝1 ⊲ ´ ⊲ ˝2 ‚loooooooomoooooooon
A

“ 0

‚ ˝1 ⊳ ´ ‚ ˝2 ⊲loooooooomoooooooon
B

“ 0

⊳ ˝1 ‚ ´ ‚ ˝2 ⊳loooooooomoooooooon
C

“ 0

‚ ˝1 ‚ ` ‚ ˝2 ‚looooooomooooooon
D

“ 0

❆❤♦r❛ ❜✐❡♥✱ ❛❧ ❛♣❧✐❝❛r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ♣r✐♠❡r
❣r✉♣♦ ✭❛ ♣❛rt✐r ❞❡ ‚ :“ d⊳ “ ´d⊲✮ ♦❜t❡♥❡♠♦s

A ´ C “ 0

B ` C “ 0

A ` B “ 0

P♦r ❧♦ t❛♥t♦✱ só❧♦ ❤❛❝❡ ❢❛❧t❛ ✈❡r✐✜❝❛r ✉♥❛ ❞❡ ❡❧❧❛s✳ P♦r ❡❥❡♠♣❧♦✱ A✿

pπ1 ⊲ π2q ‚ π3 “ π1 ⊲ pπ2 ‚ π3q

❊♥ ❡❧ ♣r✐♠❡r tér♠✐♥♦ t❡♥❡♠♦s
ÿ

σPSh⊲pr,sq
ωPSh‚pr`s,tq

p´1qǫσ`ǫω`νπσ´1ω´1p1q b . . . b πr`s ^ πr`s`t

P♦r ♦tr❛ ♣❛rt❡✱ s❡ t✐❡♥❡ ❞❡ ❧❛ ❞❡r❡❝❤❛
ÿ

δPSh‚ps,tq
γPSh⊲pr,s`tq

p´1qǫδ`ǫγ`νπδ´1γ´1p1q b . . . b πr`s ^ πr`s`t

❖❜s❡r✈❡♠♦s q✉❡ ❡♥ ❛♠❜♦s tér♠✐♥♦s ν “ |π3| ´ |π3
t | ` 1✳ ❈♦♠♦ ❡♥ ❧♦s ❝❛s♦s

❛♥t❡r✐♦r❡s✱ s❡ s✐❣✉❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛❧ ✈❡r q✉❡ ❡♥ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❞❡ ✷✳✶✾ s❡ t✐❡♥❡

σ P Sh⊲pr, sq ② ω P Sh‚pr ` s, tq ðñ δ P Sh‚ps, tq ② γ P Sh⊲pr, s ` tq

P♦r ú❧t✐♠♦✱ ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ r❡st❛ ✈❡r✐✜❝❛r ❡s D “ 0✱ ♣❡r♦ D “ dA ② ♣♦r ❧♦
t❛♥t♦ s❡ ✈❡r✐✜❝❛✳

✼✷



❚r❛❞✉❝❝✐ó♥ ❛ Cacti

P❛r❛ t❡r♠✐♥❛r ❧❛ s❡❝❝✐ó♥✱ ❞❡✜♥✐♠♦s ❡❧ ♦♣❡r❛❞s tD ② tr❛❞✉❝✐♠♦s ❡❧ r❡s✉❧t❛❞♦
♦❜t❡♥✐❞♦ ❛ Cacti✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✶✳ ❊❧ ♦♣❡r❛❞ ✭❞✳❣✳✮ tD ❡stá ❣❡♥❡r❛❞♦ ♣♦r tr❡s ♦♣❡r❛❝✐♦♥❡s
❜✐♥❛r✐❛s ⊲,⊳ ② ‚ ❝♦♥ | ⊲ | “ | ⊳ | “ 1, | ‚ | “ 0✱ s✉❥❡t♦s ❛ ❧❛s s✐❣✉✐❡♥t❡s
r❡❧❛❝✐♦♥❡s✿

⊳ ˝1 ⊲ “ ´ ⊲ ˝2 ⊳

⊳ ˝1 ⊳ “ ´ ⊳ ˝2 ⊳ ´ ⊳ ˝2 ⊲

⊲ ˝2 ⊲ “ ´ ⊲ ˝1 ⊲ ´ ⊲ ˝1 ⊳

‚ ˝1 ⊲ “ ⊲ ˝2 ‚

⊳ ˝1 ‚ “ ‚ ˝2 ⊳

‚ ˝1 ⊳ “ ´ ‚ ˝2 ⊲

‚ ˝1 ‚ “ ‚ ˝2 ‚

❈♦♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡✜♥✐❞♦ ♣♦r B⊲ “ ‚ “ ´B⊳ ②✱ ❧✉❡❣♦✱ B‚ “ 0✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ s♦❜r❡ tD ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ V
❝♦♥s✐st❡ ❡♥ ❞❡t❡r♠✐♥❛r ❧❛ ❛❝❝✐ó♥ ❞❡ ❧❛s ♦♣❡r❛❝✐♦♥❡s ❜✐♥❛r✐❛s ⊲✱ ⊳ ② ‚ ❞❡
♠❛♥❡r❛ q✉❡ s❡ s❛t✐s❢❛❣❛♥ ♣❛r❛ t♦❞♦ x, y, z P V

px⊲ yq ⊳ z “ x⊲ py ⊳ zq

px⊳ yq ⊳ z “ x⊳ py ⊳ ` ⊲ zq

x⊲ py ⊲ zq “ px⊳ ` ⊲ yq ⊲ z

px ‚ yq ⊳ z “ x ‚ py ⊳ zq

px⊲ yq ‚ z “ x⊲ py ‚ zq

px⊳ yq ‚ z “ p´1q|y|`1x ‚ py ⊲ zq

px ‚ yq ‚ z “ x ‚ py ‚ zq

❉♦♥❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡s

p´1q|x|dpx⊳ yq ´ p´1q|x|dx⊳ y ` x⊳ dy “ ´x ‚ y

dpx⊲ yq ´ p´1q|x|dx⊲ y ` x⊲ dy “ x ‚ y

dpx ‚ yq ´ dx ‚ y ´ p´1q|x|x ‚ dy “ 0

✼✸



❖❜s❡r✈❛❝✐ó♥ ✷✳✷✷✳ ❆ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ② ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ K

✭✈❡r ✷✳✶✹ s❡ ❞❡❞✉❝❡ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❞❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ K✲á❧❣❡❜r❛ ❡♥
✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ V ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ tD✲á❧❣❡❜r❛ ❡♥ ΣV ✳ ❊♥ ✈✐st❛s ❞❡ ❧❛
♦❜s❡r✈❛❝✐ó♥ ✶✳✶✶ s❡ t✐❡♥❡ ΣK “ tD✳

❊❧ t❡♦r❡♠❛ ✷✳✶✸✱ ❡s ❞❡❝✐r✱ q✉❡ t♦❞❛ á❧❣❡❜r❛ s♦❜r❡ tD ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s✱
s❡ ♦❜t✐❡♥❡ ❛❧ s✉s♣❡♥❞❡r ❡❧ ♠♦r✜s♠♦ ✷✳✶✺✳

✷✳✻✳ ➪❧❣❡❜r❛s ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛s

❊♥ ❡st❡ ❛♣❛rt❛❞♦ r❡❝♦r❞❛♠♦s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ á❧❣❡❜r❛s ❜r❛❝❡s ❬▲▼✵✺✱ ❞❡❢✳✶❪
② á❧❣❡❜r❛s ❞❡ ❜r❛❝❡s s✐♠étr✐❝❛s ❬▲▼✵✺✱ ❞❡❢✳✷❪✳ ❆ ♣❛rt✐r ❞❡ ❡st♦✱ ② ❣r❛❝✐❛s ❛
❝♦♠❡♥t❛r✐♦s ❞❡ ▼✳ ❘♦♥❝♦✱ ♣r♦♣♦♥❡♠♦s ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s
s✐♠étr✐❝❛✿ á❧❣❡❜r❛s s♦❜r❡ ❡❧ ♦♣❡r❛❞ SymCacti ✷✳✷✼✳

❈♦♠❡♥❝❡♠♦s ❡st❛❜❧❡❝✐❡♥❞♦ ❧♦ ❝♦♥♦❝✐❞♦ ❛❝❡r❝❛ ❞❡ á❧❣❡❜r❛s ❞❡ ❜r❛❝❡s ② á❧❣❡✲
❜r❛s ❞❡ ❜r❛❝❡s s✐♠étr✐❝❛s ❊♥ ❝✉❛♥t♦ ❛ ❧❛s ♣r✐♠❡r❛s✱ ést❛s ❝♦♥s✐st❡♥ ❡♥ ❧❛s
á❧❣❡❜r❛s ❛①✐♦♠❛t✐③❛❞❛s ♣♦r ❡❧ s✉❜♦♣❡r❛❞ ✭♥♦ ❞✳❣✳✮ ❞❡ GV ❣❡♥❡r❛❞♦ ♣♦r ❧❛s
♦♣❡r❛❝✐♦♥❡s M1,n ✭✈❡r ✷✳✶✶✱ ❡st♦ ❡s

xM1,n : n P Ny♦♣❡r❛❞ Ă GV

▲❛s á❧❣❡❜r❛s ♣r❡▲✐❡✱ ♣♦r ♦tr❛ ♣❛rt❡✱ ❝♦rr❡s♣♦♥❞❡♥ ❛❧ s✉❜♦♣❡r❛❞ ✭♥♦ ❞✳❣✳✮
❣❡♥❡r❛❞♦ ♣♦r ❧❛ ♦♣❡r❛❝✐ó♥ M1,1 P GVp2q✳ ❆ ♣❛rt✐r ❞❡❧ ❤❡❝❤♦ ΣGV “ Cacti✱
❝♦♥s✐❞❡r❛r❡♠♦s ❧♦s ♦♣❡r❛❞s B ② P ❞❡✜♥✐❞♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✭q✉❡ r❡s✉❧t❛♥ ❧❛s
s✉s♣❡♥s✐♦♥❡s ❞❡ ❧♦s r❡❝✐é♥ ♠❡♥❝✐♦♥❛❞♦s✮✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✸✳ ❊❧ ♦♣❡r❛❞ ✭♥♦ ❞✳❣✳✮ B s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ s✉❜♦♣❡r❛❞ ❞❡ Cacti
❣❡♥❡r❛❞♦ ❡♥ ❝❛❞❛ ❛r✐❞❛❞ ✭❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✮ ♣♦r ❧♦s ❝❛❝t✉s ❞❡ ❞✐♠❡♥s✐ó♥
♠á①✐♠❛✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡s ❡❧ s✉❜♦♣❡r❛❞ ✭♥♦ ❞✳❣✳✮ ❣❡♥❡r❛❞♦ ✭❝♦♠♦ ♦♣❡r❛❞
♥♦ ❞✳❣✳✮ ♣♦r

B “

C#

1

2..
.

n

3

: n ą 1

+G

♦♣❡r❛❞

Ă Cacti

❈♦♥s✐❞❡r❛r❡♠♦s t❛♠❜✐é♥ ❡❧ s✉❜♦♣❡r❛❞ ❞❡ Cacti ❣❡♥❡r❛❞♦ ♣♦r ❡❧ ❝❛❝t✉s 1

2

✿

P “

B
1

2

F

♦♣❡r❛❞

Ă B

❯♥ á❧❣❡❜r❛ s♦❜r❡ P ❡s ✉♥ á❧❣❡❜r❛ ♣r❡▲✐❡ ✭❞♦♥❞❡ ❡❧ ♣r♦❞✉❝t♦ ❡s ❞❡ ❣r❛❞♦ ✶✮✳

✼✹



❖❜s❡r✈❛❝✐ó♥ ✷✳✷✹✳ B ② P s♦♥ ❧❛s s✉s♣❡♥s✐♦♥❡s ❞❡ ❧♦s s✉❜♦♣❡r❛❞s ❞❡ GV

❣❡♥❡r❛❞♦s ♣♦r ❧❛s ♦♣❡r❛❝✐♦♥❡s ❜r❛❝❡ ② ❧❛ ♦♣❡r❛❝✐ó♥ ♣r❡▲✐❡ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

■♥tr♦❞✉❝✐♠♦s ❛❤♦r❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛

❉❡✜♥✐❝✐ó♥ ✷✳✷✺✳ ❯♥❛ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛ ✭❝✳❢✳ ❬▲▼✵✺✱ ✷❪✮ ❡♥ ✉♥
❡s♣❛❝✐♦ ❞✳❣✳ V ❝♦♥s✐st❡ ❡♥ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦♣❡r❛❝✐♦♥❡s t¨x¨ ¨ ¨ yn : n P Nu ❞❡
❣r❛❞♦ ✵ ② ❛r✐❞❛❞ n ` 1 t❛❧❡s q✉❡

P❛r❛ t♦❞❛ σ P Sn✱ s❡ t✐❡♥❡

xxx1, . . . , xnyn “ ˘xxxσp1q, . . . , xσpnqyn

❞♦♥❞❡ ˘ ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ✐♥t❡r❝❛♠❜✐❛r ❧❛s xi✳

❙❡ ❝✉♠♣❧❡ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞ t✐♣♦ ❜r❛❝❡s✿

xxx1, . . . , xmyxy1, . . . , yny “

ÿ
p´1qεxxx1xyi1

1
, . . . , yi1r1

y, . . . , xmxyim
1
, . . . , yimrm`1

yyim`1

1

, . . . , yim`1
rm`1

y

❞♦♥❞❡ ❧❛ s✉♠❛ ❡s s♦❜r❡ t♦❞❛s ❧❛s ❡❧❡❝❝✐♦♥❡s

i11 ă ¨ ¨ ¨ ă i1r1 , . . . , i
m`1
1 ă ¨ ¨ ¨ ă im`1

rm`1

✭❞♦♥❞❡ ❧♦s rj ♣✉❡❞❡♥ s❡r ♥✉❧♦s✱ ❡♥ ❡s❡ ❝❛s♦ xjxy “ xj✮ ② ❡❧ s✐❣♥♦ ❞❡
❝❛❞❛ tér♠✐♥♦ ❡s ❡❧ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ✐t❡r❝❛♠❜✐♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s s❡❣ú♥
❧❛ r❡❣❧❛ ❞❡ ❑♦s③✉❧✳

◆♦t❛r q✉❡ ❧❛ ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞ ✭❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s á❧❣❡❜r❛s ❞❡
❜r❛❝❡✮ ❞✐❝❡ q✉❡ ❧❛ ♦♣❡r❛❝✐ó♥ ¨x¨y1 ❡s ♣r❡▲✐❡✳ ❯♥ ❤❡❝❤♦ ✐♠♣♦rt❛♥t❡ ✭q✉❡ ♥♦
♦❝✉rr❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❞❡ ❜r❛❝❡s✮ ❡s q✉❡ ❡st❛ ♦♣❡r❛❝✐ó♥ ❝♦♥t✐❡♥❡ t♦❞❛
❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ t✐❡♥❡
❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✷✻✳ ✭❝✳❢✳ ❬▲▼✵✺✱ ❖●✵✺❪✮ ▲❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠é✲
tr✐❝❛ ❡stá ❞❡t❡r♠✐♥❛❞❛ ✉♥í✈♦❝❛♠❡♥t❡ ♣♦r ❡❧ ♣r♦❞✉❝t♦ ♣r❡▲✐❡✳ ▲❛s ♦♣❡r❛❝✐♦♥❡s
❞❡ ❜r❛❝❡s s✐♠étr✐❝❛s ❞❡ ♠❛②♦r ❛r✐❞❛❞ q✉❡❞❛♥ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ¨x¨y1✱ ❧❛ ♦♣❡✲
r❛❝✐ó♥ ♣r❡▲✐❡✱ ✈í❛ ✭❝✳❢✳ ❬▲❘✶✵✱ ✺✳✷❪✮✿

¨x¨ ¨ ¨ yn`1 “ ¨x¨y1 ˝1 ¨x¨ ¨ ¨ yn ´
ÿ

1ăiďn`1

¨x¨ ¨ ¨ yn ˝i ¨x¨y1

✼✺



❯♥❛ ♣r♦♣✉❡st❛ ❞❡ á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛s

❚❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ s✐t✉❛❝✐ó♥ ✭❧❛s ✐♥❝❧✉s✐♦♥❡s s♦♥ ❞❡ ♦♣❡r❛❞s ♥♦ ❞✳❣✳✮

P ãÑ B ãÑ Cacti

❖❜s❡r✈❡♠♦s q✉❡ t♦❞♦ Cacti ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ❛ ♣❛rt✐r ❞❡ 12 ② ❧♦s 1

2..
.

n

3

✳ ❊s

❞❡❝✐r✱ s✐ ❛ B ❧❡ ❛❣r❡❣❛♠♦s 12 ♦❜t❡♥❡♠♦s t♦❞♦ Cacti✳ ❉❡✜♥✐r❡♠♦s SymCacti

❝♦♠♦ ❡❧ s✉❜♦♣❡r❛❞ ✭❛❤♦r❛ sí ❞✳❣✳✮ q✉❡ s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡ P ❛❣r❡✲
❣❛♥❞♦ 12 ✳ ❊st♦ ❡s✿

❉❡✜♥✐❝✐ó♥ ✷✳✷✼✳ ❉❡✜♥✐♠♦s SymCacti ❝♦♠♦ ❡❧ s✉❜✭❞❣✮♦♣❡r❛❞ ❞❡ Cacti

SymCacti “

B
1

2

✱ 12

F

♦♣❡r❛❞

Ă Cacti

❈♦♠♦ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ s❡ r❡str✐♥❣❡ ❜✐❡♥✱ r❡s✉❧t❛ ✉♥ ❞✳❣✳ ♦♣❡r❛❞✳
▲❧❛♠❛r❡♠♦s á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛ ❛ ✉♥ á❧❣❡❜r❛ s♦❜r❡ SymCacti✳

▲❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ♦♣❡r❛❞s q✉❡ ❡st❛♠♦s ❡st✉❞✐❛♥❞♦ s❡ r❡s✉♠❡ ❡♥ ❡❧ s✐❣✉✐❡♥t❡
❞✐❛❣r❛♠❛ ❞❡ ✐♥❝❧✉s✐♦♥❡s ✭❞♦♥❞❡ ❧❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ ❡s ❞❡ ❞✳❣✳ ♦♣❡r❛❞s✮✳

P

��

// SymCacti

��

B // Cacti

❈♦♠♦ SymCacti ❡stá ❣❡♥❡r❛❞♦ ♣♦r 12 ② 1

2

✱ ❧❛ ❛❝❝✐ó♥ ❞❡ ést♦s ❞❡t❡r♠✐♥❛
❝♦♠♣❧❡t❛♠❡♥t❡ ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ t❡♥❡♠♦s
❧❛s s✐❣✉✐❡♥t❡s ♦❜s❡r✈❛❝✐♦♥❡s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✽✳ ❙❡❛ A ✉♥ ❡s♣❛❝✐♦ ❞✳❣✳ ❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡
❝❛❝t✉s s✐♠étr✐❝❛✱ ❧❧❛♠❛♠♦s

x ¨ y :“
12

px, yq x ˚ y :“ p´1q|x| 1

2

px, yq

❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡♥

✭✐✮ pA, ¨q ❡s ✉♥ á❧❣❡❜r❛ ❞✳❣✳ ❝♦♥ ¨ ❞❡ ❣r❛❞♦ 0✳

✭✐✐✮ pA, ˚q ❊s ✉♥ á❧❣❡❜r❛ ♣r❡▲✐❡✱ ❝♦♥ ˚ ❞❡ ❣r❛❞♦ ✶✳

✼✻



✭✐✐✐✮ ❊❧ ❜♦r❞❡ ❞❡❧ ♣r♦❞✉❝t♦ ˚ ❡s ❡❧ ❝♦♥♠✉t❛❞♦r ❞❡ ¨✱ ❡s ❞❡❝✐r✿

dpx ˚ yq ´ dx ˚ y ` p´1q|x|x ˚ dy “ p´1q|x||y|y.x ´ x.y

✭✐✈✮ ❯♥❛ r❡❣❧❛ ❞❡ ▲❡✐❜♥✐③ ❛ ✐③q✉✐❡r❞❛ ❞❡ ˚ r❡s♣❡❝t♦ ❛ ¨✱ ❡s ❞❡❝✐r✿

pxyq ˚ z “ xpy ˚ zq ` p´1q|y|p|z|`1qpx ˚ zqy

❉❡♠♦str❛❝✐ó♥✳ ❙❡ s✐❣✉❡ ❞❡ tr❛❞✉❝✐r ❝❛❞❛ ♣✉♥t♦ ❡♥ ✉♥❛ ❡❝✉❛❝✐ó♥ ❡♥ Cacti✿

✭✐✮ 12 ❞❛ ❧✉❣❛r ❛ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ② ✈❛❧❡ δ 12

“ 0✳

✭✐✐✮ 1

2

❞❛ ❧✉❣❛r ❛ ✉♥ ♣r♦❞✉❝t♦ ♣r❡▲✐❡ ② ❡s ❞❡ ❣r❛❞♦ ✶✳

✭✐✐✐✮ ❙❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ❧❛ ✐❞❡♥t✐❞❛❞ δ 1

2

“ 1 2 ´
12 ❡♥ Cacti✳

✭✐✈✮ ❊st♦ s❡ ❞❡s♣r❡♥❞❡ ❞❡ q✉❡ ❡♥ Cacti ✈❛❧❡ 1

2

˝1
12

“
2 1

3

`
2 1

3

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✾✳ ❙✐ s❡ t✐❡♥❡ ✉♥ á❧❣❡❜r❛ ❞✳❣✳ A ② ✉♥ ♣r♦❞✉❝t♦ ♣r❡▲✐❡ ❡♥
A ❞❡ ❣r❛❞♦ ✶ q✉❡ ❝✉♠♣❧❡♥ ✭✐✐✐✮ ② ✭✐✈✮ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ s❡ ♣✉❡❞❡
❞❡✜♥✐r ❡♥ A ✉♥❛ ú♥✐❝❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡✜♥✐♠♦s ❧❛ ❛❝❝✐ó♥ ❞❡ 12 ② 1

2

❛ ♣❛rt✐r ❞❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛✲
t✐✈♦ ② ❡❧ ♣r❡▲✐❡ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ✭✐✮✲✭✐✈✮ s♦♥ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡ ést♦s
s❛t✐s❢❛❝❡♥ ❡♥ Cacti✱ q✉❡❞❛ ❜✐❡♥ ❞❡✜♥✐❞❛ s✉ ❡①t❡♥s✐ó♥ ❛❧ s✉❜♦♣❡r❛❞ q✉❡ ❡❧❧♦s
❣❡♥❡r❛♥✱ SymCacti✳

P♦r ❧♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t♦❞❛ ❡str✉❝t✉r❛ ❞❡ SymCacti á❧❣❡❜r❛ ❡s ❡♥ ♣❛rt✐✲
❝✉❧❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛s ❞❡t❡r♠✐♥❛❞❛s s✉ ♣r♦❞✉❝t♦
♣r❡▲✐❡✳ ▲❛s ♠✐s♠❛s ❡stá♥ ❞❛❞❛s ♣♦r ❧❛ tr❛❞✉❝❝✐ó♥ ❞❡ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡❧ t❡♦r❡♠❛
❛ Cacti✱ ❡st♦ ❡s✱ s❡ t✐❡♥❡♥ ♦♣❡r❛❝✐♦♥❡s Bm ❞❡✜♥✐❞❛s r❡❝✉rs✐✈❛♠❡♥t❡ ♣♦r

Bn`1 “ 1

2

˝1 Bn ´
n´1ÿ

i“2

p´1qi

¨
˝Bn ˝i

1

2

˛
‚
τi

❞♦♥❡ τi ❡s ❧❛ tr❛♥s♣♦s✐❝✐ó♥ pi ` 1 ÐÑ n ` 1q✳

✼✼



❉❛❞♦ q✉❡ SymCacti Ă Cacti✱ s❡ t✐❡♥❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ q✉❡ t♦❞❛ á❧❣❡❜r❛ ❞❡
❝❛❝t✉s ♣♦s❡❡ ♦♣❡r❛❝✐♦♥❡s ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛s✳ ❊st♦ ❡s ❛♥á❧♦❣♦ ❛❧ ❤❡❝❤♦ ❞❡
q✉❡ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡s ❞❛ ❧✉❣❛r ❛ ✉♥ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠étr✐❝❛ ✈í❛ ❧❛
s✐♠❡tr✐③❛❝✐ó♥ ❬❉▲✵✻❪✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ q✉❡ ❡s ✉♥
❝♦♠♣❧❡♠❡♥t♦ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ r❡❝✉rs✐✈❛ ❞❡ ❧♦s Bm✳

▲❡♠❛ ✷✳✸✵✳ ❙❡ t✐❡♥❡ Bn “
ř
σPSn

σp1q“1

p´1qσ
´
Bn

¯σ
✳

❖ s❡❛✱Bn ❡s ❧❛ s✉♠❛ ✭❝♦♥ s✐❣♥♦✮ ❞❡ ❧♦s ❝❛❝t✉s q✉❡ s❡ ♦❜t✐❡♥❡♥ ❞❡ 1

2..
.

n

3

❛❧
♣❡r♠✉t❛r ❧♦s ❧ó❜✉❧♦s s❛❧✈♦ ❡❧ ♣r✐♠❡r♦✳

❉❡♠♦str❛❝✐ó♥✳ ❱❡❛♠♦s✱ ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛✱ q✉❡ ❧♦s Bm ❛sí ❞❡✜♥✐❞♦s ❝✉♠✲
♣❧❡♥ ❧❛ r❡❝✉rs✐ó♥✳ Pr✐♠❡r♦✱ r❡❝♦r❞❛♥❞♦ ✷✳✷✱ s❡ t✐❡♥❡

B2 ˝1 Bn “ p121q ˝1 p121 . . . 1k1 . . . 1n1q

“
nÿ

i“2

p´1qn´i´1p. . . , 1, i, n ` 1, i, 1, . . . , q

`
nÿ

i“1

p´1qn´i´1p. . . , i, 1, n ` 1, 1, i ` 1 . . . q

“
nÿ

i“2

p´1qn´1
´
Bn ˝i B2

¯τi
`

nÿ

i“1

p´1qωBω
n

❞♦♥❞❡ ω “ pi ` 1, i ` 2, . . . , n ` 1q✳ ❆❤♦r❛✱ ✉t✐❧✐③❛♥❞♦ ❡st♦✱ ❝❛❧❝✉❧❛♠♦s

Bn`1 “ B2 ˝1 Bn ´
n´1ÿ

i“2

p´1qn
´
Bn ˝i B2

¯τi

“
ÿ

σPSn

σp1q“1

p´1qσB2 ˝1

´
Bn

¯σ
´

´ ÿ

σPSn

σp1q“1

p´1qσ
´
Bn

¯σ
˝i B2

¯τi

“
ÿ

σPSn`1

σp1q“1,σpn`1q“n`1

p´1qσ
´
B2 ˝1 Bn

¯σ
´ p´1qσ

´
Bn ˝i B2

¯στi

“
ÿ

σPSn`1

σp1q“1,σpn`1q“n`1

nÿ

i“2

p´1qσp´1qn´1
´
Bn`1

¯τiσ

“
ÿ

σPSn`1

σp1q“1

p´1qσ
´
Bn`1

¯σ

✼✽



❆ ♣❛rt✐r ❞❡ B2 “ B2 “ 1

2

s❡ ❞❡✜♥❡♥✱ ❣r❛❝✐❛s ❛ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❞❡
♠❛♥❡r❛ r❡❝✉rs✐✈❛ ❧♦s Bm P SymCacti✳ ❉❡t❡r♠✐♥❛r ❧❛s r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧♦s
Bm ♥♦s ♣❡r♠✐t❡ ❞❛r ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❛❞✐❝✐♦♥❛❧ ❞❡ ❡st❛ ❡str✉❝t✉r❛✳ ❊s ❞❡❝✐r✱
s❡ ♣✉❡❞❡ ❞❛r ❡❧ ♦♣❡r❛❞ SymCacti ❝♦♠♦ ❡❧ ❣❡♥❡r❛❞♦ ♣♦r ést♦s ② 12 ✳ ❊st♦
❞❛ ✉♥❛ ❞❡✜♥✐❝✐ó♥ ❛❧t❡r♥❛t✐✈❛ ❞❡❧ ❝♦♥❝❡♣t♦ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛ ❛
♣❛rt✐r ❞❡ ♦♣❡r❛❝✐♦♥❡s ❜r❛❝❡ s✐♠étr✐❝❛s ② ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦✿

Pr♦♣♦s✐❝✐ó♥ ✷✳✸✶✳ ❯♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐♠étr✐❝❛ ❡♥ ✉♥ ❞✳❣✳ ❡s♣❛❝✐♦ pA, dq
❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r✿

▲❛ ❛❝❝✐ó♥ ❞❡
12

✱ ❞❡t❡r♠✐♥❛♥❞♦ ✉♥ ♣r♦❞✉❝t♦ ❞❡ ❣r❛❞♦ ✵✳

▲❛ ❛❝❝✐ó♥ ❞❡ ❧♦s Bn✱ ♦♣❡r❛❝✐♦♥❡s n✲❛r✐❛s ❞❡ ❣r❛❞♦ n ´ 1✳

t❛❧ q✉❡ s❡ ✈❡r✐✜❝❛♥ ✭❧❛s r❡❧❛❝✐♦♥❡s q✉❡ ✈❛❧❡♥ ❞❡♥tr♦ ❞❡ Cacti✮✿

✭❛✮ ❊❧ ♣r♦❞✉❝t♦ ❞❡✜♥✐❞♦ ♣♦r
12

❤❛❝❡ ❞❡ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❞✳❣✳

✭❜✮ ▲❛s ♦♣❡r❛❝✐♦♥❡s ❞❛❞❛s ♣♦r Bm ❤❛❝❡♥ ❞❡ A ✉♥ á❧❣❡❜r❛ ❞❡ ❜r❛❝❡ s✐♠❡tr✐❝❛✳

✭❝✮ Bm˝1
12

“
ř

p`q“n`1
ωPShpp,qq

p
12

˝1Bp˝p`2Bqq
ω ✭✈❡r ❞❡✜♥✐❝✐ó♥ ❞❡ s❤✉✤❡ ✷✳✶✽✮✳

✭❞✮ δBm “
ř
σPSn

σp1q“1

p´1qσ
´
δ 1

2..
.

n

3 ¯σ

❉❡♠♦str❛❝✐ó♥✳ ▲❛s ❝♦♥❞✐❝✐♦♥❡s ✭❛✮✲✭❝✮ ♣❛r❛ ❡❧ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ B2 “ 1

2

s♦♥ ❡①❛❝t❛♠❡♥t❡ ✭✐✮✲✭✐✈✮ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✷✽✳ ❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ s❡ t✐❡♥❡
✉♥❛ ❡str✉❝t✉r❛ ❞❡ SymCacti✲á❧❣❡❜r❛✱ ✭❛✮ ② ✭❜✮ s♦♥ ✐♥♠❡❞✐❛t❛s ② ✭❝✮ ② ✭❞✮ s❡

❞❡❞✉❝❡♥ ❞❡❧ ❤❡❝❤♦ Bm “
ř
σPSn

σp1q“1

p´1qσ
´
Bn

¯σ
✭✈✐st♦ ❡♥ ❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✮✳

✼✾
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❈❛♣ít✉❧♦ ✸

❯♥❛ ❡str✉❝t✉r❛ A8 ❡♥ Cacti

❚♦❞❛ Cacti✲á❧❣❡❜r❛ t✐❡♥❡ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♥♠✉✲
t❛t✐✈♦✮ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❧❛ ✐♥❝❧✉s✐ó♥ ✭✈❡r ❡❧ ❛♣❛rt❛❞♦ ✸✳✷✮✿

A ãÑ Cacti

m2 ÞÑ
12

❆❧ s✐♠❡tr✐③❛r ❡st❡ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ✭❧♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ❝♦♥s✐❞❡r❛r ❡❧ ♣r♦✲
❞✉❝t♦ ❞❛❞♦ ♣♦r ❡❧ ❡❧❡♠❡♥t♦ 12

` 1 2 ✮ s❡ ❣❛♥❛ ❧❛ ❝♦♥♠✉t❛t✐✈✐❞❛❞ ♣❡r♦ s❡
♣✐❡r❞❡ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞✳ ❖❜s❡r✈❡♠♦s q✉❡ ✭✉♥ ♠ú❧t✐♣❧♦ ❞❡✮ ❡st❡ ♣r♦❞✉❝t♦ ❡s
❡q✉✐✈❛❧❡♥t❡ ✭s✐ s❡ tr❛❜❛❥❛ ❡♥ ❝❛r❛❝t❡rís✐t✐❝❛ ❞✐st✐♥t❛ ❞❡ ✷✮ ❛❧ ♦r✐❣✐♥❛❧ ❝✉❛♥❞♦
s❡ ♣❛s❛ ❛ ❧❛ ❤♦♠♦❧♦❣í❛✱ ②❛ q✉❡✿

2
12

“
12

` 1 2 `
12

´ 1 2

loooomoooon

´δ
1

2

❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ t❡s✐s ✭t❡♦r❡♠❛ ✸✳✽✮ ♠✉❡str❛ q✉❡ ❡st❡ ♣r♦❞✉❝t♦
❡s✱ s✐♥ ❡♠❜❛r❣♦✱ ❛s♦❝✐❛t✐✈♦ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✱ ❡♥ ❡❧ s❡♥t✐❞♦ ♦♣❡rá❞✐❝♦✳ ❊s
❞❡❝✐r✱ s❡ ♣r✉❡❜❛ q✉❡ ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ✭❞❛❞♦ ❡①♣❧í❝✐t❛♠❡♥t❡✮ ❞❡ dg✲♦♣❡r❛❞s✿

A8
η
ÝÑ Cacti

m2 ÞÑ
12

` 1 2

❉✐❝❤♦ ♠♦r✜s♠♦ s❡ ❝♦♥str✉②❡ ❝♦♥ ❧❛ ❛②✉❞❛ ❞❡❧ ♦♣❡r❛❞ A
p2q
8 ✳ ❙❡ ❝♦♥s✐❞❡r❛ ❡❧

♠♦r✜s♠♦ A8
φ
ÝÑ A

p2q
8 ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✸✺ ②✱ ❞❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ♣r♦❜❧❡♠❛ s❡

r❡s✉❡❧✈❡ ❡♥❝♦♥tr❛♥❞♦ ✉♥ ♠♦r✜s♠♦ A
p2q
8

µ
ÝÑ Cacti ② ❝♦♥s✐❞❡r❛♥❞♦ η “ µφ✳

✽✶



◆♦t❡♠♦s q✉❡ Cacti s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r t❛♠❜✐é♥ ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦ ✭❡s✲
tr✉❝t✉r❛ ❞❛❞❛ ♣♦r ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧❛s ❡t✐q✉❡t❛s ❞❡ ❧♦s ❧ó❜✉❧♦s✮✳
❊♥ ✈✐st❛s ❞❡ ❧❛ s❡❝❝✐ó♥ ✶✳✸✱ ❡❧ ♠♦r✜s♠♦ η s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ✉♥ ♠♦r✜s♠♦ ❞❡
♦♣❡r❛❞s s✐♠étr✐❝♦s

Ass8
η
ÝÑ Cacti

m2 ÞÑ
12

` 1 2

❞♦♥❞❡✱ r❡❝♦r❞❡♠♦s✱ Ass8 ❡s ❡❧ ♦♣❡r❛❞ s✐♠étr✐❝♦ q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❛s♦❝✐❛✲
t✐✈❛s ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✳

❱❛❧❡ ♠❡♥❝✐♦♥❛r ❡♥ ❡st❡ ❝♦♥t❡①t♦ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ♠♦r✜s♠♦ η ② ❧❛ ❧❧❛♠❛❞❛
❝♦♥❥❡t✉r❛ ❞❡ ❉❡❧✐❣♥❡✳ ❙❡❛ G ❡❧ ♦♣❡r❛❞ ✭s✐♠étr✐❝♦✮ q✉❡ ❝♦❞✐✜❝❛ ❧❛s á❧❣❡❜r❛s ❞❡
●❡rst❡♥❤❛❜❡r✳ ❊❧ r❡s✉❧t❛❞♦ ❝❧ás✐❝♦ ❬●❡r✻✸❪✱ q✉❡ ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ ❍♦❝❤s❝❤✐❧❞
❞❡ A ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r✱ ❡♥ ❧❡♥❣✉❛❥❡ ♦♣❡rá❞✐❝♦ s❡ tr❛❞✉❝❡ ❡♥
q✉❡ H˚pAq ❡s ✉♥❛ G✲á❧❣❡❜r❛✳ ❙✐ G8 ❡s ❡❧ ♦♣❡r❛❞ ❬●❈❚❱✶✷❪ q✉❡ ❝♦❞✐✜❝❛
❧❛s á❧❣❡❜r❛s ❞❡ ●❡rst❡♥❤❛❜❡r ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✶✱ s❡ ♣✉❡❞❡ ❢♦r♠✉❧❛r ❧❛
❝♦♥❥❡t✉r❛ ❞❡ ❉❡❧❣✐♥❡ ❝♦♠♦ ❧❛ s✐❣✉✐❡♥t❡ ♣r❡❣✉♥t❛✿ ➽❊s C˚pAq ✉♥❛ G8 á❧❣❡❜r❛❄
❉❛❞♦ q✉❡ C˚pAq ❡s ✉♥❛ Cacti✲á❧❣❡❜r❛ ② Cacti ❡s ❤♦♠♦tó♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥✲
t❡ ❛ G8 ❡st♦ ❡s ❝✐❡rt♦ ❬▼❙✵✷✱ ❇❋✵✹✱ ❑❛✉✵✼❪✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❛ú♥ ❡stá ♣❡♥❞✐❡♥t❡
❞❛r ✉♥❛ r❡s♣✉❡st❛ ♠ás ❞✐r❡❝t❛✱ ❡st♦ ❡s✱ ✉♥❛ ❛❝❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡ G8 ❡♥ C˚pAq✳
❊st♦ ♣✉❡❞❡ ❝♦♥s❡❣✉✐rs❡ ❡①♣❧✐❝✐t❛♥❞♦ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s ✭s✐♠étr✐❝♦s✮

G8 Ñ Cacti

q✉❡ s❡❛ ❧❛ ✐❞❡♥t✐❞❛❞ ✭❞❡❧ ♦♣❡r❛❞ s✐♠étr✐❝♦ G✮ ❡♥ ❤♦♠♦❧♦❣í❛✳

❉❡❜✐❞♦ ❛ q✉❡ ❡♥ Cacti ❧❛ ❡str✉❝t✉r❛ ❞❡ ▲✐❡ ❡s ❡str✐❝t❛ ✭♠ás ❛ú♥✱ ♣r♦✈✐❡♥❡ ❞❡
✉♥❛ ❡str✉❝t✉r❛ ♣r❡✲▲✐❡✮✱ ❡s ❞❡ ❡s♣❡r❛r q✉❡ ❧❛ ❞✐✜❝✉❧t❛❞ ❡sté ❝❡♥tr❛❞❛ ❡♥ ❧❛s
❤♦♠♦t♦♣í❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡❧ ♣r♦❞✉❝t♦ ❝♦♥♠✉t❛t✐✈♦ ②
❧❛ ❞✐str✐❜✉t✐✈✐❞❛❞ ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ▲✐❡✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❝♦♥❝❡♥tr❛rs❡ ❡♥ ❡❧
♣r✐♠❡r ♣✉♥t♦ ❝♦♥s✐st❡ ❡♥ ♠✐r❛r ❡❧ ♦♣❡r❛❞ q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❝♦♥♠✉t❛t✐✈❛s
❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✱ Com8✱ ② ❝♦♥str✉✐r ✉♥ ♠♦r✜s♠♦ Com8 Ñ Cacti q✉❡
s❡❛ ❧❛ ✐♥❝❧✉s✐ó♥ Com ãÑ G ❡♥ ❤♦♠♦❧♦❣í❛✳

❊♥ ❡st❛ s✐t✉❛❝✐ó♥✱ ❡❧ ♠♦r✜s♠♦ Ass8
η
ÝÑ Cacti ❡s ✉♥ ♣❛s♦ ❡♥ ❡st❛ ❞✐r❡❝❝✐ó♥✱ ②❛

q✉❡ s❡ ❝♦rr❡s♣♦♥❞❡ ❝♦♥ ❡❧ ♠♦r✜s♠♦ ❝❛♥ó♥✐❝♦ Ass Ñ Com ãÑ G ❡♥ ❤♦♠♦❧♦❣í❛✳
P❡r♦✱ ❧❛♠❡♥t❛❜❧❡♠❡♥t❡✱ ❞✐❝❤♦ ♠♦r✜s♠♦ ♥♦ s❡ ❢❛❝t♦r✐③❛ ❛ tr❛✈és ❞❡❧ ♦♣❡r❛❞
Com8✳

✶❊♥ ❬●❱✾✺❪ ❡st❛ t❡r♠✐♥♦❧♦❣í❛ ❞❡s✐❣♥❛ ❧❛s á❧❣❡❜r❛s q✉❡ ❡♥ ❡st❛ t❡s✐s ❧❧❛♠❛♠♦s á❧❣❡❜r❛s ❞❡
●❡rst❡♥❤❛❜❡r ② ❱♦r♦♥♦✈ ✭♦ s❡❛✱ Cacti✲á❧❣❡❜r❛s✮

✽✷



❊❧ ❝❛♣ít✉❧♦ s❡ ♦r❣❛♥✐③❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

❙❡ ❝♦♠✐❡♥③❛ ♣r❡s❡♥t❛♥❞♦ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ˝ ② ‚ ❥✉♥t♦ ❝♦♥ ❡❧ ♣❛r ❞❡ ♣r♦♣♦s✐✲
❝✐♦♥❡s ✸✳✸ ② ✸✳✺✱ ❢✉♥❞❛♠❡♥t❛❧❡s ❡♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛ ✸✳✽ ♠ás ❛❞❡✲
❧❛♥t❡✳ ❙❡ ♣r❡s❡♥t❛♥ ❡st❛s ❝♦♥str✉❝❝✐♦♥❡s ♥♦ só❧♦ ❡♥ ❧❛ ♥♦t❛❝✐ó♥ ❞❡ s✉r②❡❝❝✐♦♥❡s
s✐♥♦ t❛♠❜✐é♥ ❡♥ ❧❛ ❣❡♦♠étr✐❝❛✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❝♦♥s✐❞❡r❛♠♦s s❡ ♣✉❡❞❡♥
❡♥t❡♥❞❡r ② r❡❝♦r❞❛r ❞❡ ♠❛♥❡r❛ ♠ás s❡♥❝✐❧❧❛ ❧❛s ♠❡♥❝✐♦♥❛❞❛s ♣r♦♣♦s✐❝✐♦♥❡s✳

❊♥ ❧❛ s❡❝❝✐ó♥ ✸✳✷✱ s❡ ♣r❡s❡♥t❛ ❡❧ r❡s✉❧t❛❞♦ ♠ás ✐♠♣♦rt❛♥t❡ ❞❡ ❡st❡ tr❛❜❛❥♦✱
❡❧ t❡♦r❡♠❛ ✸✳✽✳ ❆❧❧í✱ s❡ ❝♦♥str✉②❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s η : A8 Ñ Cacti✱
❢❛❝t♦r✐③á♥❞♦❧♦ ❛ tr❛✈és ❞❡ A

p2q
8 ❝♦♥ ❧❛ ❛②✉❞❛ ❞❡❧ ♠♦r✜s♠♦ φ ❞❡ ❧❛ ♦❜s❡r✈❛✲

❝✐ó♥ ✶✳✸✺✳ ❙❡ ❞❡✜♥❡ ❡♥t♦♥❝❡s ✉♥ ♠♦r✜s♠♦ µ : A
p2q
8 Ñ Cacti q✉❡ ❝✉♠♣❧❡✿

A8
φ
ÝÑ A

p2q
8

µ
ÝÑ Cacti

m‚ ÞÑ
12

m˝ ÞÑ 1 2

m2 ÞÑ m‚ ` m˝ ÞÑ
12

` 1 2

❈❛❜❡ ❞❡st❛❝❛r q✉❡ ♥♦ s❡ t✐❡♥❡ ✉♥❛ r❛③ó♥ ❛ ♣r✐♦r✐ ♣♦r ❧❛ ❝✉❛❧ ❡❧ ♠♦r✜s♠♦ q✉❡
s❡ ❞❡s❡❛ ❡♥❝♦♥tr❛r✱ η : A8 Ñ Cacti ❞❡❜❛ ❢❛❝t♦r✐③❛rs❡ ❛ tr❛✈és ❞❡ A

p2q
8 ✳ ❆ ❧❛

♣♦str❡ ❞❡ ❧❛ s❡❝❝✐ó♥ s❡ ❞❡s❝r✐❜❡ ❛❞❡♠ás ❡❧ ♠♦r✜s♠♦ η ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡
s✉ ❢❛❝t♦r✐③❛❝✐ó♥ ♣♦r Ap2q✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ❡①♣❧✐❝✐t❛ q✉é ❝❛❝t✉s ❛♣❛r❡❝❡♥
❝♦♠♦ tér♠✐♥♦s ❞❡ ηpmnq ♣❛r❛ ❝❛❞❛ n P N✳

✸✳✶✳ ▲❛s ❝♦♥str✉❝❝✐♦♥❡s ‚ ② ˝

❉❡s❝r✐❜✐♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✉♥❛ ❝♦♥str✉❝❝✐ó♥ ❝❧❛✈❡ ♣❛r❛ ❡❧ t❡♦r❡♠❛ ✸✳✽ ✭❞❡
❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥✮✳ ▲❛ ♠✐s♠❛ ♣❡r♠✐t❡ ♦r❣❛♥✐③❛r ❡❧ ♠♦r✜s♠♦ A8 Ñ Cacti

❢❛❝t♦r✐③á♥❞♦❧♦ ❛ tr❛✈és ❞❡ A
p2q
8 ✳ P❛r❛ ❞❡t❡r♠✐♥❛r q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡ s❡ ❞❡✜♥❡

✉♥ ♠♦r✜s♠♦ ❞❡ dg✲♦♣❡r❛❞s✱ s❡ ✉t✐❧✐③❛♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❡♥
❡st❛ s❡❝❝✐ó♥ ❡♥ ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ✸✳✸ ② ✸✳✺✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✳ ❙❡❛ u ✉♥ ❝❛❝t✉s ❝♦♥ n ❧ó❜✉❧♦s ② n ` k ❛r❝♦s t❛❧ q✉❡ n
❛♣❛r❡❝❡ ✉♥❛ s♦❧❛ ✈❡③ ❡♥ u✱ ❞✐❣❛♠♦s ❡♥ ❡❧ ❧✉❣❛r i✳ ❊s ❞❡❝✐r✱ u´1ptnuq “ tiu✳
❘❡❝♦r❞❛♥❞♦ ❧❛ ♥♦t❛❝✐ó♥ ❞❡❧ ❡❥❡♠♣❧♦ ✷✳✷✱ s❡ ❞❡✜♥❡

u˝ “
ÿ

jăi

p´1qk`|u|j 8uj, u‚ “ ´
ÿ

jąi

p´1qk`|u|j 8uj,

✽✸



❖ s❡❛✱ 8uj P Cactipn`1qk`1 ❡s ❧❛ s✉❝❡s✐ó♥ ♦❜t❡♥✐❞❛ ❛ ♣❛rt✐r ❞❡ u ❛❧ r❡❡♠♣❧❛③❛r
upjq ♣♦r pupjq, n ` 1, upjqq ② |u|j ❡s ❡❧ ❣r❛❞♦ r❡❧❛t✐✈♦ ❞❡ pup1q, . . . , upjqq
r❡s♣❡❝t♦ ❛ u✳

P♦r ❡❥❡♠♣❧♦✱ s✐ u “ 1

234

✱ ❞❛❞♦ q✉❡ k “ 2 ❡ i “ 5✱ ❧♦s 8uj s♦♥✿

8u1 “ 1

234

5 8u2 “ 1

234

5

8u3 “ 1

234

5

8u4 “ 1

2

3

4

5

8u5 “ 1

234

5

8u6 “ 1

234

5

❊♥t♦♥❝❡s✱ ❡♥ ❡st❡ ❝❛s♦ u˝ “ 8u1 ´ 8u2 ´ 8u3 ´ 8u4 ② u‚ “ ´8u6✳

●rá✜❝❛♠❡♥t❡✱ s✐ u ❡s ✉♥ ❝❛❝t✉s ❝♦♥ n ❧ó❜✉❧♦s ② n`k ❛r❝♦s t❛❧ q✉❡ n ❛♣❛r❡❝❡
✉♥❛ s♦❧❛ ✈❡③✱ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ u˝ t✐❡♥❡ ❝♦♠♦ tér♠✐♥♦s ❧♦s q✉❡ s❡ ♦❜t✐❡♥❡♥
❞❡ u ❛❣r❡❣❛♥❞♦ ❡❧ ❧ó❜✉❧♦ n ` 1 s♦❜r❡ ❝❛❞❛ ❛r❝♦ ❛♥t❡r✐♦r ❛❧ ú♥✐❝♦ ❛r❝♦ ❞❡❧
❧ó❜✉❧♦ n✳ ❆♥á❧♦❣❛♠❡♥t❡✱ u‚ t✐❡♥❡ ❝♦♠♦ tér♠✐♥♦s ❛q✉❡❧❧♦s q✉❡ s❡ t✐❡♥❡♥ ❛❧
♣❧❛♥t❛r ❡❧ ❧ó❜✉❧♦ n ` 1 s♦❜r❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❛r❝♦s q✉❡ ✈✐❡♥❡♥ ❞❡s♣✉és ❞❡❧
❛r❝♦ ❞❡❧ ❧ó❜✉❧♦ n✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s❡ ♣✉❡❞❡ ♣❡♥s❛r u˝ ✭r❡s♣✳ u‚✮ ❝♦♠♦ 1

2

˝1u ❝❛❧❝✉❧❛❞♦ ❤❛st❛
❡❧ ✭r❡s♣✳ ❛ ♣❛rt✐r ❞❡❧✮ ❧ó❜✉❧♦ n✳ ❊st♦ ♣✉❡❞❡ ✈❡rs❡ ❛❧ ❝♦♠♣❛r❛r ❡❧ ❡❥❡♠♣❧♦ ❞❡ ❧❛
♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ❝♦♥ ❡❧ r❡❝✐é♥ ♣r❡s❡♥t❛❞♦✳ ❊st❛ ✐❞❡❛ ❡s ❢♦r♠❛❧✐③❛❞❛ ♠ás
❛❞❡❧❛♥t❡ ❡♥ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳

◆♦t❡♠♦s q✉❡✱ ♣♦r ❝♦♥str✉❝❝✐ó♥✱ s✐ u ❡s ✉♥ ❝❛❝t✉s ❝♦♥ n ❧ó❜✉❧♦s ② n` k ❛r❝♦s
t❛❧ q✉❡ n ❛♣❛r❡❝❡ ✉♥❛ s♦❧❛ ✈❡③✱ ❡♥t♦♥❝❡s t❛♥t♦ u˝ ❝♦♠♦ u‚ s♦♥ ✉♥❛ s✉♠❛ ❞❡
❝❛❝t✉s ❞❡ n` 1 ❧ó❜✉❧♦s ② n` k ` 1 ❛r❝♦s t❛❧ q✉❡ n` 1 ❛♣❛r❡❝❡ ✉♥❛ s♦❧❛ ✈❡③✳
P❛r❛ ❝♦♥❝❧✉✐r ❧❛ ❞❡✜♥✐❝✐ó♥✱ ❡①t❡♥❞❡♠♦s ❧✐♥❡❛❧♠❡♥t❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ‚ ② ˝ ❛❧
s✉❜❡s♣❛❝✐♦ ❣❡♥❡r❛❞♦ ❡♥ ❝❛❞❛ ❛r✐❞❛❞ n ♣♦r ❧♦s ❝❛❝t✉s ❞♦♥❞❡ ❡❧ ❧ó❜✉❧♦ n t✐❡♥❡
✉♥ só❧♦ ❛r❝♦✳

✽✹



❊❥❡♠♣❧♦ ✸✳✷✳ ❱❡❛♠♦s ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s ♠ás ❞❡ ‚ ② ˝✳

´
12

¯
˝

“ 2 1

3

´
12

¯
‚

“ 0

¨
˝ 2 1

3
˛
‚

˝

“ ´
2 1

4
3

¨
˝ 2 1

3
˛
‚

‚

“ ´
2 1

4
3

´
2 1

4 3

▲❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ♣❡r♠✐t❡ r❡❧❛❝✐♦♥❛r ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ‚ ② ˝ ❝♦♥
♦♣❡r❛❝✐♦♥❡s ✏✐♥t❡r♥❛s✑ ❞❡ ❝❛❝t✉s✱ s❡rá ❞❡ ✉t✐❧✐❞❛❞ ♠ás ❛❞❡❧❛♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✸✳ ❙❡❛ u ✉♥ ❝❛❝t✉s ❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r✱
❡s ❞❡❝✐r✱ ❞❡ n ❧ó❜✉❧♦s ② n ` k ❛r❝♦s t❛❧ q✉❡ ❡❧ ❧ó❜✉❧♦ n t✐❡♥❡ ✉♥ só❧♦ ❛r❝♦✳
❊♥t♦♥❝❡s

u˝ ´ u‚ “ p´1qk 1

2

˝1 u ´ u ˝n
1

2

,

▼ás ❛ú♥✱ s❡ t✐❡♥❡

δpu˝q ´ pδuq˝ “ p´1qk p 1 2 ˝1 u ´ u ˝n
1 2 q

δpu‚q ´ pδuq‚ “ p´1qk p
12

˝1 u ´ u ˝n
12

q

❊❥❡♠♣❧♦ ✸✳✹✳ ❆♥t❡s ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥✱ ✈❡❛♠♦s ♣❛r❛ u “ 1

234

❧❛ ♣r✐♠❡r❛
✐❞❡♥t✐❞❛❞✱ ❛♣r♦✈❡❝❤❛♥❞♦ q✉❡ ❤❡♠♦s r❡❛❧✐③❛❞♦ ♣rá❝t✐❝❛♠❡♥t❡ t♦❞♦s ❧♦s ❝á❧❝✉✲
❧♦s ✐♥✈♦❧✉❝r❛❞♦s✳

❊♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r ❝❛❧❝✉❧❛♠♦s 1

2

˝1
1

234

✳ ❈♦♠♦ 1

234

˝4
1

2

“ 1

234

5

✱
s❡ t✐❡♥❡

✽✺



1

2

˝1 1

234

´
1

234

˝4 1

2

“

1

234
˝

hkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkj

1

234

5 ´
1

234

5

´
1

234

5

´
1

2

3

4

5

`
1

234

5

`
1

234

5

looomooon

´
1

234
‚

´
1

234

5

❉❡♠♦str❛❝✐ó♥✳ ✭❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✮
❙❡❛ i ❧❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ú♥✐❝❛ ❛♣❛r✐❝✐ó♥ ❞❡❧ ✈❛❧♦r n✱ ❡s ❞❡❝✐r✱ u´1ptnuq “ tiu✳
❆ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ② ❞❡❧ ❡❥❡♠♣❧♦ ✷✳✷ s❡ t✐❡♥❡✿

u˝ ´ u‚ “
ÿ

jăi

p´1qk`|u|j 8uj `
ÿ

jąi

p´1qk`|u|j 8uj

p´1qk 1

2

˝1 u ´ u ˝n
1

2

“ p´1qk
ÿ

j

p´1q|u|j 8uj ´ p´1qk´|u|i 8ui.

❈♦♠♦ ❛♠❜♦s ♠✐❡♠❜r♦s ❞❡ ❧❛ ❞❡r❡❝❤❛ s♦♥ ✐❣✉❛❧❡s r❡s✉❧t❛✿

u˝ ´ u‚ “ p´1qk 1

2

˝1 u ´ u ˝n
1

2

,

❆❤♦r❛ ❜✐❡♥✱ ❛❧ ❛♣❧✐❝❛r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❛ ❡st❛ ❡❝✉❛❝✐ó♥✱ s❡ t✐❡♥❡

δpu˝q ´ δpu‚q “ p´1qkp 1 2 ´
12

q ˝1 u ´ p´1qku ˝n p 1 2 ´
12

q

`p´1qk´1 1

2

˝1 δu ´ δu ˝n
1

2

.

❖❜s❡r✈❡♠♦s q✉❡ ❡♥ ❝❛❞❛ tér♠✐♥♦ ❞❡ δu ❡❧ ✈❛❧♦r n t❛♠❜✐é♥ ❛♣❛r❡❝❡ só❧♦ ✉♥❛
✈❡③✳ ▲✉❡❣♦✱ ❛❧ ❛♣❧✐❝❛r ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ❝❛❞❛ tér♠✐♥♦✱ ♦❜t❡♥❡♠♦s

δpu˝q ´ δpu‚q “ p´1qkp 1 2 ˝1 u ´
12

˝1 u ´ u ˝n
1 2 ` u ˝n

12

q

`pδuq˝ ´ pδuq‚.

✽✻



❊♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s ❞❡ ❡st❛ ❡❝✉❛❝✐ó♥ ❧♦s ✈❛❧♦r❡s n ② n` 1 ❛♣❛r❡❝❡♥
só❧♦ ✉♥❛ ✈❡③ ❝❛❞❛ ✉♥♦✳ ▲✉❡❣♦✱ ❧❛ ❡❝✉❛❝✐ó♥ s❡ s❡♣❛r❛ ❡♥ ❞♦s ❡❝✉❛❝✐♦♥❡s ❛❧
❝♦♥s✐❞❡r❛r ❧♦s tér♠✐♥♦s ❡♥ ❧♦s ❝✉❛❧❡s n ❛♣❛r❡❝❡ ❛♥t❡s q✉❡ n ` 1 ♦ ✈✐❝❡✈❡rs❛✳
❊♥ ❧❛❞♦ ✐③q✉✐❡r❞♦✱ ✉♥ tér♠✐♥♦ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❡①♣r❡s✐ó♥ δpu˝q ✭r❡s♣✳ δpu‚q✮
s✐ n ` 1 ❛♣❛r❡❝❡ ❛♥t❡s ✭r❡s♣✳ ❞❡s♣✉és✮ ❞❡ n✳ ❊♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦✱ ♣♦r ♦tr❛
♣❛rt❡✱ n ` 1 ❛♣❛r❡❝❡ ❛♥t❡s ✭r❡s♣✳ ❞❡s♣✉és✮ ❞❡❧ ✈❛❧♦r n ❡♥ ❧♦s tér♠✐♥♦s ❞❡ ❧❛s
❡①♣r❡s✐♦♥❡s pδuq˝✱ 1 2 ˝1 u ② u ˝n

1 2 ✭r❡s♣✳ pδuq‚✱ 12

˝1 u ② u ˝n
12 ✮✳

▲❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ s❡rá ❞❡ ✉t✐❧✐❞❛❞ ♠ás ❛❞❡❧❛♥t❡✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳ ❙❡❛♥ ❞♦s ❝❛❝t✉s u1 P Cactippqk✱ u
2 P Cactipqqℓ✱ t❛❧❡s q✉❡

7u1´1ptpuq “ 7u2´1ptquq “ 1✱ ❡s ❞❡❝✐r✱ p ❛♣❛r❡❝❡ só❧♦ ✉♥❛ ✈❡③ ❡♥ u1 ② q ❛♣❛r❡❝❡
só❧♦ ✉♥❛ ✈❡③ ❡♥ u2✳ ❙❡ t✐❡♥❡

pu1 ˝i u
2q˝ “ p´1qℓu1˝ ˝i u

2, pu1 ˝p u
2q˝ “ p´1qℓu1˝ ˝p u

2 ` u1 ˝p u
2˝

pu1 ˝i u
2q‚ “ p´1qℓu1‚ ˝i u

2, pu1 ˝p u
2q‚ “ p´1qℓu1‚ ˝p u

2 ` u1 ˝p u
2‚

♣❛r❛ i ď p ´ 1✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✱ s❡ t✐❡♥❡

pu1 ˝i u
2q˝ ´ pu1 ˝i u

2q‚ “ p´1qk`ℓ 1

2

˝1 pu1 ˝i u
2q ´ pu1 ˝i u

2q ˝p`q´1
1

2

❝♦♠♦ Cacti ❡s ✉♥ ♦♣❡r❛❞✱ ❡❧ ♠✐❡♠❜r♦ ❞❡r❡❝❤♦ ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ❝♦✐♥❝✐❞❡ ❝♦♥

p´1qk`ℓp 1

2

˝1 u
1q ˝i u

2 ´ p´1qℓpu1 ˝p
1

2

q ˝i u
2 pi ă pq

p´1qk`ℓp 1

2

˝1 u
1q ˝p u

2 ´ u1 ˝p pu2 ˝q
1

2

q pi “ pq

❆❤♦r❛ ❜✐❡♥✱ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ ✭♦♣❡rá❞✐❝❛✮ pu1 ˝p
1

2

q ˝p u
2 “ u1 ˝p p 1

2

˝1 u
2q

✐♠♣❧✐❝❛

pu1 ˝i u
2q˝ ´ pu1 ˝i u

2q‚ “

#
p´1qℓpu1˝ ´ u1‚q ˝i u

2 pi ă pq

p´1qℓpu1˝ ´ u1‚q ˝p u
2 ` u1 ˝p pu2˝ ´ u2‚q pi “ pq

◆✉❡✈❛♠❡♥t❡✱ ❡st❛ ❡❝✉❛❝✐ó♥ s❡ s❡♣❛r❛ ❡♥ ❞♦s✱ ✉♥❛ ♣❛r❛ ❝❛❞❛ ♦♣❡r❛❝✐ó♥✳ ❊♥ ❡❧
❧❛❞♦ ✐③q✉✐❡r❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥✱ ❧♦s tér♠✐♥♦s ❞❡ pu1 ˝i u

2q˝ s♦♥ ❛q✉❡❧❧♦s ❡♥ ❧♦s
❝✉❛❧❡s p ` q ❛♣❛r❡❝❡ ❛♥t❡s q✉❡ p ` q ´ 1✳ ❊♥ ❡❧ ❧❛❞♦ ❞❡r❡❝❤♦✱ p ` q ❛♣❛r❡❝❡
❛♥t❡s q✉❡ p` q´ 1 ❡♥ ❧♦s tér♠✐♥♦s ❞❡ u1˝ ˝i u

2 ✭♣♦rq✉❡ p` 1 ❡stá ❛♥t❡s q✉❡ p
❡♥ u1˝✮ ② ❡♥ ❧♦s tér♠✐♥♦s ❞❡ u1 ˝p u

2˝ ✭q ` 1 ❛♣❛r❡❝❡ ❛♥t❡s q✉❡ q ❡♥ u2˝✮✳

✽✼



✸✳✷✳ ❊str✉❝t✉r❛ A8 ❡♥ Cacti

❙✐♠❡tr✐③❛❝✐ó♥ ❞❡❧ ♣r♦❞✉❝t♦ ② ♣ér❞✐❞❛ ❞❡ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❧❛ ❡str✉❝t✉r❛ ❛s♦❝✐❛t✐✈❛ ❞❡♥tr♦ ❞❡ Cacti✳ ❊s
❞❡❝✐r✱ ❧❛ ❡str✉❝t✉r❛ ❞❡ A✲á❧❣❡❜r❛ ❡♥ t♦❞❛ Cacti✲á❧❣❡❜r❛ ❞❛❞❛ ♣♦r ❡❧ ♠♦r✜s♠♦

A ãÑ Cacti

mn ÞÑ p1, . . . , nq

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡♥ t♦❞❛ Cacti á❧❣❡❜r❛ s❡ t✐❡♥❡ ✉♥ ♣r♦❞✉❝t♦ q✉❡ ❡s ❡❧ ❞❛❞♦
♣♦r ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❝❛❝t✉s

p1, 2q “ 12

❉❡❜✐❞♦ ❛ q✉❡ ❡st❛ ♦♣❡r❛❝✐ó♥ ♣r♦✈✐❡♥❡ ✭♣♦r ♠❡❞✐♦ ❞❡ ❧❛ ✐♥❝❧✉s✐ó♥ ❛♥t❡r✐♦r✮ ❞❡❧
❣❡♥❡r❛❞♦r m2 P A✱ ❞✐❝❤♦ ♣r♦❞✉❝t♦ ❡s ❛s♦❝✐❛t✐✈♦✱ ♦ s❡❛✿

12

˝1
12

“ 1
2

3 “
12

˝2
12

❊st❡ ♣r♦❞✉❝t♦ ♥♦ s❡rá ❝♦♥♠✉t❛t✐✈♦ ❡♥ ❣❡♥❡r❛❧✱ ②❛ q✉❡ 12

‰ 1 2 ✳ ❙✐♥ ❡♠❜❛r✲
❣♦✱ ❞❡♥tr♦ ❞❡❧ ♦♣❡r❛❞ Cacti s❡ t✐❡♥❡ ✉♥❛ ❤♦♠♦t♦♣í❛ ♣❛r❛ ❧❛ ❝♦♥♠✉t❛t✐✈✐❞❛❞✿

p1, 2, 1q “ 1

2

②❛ q✉❡

δ
´

1

2 ¯
“ 1 2 ´ 12

❙✐ s❡ q✉✐❡r❡ ♦❜t❡♥❡r ✉♥ ♣r♦❞✉❝t♦ ❝♦♥♠✉t❛t✐✈♦✱ ✉♥♦ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❡❧ ❞❡✜✲
♥✐❞♦ ♣♦r ❡❧ ❡❧❡♠❡♥t♦

1 2 ` 12

❆❧ ❤❛❝❡r ❡st♦✱ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞ s❡ ♣✐❡r❞❡✳ ❈❛❧❝✉❧❡♠♦s ❞❡ ♠❛♥❡r❛ ❡①♣❧í❝✐t❛ ❧❛
❢❛❧❧❛ ❞❡ ❧❛ ❛s♦❝✐❛t✐✈✐❞❛❞✳

p
12

` 1 2 q ˝1 p
12

` 1 2 q “ 1
2

3 ` 2
1

3 ` 3
1

2 ` 3
2

1

p
12

` 1 2 q ˝2 p
12

` 1 2 q “ 1
2

3 ` 1
3

2 ` 2
3

1 ` 3
2

1

❆❤♦r❛✱ ❛❧ r❡st❛r ❛♠❜♦s ♠✐❡♠❜r♦s✱ s❡ ♦❜t✐❡♥❡✿

2
1

3 ` 3
1

2 ´ 1
3

2 ´ 2
3

1 ‰ 0

✽✽



❊str✉❝t✉r❛ A8 ❡①♣❧í❝✐t❛

◆♦t❡♠♦s q✉❡ ❧❛ ❢❛❧❧❛ s❡ ♣✉❡❞❡ s♦❧✉❝✐♦♥❛r ❝♦♥ ❧❛ ❤♦♠♦t♦♣í❛ m3✿

m3 :“
2 1

3

´ 21

3

❨❛ q✉❡

δ

¨
˝ 2 1

3

´ 21

3
˛
‚“

`
3

1
2 ´ 1

3
2 ` 2

1
3 ´ 2

3
1

˘

◆✉❡str♦ ♦❜❥❡t✐✈♦ ❡s ♠♦str❛r q✉❡ ❧❛ s❡❝✉❡♥❝✐❛ m2,m3 ❝♦♥t✐♥ú❛ ❞❛♥❞♦ ❧✉❣❛r ❛
✉♥❛ ❡str✉❝t✉r❛ ❞❡ A8✲á❧❣❡❜r❛✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❞❡✜♥✐r❡♠♦s ✉♥ ♠♦r✜s♠♦
❞❡ dg✲♦♣❡r❛❞s η : A8 Ñ Cacti t❛❧ q✉❡

m2 ÞÑ 1 2 ` 12

m3 ÞÑ 2 1

3

´ 21

3

❊st♦ ❧♦ r❡❛❧✐③❛r❡♠♦s ❝♦♥ ❛②✉❞❛ ❞❡❧ Ap2q
8 ♦♣❡r❛❞✳ ❊s ❞❡❝✐r✱ ❝♦♥str✉✐r❡♠♦s ✉♥

♠♦r✜s♠♦ µ : A
p2q
8 Ñ Cacti t❛❧ q✉❡ ❛❧ ❝♦♠♣♦♥❡r ❝♦♥ φ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✸✺

♦❜t❡♥❞r❡♠♦s ❧❛ ❡str✉❝t✉r❛ A8 ❞❡s❡❛❞❛✿

A8
φ
ÝÑ Ap2q

8
µ
ÝÑ Cacti

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❞❡❜❡ s❡r ηpm2q “ µφpm2q “ µpm˝ `m‚q “ µpm˝q ` µpm‚q✳
P♦r ❧♦ t❛♥t♦ ❝♦♥s✐❞❡r❛r❡♠♦s

µpm‚q “
12

µpm˝q “ 1 2

❖❜s❡r✈❡♠♦s q✉❡ ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ❛s♦❝✐❛t✐✈✐❞❛❞ s♦♥✿

12

˝1
12

´
12

˝2
12

“ 0
1 2 ˝1

1 2 ´ 1 2 ˝2
1 2 “ 0

12

˝1
1 2 ´ 1 2 ˝2

12

“ 2
1

3 ´ 2
3

1

1 2 ˝1
12

´
12

˝2
1 2 “ 3

1
2 ´ 1

3
2

✽✾



▲✉❡❣♦✱ ❧❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ ❛s♦❝✐❛t✐✈❛s ❛ ❧❛ ✈❡③ q✉❡ 21

3

② 2 1

3

r❡s✉❡❧✈❡♥ ❧❛
❢❛❧❧❛ ❞❡ ❧❛s ❛s♦❝✐❛t✐✈✐❞❛❞❡s ❝r✉③❛❞❛s ②❛ q✉❡✿

δ

¨
˝´ 21

3
˛
‚ “ 2

1
3 ´ 2

3
1

δ

¨
˝ 2 1

3
˛
‚ “ 3

1
2 ´ 1

3
2

◆✉❡str♦ ♦❜❥❡t✐✈♦ ❡s✱ ❡♥t♦♥❝❡s✱ ✈❡r s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ Ap2q
8 ✳

❊st♦ ❡s ❡❢❡❝t✐✈❛♠❡♥t❡ ❛sí✳ ▼ás ❛ú♥✱ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ♣r❡s❡♥t❛♠♦s ❧❛
❝♦♥str✉❝❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡❧ ♠♦r✜s♠♦ µ : A

p2q
8 Ñ Cacti✳

❊♥ ❧❛ ❜úsq✉❡❞❛ ❞❡ ❡st❡ ♠♦r✜s♠♦✱ ♥♦s ❤❡♠♦s ✈❛❧✐❞♦ ❞❡ ❧❛ ❛②✉❞❛ ❞❡ ✉♥ ♣r♦✲
❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❝✐ó♥ q✉❡ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ r❡❛❧✐③❛r
❝á❧❝✉❧♦s ❡♥ ❡❧ ♦♣❡r❛❞ Cacti✳ ❊♥ ❡❧ ❛♣é♥❞✐❝❡ ❇ ❛❞❡♠ás s❡ ✐♥❝❧✉✐r❧♦✱ s❡ ❡①♣❧✐❝❛
t❛♥t♦ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❝♦♠♦ ❧❛ ♠❛♥❡r❛ ❡♥ q✉❡ ❤❛ s✐❞♦ ✉t✐❧✐③❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✳ ❉❡✜♥✐♠♦s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ A
p2q
8

µ
ÝÑ Cacti ❛ ♣❛rt✐r ❞❡ s✉ ✈❛❧♦r

❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡ ❝❛❞❛ ❛r✐❞❛❞ ✐♥❞✉❝t✐✈❛♠❡♥t❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

P❛r❛ n “ 1✱ s❡ ❞❡✜♥❡

#
µpm‚q “

12

µpm˝q “ 1 2

❙✉♣♦♥❣❛♠♦s µpmξq ❡stá ❞❡✜♥✐❞♦ ② ❛❣r❡❣❛♠♦s ✉♥ ‚ ♦ ✉♥ ˝ ❛❧ ✜♥❛❧✳ ❊♥
❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s✿

µ
`
mpξ‚q

˘
:“

`
µpmξq

˘
‚

µ
`
mpξ˝q

˘
:“

`
µpmξq

˘
˝

◆♦t❛r q✉❡✱ ♣♦r ❝♦♥str✉❝❝✐ó♥✱ s❡ t✐❡♥❡✿
µpmξq “ 0 s✐ ξ1 “ ξ2 ✭❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ µmp‚‚... q “ µmp˝˝... q “ 0✮✳

❱❡❛♠♦s ❛❤♦r❛ q✉❡ µ ❛sí ❞❡✜♥✐❞♦ ❡s ❡❢❡❝t✐✈❛♠❡♥t❡ ✉♥ ♠♦r✜s♠♦ ❞❡ dg✲♦♣❡r❛❞s✳
❊s ❞❡❝✐r✱ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r q✉❡ δµ “ µB ✭❞♦♥❞❡ r❡❝♦r❞❡♠♦s q✉❡ δ ❡s ❡❧
❞✐❢❡r❡♥❝✐❛❧ ❞❡ Cacti ② B ❡❧ ❞❡ Ap2q

8 ✮✳ P❛r❛ ❡s♦✱ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ❜✉s❝❛ ❞❡s❝r✐❜✐r
❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ δµ ② µB ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛✳

✾✵



▲❡♠❛ ✸✳✼✳ ❙❡❛ ξ P t‚, ˝un´1 ❡♥t♦♥❝❡s✱ s❡ t✐❡♥❡

δ
`
µpmξ˝q

˘
´

`
δpµpmξq

˘
˝

“ p´1qn
´
µpm˝q ˝1 µpmξq ´ µpmξq ˝n µpm˝q

¯

δ
`
µpmξ‚q

˘
´

`
δpµpmξq

˘
‚

“ p´1qn
´
µpm‚q ˝1 µpmξq ´ µpmξq ˝n µpm‚q

¯

µBpmξ˝q ´ pµBmξq
˝ “ p´1qn

´
µpm˝q ˝1 µpmξq ´ µpmξq ˝n µpm˝q

¯

µBpmξ‚q ´ pµBmξq
‚ “ p´1qn

´
µpm‚q ˝1 µpmξq ´ µpmξq ˝n µpm‚q

¯

❉❡♠♦str❛❝✐ó♥✳ ▲❛s ♣r✐♠❡r❛s ❞♦s ❡❝✉❛❝✐♦♥❡s s❡ s✐❣✉❡♥ ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✸✳
❱❡❛♠♦s ❡♥t♦♥❝❡s ❧❛s ú❧t✐♠❛s ❞♦s✳

P❛r❛ ξ1 P t˝, ‚up´1✱ ξ2 P t˝, ‚uq´1✱ p, q ě 2✱ s❡ t✐❡♥❡

pµpmξ1 ˝i mξ2qq˝ “

#
µ

`
p´1qqmξ1˝ ˝i mξ2

˘
pi ă pq

µ
`
p´1qqmξ1˝ ˝p mξ2 ` mξ1 ˝p mξ2˝q

˘
pi “ pq

❛❧ ❛♣❧✐❝❛r ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✸✳✺ s✐❡♥❞♦ u1 ˝i u
2 ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s tér♠✐♥♦s ❞❡

µmξ1 ˝i µmξ2 ✳ ▲✉❡❣♦

pµBmξq
˝ “ µ

ˆÿ
p´1qqpp´i`1q`i´1mξ1˝ ˝i mξ2 ` p´1qp´1mξ1 ˝p mξ2˝

˙

❉♦♥❞❡ ❧❛ s✉♠❛ ❡s s♦❜r❡ t♦❞❛s ❧❛s ♠❛♥❡r❛s ❞❡ ❤❛❝❡r ξ “ ξ1 ˝i ξ
2✱ 1 ď i ď p

❝♦♠♦ ❛❧ ❝❛❧❝✉❧❛r ❡❧ ❞✐❢❡r❡♥❝✐❛❧ Bi✳ P♦r ♦tr❛ ♣❛rt❡✱ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ❞❡s❝♦♠✲
♣♦s✐❝✐♦♥❡s ❞❡ ξ˝ s♦♥ ˝ ˝1 ξ✱ ξ ˝n ˝✱ ξ1˝ ˝i ξ

2 ② ξ1 ˝p ξ
2˝ ❞♦♥❞❡ ξ1, ξ2 s❡❛ ✉♥❛

❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ξ ❝♦♠♦ ❛♥t❡s✳ ❆❧ ❝❛❧❝✉❧❛r Bpmξ˝q ❡st❛s ❝✉❛tr♦ t✐♣♦s ❞❡
❞❡s❝♦♠♣♦s✐❝✐♦♥❡s ❛♣❛r❡❝❡♥ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

p´1qnm˝˝1mξ, p´1qn´1mξ˝nm˝, p´1qqpp´i`1q`i´1mξ1˝˝imξ2 , p´1qp´1m1
ξ˝pmξ2˝.

❨ ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ t✐❡♥❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥

µBmξ˝ ´ pµBmξq
˝ “ p´1qn pµm˝ ˝1 µmξ ´ µmξ ˝n µm˝q

❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ s❡ ♦❜t✐❡♥❡ ❧❛ ❡❝✉❛❝✐ó♥ ♣❛r❛ ‚✳

❚❡♦r❡♠❛ ✸✳✽✳ µ : A
p2q
8 Ñ Cacti ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ dg✲♦♣❡r❛❞s✳

❉❡♠♦str❛❝✐ó♥✳ ❊❧ t❡♦r❡♠❛ s❡ s✐❣✉❡ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r ♣♦r ✐♥❞✉❝❝✐ó♥ ❡♥ ❧❛
❧♦♥❣✐t✉❞ ❞❡ ❧❛s ❡t✐q✉❡t❛s✳

❈♦r♦❧❛r✐♦ ✸✳✾✳ ❙❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦ ❞❡ ♦♣❡r❛❞s η : A8 Ñ Cacti ❞❡✜♥✐❞♦
❝♦♠♦ η “ µφ ❞♦♥❞❡ µ ❡s ❡❧ ❞❡❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ② φ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✸✺✳

✾✶



❉❡s❝r✐♣❝✐ó♥ ❛❧t❡r♥❛t✐✈❛ ❞❡❧ ♠♦r✜s♠♦ A8 Ñ Cacti

❘❡❝❛♣✐t✉❧❛♥❞♦✱ t❡♥❡♠♦s

A8
φ
ÝÑ Ap2q

8
µ
ÝÑ Cacti

❞♦♥❞❡ φ ❡s ❡❧ ♠♦r✜s♠♦ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✸✺ ② µ ❡❧ ❞❡✜♥✐❞♦ ❡♥ ✸✳✻✳ ❆sí✱ s❡
t✐❡♥❡ η :“ µφ✳ ❊♥ ❡st❡ ❛♣❛rt❛❞♦ s❡ ♣r❡s❡♥t❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❡st❡ ♠♦r✜s♠♦
❞❡ ♠❛♥❡r❛ ❞✐r❡❝t❛✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ❞❡s❝r✐❜❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ tér♠✐♥♦s ❞❡
ηpmnq ♣❛r❛ ❝❛❞❛ n ě 2✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✵✳ ▲❧❛♠❛r❡♠♦s Cn ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ❝❛❝t✉s u ❞❡ n ❧ó❜✉❧♦s
❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞✿

✏❙✐ pi, j, iq ❡s ✉♥❛ s✉❜s❡❝✉❡♥❝✐❛ ❞❡ u ❡♥t♦♥❝❡s j ą i ` 1✳✑

●rá✜❝❛♠❡♥t❡✱ ❧♦s ❝❛❝t✉s ❡♥ Cn s♦♥ ❛q✉❡❧❧♦s ❞♦♥❞❡ s✐ ✉♥ ❧ó❜✉❧♦ j ❡stá s♦❜r❡
♦tr♦ i ✭❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛ ♦ ♥♦✮ ❡♥t♦♥❝❡s ❞❡❜❡ s❡r ♥♦ só❧♦ ♠❛②♦r ❛ é❧ s✐♥♦
♠❛②♦r ❛ i ` 1✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡❧ ❧ó❜✉❧♦ ✶ ② ✷ ❞❡❜❡♥ ✐♥t❡rs❡❝t❛rs❡ ❡♥ ❧❛ r❛í③✳
❚❛♠❜✐é♥ s❡ t✐❡♥❡ q✉❡ ❡❧ ✈❛❧♦r n ❛♣❛r❡❝❡ só❧♦ ✉♥❛ ✈❡③ ❡♥ u✳ ❊st♦✱ ❣rá✜❝❛♠❡♥t❡✱
q✉✐❡r❡ ❞❡❝✐r q✉❡ ♥♦ ♣✉❡❞❡ ❤❛❜❡r ♦tr♦s ❧ó❜✉❧♦s s♦❜r❡ é❧✳

❈♦♥s✐❞❡r❡♠♦s ❛❤♦r❛ C 1
n ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝❛❝t✉s ❡♥ Cn ❞❡ ❣r❛❞♦ ♠á①✐♠♦✳ ❉❛❞♦

q✉❡ ❧♦s ❧ó❜✉❧♦s ✶ ② ✷ s❡ ✐♥t❡rs❡❝t❛♥ ❡♥ ❧❛ r❛í③✱ ❧❛ ♠✐s♠❛ ♥♦ ♣✉❡❞❡ s❡r n´1 ✭❧❛
❞✐♠❡♥s✐ó♥ ♠á①✐♠❛ ❞❡ ❝✉❛❧q✉✐❡r ❝❛❝t✉s ❞❡ n ❧ó❜✉❧♦s✮✳ ❊s ❢á❝✐❧ ✈❡r q✉❡ s✐❡♠♣r❡
❡①✐st❡ ✉♥ ❝❛❝t✉s ❡♥ Cn ❞❡ ❞✐♠❡♥s✐ó♥ n´ 2✱ ♣♦r ❧♦ t❛♥t♦ ést❛ ❡s ❧❛ ❞✐♠❡♥s✐ó♥
♠á①✐♠❛✳

❊❥❡♠♣❧♦s ✸✳✶✶✳ P❛r❛ n “ 2, 3✿

C2 “ C 1
2 “ t

12

,
1 2 u✳

C3 “ t 1
2

3

, 1
3

2

, 2
1

3

, 2
3

1

, 3
1

2

, 3
2

1

, 2 1

3

, 21

3

u, C 1
3 “ t 2 1

3

, 21

3

u✳

❱❡r❡♠♦s q✉❡ ηpmnq ❝♦♥s✐st❡ ❡①❛❝t❛♠❡♥t❡ ❞❡ ❧❛ s✉♠❛ ✭❝♦♥ s✐❣♥♦✮ ❞❡ ❧♦s
❡❧❡♠❡♥t♦s ❞❡ C 1

n✳ ❊st♦ s❡ ❞❡❞✉❝❡ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s ② ❡❧ ❤❡❝❤♦
❞❡ q✉❡ ♣♦r ❞❡✜♥✐❝✐ó♥ ✭✸✳✶✮ ❧♦s tér♠✐♥♦s ❞❡ u˝ ② u‚ s♦♥ ❧♦s ❝❛❝t✉s 8uj ♣❛r❛
j ‰ i ✭❞♦♥❞❡ i ❡s ❡❧ ú♥✐❝♦ ❛r❝♦ ❞❡❧ ❧ó❜✉❧♦ n✮✳

✾✷



❖❜s❡r✈❛❝✐ó♥ ✸✳✶✷✳ ❱♦❧✈✐❡♥❞♦ ❛ ❧❛ ♥♦t❛❝✐ó♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ✸✳✶✱ ♣❛r❛ u ✉♥
❝❛❝t✉s ❞❡ n ❧ó❜✉❧♦s ❞♦♥❞❡ ést❡ ❛♣❛r❡❝❡ só❧♦ ❡♥ ❧❛ ♣♦s✐❝✐ó♥ i✱ 8uj ✭♣❛r❛ j ‰ i✮
s❡rá ❡❧ ❝❛❝t✉s q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ u r❡❡♠♣❧❛③❛♥❞♦ upjq ♣♦r pupjq, n ` 1, upjqq✳
❙❡ ❞❡❞✉❝❡♥ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✳

❙✐ u P Cn ❡♥t♦♥❝❡s 8uj P Cn`1✳

❚♦❞♦ ❝❛❝t✉s ❡♥ Cn`1 s❡ ♦❜t✐❡♥❡ ❞❡ ❡st❛ ♠❛♥❡r❛✳

❙✐ u P C 1
n ❡♥t♦♥❝❡s 8uj P C 1

n`1 ✭❝✉❛❧q✉✐❡r❛ s❡❛ ❡❧ ❛r❝♦ j ‰ i✮✳

❙✐ j ‰ j1 ❡♥t♦♥❝❡s 8uj ‰ 8uj1 ✳

❙✐ u P C 1
n ❡♥t♦♥❝❡s 7t8ujuj “ 2n ´ 3✳

❙✐ u ‰ u1 ❡♥t♦♥❝❡s t8ujuj X t8u1
j1uj1 “ H✳

7C 1
n`1 “ p2n ´ 3q ¨ 7C 1

n

P❛r❛ n ě 3✱ s❡ t✐❡♥❡ 7C 1
n “ 2p2n´ 5q!! “ 2 ¨ p2n´ 5q ¨ p2n´ 7q . . . 5 ¨ 3 ¨ 1✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✸✳ ❊❧ ♠♦r✜s♠♦ A8
φ
ÝÑ A

p2q
8

µ
ÝÑ Cacti ❡stá ❞❛❞♦ ♣♦r✿

mn ÞÑ
ÿ

uPC1
n

˘u

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✶✱ ❞❡s❞❡ ❡❧ ♣✉♥t♦ ❞❡ ✈✐st❛ ❣❡♦♠étr✐❝♦ ❡❧
♠♦r✜s♠♦ φ ❛s✐❣♥❛ ❛ ❝❛❞❛ ♣♦❧ít♦♣♦ ❞❛❞♦ ♣♦r mn ❧❛ s✉♠❛ ❞❡ ❧♦s ♣♦❧ít♦♣♦s
mξ ❝♦♥ |ξ| “ n✳ ❆❤♦r❛ ❜✐❡♥✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ A8 ❡♥ ❡❧ ♦♣❡r❛❞
Cacti ❡♥❝♦♥tr❛❞❛ ❝❛❞❛ µpmξq ❝♦rr❡s♣♦♥❞❡ ♣r❡❝✐s❛♠❡♥t❡ ❛ ✉♥❛ ❝♦♠♣♦♥❡♥t❡
❝♦♥❡①❛ ❞❡ ηpmnq✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡①♣♦♥❞r❡♠♦s ❧❛ ❡str✉❝t✉r❛ ❣❡♦♠étr✐❝❛ ❞❡
❡st❛s ❝♦♠♣♦♥❡♥t❡s ❡♥ ❛r✐❞❛❞ n “ 3, 4, 5✳ ❊st♦s tér♠✐♥♦s ❡stá♥ r❡s✉♠✐❞♦s ❡♥
❧❛ s✐❣✉✐❡♥t❡ t❛❜❧❛

✾✸



m‚˝ ÞÑ p1312q
m˝‚ ÞÑ ´p2131q
m‚˝‚ ÞÑ ´p131412q ´ p131242q
m‚˝˝ ÞÑ ´p141312q
m˝‚‚ ÞÑ `p213141q
m˝‚˝ ÞÑ `p242131q ` p214131q
m‚˝‚‚ ÞÑ `p13141512q ` p13141252q ` p13124252q
m‚˝‚˝ ÞÑ ´p15131412q ` p13531412q ` p13151412q ´ p15131242q

`p13531242q ` p13151242q ` p13125242q
m‚˝˝‚ ÞÑ `p14131252q ` p14131512q ` p14135312q ´ p14151312q
m‚˝˝˝ ÞÑ ´p15141312q
m˝‚‚‚ ÞÑ ´p21314151q
m˝‚‚˝ ÞÑ `p25213141q ` p21513141q ´ p21353141q ´ p21315141q
m˝‚˝‚ ÞÑ `p24252131q ` p24215131q ´ p24213531q ´ p24213151q

`p21415131q ´ p21413531q ´ p21413151q
m˝‚˝˝ ÞÑ `p25242131q ` p25214131q ` p21514131q

❉❡❜✐❞♦ ❛ ❧❛ s✐♠❡trí❛ ❞❡ ❧❛s ❝♦♥str✉❝❝✐♦♥❡s ˝ ② ‚✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦rr❡s♣♦♥✲
❞✐❡♥t❡s ✉♥❛ ❡t✐q✉❡t❛ ② ❛ ❧❛ ♦❜t❡♥✐❞❛ ✐♥t❡r❝❛♠❜✐❛♥❞♦ ❧❛ ❞❡❝♦r❛❝✐ó♥ ❧✉❣❛r ❛
❧✉❣❛r t✐❡♥❡♥ ❧❛ ♠✐s♠❛ ❣❡♦♠❡trí❛✳

P❛r❛ ❡❧ ❝❛s♦ ❞❡ ηm3✱ ❧❛ ♠✐s♠❛ ❝♦♥s✐st❡ ❡♥ ❞♦s ❝♦♠♣♦♥❡♥t❡s s✐♠✐❧❛r❡s ✭❞♦s
s❡❣♠❡♥t♦s✮✿

µm˝‚ “ 21

3

µm‚˝ “ 2 1

3

.

P♦r ♦tr❛ ♣❛rt❡✱ ηm4 ❝♦♥st❛ ❞❡ ❝✉❛tr♦ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ❞♦s ❞❡ ❡❧❧❛s
tr✐á♥❣✉❧♦s✿

µm˝‚‚ “ 21

4
3

µm‚˝˝ “ 2 1

4
3

▲❛s r❡st❛♥t❡s ❝♦♥s✐st❡♥ ❡♥ ❞♦s ♣❡♥tá❣♦♥♦s q✉❡ s❡ s✉❜❞✐✈✐❞❡♥ ❝❛❞❛ ✉♥♦ ❡♥ ✉♥
tr✐á♥❣✉❧♦ ② ✉♥ r❡❝tá♥❣✉❧♦ ✭❡s ❞❡❝✐r✱ ✉♥ ♣r♦❞✉❝t♦ ❞❡ ❞♦s ✶✲sí♠♣❧✐❝❡s✮✿

µm˝‚˝ “
21

4
3

21

43

µm‚˝‚ “
2 1

4
3

2 1

4 3

✾✹



▲❛ ♦♣❡r❛❝✐ó♥ ηm5 ♣♦r ♦tr❛ ♣❛rt❡ t✐❡♥❡ ♦❝❤♦ ❝♦♠♣♦♥❡♥t❡s✱ ❞♦s ✸✲sí♠♣❧✐❝❡s✿

µm˝‚‚‚ “ 21
5

4 3

µm‚˝˝˝ “ 2 1
5

43

.

▲❛s ❝♦♠♣♦♥❡♥t❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ µm˝‚‚˝ ② µm‚˝˝‚ ❝♦♥st❛♥ ❞❡ ❞♦s ✸✲
sí♠♣❧✐❝❡s ② ❞♦s ♣r✐s♠❛s ❞❡ ❜❛s❡ tr✐❛♥❣✉❧❛r ✭♣r♦❞✉❝t♦ ❞❡ ✶✲sí♠♣❧✐❝❡ ② ✉♥
✷✲sí♠♣❧✐❝❡✮✳ P♦r ❡❥❡♠♣❧♦✱ µm‚˝˝‚ ❡s✿

2 1

5

4
3

2 1
5

4 3

2 1

5
4

3

2 1

5

4

3

❊♥ ❡❧ ❝❛s♦ ❞❡ µm‚˝‚‚ ② µm˝‚˝˝✱ s❡ t✐❡♥❡ ✉♥ ✸✲sí♠♣❧✐❝❡ ② ❞♦s ♣r✐s♠❛s ❞❡ ❜❛s❡
tr✐❛♥❣✉❧❛r✳ ❊❧ ❡❧❡♠❡♥t♦ µm‚˝‚‚ ❡s✿

2 1

5 4

3

2 1

5 4

3

2 1

5
4 3

✾✺



P♦r ú❧t✐♠♦✱ ❧❛s ❝♦♠♣♦♥❡♥t❡s µm˝‚˝‚ ② µm‚˝‚˝ s❡ ❝♦♠♣♦♥❡♥✱ ❝❛❞❛ ✉♥❛ ❞❡
❞♦s ✸✲sí♠♣❧✐❝❡s✱ ❝✉❛tr♦ ♣r✐s♠❛s ❞❡ ❜❛s❡ tr✐❛♥❣✉❧❛r ② ✉♥ ♣r✐s♠❛ ❞❡ ❜❛s❡
r❡❝t❛♥❣✉❧❛r ✭❡s ❞❡❝✐r✱ ✉♥ ♣r♦❞✉❝t♦ ❞❡ tr❡s ✶✲sí♠♣❧✐❝❡s✮✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡
♣r❡s❡♥t❛ µm‚˝‚˝✿

2 1
5

4 3

2 1

54

3

2 1

5

4 3

2 1

5

4 3

2 1
5

4 3

2 1

54

3

2 1

54 3

✾✻



❈❛♣ít✉❧♦ ✹

❈♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❡st✉❞✐❛♥ ✉♥ ❝✐❡rt♦ t✐♣♦ ❞❡ sCacti✲á❧❣❡❜r❛s✱ ❡s
❞❡❝✐r✱ ❝♦♥s✐❞❡r❛r❡♠♦s Cacti ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦✳ ■♥tr♦❞✉❝✐♠♦s ❧❛ ♥♦❝✐ó♥
❞❡ á❧❣❡❜r❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✳ ➱st❛s s♦♥ á❧❣❡❜r❛s ✭❜✐❣r❛❞✉❛❞❛s✮ ❡♥ ❧❛s
❝✉❛❧❡s✱ ❡♥tr❡ ♦tr❛s ♣r♦♣✐❡❞❛❞❡s ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✹✳✹✮✱ ❧♦s ❝❛❝t✉s

Bn “ 1

2..
.

n

3

❛❝tú❛♥ ❞❡ ♠❛♥❡r❛ tr✐✈✐❛❧ s✐ s❡ ❡✈❛❧ú❛♥ ❡♥ ❧❛ ♣r✐♠❡r❛ ❡♥tr❛❞❛ ❡♥ ❡❧❡♠❡♥t♦s
❞❡ ❣r❛❞♦ ♠❡♥♦r ❛ n ´ 1✳ ❊s ❞❡❝✐r✱ s❡ ❛♥✉❧❛♥ ❝✉❛♥❞♦ ❡❧ ❣r❛❞♦ ❞❡❧ ❡❧❡♠❡♥t♦
❡♥ ❧❛ ♣r✐♠❡r❛ ❡♥tr❛❞❛ ❡s ♠❡♥♦r ❛ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❡♥tr❛❞❛s s♦❜r❡ ést❛ ❡♥ ❡❧
❞✐❜✉❥♦✳ ❊st❛ ♣r♦♣✐❡❞❛❞ ❡stá ♠♦t✐✈❛❞❛ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡ C‚pAq✱ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡
❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❞✳❣✳✮ A✳

P♦r ♦tr❛ ♣❛rt❡✱ t♦❞❛ sCacti✲á❧❣❡❜r❛ ❡s✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
❞✳❣✳ ❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ A ❝✉❛♥❞♦
A ❡s ❛s♦❝✐❛t✐✈❛ ❧✐❜r❡✳ ❊s ❞❡❝✐r✱ A “ TV ✳

❉❡ ♠❛♥❡r❛ ♠ás ❡s♣❡❝í✜❝❛✱ s❡ ❡st✉❞✐❛♥ ❡str✉❝t✉r❛s ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ ❡♥
❡❧ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ TV ✭❝♦♥ V ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✮ q✉❡ t❡♥❣❛♥ ❞✐❝❤❛
♣r♦♣✐❡❞❛❞ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ✭✈❡r ✹✳✹✮✳ ❊❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡❧
❝❛♣ít✉❧♦ ❡s ❡❧ s✐❣✉✐❡♥t❡ ✭❡❧ ♠✐s♠♦ s❡ ❞❡❞✉❝❡ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ❞❡❧ t❡♦r❡♠❛ ✹✳✶✵
② ❡❧ ❝♦r♦❧❛r✐♦ ✹✳✶✸✮✳

❚❡♦r❡♠❛✿ ▲❛ ❝❛t❡❣♦rí❛ ❞❡ ❜✐á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ✉♥✐t❛r✐❛s ② ❝♦✉♥✐t❛r✐❛s ❞✳❣✳
❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ sCacti✲á❧❣❡❜r❛s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦ q✉❡
s♦♥ ❧✐❜r❡s ❝♦♠♦ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❣❡♥❡r❛❞❛s ❡♥ ❣r❛❞♦ ✉♥♦✳
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▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❡❧ t❡♦r❡♠❛ ❞✐❝❡ q✉❡ s✐ TV t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲
á❧❣❡❜r❛ q✉❡ ❡①t✐❡♥❞❡ ✭❞❡✜♥✐❝✐ó♥ ✹✳✸✮ ❧❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❡s ❝♦♠♣❛t✐❜❧❡
❝♦♥ ❡❧ ❣r❛❞♦ ✭❞❡✜♥✐❝✐ó♥ ✹✳✹✮✱ ❡♥t♦♥❝❡s ❡❧ ♣r♦❞✉❝t♦ ♣r❡✲▲✐❡ ✐♥❞✉❝✐❞♦ ❡♥ V ②
❡❧ ❝♦♣r♦❞✉❝t♦ ✐♥❞✉❝✐❞♦ ♣♦r ✭♣❛rt❡ ❞✮❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❛♥ ❧✉❣❛r ❛ ✉♥❛ ❡str✉❝✲
t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛ ❞✳❣✳ ❡♥ H “ V ‘ k1H ✳
❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ V ❡s ❡❧ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛❝✐ó♥ ❞❡ ✉♥❛ ❜✐á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛ pH,∆, ˚, ǫ, 1Hq ② V “ Kerpǫq✱ ❡♥t♦♥❝❡s TV ❡s ❞❡ ♠❛♥❡r❛
♥❛t✉r❛❧ ✭✐✳❡✳ ❢✉♥t♦r✐❛❧ ❡♥ H✮ ✉♥❛ sCacti✲á❧❣❡❜r❛✱ q✉❡ ❡①t✐❡♥❞❡ ❛ ❧❛ ❞❡ á❧❣❡❜r❛
❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ ② ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✳

❊st❡ r❡s✉❧t❛❞♦ ♣✉❡❞❡ ♣❡♥s❛rs❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✱ s✐ H ❡s ✉♥❛ ❝♦á❧❣❡❜r❛✱
s❡ t✐❡♥❡ ✈í❛ ❧❛ ❝♦♥tr✉❝❝✐ó♥ ❝♦❜❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ dg✲á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
❡♥ ΩH “ TV ✳ ❊♥ ❡❧ ❝❛s♦ q✉❡ H s❡❛ ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❞✳❣✳✮✱ ❧❛ ❡str✉❝t✉r❛ ❞❡
á❧❣❡❜r❛ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞❛ ❡♥ TV s❡ ♣✉❡❞❡ ❡♥r✐q✉❡❝❡r ✭✈❡r ❬▼❡♥✵✹✱ ❑❛❞✵✺❪✮
❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛✳ ❊♥ ❡st❡ s❡♥t✐❞♦✱ ❡❧ t❡♦r❡♠❛ ✹✳✶✵ ♥♦s ❞❛
✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦ ❡♥tr❡ ❞✐❝❤❛s ❡str✉❝t✉r❛s ② ❧❛s ❡str✉❝t✉r❛s ❞❡
❜✐á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ❝♦❛s♦❝✐❛t✐✈❛ ❞✳❣✳ ❡♥ H “ V ‘ 1H ✳ ❊st♦ ❣❡♥❡r❛❧✐③❛✱ ❡❧
❤❡❝❤♦ ②❛ ♠❡♥❝✐♦♥❛❞♦ ❞❡ q✉❡ ΩH “ TV ❡s á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s✐ H ❡s ✉♥❛
❜✐á❧❣❡❜r❛ ❞✳❣✳

▲✉❡❣♦✱ s❡ ♣❛s❛ ❛❧ ❡st✉❞✐♦ ❞❡ ❧♦s ♠♦r✜s♠♦s ❞❡ Cacti✲á❧❣❡❜r❛s ❡♥tr❡ á❧❣❡❜r❛s
❝♦♥ ❡st❛ ♣r♦♣✐❡❞❛❞✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❞❡ q✉é ♠❛♥❡r❛ ✉♥ ♠♦r✜s♠♦ ❡♥tr❡ á❧❣❡✲
❜r❛s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦ q✉❡ ♣❛rt❡ ❞❡ TV q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r s✉
r❡str✐❝❝✐ó♥ ❡♥ V ✭✈❡r ❧❡♠❛ ✹✳✶✷✮✳ ❙❡ ❞❡❞✉❝❡ q✉❡ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❛♥t❡s
♠❡♥❝✐♦♥❛❞❛ ❡♥tr❡ ❜✐á❧❣❡❜r❛s ② á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦
✭❞❛❞❛ ♣♦r ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r✮ ❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❝❛t❡❣♦rí❛s✳

❖tr❛ ♠♦t✐✈❛❝✐ó♥ ♣❛r❛ ❡st✉❞✐❛r ❡st❡ ♣r♦❜❧❡♠❛ ❡s ❧❛ s✐❣✉✐❡♥t❡✳ ❘❡❝♦r❞❡♠♦s q✉❡
❡❧ ♦♣❡r❛❞ ✭s✐♠étr✐❝♦✮ G ✭❬▲❱✶✷✱ ✶✸✳✸✳✶✵❪✮ q✉❡ ❝♦❞✐✜❝❛ á❧❣❡❜r❛s ❞❡ ●❡rst❡♥✲
❤❛❜❡r ♣✉❡❞❡ ❞❡s❝r✐❜✐rs❡ ❝♦♠♦ ❣❡♥❡r❛❞♦ ♣♦r ❞♦s ♦♣❡r❛❝✐♦♥❡s✿ ❡❧ ❝♦r❝❤❡t❡✱ q✉❡
❡s ❞❡ ▲✐❡ ✭❞❡ ❣r❛❞♦ ✶✮ ② ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥✱ ❝♦♥♠✉t❛t✐✈❛✳ ❉❛❞❛ ✉♥ á❧❣❡❜r❛ ❞❡
●❡rst❡♥❤❛❜❡r q✉❡ ❡s ❧✐❜r❡ ❝♦♠♦ á❧❣❡❜r❛ ✭s✉♣❡r✮ ❝♦♥♠✉t❛t✐✈❛ ❝♦♥ ❣❡♥❡r❛❞♦r❡s
❡♥ ❣r❛❞♦ ✉♥♦✱ ❡s ❞❡❝✐r A “ ΛV ✱ ❡s ❢á❝✐❧ ✈❡r q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡❧ ❝♦r❝❤❡t❡
❞❡ ●❡rst❡♥❤❛❜❡r ❡♥ A ❡stá ❞❡t❡r♠✐♥❛❞❛ ✉♥í✈♦❝❛♠❡♥t❡ ♣♦r ✉♥❛ ❡str✉❝t✉r❛
❞❡ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡♥ V ✱ ② r❡❝í♣r♦❝❛♠❡♥t❡✱ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡
▲✐❡ ❡♥ V ❞❡t❡r♠✐♥❛ ❞❡ ♠❛♥❡r❛ ú♥✐❝❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ●❡rst❡♥❤❛❜❡r ❡♥
A “ ΛV ✳ ▲❛ ❤♦♠♦❧♦❣í❛ ❞❡ ✉♥❛ sCacti✲á❧❣❡❜r❛ ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r✳
❊♥ ❡st❡ s❡♥t✐❞♦ ❧❛ ♣r✐♠❡r❛ ❡s ✉♥❛ ✈❡rs✐ó♥ r❡❧❛❥❛❞❛ ❞❡ ❧❛ s❡❣✉♥❞❛✳ ◆♦s r❡s✉❧t❛
♥❛t✉r❛❧ ❡♥t♦♥❝❡s ❡st✉❞✐❛r q✉é ❡str✉❝t✉r❛ ❛❞✐❝✐♦♥❛❧ ❡♥ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V
❞❡t❡r♠✐♥❛ ❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲➪❧❣❡❜r❛ ❡♥ ❡❧ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ TV ✳
❱♦❧✈❡r❡♠♦s s♦❜r❡ ❡st❡ ♣✉♥t♦ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ✹✳✶✶✳
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P♦r ú❧t✐♠♦✱ ❝♦♠♦ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ♠♦r✜s♠♦s ❡♥tr❡ á❧❣❡❜r❛s
❞❡ ❝❛❝t✉s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✱ s❡ ♣r❡s❡♥t❛ ❡❧ t❡♦r❡♠❛ ✹✳✶✻✳ ❊♥ ❡❧ ♠✐s♠♦✱
s❡ ♦❜t✐❡♥❡ ♣❛r❛ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❞✳❣✳✮ ② H ✉♥❛ ❜✐á❧❣❡❜r❛ ✭✉♥✐t❛r✐❛ ②
❝♦✉♥✐t❛r✐❛ ❞✳❣✳✮ ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦ ❡♥tr❡ ❧❛s ❡str✉❝t✉r❛s ❞❡ H✲
♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ A ② ❧♦s ♠♦r✜s♠♦s ✭❞❡ á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s✮ ΩH Ñ C‚pAq✳

❊❧ ❝❛♣ít✉❧♦ s❡ ♦r❣❛♥✐③❛ ❡♥ tr❡s s❡❝❝✐♦♥❡s✳

❊♥ ❧❛ ♣r✐♠❡r❛ s❡ ♣r❡s❡♥t❛ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ② s❡
❡st✉❞✐❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ❞❡ ❧❛ ❢♦r♠❛ A “ TV “

À
ną0 V

bn✱
❝♦♥ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❞❛❞❛ ♣♦r ❡❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧ ② ❝♦♥
❜✐❣r❛❞✉❛❝✐ó♥ ❞❛❞❛ ♣♦r ❡❧ ❣r❛❞♦ ✐♥t❡r♥♦ ❞❡ V ② ❡❧ t❡♥s♦r✐❛❧✳ ❙❡ ♣r✉❡❜❛ ❡♥ ❡❧
t❡♦r❡♠❛ ✹✳✶✵ q✉❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ A ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡s❛
❣r❛❞✉❛❝✐ó♥ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ✭❛s♦❝✐❛t✐✈❛✱ ✉♥✐t❛r✐❛
② ❝♦✉♥✐t❛r✐❛ ❞✳❣✳✮ ❡♥ H “ V ‘ k1H ✳

❊♥ ❧❛ s❡❣✉♥❞❛ s❡❝❝✐ó♥✱ s❡ ❡st✉❞✐❛♥ ❧♦s ♠♦r✜s♠♦s ❡♥tr❡ ❝✐❡rt❛s á❧❣❡❜r❛s ❝♦♠♣❛✲
t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳ ▼❛s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ♦❜t✐❡♥❡ ❡❧ ❧❡♠❛ ✹✳✶✷ q✉❡ ❝❛r❛❝t❡r✐③❛
❧♦s ♠♦r✜s♠♦s f : T Ñ C ❡♥tr❡ ❞♦s á❧❣❡❜r❛s ❝♦♥ ❡st❛ ♣r♦♣✐❡❞❛❞ ♠ás ✉♥❛
❝♦♥❞✐❝✐ó♥ s♦❜r❡ T ✭❡st❛r ❣❡♥❡r❛❞❛ ❝♦♠♦ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ♣♦r ❧♦s ❡❧❡♠❡♥t♦s
❞❡ ❣r❛❞♦ ✉♥♦✮✳ ❉❡ ❡st♦ s❡ ❞❡s♣r❡♥❞❡✱ ❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛✱ q✉❡ ❧♦ ♦❜t❡♥✐❞♦
❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❝❛t❡❣♦rí❛s✳ ❈♦♠♦ ♦tr❛ ❛♣❧✐❝❛❝✐ó♥
❞❡ ❡st❡ ❧❡♠❛✱ s❡ ♣r❡s❡♥t❛ ❡❧ t❡♦r❡♠❛ ✹✳✶✻✳ ❆❧❧í ✈❡♠♦s q✉❡ s✐ A ❡s ✉♥ á❧❣❡❜r❛
✭❞✳❣✳✮ ② H ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❞✳❣✳✮✱ s❡ t✐❡♥❡ ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❜✐②❡❝t✐✈❛ ❡♥tr❡
❧❛s ❡str✉❝t✉r❛s ❞❡ H✲á❧❣❡❜r❛ ♠ó❞✉❧♦ ❡♥ A ② ❧♦s ♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s ❞❡
❝❛❝t✉s ΩH Ñ C‚pAq✳

❊♥ ❧❛ ú❧t✐♠❛ s❡❝❝✐ó♥ s❡ ❡①♣♦♥❡ ❞❡ ♠❛♥❡r❛ ❜r❡✈❡ ❞❡ q✉é ♠❛♥❡r❛ ♣✉❡❞❡ ✈❡rs❡
✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ❝♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ á❧❣❡❜r❛ ❞❡ ❇❛✉❡s
② ❝ó♠♦ s❡ ♣♦s✐❝✐♦♥❛♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❡♥tr❡ ♦tr♦s ❡①✐st❡♥t❡s✳ ❊♥
❝✉❛♥t♦ ❛ ést♦✱ ❡♥ ❡❧ ú❧t✐♠♦ ❛♣❛rt❛❞♦ s❡ ❝♦♠❡♥t❛ ❞❡ q✉é ♠❛♥❡r❛ s❡ r❡❧❛❝✐♦♥❛
❧♦ ♦❜t❡♥✐❞♦ ❡♥ ❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❝♦♥ ❧♦ ②❛ ❝♦♥♦❝✐❞♦ ❛❝❡r❝❛ ❞❡ ❧❛ ❡str✉❝t✉r❛
❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ❡♥ ΩH ♣❛r❛ H ✉♥❛ ❜✐á❧❣❡❜r❛✳ ❊st♦ s❡ r❡❛❧✐③❛ ❞❡ ♠❛♥❡r❛
s❡♣❛r❛❞❛ ② ❝♦♠♣❛❝t❛ ❛❧ ✜♥❛❧ ❞❡❧ ❝❛♣ít✉❧♦ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡①♣♦♥❡r ❞❡ ❢♦r♠❛
❝❧❛r❛ ❝✉á❧ ❡s ❡❧ ❛♣♦rt❡ ♦r✐❣✐♥❛❧ ❞❡❧ ♠✐s♠♦✳
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✹✳✶✳ ❊str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ TV

▲❛ ♣r❡s❡♥t❡ s❡❝❝✐ó♥ s❡ ❞❡s❛rr♦❧❧❛ ❛❧r❡❞❡❞♦r ❞❡❧ t❡♦r❡♠❛ ✹✳✶✵ ❞♦♥❞❡ s❡ ♠✉❡str❛
q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❞❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❞✳❣✳ ❡♥ H q✉❡ ✉♥❛ ❡str✉❝✲
t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ✭✈❡r ✹✳✹✮✳ ▲❛ ♣❛rt❡ ♦r✐❣✐♥❛❧
❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s✱ ❛❞❡♠ás ❞❡ ♣♦♥❡r ❧♦s s✐❣♥♦s ❛❞❡❝✉❛❞♦s ♣❛r❛ ❝✉❛❧q✉✐❡r
❝❛r❛❝t❡ríst✐❝❛ ✭❡♥ ❬❑❛❞✵✺❪ ❡❧ ❛✉t♦r tr❛❜❛❥❛ ❡♥ ❝❛r❛❝t❡ríst✐❝❛ ✷✮ ② ♣r♦✈❡❡r ❞❡
✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❡①♣❧í❝✐t❛ ❞❡ ❞✐❝❤♦ r❡s✉❧t❛❞♦✱ ❞❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❡①❛❝t❛s ❡♥
❧❛s ❝✉❛❧❡s ✈❛❧❡ ❧❛ ✈✉❡❧t❛✳ ❊s ❞❡❝✐r✱ q✉❡ s✐ A ❡s ✉♥❛ sCacti á❧❣❡❜r❛ q✉❡ ❝♦♠♦
á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❡s ✐s♦♠♦r❢❛ ❛ TV ②✱ ❛❞❡♠ás✱ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦
✭♣r♦♣✐❡❞❛❞ ❡s❡♥❝✐❛❧ ♣❛r❛ ❧❛ ❡q✉✐✈❛❧❡♥❝✐❛✮ ❡♥t♦♥❝❡s ❧❛ ❡str✉❝t✉r❛ sCacti ❞❡t❡r✲
♠✐♥❛ ❞❡ ♠❛♥❡r❛ ✉♥í✈♦❝❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❞✳❣✳ ❡♥ H “ V ‘ k1H ✱
q✉❡✱ ❛❧ ❛♣❧✐❝❛r❧❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r✱ q✉❡❞❛ ✭♥❛t✉r❛❧♠❡♥t❡✮ ✐s♦♠♦r❢❛ ❛ A✳
❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ♠♦str❛♠♦s q✉❡ ❡❧ ❢✉♥t♦r ❞❛❞♦ ♣♦r ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡
❑❛❞❡✐s❤✈✐❧✐ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ s✉r②❡❝t✐✈♦✱ s✐ ♣♦♥❡♠♦s ❝♦♠♦ ❝❛t❡❣♦rí❛ ❞❡ ❧❧❡❣❛❞❛
❛ ❧❛s sCacti á❧❣❡❜r❛s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✱ ❣❡♥❡r❛❞❛s ❧✐❜r❡♠❡♥t❡ ✭❝♦♠♦
á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✮ ❡♥ ❣r❛❞♦ ✭❡①t❡r♥♦✮ ✉♥♦✳

❆❧ ♠♦str❛r q✉❡ s✐ H ❡s ✉♥❛ ❜✐á❧❣❡❜r❛ ❞✳❣✳✱ ΩH r❡s✉❧t❛ ✉♥❛ sCacti á❧❣❡❜r❛✱
❧❛ ✐❞❡❛ ❝❡♥tr❛❧ ❡s q✉❡ ❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❡♥ V ❞❡t❡r♠✐♥❛ ❧❛ ❡str✉❝t✉r❛
♣r❡✲▲✐❡ ✭♥♦ ❛s♦❝✐❛t✐✈❛✮ ❡♥ ΩH ② ést❛✱ ❛ s✉ ✈❡③✱ ❞❡t❡r♠✐♥❛ ❧❛ ❡str✉❝t✉r❛ ❞❡
sCacti✲á❧❣❡❜r❛ ❡♥ TV ✳ ❊♥ r❡❧❛❝✐ó♥ ❛❧ s❡❣✉♥❞♦ ♣❛s♦✱ ❧♦ q✉❡ ❛q✉í s❡ ❤❛❝❡
♣✉❡❞❡ tr❛❡r r❡♠✐♥✐s❝❡♥❝✐❛s ❞❡ ❧♦ ❝♦♠❡♥t❛❞♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✻ ❛❝❡r❝❛ ❞❡ ❧♦s
tr❛❜❛❥♦s ❬❖●✵✺✱ ▲▼✵✺❪✳ ❆❧❧í✱ ▲♦s ❛✉t♦r❡s ♠✉❡str❛♥ q✉❡✱ ❞❛❞❛ ✉♥ á❧❣❡❜r❛
♣r❡✲▲✐❡✱ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ❞❡ ♠❛♥❡r❛ ✉♥í✈♦❝❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡
❜r❛❝❡ s✐♠étr✐❝❛✳ ◆✉❡str♦ ❡♥❢♦q✉❡ ❡s ❞✐st✐♥t♦✿ ❡♥ ♣r✐♠❡r ❧✉❣❛r✱ ❡s ❡✈✐❞❡♥t❡ ❞❡
❧❛ ❝♦♥str✉❝❝✐ó♥ q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❜r❛❝❡ ♥♦ ❡s s✐♠étr✐❝❛✳ P♦r ♦tr♦ ❧❛❞♦✱
❡❧ ♠ét♦❞♦ ♥✉❡str♦ ♥♦ s❡ ❛❧✐❝❛ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❛♥t❡r✐♦r ♣✉❡s ♥♦s ✈❛❧❡♠♦s
❢✉❡rt❡♠❡♥t❡ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❡♥ Cacti✱ s✉ ♣r♦♣✐❡❞❛❞
❞❡ ❞✐str✐❜✉t✐✈✐❞❛❞ ❝♦♥ ❧❛s ❜r❛❝❡s✱ ❛❞❡♠ás ❞❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡♥ TV ❝✉❛❧q✉✐❡r
❡❧❡♠❡♥t♦ ❡s ✭❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❡❧❡♠❡♥t♦s✮ ❞❡ ❧❛ ❢♦r♠❛ x “ x1 b . . . b xn✳

❈♦♠❡♥❝❡♠♦s ❝♦♥ ✉♥❛s ♦❜s❡r✈❛❝✐♦♥❡s ♣r❡❧✐♠✐♥❛r❡s ✭✹✳✶ ② ✹✳✷✮ ❛❝❡r❝❛ ❞❡ ❡str✉❝✲
t✉r❛s ❞❡ ❝♦á❧❣❡❜r❛ ② ❞✐❢❡r❡♥❝✐❛❧❡s✳ ❙✐ ❜✐❡♥ ❛♠❜❛s ♦❜s❡r✈❛❝✐♦♥❡s s♦♥ r❡s✉❧t❛❞♦s
❜✐❡♥ ❝♦♥♦❝✐❞♦s✱ ✐♥❝❧✉í♠♦s ❛q✉í s✉s ❞❡♠♦str❛❝✐♦♥❡s ♣✉❡s ❢♦r♠❛♥ ♣❛rt❡ ❞❡ ❧❛
r❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❡♥ V ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡ sCacti ❡♥
TV ✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ ❜✐á❧❣❡❜r❛ s❡ ♥❡❝❡s✐t❛ ✉♥ ♣r♦❞✉❝t♦
② ✉♥ ❝♦♣r♦❞✉❝t♦✿ ❡❧ ♣r♦❞✉❝t♦ ❡♥ V ♣r♦✈❡♥❞rá ❞❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣r❡▲✐❡ ❞❡
TV r❡str✐♥❣✐❞❛ ❛ V ✱ ② ❡❧ ❝♦♣r♦❞✉❝t♦ ❡♥ V ♣r♦✈❡♥❞rá ❞❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ TV ✳
▲✉❡❣♦ ❞❡ ❡st❛s ♦❜s❡r✈❛❝✐♦♥❡s ♣❛s❛r❡♠♦s ❛ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ✭✹✳✸ ②
✹✳✹✮ ♣❛r❛ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ♣r❡❝✐s❛ ❞❡❧ t❡♦r❡♠❛ ✹✳✶✵✳
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❙❡❛ V ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣r❛❞✉❛❞♦✳ ❘❡❝♦r❞❛♠♦s q✉❡ TV “ ‘ně0V
bn ❡s

❡❧ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✉♥✐t❛r✐❛ ❧✐❜r❡ ❡♥ V ✱ ② TV “ ‘ną0V
bn ❡s ❡❧ á❧❣❡❜r❛

❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ ♥♦✲✉♥✐t❛r✐❛ ❡♥ V ✳ ❆ s✉ ✈❡③✱ t❛♥t♦ TV ❝♦♠♦ TV r❡s✉❧t❛♥
á❧❣❡❜r❛s ❜✐❣r❛❞✉❛❞❛s ❝♦♥ ❡❧ ❣r❛❞♦ ✐♥❞✉❝✐❞♦ ♣♦r ❡❧ ❞❡ V ❝♦♠♦ ✐♥t❡r♥♦ ② ❧❛
❣r❛❞✉❛❝✐ó♥ t❡♥s♦r✐❛❧ ❝♦♠♦ ❡①t❡r♥❛✱ ❡s ❞❡❝✐r✱ s❡ ❞❡❝r❡t❛ |v|e “ 1 @v P V ✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✶✳ ❙✐ V ❡s ✉♥ ❡s♣❛❝✐♦ ♥♦ ❣r❛❞✉❛❞♦ ✭❡s ❞❡❝✐r✱ ❝♦♥ ❣r❛❞✉❛❝✐ó♥
❝♦♥❝❡♥tr❛❞❛ ❡♥ ❣r❛❞♦ ❝❡r♦✮✱ ❡♥t♦♥❝❡s ❞❛r ✉♥❛ ❡str✉❝t✉r❛ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ A “
TV ✭♦ A “ TV ✮ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❛r ❡str✉❝t✉r❛ ❞❡ ❝♦á❧❣❡❜r❛ ❝♦❛s♦❝✐❛t✐✈❛
✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦✉♥✐t❛r✐❛s✮ ❡♥ V ✳

❙✐ V ❡s ✉♥ ❡s♣❛❝✐♦ ❣r❛❞✉❛❞♦✱ ✉♥❛ ❡str✉❝t✉r❛ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ TV ❝♦♠♣❛t✐❜❧❡ ❝♦♥
❧❛ ❜✐❣r❛❞✉❛❝✐ó♥✱ ❡st♦ ❡s ✉♥ ❞✐❢❡r❡♥❝✐❛❧D “ di`de ❞♦♥❞❡ di s✉❜❡ ❣r❛❞♦ ✐♥t❡r♥♦
❡♥ ✉♥♦ ✭② ♥♦ ❛❧t❡r❛ ❡❧ ❣r❛❞♦ ❡①t❡r♥♦✮ ② de s✉❜❡ ❡♥ ✉♥♦ ❡❧ ❣r❛❞♦ ❡①t❡r♥♦ ✭②
♥♦ ❛❧t❡r❛ ❡❧ ✐♥t❡r♥♦✮ ❡stá ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❞❡ ❝♦á❧❣❡❜r❛
❝♦❛s♦❝✐❛t✐✈❛ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞❛ ✭♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦✉♥✐t❛r✐❛s✮ ❡♥ V ✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ d : A Ñ A ✉♥❛ ❡str✉❝t✉r❛ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ A✱ ❡s ❞❡❝✐r✱ d
t❛❧ q✉❡ d2 “ 0 ② dpabq “ dpaqb ` p´1q|a|adpbq ♣❛r❛ t♦❞♦ a, b P A ❞♦♥❞❡ a ❡s
❤♦♠♦❣é♥❡♦ ❞❡ ❣r❛❞♦ |a|✱ ② |dpaq| “ |a| ` 1✳

❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡r♦ ❡❧ ❝❛s♦ ♥♦ ❣r❛❞✉❛❞♦✳ ❚♦♠❛♥❞♦ a “ v P V t❡♥❡♠♦s
q✉❡ |dv| “ 2✱ ❧✉❡❣♦ dv P V b2 ② ♣♦r ❧♦ t❛♥t♦ ❧❛ r❡str✐❝❝✐ó♥ ❛ V ♣r♦❞✉❝❡ ✉♥❛
❛♣❧✐❝❛❝✐ó♥ ❞❡ ❞❡❝♦♥❝❛t❡♥❛❝✐ó♥✿

∆1 :“ d|V : V Ñ V b V

❉❡ ❛q✉í ❡♥ ❛❞❡❧❛♥t❡✱ ♣r♦♣♦♥❡♠♦s ❧❛ ♥♦t❛❝✐ó♥ t✐♣♦ ❙✇❡❡❞❧❡r ♣❛r❛ ❧❛ ❝♦♠✉❧✲
t✐♣❧✐❝❛❝✐ó♥✱ ❡s ❞❡❝✐r vp1q b vp2q ❡s ❡♥ r❡❛❧✐❞❛❞ ✉♥❛ s✉♠❛ ❞❡ tér♠✐♥♦s ❞❡ ❡st❡
t✐♣♦✳ ❱♦❧✈✐❡♥❞♦ ❛ ∆1✱ ❡st❛ ❛♣❧✐❝❛❝✐ó♥ ❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦❛s♦❝✐❛t✐✈❛ ♣✉❡s✱
❡s❝r✐❜✐❡♥❞♦ ∆1v “ vp1q b vp2q ② ✉s❛♥❞♦ q✉❡ d ❡s ✉♥ ❞✐❢❡r❡♥❝✐❛❧✱ s❡ t✐❡♥❡

0 “ d2v “ dpvp1q b vp2qq “ dpvp1qq b vp2q ´ vp1q b dpvp2qq

❡s ❞❡❝✐r✱ p∆1 b Id ´ Id b ∆1q ˝ ∆1 “ 0✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

p∆1 b Idq ˝ ∆1 “ pId b ∆1q ˝ ∆1,

q✉❡ ❡s ❡❧ ❛①✐♦♠❛ ❞❡ ❝♦❛s♦❝✐❛t✐✈✐❞❛❞ ♣❛r❛ ∆1✳

✶✵✶



❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ ∆1 ❡s ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❝♦á❧❣❡❜r❛ ❝♦❛s♦❝✐❛t✐✈❛ ❡♥ V ✱ ♣♦r
s❡r A “ TV ✭♦ TV ✮ ❧✐❜r❡✱ t♦❞❛ ❛♣❧✐❝❛❝✐ó♥ ❧✐♥❡❛❧ ∆1 : V Ñ V b V s❡ ❡①t✐❡♥❞❡
❞❡ ❢♦r♠❛ ú♥✐❝❛ ❛ ✉♥❛ ✭s✉♣❡r✮❞❡r✐✈❛❝✐ó♥ d : A Ñ A✱ ② ✉♥❛ ✭s✉♣❡r✮❞❡r✐✈❛❝✐ó♥
❡s ❞❡ ❝✉❛❞r❛❞♦ ❝❡r♦ s✐ ② s♦❧♦ ❧♦ ❡s ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s✳ P♦r ú❧t✐♠♦✱ ♦❜s❡r✈❡♠♦s
q✉❡ ✈❡r✐✜❝❛r d2 “ 0 ❡♥ ❧♦s ❣❡♥❡r❛❞♦r❡s ❡q✉✐✈❛❧❡✱ ♣♦r ❡❧ ❝á❧❝✉❧♦ ❛♥t❡r✐♦r✱ ❛❧
❛①✐♦♠❛ ❞❡ ❝♦❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡ ∆1 ❡♥ V ✳

P❛r❛ ❧❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ❧❛ ❝♦♥❞✐❝✐ó♥ D2 “ 0 s❡ tr❛❞✉❝❡✱ ♣♦r ❧❛ ❜✐❣r❛❞✉❛❝✐ó♥✱
❡♥ d2i “ 0✱ d2e “ 0 ② q✉❡ ❛♠❜♦s ❞✐❢❡r❡♥❝✐❛❧❡s ❝♦♥♠✉t❛♥✳ ▲❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥
❡s ❥✉st❛♠❡♥t❡ q✉❡ di|V ❡s ✉♥ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ V ✳ ▲❛ s❡❣✉♥❞❛✱ ❝♦♠♦ ❛♥t❡s✱ ❞✐❝❡
q✉❡ ∆1 ❡s ❝♦❛s♦❝✐❛t✐✈❛✳ ▲❛ ú❧t✐♠❛ q✉❡ ∆1 ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ ❡s♣❛❝✐♦s ❞✳❣✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✷✳ ▲❛s ❡str✉❝t✉r❛s ❞❡ ❝♦á❧❣❡❜r❛ ❝♦❛s♦❝✐❛t✐✈❛ ♥♦ ♥❡❝❡s❛r✐❛✲
♠❡♥t❡ ❝♦✉♥✐t❛r✐❛s ❡♥ V ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❝♦❛s♦✲
❝✐❛t✐✈❛s ❝♦✉♥✐t❛r✐❛s ❡♥ H :“ V ‘ k1H t❛❧❡s q✉❡ 1H ❡s ❞❡ t✐♣♦ ❣r✉♣♦ ✭❡st♦ ❡s✱
∆p1Hq “ 1H b1H ✱ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❞❡ ❣r❛❞♦ ✐♥t❡r♥♦ ❝❡r♦✮✱ ❝♦♥ ❝♦✉♥✐❞❛❞ ❞❛❞❛
♣♦r ǫp1Hq “ 1 ② ǫ|V “ 0✳

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞❛ ∆1 : V Ñ V b V ✱ s❡ ❞❡✜♥❡

∆ : H Ñ H b H

❛ tr❛✈és ❞❡

∆pvq :“ ∆1pvq ` 1H b v ` v b 1H “ v1 b v2 ` 1H b v ` v b 1H

② ∆1H :“ 1H b 1H ✳ ❱❡❛♠♦s q✉❡ ∆1 ❡s ❝♦❛s♦❝✐❛t✐✈❛ s✐ ② só❧♦ s✐ ∆ ❧♦ ❡s✳
❈❛❧❝✉❧❛♠♦s ♣r✐♠❡r♦

p∆ b Idqp∆vq “ p∆ b Idqpvp1q b vp2q ` 1H b v ` v b 1Hq

“ ∆1pvp1qq b vp2q ` 1H b vp1q b vp2q ` vp1q b 1H b vp2q

`1H b 1H b v

`vp1q b vp2q b 1H ` 1H b v b 1H ` v b 1H b 1H

❆ s✉ ✈❡③✱

pId b ∆qp∆vq “ pId b ∆qpvp1q b vp2q ` 1H b v ` v b 1Hq

“ vp1q b ∆1pvp2qq ` vp1q b 1H b vp2q ` vp1q b vp2q b 1H

`1H b vp1q b vp2q ` 1H b v b 1H ` 1H b 1H b v

`v b 1H b 1H

✶✵✷



♣♦r ❧♦ t❛♥t♦

p∆ b Idqp∆vq ´ pId b ∆qp∆vq “ ∆1pvp1qq b vp2q ´ vp1q b ∆1pvp2qq

❡s ❞❡❝✐r✱
p∆ b Id ´ Id b ∆q ˝ ∆ “ p∆1 b Id ´ Id b ∆1q ˝ ∆1

♣♦r ❧♦ ❝✉❛❧ tr✐✈✐❛❧♠❡♥t❡ ✉♥❛ ❡s ❝♦❛s♦❝✐❛t✐✈❛ s✐ ② só❧♦ s✐ ❧❛ ♦tr❛ ❧♦ ❡s✳

❈❧❛r❛♠❡♥t❡✱ ❞❡✜♥✐❡♥❞♦ ǫ : H Ñ k ❛ tr❛✈és ❞❡ ǫpvq “ 0 @v P V ② ǫp1Hq “ 1✱
r❡s✉❧t❛ ✉♥❛ ❝♦✉♥✐❞❛❞ ♣❛r❛ H✱ ❡s ❞❡❝✐r✱ s❡ t✐❡♥❡ @h P H✿

pǫ b Idq∆phq “ h “ pId b ǫq∆phq,

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ ∆ : H Ñ H b H ✈❡r✐✜❝❛ ∆p1Hq “ 1H b 1H ② ǫ : H Ñ k

❡s ✉♥❛ ❝♦✉♥✐❞❛❞✱ ❡♥t♦♥❝❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ ǫp1Hq “ 1✳ ❙✐ t❡♥❡♠♦s v P V ✱
s❛❜❡♠♦s q✉❡

∆pvq P H b H “ pV b V q ‘ pk1H b V q ‘ pV b k1Hq ‘ pk1H b k1Hq

② ♣♦r ❧♦ t❛♥t♦ s❡ ❡s❝r✐❜✐rá ❡♥ ❧❛ ❢♦r♠❛

∆v “ ∆1pvq ` v´ b 1H ` 1H b v` ` λ1H b 1H

❉❡ ❧❛s ✐❣✉❛❧❞❛❞❡s pǫb Idq∆pvq “ v “ pIdb ǫqp∆pvqq ② s❛❜✐❡♥❞♦ q✉❡ ǫpvq “ 0

♣❛r❛ v P V ✱ s❡ t✐❡♥❡
v` ` λ1H “ v “ v´ ` λ1H

❞❡ ❞♦♥❞❡ ♦❜t❡♥❡♠♦s✱ ♠✐r❛♥❞♦ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❡♥ V ② ❡♥ k1H ✱

v “ v` “ v´, λ “ 0

♣♦r ❧♦ t❛♥t♦ ∆ ❡s ❞❡ ❧❛ ❢♦r♠❛

∆v “ ∆1pvq ` v b 1H ` 1H b v

❆❝❧❛r❛❝✐ó♥✿ ❊♥ ❧♦ q✉❡ r❡st❛ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛❧ ♦♣❡r❛❞ Cacti

❝♦♠♦ s✐♠étr✐❝♦ ✭❧♦ ♥♦t❛r❡♠♦s✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ sCacti✮✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❡♥
❧❛ ♦❜s❡r✈❛❝✐ó♥ ✷✳✾ ✈✐♠♦s q✉❡ ❡❧ ♠✐s♠♦ ❡stá ❣❡♥❡r❛❞♦ ❝♦♠♦ ♦♣❡r❛❞ s✐♠étr✐❝♦
♣♦r ❧♦s ❝❛❝t✉s ❞❡❧ t✐♣♦

Cn “ 1

..
.

n

2

② Bn “
1

2..
.

n

3

.
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❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡✜♥✐r❡♠♦s ✉♥ t✐♣♦ ❞❡ sCacti✲á❧❣❡❜r❛ ❞♦♥❞❡ ❡❧ á❧❣❡❜r❛ ❛s♦✲
❝✐❛t✐✈❛ s✉❜②❛❝❡♥t❡ ❡s TV ✳ P❛r❛ ❡st♦✱ ✐♥tr♦❞✉❝✐r❡♠♦s ✉♥ ♣❛r ❞❡ ❞❡✜♥✐❝✐♦♥❡s
❛✉①✐❧✐❛r❡s✳

❘❡❝♦r❞❡♠♦s q✉❡ s❡ t✐❡♥❡ ✉♥❛ ✐♥❝❧✉s✐ó♥

Ass
ι

ÝÑ sCacti

mn ÞÑ Cn

❉❡✜♥✐❝✐ó♥ ✹✳✸✳ ❙❡❛ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✱ ❡st♦ ❡s✱ s❡ t✐❡♥❡ ✉♥ ♠♦r✜s♠♦

ρ : Ass Ñ sEndpAq

❉✐r❡♠♦s q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ s❡ ❡①t✐❡♥❞❡ ❛ ✉♥❛ ❡str✉❝t✉r❛
❞❡ sCacti✲á❧❣❡❜r❛ s✐ ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ρ̂ : sCacti Ñ sEndpAq t❛❧ q✉❡ ρ “ ρ̂ι✳
❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❞❡ A ❡stá ❞❛❞♦ ♣♦r xy “

12

px, yq✳

◆♦t❛r ♣❛r❛ ❡❧ ❝❛s♦ A “ TV ✱ ❡st♦ ✐♠♣❧✐❝❛ q✉❡ t♦❞❛ A ♣✉❡❞❡ ♦❜t❡♥❡rs❡ ❛ ♣❛rt✐r
❞❡ V ♣♦r ❧❛ ❛❝❝✐ó♥ ❞❡ ❧♦s ❝❛❝t✉s Cn✳ ❊s ❞❡❝✐r✱ s✐ x “ x1 b . . . b xn ❡♥t♦♥❝❡s
x “ Cnpx1, . . . , xnq

▲❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ❡stá ♠♦t✐✈❛❞❛ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞❀
❡♥ é❧✱ ❝✉❛♥❞♦ ✉♥❛ ❝♦❝❛❞❡♥❛ f t✐❡♥❡ ♠❡♥♦s ❞❡ k ❡♥tr❛❞❛s✱ s❡ t✐❡♥❡

ftg1, . . . , gku “ 0

❘❡❝♦r❞❡♠♦s q✉❡ ❡st❛s ♦♣❡r❛❝✐♦♥❡s ✭❜r❛❝❡✮ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❝❛❝t✉s

Bn “ p1, 2, 1, . . . , 1, n, 1q “
1

2..
.

n

3

❉❡✜♥✐❝✐ó♥ ✹✳✹✳ ❙❡❛ T ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞✐❢❡r❡♥❝✐❛❧ ❜✐❣r❛❞✉❛❞♦

T “
à
p,q

T p,q

❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❝♦♥ ❡❧ ❣r❛❞♦ ② ❡❧ ❞✐❢❡r❡♥❝✐❛❧ t♦t❛❧❡s✳
❈♦♠♦ ❝♦♥✈❡♥❝✐ó♥✱ ❧❧❛♠❛r❡♠♦s ❛ p ❡❧ ❣r❛❞♦ ✐♥t❡r♥♦ ② ❛ q ❡❧ ❡①t❡r♥♦✳ ❉✐r❡♠♦s
q✉❡ ❡st❛ ❡str✉❝t✉r❛ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ✭❡①t❡r♥♦✮ s✐ ❧❛ ❡str✉❝t✉r❛ ❞❡
á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s s❡ ❝♦♠♣♦rt❛ ❜✐❡♥ ❝♦♥ ❧❛ ❜✐❣r❛❞✉❛❝✐ó♥✳

▼ás ♣r❡❝✐s❛♠❡♥t❡ s✐ s❡ ❝✉♠♣❧❡♥

✶✵✹



▲❛s ♦♣❡r❛❝✐♦♥❡s s♦♥ ❤♦♠♦❣é♥❡❛s ❡♥ ❡❧ ❣r❛❞♦ ❡①t❡r♥♦ ✭♦ s❡❛✱ C2 ❛❝tú❛
❝♦♥ ❜✐❣r❛❞♦ p0, 0q✱ Bn ❝♦♥ ❜✐❣r❛❞♦ pn ´ 1, 0q✮

❊❧ ❞✐❢❡r❡♥❝✐❛❧ ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❧❛ ❜✐❣r❛❞✉❛❝✐ó♥✱ ❡st♦ ❡s✱ ❡stá ❞❛❞♦ ♣♦r
✉♥ ❞✐❢❡r❡♥❝✐❛❧ ✐♥t❡r♥♦ di ② ❡①t❡r♥♦ de✿

di : T n,‚ Ñ T n`1,‚

de : T ‚,n Ñ T ‚,n`1

▲♦s Bn ❛❝tú❛♥ s❡ ❛♥✉❧❛♥ ❝✉❛♥❞♦ ❡♥ s✉ ♣r✐♠❡r ❛r❣✉♠❡♥t♦ ❡s ✉♥ ❡❧❡♠❡♥t♦
❞❡ ❣r❛❞♦ ❡①t❡r♥♦ ♠❡♥♦r ❛ |Bn| “ n ´ 1✳ ❊s ❞❡❝✐r✱ s❡ t✐❡♥❡

a P T ‚,q, q ă n ´ 1 ùñ 1

2..
.

n

3

pa, . . . q “ 0

❊❥❡♠♣❧♦ ✹✳✺✳ ❊♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞✱ ❡❧ ❣r❛❞♦ ❡①t❡r♥♦ ❞❡ ✉♥❛ f P HompAbn, Aq
❡s n ② ❡❧ ❣r❛❞♦ ✐♥t❡r♥♦ ❡s ❡❧ ❣r❛❞♦ ❝♦♠♦ ♠♦r✜s♠♦✳ ▲❛ ❡str✉❝t✉r❛ ❡s ❝♦♠♣❛t✐❜❧❡
❝♦♥ ❡❧ ❣r❛❞♦ ②❛ q✉❡ s✐ f : Abn Ñ A✱ s❡ t✐❡♥❡ ftg1, . . . , gmu “ 0 ♣❛r❛ m ă n✳

P❛r❛ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣r❛❞✉❛❞♦ V ✱ ❝♦♥s✐❞❡r❛♠♦s TV ❝♦♠♦ á❧❣❡❜r❛ ❜✐✲
❣r❛❞✉❛❞❛✱ ❝♦♥ ♣r♦❞✉❝t♦ ❡❧ ♣r♦❞✉❝t♦ t❡♥s♦r✐❛❧✱ ❣r❛❞♦ ❡①t❡r✐♦r ❡❧ t❡♥s♦r✐❛❧ ②
❣r❛❞♦ ✐♥t❡r♥♦ ❞❛❞♦ ♣♦r ❧❛ ❣r❛❞✉❛❝✐ó♥ ❞❡ V ✱ ❡s ❞❡❝✐r✱ s✐ v1 b ¨ ¨ ¨ b vn P V bn

❝♦♥ vi ❤♦♠♦❣é♥❡♦ ♣❛r❛ t♦❞♦ i✱ ❡♥t♦♥❝❡s s✉ ❜✐❣r❛❞♦ ❡s p
řn

i“1 |vi|V , nq✳

❊❥❡♠♣❧♦ ✹✳✻✳ ❙✐ H ❡s ✉♥❛ ❜✐á❧❣❡❜r❛✱ ✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡ q✉❡ s✉ ❝♦♥str✉❝✲
❝✐ó♥ ❝♦❜❛r ΩH ❡s✱ ❛❞❡♠ás ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❞❡❜✐❞♦ ❛ ❧❛ ❡str✉❝t✉r❛ ❞❡
❝♦á❧❣❡❜r❛ ❞❡ H✮✱ ✉♥❛ sCacti á❧❣❡❜r❛ ❬❑❛❞✵✺❪ q✉❡ r❡s✉❧t❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧
❣r❛❞♦✳

◆♦t❛❝✐ó♥✳ ▲❧❛♠❡♠♦s ˚ ❛❧ ♣r♦❞✉❝t♦ ❞❛❞♦ ♣♦r ❧❛ ❛❝❝✐ó♥ ❞❡ B2 “ 1

2

“ p121q
❡♥ A✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡

a ˚ b :“ p´1q|a| 1

2

pa, bq “ p´1q|a|B2pa, bq

❊st❡ ♣r♦❞✉❝t♦ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❡♥ ❝✉❛❧q✉✐❡r sCacti✲á❧❣❡❜r❛ ② ❡s ♣r❡✲▲✐❡ ♣♦r
❞❡✜♥✐❝✐ó♥✳ ◆♦t❛r q✉❡ ❡♥ ❡❧ ❝❛s♦ q✉❡ ❡st❛♠♦s ❡st✉❞✐❛♥❞♦✱ ❞❡❜✐❞♦ ❛ ❧♦s ❣r❛❞♦s
✐♥✈♦❧✉❝r❛❞♦s✱ ❛❧ s❡r r❡str✐♥❣✐❞♦ ❛ V t♦♠❛ ✈❛❧♦r❡s ❡♥ V ✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s ❡❧
s✐❣✉✐❡♥t❡ ❧❡♠❛✳

✶✵✺



▲❡♠❛ ✹✳✼✳ ❙✐ A ❡s ✉♥❛ ❈❛❝t✐ á❧❣❡❜r❛ ❜✐❣r❛❞✉❛❞❛ ❝♦♥ ❡str✉❝t✉r❛ ❝♦♠♣❛t✐❜❧❡
❝♦♥ ❡❧ ❣r❛❞♦✱ ❡♥t♦♥❝❡s ❧❛ ♦♣❡r❛❝✐ó♥ B2 r❡str✐♥❣✐❞❛ ❛ A1 “ ‘pA

p,1 ✭❝♦♥ s✉
s✐❣♥♦ ❛❞❡❝✉❛❞♦✮ ❡s ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❡♥ A1✿

A1 b A1 Ñ A1

a b b ÞÑ p´1q|a|totB2pa, bq “ ´p´1q|a|intB2pa, bq “: a ˚ b

❈♦r♦❧❛r✐♦✿ ❙❡❛ ❡♥ TV ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧
❣r❛❞♦✳ ❊❧ ♣r♦❞✉❝t♦ ˚ : V ˆ V Ñ V ✱ ❡♥ ♣r✐♥❝✐♣✐♦ ♣r❡✲▲✐❡✱ r❡s✉❧t❛ ❛s♦❝✐❛t✐✈♦✳

❉❡♠♦str❛❝✐ó♥✳ ✭❞❡❧ ❧❡♠❛✮
❆❧ ❝❛❧❝✉❧❛r ❡❧ ❛s♦❝✐❛❞♦r ♣❛r❛ x, y, z P A1✱ s❡ t✐❡♥❡✿

px ˚ yq ˚ z ´ x ˚ py ˚ zq “ p´1q|y|`1 1

2

p 1

2

px, yq, zq ´ p´1q|x|`|y| 1

2

px, 1

2

py, zqq

“ p´1q|y|`1
´

1

2

p 1

2

p , q, q ` 1

2

p , 1

2

p , qq
¯

px, y, zq

“ p´1q|y|`1

¨
˝ 1

2

˝1
1

2

` 1

2

˝2
1

2

˛
‚px, y, zq

“ p´1q|y|`1

¨
˝ 1

2
3

` 1

2

3

´ 1

3
2

´ 1

2

3

˛
‚px, y, zq

“ p´1q|y|`1

˜
1

2
3

´ 1

3
2

¸
px, y, zq

✭▲♦s s✐❣♥♦s s❡ ❞❡❜❡♥ ❛ ❧❛ r❡❣❧❛ ❞❡ ❑♦s③✉❧ ♣❛r❛ ❧♦s sí♠❜♦❧♦s x, y, z P A ② B2

q✉❡ t✐❡♥❡ ❣r❛❞♦ ✶✮✳

❉❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✱ ❧♦s ❝❛❝t✉s 1

2
3

② 1

3
2

❛❝tú❛♥ tr✐✈✐❛❧✲
♠❡♥t❡ ❡♥ A1✱ ♣♦r ❧♦ t❛♥t♦ ❡❧ ❛s♦❝✐❛❞♦r ❡s ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦ ❡♥ A1✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✽✳ ◆♦t❛r q✉❡ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ❡s ❡s❡♥❝✐❛❧ ❡♥ ❡❧
❧❡♠❛ ❛♥t❡r✐♦r✿ ❡❧ ♣r♦❞✉❝t♦ ♣r❡▲✐❡ r❡s✉❧t❛ ❛s♦❝✐❛t✐✈♦ ❡♥ A1 ❛ú♥ ❝✉❛♥❞♦ ♥♦ ❧♦
s❡❛ ❡♥ A✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✱
❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ●❡rst❡♥❤❛❜❡r ❡s ❛s♦❝✐❛t✐✈❛ ❡♥ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦ ✉♥♦✳

❆ ♣❛rt✐r ❞❡ ❡st❡ ♠♦♠❡♥t♦ ♥♦s ❞❡❞✐❝❛r❡♠♦s ❛❧ ❝❛s♦ A “ TV ✳ ❊st✉❞✐❛r❡♠♦s
❞❡♥tr♦ ❞❡❧ ♠✐s♠♦ ❡str✉❝t✉r❛s ❞❡ sCacti✲á❧❣❡❜r❛s q✉❡ ❡①t✐❡♥❞❛♥ ❛ ❧❛ ❡str✉❝t✉r❛
❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❧✐❜r❡✮ ② s❡❛♥ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳

✶✵✻



❖❜s❡r✈❡♠♦s q✉❡ ❡❧ ❣r❛❞♦ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡s ❡❧ ❣r❛❞♦ t❡♥s♦r✐❛❧✱ ♣♦r
❧♦ t❛♥t♦ ✉♥ ❝❛❝t✉s ❞❡ ❞✐♠❡♥s✐ó♥ d ❛❝tú❛ ❝♦♠♦ ✉♥❛ ♦♣❡r❛❝✐ó♥ ❞❡ ❣r❛❞♦ ´d ②
❡❧ ❞✐❢❡r❡♥❝✐❛❧ s✉❜❡ ❡❧ ❣r❛❞♦ ❡♥ 1✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✾✳ ❯♥❛ ♦♣❡r❛❝✐ó♥ ✭♥♦ ✉♥✐t❛r✐❛✮ ˚ : V ˆ V Ñ V s❡ ♣✉❡❞❡
❡①t❡♥❞❡r ❛ H :“ V ‘ k1H ❞❡❝r❡t❛♥❞♦ q✉❡ 1H s❡❛ ❡❧ ♥❡✉tr♦ ❢♦r♠❛❧ ❞❡ ˚✿

1H ˚ v :“ v “: v ˚ 1H p@v P V q ② 1H ˚ 1H :“ 1H

◆♦t❛r q✉❡ s✐ ˚ ❡s ❛s♦❝✐❛t✐✈❛ ❡♥ V ✱ ❡♥t♦♥❝❡s ❡st❛ ❡①t❡♥s✐ó♥ r❡s✉❧t❛ ❛s♦❝✐❛t✐✈❛
❡♥ H ② ✭♦❜✈✐❛♠❡♥t❡✮ ✉♥✐t❛r✐❛✳ ❘❡❝♦r❞❛r q✉❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ r❡str✐♥❣✐❞♦ ❛ V
✐♥❞✉❝❡ ✉♥❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❝♦✉♥✐t❛r✐❛ ∆ ❡♥ H ✈í❛✿

∆1H “ 1H b 1H

∆v “ depvq ` v b 1H ` 1H b v

❙❛❜❡♠♦s q✉❡ d2e “ 0 ② ♣♦r ❧♦ t❛♥t♦ ∆ ❡s ❝♦❛s♦❝✐❛t✐✈❛✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ s✐ A “ TV ❡s ✉♥❛ sCacti✲á❧❣❡❜r❛ q✉❡ ❡①t✐❡♥❞❡ ❧❛ ❡str✉❝t✉r❛
❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ ❞❡ ♠❛♥❡r❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✱ s❡ t✐❡♥❡ q✉❡
H✱ ❛sí ❞❡✜♥✐❞❛✱ ❡s ❛ s✉ ✈❡③ s✐♠✉❧tá♥❡❛♠❡♥t❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② ✉♥❛
❝♦á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✱ ✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✳ ❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ♠✉❡str❛ q✉❡
H ❡s ❜✐á❧❣❡❜r❛ ✭❡s ❞❡❝✐r✱ ❛♠❜❛s ❡str✉❝t✉r❛s s♦♥ ❝♦♠♣❛t✐❜❧❡s✮ ② ❡♥ r❡❛❧✐❞❛❞
❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❞❡ TV ② ❧❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❞❡ H s❡
❞❡t❡r♠✐♥❛♥ ♠✉t✉❛♠❡♥t❡✳

❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❡s ❡❧ ❛♣♦rt❡ ♦r✐❣✐♥❛❧ ♠ás ✐♠♣♦rt❛♥t❡ ❞❡ ❡st❛ s❡❝❝✐ó♥✳
❊st❡ t❡♦r❡♠❛ ❞✐❝❡✱ ❡♥ ♣❛rt✐❝✉❧❛r✱ q✉❡ s✐ C ❡s ✉♥❛ dg✲❝♦á❧❣❡❜r❛ ❝♦❛✉♠❡♥t❛❞❛✱
❧❛s ❡str✉❝t✉r❛s ❞❡ dg✲❜✐á❧❣❡❜r❛ ❡♥ C ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦
❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ ΩC ✭q✉❡ ❡①t✐❡♥❞❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡
á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❞✐❢❡r❡♥❝✐❛❧ ② s♦♥✮ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳

❚❡♦r❡♠❛ ✹✳✶✵✳ ❙❡❛ V ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❣r❛❞✉❛❞♦✱ s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ ❉❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti á❧❣❡❜r❛ ❡♥ TV ✱ q✉❡ ❡①t✐❡♥❞❛ ❧❛ ❡str✉❝t✉r❛
❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❧✐❜r❡ ② s❡❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✳

✭✐✐✮ ❉❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞❛ ✭✉♥✐t❛r✐❛ ② ❝♦✉♥✐✲
t❛r✐❛✮ ❡♥ H “ V ‘ k1H ✳

✶✵✼



▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❛ ♣❛rt✐r ❞❡ ✭✐✮✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ TV ❞❛ ❧✉❣❛r ❛ ✉♥ ❞✐❢❡✲
r❡♥❝✐❛❧ ✭✐♥t❡r♥♦✮ ② ✉♥❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❡♥ V ✭✈❡r ♦❜s❡r✈❛❝✐ó♥ ✹✳✷✮ ✭q✉❡ s❡
❡①t✐❡♥❡♥ ❛ H✮✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ❛❝❝✐ó♥ ❞❡ B2✱ ❛❧ r❡str✐♥❣✐rs❡ ❛ ❡❧❡♠❡♥t♦s
❞❡ V ✱ ✐♥❞✉❝❡ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❡♥ V ✭✈❡r ❧❡♠❛ ✹✳✼✮ ② ést❡ ❞❡t❡r♠✐♥❛ ✉♥
♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ② ✉♥✐t❛r✐♦ ❡♥ H✳ ❆sí✱ H r❡s✉❧t❛ ✉♥❛ ❜✐á❧❣❡❜r❛ ❞✐❢❡r❡♥❝✐❛❧
❣r❛❞✉❛❞❛ ✭✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✮✳

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✐ s❡ t✐❡♥❡ ✭✐✐✮✱ ❧❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❛ ❧✉❣❛r ❛ ✉♥ ❞✐❢❡r❡♥❝✐❛❧
❡①t❡r♥♦ ❡♥ TV ✳ ❱❡r❡♠♦s q✉❡ ❤❛② ✉♥❛ ú♥✐❝❛ ♠❛♥❡r❛ ❞❡ ❡①t❡♥❞❡r ❧❛ r❡str✐❝❝✐ó♥
❛ V ❞❡❧ ♣r♦❞✉❝t♦ ❞❡ H ❛ t♦❞♦ TV ♣❛r❛ ❞❡✜♥✐r ❧❛ ❛❝❝✐ó♥ ❞❡ B2 ❞❡ ♠❛♥❡r❛
❞❡ ❝✉♠♣❧✐r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✳ ❉❡ ❢♦r♠❛ ✐♥❞✉❝t✐✈❛
② ❜✉s❝❛♥❞♦ q✉❡ s❡ ❝✉♠♣❧❛ ❞✐❝❤❛ ❝♦♥❞✐❝✐ó♥✱ s❡ ❞❡✜♥❡♥ ❧♦s Bm ♣❛r❛ m ą 2✳

❉❡♠♦str❛❝✐ó♥✳ ❆♥t❡s ❞❡ s❡❣✉✐r ❛❞❡❧❛♥t❡✱ ♥♦s ♣r♦♣♦♥❡♠♦s ✉t✐❧✐③❛r ❧❛ s✐❣✉✐❡♥t❡
♥♦t❛❝✐ó♥✳ ▲♦s ❡❧❡♠❡♥t♦s ❞❡ V s❡ ♥♦t❛rá♥ ♣♦r x, y, z, v, w✱ ❡t❝✳ ❊❧❡♠❡♥t♦s ❡♥
TV ✱ ❤♦♠♦❣é♥❡♦s ❞❡ ❣r❛❞♦ ♠❛②♦r✱ ❡♥ ❝❛♠❜✐♦✱ s❡rá♥ x “ x1 b . . . b xn✱ ❡t❝✳
P♦r ú❧t✐♠♦✱ x s❡rá ❧❛ ♠❛♥❡r❛ ❞❡ ❛❜r❡✈✐❛r x “ x1, . . . ,xr P pTV qr

❘❡❝♦r❞❛♠♦s q✉❡ ✉t✐❧✐③❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ ∆x “ xp1q b xp2q✳

✭✐✮ ❞❡t❡r♠✐♥❛ ✭✐✐✮

❊st♦ ❡s✱ s✉♣♦♥❣❛♠♦s q✉❡ s❡ t✐❡♥❡ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ TV

q✉❡ ❡①t✐❡♥❞❡ ❧❛ ❛s♦❝✐❛t✐✈❛ ② ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✳

❈♦♥s✐❞❡r❛♠♦s ❡♥t♦♥❝❡s H “ V ‘ k1H ✱ ❝♦♥ ∆1 “ 1 b 1 ② V “ ker ǫ✳ ❆ 1H ❧❡
❛s✐❣♥❛♠♦s ❣r❛❞♦ ✐♥t❡r♥♦ ❝❡r♦✱ ② ❣r❛❞♦ ❡①t❡r♥♦ ✉♥♦✳

‚ ◆♦t❡♠♦s ♣r✐♠❡r♦ q✉❡ ✉♥ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ TV ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣♦r s✉ r❡s✲
tr✐❝❝✐ó♥ ❛ V ✱ ② ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡sté ❞❛❞♦ ♣♦r ✉♥ ❞✐❢❡r❡♥❝✐❛❧ ✐♥t❡r♥♦ di ② ✉♥♦
❡①t❡r♥♦ de✱ ❝❛❞❛ ✉♥♦ ❝♦♥ ❜✐❣r❛❞♦ p1, 0q ② p0, 1q r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥♦s ❞✐❝❡ q✉❡
dV :“ di|V : V Ñ V s✉❜❡ ❡❧ ❣r❛❞♦ ✐♥t❡r♥♦ ❞❡ V ② ∆1 :“ de|V : V Ñ V b V

✭q✉❡ r❡s✉❧t❛ ❤♦♠♦❣é♥❡♦ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❣r❛❞♦ ✐♥t❡r♥♦✮ ❞❛❞♦ ♣♦r

∆1pvq :“ v1 b v2, ❞♦♥❞❡ v1 b v2 “ depvq.

❈♦♠♦ ✈✐♠♦s ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✹✳✶✳ ❛ ♣❛rt✐r ❞❡ ❧❛ ❜✐❣r❛❞✉❛❝✐ó♥ s❡ t✐❡♥❡
q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ d2 “ pdi ` deq

2 ❡q✉✐✈❛❧❡ ❛ tr❡s ❡❝✉❛❝✐♦♥❡s d2V “ 0✱ ❧❛
❝♦❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡ ∆1 ② q✉❡ ∆1 ② dV s♦♥ ❝♦♠♣❛t✐❜❧❡s ✭❡st♦ ❡s✱ ∆1 ❡s ✉♥
♠♦r✜s♠♦ ❞❡ ❝♦♠♣❧❡❥♦s✮✳

✶✵✽



❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s✐ s❡ ♣✐❡♥s❛ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ TV ❝♦♠♦ ✉♥❛ ❡str✉❝t✉r❛ ❞❡
❝♦❛❧❣❡❜r❛ ❝♦❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ❡♥ V ✱ ❧❛ ❤✐♣ót❡s✐s ❞❡ ❣r❛❞♦ ❞✐❝❡
q✉❡ ❡st❛ ❡s ✉♥❛ ❝♦á❧❣❡❜r❛ ❡str✐❝t❛ ✭❞✐❢❡r❡♥❝✐❛❧✮✳

❈♦♥s✐❞❡r❛♠♦s ❧❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❛❞❛ ♣♦r✿

V
∆
ÝÑ V b V

v ÞÑ dev ` r1H , vs

‚ ❊♥ s❡❣✉♥❞♦ ❧✉❣❛r✱ ♣♦r ❡❧ ❧❡♠❛ ✹✳✼✱ s❛❜❡♠♦s q✉❡ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❝❛❝t✉s 1

2

r❡str✐♥❣✐❞❛ ❛ V ❞❡✜♥❡ ✉♥ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ✈í❛✿

x ˚ y :“ p´1q|x| 1

2

px, yq

❙❡ ❡①t✐❡♥❞❡ ❡st❡ ♣r♦❞✉❝t♦ ❛ H ❞❡❝r❡t❛♥❞♦ ❛❧ ❡❧❡♠❡♥t♦ 1 ❝♦♠♦ ❧❛ ✉♥✐❞❛❞✳

‚ ❆❤♦r❛ ✈❡❛♠♦s q✉❡ ❛♠❜❛s ❡str✉❝t✉r❛s s♦♥ ❝♦♠♣❛t✐❜❧❡s✱ ❡s ❞❡❝✐r✱ s✐ ♥♦t❛♠♦s

∆px ˚ yq “ p´1q|xp2q|i|yp1q|ipxp1q ˚ yp1qq b pxp2q ˚ yp2qq

P❛r❛ ❡st♦✱ r❡❝♦r❞❡♠♦s q✉❡ da “ ∆paq ´ r1, as ` di✳ ❘❡❝♦r❞❡♠♦s q✉❡ s✐ |a|H
❡s ❡❧ ❣r❛❞♦ ❞❡ a ❡♥ H✱ s✉ ❣r❛❞♦ ❡♥ TV ❡s |a| “ |a|H ` 1 ②✱ ♣♦r ❝♦♥s✐❣✉✐❡♥t❡✱
❡❧ ✭s✉♣❡r✮❝♦♥♠✉t❛❞♦r s❡ ❝❛❧❝✉❧❛ ❝♦♠♦

r1, as “ 1 b a ´ p´1q|a|a b 1 “ 1 b a ´ p´1q|a|H`1a b 1

❆❤♦r❛✱ ❡♥ t♦❞❛ Cacti✲á❧❣❡❜r❛ s❡ t✐❡♥❡

1 2 ´
12

“ δ
1

2

“ d
1

2

` 1

2

d

②❛ q✉❡ ❧❛ ♣r✐♠❡r❛ ✐❣✉❛❧❞❛❞ ❡s ❛❧ ❝❛❧❝✉❧❛r ❡❧ ❜♦r❞❡ ❞❡❧ ❝❛❝t✉s ② ❧❛ s❡❣✉♥❞❛
❡s ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❡♥tr❡ ❧♦s ❞✐❢❡r❡♥❝✐❛❧❡s✳ ❆❧ ❡✈❛❧✉❛r ❡♥ x, y P V ✱ ❞❛❞♦ q✉❡
d “ ∆ ´ r1, s ` di✱ s❡ t✐❡♥❡

1 2 ´
12

px, yq “ d
1

2

px, yq ` 1

2

pdx, yq ` p´1q|x| 1

2

px, dyq

1 2 ´
12

px, yq “ ∆p 1

2

px, yqq ` 1

2

p∆x, yq ` p´1q|x| 1

2

px,∆yq

´ r1, 1

2

px, yqs ´ 1

2

pr1, xs, yq ´ p´1q|x| 1

2

px, r1, ysq

` dip
1

2

px, yqq ` 1

2

pdix, yq ` p´1q|x| 1

2

px, diyq

✶✵✾



❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ✭❛❧ ❝❛♠❜✐❛r ❧❛ ♥♦t❛❝✐ó♥ ❞❡ 1

2

♣♦r ❧❛ ˚✮

´rx, ys “ p´1q|x|∆px ˚ yq ` p´1q|x|`1∆x ˚ y ` x ˚ ∆y

` ´p´1q|x|r1, x ˚ ys ´ p´1q|x|`1r1, xs ˚ y ´ x ˚ r1, ys

` p´1q|x|dipx ˚ yq ` p´1q|x|`1dix ˚ y ` x ˚ diy

▲♦ q✉❡ ❜✉s❝❛♠♦s ✈❡r ✭❡st♦ ❡s✱∆px˚yq “ p´1q|xp2q|i|yp1q|ipxp1q˚yp1qqbpxp2q˚yp2qq✮
s❡ s✐❣✉❡ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r ❞❛❞♦ q✉❡ s❡ t✐❡♥❡✿

dipx ˚ yq “ dix ˚ y ` p´1q|x|ix ˚ diy

rx, ys “ p´1q|x|r1, x ˚ ys ´ p´1q|x|r1, xs ˚ y

x ˚ r1, ys “ p´1qrx|`1∆x ˚ y

x ˚ ∆y “ p´1q|x|`1`|xp2q|i|yp1q|ipxp1q ˚ yp1qq b pxp2q ˚ yp2qq

▲❛s ♣r✐♠❡r❛ ❡s s❡♥❝✐❧❧❛♠❡♥t❡ q✉❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ✐♥t❡r♥♦ ❞❡r✐✈❛ ❡❧ ♣r♦❞✉❝t♦✳ ▲❛
s❡❣✉♥❞❛ ❡s ❞❡❜✐❞❛ ❛ ❧❛ ✐❞❡♥t✐❞❛❞ ❡♥ Cacti

1

2

˝1
12

“ 2 1

3

` 2 1

3

②❛ q✉❡✱ ❛❧ ❡✈❛❧✉❛r ❡♥ x, y, z P V ✱ ♦❜t❡♥❡♠♦s q✉❡ ❡❧ ♣r♦❞✉❝t♦ ˚ ❞✐str✐❜✉②❡ ❡❧
b ❛ ✐③q✉✐❡r❞❛✿

pa b bq ˚ c “ a b pb ˚ cq ` p´1q|b|p|c|`1qpa ˚ cq b b

“ pa ˚ 1q b pb ˚ cq ` p´1q|b|p|c|`1qpa ˚ cq b pb ˚ 1q

② ❞❡ ♠❛♥❡r❛ ✐♥♠❡❞✐❛t❛ ✭❛❧ ❝♦♥s✐❞❡r❛r a “ 1, b “ x ② c “ y✮ s❡ s✐❣✉❡ ❞✐❝❤❛
❡❝✉❛❝✐ó♥✳
▲❛s ❞♦s ú❧t✐♠❛s ❡❝✉❛❝✐♦♥❡s t✐❡♥❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ a ˚ pb b cq ✭❞❡❧ ❧❛❞♦
✐③q✉✐❡r❞♦✮✳ ▲❛ ✐❞❡❛ ❝❡♥tr❛❧ ❡s q✉❡✱ ❡♥ ✉♥❛ Cacti✲á❧❣❡❜r❛✱ ❛ ♣❡s❛r ❞❡ q✉❡ ˚
♥♦ ❞✐str✐❜✉②❡ b ❛ ❞❡r❡❝❤❛✱ ❧❛ ❢❛❧❧❛ ❞❡ ❧❛ ❞✐str✐❜✉t✐✈✐❞❛❞ ❡stá ❞❛❞❛ ♣♦r ❡❧
❜♦r❞❡ ❞❡ B3 ② ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥tr♦❧❛r❧❛✳ ❆sí✱
♦❜t❡♥❞r❡♠♦s q✉❡ a ˚ pb b cq ♥♦ ♣✉❡❞❡ s❡r ♠ás q✉❡ ❧❛ ❛❝❝✐ó♥ ❞✐❛❣♦♥❛❧✳

❆❧ ❝❛❧❝✉❧❛r ❡❧ ❜♦r❞❡ ❞❡❧ ❝❛❝t✉s B3 “ 1

2
3

♦❜t❡♥❡♠♦s✿

δ 1

2
3

“ 1 2

3

´ 1

23

` 1

2

3

✶✶✵



❆❧ ❡✈❛❧✉❛r ❡♥ x, y, z P V ✱ s❡ t✐❡♥❡

δ 1

2
3

px, y, zq “
`

1 2

3

´ 1

23

` 1

2

3

˘
px, y, zq

“ p´1q|x||y|`|x|`|y|y b px ˚ zq

´ p´1q|x|x ˚ py b zq

` p´1q|x|px ˚ yq b z

❈♦♠♦ ❛❞❡♠ás✱ ❞❡❜❡ s❡r δB3 “ dB3 ´ B3d ❡♥ TV ✱ s❡ t✐❡♥❡

pδB3qpx, y, zq “ dpB3px, y, zqloooomoooon
“0

q ´ B3pdx, y, zq

` p´1q|x| B3px, dy, zqlooooomooooon
“0

´p´1q|x|`|y| B3px, y, dzqlooooomooooon
“0

✭❞♦♥❞❡ ❧♦s tér♠✐♥♦s q✉❡ s❡ ❛♥✉❧❛♥ ❧♦ ❤❛❝❡♥ ❞❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥
❡❧ ❣r❛❞♦✮✳ ▲✉❡❣♦✱

´B3pdx, y, zq “ p´1q|x||y|`|x|`|y|ybpx˚zq´p´1q|x|x˚pybzq`p´1q|x|px˚yqbz

❆❤♦r❛ ❜✐❡♥✱ ❡♥ ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦ t❡♥s♦r✐❛❧ ✷✱ x “ x1 b x2✱ B3 ❛❝tú❛ ❝♦♠♦

B3px, y, zq “ B3px1 b x2, y, zq “ p´1q|x2|`|y|`|x2||y|px1 ˚ yq b px2 ˚ zq

②❛ q✉❡ ❡♥ sCacti s❡ t✐❡♥❡

1

2
3

˝1
12

“
2 1

4
3

`
2 1

4 3

`
2 1

4

3

❞♦♥❞❡ só❧♦ ❡❧ s❡❣✉♥❞♦ tér♠✐♥♦ ❛❝tú❛ ♥♦ tr✐✈✐❛❧♠❡♥t❡ ❡♥ V b4✳

❘❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❡st❛ ✐❞❡♥t✐❞❛❞ x “ dx✱ ♦ s❡❛✱

dx “ ∆pxq ´ r1H , xs “ xp1q b xp2q ´ 1H b x ` p´1q|x|x b 1H

✶✶✶



s❡ t✐❡♥❡

B3pdx, y, zq “ B3pxp1q b xp2q ´ 1H b x ` p´1q|x|x b 1H , y, zq

“ p´1q|xp2q|`|y|`|xp2q||y|pxp1q ˚ yq b pxp2q ˚ zq

´ p´1q|x|`|y|`|x||y|y b px ˚ zq

` p´1q|x|`1`|y|`1|y|px ˚ yq b z

“ p´1q|xp2q|`|y|`|xp2q||y|pxp1q ˚ yq b pxp2q ˚ zq

´ p´1q|x|`|y|`|x||y|y b px ˚ zq

´ p´1q|x|px ˚ yq b z

❙❡ ❞❡❞✉❝❡ ❡♥t♦♥❝❡s ❧❛ s✐❣✉✐❡♥t❡ ❡❝✉❛❝✐ó♥✿

x ˚ py b zq “ p´1q|x|`|xp2q|`|y|`|xp2q||y|pxp1q ˚ yq b pxp2q ˚ zq

❞❡ ❧♦ q✉❡ ❞❡❞✉❝✐♠♦s✱ ❛❧ ❤❛❝❡r ❥✉❣❛r ❛ r1, ys ❡❧ ♣❛♣❡❧ ❞❡ y b z ❡♥ ❧❛ ❡❝✉❛❝✐ó♥
❛♥t❡r✐♦r

x ˚ r1, ys “ p´1qrx|`1∆x ˚ y

❖ ❛❧ r❡❡♠♣❧❛③❛r ✭♥✉❡✈❛♠❡♥t❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ♦r✐❣✐♥❛❧✮ ybz ♣♦r∆y “ yp1qbyp2q

✭② ♦❜s❡r✈❛♥❞♦ q✉❡ s✐ v P V ❡♥t♦♥❝❡s |v| “ |v|i ` 1✮✿

x ˚ p∆yq “ p´1q|x|`1`|xp2q|i|yp1q|ipxp1q ˚ yp1qq b pxp2q ˚ yp2qq

q✉❡ ❡s ❧♦ q✉❡ r❡st❛❜❛ ✈❡r✐✜❝❛r✳

✭✐✐✮ ❞❡t❡r♠✐♥❛ ✭✐✮

❘❡❝í♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❣❛♠♦s q✉❡ s❡ t✐❡♥❡ ❡♥ H ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛✳
❈♦♥s✐❞❡r❛♠♦s ❡♥ TV ❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❞❛❞❛ ♣♦r✿

Cnpx1, . . . , xnq :“ x1 b . . . b xn

✭❞❛❞♦ q✉❡ ❝♦♠♦ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❡s ❡❧ á❧❣❡❜r❛ ❧✐❜r❡ ❡♥ V ✮

Bmpx,yq :“
ÿ

1ďi1ă...ăim´1ďn

˘x1 b . . . b pxi1 ˚ y1q b . . . b pxim´1
˚ ym´1q b . . . b xn

❞♦♥❞❡ ❡♥ ❝❛❞❛ tér♠✐♥♦ ˘ ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s
sí♠❜♦❧♦s✿
˚ . . . ˚ x1 . . . xny1 . . .ym´1 ÞÑ x1 . . . xi1 ˚ y1xi1`1 . . . xim´1

˚ ym´1 . . . xn✳

✶✶✷



◆✉❡✈❛♠❡♥t❡ ❛q✉í r❡♠❛r❝❛♠♦s q✉❡ s✐ x P H✱ s✉ sí♠❜♦❧♦ ❡♥ ❧❛ ❡①♣r❡s✐ó♥
❛♥t❡r✐♦r ♥♦ t✐❡♥❡ ❣r❛❞♦ ✶ s✐♥♦ ❣r❛❞♦ |x|H ` 1✱ ② s✐ y “ y1 b ¨ ¨ ¨ b yn✱ ❡♥t♦♥❝❡s
s✉ sí♠❜♦❧♦ t✐❡♥❡ ❣r❛❞♦ n `

řn

i“1 |yi|H ✳

▲❛ ✈❡r✐✜❝❛❝✐ó♥ ❞❡ q✉❡ ❡st❛ ❡str✉❝t✉r❛ ❡s ✉♥❛ sCacti✲á❧❣❡❜r❛ s❡ ❝♦♥s✐❣✉❡
✐♥❞✉❝t✐✈❛♠❡♥t❡✳

❱❡❛♠♦s ♣r✐♠❡r♦ ❞❡ q✉é ♠❛♥❡r❛ s❡ ❞❡✜♥❡ ❧❛ ❛❝❝✐ó♥ ❞❡ 1

2

❡♥ t♦❞♦ TV ❛
♣❛rt✐r ❞❡ s✉ ✈❛❧♦r ❡♥ V ✳ P❛rt✐♠♦s ❡♥t♦♥❝❡s ❞❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ˚ ❡♥ V ②✱
❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱

B2px, yq :“ p´1q|x|x ˚ y

❆❤♦r❛ ❜✐❡♥✱ ❡♥ ❧❛ ú❧t✐♠❛ ♣❛rt❡ ❞❡❧ ♣✉♥t♦ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡
❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ❞❡t❡r♠✐♥❛ ❧❛ ❛❝❝✐ó♥ ❞❡ B2 ❡♥ V b V b2 ✈í❛✿

x ˚ py b zq “ p´1q|x|`|xp2q|`|y|`|xp2q||y|pxp1q ˚ yq b pxp2q ˚ zq

B2px, y b zq “ B2px, C2py, zqq “ B3p∆x, y, zq

1

2

px, y b zq “ 1

23

px, y, zq “ 1

2
3

p∆x, y, zq

✭❉♦♥❞❡ ❧❛s tr❡s ❡❝✉❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✱ só❧♦ s❡ ❝❛♠❜✐❛ ❞❡ ❧❡♥❣✉❛❥❡✳✮

❊❧ ❝❛s♦ ❣❡♥❡r❛❧ s❡ ❞❡❞✉❝❡ ❞❡ ♠❛♥❡r❛ s❡♥❝✐❧❧❛ r❛③♦♥❛♥❞♦ ✐♥❞✉❝t✐✈❛♠❡♥t❡ ❡♥
❡❧ ❧❛r❣♦ ❞❡ y “ y1 b . . . b yn✱ ❝♦♥❝❧✉②❡♥❞♦

B2px, y1 b . . . b ynq “ Bn`1p∆
n´1pxq, y1, . . . , ynq

❯t✐❧✐③❛r❡♠♦s ❧✉❡❣♦ ❧❛ ❡①♣r❡s✐ó♥ ❡q✉✐✈❛❧❡♥t❡ ✭♣♦r ❧❛ ❝♦❛s♦❝✐❛t✐✈✐❞❛❞ ❞❡ ∆✮

B2px,y
1 b y2q “ B3p∆x,y1,y2q

❊♥ ♣❛rt✐❝✉❧❛r✱ ❧❛ ❛❝❝✐ó♥ ❞❡❧ ❡❧❡♠❡♥t♦ 1

2

❡♥ t♦❞♦ V bTV q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛
♣♦r s✉ r❡str✐❝❝✐ó♥ ❛ V b V ✳

❈♦♠♦ ❞❡❜❡ ❞✐str✐❜✉✐r ❛ ✐③q✉✐❡r❞❛✱ s❡ ❞❡✜♥❡ ❞❡ ♠❛♥❡r❛ ✉♥í✈♦❝❛ ❡♥ TV b TV

♣❛r❛ x “ x1 b ¨ ¨ ¨ b xn ❡ y “ y1 b . . . b yr ✈í❛✿

px1 b ¨ ¨ ¨ b xnq ˚ y “
nÿ

i“1

p´1q|y|pn´iqx1 b . . . b pxi ˚ yq b ¨ ¨ ¨ b xn

✶✶✸



❆ ♣❛rt✐r ❞❡ ❡st♦ ② ❞❡❜✐❞♦ ❛ q✉❡ TV ❡s ❧✐❜r❡✱ ❧❛ ❛❝❝✐ó♥ ❞❡ ❧♦s Bm ❡♥ t♦❞♦ TV
q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳
❊♥ ❧❛ ♣r✐♠❡r ✈❛r✐❛❜❧❡✱ s✐ x “ x1 b . . . b xm✱ s❡ ❧♦ ♣❛rt❡ ❡♥ ❞♦s ✭❞❡ ♠❛♥❡r❛
❛r❜✐tr❛r✐❛ ♣❡r♦ ♥♦ tr✐✈✐❛❧✮ x1 b x2 “ px1 b . . . b xiq b pxi`1 b . . . b xmq ② s❡
t✐❡♥❡ ❡♥t♦♥❝❡s x “

12

px1,x2q✳ ❆❤♦r❛✱ ❞❛❞♦ q✉❡ ❧♦s Bm ② 12 ❝✉♠♣❧❡♥

1

2..
.

m

3

˝1

12

“
ÿ

k

2

3

...

1

k..
.

m+1
k
+
1

s❡ ❞❡❜❡rí❛ t❡♥❡r✱ ❛❧ ❡✈❛❧✉❛r ❡♥ x P TV ✱ y “ py1, . . . ,yn´1q P TV n´1✿

Bmpx1 b x2,yq “
mÿ

k“1

p´1qγkBkpx1,y1, . . . ,yk´1q b Bm´k`1px
2,yk, . . . ,ym´1q

❞♦♥❞❡ αk “ |x1| ` |y1| ` ¨ ¨ ¨ ` |yk´1| ② βk “ |x2|p|y1| ` ¨ ¨ ¨ ` |yk´1|q ② ♣♦r ❧♦
t❛♥t♦ γk :“ pm ´ kqαk ` βk ❡s ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡❧ k✲és✐♠♦ tér♠✐♥♦✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ ❞❡✜♥❡ Bmpx,y1, . . . ,yn´1q ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛✳

▼ás ❛ú♥✱ ❞❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✱ s❡ t✐❡♥❡ q✉❡ ❡st❛ s✉♠❛ ❡s
❡♥ r❡❛❧✐❞❛❞ ✭✈♦❧✈✐❡♥❞♦ ❛ ♣❡♥s❛r x “ x1 b ¨ ¨ ¨ b xn✮

Bmpx,yq “
ÿ

1ďi1ă...ăim´1ďn

˘x1 b . . . b pxi1 ˚ y1q b . . . b pxim´1
˚ ym´1q b . . . b xn

✭❞♦♥❞❡ ❝❛❞❛ tér♠✐♥♦ t✐❡♥❡ ❡❧ s✐❣♥♦ ❞❡ ❑♦s③✉❧ ❞❡ ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s sí♠✲
❜♦❧♦s ˚ . . . ˚ x1 . . . xny1 . . .ym´1 ÞÑ x1 . . . xi1 ˚ y1xi1`1 . . . xim´1

˚ ym´1 . . . xn✮✳

❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❧❛ ❛❝❝✐ó♥ ❞❡ ❧♦s Bm q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ❞❡ 1

2

❣r❛❝✐❛s ❛
❧❛ ❧✐❜❡rt❛❞ ❞❡ TV ② ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✳ ◆♦t❛♠♦s q✉❡ ❡st❛ ❢ór♠✉✲
❧❛ ❡s ❧❛ ♠✐s♠❛ q✉❡ ❧❛ q✉❡ ♦❜t✉✈♦ ❑❛❞❡✐s❤✈✐❧✐ ❬❑❛❞✵✺❪ ✭s✐♥ s✐❣♥♦s✮✱ ❡str✉❝t✉r❛
q✉❡ ❢✉é ✉t✐❧✐③❛❞❛ ♣♦r ❬▼❡♥✵✹❪✱ ♣♦r ❧♦ q✉❡ ②❛ s❛❜❡♠♦s q✉❡ ❡❢❡❝t✐✈❛♠❡♥t❡
❞❡❜❡rí❛ r❡s✉❧t❛r ✉♥❛ sCacti á❧❣❡❜r❛✳ ❉❡ ❝✉❛❧q✉✐❡r ♠❛♥❡r❛✱ ♠♦str❛r❡♠♦s ❡①✲
♣❧í❝✐t❛♠❡♥t❡ q✉❡ s❡ r❡s♣❡t❛♥ ❧❛s r❡❧❛❝✐♦♥❡s ❡♥tr❡ ❧♦s ❣❡♥❡r❛❞♦r❡s✳

❘❡s♣❡❝t♦ ❛ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ❝♦♠♣♦s✐❝✐ó♥✱ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r

Bn ˝1 Bmpx,y, zq “ Bn pBmpx,yq, zq

✶✶✹



♣❛r❛ x,y, z ❝✉❛❧❡sq✉✐❡r❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜✐❞♦ ❛ q✉❡ ❡❧ á❧❣❡❜r❛ ❡stá ❣❡♥❡r❛❞❛
♣♦r ❧❛ ✐♠á❣❡♥ ❞❡ C2✱ ❡st❛ ♣r♦♣✐❡❞❛❞ s❡ ❞❡❞✉❝❡ ♣♦r ✐♥❞✉❝❝✐ó♥ ❡♥ ❡❧ ❧❛r❣♦ ❞❡
x ❛ ♣❛rt✐r ❞❡❧ ❝❛s♦ x “ x P V ✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡✱ s✐ ♣♦♥❡♠♦s x “ x1 b x2

Bn ˝1 Bmpx1 b x2,y, zq “ Bn pBmpx1 b x2,yq, zq

Bn ˝1 BmpC2px
1,x2q,y, zq “ Bn pBmpC2px

1,x2q,yq, zq

P❡r♦ ❧♦s ❝❛❝t✉s Bn, Bm, C2 s❡ r❡❧❛❝✐♦♥❛♥ ♣♦r

Bn ˝1 pBm ˝1 C2q “
1

2..
.

n

3

˝1

´
1

2..
.

m

3

˝1

12

¯

“
ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

...

2

3

...

m
+
1

1

m
+
n

m
+
2

“
ÿ

k,j

˘ 2

3

...

1

k
..
.

m+1

k
+
1

m
+
n

m
+
n
+
1j

j
+
1

❞♦♥❞❡ ✭❡❧ s✐❣♥♦ ❡stá ❞❛❞♦ ♣♦r ❧❛ ♣❡r♠✉t❛❝✐ó♥ ❞❡ ❧♦s ♣✉♥t♦s ❞❡ Bn ② Bm ②✮
✉s❛♠♦s ❧❛ r❡❧❛❝✐ó♥

1

2..
.

m

3

˝1

12

“
ÿ

k

2

3

...

1

k..
.

m+1

k
+
1

❆❤♦r❛ ❜✐❡♥✱ ❡♥ ❡❧ ❝❛s♦ x “ x✱ ❧❛ ❡①♣r❡s✐ó♥ ❛ ✈❡r✐✜❝❛r ❡s

Bn ˝1 Bmpx,y, zq “ Bn

`
Bmpx,yq, z

˘

ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

m
+
1

...

m
+
n
-
1

m
+
2

1

2

..
.

m

3

px,y, zq “
1

2..
.

n

3

´
1

2..
.

m

3

px,yq, z
¯

q✉❡ s♦♥ tr✐✈✐❛❧♠❡♥t❡ ♥✉❧♦s s✐ m ą 2 ❞❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✳
❊st♦ r❡❞✉❝❡ ❧❛ ✈❡r✐✜❝❛❝✐ó♥ ❛❧ ❝❛s♦ m “ 2✱ ♦ s❡❛ y “ y✳ ❚❡♥❡♠♦s ❡♥t♦♥❝❡s✱
q✉❡ ✈❡r q✉❡ r❡s✉❧t❛♥ ✐❣✉❛❧❡s

Bn ˝1 B2px,y, zq “ Bn

`
B2px,yq, z

˘

ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

...

1

2

3

n
+
1

px,y, zq “
1

2..
.

n

3

´
1

2

px,yq, z
¯

✶✶✺



◆✉❡✈❛♠❡♥t❡✱ ❞❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✱ t❡♥❡♠♦s q✉❡

Bn ˝1 B2px,y, zq “
ÿ

♣♦s✐❜✐❧✐❞❛❞❡s

˘

...

1

2

3

n
+
1

px,y, zq

“ p´1qn´1

...

1

2

3
n
+
1

px,y, zq

“ p´1qn´1
`
B2 ˝2 Bn

˘
px,y, zq

“ p´1qpn´1qp|x|`1qB2

`
x,Bnpy, zq

˘

② ♣♦r ❧♦ t❛♥t♦✱ q✉❡❞❛ ✈❡r✐✜❝❛r

p´1qpn´1qp|x|`1qB2

`
x,Bnpy, zq

˘
“ Bn

`
B2px,yq, z

˘

❆❤♦r❛✱ r❛③♦♥❛r❡♠♦s ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛ ❡♥ |y|e✱ ♣❛r❛ ✈❡r q✉❡ ❛❧❝❛♥③❛ ❝♦♥
✈❡r✐✜❝❛r y “ y ✭♦ s❡❛✱ |y|e “ 1✮✳

❆❧ ♣♦♥❡r y “ y1 b y1, z “ pz1, z1q✱ t❡♥❡♠♦s ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦

B2

`
x,Bnpy, zq

˘
“ B2

`
x,Bnpy1 b y1, zq

˘

“ p´1qpn´1q|y1|B2

`
x, y1 b Bnpy1, zq

˘

` p´1qn|z1|`n|y1|`|z1||y1|B2

`
x,B2py1, z

1q b Bn´1py
1, z1q

˘

② ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦

Bn

`
B2px,yq, z

˘
“ Bn

`
B2px, y1 b y1q, z

˘

❙❡ s✐❣✉❡ ❧♦ q✉❡ ❜✉s❝❛♠♦s ❛❧ r❡❡s❝r✐❜✐r ❧♦s tér♠✐♥♦s ❞❡ ❧❛ ❢♦r♠❛ B2pa, b b cq
✉t✐❧✐③❛♥❞♦ q✉❡ ❧❛ ❛❝❝✐ó♥ ❡s ❞✐❛❣♦♥❛❧✿

B2pa, b b cq “ p´1q|a1|`|b|`|b||ap2qB2pap1q, bq b B2pap2q, cq

▲❛ ✈❡r✐✜❝❛❝✐ó♥ ♣❛r❛ ❡❧ ❝❛s♦ y “ y ❡s ✭❞❡❜✐❞♦ ❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✮

p´1q|x|`1B2

`
x,B2py, zq

˘
“ B2

`
B2px, yq, z

˘

♦✱ ❡♥ ♥♦t❛❝✐ó♥ ˚✿ `
x ˚ py ˚ zq

˘
“

`
px ˚ yq ˚ z

˘

✶✶✻



P♦r ú❧t✐♠♦✱ ✈❡❛♠♦s q✉❡ s❡ ♣✉❡❞❡ r❡❞✉❝✐r ❛❧ ❝❛s♦ z “ z✱ ❡s ❞❡❝✐r |z|e “ 1✳
P♦♥✐❡♥❞♦ z “ z1 b z2 ② ✉s❛♥❞♦ q✉❡

∆px ˚ yq “ ∆pxq ˚b2 ∆pyq

a ˚ pz1 b z2q “ ∆paq ˚b2 pz1 b z2q

❖❜t❡♥❡♠♦s ❞❡❧ ❧❛❞♦ ❞❡r❡❝❤♦
`
x ˚ py ˚ zq

˘
“

`
x ˚ py ˚ pz1 b z2qq

˘

“
`
x ˚ p∆y ˚b2 pz1 b z2qq

˘

“
`
∆x ˚b2 p∆y ˚b2 pz1 b z2qq

˘

② ❞❡❧ ❧❛❞♦ ✐③q✉✐❡r❞♦
`
px ˚ yq ˚ zq

˘
“

`
px ˚ yq ˚ pz1 b z2qq

˘

“
`
∆px ˚ yq ˚b2 pz1 b z2qq

˘

“
`
p∆x ˚b2 ∆yq ˚b2 pz1 b z2qq

˘

▲✉❡❣♦✱ ❡❧ ❝❛s♦ ❣❡♥❡r❛❧ s❡ ❞❡❞✉❝❡ ❞❡
`
x ˚ py ˚ zq

˘
“

`
px ˚ yq ˚ z

˘

q✉❡ ❡s ❝✐❡rt♦ ♣♦r ❤✐♣ót❡s✐s✳

P❛r❛ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✱ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r q✉❡

δBmpx,yq “ dpBmpx,yqq ` p´1qm´1Bmpdx,yq `
m´1ÿ

j“1

p´1qωjBmpx, djyq

♣❛r❛ x,y “ py1, . . . ,ym´1q✱ ❞♦♥❞❡ ωj “ m ´ 1 ` |x| ` |y1| ` ¨ ¨ ¨ ` |yj´1| ②
❛❜r❡✈✐❛♥❞♦ djy “ py1 . . . , dyj, . . . ,ym´1q✳

◆✉❡✈❛♠❡♥t❡ ❛r❣✉♠❡♥t❛r❡♠♦s ❡♥ ❢♦r♠❛ ✐♥❞✉❝t✐✈❛ ❡♥ ❡❧ ❣r❛❞♦ t❡♥s♦r✐❛❧ ❞❡ x✳
P♦♥✐❡♥❞♦ x “ x1 b x2 ✭❡s ❞❡❝✐r✱ |x2|e “ 1✮ ②

αk “ |x1| ` |y1| ` ¨ ¨ ¨ ` |yk´1|

βk “ |x2|p|y1| ` ¨ ¨ ¨ ` |yk´1|q

γk “ pm ´ kqαk ` βk

✶✶✼



✉t✐❧✐③❛♥❞♦ ❧❛ ♥♦t❛❝✐ó♥ ÝÑy k´1 “ py1, . . . ,yk´1q, kÝÑy “ pyk, . . . ,ym´1q✱ s❡ t✐❡♥❡♥

δBmpx,yq “ δBmpx1 b x2,yq

“ pδBmq ˝1 C2px
1, x2,yq

“ δpBm ˝1 C2qpx1, x2,yq

“ δ

˜
mÿ

k“1

pC2 ˝1 Bkq ˝k`1 Bm´k`1

¸
px1, x2,yq

“
mÿ

k“1

p´1qγkpδBkqpx1,ÝÑy k´1q b Bm´k`1px
2, kÝÑy q

`
mÿ

k“1

p´1qγk`αk`k´1Bkpx1,ÝÑy k´1q b pδBm´k`1qpx2, kÝÑy q

dpBmpx,yqq “ dpBmpx1 b x2,yqq

“ d

˜
mÿ

k“1

p´1qγkBkpx1,ÝÑy k´1q b Bm´k`1px
2, kÝÑy q

¸

“
mÿ

k“1

p´1qγkd
`
Bkpx1,ÝÑy k´1q

˘
b Bm´k`1px

2, kÝÑy q

`
mÿ

k“1

p´1qγk`αk`k´1Bkpx1,ÝÑy k´1q b d
`
Bm´k`1px

2, kÝÑy q
˘

Bmpdx,yq “ Bmpdpx1 b x2q,yq

“ Bmpdx1 b x2,yq ` p´1q|x1|Bmpx1 b dx2,yq

“
mÿ

k“1

p´1qγk`m´kBkpdx1,ÝÑy k´1q b Bm´k`1px
2, kÝÑy q

`
mÿ

k“1

p´1qγk`αkBkpx1,ÝÑy k´1q b Bm´k`1pdx
2, kÝÑy q

✶✶✽



Bmpx, djyq “ Bmpx1 b x2,y1, . . . , dyj, . . .ym´1q

“
m´1ÿ

k“i`1

p´1qγk`m´k`1Bkpx1,y1, . . . , dyj,yk´1q b Bm´k`1px2, kÝÑy q

`
iÿ

k“1

p´1qγkBkpx1,ÝÑy k´1q b Bm´k`1px
2,yk, . . . , dyj, . . . ,ym´1q

“
m´1ÿ

k“i`1

p´1qγk`m´k`1Bkpx1, dj
ÝÑy k´1q b Bm´k`1px

2, kÝÑy q

`
iÿ

k“1

p´1qγkBkpx1,ÝÑy k´1q b Bm´k`1px
2, dj

kÝÑy q

❆❧ s✉♠❛r ❡♥ j ❡ ✐♥t❡r❝❛♠❜✐❛r ❡❧ ♦r❞❡♥ ❞❡ ❧❛s s✉♠❛s✱ s❡ ♦❜t✐❡♥❡

m´1ÿ

j“1

p´1qωjBmpx, djyq “
m´1ÿ

k“1

k´1ÿ

j“1

p´1qγk`ω1
jBkpx

1, dj
ÝÑy k´1q b Bm´k`1px2, kÝÑy q

`
m´1ÿ

k“1

m´1ÿ

i“k

p´1qγk`ωjBkpx
1,ÝÑy k´1q b Bm´k`1px2, dj

kÝÑy q

❞♦♥❞❡ ω1
j :“ ωj ` k ´ m ` |x2|✳

❘❛③♦♥❛♥❞♦ ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛ ❡♥ |x|e✱ ♣♦❞❡♠♦s s✉♣♦♥❡r

δBkpx1,ÝÑy k´1q “ dpBkpx1,ÝÑy k´1q ` p´1qk´1Bkpdx1,ÝÑy k´1q

`
k´1ÿ

j“1

p´1qω
1
jBkpx1, dj

ÝÑy k´1q

δBm´k`1px
2, kÝÑy q “ dpBm´k`1px

2, kÝÑy q ` p´1qm´kBkpdx2, kÝÑy q

`
m´kÿ

j“1

p´1qω
2
jBm´k`1px2, dj

kÝÑy q

❞♦♥❞❡ ω1
j “ k´1`|x1|`|y1|`¨ ¨ ¨`|yj´1| ② ω2

j “ m´k`|x2|`|yk|`¨ ¨ ¨`|yj´1|✳

▲❛ ✐❞❡♥t✐❞❛❞ q✉❡ s❡ ❞❡s❡❛ ✈❡r✐✜❝❛r s❡ ❞❡❞✉❝❡ ❞❡ ♠❛♥❡r❛ ✐♥❞✉❝t✐✈❛ s✉♠❛♥❞♦

m´1ÿ

k“1

`
p´1qγk 1 b Bm´k`1px

2, kÝÑy q ` p´1qγk`αk`k´1Bkpx1,ÝÑy k´1q b 2

˘

❞♦♥❞❡ 1 ② 2 s❡ r❡❡♠♣❧❛③❛♥ ♣♦r s❡♥❞♦s ♠✐❡♠❜r♦s ❞❡ ❛♠❜❛s ❡❝✉❛❝✐♦♥❡s✳

✶✶✾



◆♦t❛r q✉❡ ❧♦s s✐❣♥♦s ❝♦✐♥❝✐❞❡♥ ②❛ q✉❡✿

ω1
j “ ω1

j

ωj “ αk ` k ´ 1 ` ω2
j

❱❡❛♠♦s ❡♥t♦♥❝❡s ❡❧ ❝❛s♦ ❞❡ ❣r❛❞♦ t❡♥s♦r✐❛❧ ✶✱ ❡s ❞❡❝✐r✱ ✈❡r✐✜q✉❡♠♦s q✉❡

δBmpx,yq “ dpBmpx,yqq ` p´1qm´1Bmpdx,yq `
ÿ

i

p´1qωjBmpx, djyq

P♦r ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦✱ s✐ m ě 4 t♦❞♦s ❧♦s t❡r♠✐♥♦s
✐♥✈♦❧✉❝r❛❞♦s s♦♥ ❝❡r♦❀ ❧♦s ú♥✐❝♦s ❝❛s♦s ♥♦ tr✐✈✐❛❧❡s s♦♥ ❝♦♥ B2 ② B3✳

❈❛s♦ m “ 3✿

◗✉❡r❡♠♦s ✈❡r✐✜❝❛r

δB3px,y, zq “ d

“0hkkkkikkkkj
B3px,y, zq ´B3pdx,y, zq´p´1q|x|

“0hkkkkkikkkkkj
B3px, dy, zq ´p´1q|x|`|y|

“0hkkkkkikkkkkj
B3px,y, dzq

❉❛❞♦ q✉❡ ❡♥ sCacti

δ
´

1

2
3 ¯

“
1 2

3

´
1

23

`
1

2

3

❧♦ q✉❡ q✉❡r❡♠♦s ❡s

1

2
3

pdx,y, zq “
`

´
1 2

3

`
1

23

´
1

2

3
˘
px,y, zq

❆❤♦r❛ ❜✐❡♥✱ ❝✉❛♥❞♦ ❡✈❛❧✉❛♠♦s B3 ❡♥ ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦ ❡①t❡r♥♦ ❞♦s✱ ♣♦r
❡❥❡♠♣❧♦✱ a b b ❡s ✐♥♠❡❞✐❛t♦ ❞❡ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦
q✉❡

1

2
3

pa b b,y, zq “ 1

2
3

pa b b,y, zq

“ 1

2
3

˝1
12

pa b b,y, zq

“
2 1

4 3

pa, b,y, zq

✶✷✵



❈♦♠♦ dx “ ∆x´ 1H b x` p´1q|x|xb 1H ` dix✱ ❧♦ q✉❡ q✉❡r❡♠♦s ✈❡r✐✜❝❛r s❡
❞❡s♣r❡♥❞❡ ❞❡

1

2
3

p∆x,y, zq “ 1

2
3

pxp1q b xp2q,y, zq

“
1

23

px,y, zq

1

2
3

p1H b x,y, zq “
2 1

4 3

p1H , x,y, zq

“
1 2

3

px,y, zq

1

2
3

px b 1H ,y, zq “
2 1

4 3

px, 1H ,y, zq

“
1

2

3

px,y, zq

1

2
3

pdix,y, zq “ 0

❈❛s♦ m “ 2✿

❍❛② q✉❡ ✈❡r✐✜❝❛r ♣❛r❛ x P V ❡ y P TV

δB2px,yq “ dB2px,yq ` B2pdx,yq ` p´1q|x|B2px, dyq

♦✱ ❡♥ ♥♦t❛❝✐ó♥ ˚✿

p´1q|x||y|y b x ´ x b y “ p´1q|x|dpx ˚ yq ´ p´1q|x|pdxq ˚ y ` x ˚ dy

´rx,ys “ p´1q|x|dpx ˚ yq ´ p´1q|x|pdxq ˚ y ` x ˚ dy

❘❡❝♦r❞❡♠♦s q✉❡ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ t♦t❛❧ d ❡♥ TV s❡ ❞❡s❝♦♠♣♦♥❡ ❝♦♠♦

d “ D ´ r1H , ¨ s ` Di

❞♦♥❞❡ D ❡s ❧❛ ú♥✐❝❛ s✉♣❡r❞❡r✐✈❛❝✐ó♥ ❞❡ TH ✭♥♦ ❞❡ TV ✮ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♥ ∆

❡♥ H✱ r1H ,´s ❡s ❡❧ s✉♣❡r❝♦♥♠✉t❛❞♦r✱ ❝♦♥ r❡s♣❡❝t♦ ❛ b✱ ❝♦♥ 1H ② Di ❡s ❧❛

✶✷✶



❡①t❡♥s✐ó♥ ❛ TH ❞❡ di✳ P♦r ❧♦ t❛♥t♦✱ ❧♦ q✉❡ ❞❡❜❡♠♦s ✈❡r✐✜❝❛r ❡s

´rx,ys “ p´1q|x|Dpx ˚ yq ´ p´1q|x|∆x ˚ y ` x ˚ Dy

´ p´1q|x|r1H , x ˚ ys ` p´1q|x|r1H , xs ˚ y ´ x ˚ r1H ,ys

` p´1q|x|Dipx ˚ yq ´ p´1q|x|pdixq ˚ y ` x ˚ Diy

▲♦ q✉❡ ❡s ❝✐❡rt♦✱ ❞❡❜✐❞♦ ❛ ❧♦s s✐❣✉✐❡♥t❡s ❤❡❝❤♦s✿

❊❧ ú❧t✐♠♦ r❡♥❣❧ó♥ ❡s ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✱ ②❛ q✉❡ Di ❞❡r✐✈❛ ❛ ˚✳

P♦r ♦tr❛ ♣❛rt❡✱ ❞❛❞♦ q✉❡ ∆ ❡s H✲❧✐♥❡❛❧ ✭r❡s♣❡❝t♦ ❛ ❧❛ ❛❝❝✐ó♥ ❞✐❛❣♦♥❛❧
❡♥ H b H✮✱ ❡♥t♦♥❝❡s s✉ ❡①t❡♥s✐ó♥ t❛♠❜✐é♥ ❧♦ ❡s✿

Dpx ˚ yq “ p´1q|x|`1x ˚ Dpyq, @x P V, y P TV

P♦r ❧❛ ❞✐str✐❜✉t✐✈✐❞❛❞ ❞❡ ˚ r❡s♣❡❝t♦ ❞❡ b ❛ ✐③q✉✐❡r❞❛✱ s❡ t✐❡♥❡

ra,bs ˚ c “ ra,b ˚ cs ` p´1q|b|p|c|´1qra ˚ c,bs

❊♥ ♣❛rt✐❝✉❧❛r✱ r1H , xs ˚ y “ r1H , x ˚ ys ´ p´1q|x||rx,ys✳

❆ ♣❛rt✐r ❞❡ B2pa,b b cq “ B3p∆a,b, cq t❡♥❡♠♦s q✉❡

x ˚ r1H , ys “ ∆x ˚ y “ p´1q|x|

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❡♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡❧ ❛♣❛rt❛❞♦✱ ❛❧ ♣❛s❛r ❛ ❧❛ ❤♦♠♦❧♦❣í❛
s❡ r❡❝✉♣❡r❛ ❡❧ r❡s✉❧t❛❞♦ ❝♦♥♦❝✐❞♦ q✉❡ ♣r❡s❡♥t❛♠♦s ❡♥ ❡❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦✳

❊❥❡♠♣❧♦ ✹✳✶✶✳ ❙❡❛ g ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ② ❝♦♥s✐❞❡r❡♠♦s H “ Upgq ② ❝♦♠♦
s✐❡♠♣r❡ V “ Upgq “ Kerpǫ : Upgq Ñ kq✱ ❡♥t♦♥❝❡s ❧❛ ❝♦❤♦♠♦❧♦❣í❛ ❞❡ TV ❡s

H‚
`
TV

˘
» Λ‚g

✭❉♦♥❞❡ ❛q✉í Λg ❡s ❡❧ ❛❧❣❡❜r❛ ❡①t❡r✐♦r ♥♦ ✉♥✐t❛r✐❛ ❡♥ g✳ ❙✐✱ ❡♥ ❝❛♠❜✐♦✱
❝♦♥s✐❞❡rás❡♠♦s ❡♥ ❧❛ ❤♦♠♦❧♦❣í❛ ❞❡ TV ✱ t❡♥❞rí❛♠♦s ❡❧ ✐s♦♠♦r✜s♠♦ ❝♦♥ ❡❧
❛❧❣❡❜r❛ ❡①t❡r✐♦r ✉♥✐t❛r✐❛ ❡♥ g✳✮ ▼ás ❛ú♥✱ ❡♥ ❣r❛❞♦ ✉♥♦ ❡❧ ❝♦r❝❤❡t❡ ❞❡ ▲✐❡ ❞❡
H1pTV, dq ❡s ❡❧ ❝♦♥♠✉t❛❞♦r ❡♥ ❧♦s ❡❧❡♠❡♥t♦s ♣r✐♠✐t✐✈♦s ❞❡ Ug✱ ❡s ❞❡❝✐r✱ ❡❧
❝♦r❝❤❡t❡ ❞❡ ▲✐❡ ❡♥ g✳ ❉❛❞♦ q✉❡ Λ‚g ❡st❛ ❣❡♥❡r❛❞❛ ✭❝♦♠♦ á❧❣❡❜r❛✮ ❡♥ ❣r❛❞♦
✉♥♦✱ ❧❛ ❡str✉❝t✉r❛ ❞❡ ●❡rst❡♥❤❛❜❡r q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡❧ ❝♦r❝❤❡t❡ ❡♥ ❡s❡
❣r❛❞♦✳

✶✷✷



❙❡ r❡❝✉♣❡r❛ ❞❡ ❡st❛ ♠❛♥❡r❛ ❧❛ ❡str✉❝t✉r❛ ❡stá♥❞❛r ❞❡ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r
❡♥ Λ‚g ❛ ♣❛rt✐r ❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ TV ✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱
❧❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r ❡♥ Λ‚g ♣❛r❛ ✉♥ á❧❣❡❜r❛ ❞❡ ❧✐❡ g

s❡ ❧❡✈❛♥t❛ ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❡❣r❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ❡♥
TV “ T

`
Upgq

˘
✳

❈♦♠♦ s✉❜❡❥❡♠♣❧♦ ❞❡ ❧♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡❧ ❝❛s♦ g “ LiepW q ❡❧
á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐❜r❡ ❡♥ ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ W ✳ ▲✉❡❣♦✱ Λ‚g “ Λ‚LiepW q ❡s
❡❧ á❧❣❡❜r❛ ❞❡ ●❡rst❡♥❤❛❜❡r ❧✐❜r❡ ❡♥ W ✳ ❊st❛ ❡str✉❝t✉r❛ ✏s❡ ❧❡✈❛♥t❛✑ ❛ ✉♥❛

❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ❡♥ TV “ T
´
UpLiepW qq

¯
“ T TW ✱ ❡♥ ❡❧ s❡♥t✐❞♦

❞❡ q✉❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ sCacti✲á❧❣❡❜r❛ ✐♥❞✉❝❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ●❡rst❡♥❤❛❜❡r
❞❡ s✉ ❤♦♠♦❧♦❣í❛✳

✹✳✷✳ ▼♦r✜s♠♦s ② ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❣r❛❞♦

◆♦t❛❝✐ó♥✿ ❙✐ T “
À

T p,q ❡s ✉♥❛ sCacti✲á❧❣❡❜r❛ ❜✐❣r❛❞✉❛❞❛✱ ❞❡♥♦t❛♠♦s ♣♦r

Tn :“
à
pPZ

T p,n

❊❧ s✐❣✉✐❡♥t❡ ❧❡♠❛ ♠✉❡str❛ q✉❡ ❡s r❡❧❛t✐✈❛♠❡♥t❡ s❡♥❝✐❧❧♦ ❝❤❡q✉❡❛r q✉❡ ✉♥
♠♦r✜s♠♦ s❡❛ ❞❡ sCacti✲á❧❣❡❜r❛s✱ s✐ ❡❧ ♠✐s♠♦ ❡stá ❞❡✜♥✐❞♦ s♦❜r❡ á❧❣❡❜r❛s
❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳

▲❡♠❛ ✹✳✶✷✳ ❙❡❛♥ T ② C ❞♦s ❈❛❝t✐✲á❧❣❡❜r❛s ❜✐❣r❛❞✉❛❞❛s✱ ❝♦♥ ❡str✉❝t✉r❛ ❝♦♠✲
♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ② s❡❛ f : T Ñ C ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧✱ ❤♦♠♦❣é♥❡❛
❞❡ ❣r❛❞♦ ❝❡r♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❜✐❣r❛❞✉❛❝✐ó♥✳ ❙✐ ❛s✉♠✐♠♦s q✉❡

T ❡stá ❣❡♥❡r❛❞❛ ♣♦r T1 :“ ‘pT
p,1 ❝♦♠♦ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❡♥ ♣❛rt✐❝✉✲

❧❛r✱ T “ ‘ně1Tn✮✱

f ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✱

fpdtq “ dfptq ♣❛r❛ t♦❞♦ t P T1✱

f |T1 : pT1, ˚q Ñ pC1, ˚q ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✱

❡♥t♦♥❝❡s✱ f ❡s ✉♥ ♠♦r✜s♠♦ ❞❡ ❈❛❝t✐✲á❧❣❡❜r❛s✳

❉❡♠♦str❛❝✐ó♥✳ ◆♦t❡♠♦s ♣♦r Y ❛❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦ ❞❛❞♦ ♣♦r C2✳

❱❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ ❧♦ q✉❡ s✉❝❡❞❡ ❡♥ ❡❧ t❡♦r❡♠❛ ✹✳✶✵ ❧♦s
s✐❣♥♦s ❡stá♥ ❞❛❞♦s ♣♦r ❧❛ r❡❣❧❛ ❞❡ ❑♦s③✉❧✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❡st❛ ❞❡♠♦str❛❝✐ó♥
♥♦ ❡s ♥❡❝❡s❛r✐♦ ❡①♣❧✐❝✐t❛r❧♦s ② s❡ ♦♠✐t❡♥ ♣❛r❛ ♠❛②♦r ❝❧❛r✐❞❛❞✳

✶✷✸



❍❛❝❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s r❡❞✉❝❝✐♦♥❡s✿

✶✳ ❙✐ fpB2px,yqq “ B2pfx, fyqq✱ ❡♥t♦♥❝❡s fpM,x1, . . . ,xnq “ fpM, fx1, . . . , fxnq
♣❛r❛ t♦❞♦ ❝❛❝t✉s M ✳

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ ❡❧ ♦♣❡r❛❞ sCacti ❡stá ❣❡♥❡r❛❞♦ ♣♦r ❧♦s ❝❛❝t✉s C2

② ❧♦s Bm✱ ❜❛st❛ ✈❡r q✉❡ f ❝♦♥♠✉t❛ ❝♦♥ ❡st❛s ♦♣❡r❛❝✐♦♥❡s✳ ❈♦♠♦ f ❡s
♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s✱ ♣♦r ❞❡✜♥✐❝✐ó♥✱ ❝♦♥♠✉t❛ ❝♦♥ ❧❛ ❛❝❝✐ó♥
❞❡ C2✳ P❛r❛ r❡❞✉❝✐r ❛❤♦r❛ ❞❡ Bm ❛ B2 r❛③♦♥❛♠♦s ♣♦r ✐♥❞✉❝❝✐ó♥✱ ❝♦♥
❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛❧ t❡♦r❡♠❛ ✹✳✶✵✳ ❘❡❝♦r❞❡♠♦s ❧❛ ✐❞❡♥t✐❞❛❞

1

2..
.

m

3

˝1

12

“
ÿ

k

2

3

...

1

k..
.

m+1

k
+
1

❙✐ t❡♥❡♠♦s Bmpx,y1, . . . ,ym´1q✱ ❝♦♥ x P T p,‚✱ ♣♦r ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞
❝♦♥ ❡❧ ❣r❛❞♦✱ ❞❡❜❡ s❡r p ě m ♣❛r❛ q✉❡ ❧❛ ❡①♣r❡s✐ó♥ s❡ ❛ ♥♦ tr✐✈✐❛❧✳
P♦♥✐❡♥❞♦ x “ x1 Y x1 ✭❞❛❞♦ q✉❡ T ❡stá ❣❡♥❡r❛❞❛ ♣♦r T1 ❝♦♠♦ á❧❣❡❜r❛
❛s♦❝✐❛t✐✈❛✮ s❡ t✐❡♥❡

Bm

`
px1 Y x1q,y1, . . . ,ym´1

˘
“

mÿ

k“1

˘Bkpx1, ,y
1, . . . ,yk´1q Y Bm´k`1px

1,yk, . . . ,ym´1q

q✉❡ ♣♦r ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ✭❝♦♠♦ |x1|e “ 1✱ s♦♥ t♦❞♦s ♥✉❧♦s
s❛❧✈♦ ❞♦s ② s❡ t✐❡♥❡

Bm

`
C2px1,x

1q,y1, . . . ,ym
˘

“ ˘C2px1, Bmpx1,y1, . . . ,ym´1qq

˘C2pB2px1, y1q, Bm´1px
1,y2, . . . ,ym´1qq

❞♦♥❞❡ ❡❧ ♣r✐♠❡r tér♠✐♥♦ t✐❡♥❡ |x1| ă |x| ② ❡❧ s❡❣✉♥❞♦ s❡ ❡s❝r✐❜❡ ✉t✐❧✐✲
③❛♥❞♦ B2 ② Bm´1✳ ▲✉❡❣♦✱ f ❝♦♥♠✉t❛ ❝♦♥ ❧♦s Bm s✐ ❧♦ ❤❛❝❡ ❝♦♥ B2

✷✳ ❙✐ fB2px,yq “ B2pfx, fyq ♣❛r❛ t♦❞♦ x P T1✱ y P T ✱ ❡♥t♦♥❝❡s fB2px,yq “
B2pfx, fyq ♣❛r❛ t♦❞♦ x,y P T ✱

❉❡♠♦str❛❝✐ó♥✳ ❙✐ x “ x1 Y ¨ ¨ ¨ Y xr✱ ❝♦♠♦ B2 ❞✐str✐❜✉②❡ ❡❧ ♣r♦❞✉❝t♦
❞❛❞♦ ♣♦r C2 ❡♥ ❧❛ ♣r✐♠❡r❛ ✈❛r✐❛❜❧❡✱ s❡ t✐❡♥❡

B2px,yq “
rÿ

k“1

˘ x1 Y . . . B2pxk,yq ¨ ¨ ¨ Y xr

❞❡ ❧♦ q✉❡ s❡ ❞❡❞✉❝❡ ❧♦ q✉❡ ❜✉s❝❛♠♦s✳

✶✷✹



✸✳ ❙✐ fB2px, yq “ B2pfx, fyq ♣❛r❛ t♦❞♦ x, y P T1 ✭❧♦ ❝✉❛❧ ❡s ❝✐❡rt♦ ♣♦r
❤✐♣ót❡s✐s✮✱ ❡♥t♦♥❝❡s fB2px,yq “ B2pfx, fyq ♣❛r❛ t♦❞♦ x P T1✱ y P T ✱

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ y “ y1 Y y1 P T ✱ ♥♦t❛r q✉❡ t❛♥t♦ ❡❧ ❣r❛❞♦ ❞❡ y1

❝♦♠♦ ❡❧ ❞❡ y2 ❡s ❡str✐❝t❛♠❡♥t❡ ♠❡♥♦r q✉❡ ❧❡ ❞❡ y✳ ❈❛❧❝✉❧❛♠♦s✱ ♣❛r❛
x P T1✱

B2px,yq “ B2px,y
1 Y y2q “ B2 ˝2 C2px, y

1, y2q

“ ˘B2px,y
1q Y y2 ˘ y1B2px,y

2q ` pδB3qpx,y1,y2q

◆♦t❛♠♦s q✉❡ ✭❞❡❜✐❞♦ ❛ q✉❡ x P T1 ② T ❡s ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❣r❛❞♦✮✿

pδB3qpx,y1,y2q “ dpB3px,y1,y2q ` B3pdx,y
1,y2q ˘ B3px, dy

1,y2q ˘ B3px,y1, dy2q

“ B3pdx,y1,y2q

❆❤♦r❛✱ ❞❛❞♦ q✉❡ dx P T2 ② T ❡st❛ ❣❡♥❡r❛❞❛ ♣♦r T1 ❝♦♠♦ á❧❣❡❜r❛
❛s♦❝✐❛t✐✈❛✱ ♣♦❞❡♠♦s ❡s❝r✐❜✐r dx ❝♦♠♦ ✭✉♥❛ s✉♠❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❧❛
❢♦r♠❛✮ dx “

ř
x1 Y x2✱ ❧✉❡❣♦

B3pdx,y
1,y2q “ B3px1 Y x2,y

1,y2q

“ pB3 ˝1 C2qpx1, x2,y
1,y2q

“ ˘B3px1,y
1,y2q Y x2

˘B2px1,y
1q Y B2px2,y

2q

˘x1 Y B3px2,y
1,y2q

“ ˘B2px1,y
1q Y B2px2,y

2q

✭❤❡♠♦s ✉s❛❞♦ ♥✉❡✈❛♠❡♥t❡ q✉❡ T ❡s ❝❛❝t✐✲❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✱ ②
q✉❡ x1 ② x2 ♣❡rt❡♥❡❝❡♥ ❛ T1✮✳

P♦r ❧♦ t❛♥t♦✱

B2px,yq “ ˘B2px,yq Y y2 ˘ y1B2px,y
2q ˘ B2px1,y

1q Y B2px2,y
2q

❈❛❧❝✉❧❛♠♦s ❡♥t♦♥❝❡s✱

fpB2px,yqq “ f p˘B2px,y1q Y y2 ˘ y1B2px,y
2q ˘ B2px1,y

1q Y B2px2,y
2qq

② ❝♦♠♦ f ❡s ♠✉❧t✐♣❧✐❝❛t✐✈❛

“ ˘fB2px,y
1q Y fy2 ˘ fy1 Y fB2px,y2q ˘ fB2px1,y

1q Y fB2px2,y
2q

✶✷✺



❈♦♠♦ y1 ② y2 t✐❡♥❡♥ ❣r❛❞♦ ♠❡♥♦r ❡str✐❝t♦ q✉❡ ❡❧ ❞❡ y ♣♦❞❡♠♦s ❛s✉♠✐r
✐♥❞✉❝t✐✈❛♠❡♥t❡ q✉❡ f ♣r❡s❡r✈❛ ❧❛ ♦♣❡r❛❝✐ó♥ B2px,´q ❡♥ ❡s♦s ❣r❛❞♦s
♣♦r ❧♦ t❛♥t♦ ❧♦ ❛♥t❡r✐♦r ❡s ✐❣✉❛❧ ❛

“ ˘B2pfx, fy1qYfy2˘fy1YB2pfx, fy2q˘B2pfx1, fy
1qYB2pfx2, fy

2q

② ❝♦♠♦ f ♣r❡s❡r✈❛ ❧♦s ❣r❛❞♦s ② t❛♠❜✐é♥ T 1 s❡ ❛s✉♠❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥
❡❧ ❣r❛❞♦✱ ❧♦s ❛r❣✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡❧✐♠✐♥❛r ❧♦s tér♠✐♥♦s ❞❡❧ t✐♣♦
B3px,´q s❡ ♣✉❡❞❡♥ ✉s❛r t❛♠❜✐é♥ ♣❛r❛ B3pfx,´q✱ ② ❝♦♥❝❧✉✐♠♦s

“ ˘B2pfx, fy1q Y fy2 ˘ fy1 YB2pfx, fy
2q ˘B2pfx1 Y fx2, fy

1 Y fy2q

“ ˘B2pfx, fy
1q Y fy2 ˘ fy1 Y B2pfx, fy

2q ˘ B2pfdx, fpy1 Y y2qq

② ❝♦♠♦ f ❝♦♥♠✉t❛ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✱ fdx “ dpfxq ② ❛sí ❧❧❡❣❛♠♦s ❛

“ B2pfx, fy
1 Y fy2q “ B2pfx, fyq

❈♦♠♦ ❡❧ r❡q✉❡r✐♠✐❡♥t♦ ♣❛r❛ ✉s❛r ❧❛ ú❧t✐♠❛ r❡❞✉❝❝✐ó♥ ❡s ✈á❧✐❞❛ ♣♦r ❤✐♣ót❡s✐s
❞❡❧ ❧❡♠❛✱ ❤❡♠♦s ❝♦♥❝❧✉✐❞♦ s✉ ❞❡♠♦str❛❝✐ó♥✳

❊s ✉♥ ❝♦r♦❧❛r✐♦ ✐♥♠❡❞✐❛t♦ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r q✉❡ ❡❧ t❡♦r❡♠❛ ✹✳✶✵ ❞❛ ❧✉❣❛r ❛
✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❝❛t❡❣♦rí❛s

❈♦r♦❧❛r✐♦ ✹✳✶✸✳ ❙❡❛♥ H ② H 1 ❞♦s ❜✐á❧❣❡❜r❛s ✭❞✳❣✳✮ ✉♥✐t❛r✐❛s ② ❝♦✉♥✐t❛r✐❛s✳

❙✐ s❡ ❝♦♥s✐❞❡r❛♥✱ ❡♥ ✈✐st❛s ❞❡❧ t❡♦r❡♠❛ ✹✳✶✵✱ ΩH “ T H ② ΩH 1 “ T H
1
❝♦♠♦

á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s s❡ t✐❡♥❡ ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛

HomsCactipΩH,ΩH
1q

–
ÝÑ Hom❜✐á❧❣❡❜r❛s ❞✳❣✳pH,H

1q

❉❡♠♦str❛❝✐ó♥✳ ▲❛s á❧❣❡❜r❛s ΩH ② ΩH 1 s♦♥ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✳ ❆❞❡♠ás
❡stá♥ ❣❡♥❡r❛❞❛s ❝♦♠♦ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s ♣♦r H ② H

1
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♥

♠♦r✜s♠♦ ❞❡ ❜✐á❧❣❡❜r❛s f : H Ñ H 1 q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ❧❛ r❡str✐❝❝✐ó♥ f :

H Ñ H
1
q✉❡ ❝✉♠♣❧❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♣♦r ❧♦ ❝✉❛❧ ❞❡t❡r♠✐♥❛

✉♥ ♠♦r✜s♠♦ ❞❡ ❝❛❝t✐ á❧❣❡❜r❛s f : ΩH Ñ ΩH 1✳

❖❜s❡r✈❛❝✐ó♥ ✹✳✶✹✳ ▲❛ ❡str❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ❡♥ ΩH ❡s ✉♥✐❝❛ s✐
s❡ ♣✐❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ② q✉❡ ❧❛ ❛❝❝✐ó♥ ❞❡ B2 ❝♦✐♥❝✐❞❛ ❝♦♥ ❡❧
♣r♦❞✉❝t♦ ❡♥ ❞❡H✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ s✐ s❡ ❝♦♥s✐❞❡r❛r❛ ♦tr❛ ❡str✉❝tr❛ ❞❡ ❝❛❝t✉s
ĄΩH ❝♦♥ ❞✐❝❤❛s ♣r♦♣✐❡❞❛❞❡s✱ ❡♥t♦♥❝❡s ❧❛ ✐❞❡♥t✐❞❛❞ ΩH Ñ ĄΩH ✈❡r✐✜❝❛rí❛ ❧❛s
❤✐♣ót❡s✐s ❞❡❧ ❧❡♠❛ ② ❞❛rí❛ ✉♥ ✐s♦♠♦r✜s♠♦ ❞❡ ❝❛❝t✐ ❛❧❣❡❜r❛s✳
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❆ ♠♦❞♦ ❞❡ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ q✉❡
♣✉❡❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♥ ❛❣r❡❣❛❞♦ ❛❧ ❞✐❝❝✐♦♥❛r✐♦ ❡♥tr❡ ❧♦s ❛①✐♦♠❛s ❞❡ ❜✐á❧❣❡✲
❜r❛s ② ❧♦s ❞❡ ❈❛❝t✐✳ ❆♥t❡s ❞❡❧ ❡♥✉♥❝✐❛❞♦ ❞❡❧ t❡♦r❡♠❛✱ r❡❝♦r❞❛♠♦s ❧❛ ♥♦❝✐ó♥
❞❡ ♠♦❞✉❧♦✲á❧❣❡❜r❛✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✺✳ ❙❡❛ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✉♥✐t❛r✐❛ ② H ✉♥❛ ❜✐á❧❣❡❜r❛
✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✳ ❯♥❛ ❡str✉❝t✉r❛ ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ A ❡s ✉♥❛ ✢❡❝❤❛

H b A Ñ A

q✉❡ ❤❛❝❡ ❞❡ A ✉♥ H✲♠ó❞✉❧♦ ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ A

mA : A b A Ñ A

r❡s✉❧t❡ ✉♥ ♠♦r✜s♠♦ ❞❡ H✲♠ó❞✉❧♦s ✭❝♦♥ ❧❛ ❛❝❝✐ó♥ ❞✐❛❣♦♥❛❧ ❡♥ A b A✮✳

❊♥ ❡❧ ❝❛s♦ ❡♥ q✉❡ A s❡❛ ✉♥❛ ❞✳❣✳ á❧❣❡❜r❛ ② H✱ ✉♥❛ ❞✳❣✳ ❜✐á❧❣❡❜r❛ ✭✉♥✐t❛r✐❛
② ❝♦✉♥✐t❛r✐❛✮❀ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ A s❡ ❞✐❝❡ ❞✐❢❡r❡♥❝✐❛❧
❣r❛❞✉❛❞❛ ✭♦ s✐♠♣❧❡♠❡♥t❡ ❞✳❣✳✮ s✐

dphpaqq “ dHphqpaq ` p´1q|h|hpdApaqq

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❡ ❡❧ ♠♦r✜s♠♦ ❡str✉❝t✉r❛❧

ρ : H b A Ñ A

❝♦♥♠✉t❡ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✳

❚❡♦r❡♠❛ ✹✳✶✻✳ ❙❡❛ A ✉♥❛ á❧❣❡❜r❛ ✭❞✳❣✳✮ ❛s♦❝✐❛t✐✈❛ ❝♦♥ ✉♥✐❞❛❞ ② H ✉♥❛
❜✐á❧❣❡❜r❛ ✭❞✳❣✳✮ ✉♥✐t❛r✐❛ ② ❝♦✉♥✐t❛r✐❛✳ ❊①✐st❡ ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✶✲✶ ❡♥tr❡ ❡❧
❝♦♥❥✉♥t♦ ❞❡ ❡str✉❝t✉r❛s ❞❡ H✲♠♦❞✉❧♦ á❧❣❡❜r❛ ❡♥ A ② ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♠♦r✜s♠♦s
❞❡ á❧❣❡❜r❛s ❞❡ ❝❛❝t✉s tΩH Ñ C‚pAqu

❉❡♠♦str❛❝✐ó♥✳ ❉❛❞♦ q✉❡ ΩH ② CpAq s♦♥ ❛♠❜❛s ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧ ❣r❛❞♦✱
♣♦❞❡♠♦s ✉s❛r ❡❧ ▲❡♠❛ ✹✳✶✷✱ q✉❡ ❞✐❝❡ q✉❡ ✉♥ ♠♦r✜s♠♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❛❝t✉s
✭❝♦♥ ❡s❛ ♣r♦♣✐❡❞❛❞✮ f : ΩH Ñ CA ❡s ❧♦ ♠✐s♠♦ q✉❡ ✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s
✭❞✳❣✳✮ t❛❧ q✉❡ s✉ r❡str✐❝❝✐ó♥ ❡♥ ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦ ✉♥♦ s❡❛ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ ♦♣❡r❛❝✐ó♥ ˚✳ ◆♦t❛r q✉❡ ❧❛ r❡str✐❝❝✐ó♥ ❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❣r❛❞♦
✉♥♦ ❞❡ ✉♥❛ f ♣r♦❞✉❝❡ ✉♥ ♠♦r✜s♠♦

ρ :“ f |V : V Ñ EndpAq

❊st♦ ♠✉❡str❛ q✉❡ ❧♦s ♠♦r✜s♠♦ ❣r❛❞✉❛❞♦s ❝✉②❛s r❡str✐❝❝✐♦♥❡s s♦♥ ♠✉❧t✐♣❧✐❝❛✲
t✐✈❛s ❝♦♥ r❡s♣❡❝t♦ ❛ ˚ ❡s ❧♦ ♠✐s♠♦ q✉❡ ❡str✉❝t✉r❛s ❞❡ V ✲♠ó❞✉❧♦ ✭♥♦ ✉♥✐t❛r✐❛s✮
❡♥ A✱ ❧♦ ❝✉❛❧ ❡s ❧♦ ♠✐s♠♦ q✉❡ ❡str✉❝t✉r❛s ❞❡ H✲♠ó❞✉❧♦ ✉♥✐t❛r✐♦ ❡♥ A✳

✶✷✼



◆♦t❛♠♦s ❛ s✉ ✈❡③ q✉❡✱ r❡❝í♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛ ρ : H Ñ EndpAq✱ ✉♥❛ ❡str✉❝t✉r❛
❞❡ H✲♠ó❞✉❧♦ ❡♥ A✱ r❡str✐♥❣✐é♥❞♦❧❛ ❛ V s✐❣✉❡ s✐❡♥❞♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱ ② ♣♦r
❧❛ ♣r♦♣✐❡❞❛❞ ✉♥✐✈❡rs❛❧ ❞❡❧ á❧❣❡❜r❛ t❡♥s♦r✐❛❧✱ s❡ ❡①t✐❡♥❞❡ ❞❡ ♠❛♥❡r❛ ú♥✐❝❛
❝♦♠♦ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛s♦❝✐❛t✐✈❛s pρ : ΩH Ñ CpAq✳ ❊❧ t❡♦r❡♠❛ ❡♥t♦♥❝❡s
q✉❡❞❛rá ❞❡♠♦str❛❞♦ s✐ ✈❡♠♦s q✉❡ ✏pρ ❝♦♥♠✉t❛ ❝♦♥ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ s✐ ② só❧♦ s✐
❧❛ ❡str✉❝t✉r❛ ❞❡ H✲♠ó❞✉❧♦ ❡s ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛✑✳
❉❡♥♦t❡♠♦s✱ ♣❛r❛ h P H ② a P A✱

hpaq :“ pρphqqpaq

❆❧ ❝❛❧❝✉❧❛r ❡❧ ❜♦r❞❡ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ρphq✱

pdeρphqqpa b bq “ ´ahpbq ` hpabq ´ hpaqb

P♦r ♦tr❛ ♣❛rt❡✱ ❡❧ ❞✐❢❡r❡♥❝✐❛❧ ✐♥t❡r♥♦ ❡s

pdiρphqqpaq “ dphpaqq ´ p´1q|h|hpdpaqq

❈♦♠♦ d “ de ` di✱ ♣❡r♦ ❧♦s ✭❜✐✮❣r❛❞♦s s♦♥ ❞✐❢❡r❡♥t❡s✱ ❧❛ ✐❣✉❛❧❞❛❞

dρphq “ pρdh

❡q✉✐✈❛❧❡ ❛ ❞♦s ❡❝✉❛❝✐♦♥❡s

deρphq “ pρdeh, diρphq “ ρdih

P♦r ✉♥ ❧❛❞♦✱ ❧❛ ❡❝✉❛❝✐ó♥ ❝♦♥ de ♥♦s ❞✐❝❡ q✉❡ A ❡s H✲♠ó❞✉❧♦ á❧❣❡❜r❛✱ ②❛ q✉❡

ppρdihqpa b bq “ ppρp∆h ´ 1H b h ´ h b 1Hqqpa b bq

“ ppρph1 b h2 ´ 1H b h ´ h b 1Hqqpa b bq

“ h1paqh2pbq ´ hpaqb ´ ahpbq

② ♣♦r ❧♦ t❛♥t♦
Bρphq “ pρdih ðñ hpabq “ h1paqh2pbq

P❛r❛ ✜♥❛❧✐③❛r✱ ❧❛ ❡❝✉❛❝✐ó♥ diρphq “ ρdih ❞✐❝❡

pdiρphqqpaq “ dAphpaqq ´ p´1q|h|hpdApaqq “ dHphqpaq

❡s ❞❡❝✐r✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞✳❣✳ ♣❛r❛ ρ✳

❈♦♠♦ ❝♦r♦❧❛r✐♦ ✐♥♠❡❞✐❛t♦ t❡♥❡♠♦s

❈♦r♦❧❛r✐♦ ✹✳✶✼✳ ❙❡❛ A ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ✭❞✳❣✮✱ H ✉♥❛ ❜✐á❧❣❡❜r❛ ✭❞✳❣✮✱ ②
ρ : H bA Ñ A ✉♥❛ ❡str✉❝t✉r❛ ❞❡ H✲♠♦❞✉❧♦ á❧❣❡❜r❛ ✭❞✳❣✮✱ ❡♥t♦♥❝❡s ρ ✐♥❞✉❝❡
✉♥ ♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ●❡rst❡♥❤❛❜❡r

H‚pΩH, dq Ñ HH‚pAq
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❊❥❡♠♣❧♦s

❙❡❛ g ✉♥ á❧❣❡❜r❛ ❞❡ ▲✐❡ ② H “ Upgq✱ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ H✲♠♦❞✉❧♦ á❧❣❡❜r❛
❡♥ A ❡s ❧♦ ♠✐s♠♦ q✉❡ ✉♥❛ ❛❝❝✐ó♥ ❞❡ g ❡♥ A ♣♦r ❞❡r✐✈❛❝✐♦♥❡s✳ ❙✐ t♦♠❛♠♦s
g “ DerpAq✱ ❡♥t♦♥❝❡s ❡❧ ♠♦r✜s♠♦ ΩH Ñ CpAq ✐♥❞✉❝❡ ❡♥ ❤♦♠♦❧♦❣í❛ ✉♥❛
✢❡❝❤❛

Λ‚DerpAq Ñ HH‚pAq

❝✉②❛ ✐♠❛❣❡♥ ❡s ❧❛ s✉❜á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❣❡♥❡r❛❞❛ ♣♦r ❧❛s ❞❡r✐✈❛❝✐♦♥❡s✳

❊st♦ ♠✉❡str❛ q✉❡ ❡♥ ❣❡♥❡r❛❧ ❧♦s ♠♦r✜s♠♦ ❝♦♥str✉✐❞♦s ❞❡ ❡st❛ ❢♦r♠❛ s♦♥ ♥♦
tr✐✈✐❛❧❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣♦❞rí❛ ♦❝✉rr✐r q✉❡ ✉♥❛ ❜✐á❧❣❡❜r❛ H ♥♦ ❝♦♥tr✐❜✉②❛ ❝♦♥
♥✐♥❣✉♥❛ ❞❡r✐✈❛❝✐ó♥✱ ❛✉♥q✉❡ sí ❞✐❡r❛ ❧✉❣❛r ❛ ❡❧❡♠❡♥t♦s ❡♥ ❣r❛❞♦s ♠❛s ❛❧t♦s✳

❉❡s❛rr♦❧❧❛♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡ ♠❡♥♦r t❛♠❛ñ♦ q✉❡ ♥♦ ❡s tr✐✈✐❛❧
❡♥ ❡st❡ s❡♥t✐❞♦✳ ❙❡❛ H “ k1 ‘ kx ‘ kg ‘ kgx ❡❧ á❧❣❡❜r❛ ✭❞❡ ❙✇❡❡❞❧❡r✱ ♦ ❞❡
❚❛❢t✮ ❞❡ ❞✐♠❡♥s✐ó♥ ✹✱ ❞❡s❝r✐♣t❛ ❡♥ tér♠✐♥♦s ❞❡ ❣❡♥❡r❛❞♦r❡s ② r❡❧❛❝✐♦♥❡s ❝♦♠♦
❧❛ k✲á❧❣❡❜r❛✶ ❣❡♥❡r❛❞❛ ♣♦r x ② g ❝♦♥ r❡❧❛❝✐♦♥❡s

x2 “ 0, g2 “ 1, xg “ ´gx

q✉❡ r❡s✉❧t❛ ✉♥❛ ❜✐á❧❣❡❜r❛ ❝♦♥ ❧❛ ❝♦♠✉❧✐♣❧✐❝❛❝✐ó♥

∆pgq “ g b g ∆x “ x b 1 ` g b x

❊st❡ á❧❣❡❜r❛ ♥♦ t✐❡♥❡ ❡❧❡♠❡♥t♦s ♣r✐♠✐t✐✈♦s✱ ♣♦r ❧♦ q✉❡ H1pΩHq “ 0✱ s✐♥
❡♠❜❛r❣♦ ✉♥ ❝á❧❝✉❧♦ ❞✐r❡❝t♦ ♠✉❡str❛ q✉❡ ✭❧❛ ❝❧❛s❡ ❞❡✮ xg b x ❣❡♥❡r❛ ✭s♦❜r❡
k✮ H2pΩHq✳ ❯♥ ❝á❧❝✉❧♦ ♠❡♥♦s ❞✐r❡❝t♦ ♠✉❡str❛ q✉❡ H‚pΩHq ❡s ✉♥ ❛♥✐❧❧♦
❞❡ ♣♦❧✐♥♦♠✐♦s ❡♥ ✉♥❛ ✈❛r✐❛❜❧❡✱ ❝♦♥ ❣❡♥❡r❛❞♦r ❡♥ ❣r❛❞♦ ❞♦s ❞❛❞♦ ♣♦r ❡st❡
❡❧❡♠❡♥t♦✳ ■♥❝❧✉í♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛ ✈❡r✐✜❝❛❝✐ó♥ ❞❡ ❡st❡ ❤❡❝❤♦✱ q✉❡ s❡
❞❡❞✉❝❡ ❞❡ ❧♦s tr❡s s✐❣✉✐❡♥t❡s ✐t❡♠s

H – H˚ ❝♦♠♦ á❧❣❡❜r❛s ❞❡ ❍♦♣❢✱ ❜❛st❛ t♦♠❛r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ H˚

❞❡✜♥✐❞♦s ♣♦r

pg :

$
’’&
’’%

1 ÞÑ 1

g ÞÑ ´1

x ÞÑ 0

xg ÞÑ 0

px :

$
’’&
’’%

1 ÞÑ 0

g ÞÑ 0

x ÞÑ 1

xg ÞÑ 1

② s❡ ✈❡r✐✜❝❛ pg2 “ ǫ✱ pgpx “ ´pxpg✱ px2 “ 0✳ P♦r ❡st❛ r❛③ó♥ t❡♥❡♠♦s ❡❧
✐s♦♠♦r✜s♠♦

H‚pΩHq “ Ext‚
H˚pk, kq – Ext‚

Hpk, kq

✶❈♦♥s✐❞❡r❛r❡♠♦s ❡❧ ❝❛s♦ 2 ‰ 0 ❡♥ k✳

✶✷✾



❆ s✉ ✈❡③✱ H “ pkrxs{x2q#kZ2✱ ❧♦ q✉❡ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❡❧ Ext ❝♦♥ ❧❛
❢ór♠✉❧❛

Ext‚
Hpk, kq “ Ext‚

krxs{x2pk, kqZ2

✭✈❡r ♣♦r ❡❥❡♠♣❧♦ ❬❙t❡✾✺❪✮✳

Ext‚
krxs{x2pk, kq ❡s ✉♥ ❛♥✐❧❧♦ ❞❡ ♣♦❧✐♥♦♠✐♦s ❡♥ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥ ❣r❛❞♦

✉♥♦✱ ❞✐❣❛♠♦s q✉❡ s✉ ❣❡♥❡r❛❞♦r ❡s D✱ ❤❛② ❞♦s ♣♦s✐❜✐❧✐❞❛❞❡s✿ ❧❛ ❛❝❝✐ó♥
❞❡❧ ❣❡♥❡r❛❞♦r ❞❡ Z2 ❡s tr✐✈✐❛❧ ❡♥ D✱ ♦ ❛❝tú❛ ♣♦r D ÞÑ ´D✳ ❊♥ ❡❧ ♣r✐♠❡r
❝❛s♦ ✈❛❧❞rí❛ Extkrxs{x2pk, kqZ2 “ krDs✱ ❡♥ ❡❧ s❡❣✉♥❞♦ ❡♥ ❝❛♠❜✐♦ s❡rí❛
Extkrxs{x2pk, kqZ2 “ krD2s✳ P❡r♦ ❡♥ H ♥♦ ❤❛② ❡❧❡♠❡♥t♦s ♣r✐♠✐t✐✈♦s✱ ♣♦r
❧♦ t❛♥t♦ H1pΩHq “ 0 ② ❝♦♥ ❡s♦ q✉❡❞❛ ❞❡s❝❛rt❛❞❛ ❧❛ ♣r✐♠❡r❛ ♦♣❝✐ó♥✳

❯♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❡st❡ ❝á❧❝✉❧♦ ❡s q✉❡ ❡❧ ❝♦r❝❤❡t❡ ❞❡ ●❡rst❡♥❤❛❜❡r ❡s tr✐✈✐❛❧✱
♣✉❡s ❡s tr✐✈✐❛❧ ❡♥ ❡❧ ❣❡♥❡r❛❞♦r ✭♣♦r r❛③♦♥❡s ❞❡ ❣r❛❞♦✮✳

P♦r ❧♦ t❛♥t♦✱ ❡♥ ❝✉❛❧q✉✐❡r H✲♠♦❞✉❧♦ á❧❣❡❜r❛ A✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❛❞❛ ♣♦r

Ab2 Ñ A

a b b ÞÑ xgpaqxpbq

❡s ✉♥ ✷✲❝♦❝✐❝❧♦ ✐♥t❡❣r❛❜❧❡✳

❖❜s❡r✈❡♠♦s q✉❡ ❞❛r ✉♥❛ ❡str✉❝t✉r❛ ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ❡♥ ✉♥ á❧❣❡❜r❛ A
❡s ❧♦ ♠✐s♠♦ q✉❡ ❞❛r ✉♥❛ Z2✲❣r❛❞✉❛❝✐ó♥ ✭❞❛❞❛ ♣♦r ❧♦s ❛✉t♦✈❛❧♦r❡s ˘1 ❞❡ g✮
② ✉♥❛ ✭s✉♣❡r✮ ❞❡r✐✈❛❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛ ❡st❛ ❣r❛❞✉❛❝✐ó♥✱ ♣✉❡s ❧❛ ❢ór♠✉❧❛

hpabq “ h1paqh2pbq

❡♥ ❡st❡ ❝❛s♦✱ ♣❛r❛ h “ x ❞✐❝❡ ✭s✐ a ❡s ❤♦♠♦❣é♥❡♦✮✿

xpabq “ xpaqb ` gpaqxpbq “ xpaqb ` p´1q|a|axpbq

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❝❛❞❛ ✭s✉♣❡r✮ ❞❡r✐✈❛❝✐ó♥ x ❡♥ A ❞❛ ❧✉❣❛r ❛ ✉♥ ❝♦❝✐❝❧♦ ✐♥t❡✲
❣r❛❜❧❡ ❞✐st✐♥❣✉✐❞♦ ❡♥ H2pΩHq✳

✶✸✵



✹✳✸✳ ❈♦♠♣❛r❛❝✐ó♥ ❝♦♥ ♦tr❛s ❡str✉❝t✉r❛s

❆❧❣❡❜r❛s ❞❡ ❝❛❝t✉s ② ❞❡ ❇❛✉❡s

❋✐♥❛❧♠❡♥t❡✱ ❡♥ ❡st❛ s❡❝❝✐ó♥ ❡♥✉♠❡r❛♠♦s ✉♥❛ ❧✐st❛ ❞❡ ❡str✉❝t✉r❛s ❛❧❣❡❜r❛✐❝❛s
q✉❡ ♣✉❡❞❡♥ s❡r ❞❡✜♥✐❞❛s ❛ ♣❛rt✐r ❞❡ ❧❛ ❝♦á❧❣❡❜r❛ t❡♥s♦r✐❛❧✳ ▲❛ r❛③ó♥ ❞❡ ❤❛❝❡r❧♦
❡s✱ ♣♦r ✉♥ ❧❛❞♦✱ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❡st❛s ❡str✉❝t✉r❛s ② s✉ ❡str❡❝❤❛ r❡❧❛❝✐ó♥
❝♦♥ sCacti✱ ② t❛♠❜✐é♥ ♣❛r❛ ♣r❡✈❡♥✐r ❞❡ ✉♥❛ ♣♦s✐❜❧❡ ❝♦♥❢✉s✐ó♥ ❝♦♥ ❧❛ ❛♣❛r✐❝✐ó♥
❞❡ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ sCacti✱ ♣✉❡s ❧❛ ♠✐s♠❛ ♣✉❡❞❡
❛♣❛r❡❝❡r ♣❡r♦ ❝♦♥ s✐❣♥✐✜❝❛❞♦s ♠✉② ❞✐❢❡r❡♥t❡s✳ ❊st❛ ♣❛rt❡ ② s✉s ❞❡✜♥✐❝✐♦♥❡s
♥♦ s♦♥ ✉t✐❧✐③❛❞❛s ❡♥ ♥✐♥❣ú♥ ♦tr♦ ❧❛❞♦ ❞❡ ❧❛ t❡s✐s✱ ♣♦r ❧♦ q✉❡ s✐♠♣❧❡♠❡♥t❡ ❧❛s
❡♥✉♠❡r❛r❡♠♦s ② ❤❛r❡♠♦s ❧❛s ❛✜r♠❛❝✐♦♥❡s s✐♥ ❞❡♠♦str❛❝✐♦♥❡s✳ ❯♥❛ r❡❢❡r❡♥❝✐❛
❡♥ ❡st❛ s✉❜s❡❝❝✐ó♥ ❡s ❡❧ tr❛❜❛❥♦ ❬●❏✾✹❪✳

▲❛ ♥♦❝✐ó♥ ❞❡ sCacti✲á❧❣❡❜r❛ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ♦tr❛s ❡str✉❝t✉r❛s✳ ❙✐
pΛ, dΛq ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❞✐❢❡r❡♥❝✐❛❧ ❣r❛❞✉❛❞♦ ② Σ´1Λ s✉ ❞❡s✉s♣❡♥s✐ó♥✱
❤❛② ✉♥❛ t♦rr❡ ❞❡ ❡str✉❝t✉r❛s ❛❧❣❡❜❛r✐❝❛s q✉❡ ♣✉❡❞❡♥ s❡r ❞❡✜♥✐❞❛s ❝♦♥ ❧❛
❛②✉❞❛ ❞❡ ❧❛ ❝♦á❧❣❡❜r❛ T

c
Σ´1Λ✱ ❡s ❞❡❝✐r✱ ❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ❡s ❡❧ á❧❣❡❜r❛

t❡♥s♦r✐❛❧ ✭♥♦ ✉♥✐t❛r✐❛✮✱ ♣❡r♦ s❡ ❝♦♥s✐❞❡r❛ ∆ ❧❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❛❞❛ ♣♦r
❞❡❝♦♥❝❛t❡♥❛❝✐ó♥✳

❊♥ r❡❛❧✐❞❛❞✱ ❛♥á❧♦❣♦ ❛ ❧♦ ❤❡❝❤♦ ❛♥t❡s ♣❛r❛ TV ✱ s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ✉♥❛
❜✐❣r❛❞✉❛❝✐ó♥ ❝♦♥s✐❞❡r❛♥❞♦ ❣r❛❞♦ ❡①t❡r♥♦ ❡❧ t❡♥s♦r✐❛❧✱ ② ❣r❛❞♦ ✐♥t❡r♥♦ ❡❧
✐♥❞✉❝✐❞♦ ♣♦r Λ s✐♥ ❞❡s✉s♣❡♥❞❡r✳ ❯♥❛ ❝♦❞❡r✐✈❛❝✐ó♥ ❞❡ ❣r❛❞♦ t♦t❛❧ ✉♥♦✱ ❡♥ ❝❛s♦
❞❡ r❡s♣❡t❛r ❡❧ ❜✐❣r❛❞♦ ✭❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✹✳✶ ② ❧❛ ❞❡✜♥✐❝✐ó♥ ✹✳✹✮
❡st❛ ❞❡t❡r♠✐♥❛❞♦ ✉♥í✈♦❝❛♠❡♥t❡ ♣♦r ❞♦s ❛♣❧✐❝❛❝✐♦♥❡s ✭❧❛ ♣r✐♠❡r❛ ❤♦♠♦❣é♥❡❛
❞❡ ❣r❛❞♦ ✉♥♦ ② ❧❛ s❡❣✉♥❞❛ ❞❡ ❣r❛❞♦ ❝❡r♦✮✿

dΛ : Λ Ñ Λ

µΛ :“ de : Λ
b2

Ñ Λ

❙❡r ❞❡ ❝✉❛❞r❛❞♦ ❝❡r♦ ❡♥ T
c
Σ´1Λ ❡q✉✐✈❛❧❡ ❛ q✉❡ d2Λ “ 0✱ q✉❡ µΛ s❡❛ ✉♥

♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦✱ ② q✉❡ dΛ s❡❛ ✉♥❛ ❞❡r✐✈❛❝✐ó♥ ❝♦♥ r❡s♣❡❝t♦ ❛ ❡s❡ ♣r♦❞✉❝t♦✱
❡s ❞❡❝✐r✱ ✉♥❛ ❞✳❣✳ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳

❯♥❛ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡ ❞❡ ❞❡✜♥✐r ❧❛s A8✲á❧❣❡❜r❛s ❡s ❛ tr❛✈és ❞❡ ✉♥❛ ❝♦✲
❞❡r✐✈❛❝✐ó♥ ✭❞❡ ❣r❛❞♦ t♦t❛❧ ✉♥♦✱ ♣❡r♦ ♥♦ ♥❡❝❡s❛r✐❛♠❡♥t❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧
❣r❛❞♦✮

D : T
c
Σ´1Λ Ñ T

c
Σ´1Λ

✶✸✶



❆ ♣❛rt✐r ❞❡ ❧❛ ♣r♦♣✐❡❞❛❞ ✉♥✐✈❡rs❛❧ ❞❡ ❧❛ ❝♦á❧❣❡❜r❛ ❝♦t❡♥s♦r✐❛❧✱ ❞❛r ✉♥❛ t❛❧ D
❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❛r ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❧✐♥❡❛❧

π ˝ D : T
c
Σ´1Λ Ñ Σ´1Λ

♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s

mn : Λ
bn

Ñ Λ

✭❞♦♥❞❡ ❡♥ ❣❡♥❡r❛❧ s❡ ❞❡♥♦t❛ m1 “ dΛ✱ m2 “ µΛ✮✳ ▲❛s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡❜❡♥
✈❡r✐✜❝❛r ❧❛s mn ♣❛r❛ tr❛t❛rs❡ ❞❡ ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛
s❡ ❝♦❞✐✜❝❛♥✱ ❡♥ tér♠✐♥♦s ❞❡ D ♣♦r ✉♥❛ ú♥✐❝❛ ❡❝✉❛❝✐ó♥✿ D2 “ 0✳

❯♥❛ ❡str✉❝t✉r❛ ❞❡ B8✲á❧❣❡❜r❛✷ ❡♥ Λ ❡s✱ ♣♦r ❞❡✜♥✐❝✐ó♥✱ ❞♦t❛r ❛ ❧❛ ❝♦á❧❣❡❜r❛
❝♦t❡♥s♦r✐❛❧ ❞✐❢❡r❡♥❝✐❛❧ pT

c
Σ´1Λ, Dq ❞❡ ✉♥ ♣r♦❞✉❝t♦ q✉❡ ❧❛ ❝♦♥✈✐❡rt❛ ❡♥ ✉♥❛

❜✐á❧❣❡❜r❛ ❞✐❢❡r❡♥❝✐❛❧✳ ❊s ❞❡❝✐r✱ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

T
c
Σ´1Λ b T

c
Σ´1Λ Ñ T

c
Σ´1Λ

q✉❡ ❞❡❜❡ s❡r ❛s♦❝✐❛t✐✈❛✱ ❞❡❜❡ ❝♦♥♠✉t❛r ❝♦♥ D ❡♥ ❡❧ s❡♥t✐❞♦ q✉❡ D ❞❡❜❡ s❡r
♥♦ só❧♦ ❝♦❞❡r✐✈❛❝✐ó♥ ❞❡ ❧❛ ❞❡❝♦♥❝❛t❡♥❛❝✐ó♥ s✐♥♦ t❛♠❜✐é♥ ✉♥❛ ❞❡r✐✈❛❝✐ó♥ ❞❡
❡st❡ ♣r♦❞✉❝t♦✱ ② ❛❞❡♠ás ❡❧ ♣r♦❞✉❝t♦ ❞❡❜❡ s❡r ♠♦r✜s♠♦ ❞❡ ❝♦á❧❣❡❜r❛s✳ ❊st❛
ú❧t✐♠❛ ❝♦♥❞✐❝✐ó♥✱ ❞❛❞❛ ❧❛ ♣r♦♣✐❡❞❛❞ ✉♥✐✈❡rs❛❧ ❞❡ ❧❛ ❝♦á❧❣❡❜r❛ T

c
Σ´1Λ ❞✐❝❡

q✉❡ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧❛ ♣r♦②❡❝❝✐ó♥ ❡♥ Σ´1Λ✱ ❡s ❞❡❝✐r✱
❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

T
c
Σ´1Λ b T

c
Σ´1Λ Ñ Σ´1Λ

❧♦ q✉❡ ♣r♦✈❡❡✱ ❥✉♥t♦ ❝♦♥ D✱ ✉♥❛ ❢❛♠✐❧✐❛ ❞❡ ♦♣❡r❛❝✐♦♥❡s

mn : Λ
bn

Ñ Λ

Mn,m : Λ
bn

b Λ
bm

Ñ Λ

s✉❥❡t❛s ❛ ❝✐❡rt❛s ❡❝✉❛❝✐♦♥❡s ✭♣❛rt❡ ❞❡ ❧❛s ❝✉❛❧❡s ❝♦rr❡s♣♦♥❞❡♥ ❛ q✉❡ ❧❛s mn

❞❡♥ ❧✉❣❛r ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛✮✳
❊st❛ ❡str✉❝t✉r❛ t✐❡♥❡ s✉ ♦r✐❣❡♥ ❡♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❇❛✉❡s ❬❇❛✉✽✶❪✳

❯♥❛ ♠❛♥❡r❛ ❡q✉✐✈❛❧❡♥t❡ ❞❡ ❞❡✜♥✐r ✉♥❛ sCacti✲á❧❣❡❜r❛ ❡s ❛ ♣❛rt✐r ❞❡ ✉♥❛ B8

á❧❣❡❜r❛ ❞♦♥❞❡ s❡ ♣✐❞❡ q✉❡ mn “ 0 ♣❛r❛ n ą 2✱ ② Mn,m “ 0 s✐ n ‰ 1 ✭❡♥

✷▲❛ ♥♦t❛❝✐ó♥ B8 s❡ ♣r❡st❛ ❛ ❝♦♥❢✉s✐ó♥ ②❛ q✉❡ ♥♦ ❡s ✉♥❛ ♥♦❝✐ó♥ ❛ ♠❡♥♦s ❞❡ ❤♦♠♦t♦♣í❛ ❞❡
✉♥❛ ❡str✉❝t✉r❛ B✱ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡❧ ❝❛♣ít✉❧♦ ✶✳

✶✸✷



♣❛rt✐❝✉❧❛r✱ ❡❧ ♣r♦❞✉❝t♦ m2 ❡s ❛s♦❝✐❛t✐✈♦ ❡str✐❝t♦✮✳ ▲❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡s t♦✲
♠❛r s✐♠♣❧❡♠❡♥t❡ m1 ❝♦♠♦ ❡❧ ❞✐❢❡r❡♥❝✐❛❧✱ m2 ❡❧ ♣r♦❞✉❝t♦ C2✱ ②M1,m “ Bm`1✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ sCacti á❧❣❡❜r❛ ❡♥ Λ ❡s ✉♥ t✐♣♦ ♣❛rt✐❝✉❧❛r
❞❡ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛ ❡♥ pT

c
Σ´1Λ, Dq✳ ❊st❡ ❞✐❝❝✐♦♥❛r✐♦ ♣✉❡❞❡ ♣r❡st❛rs❡

❛ ❝♦♥❢✉❝✐ó♥ ❝♦♥ ❡❧ t❡♦r❡♠❛ ✹✳✶✵✱ ❞♦♥❞❡ ♠♦str❛♠♦s q✉❡ ❧❛s ❡str✉❝t✉r❛s ❞❡
❜✐á❧❣❡❜r❛ ❡♥H ❡stá♥ ❡♥ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❝♦♥ ❧❛s ❡str✉❝t✉r❛s ❞❡ sCacti á❧❣❡❜r❛
❡♥ T H ✭q✉❡ ❡①t✐❡♥❞❡♥ ❧❛ ❞❡ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛ ② s♦♥✮ ❝♦♠♣❛t✐❜❧❡s ❝♦♥ ❡❧
❣r❛❞♦✳

❆♣❧✐❝❛❝✐ó♥ ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ❞❡ ✉♥❛ ❝♦á❧❣❡❜r❛

❊♥ ❡st❡ ❛♣❛rt❛❞♦ ❜✉s❝❛♠♦s ❡①♣❧✐❝❛r ❞❡ q✉é ♠❛♥❡r❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❡ ❝❛♣í✲
t✉❧♦ s❡ r❡❧❛❝✐♦♥❛♥ ❝♦♥ ❧♦s ♦❜t❡♥✐❞♦s ♣♦r ❑❛❞❡✐s❤✈✐❧✐ ❬❑❛❞✵✺❪✱ ▼❡♥✐❝❤✐ ❬▼❡♥✵✹❪
② ✭r❡❝✐❡♥t❡♠❡♥t❡✮ ❨♦✉♥❣ ❬❨♦✉✶✸❪✳

❆ ♣❛rt✐r ❞❡ ✉♥❛ ❝♦á❧❣❡❜r❛ ✭❞✳❣✮ C s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ✉♥ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛
✭❞✳❣✳✮ ✈í❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❝♦❜❛r ΩC “ T C ❞♦♥❞❡ ❡❧ ♣r♦❞✉❝t♦ ❛s♦❝✐❛t✐✈♦
❡stá ❞❛❞♦ ♣♦r ❡❧ t❡♥s♦r✐❛❧ ② ❡❧ ❞✐❢❡r❡♥❝✐❛❧ s❡ ❝♦♥str✉②❡ ❛ ♣❛rt✐r ❞❡❧ ❞✐❢❡r❡♥❝✐❛❧
✭✐♥t❡r♥♦✮ ② ❧❛ ❝♦♠✉❧t✐♣❧✐❝❛❝✐ó♥ ❞❡ C ✭q✉❡ ❞❛ ❧✉❣❛r ❛❧ q✉❡ ❧❧❛♠❛♠♦s ❡①t❡r♥♦✮✳

❊♥ ❧♦s ♠❡♥❝✐♦♥❛❞♦s tr❛❜❛❥♦s s❡ ❡st✉❞✐❛ ❡❧ s✐❣✉✐❡♥t❡ ❤❡❝❤♦✳ ❆❧ ♣♦s❡❡r C
❛❞❡♠ás ✉♥❛ ❡str✉❝t✉r❛ ❞❡ ❜✐á❧❣❡❜r❛✱ s❡ t✐❡♥❡ ❡♥ ΩC ✉♥❛ ❡str✉❝t✉r❛ ❞❡ Cacti
á❧❣❡❜r❛✳ ❊❧ ❛♣♦rt❡ ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❡s ♥♦ só❧♦ ❞❛r ❞❡ ♠❛♥❡r❛ ❡①♣❧í❝✐t❛
❡st❛ ❡str✉❝t✉r❛ ✭❡♥ ❝♦♥tr❛♣♦s✐❝✐ó♥ ❛ ❬❑❛❞✵✺✱ ▼❡♥✵✹❪✮ ② ✉♥❛ ❞❡♠♦str❛❝✐ó♥
❝♦♠♣❧❡t❛ ❞❡ ❡st❡ ❤❡❝❤♦✱ s✐♥♦ t❛♠❜✐é♥ ❞❛r ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ q✉❡ ♣❡r♠✐t❡ ❡❧
r❡❝í♣r♦❝♦✿ ❧❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞ ❝♦♥ ❡❧ ❣r❛❞♦ ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✹✳✹✮✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ s❡ ❝♦♥s✐❣✉❡ ✭❥✉♥t♦ ❝♦♥ ❡❧ ❧❡♠❛ ✹✳✶✷✮ q✉❡ ❡❧ ❢✉♥t♦r ❝♦❜❛r

❇✐á❧❣❡❜r❛s Ω
ÝÑ Cacti✲á❧❣❡❜r❛s

❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡ ❝❛t❡❣♦rí❛s ❛❧ ❝♦rr❡str✐♥❣✐r❧♦ ❛ ❧❛s á❧❣❡❜r❛s ❝♦♠♣❛t✐❜❧❡s
❝♦♥ ❡❧ ❣r❛❞♦ q✉❡ s♦♥ ❧✐❜r❡s ❝♦♠♦ á❧❣❡❜r❛ ❛s♦❝✐❛t✐✈❛✳ P♦r ❧♦ t❛♥t♦✱ s✐ H ② H 1

s♦♥ ❜✐á❧❣❡❜r❛s t❛❧❡s q✉❡ ΩH » ΩH 1✱ s❡ t✐❡♥❡ q✉❡ H » H 1 ② ♥♦ só❧♦ q✉❛s✐✲
✐s♦♠♦r❢❛s ❝♦♠♦ s❡ ❞❡s♣r❡♥❞❡ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❬▼❡♥✵✹✱ ❑❛❞✵✺✱
❨♦✉✶✸❪✳

❘❡❝♦r❞❛♠♦s q✉❡ ❑❛❞❡✐s❤✈✐❧✐ ♦❜s❡r✈❛ q✉❡✱ ❞❛❞♦ q✉❡ H ❜✐á❧❣❡❜r❛ ❞✳❣✳ ✐♠♣❧✐❝❛
ΩpHq ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ❝❛❝t✉s ✭q✉❡ ❡♥ ♣❛rt✐❝✉❧❛r ❡s ✉♥ á❧❣❡❜r❛ ❞❡ ❇❛✉❡s✮ ②
s❡ t✐❡♥❡ q✉❡ BpΩpHqq ❡s ❜✐á❧❣❡❜r❛ ❞✳❣✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♥♦ r❡s♣♦♥❞❡ s✐ ❡❧ q✉❛s✐✲
✐s♦♠♦r✜s♠♦ ❝❧ás✐❝♦ BpΩpHqq Ñ H ❡s ♦ ♥♦ ❞❡ ❜✐á❧❣❡❜r❛s✳ ❊st❛ ♣r❡❣✉♥t❛ ❡s
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t♦♠❛❞❛ ♣♦r ❨♦✉♥❣✱ ② r❡s♣♦♥❞✐❞❛ ❛✜r♠❛t✐✈❛♠❡♥t❡ ✭❝♦♥ ✉♥❛ ❧❡✈❡ ♠♦❞✐✜❝❛❝✐ó♥
❞❡ ❧❛ ❝♦♥str✉❝❝✐ó♥ Ω ♣♦r ❝✐❡rt❛ rΩ✮✳ ❈♦♥ ❡❧ r❡s✉❧❧t❛❞♦ ❞❡ ❨♦✉♥❣ s❡ ♣✉❡❞❡
❝♦♥❝❧✉✐r q✉❡ s✐ H ② H 1 s♦♥ ❜✐á❧❣❡❜r❛s t❛❧❡s q✉❡ BpΩpHqq ❡s q✉❛s✐✲✐s♦♠♦r❢❛ ❛
BpΩpH 1qq ❡♥t♦♥❝❡s H ❡s ❡q✉✐✈❛❧❡♥t❡ ❞é❜✐❧ ❛ H✳ P❡r♦ s✐ BpΩpHqq ❡s ✐s♦♠♦r❢❛
❛ BpΩpH 1qq ❡♥t♦♥❝❡s s♦❧♦ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ H ② H 1 s♦♥ ❡q✉✐✈❛❧❡♥t❡s
❞é❜✐❧❡s✱ ② ♥♦ ✐s♦♠♦r❢❛s ❝♦♠♦ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ t❡s✐s✳

P♦r ú❧t✐♠♦ ✈❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ❡❧ r❡s✉❧t❛❞♦ ♦❜t❡♥✐❞♦ ❡s ✭❧❡✈❡♠❡♥t❡✮ ♠ás
❢✉❡rt❡ q✉❡ ❡❧ r❡❝í♣r♦❝♦ ❞❡ ❧❛ ❛✜r♠❛❝✐ó♥

H ❜✐á❧❣❡❜r❛ ùñ ΩH Cacti ✭❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦✮

②❛ q✉❡ ❡❧ t❡♦r❡♠❛ ✹✳✶✵ ❞✐❝❡ q✉❡ s✐ V ❡s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ ✭❞✳❣✳✮ ② TV ❡s
✉♥❛ Cacti ❝♦♠♣❛t✐❜❧❡ ❝♦♥ ❡❧ ❣r❛❞♦ ❡♥t♦♥❝❡s V “ H ❡❧ ✐❞❡❛❧ ❞❡ ❛✉♠❡♥t❛❝✐ó♥
❞❡ ✉♥❛ ❜✐á❧❣❡❜r❛ H✳

P♦r ú❧t✐♠♦✱ ✈❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ♥♦❝✐ó♥ ❞❡ H✲♠ó❞✉❧♦ á❧❣❡❜r❛ ✭♥✐ s✉ ❝♦✲
rr❡s♣♦♥❞❡♥❝✐❛ ❝♦♥ ♠♦r✜s♠♦s ❞❡ ΩH ❡♥ ❡❧ ❝♦♠♣❧❡❥♦ ❞❡ ❍♦❝❤s❝❤✐❧❞ ❞❡ ❞✐❝❤❛
á❧❣❡❜r❛✮ s♦♥ tr❛t❛❞♦s ❡♥ ❧♦s tr❛❜❛❥♦s ♠❡♥❝✐♦♥❛❞♦s✳
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❆♣é♥❞✐❝❡ ❆

❚❡♦rí❛s ❞❡ ❝❛♠♣♦s

Pr❡s❡♥t❛♠♦s ❛q✉í ✉♥ r❡s✉♠❡♥ ❞❡ ❚❡♦rí❛s ❞❡ ❈❛♠♣♦s ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛
♠❛t❡♠át✐❝♦✳ ❊❧ ♦❜❥❡t✐✈♦ ❡s ✐♥tr♦❞✉❝✐r ❡❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s t♦♣♦❧ó❣✐❝♦ ❝♦♠♦
✉♥❛ ❡str✉❝t✉r❛ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ t❡♦rí❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡s ✭❡♥ ❞✐♠❡♥s✐ó♥
D “ 2✮✳ ❈♦♠❡♥③❛♠♦s ♣♦r ❡①♣♦♥❡r ❜r❡✈❡♠❡♥t❡ ❧❛ ❛①✐♦♠❛t✐③❛❝✐ó♥ ❞❡ t❡♦rí❛ ❞❡
❝❛♠♣♦s ❞❡ ❙❡❣❛❧ ❬❙❡❣✵✹❪ ② ❆t✐②❛❤ ❬❆t✐✽✾❪ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❧✉❡❣♦
❡st✉❞✐❛r ♠ás ❡s♣❡❝í✜❝❛♠❡♥t❡ ❞❡ t❡♦rí❛s ❝♦♥❢♦r♠❡s ✭s❡❝❝✐ó♥ ❆✮✳

❊♥ ♣r✐♠❡r ❧✉❣❛r s❡ ♣r❡s❡♥t❛ ✉♥❛ ❛①✐♦♠❛t✐③❛❝✐ó♥ ❞❡ ✉♥❛ t❡♦rí❛ ❝❧ás✐❝❛ ❞❡ ❝❛♠✲
♣♦s✳ ▲✉❡❣♦ s❡ ♣❛s❛ ❛ ❡st✉❞✐❛r ❧❛ ❛①✐♦♠❛t✐③❛❝✐ó♥ ❞❡ ✉♥❛ t❡♦rí❛ ❝✉á♥t✐❝❛✳ P♦r
ú❧t✐♠♦✱ s❡ ❡st✉❞✐❛♥ t❡♦rí❛s ❝♦♥❢♦r♠❡s✳ ▲❛ ✐♥t❡♥❝✐ó♥ ❡s ♠♦t✐✈❛r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡
❡st❛s t❡♦rí❛s ❡♥ t❡♦rí❛s ❝✉á♥t✐❝❛s ❣❡♥❡r❛❧❡s ② ést❛s✱ ❛ s✉ ✈❡③✱ ❡♥ t❡♦rí❛s ❝❧ás✐❝❛s
✈í❛ ❧❛ ✐♥t❡❣r❛❧ ❞❡ ❝❛♠✐♥♦s✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ✉♥❛ t❡♦rí❛ ❝✉á♥t✐❝❛ ❞❡ ❝❛♠♣♦s
r❡s✉❧t❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ✉♥❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦❜♦r❞✐s♠♦✳ ❆sí✱ ✉♥❛
t❡♦rí❛ ❝♦♥❢♦r♠❡ r❡s✉❧t❛ ✉♥ ❢✉♥t♦r ❝♦♥ ✉♥❛ ❝❛t❡❣♦rí❛ ❞❡ ♣❛rt✐❞❛ ♣❛rt✐❝✉❧❛r✿
❧❛ ❝❛t❡❣♦rí❛ ❞❡ s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥✳ ❈❛❜❡ ❞❡st❛❝❛r q✉❡✱ ❤✐st♦r✐❝❛♠❡♥t❡✱
ést❛s t❡♦rí❛s ❢✉❡r♦♥ ❧❛s ♣r✐♠❡r❛s ❡♥ ❛①✐♦♠❛t✐③❛rs❡ ❛sí ✭❡♥ ❬❙❡❣✵✹❪✮ ② ❧✉❡❣♦ ❧❛s
t♦♣♦❧ó❣✐❝❛s ✭❡♥ ❬❆t✐✽✾❪✮✳

❊❧ ❛✉t♦r q✉✐s✐❡r❛ r❡s❛❧t❛r q✉❡ ❡❧ ♣r❡s❡♥t❡ ❛♣é♥❞✐❝❡ ❜✉s❝❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱
✐❧✉str❛r s✉ ♠♦t✐✈❛❝✐ó♥ ♣❡rs♦♥❛❧ ❡♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ ♦♣❡r❛❞ Cacti✳ ❊❧ ♠✐s♠♦ s❡
♣r❡s❡♥t❛ ❛q✉í ❝♦♠♦ ❧❛s ❝❛❞❡♥❛s s✐♥❣✉❧❛r❡s ❞❡❧ ♦♣❡r❛❞ t♦♣♦❧ó❣✐❝♦✳ ➱st❡✱ ❛ s✉
✈❡③✱ ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥ ✐♥✜♥✐t❡s✐♠❛❧❡s✳ ❙❡ s✉❣✐❡r❡ ❛sí
q✉❡ ❡st✉❞✐❛r r❡♣r❡s❡♥t❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞ Cacti ❡s✱ ❡♥ ❝✐❡rt♦ ♠♦❞♦✱ ❡st✉❞✐❛r
❚❡♦rí❛s ❚♦♣♦❧ó❣✐❝❛s ❈♦♥❢♦r♠❡s ❛ ❣é♥❡r♦ ❝❡r♦✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ♠❛t❡r✐❛❧ ❛q✉í tr❛t❛❞♦ ♥♦ ❡s ♥❡❝❡s❛r✐♦ ♣❛r❛ ❡❧ ❡st✉❞✐♦ ❞❡❧
❝❛♣ít✉❧♦ ✷✳P♦r ❡s♦ s❡ ❤❛ ♣❡r♠✐t✐❞♦ ✉♥ ❧❡♥❣✉❛❥❡ ♥♦ ❡str✐❝t❛♠❡♥t❡ ♣r❡❝✐s♦ ②
✉♥❛ ❡①♣♦s✐❝✐ó♥ ♥♦ ❛❣♦t❛❞❛ ❞❡ ❧♦s tó♣✐❝♦s ❛q✉í tr❛t❛❞♦s✳

✶✸✺



❚❡♦rí❛ ❝❧ás✐❝❛ ✲ ❢♦r♠✉❧❛❝✐ó♥ ▲❛❣r❛♥❣✐❛♥❛

❈♦♠❡♥③❛r❡♠♦s ♣♦r ✐♥tr♦❞✉❝✐r ❡❧ ❝♦♥❝❡♣t♦ ❞❡ t❡♦rí❛ ❝❧ás✐❝❛✳ ❊♥ ❡❧❧❛ ❡❧ s✐st❡♠❛
❢ís✐❝♦ s❡ ❞❡s❝r✐❜❡ ♣♦r ✉♥❛ ✈❛r✐❡❞❛❞M ❞❡ ❞✐♠❡♥s✐ó♥D ✭“ d`1✱ ✉♥❛ ❞✐♠❡♥s✐ó♥
t❡♠♣♦r❛❧ ② ❡❧ r❡st♦ ❡s♣❛❝✐❛❧✮✱ ✉♥♦s ❝❛♠♣♦s ❞❡ ✐♥t❡rés ❞❡❧ ♣r♦❜❧❡♠❛ ② ✉♥
❢✉♥❝✐♦♥❛❧✱ ❧❛ ❛❝❝✐ó♥ S ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s ❝❛♠♣♦s ❛ ❝♦♥s✐❞❡r❛r✳
▼ás ❞❡t❛❧❧❛❞❛♠❡♥t❡✱ s❡ t✐❡♥❡♥ ✉♥♦s ❝❛♠♣♦s ϕ q✉❡ s❡rá♥ ❝❛♥t✐❞❛❞❡s ❢ís✐❝❛✲
♠❡♥t❡ r❡❧❡✈❛♥t❡s✳ ❚í♣✐❝❛♠❡♥t❡ ❧♦s ϕ s❡rá♥ s❡❝❝✐♦♥❡s ❛ ❛❧❣ú♥ ✜❜r❛❞♦ E Ñ M ✳
▲❧❛♠❡♠♦s F ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ✭♦ s❡❛✱ ❞❡ s❡❝❝✐♦♥❡s ❞❡ E q✉❡ ♥♦s
✐♥t❡r❡s❡♥✮✳
▲❛ ❢♦r♠✉❧❛❝✐ó♥ ❧❛❣r❛♥❣✐❛♥❛ ♣r❡s✉♣♦♥❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ❞❡♥s✐❞❛❞
L : F Ñ R, Lpϕ, Bµϕ, xq ② s❡ ❞❡✜♥❡✱ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛ ❧❛ ❛❝❝✐ó♥✿

Spϕq “

ż

M

dV pxq Lpϕpxq, Bµϕpxq, xq

❊❧ ♣r✐♥❝✐♣✐♦ ❢ís✐❝♦ q✉❡ ❞❡✜♥❡ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡❧ s✐st❡♠❛ ❡s ❡❧ s✐❣✉✐❡♥t❡✿
✏▲❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ❡stá ❞❛❞❛ ♣♦r ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❞❡ ❧❛ ❛❝❝✐ó♥✑✳ ▼ás
❡①♣❧í❝✐t❛♠❡♥t❡✱ ϕ ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ s✐ ❛❧ ❝♦♥s✐❞❡r❛r ✉♥ ❝❛♠♣♦ ψ ❛r❜✐tr❛r✐♦✱
s❡ t✐❡♥❡

dSpϕ ` hψq

dh
|h“0 “ 0.

▲❛ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❡❧ ❝❛♠♣♦ ♦❜t❡♥✐❞❛ ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ❧❧❛♠❛ ❡❝✉❛❝✐ó♥ ❞❡
❊✉❧❡r✲▲❛❣r❛♥❣❡ ♦ ✏❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦✑✳ ❊♥ ❝❛s♦ ❞❡ s❡r M “ R

D ✭❡❧
❡s♣❛❝✐♦ ♣❧❛♥♦✮✱ ❝♦rr❡s♣♦♥❞❡♥ ❛✿

Bµ
BL

BpBµϕq
“

BL

Bϕ

❊❥❡♠♣❧♦✿ ❊♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ ♣❛rtí❝✉❧❛ ❞❡ ♠❛s❛ m✱ ❝♦♥s✐❞❡r❡♠♦s M “ ra, bs✱
❡❧ t✐❡♠♣♦✳ E “ M ˆ R

3 ❡❧ ✜❜r❛❞♦ tr✐✈✐❛❧ ② ❧♦s ❝❛♠♣♦s✱ tr❛②❡❝t♦r✐❛s✿

q : ra, bs Ñ R
3

❙✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♣❛rtí❝✉❧❛ ❡stá s♦♠❡t✐❞❛ ❛ ✉♥ ♣♦t❡♥❝✐❛❧ V : R
3 Ñ R✳

❉❡✜♥✐♠♦s ❡♥t♦♥❝❡s✿

Spqq “

ż b

a

dt
m

2
pq1q2 ´ V pqptqq

❈♦♠♦ Bq1pLq “ mq1✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♠♦✈✐♠✐❡♥t♦ r❡s✉❧t❛ ❧❛ ✭s❡❣✉♥❞❛✮ ❧❡② ❞❡
◆❡✇t♦♥✿

mq2 “ ´∇V

✶✸✻



■♥❣r❡❞✐❡♥t❡s ❞❡ ✉♥❛ t❡♦rí❛ ❝❧ás✐❝❛

❆❤♦r❛✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ q✉❡r❡r ❞❡s❝r✐❜✐r ✉♥ s✐st❡♠❛ ❝♦♥ ✉♥❛ ❝✐❡rt❛ ❝♦♥❞✐❝✐ó♥
❞❡ ❝♦♥t♦r♥♦✱ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❛❝❝✐ó♥ ❞❡❜❡ ❤❛❝❡rs❡ s♦❜r❡ ❧♦s ❝❛♠♣♦s q✉❡
❝✉♠♣❧❡♥ ❞✐❝❤❛ ❝♦♥❞✐❝✐ó♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ q✉❡r❡♠♦s✱ ❛ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱
❝❛❧❝✉❧❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ✉♥ ❝❛♠♣♦ ❞❛❞❛ ✉♥❛ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ ❛ ✉♥ t✐❡♠♣♦
t0✳ ❊st♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✜❥❛r ❡❧ ✈❛❧♦r ❞❡ ❞✐❝❤♦ ❝❛♠♣♦ ❡♥ ✉♥❛ s✉❜✈❛r✐❡❞❛❞
Y0 ❞❡ M ❞❡ ❝♦❞✐♠❡♥s✐ó♥ 1✳ ❆❧ ♣r❡❣✉♥t❛r ❡❧ ✈❛❧♦r ❞❡❧ ❝❛♠♣♦ ❡♥ ✉♥ t✐❡♠♣♦
✜♥❛❧ t1✱ ❡st❛♠♦s r❡str✐♥❣✐❡♥❞♦ ❡s❡ ❝❛♠♣♦ ❡♥ ✉♥❛ s✉❜✈❛r✐❡❞❛❞✱ t❛♠❜✐é♥ ❞❡
❝♦❞✐♠❡♥s✐ó♥ 1✱ Y1✳ ▲❧❛♠❡♠♦s X ❛ ❧❛ ♣♦r❝✐ó♥ ❞❡ M ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ Y0 ❡
Y1✳ ❊♥ ❧♦s ❡❥❡♠♣❧♦s ✈✐st♦s ✭② ❡♥ ❣❡♥❡r❛❧✮ ❧♦s ❝❛♠♣♦s ❡stá♥ ❞❛❞♦s ❞❡ ♠❛♥❡r❛
r❛③♦♥❛❜❧❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ❡s♣❛❝✐♦✲t✐❡♠♣♦s✳
P♦❞❡♠♦s ❡♥t♦♥❝❡s✱ ♠ás ❛❧❧á ❞❡ ❧❛s ❝✉❡st✐♦♥❡s té❝♥✐❝❛s ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛
s♦❧✉❝✐ó♥ ❛ ✉♥❛ t❡♦rí❛ ❝❧ás✐❝❛✱ ✐❞❡♥t✐✜❝❛r✱ s✐❣✉✐❡♥❞♦ ❬❋r❡✾✷❛❪✱ ❬❋r❡✾✷❜❪ ❧♦s
✐♥❣r❡❞✐❡♥t❡s ♠ás ✐♠♣♦rt❛♥t❡s ✐♥✈♦❧✉❝r❛❞♦s✳ ❋✐❥❡♠♦s ♣r✐♠❡r♦ d P N✱ ❧❛ ❞✐♠❡♥✲
s✐ó♥ ❞❡ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❧❛ t❡♦rí❛✳ ❆sí✱ ❧♦s ❡s♣❛❝✐♦✲t✐❡♠♣♦s t❡♥❞rá♥ ❞✐♠❡♥s✐ó♥
D “ d ` 1 ② s❡ ❧❧❛♠❛rá♥ X✳ ❊♥ ❣❡♥❡r❛❧ ❧❛s ❞❡ ❞✐♠❡♥s✐ó♥ d s❡ ❧❧❛♠❛rá♥ Y ✳

❉❡✜♥✐❝✐ó♥ ❆✳✶✳
❈♦♥s✐❞❡r❛r❡♠♦s q✉❡ t❡♥❡♠♦s ❞❛❞♦✱ ♣❛r❛ ❝❛❞❛ ✈❛r✐❡❞❛❞ X ❞❡ ❞✐♠❡♥s✐ó♥
d ` 1 ❡❧ ❝♦♥❥✉♥t♦ FX ❞❡ ❝❛♠♣♦s ❡♥ X✳ ❆s✐♠✐s♠♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❞❛❞❛✱
♣❛r❛ ❡❧ ❝❛s♦ ❡♥ q✉❡ BX ‰ H✱ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✏❝❛♠♣♦s ❡♥ ❡❧ ❜♦r❞❡✑ FBX ✳
❊st♦s ❝❛♠♣♦s ♣♦❞rí❛♥ s❡r r❡str✐❝❝✐♦♥❡s ♦ ❣ér♠❡♥❡s ♦ ❝✉❛❧q✉✐❡r ♦tr❛ ❝♦s❛ ✭♣♦r
❡❥❡♠♣❧♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❝✉❡r❞❛s✮✳ ❆❞❡♠ás✱ t❡♥❞r❡♠♦s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ r❡str✐❝❝✐ó♥
B : FX Ñ FBX ✳ ❚❛♠❜✐é♥ ❝♦♥s✐❞❡r❛r❡♠♦s ❞❛❞❛ ❧❛ ❛❝❝✐ó♥ ❝❧ás✐❝❛ SX : FX Ñ R✳

❙❡ ♣✐❞❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❛①✐♦♠❛s✿

✶✳ ■♥✈❛r✐❛♥③❛ ❞❡ ❧♦s ❝❛♠♣♦s ② ❧❛ ❛❝❝✐ó♥ ❛♥t❡ ✐s♦♠♦r✜s♠♦s ✭❞❡❧ t✐♣♦ q✉❡ s❡
q✉✐❡r❛✶✮✳
❊s ❞❡❝✐r✱ s✐ X »

ÝÑ X 1✱ ✉♥❛ ✐s♦♠❡trí❛✱ ✐s♦♠♦r✜s♠♦ ❝♦♥❢♦r♠❡✱ ❞✐❢❡♦✲
♠♦r✜s♠♦✱ ❤♦♠❡♦♠♦r✜s♠♦✱ s❡❣ú♥ ❝♦rr❡s♣♦♥❞❛✱ s❡ t❡♥❞rá FX » FX 1

② SX “ SX 1 ✳

✷✳ ❆❧ ❝♦♥s✐❞❡r❛r ´X ✭❧❛ ♦r✐❡♥t❛❝✐ó♥ ♦♣✉❡st❛ ❡♥ X✮✱ ❞❡❜❡ s❡r F´X “ FX

② S´X “ ´SX ✳ ❊st♦ s❡ ❞❡❜❡✱ ❡♥ ❧♦s ❡❥❡♠♣❧♦s✱ ❛❧ ❝❛♠❜✐♦ ❡♥ ❡❧ s✐❣♥♦ ❞❡
❧❛ ❢♦r♠❛ ❞❡ ✈♦❧✉♠❡♥ ② ❧❛ ♣r❡s❡r✈❛❝✐ó♥ ❞❡❧ r❡st♦ ❞❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❡♥
❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ❛❝❝✐ó♥✳

✸✳ ❙✐ X “ X1 \ X2✱ ❡♥t♦♥❝❡s FX » FX1
ˆ FX2

② ❧❛ ❛❝❝✐ó♥ ❡s ❛❞✐t✐✈❛✳

✶❊♥ ❡❧ ❝♦♥t❡①t♦ ❢ís✐❝♦✱ ❧❛ ♠í♥✐♠❛ ✐♥✈❛r✐❛♥③❛ r❛③♦♥❛❜❧❡ ❡s ❧❛ ♠étr✐❝❛ ②❛ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛
❧❛ ♣❡r❝❡♣❝✐ó♥ ❞❡s❞❡ ❞✐st✐♥t♦s s✐st❡♠❛s ❞❡ r❡❢❡r❡♥❝✐❛ ❞❡❧ ❢❡♥ó♠❡♥♦ ❞❡s❝r✐♣t♦✳

✶✸✼



✹✳ ❆①✐♦♠❛ ❞❡ ♣❡❣❛❞♦✿ ❙✐ Y ãÑ X ❡s ✉♥❛ s✉❜✈❛r✐❡❞❛❞ ✭✐♥♠❡rs❛✮ ❞❡ ❝♦❞✐✲
♠❡♥s✐ó♥ 1 ❞✐s❥✉♥t❛ ❝♦♥ BX✱ s❡❛ X̂ ❧❛ ✈❛r✐❡❞❛❞ q✉❡ s❡ ♦❜t✐❡♥❡ ❞❡ ❝♦rt❛r
♣♦r Y ✭❛❤♦r❛ BX̂ “ BX \ Y \ ´Y ✳ ❊❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛ ❞❡❜❡ s❡r ✉♥
❡❣❛❧✐③❛❞♦r✿

FX Ñ FX̂ Ñ FY

❨ ❧❛ ❛❝❝✐ó♥ ❞❡❜❡ ❞❛r ❧♦ ♠✐s♠♦✳ ❆q✉í ❡s ❞ó♥❞❡ s❡ ✈❡ ❝❧❛r♦ q✉❡ ❧❛s
r❡str✐❝❝✐♦♥❡s ❛❧ ❜♦r❞❡ ♣✉❡❞❡♥ ♥❡❝❡s✐t❛r r❡t❡♥❡r ♠ás ✐♥❢♦r♠❛❝✐ó♥✱ ♣♦r
❡❥✱ ❡❧ ❣❡r♠❡♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ② ♥♦ só❧♦ s✉ ✈❛❧♦r✳

❚❡♦rí❛ ❝✉á♥t✐❝❛ à ❧❛ ❋❡②♥♠❛♥ ❡ ✐♥t❡❣r❛❧ ❞❡ ❝❛✲
♠✐♥♦s

❙✉♣♦♥❣❛♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ♠❡❞✐❞❛ ❡♥ ❧♦s ❡s♣❛❝✐♦s FX ② FBX ✳ ❊st❛ s✉♣♦s✐❝✐ó♥
❞❡❜❡ s❡r ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❧❛ ❤❡✉ríst✐❝❛ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥
s✐❣✉✐❡♥t❡ ② ♥♦ ✉♥❛ ❤✐♣ót❡s✐s ❢♦r♠❛❧ ❛ ✈❡r✐✜❝❛r ❞❡ ♠❛♥❡r❛ ❡str✐❝t❛ ❡♥ ❧❛ ✉♥❛
t❡♦rí❛ ❝✉á♥t✐❝❛✳ ▲❛ ❢♦r♠✉❧❛❝✐ó♥ ♣♦r ✐♥t❡❣r❛❧ ❞❡ ❝❛♠✐♥♦s ❞❡ ❧❛ t❡♦rí❛ ❝✉á♥t✐❝❛
❞❡ ❝❛♠♣♦s ♣♦st✉❧❛ q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ♦❜t❡♥❡r ✉♥ ❝✐❡rt♦ ❝❛♠♣♦ ϕ0 P FBX

❡stá ❞❛❞❛ ♣♦r✷✿
ż

Bφ“ϕ0

Dφ e´Spφq

❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ✐♥t❡❣r❛❧ s♦❜r❡ ✏t♦❞♦s ❧♦s ❝❛♠♣♦s t❛❧❡s q✉❡ s✉ r❡str✐❝❝✐ó♥ ❛❧
❜♦r❞❡ ❡s ϕ0✑ ❧♦ ♣❡♥s❛♠♦s ❝♦♠♦ ✉♥❛ ✐♥t❡❣r❛❧ s♦❜r❡ ✏t♦❞♦s ❧♦s ❝❛♠♣♦s✑ ♣❡s❛❞♦
❝♦♥ ✉♥❛ ❞❡❧t❛ ❡♥ ϕ0✳ ❯♥ ♣♦❝♦ ♠ás ❡♥ ❣❡♥❡r❛❧✱ ♥♦ s❡ t✐❡♥❡ ✉♥ ❡st❛❞♦ ♣✉r♦ ϕ0

s✐♥♦ ✉♥❛ ❢✉♥❝✐ó♥ fpϕq✳ ❊s ❞❡❝✐r✱ ❝♦♥s✐❞❡r❛♠♦s ❝♦♠♦ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s✿

HBX “ L2pFBXq

❨ ♣♦st✉❧❛♠♦s q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ t❡♥❡r ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❝❛♠♣♦s f ❡stá
❞❛❞❛ ♣♦r✿ ż

FBX

Dφ fpBφq e´Spφq

❉♦♥❞❡ ❧❛ ♣r✐♠❡r❛ ❛♣r♦①✐♠❛❝✐ó♥ ❝♦rr❡s♣♦♥❞❡rí❛ ❛ fpϕq “ δϕ0
✳

✭❙✐ ♥♦✱ ♣♦❞rí❛♠♦s ❝♦♥s✐❞❡r❛r ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❢✉♥❝✐♦♥❡s s✉❛✈❡s ② ❡♥ ❡❧ ❞✉❛❧
t❡♥❞rí❛♠♦s ❧❛ ❞❡❧t❛✱ ♣❡r♦ ♥♦ ♥♦s ✐♥t❡r❡s❛ ❞❡t❡♥❡r♥♦s ❡♥ ❡st♦ ❛❤♦r❛✳✮

✷❚á❝✐t❛♠❡♥t❡✱ ♥♦s r❡str✐♥❣✐♠♦s ❛ t❡♦rí❛s ❡✉❝❧í❞❡❛s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ t❡♦rí❛s ❧♦r❡♥t③✐❛♥❛s✱ ❞❡❜❡
s❡r eiSpφq✳ ❆s✐♠✐s♠♦✱ ♦♠✐t✐♠♦s ❡❧ ❢❛❝t♦r ~´1 ❡♥ ❞✐❝❤♦ ❡①♣♦♥❡♥t❡✳

✶✸✽



❚❡♥❡♠♦s ❡♥t♦♥❝❡s✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ X ✉♥❛ ✈❛r✐❡❞❛❞ ❝♦♥ ❜♦r❞❡✱ ❞❡✜♥✐❞♦✿

ZX : HBX Ñ C

❋✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥

❉❡✜♥✐❝✐ó♥ ❆✳✷✳
P❛r❛ ✉♥❛ ✈❛r✐❡❞❛❞ ❝❡rr❛❞❛ X✱ ❞❡✜♥✐♠♦s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❛rt✐❝✐ó♥ ❝♦♠♦✿

ZX “

ż

FX

Dφ e´Spφq

❖♣❡r❛❞♦r ❡✈♦❧✉❝✐ó♥

❉❡♥♦t❛r❡♠♦s ✉♥ ❝♦❜♦r❞✐s♠♦ X ❡♥tr❡ Y0 ❡ Y1 ♣♦r Y0
X
ÝÑ Y1✳

❊♥t♦♥❝❡s✱ ♣❛r❛ ✉♥ ❝♦❜♦r❞✐s♠♦ Y0
X
ÝÑ Y1✱ ❝♦♥s✐❞❡r❛r❡♠♦s s♦✉r❝❡ ② t❛r❣❡t

❛♣❧✐❝❛❝✐♦♥❡s ❞❡ r❡str✐❝❝✐ó♥ ❛❧ ❜♦r❞❡✿

s : FX Ñ FY0 , t : FX Ñ FY1

❙✐❣✉✐❡♥❞♦✱ UX : HY0 Ñ HY1 ✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❡❧ ♦♣❡r❛❞♦r q✉❡ ❝✉♠♣❧❡✱ ♣❛r❛
f P HY0 , g P HY0 ✿

ă g, UXpfq ąHY1
“

ż

φPFX

Dφ gptpφqq fpspφqq e´Spφq

❉❡✜♥✐❝✐ó♥ ❆✳✸✳ ❯♥❛ t❡♦rí❛ ❞❡ ❞✐♠❡♥s✐ó♥D “ d`1 ❝♦♥s✐st❡ ❡♥ ❞❛r ✉♥ ❢✉♥t♦r
♠♦♥♦✐❞❛❧ ❞❡s❞❡ ✉♥❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦❜♦r❞✐s♠♦ ❛ ✉♥❛ ❝❛t❡❣♦rí❛ ❞❡ ❡s♣❛❝✐♦s ❞❡
❡st❛❞♦s ✭♣♦r ❡❥✱ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s ♦ ❞❡ ❍✐❧❜❡rt✮✳

❈❛t❡❣♦rí❛s ❞❡ ❝♦❜♦r❞✐s♠♦s

P❛r❛ ❝♦❞✐✜❝❛r ❧❛ s✐♠❡trí❛ ❞❡ ❧❛ t❡♦rí❛✱ ❞❡❜❡♠♦s ❡s♣❡❝✐✜❝❛r ❧❛ ❝❛t❡❣♦rí❛ ❞❡
❝♦❜♦r❞✐s♠♦s ❞❡ ♣❛rt✐❞❛✳ ❙✐❡♠♣r❡ s❡ ❝♦♥s✐❞❡r❛rá♥ ❝♦♠♦ ♦❜❥❡t♦s ❧❛s ✈❛r✐❡❞❛❞❡s
❝❡rr❛❞❛s ✭❝♦♠♣❛❝t❛s ② s✐♥ ❜♦r❞❡✮ ♦r✐❡♥t❛❜❧❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✜❥❛ d✳ ❆❞❡♠ás✱
s✉♣♦♥❡♠♦s q✉❡ ✈✐❡♥❡♥ ❝♦♥ ✉♥ ❝♦❧❧❛r✐♥❣ ✭✈❡r ✹✳✻ ❡♥ ❍✐rs❝❤ ❬❍✐r✾✹❪✱ ♦ s❡❛ ✉♥
❝✐❧✐♥❞r♦ ♣❡q✉❡ñ♦ ❞❡ ❧❛ ✈❛r✐❡❞❛❞✳ ❙✐ Y0, Y1 s♦♥ ❞♦s ♦❜❥❡t♦s✱ ❧♦s ♠♦r✜s♠♦s s♦♥
❧♦s ❝♦❜♦r❞✐s♠♦s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✱ ❡s ❞❡❝✐r ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥s✐ó♥ D “ d`1✱
t❛❧❡s q✉❡ BX “ ´Y0 \Y1 ❞♦♥❞❡ ´Y0 ❞❡♥♦t❛ ❧❛ ✈❛r✐❡❞❛❞ Y0 ❝♦♥ ❧❛ ♦r✐❡♥t❛❝✐ó♥
♦♣✉❡st❛ ❡♥ ❡❧ ❝♦❧❧❛r✐♥❣✳ ❚♦❞❛ ✈❛r✐❡❞❛❞ ❞❡ ❞✐♠❡♥s✐ó♥ D t✐❡♥❡ ✉♥ ❝♦❧❧❛r✐♥❣ q✉❡
✏❛♣✉♥t❛ ♣❛r❛ ❛❢✉❡r❛✑ ✭✈❡r ❬❍✐r✾✹❪✮✱ ❝♦♥ ❡s❛ ✐♥❢♦r♠❛❝✐ó♥ s❡ ♣❡❣❛♥ ❝♦❜♦r❞✐s♠♦s
② ❛sí s❡ ❞❡✜♥❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥✳ ❙❡ ♣✉❡❞❡ ✈❡r q✉❡ ❧❛ ✈❛r✐❡❞❛❞ r❡s✉❧t❛♥t❡ ♥♦

✶✸✾



❞❡♣❡♥❞❡ ❞❡❧ ❝♦❧❧❛r✐♥❣✳
❱♦❧✈✐❡♥❞♦ ❛ ❧❛ ❝✉❡st✐ó♥ ❞❡ ❧❛ s✐♠❡trí❛✱ ❡♥ ❝❛❞❛ ❝❛s♦✱ ❞❡✜♥✐r❡♠♦s ✉♥❛ ❝❛t❡✲
❣♦rí❛ ❞✐st✐♥t❛ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ ❡♥ ❧❛s ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥s✐ó♥ d
q✉❡ q✉✐s✐ér❛♠♦s ❝♦♥s✐❞❡r❛r✳ ❊s ❞❡❝✐r✱ s❡ ❝♦♥s✐❞❡r❛ ❡❧ ♠✐s♠♦ ♠♦r✜s♠♦ ❛ ❞♦s
❝♦❜♦r❞✐s♠♦s q✉❡ s♦♥ ❞✐❢❡♦♠♦r❢♦s✱ ✐s♦♠étr✐❝♦s✱ ❝♦♥❢♦r♠❡♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱
❡t❝✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ✉♥♦s ❡❥❡♠♣❧♦s✳

s✐♠❡trí❛ t♦♣♦❧ó❣✐❝❛ ❬❆t✐✽✾❪✿ ◆♦ s❡ ❛❣r❡❣❛ ♠ás ❡str✉❝t✉r❛ ❡♥ ❧♦s ♦❜❥❡t♦s
② s❡ ❝♦♥s✐❞❡r❛♥ ❝♦❜♦r❞✐s♠♦s ❡q✉✐✈❛❧❡♥t❡s ❛ ❧♦s ❞❛❞♦s ♣♦r ✈❛r✐❡❞❛❞❡s
❞✐❢❡♦♠♦r❢❛s✳

❮❞❡♠ ❛♥t❡s✱ ♣❡r♦ só❧♦ ❝♦♥s✐❞❡r❛r ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥s✐ó♥D ♦r✐❡♥t❛❜❧❡s✳

s✐♠❡trí❛ ❝♦♥❢♦r♠❡ ❬❙❡❣✵✹❪✿ ❈♦♥s✐❞❡r❛r ✈❛r✐❡❞❛❞❡s ❝♦♥ ❡str✉❝t✉r❛ ♠étr✐✲
❝❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❝♦♥❢♦r♠❡✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❞✐♠❡♥s✐ó♥ ✷✱ ❡st♦ ❡s
❡q✉✐✈❛❧❡♥t❡ ❛ ❞❛r ✉♥❛ ❡str✉❝t✉r❛ ❝♦♠♣❧❡❥❛ ❡♥ ❧❛ s✉♣❡r✜❝✐❡ ② ❡st✉❞✐❛r❧❛s
❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❛♥❛❧ít✐❝♦✳

▼étr✐❝❛✿ ❈♦♠♦ ❛♥t❡s✱ ♣❡r♦ ❛ ♠❡♥♦s ❞❡ ✐s♦♠❡trí❛✳

❚❡♦rí❛s ❡♠❜❡❜✐❞❛s✿ ❈✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❛♥t❡r✐♦r❡s✱ ♣❡r♦ s❡ t♦♠❛ ✉♥ ❡s✲
♣❛❝✐♦ ❛♠❜✐❡♥t❡ W ② s❡ ❝♦♥s✐❞❡r❛♥ t♦❞❛s ❧❛s ✈❛r✐❡❞❛❞❡s ② ❝♦❜♦r❞✐s♠♦s
❡♠❜❡❜✐❞♦s ❡♥ W ✳

❚❡♦rí❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ♣r❡s❡♥t❛♥ t❡♦rí❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡s✳ ❙❡ ❜✉s❝ó ❞❛r ✉♥
❡♥❢♦q✉❡ ❡♥❣❧♦❜❛❞♦r ❞❡ ❧❛s ❞✐st✐♥t❛s ❢✉❡♥t❡s✿ ❬❙❡❣✵✹✱ ❑❛❝✾✽✱ ❍✉❛✾✽✱ ❙❝❤✵✽❪✳
▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ t♦♠❛ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❙❡❣❛❧
✭❞❡✜♥✐❝✐ó♥ ❆✳✺✮ ❞❡ ❚❡♦rí❛ ❞❡ ❈❛♠♣♦s ❈♦♥❢♦r♠❡✿ ✉♥ ❢✉♥t♦r ❝♦♥ ✈❛❧♦r❡s ❡♥
❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s q✉❡ ❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❧❡ ❛s✐❣♥❛ ✉♥ ♦♣❡r❛❞♦r✳
❆ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❙❡❣❛❧✱ s❡ ❡st✉❞✐❛ q✉é ✐♥❢♦r♠❛❝✐ó♥ ❞❡t❡r♠✐♥❛ ✉♥❛
t❡♦rí❛✳ ❙✐ s❡ ✜❥❛ ✉♥❛ s✉♣❡r✜❝✐❡ ♣❛♥t❛❧ó♥ ✭✉♥❛ ❡s❢❡r❛ ❛ ❧❛ q✉❡ s❡ ❧❡ q✉✐t❛♥
tr❡s ❞✐s❝♦s ❛❜✐❡rt♦s✮✱ t♦❞❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡rs❡ ❡♥
❝✐❧✐♥❞r♦s ② ♣❛♥t❛❧♦♥❡s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ r❡str✐♥❣❡ ❡❧ ❡st✉❞✐♦ ❛ ❧❛s s✉♣❡r✜❝✐❡s
❞❡ ❣é♥❡r♦ ❝❡r♦✱ ❞❡s❞❡ ✉♥❛ ó♣t✐❝❛ ♦♣❡rá❞✐❝❛✳ ❙❡ ♣r❡s❡♥t❛ ❡❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s
✭t♦♣♦❧ó❣✐❝♦✮ ❝♦♠♦ ✉♥❛ s✉❡rt❡ ❞❡ ❧í♠✐t❡ ❞❡ s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ❝❡r♦✱ ♦ s✉✲
♣❡r✜❝✐❡s ✐♥✜♥✐t❡s✐♠❛❧❡s✳ P♦r ú❧t✐♠♦✱ s❡ ♣r❡s❡♥t❛♥ ♠✉② ❜r❡✈❡♠❡♥t❡ ❧❛s t❡♦rí❛s
t♦♣♦❧ó❣✐❝❛s ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡s ✭❚❈❋❚s✮✳ ▲❛s ♠✐s♠❛s ❝♦♥s✐st❡♥ ❡♥ ♣❛s❛r✱
❛♣❧✐❝❛♥❞♦ ❡❧ ❢✉♥t♦r ❞❡ ❝❛❞❡♥❛s s✐♥❣✉❧❛r❡s✱ ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ♦r✐❣✐♥❛❧ ✭❡♥r✐q✉❡❝✐❞❛
❡♥ ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s✮ ❛ ✉♥❛ ❝❛t❡❣♦rí❛ ❡♥r✐q✉❡❝✐❞❛ ❡♥ ❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s✳
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◆♦t❛❝✐ó♥✿ S
1 :“ tz P C : |z|e “ 1u ② D :“ tz P C : |z| ď 1u✳ ▲❛

♣❛r❛♠❡tr✐③❛❝✐ó♥ ❡stá♥❞❛r s❡rá ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡ S1✳ ▲❛ ♣❡♥s❛r❡♠♦s r❡❝♦rr✐❡♥❞♦
❧❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ② ❝♦♠❡♥③❛♥❞♦ ❡♥ 1 ✭❧♦ ❝✉❛❧ ❞✐st✐♥❣✉❡
❛ ❡st❡ ♣✉♥t♦ ② ❧❡ ❞❛ ✉♥❛ ♦r✐❡♥t❛❝✐ó♥ ❛ ❧❛ ✈❛r✐❡❞❛❞✮✳

❉❡✜♥✐❝✐ó♥ ❆✳✹✳ ▲❧❛♠❛r❡♠♦s RS ❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥
✭s✉♣❡r✜❝✐❡s ❝♦♠♣❛❝t❛s ❝♦♥ ✉♥❛ ❡str✉❝t✉r❛ ❝♦♠♣❧❡❥❛✮✳ ❊s ❞❡❝✐r✱ ❧❛ ❝❛t❡❣♦rí❛
❝♦♥ ♦❜❥❡t♦s N0 ♣❡♥s❛❞♦ ✉♥ ♥ú♠❡r♦ n ❝♦♠♦ Cn ❡❧ ❡s♣❛❝✐♦ ❞❛❞♦ ♣♦r ❧❛ ✉♥✐ó♥
❞✐s❥✉♥t❛ ✭♦r❞❡♥❛❞❛✮ n ❝ír❝✉❧♦s✱ ❡s ❞❡❝✐r Cn “

š
npS1q ② ❝✉②❛s ✢❡❝❤❛s

Cn
X
ÝÑ Cm

❝♦♥s✐st❡♥ ❡♥ ❧❛s s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥ X ❝♦♥ ❧♦s ❜♦r❞❡s ♣❛r❛♠❡tr✐③❛❞♦s
❛♥❛❧ít✐❝❛♠❡♥t❡✸

š
npS1q \

š
mpS1q Ñ BX ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❡♥ ❧♦s ♣r✐♠❡r♦s

n✱ ❧♦s ❡♥tr❛♥t❡s✱ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ✐♥❞✉❝✐❞❛ ♣♦r X ② ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❝♦rr❡s✲
♣♦♥❞✐❡♥t❡ ♥♦ ❝♦✐♥❝✐❞❡♥✱ ② ❡♥ ❧♦s ♦tr♦s m✱ ❧♦s s❛❧✐❡♥t❡s✱ sí✳ ❯♥❛ s✉♣❡r✜❝✐❡ ❝♦♥
❞♦s ❝ír❝✉❧♦s ❡♥tr❛♥t❡s ② ❞♦s s❛❧✐❡♥t❡s✱ ❞❡ ❣é♥❡r♦ ✉♥♦✿

❙✐ s❡ t✐❡♥❡ Cn
X
ÝÑ Cm

Y
ÝÑ Cl✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ Y ˝ X ❡stá ❞❛❞❛ ♣♦r ❡❧ ♣❡❣❛❞♦

❞❡ ❧❛s s✉♣❡r✜❝✐❡s ❛ tr❛✈és ❞❡ ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s BX Ð Cm Ñ BY ✳ ❖❜s❡r✲
✈❡♠♦s q✉❡ ❡❧ ❞❛t♦ ❞❡ ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❡s ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♣♦❞❡r ♣❡❣❛r
❧❛s s✉♣❡r✜❝✐❡s ✐❞❡♥t✐✜❝❛♥❞♦ ❝♦♥ ❧❛ ❛②✉❞❛ ❞❡ ❧❛s ♠✐s♠❛s ② ❞❡ ❡st❛ ♠❛♥❡r❛ ♥♦
t❡♥❡r ❛♠❜✐❣ü❡❞❛❞ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥✳

❱❡❛♠♦s ✉♥ ❡❥❡♠♣❧♦✳ ❆❧ ❝♦♠♣♦♥❡r ❧❛s s✐❣✉✐❡♥t❡s s✉♣❡r✜❝✐❡s C2
X
ÝÑ C2

X 1

ÝÑ C1✿

✸❊♥ ❡❧ tr❛❜❛❥♦ ❞❡ ❙❡❣❛❧ ♥♦ s❡ ♣✐❞❡ q✉❡ ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s s❡❛♥ ❛♥❛❧ít✐❝❛s✱ ♣❡r♦ ❧✉❡❣♦
❡♥ ❧❛ ❧✐t❡r❛t✉r❛ s❡ s✉❡❧❡ ✐♥❝❧✉✐r ❡st❛ ❤✐♣ót❡s✐s ②❛ q✉❡ ♣❡r♠✐t❡ ❡❧ ♣❡❣❛❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛
❝♦♠♣❧❡❥❛ ❞❡ ❧❛s s✉♣❡r✜❝✐❡s✳
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s❡ ♦❜t✐❡♥❡ C2
X 1˝X
ÝÝÝÑ C1✿

▲❛ ❝❛t❡❣♦rí❛ ❛sí ❞❡✜♥✐❞❛ ♥♦ t✐❡♥❡ ✐❞❡♥t✐❞❛❞❡s✳ ❖❜✈✐❛♠❡♥t❡✱ s❡ ♣✉❡❞❡♥
❛❣r❡❣❛r ✐❞❡♥t✐❞❛❞❡s ❢♦r♠❛❧❡s✳ ●❡♦♠étr✐❝❛♠❡♥t❡ s❡ ♣✉❡❞❡ ♣❡♥s❛r q✉❡ ❧❛
✐❞❡♥t✐❞❛❞ ❡s ❡❧ ❝ír❝✉❧♦ S

1 ❝♦♠♦ ✉♥ ❝✐❧✐♥❞r♦ ❞❡ ❛❧t✉r❛ ♥✉❧❛✳ ❊st♦ ❡s✱ s❡
♣✐❡♥s❛ ❧❛ ✐❞❡♥t✐❞❛❞ ❝♦♠♦ ❡❧ ❧í♠✐t❡✿

ĺım
ǫÑ0`

S
1 ˆ r0, ǫs

❱♦❧✈❡r❡♠♦s ❛ ❡st♦ ♠ás ❛❞❡❧❛♥t❡ ❛❧ ❞❡✜♥✐r ❧♦s ❛♥✐❧❧♦s ❡stá♥❞❛r❡s✳

■r❡♠♦s ❛ú♥ ♠ás ❛❧❧á ❛❧ ❛❣r❡❣❛r t♦❞❛s ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❛♥❛❧ít✐❝❛s
❝♦♠♦ ✢❡❝❤❛s ❞❡ C1 ❡♥ C1✳ ◆♦t❛r❡♠♦s ♣♦r Dif ❛❧ ❣r✉♣♦ ❞❡ ❞✐❢❡♦✲
♠♦r✜s♠♦s ❛♥❛❧ít✐❝♦s ✭q✉❡ ♣r❡s❡r✈❛♥ ❧❛ ♦r✐❡♥t❛❝✐ó♥✮✳ P❡♥s❛r❡♠♦s ❧❛s
♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❞❡ S

1 ❝♦♠♦ ❝✐❧✐♥❞r♦s ❞❡ ❛❧t✉r❛ ♥✉❧❛✳

❙❡ t✐❡♥❡ ❡♥ ❡st❛ ❝❛t❡❣♦rí❛ ✉♥❛ ♦♣❡r❛❝✐ó♥ ✭♣❛r❝✐❛❧✮ ❡♥ ❧❛s ✢❡❝❤❛s q✉❡
❞❡♥♦t❛r❡♠♦s X ÞÑ X̌

j
i ❞❡✜♥✐❞❛ ❝✉❛♥❞♦ X t✐❡♥❡ ❛❧ ♠❡♥♦s ✉♥ ❝ír❝✉❧♦

❡♥tr❛♥t❡ ② ✉♥♦ s❛❧✐❡♥t❡✳ ❙❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ X ♣❡❣❛♥❞♦ ❡❧ i✲és✐♠♦
❝ír❝✉❧♦ ❡♥tr❛♥t❡ ② ❡❧ j✲és✐♠♦ s❛❧✐❡♥t❡✳

▲❛ ✉♥✐ó♥ ❞✐s❥✉♥t❛ ❞❛ ✉♥❛ ❡str✉❝t✉r❛ ♠♦♥♦✐❞❛❧ ❡♥RS✿ Cn\Cm “ Cn`m✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡✜♥✐r❡♠♦s ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡ ❝♦♠♦ ✉♥ ❝❛s♦
♣❛rt✐❝✉❧❛r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❣❡♥❡r❛❧ ❆✳✸✳ ❊s ❞❡❝✐r✱ ✉♥❛ ❈❋❚ s❡rá ✉♥ ❢✉♥t♦r
RS

U
ÝÑ Hilb ❞♦♥❞❡ Hilb ❞❡♥♦t❛ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❡s♣❛❝✐♦s ❞❡ ❍✐❧❜❡rt ✭② ♦♣❡✲

r❛❞♦r❡s ❛❝♦t❛❞♦s✮✳ ❙✐ H ❡s ✉♥ ❡s♣❛❝✐♦ ❞❡ ❍✐❧❜❡rt✱ ♥♦t❛r❡♠♦s ♣♦r UpHq ❛ ❧♦s
♦♣❡r❛❞♦r❡s ✉♥✐t❛r✐♦s ② CpHq ❛ ❧❛s ❝♦♥tr❛❝❝✐♦♥❡s✱ ❡s ❞❡❝✐r ❛ ❧♦s ♦♣❡r❛❞♦r❡s
❧✐♥❡❛❧❡s A t❛❧❡s }Av} ď }v}✳

❉❡✜♥✐❝✐ó♥ ❆✳✺✳ ✭♣r✐♠❡r❛ ✈❡rs✐ó♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥✮
❯♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡ ✭❡♥ ❞✐♠❡♥s✐ó♥ ✷✮ ❝♦♥s✐st❡ ❡♥ ✉♥ ❢✉♥t♦r
U : RS Ñ Hilb t❛❧ q✉❡✿

✶✹✷



♠♦♥♦✐❞❛❧✿ UpCn \ Cmq “ UpCnq b UpCmq✳
▲✉❡❣♦✱ s✐ ❧❧❛♠❛♠♦s H “ UpC1q✱ s❡ t✐❡♥❡ UpCnq “ Hbn✱ ② UpC0q “ C

tr❛③❛✿ ❚♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s UpXq P Hbn b H˚bm s♦♥ ❞❡ t✐♣♦ tr❛③❛✿
❙✐ ek ❡s ✉♥❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ H✱ ♣❛r❛ 1 ď i ď n, 1 ď j ď m s❡ t✐❡♥❡
ÿ

k

xUpXqpv1, . . . , vi´1, ek, vi`1, . . . , vn, w1, . . . , wj´1, ek, wj`1, . . . , wmy ă 8

♣❛r❛ v1s, w1s P H ❝✉❛❧❡sq✉✐❡r❛✳ ▲✉❡❣♦✱ s❡ t✐❡♥❡ ❞❡✜♥✐❞♦ ❡❧ ♦♣❡r❛❞♦r tri,j

❖❜s❡r✈❡♠♦s q✉❡ ❝♦♠♦ ❝♦♠♣♦♥❡r ❡s t♦♠❛r tr❛③❛ ❡♥tr❡ ❧❛s ❝♦♦r❞❡♥❛❞❛s
❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s ❝ír❝✉❧♦s q✉❡ s❡ ✐❞❡♥t✐✜❝❛♥✱ s❡ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞✿

UpX̌j
i q “ tri,j

`
UpXq

˘

❊❧ s❡♠✐❣r✉♣♦ C

❉❡✜♥✐❝✐ó♥ ❆✳✻✳ ❙❡❛ C Ă HomRSpC1, C1q ❡❧ s❡♠✐❣r✉♣♦ ❞❛❞♦ ♣♦r ❧♦s ❝✐❧✐♥✲
❞r♦s✳ ❊s ❞❡❝✐r✱ ✢❡❝❤❛s ❞❡ ❧❛ ❢♦r♠❛ Apa, bq “ tz P C : a ď |z| ď bu ♣❛r❛
a ă b P R ❝♦♥ ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❞❡ s✉s ❜♦r❞❡s✳

❊❥❡♠♣❧♦s✿ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ② ♣❛r❛ ✜❥❛r ♥♦t❛❝✐ó♥✱ ❞✐st✐♥❣✉✐r❡♠♦s ❛❧❣✉♥♦s
❡❧❡♠❡♥t♦s ❡♥ C✿

P❛r❛ q P C
ˆ
ă1✱ s❡❛ Aq “ tz P C : |q| ď |z| ď 1u ❝♦♥ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥

❡stá♥❞❛r ❞❡❧ ❝ír❝✉❧♦ ✉♥✐t❛r✐♦ ✭q✉❡ r❡s✉❧t❛ s❛❧✐❡♥t❡✮ ② ❝♦♥ ❧❛ ♣❛r❛♠❡tr✐✲
③❛❝✐ó♥ ❡stá♥❞❛r ❝♦♠❡♥③❛♥❞♦ ❡♥ q ❡♥ ❡❧ ❝ír❝✉❧♦ ❡♥tr❛♥t❡ ✭θ ÞÑ qeiθ✮✳

❙❡❛ E0 :“ tf : D ãÑ D̊ ❤♦❧♦♠♦r❢❛ : fp0q “ 0u✳
P♦❞❡♠♦s ♣❡♥s❛r E0 ãÑ C ✈í❛✿

f ÞÑ Af :“ D z Im f

❝♦♥ ❧❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❡stá♥❞❛r ❡♥ ❡❧ ❝ír❝✉❧♦ ✉♥✐t❛r✐♦ ② ❧❛ ✐♥❞✉❝✐❞❛ ♣♦r
❧❛ f ❡♥ ❡❧ ❝ír❝✉❧♦ ❡♥tr❛♥t❡✳

❙✐ ❝♦♥s✐❞❡r❛♠♦s q “ f 1p0q✱ t❡♥❡♠♦s f “ qg ❞♦♥❞❡✿

gpzq “ z `
ÿ

ką0

akz
k`1

❆❧ r❡❡♠♣❧❛③❛r zk ♣♦r eikθ ♣❛r❛ ❧♦s z ❞❡ ♠ó❞✉❧♦ ✶✱ t❡♥❡♠♦s ❧❛ ♣❛r❛♠❡✲
tr✐③❛❝✐ó♥ ❞❡❧ ❜♦r❞❡ ❡♥tr❛♥t❡✳ ❆sí✱ Af “ Aq ˝ g✳

✶✹✸



P✉♥t♦s ✐♠♣♦rt❛♥t❡s ❛❝❡r❝❛ ❞❡ t❡♦rí❛s ❝♦♥❢♦r♠❡s

❆♥t❡s ❞❡ ♣r♦s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s ❧♦s ♣✉♥t♦s ♠ás ✐♠♣♦rt❛♥t❡s ❛❝❡r❝❛ ❞❡
t❡♦rí❛s ❝♦♥❢♦r♠❡s✳

❊♥ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡ ❡❧ ✈❛❧♦r ❞❡ ✉♥❛ t❡♦rí❛ ❡♥ ❡❧ s❡♠✐❣r✉♣♦ C

❞❡ ❝✐❧✐♥❞r♦s q✉❡❞❛ ❞❡✜♥✐❞❛ ♣♦r s✉ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ✭❝♦♠♦ r❡♣r❡s❡♥t❛❝✐ó♥
❞❡❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦ ❆✳✷✸✮✳

P♦r ♦tr❛ ♣❛rt❡✱ ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡ ❡stá ❞❡t❡r♠✐♥❛❞❛ ♣♦r s✉ ✈❛❧♦r ❡♥ ❧❛s
s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ❝❡r♦✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ t❡♦rí❛ ❡♥
✉♥❛ s✉♣❡r✜❝✐❡ ❞❡ ❣é♥❡r♦ g ą 0 s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❛ ♣❛rt✐r ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛
t❡♦rí❛ ❡♥ ❧❛s s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ❝❡r♦✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❝✉❛❧q✉✐❡r s✉♣❡r✜❝✐❡
❞❡ ❘✐❡♠❛♥♥ s❡ ❝♦♥s✐❣✉❡ ♣❡❣❛♥❞♦ ❝✐❧✐♥❞r♦s ② ♣❛♥t❛❧♦♥❡s✱ ❞♦♥❞❡ ❧❛ s✉♣❡r✜❝✐❡
♣❛♥t❛❧ó♥ ❡s✿

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ❡❧✐❣❡ ✉♥ ♣❛♥t❛❧ó♥✿ ✉♥❛ s✉♣❡r✜❝✐❡ Y ❞❡ ❣é♥❡r♦ ❝❡r♦✱ ❞♦s
❝ír❝✉❧♦s ❡♥tr❛♥t❡s ② ✉♥♦ s❛❧✐❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ❧❛ s✉♣❡r✜❝✐❡ ❝♦♥ ❧❛ ❡str✉❝t✉r❛
♦♣✉❡st❛✱

Y

✱ s❡ t✐❡♥❡ q✉❡ ❝✉❛❧q✉✐❡r s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r
♣❡❣❛♥❞♦ Y,

Y

② ❝✐❧✐♥❞r♦s Aq✳

❖❜✈✐❛♠❡♥t❡✱ ❡st♦ ♥♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❝✉❛❧q✉✐❡r ❡❧❡❝❝✐ó♥ ❞❡ Y ❞é ❧✉❣❛r ❛ ✉♥❛
t❡♦rí❛ ❝♦♥❢♦r♠❡✳ ▼ás ❛ú♥✱ ❞❛t♦s ❝♦❤❡r❡♥t❡s ❛ ❣é♥❡r♦ ❝❡r♦ ♥♦ ❣❛r❛♥t✐③❛♥ q✉❡
❛ ❣é♥❡r♦ s✉♣❡r✐♦r s❡ t❡♥❣❛ ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r
❝✉á♥❞♦ ❡❧ ❣é♥❡r♦ ❝❡r♦ ❞❛ ❧✉❣❛r ❛ ✉♥❛ t❡♦rí❛ ❝♦♠♣❧❡t❛ ❤❛ s✐❞♦ ❡st✉❞✐❛❞♦
❡♥ ❬▼❙✽✾✱ ❩❤✉✾✻❪✳

P♦r ♦tr❛ ♣❛rt❡✱ ❡s ♣♦s✐❜❧❡ r❡str✐♥❣✐rs❡ só❧♦ ❛ s✉♣❡r✜❝✐❡s ❝♦♥ ✉♥ só❧♦ ❝ír❝✉❧♦
s❛❧✐❡♥t❡✳ ❊s ❞❡❝✐r✱ ❡❧ ✈❛❧♦r ❞❡ ❧❛ t❡♦rí❛ ❡♥ ❝✉❛❧q✉✐❡r s✉♣❡r✜❝✐❡ ❡s ❝❛❧❝✉❧❛❜❧❡
❛ ♣❛rt✐r ❞❡ ❧❛s s✉♣❡r✜❝✐❡s ❝♦♥ ✉♥❛ s♦❧❛ s❛❧✐❞❛✳ ❊st♦ ✐♠♣❧✐❝❛ q✉❡ ❧❛s t❡♦rí❛s
♣✉❡❞❡♥ ❡st✉❞✐❛rs❡ ❝♦♠♦ á❧❣❡❜r❛s s♦❜r❡ ❡❧ ♦♣❡r❛❞ S ✭q✉❡ ❞❡✜♥✐♠♦s ❛ ❝♦♥t✐✲
♥✉❛❝✐ó♥✮ ❡♥ ✈❡③ ❞❡ r❡♣r❡s❡♥t❛❝✐♦♥❡s ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❝♦❜♦r❞✐s♠♦ RS✳

✶✹✹



❚❡♦rí❛s ❝♦♥❢♦r♠❡s ❡♥ ❧❡♥❣✉❛❥❡ ♦♣❡rá❞✐❝♦

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ ❞❡s❝r✐❜✐r❡♠♦s ❧❛s t❡♦rí❛s ❝♦♥❢♦r♠❡s ❞❡ ♠❛♥❡r❛ ♦♣❡rá❞✐❝❛✳
▼ás ❛❞❡❧❛♥t❡ ❞❡✜♥✐r❡♠♦s ❡❧ ó♣❡r❛❞ ❞❡ ❈❛❝t✉s t♦♣♦❧ó❣✐❝♦ ②✱ ❞❡ ❡st❛ ♠❛♥❡r❛✱
❜✉s❝❛r❡♠♦s r❡❧❛❝✐♦♥❛r ❡❧ ❡st✉❞✐♦ ❞❡ t❡♦rí❛s ❝♦♥❢♦r♠❡s ❝♦♥ ❡❧ ❞❡❧ ♦♣❡r❛❞ Cacti✳

❉❡✜♥✐❝✐ó♥ ❆✳✼✳ ❈♦♥s✐❞❡r❛♥❞♦ só❧♦ s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥ ❝♦♥ ✉♥ só❧♦
❝ír❝✉❧♦ s❛❧✐❡♥t❡ s❡ t✐❡♥❡ ❡❧ ♦♣❡r❛❞ ✭t♦♣♦❧ó❣✐❝♦✮ ❞❡ ❙❡❣❛❧✱ S ❞❛❞♦ ♣♦r✿

Spnq “ RSpn, 1q

❝♦♥ ❝♦♠♣♦s✐❝✐ó♥ ❞❡✜♥✐❞❛ ♣♦r

Y ˝S

i X “ Y ˝RS
`
S
1 \ S

1 \ ¨ ¨ ¨ \

ihkkikkj
X \S

1 \ ¨ ¨ ¨ \ S
1
˘

❊s ❞❡❝✐r✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ i✲és✐♠❛ ❝♦♥s✐st❡ ❡♥ ♣❡❣❛r ❡♥ ❧❛ ❡♥tr❛❞❛ i✲
és✐♠❛ ❧❛s s✉♣❡r✜❝✐❡s ✐♥✈♦❧✉❝r❛❞❛s✳

❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ♣❛r❛ ❞♦s s✉♣❡r✜❝✐❡s ❞❡ ❘✐❡♠❛♥♥ ❡♥ S✱ ❧❛ ❝♦♠♣♦s✐❝✐ó♥
♣❛r❝✐❛❧ Y ˝i X ❞❡❧ ♦♣❡r❛❞ ❡stá ❞❛❞❛ ♣♦r ♣❡❣❛r ❡❧ ❝ír❝✉❧♦ s❛❧✐❡♥t❡ ❞❡ X ❛❧
i✲és✐♠♦ ❝ír❝✉❧♦ ❡♥tr❛♥t❡ ❞❡ Y ✳ P♦r ❡❥❡♠♣❧♦✱ s✐ X ② X 1 s♦♥ ❧❛s s✉♣❡r✜❝✐❡s✿

❊♥t♦♥❝❡s X 1 ˝1 X r❡s✉❧t❛✿

❖❜s❡r✈❛❝✐ó♥ ❆✳✽✳ ▲❛ ❝♦♠♣♦s✐❝✐ó♥ ♣❛r❝✐❛❧ r❡s♣❡t❛ ❣é♥❡r♦✳ ❊s ❞❡❝✐r✿

gpY ˝i Xq “ gpXq ` gpY q

✶✹✺



❉❡✜♥✐❝✐ó♥ ❆✳✾✳ ❉❡❜✐❞♦ ❛ ❡st♦✱ s❡ t✐❡♥❡ ❡❧ s✉❜♦♣❡r❛❞ S0 ❢♦r♠❛❞♦ ♣♦r ❧❛s
s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ❝❡r♦✳

❉❡✜♥✐❝✐ó♥ ❆✳✶✵✳ ❙❡ ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞ ❞❡ P❡q✉❡ñ♦s ❉✐s❝♦s ❊♥♠❛r❝❛❞♦s fD
❝♦♠♦ ❡❧ s✉❜♦♣❡r❛❞ ✭❝❢✳ ❬❍✉❛✾✽✱ ✻✳✹❪ ❞❡ S0 ❞❛❞♦ ♣♦r✿

fDpnq “

#
pz1, . . . , zn, q1, . . . , qnq P C

2n t❛❧❡s q✉❡

#
B|qi|pziq Ă D @i

B|qi|pziq X B|qi|pzjq “ H @i ‰ j

+

❉♦♥❞❡ Brpzq “ tw P C : |z ´ w| ă ru ② r❡❝♦r❞❡♠♦s q✉❡ D “ B1p0q ❡s ❡❧
❝ír❝✉❧♦ ✉♥✐t❛r✐♦✳ ▲❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❞❛❞❛ ✉♥♦s ♣❛rá♠❡tr♦s zi, qi ❞❡ ❡st❛
❢♦r♠❛ ❡s✿

Xpzi, qiq “ Dz
ď

i

B|qi|pziq

❉♦♥❞❡ ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s s♦♥ ❡stá♥❞❛r❡s ❝♦♠❡♥③❛♥❞♦ ❡♥ qi ♣❛r❛ ❡❧ i✲és✐♠♦
❝ír❝✉❧♦ ❡♥tr❛♥t❡ ② ❡♥ 1 ♣❛r❛ ❡❧ s❛❧✐❡♥t❡✳ ❊st♦ ❡s t ÞÑ zi ` qe2πt ② t ÞÑ e2πt

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❛❝✐ó♥ ❆✳✶✶✳ ❊❧ s❡♠✐❣r✉♣♦ C
ˆ
ă1 ❡s ✉♥ s✉❜♦♣❡r❛❞ ❞❡ fD ✈í❛ q ÞÑ Aq✳

❉❛❞❛ ✉♥❛ ❈❋❚✱ s❡ t✐❡♥❡ ❡♥t♦♥❝❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ fD✱ ✉♥❛ t❡♦rí❛ ❛ ❣é♥❡r♦ ❝❡r♦✳
P♦r ❡❧ ❛r❣✉♠❡♥t♦ ❞❡❧ ❛♣❛rt❛❞♦ ❆ ❞♦s t❡♦rí❛s ❝♦✐♥❝✐❞❡♥ s✐ ❧♦ ❤❛❝❡♥ ❡♥ fD ②
C ✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ á❧❣❡❜r❛ vir ♦ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ s✉s
❝❛♠♣♦s ♣r✐♠❛r✐♦s✮✳

❖♣❡r❛❞ ❞❡ ❝❛❝t✉s t♦♣♦❧ó❣✐❝♦

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡✜♥✐r❡♠♦s ✉♥ ❝❛❝t✉s t♦♣♦❧ó❣✐❝♦ ② ♣♦st❡r✐♦r♠❡♥t❡ ❧❛ ❡str✉❝✲
t✉r❛ ♦♣❡rá❞✐❝❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧♦s ❝❛❝t✉s✳ ❊❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s t♦♣♦❧ó❣✐❝♦
s❡ ❞❡❜❡ ❛ ❱♦r♦♥♦✈ ❬❱♦r✵✺❪✳ ❊❧ ♠✐s♠♦ ♣✉❡❞❡ ♣❡♥s❛rs❡ ❝♦♠♦ ✉♥❛ ✈❡rs✐ó♥
✐♥✜♥✐t❡s✐♠❛❧ ❞❡❧ ♦♣❡r❛❞ S ❝♦♠♦ ❡①♣❧✐❝❛r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✳

❉❡✜♥✐❝✐ó♥ ❆✳✶✷✳ ❯♥ ❝❛❝t✉s t♦♣♦❧ó❣✐❝♦ ❞❡ n ❧ó❜✉❧♦s ✭n P N✮ ❝♦♥s✐st❡ ❡♥ ❧❛
s✐❣✉✐❡♥t❡ ❝♦❧❡❝❝✐ó♥ ❞❡ ❞❛t♦s

n ❝♦♣✐❛s ❞❡ S1 ❝♦♠♦ ❡s♣❛❝✐♦ t♦♣♦❧ó❣✐❝♦ ♣✉♥t❡❛❞♦ ✭❞✐st✐♥❣✉✐❡♥❞♦ 1 P S
1✮

q✉❡ ❧❧❛♠❛r❡♠♦s ❧♦s ❧ó❜✉❧♦s ❞❡❧ ❝❛❝t✉s✱ ♥✉♠❡r❛❞♦s ❞❡ 1 ❛ n✳ ❆❧ ♣✉♥t♦
❞✐st✐♥❣✉✐❞♦ ❧♦ ❧❧❛♠❛r❡♠♦s ❡❧ ♣✉♥t♦ ❜❛s❡ ❞❡❧ ❧ó❜✉❧♦ ② ❧♦ ♥♦t❛r❡♠♦s ‚i✳
❈❛❞❛ ❧ó❜✉❧♦✱ t❡♥❞rá ✉♥❛ ❧♦♥❣✐t✉❞ ri ą 0✳ ▲❧❛♠❛r❡♠♦s ❧❛ ❧♦♥❣✐t✉❞ t♦t❛❧
❞❡❧ ❝❛❝t✉s ❛ R “

ř
ri✳

✶✹✻



❯♥ ♣✉♥t♦ t‚u✱ ❧❛ r❛í③ ❞❡❧ ❝❛❝t✉s ② ♣❛r❛ ❝❛❞❛ ❧ó❜✉❧♦ i✱ ✉♥ ❝♦♥❥✉♥t♦
✜♥✐t♦ Pi Ă S

1 ✭♣♦s✐❜❧❡♠❡♥t❡ ✈❛❝í♦✮ ❞❡ ♣✉♥t♦s ❡♥ ❡❧ i✲és✐♠♦ ❧ó❜✉❧♦ t❛❧
q✉❡ 1 R Pi✳ ▲❧❛♠❡♠♦s P ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❡st♦s ♣✉♥t♦s✱ ❡s ❞❡❝✐r✱
P “ t‚u Y

Ť
i

Pi✳

❯♥❛ ❛s✐❣♥❛❝✐ó♥ s✉r②❡❝t✐✈❛ p : t‚1, . . . , ‚nu Ñ P t❛❧ q✉❡ pp‚iq R Pi q✉❡
✐♥❞✐❝❛rá ❞ó♥❞❡ s❡ ♣❡❣❛ ❝❛❞❛ ❧ó❜✉❧♦✳ ▼ás ❛ú♥✱ s✐ s❡ ❞❡t❡r♠✐♥❛ a ă ‚i
♣❛r❛ t♦❞♦ a P Pi ② ‚i ă pp‚iq ❡st♦ ❞❡❜❡ s❡r ✉♥ ♦r❞❡♥ ❡♥ ❡❧ ❝♦♥❥✉♥t♦
P \ t‚1, . . . , ‚nu ✭② ❧❛ r❛í③ r❡s✉❧t❛ ❡❧ ♠í♥✐♠♦✮✳

❯♥ ♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ p´1pxq ♣❛r❛ ❝❛❞❛ x P P ✳

P❛r❛ ❝❛❞❛ ❧ó❜✉❧♦ i ✉♥ ♣✉♥t♦ ❞✐st✐♥❣✉✐❞♦✱ ❧❛ ❡s♣✐♥❛✱ ei P S
1✳

❯♥ ❝❛❝t✉s s❡ ❞✐rá s✐♥ ❡s♣✐♥❛s s✐ ❡♥ t♦❞♦ ❧ó❜✉❧♦ ❧❛ ❡s♣✐♥❛ ❝♦✐♥❝✐❞❡ ❝♦♥ ❡❧ ♣✉♥t♦
❞✐st✐♥❣✉✐❞♦ ❞❡ ❝❛❞❛ ❧ó❜✉❧♦✳ ❊s ❞❡❝✐r✱ ξi “ 1 P S

1 @i✳

❖❜s❡r✈❛❝✐ó♥ ❆✳✶✸✳ ❯♥ ❝❛❝t✉s s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ❣rá✜❝❛♠❡♥t❡ ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳

✐✳ P♦r ❝❛❞❛ ❧ó❜✉❧♦ i s❡ ❞✐❜✉❥❛ ❡♥ ❡❧ ♣❧❛♥♦ ✉♥❛ ❝✉r✈❛ s✐♠♣❧❡ ❞❡ ❧♦♥❣✐t✉❞ ri✳

✐✐✳ ❊♥ ❝❛❞❛ ❝✉r✈❛ s❡ ♠❛r❝❛♥ s✉ ♣✉♥t♦ ❜❛s❡✱ ❧♦s ♣✉♥t♦s Pi ② ❧❛ ❡s♣✐♥❛ ei✳

✐✐✐✳ ❙❡ ♣❡❣❛ ❡❧ ♣✉♥t♦ ❜❛s❡ ❞❡❧ i✲és✐♠♦ ❧ó❜✉❧♦ ❛❧ ♣✉♥t♦ ppiq✳

✐✈✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ♠ás ❞❡ ✉♥ ♣✉♥t♦ ❜❛s❡ s❡ ♣❡❣✉❡ ❛❧ ♠✐s♠♦ ♣✉♥t♦ x
❡♥ ❡❧ k✲és✐♠♦ ❧ó❜✉❧♦✱ s❡ ✉t✐❧✐③❛ ❡❧ ♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ p´1pxq ❞❡ ♠❛♥❡r❛ t❛❧
q✉❡ s✐ s❡ r❡❝♦rr❡ ❧❛ ❝✉r✈❛ k✲és✐♠❛ ❡♥ s❡♥t✐❞♦ ❛♥t✐❤♦r❛r✐♦ ❛❧ ❧❧❡❣❛r ❛ x s❡
❡♥❝✉❡♥tr❛♥ ❧♦s ❧ó❜✉❧♦s ♣❡❣❛❞♦s ❡♥ ❡❧ ♦r❞❡♥ ❞❛❞♦✳

P♦r ❝♦♥✈❡♥❝✐ó♥✱ s✐❡♠♣r❡ ❞✐❜✉❥❛r❡♠♦s ✉♥ ❝❛❝t✉s ❝♦♥ ❧❛ r❛í③ ❛❜❛❥♦ ② ❡♥ ❡❧ ❝❛s♦
❞❡ q✉❡ ✈❛r✐♦s ❧ó❜✉❧♦s s❡ ♣❡❣✉❡♥ ❡♥ ❧❛ r❛í③✱ ❡❧ ♦r❞❡♥ ❡♥ ❧♦s ♠✐s♠♦s ❝♦♠♦ ❞❡
❞❡r❡❝❤❛ ❛ ✐③q✉✐❡r❞❛✳ ▲❛ ❝♦♥❞✐❝✐ó♥ ❞❡ q✉❡ ă ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣❡❣❛❞♦
p s❡❛ ✉♥ ♦r❞❡♥ ♥♦s ❞✐❝❡ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❢♦r♠❛❞♦ ♣♦r ❧❛s ❝✉r✈❛s ② s✉s ✐♥t❡r✐♦r❡s
❡s ❝♦♥trá❝t✐❧✳

❊❥❡♠♣❧♦✿ ❊❧ s✐❣✉✐❡♥t❡ ❞✐❜✉❥♦ r❡♣r❡s❡♥t❛ ❛❧ ❝❛❝t✉s ❞❡ 5 ❧ó❜✉❧♦s ❞❛❞♦ ♣♦r

P1 “ tcu, P2 “ P4 “ P5 “ H, P3 “ ta, bu

pp1q “ pp2q “ b, pp3q “ ‚, pp4q “ c, pp5q “ a

❡❧ ♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ ρ´1pbq ❡s 2 ă 1 ② ❧❛s ❡s♣✐♥❛s e1, e2 “ 1, e3 “ a, e4, e5✳
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4

15

3

2
b

a

c

e4 e1e5

◆♦t❛r q✉❡ ❧❛ ❛s✐❣♥❛❝✐ó♥ p ❞❡t❡r♠✐♥❛ ❛r❝♦s ❡♥ ❝❛❞❛ ❧ó❜✉❧♦✱ ❝❛❞❛ ✉♥♦ ❝♦♥ s✉
❧♦♥❣✐t✉❞✳ ❙✐ ♦❧✈✐❞❛♠♦s ❡st❛s ❧♦♥❣✐t✉❞❡s✱ ♦❜t❡♥❡♠♦s ❧♦ q✉❡ ❤❡♠♦s ❞❡♥♦♠✐♥❛❞♦
✉♥ ❡sq✉❡♠❛ ❞❡ ✉♥ ❝❛❝t✉s ✭✈❡r ❞❡✜♥✐❝✐ó♥ ✷✳✺✳

❉❡ ♠❛♥❡r❛ ❣rá✜❝❛✱ ❡❧ ❡sq✉❡♠❛ s❡ ♣✉❡❞❡ r❡❝✉♣❡r❛r ❞❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❣rá✜❝❛
❞❡ ✉♥ ❝❛❝t✉s t♦♣♦❧ó❣✐❝♦ ❝♦♠♦ ❡❧ ❞✐❜✉❥♦ ❞♦♥❞❡ só❧♦ ✐♠♣♦rt❛ ❝✉á♥t♦s ♣✉♥t♦s
❤❛② s♦❜r❡ ❝❛❞❛ ❧ó❜✉❧♦ ② ❝ó♠♦ ést♦s s❡ ♣❡❣❛♥ s❡❣ú♥ ❧❛ ❛s✐❣♥❛❝✐ó♥ p✳

❊❧ ❡sq✉❡♠❛ ❞❡❧ ❝❛❝t✉s ❛♥t❡s ❞✐❜✉❥❛❞♦ ❡s✿

4

15

3

2

▲❧❛♠❡♠♦s Esqpnq ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❧♦s ❡sq✉❡♠❛s ❞❡ ❝❛❝t✉s ❞❡ n ❧ó❜✉❧♦s✳
❊❧ ❡sq✉❡♠❛ ❞❡ ✉♥ ❝❛❝t✉s ❡stá ❞❡t❡r♠✐♥❛❞♦ ❡♥t♦♥❝❡s ♣♦r n, ki “ 7Pi, p ② ❡❧
♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ ❝❛❞❛ p´1p‚jq ② p´1p‚q✳ ❊s ❞❡❝✐r✱ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❧ó❜✉❧♦s✱ ♣✉♥t♦s
❡♥ ❝❛❞❛ ❧ó❜✉❧♦ ② ❧❛ ✐♥❞✐❝❛❝✐ó♥ ❞❡ ❞ó♥❞❡ s❡ ♣❡❣❛ ❝❛❞❛ ❧ó❜✉❧♦✳

❯♥ ❝❛❝t✉s Xn ❞❡ n✲❧ó❜✉❧♦s ❡stá ❞❡t❡r♠✐♥❛❞♦ ❡♥t♦♥❝❡s ♣♦r✿

❙✉ ❡sq✉❡♠❛ c P Esqpnq✳

▲❛ ❧♦♥❣✐t✉❞ ❞❡ s✉s ❧ó❜✉❧♦s ri P Rą0 ✭♣❛r❛ i “ 1, . . . , n✮✳

▲❛ ♣♦s✐❝✐ó♥ ❞❡ ❧❛s ❡s♣✐♥❛s ei P S
1✳

▲❛ ❧♦♥❣✐t✉❞ ❞❡ t♦❞♦s ❧♦s ❛r❝♦s✳

▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❞❛❞♦ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❛r❝♦s ❞❡t❡r♠✐♥❛❞♦s ❡♥ ❡❧ i✲és✐♠♦
❧ó❜✉❧♦ ❡s ki ` 2✱ ❧❧❛♠❡♠♦s xi0, . . . , x

i
ki`1 ❛ ❞✐❝❤❛s ❧♦♥❣✐t✉❞❡s✳

✶✹✽



❊s ❝❧❛r♦ q✉❡
ř
t x

i
t “ ri✳ ❙✐ ait :“ xit{ri✱ s❡ t✐❡♥❡

ř
t a

i
t “ 1✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱

❡❧ ✈❡❝t♦r ai ♣❡rt❡♥❡❝❡ ❛❧ ki sí♠♣❧✐❝❡ ❡stá♥❞❛r✱ ∆ki ❝♦♥ aij ą 0 @j✳

●❡♦♠étr✐❝❛♠❡♥t❡✱ ❡❧ ❤❡❝❤♦ ❞❡ ❛s✐❣♥❛r ✈❛❧♦r ♥✉❧♦ ❛ ❧♦s ❛r❝♦s s❡ ✐♥t❡r♣r❡t❛
❝♦♠♦ q✉❡ ❧♦s ♣✉♥t♦s q✉❡ ❧♦ ❞❡t❡r♠✐♥❛♥ ❝♦✐♥❝✐❞❡♥✳ ❙✉♣♦♥❣❛♠♦s q✉❡ s❡ aij “ 0✱
❡s ❞❡❝✐r✱ ❡❧ j✲és✐♠♦ ❛r❝♦ ❞❡❧ i✲és✐♠♦ ❧ó❜✉❧♦ t✐❡♥❡ ❧♦♥❣✐t✉❞ ♥✉❧❛✳ ❊♥ ❡st❡ ❝❛s♦✱
❡♥ ❡❧ ❞✐❜✉❥♦ j ` 1 ② j ` 2 ❝♦✐♥❝✐❞✐rí❛♥✳
❙❡❛ c ✉♥ ❡sq✉❡♠❛ ❞❡ n ❧ó❜✉❧♦s✳ ❈♦♥str✉✐♠♦s cij ❡❧ ❡sq✉❡♠❛ ❞❡ n ❧ó❜✉❧♦s ❞❛❞♦
♣♦r✿

k1
s “

#
ks s✐ s ‰ i

ks ´ 1 s✐ s “ i

ρ1psq “

#
ρpsq s✐ s ‰ i ó ρpsq ď j ` 1

ρps ´ 1q ❡♥ ♦tr♦ ❝❛s♦

❆❞❡♠ás✱ ❡❧ ♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ ρ1´1pj`1q “ ρ´1pj`1q\ρ´1pj`2q ❡s ❥✉st❛♠❡♥t❡
❡❧ ✐♥❞✉❝✐❞♦ ♣♦r ❡st❛ ✉♥✐ó♥ ❞✐s❥✉♥t❛✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❡❧ ❡sq✉❡♠❛ c1 s❡
❝♦♥str✉②❡ ❛ ♣❛rt✐r ❞❡ c ❡❧✐♠✐♥❛♥❞♦ ❡❧ j` 2✲és✐♠♦ ♣✉♥t♦ ❡♥ ❞❡❧ i✲és✐♠♦ ❧ó❜✉❧♦
② ❥✉♥t❛♥❞♦ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❧♦s ♣✉♥t♦s j`1 ② j`2✳ P♦r ❡❥❡♠♣❧♦✱ ❛❧ ❡❧✐♠✐♥❛r
❞❡❧ ❡sq✉❡♠❛ r❡♣r❡s❡♥t❛❞♦ ❛♥t❡s ❡❧ s❡❣✉♥❞♦ ❛r❝♦ ❞❡❧ t❡r❝❡r ❧ó❜✉❧♦ s❡ ♦❜t✐❡♥❡✿

4

15

3

2

❊♥t♦♥❝❡s✱ ✉♥ ❝❛❝t✉s X ❞❡ ❡sq✉❡♠❛ c t❛❧ q✉❡ aij “ 0 ❡s ❡q✉✐✈❛❧❡♥t❡ ❛❧ ❝❛❝t✉s
X 1 ❞❡ ❡sq✉❡♠❛ cij✱ ♠✐s♠♦s ♣❛rá♠❡tr♦s ri ② ❧♦♥❣✐t✉❞❡s ❞❡ ❛r❝♦s✿

ast “

#
ast s✐ s ‰ i ó t ă j

ast`1 ❡♥ ♦tr♦ ❝❛s♦

❊s ❞❡❝✐r✱ ❡❧ ❝❛❝t✉s X 1 t✐❡♥❡ ❧♦s ♠✐s♠♦s ❛r❝♦s ♦r✐❣✐♥❛❧❡s s❛❧✈♦ ❡❧ j✲és✐♠♦ ❞❡❧
i✲és✐♠♦ ❧ó❜✉❧♦ q✉❡ s❡ ❡❧✐♠✐♥ó✳

❊♥ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ♥♦t❛r❡♠♦s ❛ ❡st❛ r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ♣♦r „✳
❖❜s❡r✈❡♠♦s ❛❞❡♠ás q✉❡✱ ❡st❛ r❡❧❛❝✐ó♥ ❡stá ❜❛s❛❞❛ ❡♥ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❞❡❧
sí♠♣❧✐❝❡ ∆ki´1 ❝♦♠♦ j✲és✐♠❛ ❝❛r❛ ❞❡❧ sí♠♣❧✐❝❡ ∆ki ✳
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❉❡✜♥✐❝✐ó♥ ❆✳✶✹✳ ❊❧ ♦♣❡r❛❞ ❞❡ ❈❛❝t✉s ❚♦♣♦❧ó❣✐❝♦ s❡ ❞❡✜♥❡ ❝♦♠♦✿

T opCapnq ❡s ❡❧ ❡s♣❛❝✐♦ t♦♣♦❧ó❣✐❝♦ ❞❡ t♦❞♦s ❧♦s ❝❛❝t✉s ❞❡ n✲❧ó❜✉❧♦s✳ P♦r ❧❛
♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❡st❡ ❝♦♥❥✉♥t♦ ♣✉❡❞❡ ♣r❡s❡♥t❛rs❡ ❝♦♠♦✿

T opCapnq “
´ ž

cPCpnq

nź

i“1

`
Rą0 ˆ S

1 ˆ ∆ki
˘¯

{ „

② ❛sí s❡ ❞❡✜♥❡ s✉ t♦♣♦❧♦❣í❛✳

P❛r❛ n,m P N, i P 1, . . . , n✱ ❞❡✜♥✐r❡♠♦s ❧❛ i✲és✐♠❛ ❝♦♠♣♦s✐❝✐ó♥

T opCapnq “ ˝i : T opCapnq ˆ T opCapmq Ñ T opCapn ` m ´ 1q

✈í❛ ❡❧ ♣❡❣❛❞♦ ❞❡ ❝❛❝t✉s q✉❡ ❞❡✜♥✐r❡♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳
❉❛❞♦s ❧♦s ❝❛❝t✉s Xn P T opCapnq ② Xm P T opCapmq✱ ❡❧ ❝❛❝t✉s Xn ˝i Xm P
T opCapn ` m ´ 1q s❡ ❞❡✜♥❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳
❙❡ r❡♣❛r❛♠❡tr✐③❛ ❡❧ i✲és✐♠♦ ❝ír❝✉❧♦ ❞❡ Xn ✈í❛ t ÞÑ RXm

t ✭② ❞❡ ❡st❛ ♠❛♥❡r❛ s❡
❝♦♥s✐❣✉❡ q✉❡ t❡♥❣❛ ❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❝❛❝t✉s Xm✮✳ ▲✉❡❣♦ s❡ ✐❞❡♥t✐✜❝❛ ❡❧ ❝ír❝✉❧♦
❡①t❡r✐♦r ❞❡ Xm ❝♦♥ ❡❧ ✐♥t❡r✐♦r ❞❡ i✲és✐♠♦ ❞❡ Xn ❝♦♥s❡r✈❛♥❞♦ ❧❛ ♦r✐❡♥t❛❝✐ó♥
② ❞❡ ♠❛♥❡r❛ t❛❧ q✉❡ ❧❛ r❛í③ ❞❡ Xm ❝♦✐♥❝✐❞❛ ❝♦♥ ❧❛ ❡s♣✐♥❛✳ ❉❡ ❡st❛ ♠❛♥❡r❛
❡❧ i✲és✐♠♦ ❝ír❝✉❧♦ ❞❡ Xn ❡s r❡❡♠♣❧❛③❛❞♦ ♣♦r ❡❧ ❝❛❝t✉s Xm P❛r❛ ✜♥❛❧✐③❛r✱ s❡
❡t✐q✉❡t❛♥ ❧♦s ❝ír❝✉❧♦s ❞❡❧ ❝❛❝t✉s r❡s✉❧t❛♥t❡ ✉t✐❧✐③❛♥❞♦ t1, ¨ ¨ ¨ , i ´ 1u ♣❛r❛
❧♦s ❝ír❝✉❧♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ Xn ❝♦♥ ❡t✐q✉❡t❛ ♠❡♥♦r ❛ i❀ ♣♦r ♦tr❛ ♣❛rt❡✱
ti, ¨ ¨ ¨ , i ` m ´ 1u ♣❛r❛ ❧♦s ❝ír❝✉❧♦s t1, ¨ ¨ ¨ ,mu ♣r♦✈❡♥✐❡♥t❡s ❞❡ Xm❀ ② ♣♦r
ú❧t✐♠♦ ti`m, ¨ ¨ ¨ ,m` nu ♣❛r❛ ❧♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ Xn ❝♦♥ ❡t✐q✉❡t❛ ♦r✐❣✐♥❛❧
ti ` 1, ¨ ¨ ¨ , nu✳

❉❡✜♥✐♠♦s t❛♠❜✐é♥ uT opCa ❝♦♠♦ ❡❧ s✉❜♦♣❡r❛❞ ❞❛❞♦ ♣♦r

uT opCapnq “ tX P T opCapnq | @i : ri “ 1u

◆♦t❛r q✉❡ uT opCapnq ãÑ T opCapnq ❡s ✉♥ r❡tr❛❝t♦ ❞❛❞♦ ♣♦r ❞❡❢♦r♠❛r ❧♦s
♣❛rá♠❡tr♦s ri ❛ 1✳
▲♦s ❝❛❝t✉s s✐♥ ❡s♣✐♥❛s ❢♦r♠❛♥ ✉♥ s✉❜♦♣❡r❛❞ q✉❡ ♥♦t❛r❡♠♦s sT opCa✳ P♦r
ú❧t✐♠♦✱ t❛♠❜✐é♥ t❡♥❡♠♦s

suT opCa “ sT opCa X uT opCa

❖❜s❡r✈❛❝✐ó♥ ❆✳✶✺✳ ◆♦t❡♠♦s q✉❡ ❛❧ ❝♦♥s✐❞❡r❛r ❡❧ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ S
1

s❡ t✐❡♥❡
S
1 “ uT opCap1q Ă T opCap1q
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❊st♦ ❡s ❛♥á❧♦❣♦ ❛ C Ă RSp1, 1q✳ ▼ás ❛ú♥✱ r❡❝♦r❞❡♠♦s q✉❡ ♥♦s ♣❡r♠✐tí❛♠♦s
❝♦♥s✐❞❡r❛r ❝✐❧✐♥❞r♦s Aq ♥♦ só❧♦ ♣❛r❛ q P C

ˆ
ă1 s✐♥♦ t❛♠❜✐é♥ ♣❛r❛ q ❞❡ ♠ó❞✉❧♦

✉♥✐t❛r✐♦✳ ❊s ❞❡❝✐r✱ ❡♥ ❧❛ ✐♥❝❧✉s✐ó♥ ✭❞❡ s❡♠✐❣r✉♣♦s✮

S
1

ãÑ C
ˆ
ď1

♣❡♥s❛♠♦s ❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ S
1 ❝♦♠♦ ❝✐❧✐♥❞r♦s ❞❡ ❛❧t✉r❛ ❝❡r♦✳ ❊①t❡♥❞✐❡♥❞♦

❡st❛ ❛♥❛❧♦❣í❛✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❛ ❧♦s ❝❛❝t✉s ❧í♠✐t❡s ❞❡ s✉♣❡r✜❝✐❡s ❡♥ S0✳
P♦r ❡❥❡♠♣❧♦✱ ✉♥ ❝❛❝t✉s ❞❡ ❞♦s ❧ó❜✉❧♦s s❡ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ❧í♠✐t❡ ❞❡ ✉♥❛
s✉♣❡r✜❝✐❡ ♣❛♥t❛❧ó♥✿

2 1 Ñ 2 1

❱✐❡♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ ❡❥❡♠♣❧♦✱

2 1 “ ˝ 2 1

♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ ❡❧ ❝❛❝t✉s 2 1 ❝♦❞✐✜❝❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ✐♥st❛♥tá♥❡❛ ❞❡
✉♥❛ t❡♦rí❛✱ ❡s ❞❡❝✐r ❡❧ ♣❛s♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ❞♦s ❝ír❝✉❧♦s ❞❡ ❡♥tr❛❞❛ ❛ ✉♥♦✳
❊stá ❢✉❡r❛ ❞❡❧ ❡st✉❞✐♦ ❞❡ ❡st❛ t❡s✐s ❡♥❝♦♥tr❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❡♥ ❧❛s q✉❡ s❡
♣✉❡❞❡ t♦♠❛r ❧í♠✐t❡ ② ❝❛❧❝✉❧❛r ❡❧ ✈❛❧♦r q✉❡ ✉♥❛ t❡♦rí❛ ❞❛❞❛ ✐♥❞✉❝❡ ❡♥ ❧♦s
❝❛❝t✉s✳ ▼ás ❜✐❡♥ ❡st♦ r❡s✉❧t❛ ✉♥❛ ♠♦t✐✈❛❝✐ó♥ ♣❛r❛ ❡st✉❞✐❛r ❡❧ ❞✐❝❤♦ ♦♣❡r❛❞✳

P❛r❛ ✜♥❛❧✐③❛r ❧❛ s❡❝❝✐ó♥ ✐♥❝❧✉✐♠♦s ✉♥ ❜r❡✈❡ ❛♣❛rt❛❞♦ s♦❜r❡ t❡♦rí❛s t♦♣♦❧ó❣✐❝❛s
❝♦♥❢♦r♠❡s✳ ▲❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❡st❡ t❡♠❛ ♥♦ ❜✉s❝❛ s❡r ♣r♦❢✉♥❞❛ ❡♥ ❧❛s s✉t✐✲
❧❡③❛s ♥✐ ❡①❤❛✉st✐✈❛ ❡♥ ❧♦s ❞❡t❛❧❧❡s✳ ❙❡♥❝✐❧❧❛♠❡♥t❡✱ ❧❛ ✐♥t❡♥s✐ó♥ ❡s ♣r❡s❡♥t❛r✱
✈❛❧✐é♥❞♦♥♦s ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❛♥t❡r✐♦r✱ ❛❧ ♦♣❡r❛❞ Cacti ❝♦♠♦ ✉♥❛ ✈❡rs✐ó♥
❝♦♠❜✐♥❛t♦r✐❛ ② s✐♠♣❧✐✜❝❛❞❛ ❞❡❧ ♦♣❡r❛❞ S0✳

❚❡♦rí❛s t♦♣♦❧ó❣✐❝❛s ❝♦♥❢♦r♠❡s

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ s❡ ❡st✉❞✐❛ ❡❧ ♦♣❡r❛❞ Cacti ♣❡r♦ ❞❡s❞❡ ✉♥❛ ♣❡rs♣❡❝t✐✈❛
❝♦♠♣❧❡t❛♠❡♥t❡ ❛❧❣❡❜r❛✐❝❛✳ ❇✉s❝❛♠♦s ❡♥ ❛q✉í ♣r❡s❡♥t❛r❧♦ ❝♦♠♦ ✉♥ ♠♦❞❡❧♦
s✐♠♣❧✐✜❝❛❞♦ ❞❡ t❡♦rí❛s t♦♣♦❧ó❣✐❝❛s ❝♦♥❢♦r♠❡s ✭❛ ❣é♥❡r♦ ❝❡r♦✮✳ P❛r❛ ❡st♦✱

✶✺✶



♣❡♥s❛r❡♠♦s ❛ ❧♦s ♦♣❡r❛❞s Cact ② Cacti ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

Cactpnq “ Csimpl
˚

´
uT opCapnq

¯

Cactipnq “ Csimpl
˚

´
suT opCapnq

¯

❞♦♥❞❡ Csimpl
˚ ❞❡♥♦t❛ ❡❧ ❢✉♥t♦r ❞❡ ❝❛❞❡♥❛s ❝❡❧✉❧❛r❡s✳ ❊♥ r❡❧❛❝✐ó♥ ❛ ❡st♦✱ ♥♦t❡♠♦s

q✉❡ ❛ ♣❛rt✐r ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❆✳✶✹ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❝❡❧✉❧❛r ❞❡❧ ❡s♣❛❝✐♦
suT opCapnq ❞♦♥❞❡ ❧❛s ❝❡❧❞❛s s❡ ✐♥❞❡①❛♥ ♣♦r ❧♦s ❡sq✉❡♠❛s ❞❡ ❝❛❝t✉s✳

P♦r ❡❥❡♠♣❧♦✱ ✉♥ ✶✲sí♠♣❧✐❝❡ ❡stá ❞❛❞♦ ♣♦r✿

1

2

12 1 2

❯♥ ✷✲sí♠♣❧✐❝❡ ❡s✱ ♣♦r ❡❥❡♠♣❧♦✿

1
2

3

1

23

1

2

3 2
1

3

2
3

1

1

23

2
1

3

▲♦ q✉❡ ❜✉s❝❛♠♦s ✐❧✉str❛r ❡♥t♦♥❝❡s ❡s ❧❛ ❣❡♦♠❡trí❛ ❞❡ ❧♦s ❡s♣❛❝✐♦s suT opCapnq
❡s ❝❛♣t✉r❛❞❛ ♣♦r ❧♦s ❧♦s ❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s Cactipnq ✭②❛ q✉❡ ❝♦rr❡s♣♦♥❞❡♥
❛ s✉ ❝♦♠♣❧❡❥♦ ❞❡ ❝❛❞❡♥❛s ❝❡❧✉❧❛r❡s✮ ❝✉②❛ ❞❡s❝r✐♣❝✐ó♥ ❛❧❣❡❜r❛✐❝❛ ② ❝♦♠❜✐♥❛✲
t♦r✐❛ ❤❡♠♦s ❞❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ♦♣❡r❛❞ Cacti ❡s ✉♥❛
❧✐♥❡❛❧✐③❛❝✐ó♥ ❞❡❧ ♦♣❡r❛❞ t♦♣♦❧ó❣✐❝♦ suT opCa✳ ❊st♦ ❡s ❛♥á❧♦❣♦ ❛ ❧♦ q✉❡ ♦❝✉rr❡
❡♥ t❡♦rí❛s t♦♣♦❧ó❣✐❝❛s ❝♦♥❢♦r♠❡s✱ q✉❡ ❞❡✜♥✐♠♦s ❛ ❝♦♥t✐♥✉❛❝✐ó♥✳

❯♥❛ t❡♦rí❛ t♦♣♦❧ó❣✐❝❛ ❝♦♥❢♦r♠❡ ♦ ❚❈❋❚ ❡s ✉♥❛ t❡♦rí❛ t♦♣♦❧ó❣✐❝❛ ♣r♦✈❡♥✐❡♥t❡
❞❡ ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡ ❬●❡t✾✹✱ ❑♦♥✾✺❪✳ ❊❧ ♣r♦❝❡s♦ ❜✉s❝❛ ❢♦r♠❛❧✐③❛r ❧❛s ✐❞❡❛s
❞❡ ❲✐tt❡♥ ❬❲✐t✽✽❪✳ ■♥t❡♥t❛r❡♠♦s ✐♥tr♦❞✉❝✐r ❜r❡✈❡♠❡♥t❡ ❡❧ ❝♦♥❝❡♣t♦✳ ◆♦t❡♠♦s
❝♦♠♦ C

sing
˚ ❛❧ ❢✉♥t♦r ❞❡ ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s ❡♥ ❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s ❞❛❞♦

♣♦r ❧❛s ❝❛❞❡♥❛s s✐♥❣✉❧❛r❡s✳ ❆♣❧✐❝❛♥❞♦ ❡st❡ ❢✉♥t♦r ❛ ❧♦s ❡s♣❛❝✐♦s RSpm,nq s❡

✶✺✷



♦❜t✐❡♥❡ ✉♥❛ ❝❛t❡❣♦rí❛ ❝♦♥ ❧♦s ♠✐s♠♦s ♦❜❥❡t♦s ❞❡ ❛♥t❡s ✭N0✮ ❡♥r✐q✉❡❝✐❞❛ ❡♥
❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s✳ ❊s ❞❡❝✐r✱

RSpm,nq :“ Csing
˚

´
RSpm,nq

¯

❉❡✜♥✐❝✐ó♥ ❆✳✶✻✳ ❯♥❛ ❚❈❋❚ ❬❈♦s✵✼❪ ❡s ✉♥ ❢✉♥t♦r ❝♦♠♦ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥
❆✳✺ ♣❡r♦ ❝♦♥ ❝❛t❡❣♦rí❛ ❞❡ ♣❛rt✐❞❛ RSpm,nq✳

❙✐ ♥✉❡✈❛♠❡♥t❡ ♥♦s r❡str✐♥❣✐♠♦s ❛ s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ♥✉❧♦ ② ✉♥ só❧♦ ❝ír❝✉❧♦
s❛❧✐❡♥t❡✱ s❡ t✐❡♥❡ ✉♥ ✉♥ dg✲♦♣❡r❛❞ S0✳

❯♥♦ ♣♦❞rí❛ ❛♣❧✐❝❛r ❧❛s ♠✐s♠❛s ✐❞❡❛s ❛❧ ♦♣❡r❛❞ T opCa ② ♦❜t❡♥❡r ✉♥ dg✲♦♣❡r❛❞✳
❆❤♦r❛ ❜✐❡♥✱ ❝♦♠♦

uT opCapnq ãÑ T opCapnq

❡s ✉♥ r❡tr❛❝t♦✱ s❡ t✐❡♥❡ q✉❡

Csing
˚

´
uT opCapnq

¯
ãÑ Csing

˚

´
T opCapnq

¯

❡s ✉♥❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞é❜✐❧✳
P♦r ♦tr❛ ♣❛rt❡✱ ♣❛r❛ ❡❧ ❡s♣❛❝✐♦ uT opCapnq s❡ t✐❡♥❡ ✉♥ ♠♦❞❡❧♦ s✐♠♣❧✐❝✐❛❧
❞❛❞♦ ♣♦r ❧❛ ♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❆✳✶✹✳ P♦r ❧♦ t❛♥t♦✱ ❛❧ ❝♦♥s✐❞❡r❛r
só❧♦ ❝❛❞❡♥❛s ❝❡❧✉❧❛r❡s✱ s❡ t✐❡♥❡ q✉❡

Cactpnq “ Csimpl
˚

´
uT opCapnq

¯
ãÑ Csing

˚

´
uT opCapnq

¯

❡s t❛♠❜✐é♥ ✉♥ ❝✉❛s✐✲✐s♦♠♦r✜s♠♦ ✭❞❡ ❝♦♠♣❧❡❥♦s ❞❡ ❝❛❞❡♥❛s✮✳

❊♥ ❝✐❡rt❛ ♠❛♥❡r❛✱ ❛ ♠♦❞♦ ❞❡ ♠♦t✐✈❛❝✐ó♥✱ s❡ ♣✉❡❞❡ ♣❡♥s❛r ❡♥t♦♥❝❡s q✉❡ ❡❧ dg✲
♦♣❡r❛❞ Cact ❡s ✉♥❛ ✈❡rs✐ó♥ s✐♠♣❧✐✜❝❛❞❛ ② ❝♦♠❜✐♥❛t♦r✐❛ ❞❡ S0 ✭❡st♦ s❡ ❞❡❜❡
❛ q✉❡ s❡ t✐❡♥❡ ✉♥ ♠♦❞❡❧♦ ❝❡❧✉❧❛r ❞❡ uT opCa✮✳ ❊♥ ❡s❛ ❧í♥❡❛ ❞❡ ♣❡♥s❛♠✐❡♥t♦✱
Cact✲á❧❣❡❜r❛s ✭r❡♣r❡s❡♥t❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞ Cact✮ s❡rí❛♥ ✉♥ ♠♦❞❡❧♦ ❞❡ ❥✉❣✉❡t❡
❞❡ ❚❈❋❚ ❛ ❣é♥❡r♦ 0 ✭r❡♣r❡s❡♥t❛❝✐♦♥❡s ❞❡❧ ♦♣❡r❛❞ S0✮✳
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❆✳✶✳ ▼ás ❞❡t❛❧❧❡s s♦❜r❡ t❡♦rí❛s ❝♦♥❢♦r♠❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ s❡ ❡①♣♦♥❡♥❡♥ ❞❡t❛❧❧❡s té❝♥✐❝♦s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ t❡♦rí❛s
❝♦♥❢♦r♠❡s✳ ❙❡ ✐♥❝❧✉②❡♥ ❛q✉í ♣❛r❛ ❝♦♠♣❧❡t❛r ❡♥ ❝✐❡rt❛ ♠❛♥❡r❛ ❧❛ ♣r❡s❡♥t❛❝✐ó♥
❡ ✐❧✉str❛r ❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❞❡ ❞✐❝❤❛s t❡♦rí❛s✳ ❙❡ ♣✉❡❞❡ ♣❡♥s❛r✱ ❡♥t♦♥❝❡s✱ ❡st❛
s❡❝❝✐ó♥ ❝♦♠♦ ✉♥ ❛♣é♥❞✐❝❡ ❞❡❧ ❛♣é♥❞✐❝❡✳

▲❛ ❛♥♦♠❛❧í❛ ❝♦♥❢♦r♠❡

❯♥❛ s✐♠❡trí❛ ❡♥ ❧❛ t❡♦rí❛ ❝❧ás✐❝❛ ❝♦♥s✐st❡ ❡♥ ✉♥❛ ♦♣❡r❛❝✐ó♥ q✉❡ ❞❡❥❛ ✐♥✈❛r✐❛♥t❡
❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡ ♠♦✈✐♠✐❡♥t♦✳ ❈❧❛r❛♠❡♥t❡✱ t♦❞❛ ♦♣❡r❛❝✐ó♥ q✉❡ ❞❡❥❛ ✐♥✈❛r✐❛♥✲
t❡ ❧❛ ❛❝❝✐ó♥ ❝❧ás✐❝❛ ❡s ✉♥❛ s✐♠❡trí❛ ✭❝❧ás✐❝❛✮ ❞❡ ❧❛ t❡♦rí❛ ✭✈❡r ❛♣é♥❞✐❝❡✮✳ P❡r♦
❛ ✈❡❝❡s ♦❝✉rr❡ q✉❡ ❧❛ ✏♠❡❞✐❞❛✑ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ t♦❞♦s ❧♦s ❝❛♠♣♦s ♥♦ ❡s
✐♥✈❛r✐❛♥t❡ ② ❡st♦ ✐♥tr♦❞✉❝❡ ✉♥❛ ❛♥♦♠❛❧í❛ ❡♥ ❧❛ t❡♦rí❛ ❝✉á♥t✐❝❛✳

❊s r❛③♦♥❛❜❧❡ ♣❡♥s❛r q✉❡ ✉♥❛ s✐♠❡trí❛ ❝❧ás✐❝❛ ♥♦ s✐❡♠♣r❡ s❡ tr❛s❧❛❞❛ ❛ ❧❛
t❡♦rí❛ ❝✉á♥t✐❝❛✱ ❜❛st❛ ❝♦♥t❡♠♣❧❛r ❧❛ ❢ór♠✉❧❛✿

ż

φPFX

Dφ e´Spφq

▲❛ ✈❛❧✐❞❡③ ❞❡ ❞✐❝❤❛ s✐♠❡trí❛ ❡♥ ❧❛ t❡♦rí❛ ❝✉á♥t✐❝❛ r❡q✉❡r✐rá ✉♥❛ ❝♦♥❞✐❝✐ó♥
s♦❜r❡ ❧❛ ✏♠❡❞✐❞❛✑ Dφ✳ ❈✉❛♥❞♦ ❡st♦ ♥♦ ♦❝✉rr❡✱ s❡ ❧❧❛♠❛ ✉♥❛ ❛♥♦♠❛❧í❛ ❞❡ ❧❛
t❡♦rí❛ ❝✉á♥t✐❝❛✳

❊❧ ❝❛s♦ q✉❡ ♥♦s ✐♥t❡r❡s❛ ❡s ❧❛ ❧❧❛♠❛❞❛ ❛♥♦♠❛❧í❛ ❝♦♥❢♦r♠❡✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱
s✉♣♦♥❣❛♠♦s q✉❡ S ❡s ❧❛ ❛❝❝✐ó♥ ❞❡ P♦❧②❛❦♦✈ ✭✈❡r ❛♣é♥❞✐❝❡ ♣❛r❛ ♠ás ❞❡t❛❧❧❡
② ♥♦t❛❝✐ó♥✮✳

SpX, gq “

ż a
´detphqha,bgµνBaX

µBbX
ν

❊♥ ❡st❡ ❝❛s♦✱ ♣❛r❛ ✉♥ ❝❛♠❜✐♦ ❝♦♥❢♦r♠❡ ❡♥ ❧❛ ♠étr✐❝❛ h1 “ e2fh✱ ❧❛ ❛❝❝✐ó♥
s❡ ♠❛♥t✐❡♥❡ ✐♥✈❛r✐❛♥t❡✱ SpX, h1q “ SpX, hq✱ ❡s ❞❡❝✐r✱ ❧❛ t❡♦rí❛ ❝❧ás✐❝❛ ❡s
❝♦♥❢♦r♠❡✳ P❡r♦ s✉♣♦♥❣❛♠♦s q✉❡ ❧❛ ♠❡❞✐❞❛ ♥♦ ❧♦ ❤❛❝❡✳ ▲♦s ❝✉❡r❞✐st❛s ✐♥t✉②❡♥
q✉❡ ❝❛♠❜✐❛ ❝♦♥tr♦❧❛❞❛♠❡♥t❡ ✈❡r ❬P♦❧✾✽❪ ❝❛♣✳ ✶ ② ✸✮ ♣♦r ✉♥ ❢❛❝t♦r✿

pDφq1 “ eicSLpfqDφ

❞♦♥❞❡ c P C ❡s ✉♥❛ ❝♦♥st❛♥t❡ ✭❞❡ ❧❛ t❡♦rí❛✮ ② SLpfq ❡s ❧❛ ❧❧❛♠❛❞❛ ❛❝❝✐ó♥ ❞❡
▲✐♦✉✈✐❧❧❡✹✳
✹SLpfq “

ş
X
dVg pBµfBµf ` Rfq

✶✺✹



❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ t❡♦rí❛ ❝♦♥❢♦r♠❡✱ ♣♦r r❛③♦♥❡s ❤✐stór✐❝❛s ❞❡ t❡♦rí❛ ❞❡ ❝✉❡r❞❛s✱
s❡ s✉♣♦♥❡ q✉❡ ❡st❛ ❢❛❧❧❛ ❡stá ❝♦♥tr♦❧❛❞❛✳ ▼ás ♣r❡❝✐s❛♠❡♥t❡✱ ❧❛ ❝❧❛s❡ ❝♦♥❢♦r♠❡
❞❡ ✉♥❛ s✉♣❡r✜❝✐❡ X ❞❡✜♥❡ ❡❧ ♦♣❡r❛❞♦r UpXq ❛ ♠❡♥♦s ❞❡ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r ❞❡
♠ó❞✉❧♦ ✉♥✐t❛r✐♦✳ ❖ s❡❛✱ ❡st❛♠♦s ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦②❡❝t✐✈❛
❞❡ ❧❛ ❝❛t❡❣♦rí❛ RS✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ✉♥❛
❡①t❡♥s✐ó♥ ❝❡♥tr❛❧ ❞❡ RS✳

❉❡✜♥✐❝✐ó♥ ❆✳✶✼✳ ❯♥❛ ❡①t❡♥s✐ó♥ ❞❡ RS ❝♦♥s✐st❡ ❡♥ ✉♥❛ ❝❛t❡❣♦rí❛ ĄRS ❝✉②♦s
♦❜❥❡t♦s s♦♥ ❧♦s ♠✐s♠♦s ② ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦✱ s❡ ❞❛ ✉♥❛ ❛s✐❣♥❛❝✐ó♥✿

X ÞÑ LX » C

❊s ❞❡❝✐r✱ ❛ ❝❛❞❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❧❡ ❛s✐❣♥❛♠♦s ✉♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧
❝♦♠♣❧❡❥♦ ❞❡ ❞✐♠❡♥s✐ó♥ 1✳ ❙❡ t✐❡♥❡ ❛❞❡♠ás✱ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♠♦r✜s♠♦s
❝♦♠♣♦♥✐❜❧❡s✱ ✉♥❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥✿

LX b LY
mXYÝÝÝÑ LX˝Y

❝♦♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❛s♦❝✐❛t✐✈✐❞❛❞ ✐♥❞✉❝✐❞❛s ♣♦r ❧❛s ❞❡ RS✳ ❙❡ ❞❡✜♥❡♥ ❧♦s
♠♦r✜s♠♦s ❞❡ ĄRS ❝♦♠♦ ♣❛r❡s pX, ξq ❞♦♥❞❡ ξ P LX ✳ ❨ s❡ ❞❡✜♥❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥
pX, ξq ˝ pY, ζq “

`
X ˝ Y,mXY pξ b ζq

˘
✳

❙❡❣❛❧ ♠✉❡str❛ q✉❡ ❧❛ ❡①t❡♥s✐ó♥ ❡s ❡s❡♥❝✐❛❧♠❡♥t❡ ú♥✐❝❛✱ s✐❡♥❞♦ t♦❞❛ ❡①t❡♥s✐ó♥
✐s♦♠♦r❢❛ ❛✿

X ÞÑ LX “ DetbcL
X b Det˚bcR

X

❞♦♥❞❡ DetX ❛❞♠✐t❡ ❞♦s ❞❡s❝r✐♣❝✐♦♥❡s ❡q✉✐✈❛❧❡♥t❡s✿

DetX “

$
&
%
Λt♦♣

´
Ω0,1pXq

¯

Det
´

B : Ω0,0pXq Ñ Ω0,1pXq
¯

▲❛ s❡❣✉♥❞❛ ❞❡s❝r✐♣❝✐ó♥ s❡ ❜❛s❛ ❡♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❛❞❛ ♣♦r ◗✉✐❧❧❡♥ ❡♥ ❬◗✉✐✽✺❪
② s❡ ❡♥❝✉❡♥tr❛ ❞❡s❛rr♦❧❧❛❞❛ ❡♥ ❬❙❡❣✵✹✱ ❍✉❛✾✽❪✳ ◆♦s ❝♦♥❢♦r♠❛r❡♠♦s ❝♦♥ ❝✐t❛r
❛q✉í ❛❧❣✉♥❛s ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s✿

Pr♦♣♦s✐❝✐ó♥ ❆✳✶✽✳

LX “ L rX ❝✉❛♥❞♦ rX s❡ ♦❜t✐❡♥❡ ❛ ♣❛rt✐r ❞❡ X r❡✈✐rt✐❡♥❞♦ ❧❛ ♣❛r❛♠❡tr✐✲
③❛❝✐ó♥ ❞❡ ❛❧❣✉♥♦s ❝ír❝✉❧♦s ❞❡ s✉ ❜♦r❞❡✳

L´X “ L˚
X ✭r❡❝♦r❞❡♠♦s q✉❡ ´X ❡s ❧❛ s✉♣❡r✜❝✐❡ ❝♦♥ ❧❛ ♦r✐❡♥t❛❝✐ó♥

♦♣✉❡st❛ ② ❝♦♥ t♦❞❛s ❧❛s ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❞❡ s✉s ❝ír❝✉❧♦s r❡✈❡rt✐❞❛s✮✳

✶✺✺



❙❡ t✐❡♥❡ ✉♥ ✐s♦♠♦r✜s♠♦ ❝❛♥ó♥✐❝♦ LX » LX̌ ✳

❙❡ t✐❡♥❡ ✉♥ ❡❧❡♠❡♥t♦ ❝❛♥ó♥✐❝♦ ξA P LA ❝✉❛♥❞♦ A ❡s ✉♥ ❝✐❧✐♥❞r♦✳

P♦❞❡♠♦s ❛❤♦r❛ ❞❛r ✉♥❛ ✈❡rs✐ó♥ ✜♥❛❧ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❆✳✺✿

❉❡✜♥✐❝✐ó♥ ❆✳✶✾✳
❯♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡ ❝♦♥s✐st❡ ❡♥ ✉♥ ❢✉♥t♦r ♠♦♥♦✐❞❛❧ ♣r♦②❡❝t✐✈♦
RS

U
ÝÑ Hilb✱ t❛❧ q✉❡ UpXq ❡s ❞❡ t✐♣♦ tr❛③❛ ♣❛r❛ t♦❞❛ X s✉♣❡r✜❝✐❡ ❞❡

❘✐❡♠❛♥♥✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✉♥ ❢✉♥t♦r ♠♦♥♦✐❞❛❧ ✭❞❡ t✐♣♦ tr❛③❛✮✿

U : ĄRS
pcL,cRq

Ñ Hilb

❉♦♥❞❡ RSpcL,cRq ❡s ❧❛ ❡①t❡♥s✐ó♥ ❞❡ ❧❛ ❝❛t❡❣♦rí❛ ♣❛r❛ ❛❧❣ú♥ ♣❛r ❞❡ ✈❛❧♦r❡s
cL, cR P C✳ ◆♦ ❡♥tr❛r❡♠♦s ❡♥ ❞❡t❛❧❧❡ s♦❜r❡ ❡st❛ ❝♦♥str✉❝❝✐ó♥ ②❛ q✉❡ ♥♦ ❧❛
♣r❡❝✐s❛r❡♠♦s ❡♥ ❡❧ r❡st♦ ❞❡ ❧❛ ♠♦♥♦❣r❛❢í❛✳ ❯♥ ❞❡s❛rr♦❧❧♦ ♠ás ♣r♦❢✉♥❞♦ ❞❡❧
t❡♠❛ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❡❧ ♠❛♥✉s❝r✐t♦ ♦r✐❣✐♥❛❧ ❞❡ ❙❡❣❛❧ ❬❙❡❣✵✹❪ ✭q✉❡ ❜❛s❛ ❧❛
❝♦♥str✉❝❝✐ó♥ ❛ ❧❛ ✈❡③ ❡♥ ❬◗✉✐✽✺❪✮ ♦ ❡♥ ❬❍✉❛✾✽❪✳ ▲❛s ❝♦♥st❛♥t❡s cL ② cR s❡
❧❧❛♠❛rá♥ ❧❛ ❝❛r❣❛ ✐③q✉✐❡r❞❛ ② ❞❡r❡❝❤❛ ❞❡ ❧❛ t❡♦rí❛✳ ❊♥ ❡❧ ❝❛s♦ cL “ cR “: c s❡
❧❧❛♠❛rá ❧❛ ❝❛r❣❛ ❝❡♥tr❛❧✳

▼ás ❛❞❡❧❛♥t❡ ✈♦❧✈❡r❡♠♦s s♦❜r❡ ❡❧ ❤❡❝❤♦ ❞❡ ❝♦♥s✐❞❡r❛r r❡♣r❡s❡♥t❛❝✐♦♥❡s ♣r♦✲
②❡❝t✐✈❛s✳ P✉♥t✉❛❧♠❡♥t❡✱ ❧♦ ❤❛r❡♠♦s ❛❧ ❝♦♥s✐❞❡r❛r ❡❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦ ✭❡♥
✈❡③ ❞❡ só❧♦ ❡❧ á❧❣❡❜r❛ ❞❡ ❲✐tt✮✳

❈✉❛♥t✐③❛❝✐ó♥ r❛❞✐❛❧

▲❛ ❝✉❛♥t✐③❛❝✐ó♥ r❛❞✐❛❧ ❡s✱ s❡♥❝✐❧❧❛♠❡♥t❡✱ ✐♥t❡r♣r❡t❛r ❝♦♦r❞❡♥❛❞❛ t❡♠♣♦r❛❧ ❛
❧❛ ❝♦♦r❞❡♥❛❞❛ r❛❞✐❛❧ ❡♥ ✉♥ ❝✐❧✐♥❞r♦ Apa, bq “ tz P C : a ď |z| ď bu✳

▲❧❛♠❡♠♦s
Cą0 “ tz P C : ℑpzq ą 0u

Cě0 “ tz P C : ℑpzq ě 0u

D “ tz P C : |z| ď 1u

D
ˆ “ Dzt0u

❙❡ t✐❡♥❡✿
R //

��

Cě0

��

S
1 // D

ˆ

✶✺✻



❞♦♥❞❡ ❧❛s ✢❡❝❤❛s ❤♦r✐③♦♥t❛❧❡s s♦♥ ❧❛s ✐♥❝❧✉s✐♦♥❡s ② ❧❛s ✈❡rt✐❝❛❧❡s ❝♦rr❡s♣♦♥❞❡♥
❛❧ r❡✈❡st✐♠✐❡♥t♦ τ ÞÑ e2πiτ ✳ ❊s ✉s✉❛❧ ✉t✐❧✐③❛r ❧❛ ♥♦t❛❝✐ó♥ q “ e2πiτ ✱ ❡s ❞❡❝✐r✱
s❡ s✉♣♦♥❡ ❡st❛ r❡❧❛❝✐ó♥ ❡♥tr❡ q ② τ s✐♥ ♠❛②♦r ❛❝❧❛r❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ❆✳✷✵✳ ❆❧ ✐♥t❡r♣r❡t❛r ❡❧ ❡❥❡ ✐♠❛❣✐♥❛r✐♦ ❡♥ Cą0 ❝♦♠♦ ❡❧ t✐❡♠♣♦✱
❡❧ ❞✐s❝♦ D ❤❡r❡❞❛ ✉♥❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❞❡ t✐❡♠♣♦ ❞♦♥❞❡ 0 P D ❝♦rr❡s♣♦♥❞❡ ❛❧
♣❛s❛❞♦ ✐♥✜♥✐t♦✳

❊❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦

❘❡❝♦r❞❡♠♦s q✉❡ Dif “ Diff`pS1q ❡s ❡❧ ❣r✉♣♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❛♥❛❧ít✐❝♦s
❞❡❧ ❝ír❝✉❧♦✳ ❈♦♠♦ t♦❞♦ ❣r✉♣♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s✱ s✉ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡stá ❞❛❞❛
♣♦r ❧♦s ❝❛♠♣♦s ✈❡❝t♦r✐❛❧❡s ✭❛♥❛❧ít✐❝♦s ❡♥ ❡st❡ ❝❛s♦✮✳ ❊s ❞❡❝✐r✱ LiepDifq “
VectpS1q✳ ❘❡❝♦r❞❡♠♦s q✉❡

VectpS1q “ xcospnθq
d

dθ
, sinpnθq

d

dθ
: n P Zy

R

❉❡✜♥✐❝✐ó♥ ❆✳✷✶✳ ❆❧ ❝♦♠♣❧❡①✐✜❝❛r ❡❧ á❧❣❡❜r❛✱ ♦❜t❡♥❡♠♦s ❧❛ ❧❧❛♠❛❞❛ á❧❣❡❜r❛
❞❡ ❲✐tt✿ witt “ x Ln : n P Zy

C
❞♦♥❞❡ Ln “ ´ie´inθ d

dθ
✳ ❙❡ t✐❡♥❡

rLn, Lms “ pn ´ mqLn`m.

❖❜s❡r✈❛❝✐ó♥ ❆✳✷✷✳ ❉❛❞❛ ✉♥❛ t❡♦rí❛ ❞❡ ❝❛♠♣♦s ❝♦♥❢♦r♠❡ U ✱ r❡str✐♥❣✐é♥❞♦❧❛
❛Dif s❡ t✐❡♥❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦②❡❝t✐✈❛Dif

ρ
ÝÑ P

`
UpHq

˘
✳ ▲✉❡❣♦✱ s❡ t✐❡♥❡

✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦②❡❝t✐✈❛ witt
dρ
ÝÑ EndpHq✱ ❧♦ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛

r❡♣r❡s❡♥t❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡ ❛❧❣✉♥❛ ❡①t❡♥s✐ó♥ ❝❡♥tr❛❧ ❞❡ witt✳

❉❡✜♥✐❝✐ó♥ ❆✳✷✸✳ ❊❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦ ❡s ❧❛ ú♥✐❝❛ ❡①t❡♥s✐ó♥ ❝❡♥tr❛❧ ✭♥♦
tr✐✈✐❛❧✱ s❛❧✈♦ ✐s♦♠♦r✜s♠♦s✱✮ ♣♦s✐❜❧❡ ❞❡❧ á❧❣❡❜r❛ ❞❡ ❲✐tt ✭✈❡r ❬❙❝❤✵✽❪✱ ❝❛♣ít✉❧♦
✺✮✳ ❊stá ❞❛❞❛ ♣♦r vir “ witt ‘ xCyC ❞♦♥❞❡ C ❡s ❝❡♥tr❛❧ ② ✈❛❧❡✿

rLn, Lms “ pn ´ mqLn`m `
pn3 ´ nq

12
C δm`n

❉❡✜♥✐❝✐ó♥ ❆✳✷✹✳ ❯♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ vir Ñ EndpHq s❡ ❞✐rá ✉♥✐t❛r✐❛ s✐
❝✉♠♣❧❡✿

xLnv, wy “ xv, L´nwy@v, w P H

❊s ❞❡❝✐r✱ ❡❧ L:
n “ L´n ❞♦♥❞❡ ❡st❛♠♦s ❧❧❛♠❛♥❞♦ ❞❡ ❧❛ ♠✐s♠❛ ♠❛♥❡r❛ ❛ Ln P vir

② ❛ s✉ ✐♠❛❣❡♥ ❡♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥✳
▲❛ ❞❡♥♦♠✐♥❛❝✐ó♥ ❞❡ ✏✉♥✐t❛r✐❛✑ s❡ ❞❡❜❡ ❛ q✉❡ ❡st❛ ❝♦♥❞✐❝✐ó♥ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛
q✉❡ ❧♦s ❣❡♥❡r❛❞♦r❡s ❞❡❧ á❧❣❡❜r❛ VectpS1q ❛❝tú❡♥ ❝♦♠♦ ♦♣❡r❛❞♦r❡s ❛♥t✐s✐♠é✲
tr✐❝♦s ❡♥ H✳ ❆sí✱ s✐ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦✈✐❡♥❡ ❞❡ ✉♥❛ ❞❡ Dif ést❛ ❞❡❜❡ s❡r
✉♥✐t❛r✐❛✳

✶✺✼



❉❡✜♥✐❝✐ó♥ ❆✳✷✺✳ ❯♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ V ❞❡ vir s❡ ❞✐rá ❞❡ ♣❡s♦ ♠á①✐♠♦ ♣❛r❛
c, h P C s✐ ❡①✐st❡ ✉♥ ψ P V t❛❧ q✉❡✿

V “ xψyvir

Cψ “ cψ

L0ψ “ hψ

Lnψ “ 0, @n ą 0

❊♥ ❡❧ ❝❛s♦ h ě 0 s❡ ❧❧❛♠❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❡♥❡r❣í❛ ♣♦s✐t✐✈❛✳ ❊st♦ s❡
❞❡❜❡ ❛ q✉❡ L0 ✭q✉❡ ❞❡❜❡ s❡r ❛✉t♦❛❞❥✉♥t♦ ❡♥ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐t❛r✐❛✮ s❡
❝♦rr❡s♣♦♥❞❡ ✭❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❧❛ ❝✉❛♥t✐③❛❝✐ó♥ r❛❞✐❛❧✮ ❛ ❧❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ②✱
♣♦r ❧♦ t❛♥t♦✱ s✉s ❛✉t♦✈❛❧♦r❡s s❡ ✐♥t❡r♣r❡t❛♥ ❝♦♠♦ ❧❛ ❡♥❡r❣í❛✳ P♦r ❡st❡ ♠♦t✐✈♦✱
s❡ s✉♣♦♥❡ ❛❞❡♠ás q✉❡ ❛❧ ❞✐❛❣♦♥❛❧✐③❛r❧♦ s❡ ♦❜t✐❡♥❡ ✉♥ ❡s♣❡❝tr♦ ✭❧♦s ✈❛❧♦r❡s
♠❡❞✐❜❧❡s✮ ❛❝♦t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ s❡ ♣✉❡❞❡ s✉♣♦♥❡r ♣♦s✐t✐✈♦✳

❖❜s❡r✈❛❝✐ó♥ ❆✳✷✻✳ ❙✐ ψ ❡s ❛✉t♦✈❡❝t♦r ❞❡ L0 ❝♦♥ ❛✉t♦✈❛❧♦r h✱ ❡♥t♦♥❝❡s ✈❛❧❡
❧♦ s✐❣✉✐❡♥t❡✿

Lnψ ❡s ❛✉t♦✈❡❝t♦r ❞❡ L0 ❝♦♥ ❛✉t♦✈❛❧♦r h ´ n✳

▼ás ❡♥ ❣❡♥❡r❛❧✱ Ln1
¨ ¨ ¨Lnk

ψ ❧♦ ❡s ❝♦♥ ❛✉t♦✈❛❧♦r h ´
ř
ni✳

❊st♦ ú❧t✐♠♦ ❞❛ ✉♥❛ ❣r❛❞✉❛❝✐ó♥ ❡♥ ❡❧ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V ② ❡s ❧❛ r❛③ó♥ ♣♦r ❧❛
❝✉❛❧ ❛ ψ s❡ ❧♦ ❧❧❛♠❛ ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❙✐ ♥♦t❛♠♦s q✉❡ V “ xψyvir ② Lnψ “
0 @n ą 0 s❡ t✐❡♥❡

V “ xLn1
. . . Lnk

ψ : ni ă 0y

❉❡✜♥✐❝✐ó♥ ❆✳✷✼✳ ❯♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ♣❡s♦ ♠á①✐♠♦ Mpc, hq s❡ ❧❧❛♠❛ ✉♥
♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ s✐ ❡❧ ❝♦♥❥✉♥t♦ tLn1

¨ ¨ ¨Lnk
ψ : k ě 0, 0 ą n1 ě ¨ ¨ ¨nku ❡s

✉♥❛ ❜❛s❡ ❞❡ M ❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✳

❙✐❡♠♣r❡ ❡①✐st❡ ✉♥ ♠ó❞✉❧♦ ❞❡ ❱❡r♠❛ ♣❛r❛ c, h P C ❝✉❛❧❡sq✉✐❡r❛✱ ❜❛st❛ t♦♠❛r
UpvirqbUpvir`qCc,h✱ ❞♦♥❞❡ U ❞❡♥♦t❛ ❡❧ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡✱ vir` ❡s ❧❛ s✉❜á❧❣❡❜r❛
❣❡♥❡r❛❞❛ ♣♦r ❧♦s Ln ❝♦♥ n ą 0✱ L0 ② C✱ ② Cc,h “ C ❝♦♠♦ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧✱
❝♦♥ ❛❝❝✐ó♥ tr✐✈✐❛❧ ❞❡ ❧♦s Ln✱ ❞♦♥❞❡ L0 ❛❝tú❛ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r h ② C ♣♦r c✳

P❛r❛ ❝✉❛❧q✉✐❡r r❡♣r❡s❡♥t❛❝✐ó♥ V ❞❡ ♣❡s♦ ♠á①✐♠♦ pc, hq s❡ t✐❡♥❡ ✉♥ ❡♣✐♠♦r✲
✜s♠♦ Mpc, hq ։ V ✳

✶✺✽



❚❡♦r❡♠❛ ❆✳✷✽✳ ✭❬❙❝❤✵✽❪ ❚❡♦r❡♠❛ ✻✳✽ ② ✻✳✶✸✮
❙❡❛ M “ Mpc, hq✱ v P M ✈❡❝t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❊♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ ú♥✐❝❛
❢♦r♠❛ ❤❡r♠ít✐❝❛ x, y ❡♥ M t❛❧ q✉❡✿

xv, vy “ 1

▲❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❡s ✉♥✐t❛r✐❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ L0 ❡s ❛✉t♦❛❞❥✉♥t♦✱
s✉s ❛✉t♦❡s♣❛❝✐♦s s❡rá♥ ♦rt♦❣♦♥❛❧❡s✳

Kerpx, yq ❡s ❡❧ s✉❜♠ó❞✉❧♦ ♣r♦♣✐♦ ♠❛①✐♠❛❧✳

❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❧❛ ❢♦r♠❛ x, y r❡s✉❧t❡ s❡♠✐❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❞❡❜❡ s❡r c, h ě 0✳
▼ás ❛ú♥✱ s✐ c ě 1, h ě 0 r❡s✉❧t❛ ❛sí ② ❡s ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ♣❛r❛ c ą 1, h ą 0✳

❉❡✜♥✐❝✐ó♥ ❆✳✷✾✳ ✭② ❝♦r♦❧❛r✐♦✮
P❛r❛ ❡❧ ❝❛s♦ ❡♥ q✉❡ ❧❛ ❢♦r♠❛ x, y s❡❛ s❡♠✐❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ s❡ t✐❡♥❡ ✉♥❛
r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐t❛r✐❛ ❡♥

W pc, hq :“ Mpc, hq{Kerpx, yq

q✉❡ r❡s✉❧t❛ ❞❡ ♣❡s♦ ♠á①✐♠♦✳ ❯♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❛sí ❡s ú♥✐❝❛ s❛❧✈♦ ✐s♦♠♦r✜s✲
♠♦✳

■♥❞❡s❝♦♠♣♦♥✐❜❧❡s ❡ ✐rr❡❞✉❝✐❜❧❡s

❘❡❝♦r❞❡♠♦s q✉❡ ✉♥ ♠ó❞✉❧♦ s❡ ❞✐❝❡ ✐rr❡❞✉❝✐❜❧❡ s✐ ♥♦ t✐❡♥❡ s✉❜♠ó❞✉❧♦s ♣r♦♣✐♦s
♥♦ tr✐✈✐❛❧❡s✳ P♦r ♦tr❛ ♣❛rt❡✱ ✉♥ ♠ó❞✉❧♦ s❡ ❞✐❝❡ ✐♥❞❡s❝♦♠♣♦♥✐❜❧❡ s✐ ♥♦ s❡ ♣✉❡❞❡
♦❜t❡♥❡r ❝♦♠♦ s✉♠❛ ❞✐r❡❝t❛ ❞❡ ❞♦s s✉❜♠ó❞✉❧♦s ♣r♦♣✐♦s✳

❙ó❧♦ ♥♦s ❧✐♠✐t❛r❡♠♦s ❛ ♠❡♥❝✐♦♥❛r ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ❆✳✸✵✳ ✭❬❙❝❤✵✽✱ ✻✳✶✼❪✮✳

Mpc, hq ❡s ✐♥❞❡s❝♦♠♣♦♥✐❜❧❡✳

W pc, hq ❡s ✐rr❡❞✉❝✐❜❧❡✳

❉❛❞❛ ✉♥❛ ❈❋❚ s❡ t✐❡♥❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦②❡❝t✐✈❛ Dif Ñ PpUpHqq✳
❊st♦ ✐♥❞✉❝❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐t❛r✐❛ ❞❡ vir ❡♥ H✳ ❊st❛ r❡♣r❡s❡♥t❛❝✐ó♥
s❡ ❞❡s❝♦♠♣♦♥❞rá ❡♥ ✉♥❛ s✉♠❛ ❞✐r❡❝t❛ ❞❡ W pc, hq ✭❝♦♥ ❡❧ ♠✐s♠♦ c✮✳ ❙❡
♣✉❡❞❡ ♣❧❛♥t❡❛r ❡❧ ♣r♦❜❧❡♠❛ ✐♥✈❡rs♦✳ ❊s ❞❡❝✐r✱ s✐ ❛❧ ❝♦♥s✐❞❡r❛r ✉♥❛ ❝✐❡rt❛
r❡♣r❡s❡♥t❛❝✐ó♥ V “ ‘iW pc, hiq✱ ést❛ s❡ ♣✉❡❞❡ ✐♥t❡❣r❛r ❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥
❞❡ Dif ❝♦♠♦ ♣r✐♠❡r ♣❛s♦ ♣❛r❛ ❞❡✜♥✐r ✉♥❛ ❈❋❚✳ ❊❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❬●❲✽✺❪
♥♦s ❣❛r❛♥t✐③❛ ❡s♦✳

✶✺✾



❚❡♦r❡♠❛ ❆✳✸✶✳ ❬❙❝❤✵✽✱ ✻✳✶✽❪✱ ❬●❲✽✺❪ ❙❡❛ H “ W pc, hq✳ ❊♥t♦♥❝❡s s❡ t✐❡♥❡
✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ♣r♦②❡❝t✐✈❛ Dif Ñ P

`
UpHq

˘
✳

❘❡♣r❡s❡♥t❛❝✐♦♥❡s ❞❡ ❡♥❡r❣í❛ ♣♦s✐t✐✈❛

❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ✭❬❍◆✾✸✱ ✾✳✶✸❪✮✿

❚❡♦r❡♠❛ ❆✳✸✷✳ ❙❡❛ R
ρ
ÝÑ UpHq ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✉♥✐t❛r✐❛ ❞❛❞❛ ♣♦r t ÞÑ eitA

t❛❧ q✉❡ A ✭q✉❡ ❞❡❜❡ s❡r ❛✉t♦✲❛❞❥✉♥t♦✮ ❡s ♣♦s✐t✐✈♦✺✳ ❊♥t♦♥❝❡s ρ s❡ ♣✉❡❞❡
❡①t❡♥❞❡r ❞❡ ♠❛♥❡r❛ ú♥✐❝❛✿

R
ρ

//

��

UpHq

��

Cě0
ρ̂

// CpHq

❉♦♥❞❡ ρ̂ ❝✉♠♣❧❡✿

✶✳ ❊s ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❢✉❡rt❡♠❡♥t❡ ❝♦♥t✐♥✉❛✱ ❡s ❞❡❝✐r ❝♦♥t✐♥✉❛ ❝♦♥
r❡s♣❡❝t♦ ❛ ❧❛ t♦♣♦❧♦❣í❛ ❢✉❡rt❡ ❡♥ CpHq

✷✳ ❊s ❤♦❧♦♠♦r❢❛ ❡♥ Cą0✳ ❊s ❞❡❝✐r✱ @u, v P H,ă u, ρv ą: Cą0 Ñ C ❡s
❤♦❧♦♠♦r❢❛✳

✸✳ ❊s ❞❡ r❡✢❡①✐ó♥ ♣♦s✐t✐✈❛✱ ❡s ❞❡❝✐r✱ ρ̂pzq: “ ρ̂p´zq

❖❜s❡r✈❛r q✉❡✱ ❞❛❞❛ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ρ̂ ❛sí✱ s❡ r❡❝✉♣❡r❛ ❞❡ ♠❛♥❡r❛ ú♥✐❝❛ ρ
✭② A✮✳

▲❛ r❡♣r❡s❡♥t❛❝í♦♥ ρ̂ ❡stá ❞❛❞❛ ♣♦r✿

ρ̂pτq “ eiτA

❊❧ ❤❡❝❤♦ ❞❡ q✉❡ ❝✉♠♣❧❡ ❝♦♥ ❧♦ ♣❡❞✐❞♦ ♣✉❡❞❡ ✈❡rs❡ ❡♥ ❬❍◆✾✸❪✳

✺❡♥ ❬❍◆✾✸❪ s❡ ❡♥✉♥❝✐❛ ♣❛r❛ ✉♥ A ♥❡❣❛t✐✈♦✳

✶✻✵



❖❜s❡r✈❛❝✐ó♥ ❆✳✸✸✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ s✐ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ R
ρ
ÝÑ UpHq ❞❡❧

t❡♦r❡♠❛ ❛♥t❡r✐♦r ✈✐❡♥❡ ❞❛❞❛ ❝♦♠♦✿

S
1 Ñ UpHq

e2πit ÞÑ e2πitL0

❝♦♥ L0 ❛✉t♦❛❞❥✉♥t♦ ② ♣♦s✐t✐✈♦✱ s❡ t✐❡♥❡ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ✐♥❞✉❝✐❞❛✿

D Ñ CpHq

q “ e2πiτ ÞÑ qL0 “ e2πiτL0

▲❛ r❡♣r❡s❡♥t❛❝✐ó♥ q ÞÑ qL0 t✐❡♥❡ ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

❊s ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❢✉❡rt❡♠❡♥t❡ ❝♦♥t✐♥✉❛ ✭❡♥ D✮✳

❊s ❤♦❧♦♠♦r❢❛ ❡♥ D
˝✳

❊s ❞❡ r❡✢❡①✐ó♥ ♣♦s✐t✐✈❛✱ ❡s ❞❡❝✐r✱
`
qL0

˘:
“ qL0

❖❜s❡r✈❛❝✐ó♥ ❆✳✸✹✳ ❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡ t❡♥❡♠♦s ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥
♣r♦②❡❝t✐✈❛ ❞❡ r❡✢❡①✐ó♥ ♣♦s✐t✐✈❛ ❞❡❧ s❡♠✐❣r✉♣♦ C Ñ CpHq✳ ❊st♦ ❡s✱ ♣❛r❛ A P
C✱ s✐ ❞❡♥♦t❛♠♦s ♣♦r A ❛❧ ❛♥✐❧❧♦ ❝♦♥ ❧❛ ♦r✐❡♥t❛❝✐ó♥ ✭② ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s✮
♦♣✉❡st❛✭s✮✱ ✈❛❧❡

UA “ U
:
A

❊s ❞❡❝✐r✱ s✐ A ❡stá ❞❛❞♦ ♣♦r

A “ g´1
f ˝ Aq ˝ gi

❝♦♥ q P D
ˆ, gi, gf P Dif ✱ ❛❧ s❡r

A “ g´1
i ˝ Aq ˝ gf

r❡s✉❧t❛
UA “ U´1pgiqUqUpgf q

P♦r ♦tr❛ ♣❛rt❡✿
U

:
A “ U :pgiqU

:
q

`
U´1pgf q

˘:

❊♥t♦♥❝❡s✱ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ r❡✢❡①✐ó♥ ♣♦s✐t✐✈❛ ❡s ♣r❡❝✐s❛♠❡♥t❡✿

U :pgiqU
:
q

`
U´1pgf q

˘:
“ U´1pgiqUqUpgf q

✶✻✶



❆❤♦r❛✱ ♣❛r❛ A “ Aq ✭❡s ❞❡❝✐r✱ gi, gf tr✐✈✐❛❧❡s✮✱ s❡ t✐❡♥❡✿

U :
q “ Uq

❖ s❡❛✱ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ s✉❜❣r✉♣♦ D
ˆ ❡♥ CpHq ❡s ❞❡ r❡✢❡①✐ó♥ ♣♦s✐t✐✈❛✳

P♦r ♦tr❛ ♣❛rt❡✱ s✉♣♦♥✐❡♥❞♦ q✉❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ C ❡s ❝♦♥t✐♥✉❛✱ ❝♦♥s✐❞❡✲
r❛♥❞♦ gf tr✐✈✐❛❧ ② ❛❧ ❤❛❝❡r q Ñ 1✱ s❡ t✐❡♥❡✿

U´1pgiq “ U :pgiq

❖ s❡❛✱ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ s✉❜❣r✉♣♦ Dif ❡s ✉♥✐t❛r✐❛✳

❊♥ ✈✐st❛s ❞❡ ❡st♦ ② ❞❡❧ t❡♦r❡♠❛ ❆✳✸✶ ② ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❆✳✸✸ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡

❈♦r♦❧❛r✐♦ ❆✳✸✺✳ ❍❛② ✉♥❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ✉♥♦ ❛ ✉♥♦ ❡♥tr❡ ❧❛s r❡♣r❡s❡♥t❛✲
❝✐♦♥❡s ♣r♦②❡❝t✐✈❛s ❞❡ C ❡♥ CpHq ② ❧❛s r❡♣r❡s❡♥t❛❝✐♦♥❡s ✉♥✐t❛r✐❛s ❞❡❧ á❧❣❡❜r❛
❞❡ ❱✐r❛s♦r♦ vir Ñ EndpHq✳

❉✐❝❤♦ ❡♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦ ❞❡t❡r♠✐♥❛
❧❛ t❡♦rí❛ ❡♥ ❧♦s ❝✐❧✐♥❞r♦s✳ ❉❛❞♦ q✉❡ t♦❞❛ s✉♣❡r✜❝✐❡ ♣✉❡❞❡ ❞❡s❝♦♠♣♦♥❡rs❡ ❡♥
❝✐❧✐♥❞r♦s ② ♣❛♥t❛❧♦♥❡s✱ ✉♥❛ t❡♦rí❛ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r s✉ ✈❛❧♦r ❡♥ ❡❧❧♦s✳
❊♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ ❡st✉❞✐❛♠♦s ❝ó♠♦ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ vir Ñ EndpHq
s❡ ♣✉❡❞❡ ❡st✉❞✐❛r ❛ ♣❛rt✐r ❞❡ ✈❡❝t♦r❡s ❞❡ ♣❡s♦ ♠á①✐♠♦ ♦ ❝❛♠♣♦s ♣r✐♠❛r✐♦s✳
❆❞❡♠ás✱ ❞❡ q✉é ♠❛♥❡r❛ ❛ ♣❛rt✐r ❞❡ ✉♥ ❝❛♠♣♦ ♣r✐♠❛r✐♦ Ψ s❡ ♣✉❡❞❡ ❞❡✜♥✐r
✉♥ ♦♣❡r❛❞♦r ❡♥ H✳ ❊♥ ♣♦❝❛s ♣❛❧❛❜r❛s ❡st♦ s❡ ❝♦♥s✐❣✉❡ ❡✈❛❧✉❛♥❞♦ ✉♥❛ ❞❡
❧❛s ❡♥tr❛❞❛s ❞❡ ✉♥❛ s✉♣❡r✜❝✐❡ ♣❛♥t❛❧ó♥ ❡♥ Ψ✳ ❙✐ ❜✐❡♥ ❡st❛ s❡❝❝✐ó♥ ♥♦ ❡s
❞❡t❡r♠✐♥❛♥t❡ ♣❛r❛ ❡❧ r❡st♦ ❞❡❧ ❝❛♣ít✉❧♦✱ s❡ ❞❡❝✐❞✐ó ✐♥❝❧✉✐r❧❛ ②❛ q✉❡ s❡ ❝♦♥s✐❞❡r❛
q✉❡ ✉♥ r❡s✉♠❡♥ ❞❡ t❡♦rí❛s ❝♦♥❢♦r♠❡s✱ ♣♦r ♠ás ❜r❡✈❡ q✉❡ s❡❛✱ s❡ ❡♥❝✉❡♥tr❛
✐♥❝♦♠♣❧❡t♦ s✐♥ ♠❡♥❝✐♦♥❛r ❝❛♠♣♦s ♣r✐♠❛r✐♦s✳ P❛r❛ ♠ás ❞❡t❛❧❧❡s s♦❜r❡ ❡❧ t❡♠❛
✈❡r ❬❉❋▼❙✾✼❪✳

❈❛♠♣♦s ♣r✐♠❛r✐♦s

❆❝❧❛r❛❝✐ó♥✿ ❆ ♣❛rt✐r ❞❡ ❡st❡ ♠♦♠❡♥t♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡
U : RS Ñ Hilb ❤♦❧♦♠♦r❢❛✱ ❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ U ❡♥ X
❡s ❤♦❧♦♠♦r❢❛ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♠♦❞✉❧❛r❡s✳ ❊s ❞❡❝✐r✱ s✐ s❡ t✐❡♥❡
✉♥❛ s✉♣❡r✜❝✐❡ X✱ s❡ ❧❛ ❞❡s❝♦♠♣♦♥❡ ❡♥ ❝✐❧✐♥❞r♦s Aqi ② ♣❛♥t❛❧♦♥❡s✱ ❡♥t♦♥❝❡s
❧❛ t❡♦rí❛ ❞❡❜❡ s❡r ❤♦❧♦♠♦r❢❛ ❡♥ ❧♦s ♣❛rá♠❡tr♦s qi✳

❆ ❧♦ ❧❛r❣♦ ❞❡ ❡st❡ ❛♣❛rt❛❞♦✱ U ❞❡♥♦t❛rá ✉♥❛ t❡♦rí❛ ❝♦♥❢♦r♠❡ ② H “ UpC1q
s✉ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s✳

✶✻✷



❉❡✜♥✐❝✐ó♥ ❆✳✸✻✳ ❬❙❡❣✵✹❪ ❯♥ Ψ P H s❡ ❞✐❝❡ ❝❛♠♣♦ ♣r✐♠❛r✐♦ s✐ ❡①✐st❡ ✉♥
h P C t❛❧ q✉❡ ♣❛r❛ t♦❞❛ f P E0 s❡ t✐❡♥❡✿

UfΨ “
`
f 1p0q

˘h
Ψ

❞♦♥❞❡✱ r❡❝♦r❞❡♠♦s✱ Uf “ UpAf q✳

P❛r❛ ❞❡s❡♠♣❛❝❛r ❧❛ ❞❡✜♥✐❝✐ó♥✱ r❡❝♦r❞❡♠♦s q✉❡ Af P C ❡stá ❞❛❞♦ ♣♦r ✉♥ ♣❛r
q “ f 1p0q P D

ˆ, g P Dif ✈í❛ Af “ Aq ˝ g✳ ❙❛❜✐❡♥❞♦ q✉❡✿

Uq “ qL0

Upgq “ e
ř

ną0
anLn

s❡ t✐❡♥❡ q✉❡ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❡q✉✐✈❛❧❡ ❛✿

qL0e
ř

ną0
anLnΨ “ qhΨ @q P D

ˆ, g P Dif

P♦♥✐❡♥❞♦ g “ id s❡ t✐❡♥❡ q✉❡ L0Ψ “ hΨ ✭② ❝♦♠♦ L0 ❡s ♣♦s✐t✐✈♦✱ h ě 0✮✳
❆❧ ✈❛r✐❛r s♦❜r❡ t♦❞❛ g P Dif s❡ t✐❡♥❡ LnΨ “ 0 @n ą 0✳ ❊s ❞❡❝✐r✱ ✉♥ ❝❛♠♣♦
♣r✐♠❛r✐♦ ❡s ❧♦ ♠✐s♠♦ q✉❡ ✉♥ ✈❡❝t♦r ❞❡ ♣❡s♦ ♠á①✐♠♦✳

❊❥❡♠♣❧♦✿ ❈♦♥s✐❞❡r❡♠♦s Ω ❡❧ ✈❡❝t♦r ✈❛❝í♦ ❞❡ ❧❛ t❡♦rí❛✿ Ω “ UpDq✳ ❖❜s❡r✈❡✲
♠♦s q✉❡ Af ˝ D “ D✱ ♣♦r ❧♦ t❛♥t♦✿

AfΩ “ Ω

❖ s❡❛✱ Ω ❡s ✉♥ ❝❛♠♣♦ ♣r✐♠❛r✐♦ ❝♦♥ h “ 0✳

❉❡✜♥✐❝✐ó♥ ❆✳✸✼✳ ❉❛❞♦ Ψ P H ✉♥ ❝❛♠♣♦ ♣r✐♠❛r✐♦ ❝♦♥ h P N0✱ Cn
X
ÝÑ

Cm ✉♥❛ s✉♣❡r✜❝✐❡ ❞❡ ❘✐❡♠❛♥♥✱ s❡ ❞❡✜♥❡ ✉♥❛ ❢♦r♠❛ ❡♥ X ❝♦♥ ✈❛❧♦r❡s ❡♥
H˚bn b Hbm ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

❙❡❛ z P X ② D
φ
ÝÑ X ✉♥❛ ❝❛rt❛ t❛❧ q✉❡ φp0q “ z✳ ❈♦♥s✐❞❡r❛♠♦s Cn`1

X̂φ
ÝÝÑ Cm

❞❛❞♦ ♣♦r✿
X̂φ :“ XzImpφq

❝✉②❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ ❞❡❧ ❝ír❝✉❧♦ ♥✉❡✈♦ ❡stá ❞❛❞❛ ♣♦r ❧❛ φ ❞❡❧ ♠✐s♠♦ ♠♦❞♦
q✉❡ ❡♥ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ Af ✳ ❊s ♠ás✱ s❡ ♣✉❡❞❡ ♣❡♥s❛r ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛✲
❝✐ó♥ ❞❡ ❛q✉❡❧❧❛ ❝♦♥str✉❝❝✐ó♥✿ ❛❧ t♦♠❛r X “ D, z “ 0, φ “ f s❡ t✐❡♥❡ X̂φ “ Af ✳
❆❤♦r❛ ❞❡✜♥✐♠♦s

ΨXpzqdzh :“ UpX̂φqp. . . ,Ψq

❊s ❞❡❝✐r✱ ❛❧ r❡❝♦rt❛r Impφq ❞❡ ❧❛ s✉♣❡r✜❝✐❡ X s❡ ❛❣r❡❣❛ ✉♥ ♥✉❡✈♦ ❝ír❝✉❧♦✳
▲❛ ✈❛r✐❛❜❧❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❡st❡ ❝ír❝✉❧♦ s❡ ❡✈❛❧ú❛ ❡♥ Ψ ② ❛sí s❡ ♦❜t✐❡♥❡ ✉♥

✶✻✸



♦♣❡r❛❞♦r UpX,φq : Cn Ñ Cm✳ ❉❡ ❡st❛ ♠❛♥❡r❛ q✉❡❞❛ ❞❡✜♥✐❞❛ ✉♥❛ ❢♦r♠❛✿ s✐ s❡

t✐❡♥❡ ♦tr❛ ❝❛rt❛ ❡♥ z ❞❛❞❛ ♣♦r D
rφ

ÝÑ X,φp0q “ z✱ s✉♣♦♥✐❡♥❞♦ Imprφq Ă Impφq
✈❛❧❡

f :“ φ´1rφ P E0

❖❜s❡r✈❡♠♦s ❡♥t♦♥❝❡s q✉❡
X̂rφ “ X̂φ ˝ Af

P♦r ❧♦ t❛♥t♦

ΨXpzq drzh “ UpX̂rφqp. . . ,Ψq drzh “ UpX̂φqp. . . , UfΨq drzh

“ UpX̂φqp. . . ,
`
f 1p0q

˘h
Ψq drzh “ UpX̂φqp. . . ,Ψq

`
f 1p0qh

˘
drzhlooooomooooon

dzh

❊♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛ ΨX s❡ ✉t✐❧✐③❛ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ Ψ s❡❛ ✉♥ ❝❛♠♣♦
♣r✐♠❛r✐♦ ♣❛r❛ ❛s❡❣✉r❛r q✉❡ UpgqΨ “ Ψ : @g P Dif ✳ P❛r❛ ❝❛♠♣♦s q✉❡ ♥♦
s❡❛♥ ♣r✐♠❛r✐♦s ♣❡r♦ sí ♣❡s♦ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞♦ ✭❡s ❞❡❝✐r✱ ❛✉t♦✈❡❝t♦r❡s ❞❡ L0✮
s❡ ♣✉❡❞❡ ♣r♦❝❡❞❡r ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ s✐ s❡ ❧♦❣r❛s❡ ✉t✐❧✐③❛r ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s
❡stá♥❞❛r✳ ❆♣❧✐q✉❡♠♦s ❡st❛ ✐❞❡❛ ❛ ❧❛ s✉♣❡r✜❝✐❡ ❝♦♥ ❞♦s ❝ír❝✉❧♦s ❡♥tr❛♥t❡s ②
✉♥♦ s❛❧✐❡♥t❡✳

Ppz,r0,r1q : “ D z
`
tw P C : |w| ă r0u Y tw P C : |z ´ w| ă r1u

˘

“ Ar0 z tw P C : |z ´ w| ă r1u

❝♦♥ ♣❛r❛♠❡tr✐③❛❝✐♦♥❡s ❡stá♥❞❛r ❡♥ t♦❞♦s ❧♦s ❝ír❝✉❧♦s✳
▲❧❛♠❡♠♦s

Upz,r0,r1q :“ UpPpz,r0,r1qq

❉❡✜♥✐❝✐ó♥ ❆✳✸✽✳ ❙❡❛ V Ă H ❞❡✜♥✐❞♦ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ P❛r❛ tΨiuiPI Ă
H ✉♥ ❝♦♥❥✉♥t♦ ❧✐♥❡❛❧♠❡♥t❡ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❝❛♠♣♦s ♣r✐♠❛r✐♦s✱ V “ă tΨi :

i P Iu ąvir✳ ❙✉♣♦♥❞r❡♠♦s I ✜♥✐t♦✳ ❙❡ t✐❡♥❡✿

V “ H

V “
À
ně0

Vn ❞♦♥❞❡ V0 “ă tΨi : i P Iu ąC, Vn “ă tL´n1
¨ ¨ ¨L´nk

Ψi : i P

I,
ř
j nj “ nu ąC✳ ❉✐r❡♠♦s |v| “ n s✐ v P Vn✳

✶✻✹



❙✐✱ v “ L´n1
¨ ¨ ¨L´nk

Ψi ② hi ❡s t❛❧ q✉❡ L0Ψi “ hiΨi ❡♥t♦♥❝❡s L0v “
phi ` |v|q

◗✉❡r❡♠♦s ❛❤♦r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ Upz,r0,r1q ❡♥ z✱ ❡s ❞❡❝✐r✱ ♣❛r❛
v0, v1 P V ② ❡st✉❞✐❛r❡♠♦s✿

Upz,r0,r1qpv0, v1q

❈♦♥s✐❞❡r❛r❡♠♦s q✉❡ ❧❛ ♣r✐♠❡r❛ ✈❛r✐❛❜❧❡ ❝♦rr❡s♣♦♥❞❡ ❛❧ ❝ír❝✉❧♦ ❝❡♥tr❛❞♦ ❡♥ 0

② ❧❛ s❡❣✉♥❞❛ ❛❧ ❝ír❝✉❧♦ ❝❡♥tr❛❞♦ ❡♥ z✳ ❆❧ ✈❛r✐❛r ❧♦s r❛❞✐♦s ❞❡ ❧♦s ❝ír❝✉❧♦s ♣♦r
r1
0 ă r0, r

1
1 ă r1 ♦❜t❡♥❡♠♦s✿

Ppz,r1
0
,r1

1
q “ Ppz,r0,r1q ˝

´
Ar1

0
{r0 Y Ar1

1
{r1

¯

▲✉❡❣♦✱ ❛❧ ❛♣❧✐❝❛r U ♦❜t❡♥❡♠♦s✿

Upz,r1
0
,r1

1
qpv0, v1q “ Upz,r0,r1q

ˆ
p
r1
0

r0
qL0v0, p

r1
1

r1
qL0v1

˙

❉❛❞♦ q✉❡ ❧♦s ❛✉t♦✈❡❝t♦r❡s ❞❡ L0 ❢♦r♠❛♥ ✉♥❛ ❜❛s❡ ❞❡ V ✱ s✉♣♦♥❣❛♠♦s q✉❡
v0, v1 P V t✐❡♥❡♥ ♣❡s♦s ❝♦♥❢♦r♠❡s h0, h1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜t❡♥❡♠♦s ❡♥t♦♥✲
❝❡s✿

r1´h0
0 r1´h1

1 Upz,r1
0
,r1

1
qpv0, v1q “ r´h0

0 r´h1
1 Upz,r0,r1qpv0, v1q

q✉❡ ❞❡♣❡♥❞❡ s♦❧❛♠❡♥t❡ ❞❡ v0, v1 P V ② z P D
ˆ✳

❉❡✜♥✐♠♦s ❛sí ❡❧ ♦♣❡r❛❞♦r ❞❡ ✈ért✐❝❡ ❡♥ z ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ v1 ❛❝t✉❛♥❞♦ ❡♥
v0✿

Ypv1, zqv0 :“ r´h0
0 r´h1

1 Upz,r0,r1qpv0, v1q

② ❡①t❡♥❞✐❡♥❞♦ ❧✐♥❡❛❧♠❡♥t❡ s❡ ♦❜t✐❡♥❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

Y : V b V Ñ HolpDˆ, V q

❉❡s❛rr♦❧❧❛♥❞♦ ❡♥ s❡r✐❡ ❝♦♥ ❝❡♥tr♦ ❡♥ 0 ❧❛ ❢✉♥❝✐ó♥ ❤♦❧♦♠♦r❢❛ s❡ ♦❜t✐❡♥❡ ❧♦
q✉❡ ✉s✉❛❧♠❡♥t❡ s❡ ❞❡♥♦♠✐♥❛ ❧❛ ❝♦rr❡s♣♦♥❞❡♥❝✐❛ ❡st❛❞♦✲♦♣❡r❛❞♦r ♦ ❡st❛❞♦✲
❝❛♠♣♦ ✭✈❡r ❬❑❛❝✾✽❪✮✳

Y : V b V Ñ V rrz˘1ss

v0 b v1 ÞÑ
ÿ

nPZ

anz
´n´1

❙❡ ♣✉❡❞❡ ✈❡r ❡♥t♦♥❝❡s q✉❡ ❧❛ t❡♦rí❛ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❧♦s ❝❛♠♣♦s ♣r✐✲
♠❛r✐♦s ② s✉ ✐♥t❡r❛❝❝✐ó♥✱ ❝♦❞✐✜❝❛❞❛ ❡♥ ❧❛ ❛♣❧✐❝❛❝✐ó♥ Y ✳ ▲♦s ❝❛♠♣♦s ♣r✐♠❛r✐♦s
❞❡t❡r♠✐♥❛♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ á❧❣❡❜r❛ ❞❡ ❱✐r❛s♦r♦ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ❡❧ ✈❛❧♦r
❞❡ ❧❛ t❡♦rí❛ ❡♥ ❧♦s ❝✐❧✐♥❞r♦s✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ Y ❞❡t❡r♠✐♥❛ ❡❧ ✈❛❧♦r ❞❡ ❧❛ t❡♦rí❛
❡♥ ❡❧ ♣❛♥t❛❧ó♥✳
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❉❡✜♥✐❝✐ó♥ ❆✳✸✾✳ ❯♥ á❧❣❡❜r❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ✈ért✐❝❡ pV, Y,Ω, ωq ❝♦♥s✐st❡
❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❞❛t♦s✳ ❯♥ ❡s♣❛❝✐♦ ✈❡❝t♦r✐❛❧ V ✭Z ❣r❛❞✉❛❞♦✮✳

V “
à
nPZ

Vn

t❛❧ q✉❡ Vn ❡s ❞❡ ❞✐♠❡♥s✐ó♥ ✜♥✐t❛ ② Vn “ 0 ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦✳

Y : V b V Ñ V rrz˘1ss

v0 b v1 ÞÑ Y pv1, zqv0 “
ÿ

nPZ

anz
´n´1

❏✉♥t♦ ❝♦♥ ❧♦s ✈❡❝t♦r❡s ❞✐st✐♥❣✉✐❞♦s Ω P V0, ω P V2 t❛❧❡s q✉❡ ❧♦s s✐❣✉✐❡♥t❡s
❛①✐♦♠❛s s❡ s❛t✐s❢❛❝❡♥✿

✶✳ @v0, v1 P V DN t❛❧ q✉❡ s✐ n ě N t❡ t✐❡♥❡ anu “ 0

✷✳ Y pΩ, zq “ 1V

✸✳ @v P V s❡ t✐❡♥❡ Y pv, zqΩ P V rrzss ② Y pv, zqΩ|z“0 “ v ✭✐❡✿ v´1Ω “ v✮✳

✹✳ ❋✉♥❝✐ó♥ ❞❡ ❝✉❛tr♦ ♣✉♥t♦s✿ P❛r❛✱ v0, v1, v2 s❡ t✐❡♥❡

Xpv1, v2, v0; z, wq P V rrz, wssrz´1, w´1, pz ´ wq´1s

❈✉②♦s ❞✐st✐♥t♦s ❞❡s❛rr♦❧❧♦s ❡♥ s❡r✐❡ s♦♥✿

Y pa, zqY pb, wqc ❡♥ V rrz˘1srrw˘1ss

Y pb, wqY pa, zqc ❡♥ V rrw˘1ssrrz˘1ss

Y pY pa, z ´ wqb, wqc ❡♥ V rrw˘1ssrrpz ´ wq˘1ss

✺✳ P❛r❛ ω✱ ❡s❝r✐❜✐♠♦s Y pω, xq “
ř
Lpnqx´n´2 ✭♦ s❡❛✱ Lpnq “ ωn`1✮ ② s❡

t✐❡♥❡ ✭♣❛r❛ ❛❧❣ú♥ c P C✿

rLpmq, Lpnqs “ pm ´ nqLpm ` nq `
cpm3 ´ mq

12
δn,´m

✻✳ Lp0qv “ nv s✐ v P Vn

✼✳ Lp´1q ❞❡r✐✈❛ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s❡♥t✐❞♦✿

BxY pv, xq “ Y pLp´1qv, xq

✶✻✻



❖❜s❡r✈❛❝✐ó♥ ❆✳✹✵✳ P❛r❛ ❝♦♥❝❧✉✐r ❧❛ s❡❝❝✐ó♥✱ ❡s ♥✉❡str❛ ✐♥t❡♥❝✐ó♥ ♠♦t✐✈❛r
❧♦s ❛①✐♦♠❛s ❞❡ á❧❣❡❜r❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞❡ ✈ért✐❝❡ ❣❡♦♠étr✐❝❛♠❡♥t❡✳ ❊s ❞❡❝✐r✱
❝ó♠♦ ♣✉❡❞❡♥ ✐♥t❡r♣r❡t❛rs❡ ❡♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❙❡❣❛❧✳ ◆♦ ❜✉s❝❛♠♦s ❞❛r ✉♥❛
❞❡r✐✈❛❝✐ó♥ ❝♦♠♣❧❡t❛ ❞❡ ❧♦s ♠✐s♠♦s s✐♥♦ ✐❧✉str❛r ❞❡ q✉é ♠❛♥❡r❛ ✉♥❛ ❱❖❆
✐♥t❡♥t❛ ❝♦❞✐✜❝❛r ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s s✉♣❡r✜❝✐❡s ❞❡ ❣é♥❡r♦ ❝❡r♦ ② ❞❡ q✉é
♠❛♥❡r❛✱ ❛❞❡♠ás✱ ❡st❛ ✐♥❢♦r♠❛❝✐ó♥ r❡s✉❧t❛ ✐♥✜♥✐t❡s✐♠❛❧✳

✶✳ ❊st♦ ❞❡❜❡ ♣❡❞✐rs❡✳ ❊s ❞❡❝✐r✱ ❧❛ ❛①✐♦♠❛t✐③❛❝✐ó♥ ❞❡ ❙❡❣❛❧ ♥♦ ❧♦ ❣❛r❛♥t✐③❛✳

✷✳ ❖❜s❡r✈❡♠♦s q✉❡
Ppz,r0,r1q ˝1 D “ Ar0

P♦r ❧♦ t❛♥t♦

Upz,r0,r1qpv0,Ωq “ U
´
Ppz,r0,r1q ˝1 D

¯
v0 “ U

´
Ar0

¯
v0 “ rL0

0 v0

▲✉❡❣♦✱ YpΩ, zqv0 “ v0✳

✸✳ ❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛✿

Upz,r0,r1qpΩ, v1q “ U
´
Ppz,r0,r1q ˝0 D

¯
v1

♦❜t❡♥✐❡♥❞♦ ❡❧ ❞✐s❝♦ ❡stá♥❞❛r D ❛❧ ❝✉❛❧ s❡ ❧❡ ❤❛ q✉✐t❛❞♦ ❡❧ ❞✐s❝♦ ❝❡♥tr❛❞♦
❡♥ z ❞❡ r❛❞✐♦ r1✳ ▲✉❡❣♦✱ Ypv1, zqΩ ❡s ❤♦❧♦♠♦r❢♦ ❡♥ D ✭❡s ❞❡❝✐r✱ ❛❧ ❡✈❛❧✉❛r
❡♥ Ω s❡ ♣❡❣❛ ✉♥ ❞✐s❝♦ ❡♥ 0 q✉❡ ❡❧✐♠✐♥❛ ❧❛ s✐♥❣✉❧❛r✐❞❛❞✮✳ ❆❤♦r❛✱ ❛❧ ❤❛❝❡r
z Ñ 0 s❡ t✐❡♥❡ q✉❡ Ppz,r0,r1q ˝0 D Ñ Ar1 ② ♣♦r ❧♦ t❛♥t♦ Ypv1, 0q “ v1✳

✹✳ ❉❡✜♥❛♠♦s ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ Ppz,r0,r1q✱ ♠♦r✜s♠♦s

C3

Qpz,w,r0,r1,r2q
ÝÝÝÝÝÝÝÝÑ C1

❝♦♠♦ ❡❧ ❞✐s❝♦ D ❛❧ ❝✉❛❧ ❧❡ q✉✐t❛♠♦s ✉♥ ❞✐s❝♦ ❞❡ r❛❞✐♦ r0 ❝❡♥tr❛❞♦ ❡♥ 0✱
✉♥♦ ❞❡ r❛❞✐♦ r1 ❝❡♥tr❛❞♦ ❡♥ z ② ✉♥♦ ❞❡ r❛❞✐♦ r2 ❝❡♥tr❛❞♦ ❡♥ w ❝♦♥ ♣❛✲
r❛♠❡tr✐③❛❝✐♦♥❡s ❡stá♥❞❛r✳ ❘❛③♦♥❛♥❞♦ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛✱ ❞❡s❝❛rt❛♠♦s
❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❡♥ ri ❝♦♥s✐❞❡r❛♥❞♦ vi ❞❡ ♣❡s♦ ❝♦♥❢♦r♠❡ hi ② ❞❡✜♥✐❡♥❞♦✿

X pv1, v2, z, wqv0 :“ r´h0
0 r´h2

2 r´h2
2 Upz,w,r0,r1,r2qpv0, v1, v2q

❊st❡ ♦♣❡r❛❞♦r ❞❡♣❡♥❞❡ ❤♦❧♦♠♦r❢❛♠❡♥t❡ ❡♥ z, w✳ ❆❞❡♠ás✱ s❡ t✐❡♥❡♥ ❧❛s
s✐❣✉✐❡♥t❡s ✐❞❡♥t✐❞❛❞❡s ❣❡♦♠étr✐❝❛s✿

❙✐ ❡①✐st❡ ✉♥ R ą 0 t❛❧ q✉❡

Br1pzq Ă BRp0q ② Br2pwq Ă pARq˝

✶✻✼



s❡ t✐❡♥❡

Qpz,w,r0,r1,r2q “ Ppw,R,r2q ˝0 Ppz,r0,r1q

❈❛♠❜✐❛♥❞♦ ❧♦s r♦❧❡s ❞❡ z ② w✱ ❡s ❞❡❝✐r✱ s✐ ❡①✐st❡ ✉♥ R ą 0 t❛❧ q✉❡

Br2pwq Ă BRp0q ② Br1pzq Ă pARq˝

s❡ t✐❡♥❡

Qpz,w,r0,r1,r2q “ Ppz,R,r1q ˝0 Ppw,r0,r2q

P♦r ♦tr❛ ♣❛rt❡✱ s✐ ❡①✐st❡ ✉♥ R ą r1 t❛❧ q✉❡

BRpzq Ă pAr0q˝ ② Br2pwq Ă BRpzq

s❡ t✐❡♥❡

Qpz,w,r0,r1,r2q “ Ppz,r0,Rq ˝1 Ppw´z,r0,r2q

P❛s❛♥❞♦ ❛ ❧♦s ♦♣❡r❛❞♦r❡s Y ,X ♦❜t❡♥❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡✿

X pv1, v2, z, wqv0 “

$
’’&
’’%

Ypv2, wqYpv1, zqv0

Ypv1, zqYpv2, wqv0

Y

´
pYpw ´ z, v2qv1, z

¯
v0

❆❧ ❞❡s❛rr♦❧❧❛r ❡♥ s❡r✐❡ ❧❛s ❞✐st✐♥t❛s ♣r❡s❡♥t❛❝✐♦♥❡s ❞❡ X pv1, v2, z, wqv0
s❡ t✐❡♥❡♥ ❧❛s ✐❞❡♥t✐❞❛❞❡s ❞❡❧ ❛①✐♦♠❛ ✹✳

✺✳ ❖❜s❡r✈❡♠♦s q✉❡ ✉♥ t❛❧ ω ❞❡❜❡ s❡r ω “ Lp´2qΩ✳ ❙✐ ❝♦♥s✐❞❡r❛♠♦s ❡❧
❞✐s❝♦ ✉♥✐t❛r✐♦ ❝♦♥ ♣❛r❛♠❡tr✐③❛❝✐ó♥ s❛❧✐❡♥t❡ ❝♦♥❝❡♥tr❛❞❛ ❡♥ ❧✉❣❛r ´2✱
❡s ❞❡❝✐r✱ g “ e´ǫ2θi ② ❧♦ ♣❡❣❛♠♦s ❡♥ ❧❛ ❡♥tr❛❞❛ 1 ❞❡ Ppz,r0,r1q ♦❜t❡♥❞r❡✲
♠♦s ❡❧ ♦♣❡r❛❞♦r ❞❡ ✈ért✐❝❡ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ eǫLp´2q✳ ❆❧ r❡❝❛❧❝✉❧❛r ❧❛
❞❡♣❡♥❞❡♥❝✐❛ ❡♥ z ② ❝♦♥s✐❞❡r❛r d

dǫ
✱ ✈❡r ❬❍✉❛✾✽❪ ♣r♦♣✳ ✸✳✷✳✺✱ s❡ r❡❝✉♣❡r❛

❧❛ ❡①♣r❡s✐ó♥ ❡♥ ❝✉❡st✐ó♥✳

✻✳ ❊❧ ❡s♣ír✐t✉ ❞❡ ❡st❡ ❛①✐♦♠❛ ❡s ❝❛♣t✉r❛r ❧❛ ❛❝❝✐ó♥ ❞✐❛❣♦♥❛❧ ❞❡❧ ♦♣❡r❛❞♦r
L0✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ ❱❖❆✱ s❡ ❞❡❜❡r r❡❝♦r❞❛r ❧♦s ♣❡s♦s ❝♦♥❢♦r♠❡s ❞❡ ❧❛
t❡♦rí❛ ❝♦♥ ❡str✉❝t✉r❛ ❡①tr❛✿ ✉♥ ♠ó❞✉❧♦ s♦❜r❡ ❡❧ á❧❣❡❜r❛✳

✶✻✽



✼✳ ▲❛ ♣r♦♣✐❡❞❛❞ ❞❡ Lp´1q ♣r♦✈✐❡♥❡ ❞❡ ❝♦♥s✐❞❡r❛r ❡♥ ❧❛ ❡♥tr❛❞❛ ❝♦rr❡s♣♦♥✲
❞✐❡♥t❡ ❛❧ v✱ ✉♥❛ ♣❛r❛♠❡tr✐③❛❝✐ó♥ g “ e´iθz0 ✱ ❡s ❞❡❝✐r✱ ❝♦♥❝❡♥tr❛❞❛ ❡♥ ❡❧
❝♦❡✜❝✐❡♥t❡ ´1✳ ❈♦♥s✐❞❡r❛♥❞♦ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞ ❣❡♦♠étr✐❝❛

Ppz´z0,r0,r1q “ Ppz,r1
0
,r1

1
q ˝ Ag

② ❛❧ t♦♠❛r z0 Ñ z✱ s❡ r❡❝✉♣❡r❛ ❧❛ ♣r♦♣✐❡❞❛❞✳ ✭P❛r❛ ♠ás ❞❡t❛❧❧❡✱ ✈❡r ❬❍✉❛✾✽❪
♣r♦♣✳ ✸✳✷✳✹✳✮

✶✻✾



✶✼✵



❆♣é♥❞✐❝❡ ❇

❈ó❞✐❣♦ ✉t✐❧✐③❛❞♦

❊♥ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ r❡❛❧✐③❛❞❛ ❤❛ s✐❞♦ ♥❡❝❡s❛r✐❛ ✉♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ❝á❧❝✉❧♦s
❡①♣❧í❝✐t♦s ❡♥ ❡❧ ♦♣❡r❛❞ Cacti✳ ❉❡❜✐❞♦ ❛ q✉❡ ❧♦s ♠✐s♠♦s ❝r❡❝❡♥ ❡♥ ❝♦♠♣❧❡❥✐❞❛❞
✭❝❛♥t✐❞❛❞ ❞❡ tér♠✐♥♦s✮ rá♣✐❞❛♠❡♥t❡✱ s❡ ❞❡❝✐❞✐ó r❡❛❧✐③❛r ✉♥❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥
✐♥❢♦r♠át✐❝❛ ❞❡❧ ♦♣❡r❛❞ Cacti✳ ▲❛ ♠✐s♠❛ s❡ r❡❛❧✐③ó ❡♥ P②t❤♦♥ ✉t✐❧✐③❛♥❞♦ ❧❛
s✉✐t❡ ❙❆●❊ ❬❙`✶✷❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❡①♣♦♥❡ ❜r❡✈❡♠❡♥t❡ ❧❛ ❢♦r♠❛ ❡♥ q✉❡
❡st♦ ❢✉❡ r❡❛❧✐③❛❞♦✳ P❛r❛ ♠ás ♣r❡❝✐s✐ó♥✱ s❡ ✐♥❝❧✉②❡ ❛❞❡♠ás ✉♥❛ ❝♦♣✐❛ ❞❡❧ ❝ó❞✐❣♦
❞❡s❛rr♦❧❧❛❞♦✳

❊♥ ♣r✐♠❡r ❧✉❣❛r✱ s❡ ❞❡❝✐❞✐ó ❞❡❥❛r ✉♥ ♣❛rá♠❡tr♦ ❣❧♦❜❛❧ N P N ❡ ✐♠♣❧❡♠❡♥t❛r
❧♦s ❝❛❝t✉s ❞❡ ❛ ❧♦ s✉♠♦ N ❧ó❜✉❧♦s✳ ❊❧ ♥ú♠❡r♦ n s❡rá tí♣✐❝❛♠❡♥t❡ ✺ ♦ ✻✱ ❛✉♥q✉❡
❤❡♠♦s r❡❛❧✐③❛❞♦ ❝á❧❝✉❧♦s ❤❛st❛ n “ 9✳ ❯♥ ❝❛❝t✉s s❡ ❝♦❞✐✜❝❛ ❝♦♠♦ ✉♥❛ t✐r❛
❞❡ ♥ú♠❡r♦s ❡♥t❡r♦s✳ ▲❛ ♠✐s♠❛ ♣✉❡❞❡ s❡r ✉♥❛ ❧✐st❛ ✭t✐♣♦ ❞❡ ❞❛t♦ ♠✉t❛❜❧❡✱
❞❡ ❧♦♥❣✐t✉❞ ✈❛r✐❛❜❧❡✮ ♦ ✉♥❛ t✉♣❧❛✳ ❙❡ ✉t✐❧✐③❛r♦♥ ❛♠❜♦s✱ tr❛❞✉❝✐❡♥❞♦ ✉♥♦s
♣♦r ♦tr♦s ❝✉❛♥❞♦ ❝♦rr❡s♣♦♥❞✐❡r❛✳ ❊♥ ❙❆●❊ s❡ ♣✉❡❞❡ ❝♦♥str✉✐r ✉♥ ❡s♣❛❝✐♦
✈❡❝t♦r✐❛❧ ❝♦♥ ✉♥❛ ❜❛s❡ ❞❛❞❛✳ P♦r ❝✉❡st✐♦♥❡s té❝♥✐❝❛s✱ ❧❛ ❜❛s❡ ♥♦ ♣✉❡❞❡♥
s❡r ♦❜❥❡t♦s ♠✉t❛❜❧❡s ② ♣♦r ❧♦ t❛♥t♦ s❡ ✉t✐❧✐③❛r♦♥ t✉♣❧❛s✳ ❊♥ ❧❛ ❡❧❡❝❝✐ó♥
❞❡ ❧❛ ❜❛s❡✱ ✉♥❛ ♦♣❝✐ó♥ s❡rí❛ ♦♣t❛r ♣♦r ❧♦s ❝❛❝t✉s x “ px1, . . . , xn`kq ❝♦♥
n P t1, . . . Nu, l P t0, . . . , n´ 1u✳ ❙✐♥ ❡♠❜❛r❣♦✱ P❛r❛ s❛❝❛r ♣r♦✈❡❝❤♦ ❞❡ ❧❛s ❤❡✲
rr❛♠✐❡♥t❛s ❞❡♥tr♦ ❞❡ ❙❆●❊✱ s❡ ❞❡❝✐❞✐ó ❝♦❞✐✜❝❛r ✉♥ ❝❛❝t✉s x “ px1, . . . , xn`kq
❝♦♠♦ ✉♥❛ ♣❡r♠✉t❛❝✐ó♥ s❡❣✉✐❞♦ ♣♦r ❡❧ ❝❛❝t✉s ❡♥ ♦r❞❡♥ ❝❛♥ó♥✐❝♦✱ ❡st♦ ❡s s✐
pxj1 , . . . , xjnq ❡s ❧❛ s❡❝✉❡♥❝✐❛ ❞❡ ❧❛s ♣r✐♠❡r❛s ❛♣❛r✐❝✐♦♥❡s ❞❡ ❝❛❞❛ ✈❛❧♦r✱ ❡♥t♦♥✲
❝❡s pxj1 , . . . , xjnq “ p1, . . . , nq✳ P♦r ❡❥❡♠♣❧♦ p1213q, p1213431q s♦♥ ❝❛♥ó♥✐❝♦s✱
♣❡r♦ p212q ♥♦ ✭② s❡ ❝♦❞✐✜❝❛ ❝♦♠♦ p121q ❥✉♥t♦ ❝♦♥ ❧❛ ♣❡r♠✉t❛❝✐ó♥ 1 Ø 2✳ ❉❡
❡st❛ ♠❛♥❡r❛✱ s❡ ❝♦♥str✉②❡ ♣❛r❛ ❝❛❞❛ N ❞❡ ♣r✉❡❜❛ ❡❧ SN ✲♠ó❞✉❧♦ ❧✐❜r❡ ❝♦♥
❜❛s❡ ❧♦s ❝❛❝t✉s ❝❛♥ó♥✐❝♦s✳
❈♦♠♦ ❡s ❡s♣❡r❛❜❧❡✱ ❧♦s ❝á❧❝✉❧♦s ❞❡ ❧❛s ❝♦♠♣♦s✐❝✐♦♥❡s ♣❛r❝✐❛❧❡s ② ❞❡❧ ❞✐❢❡r❡♥❝✐❛❧
❞❡❧ dg✲♦♣❡r❛❞ s❡ r❡❛❧✐③❛♥ ❞❡ ♠❛♥❡r❛ ❝♦♠❜✐♥❛t♦r✐❛ ❡♥ ❧♦s ❝❛❝t✉s ② s❡ ❡①t✐❡♥❞❡♥
❧✐♥❡❛❧♠❡♥t❡✳

✶✼✶



❆s✐♠✐s♠♦✱ s❡ ❤❛♥ ✐♠♣❧❡♠❡♥t❛❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡A8✲á❧❣❡❜r❛ q✉❡ s❡ ❜✉s❝❛❜❛
r❡s♦❧✈❡r✳ ❊st♦ ❡s✱ ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ❝♦♥str✉✐r ❡❧ ♠♦r✜s♠♦ η✿

A8
η
ÝÑ Cacti

♣❛r❛ ✉♥♦s ❝❛♥❞✐❞❛t♦s wi “ ηpmiq 1 ď i ď r s❡ ❝❛❧❝✉❧❛ ❧❛ ❡❝✉❛❝✐ó♥ q✉❡ ❞❡❜❡
❝✉♠♣❧✐r ✉♥ ❡✈❡♥t✉❛❧ wr`1 “ ηpmr`1q✿

δ
`
wr`1

˘
“

n´1ÿ

i“1

ÿ

p`q“n`1

p´1qpi´1q`pp´iqq wp ˝i wq “: asocr`1

❆❞❡♠ás✱ s❡ ✐♠♣❧❡♠❡♥t❛r♦♥ ✉♥ ♣❛r ❞❡ ❛❧❣♦r✐t♠♦s ♣❛r❛ r❡s♦❧✈❡r ❡s❛ ❡❝✉❛❝✐ó♥✱
♦ ♠ás ❡♥ ❣❡♥❡r❛❧ ❝✉❛❧q✉✐❡r ❡❝✉❛❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛ δx “ y ♣❛r❛ y ✉♥ ❝❛❝t✉s ❝♦♥
❝♦❡✜❝✐❡♥t❡s ❡♥t❡r♦s✳ ❊❧ ♠ás s❡♥❝✐❧❧♦ s❡ ♣✉❡❞❡ ❞❡s❝r✐❜✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✿

✶✳ ❙❡ ❝♦♠✐❡♥③❛ ❝♦♥ w “ 0, a “ asocr`1✳

✷✳ ❙❡ r❡❝♦rr❡♥ t♦❞♦s ❧♦s ❝❛❝t✉s x ❞❡ r ` 1 ❧ó❜✉❧♦s ② ❞✐♠❡♥s✐ó♥ r ` 3 ② s✐
s❡ ✈❡r✐✜❝❛✿

7tér♠✐♥♦s
`
a ˘ δx

˘
ă 7tér♠✐♥♦s

`
a

˘

s❡ ❝❛♠❜✐❛♥ w Ñ w ` x, a Ñ a ˘ δx✳

✸✳ ❙✐ a “ 0 ❡♥t♦♥❝❡s wr`1 “ w✱ s✐ ♥♦✱ s❡ ✈✉❡❧✈❡ ❛❧ ♣❛s♦ ✷✳

❉❡❜✐❞♦ ❛ q✉❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝❛❝t✉s ❛ ✈❡r✐✜❝❛r ❡♥ ❡❧ ♣❛s♦ ✷ ❝r❡❝❡ rá♣✐❞❛♠❡♥t❡
❝♦♥ r✱ s❡ ❞❡❝✐❞✐ó ♠❡❥♦r❛r ❡st❡ ♣❛s♦✳ ❊♥ ✈❡③ ❞❡ r❡❝♦rr❡r t♦❞♦s ❧♦s ❝❛❝t✉s ❞❡
r ` 1 ❧ó❜✉❧♦s ② ❞✐♠❡♥s✐ó♥ r ` 3✱ s❡ ❝♦♥str✉②❡ ✉♥❛ ❧✐st❛ ❞❡ ❝❛♥❞✐❞❛t♦s ❞❡ ❧❛
s✐❣✉✐❡♥t❡ ♠❛♥❡r❛✳ P❛r❛ ❝❛❞❛ tér♠✐♥♦ t ❞❡ a✱ s❡ ❝❛❧❝✉❧❛♥ ❧♦s ❝❛❝t✉s t❛❧❡s q✉❡
t ❡s ✉♥❛ ❞❡ s✉s ❝❛r❛s✳ ❙❡ ❝♦♥s✐❣✉❡ ❧❛ ❧✐st❛ ✜♥❛❧ ❝♦♠♦ ❧❛ ✉♥✐ó♥ ❞❡ ❧❛s ❧✐st❛s ❞❡
t♦❞♦s ❧♦s ❝❛♥❞✐❞❛t♦s ♣❛r❛ ❝❛❞❛ tér♠✐♥♦✳ ❊st❛ ♠♦❞✐✜❝❛❝✐ó♥ s❡♥❝✐❧❧❛ ♣❡r♠✐t✐ó
r❡❛❧✐③❛r ❧♦s ❝á❧❝✉❧♦s ❡①♣❧í❝✐t♦s ❤❛st❛ n “ 9 ❧♦ q✉❡ ❝♦♥tr✐❜✉②ó ❛ ❧❛ ❝♦♥❥❡t✉r❛
❞❡❧ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ ❡st❛ t❡s✐s✳

P♦r ú❧t✐♠♦✱ ✉♥❛ ✈❡③ ❝♦♥❥❡t✉r❛❞❛ ❧❛ ❢❛❝t♦r✐③❛❝✐ó♥ ❞❡❧ ♠♦r✜s♠♦ η ❝♦♠♦

A8
φ
ÝÑ Ap2q

8
µ
ÝÑ Cacti

② ❤❛❜✐❡♥❞♦ ♣❛s❛❞♦ ❛ ❧❛ ❜úsq✉❡❞❛ ❞❡ µ s❡ ✐♠♣❧❡♠❡♥tó ❞❡ ♠❛♥❡r❛ s✐♠✐❧❛r ❡❧
❝á❧❝✉❧♦ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ A

p2q
8 ❝♦♥ ❡❧ ❞❡t❛❧❧❡ ❞❡ q✉❡ ❛❤♦r❛

❧❛s ♠✐s♠❛s ❡stá♥ ✐♥❞❡①❛❞❛s ❡♥ ❛r✐❞❛❞ r ` 1 ♣♦r ❧❛s t✐r❛s ξ P t˝, ‚ur✳
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❈♦♥❢♦r♠❡ s❡ ❤❛♥ ✐❞♦ ❝❛❧❝✉❧❛♥❞♦✱ s❡ ❤❛ ❝♦♥str✉✐❞♦ ✉♥ ❞✐❝❝✐♦♥❛r✐♦ q✉❡ ❝♦❞✐✜❝❛
❧❛ ❛s✐❣♥❛❝✐ó♥

ξ ÞÑ µpmξq

❉❡ ❡st❛ ♠❛♥❡r❛ s❡ ❤❛ ♣♦❞✐❞♦ ❝♦♥s❡❣✉✐r ❧♦s ❡❥❡♠♣❧♦s ❝♦♥ ξ P t˝, ‚ur ♣❛r❛
✈❛❧♦r❡s ❜❛❥♦s ✭1 ď r ď 5✮✳ ❊st♦ ❤❛ ♣❡r♠✐t✐❞♦✱ ❛ s✉ ✈❡③✱ ❝♦♥t❛r ❝♦♥ ✐♥❢♦r♠❛❝✐ó♥
s✉✜❝✐❡♥t❡ ❝♦♠♦ ♣❛r❛ ❝♦♥❥❡t✉r❛r ❧❛s ♣r♦♣♦s✐❝✐♦♥❡s ✸✳✸ ② ✸✳✺ ❛sí ❝♦♠♦ ✈❡r✐✜❝❛r
❡❧ t❡♦r❡♠❛ ✸✳✽✳
P♦r ú❧t✐♠♦✱ s❡ ❤❛♥ ✐♠♣❧❡♠❡♥t❛❞♦ ❧❛s ♦♣❡r❛❝✐♦♥❡s ˝ ② ‚ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥
✸✳✶ ✭❧❧❛♠❛❞❛s ❜❧❛♥❝♦ ② ♥❡❣r♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ② ❧❛s r✉t✐♥❛s q✉❡ ✈❡r✐✜❝❛r❛♥
❡①♣❧í❝✐t❛♠❡♥t❡ ❞✐❝❤♦s r❡s✉❧t❛❞♦s✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ♦❜t✉✈♦ ❡✈✐❞❡♥❝✐❛ ❞❡ ❧❛
✈❛❧✐❞❡③ ❞❡ ❞✐❝❤♦s ❧❡♠❛s ❤❛st❛ N “ 9 ✭✉♥❛s 29 ❡❝✉❛❝✐♦♥❡s✱ ✈❛r✐❛s ❞❡ ❧❛s ❝✉❛❧❡s
❝♦♥ ❞❡ ♠✐❧❡s tér♠✐♥♦s✮✳

❈ó❞✐❣♦ ❢✉❡♥t❡

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❛❞❥✉♥t❛ ❡❧ ❝ó❞✐❣♦ ❢✉❡♥t❡ ❞❡ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❞❡s❝r✐t❛
❛♥t❡r✐♦r♠❡♥t❡✳ ❊❧ sí♠❜♦❧♦ Œ ✐♥❞✐❝❛ ❧❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡ ❧❛ ❧í♥❡❛ ❛♥t❡r✐♦r✱ ❡♥
❝♦♥tr❛♣❛rt✐❞❛ ❛❧ ❝♦♠✐❡♥③♦ ❞❡ ✉♥❛ ♥✉❡✈❛✳

❝❛❝t✐✳s❛❣❡

from sage.all import *

#Decide si una suryección es un cactus

def is_cactus_can(f):

n = (f.codomain()).cardinality()

m = (f.domain()).cardinality()

for i in range(m-1):

if f(i) == f(i+1):

return False

l = []

for k in range(m):

if l.count(f(k))==0:

l.append(f(k))

if l != range(n):

return False

subseq = [ [f(x1),f(x2), f(x3), f(x4)] for x1 in range(m) for x2 in range(x1+1,m) for

Œ x3 in range(x2+1,m) for x4 in range(x3+1,m)]

for l in [ [i,j,i,j] for i in range(n) for j in range(n) if j != i ]:

if l in subseq:

return False

return True

#Decide si una lista es un cactus

def is_cactus_a_list(l):

n = max(l)

m = len(l)

for i in range(m-1):
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if l[i] == l[i+1]:

return False

laux = []

for k in range(n):

if l.count(k+1)==0:

return False

subseq = [ [l[x1],l[x2], l[x3], l[x4]] for x1 in range(m) for x2 in range(x1+1,m) for

Œ x3 in range(x2+1,m) for x4 in range(x3+1,m)]

for laux in [ [i,j,i,j] for i in range(1,n+1) for j in range(1,n+1) if j != i ]:

if laux in subseq:

return False

return True

#Genera todos los cactus k-dimensionales con n lóbulos

def gen_c_can(n,k):

cacti = []

maps = FiniteSetMaps(n+k,n)

for f in maps:

if is_cactus_can(f):

cacti.append( tuple([f(x)+1 for x in range(n+k)]) )

return cacti

#Genera todos los cactus con n lóbulos

def gen_cacti_can(n):

cacti = []

for k in range (n):

cacti = cacti + gen_c_can(n,k)

return cacti

#Genera todos los cactus con a lo sumo n lóbulos

def gen_cacti_can_up_to(n):

cacti = []

for i in range(1,n+1):

cacti = cacti + gen_cacti_can(i)

return cacti

#Genera el espacio V de cactus con a lo sumo n lóbulos

def gen_cacti_new(n):

l = [(1,)]

for k in range(2,n+1):

laux = [t for t in l if max(t) == k-1]

for t in laux:

r = len(t)

last = max([j for j in range(r) if t[j] == k-1])

for i in range(last,r):

l.append(tuple([t[j] for j in range(i)] + [t[i],k] + [t[j] for j in

Œ range(i+1,r)]))

l.append(tuple([t[j] for j in range(i)] + [t[i],k,t[i]] + [t[j] for j in

Œ range(i+1,r)]))

return l

#Dado un elemento del espacio MM lo muestra de manera entendible.

def mostrar(v):

if v in MM:

if v == MM.zero_element():

print ’0’

else:

for t in terms(v):

tt = expand(t)

if tt[2] > 0:

print ’+’,
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if tt[2] == -1:

print ’-’,

elif tt[2] != 1:

print expand(t)[2],

print join([’(’]+ [str(i) for i in to_listcacti(tt)]+[’)’],’’),

print ’ ’

#Idem

def mostrar_out(v):

res = ’’

if v in MM:

if v == MM.zero_element():

res = ’0’

else:

for t in terms(v):

tt = expand(t)

if tt[2] > 0:

res = res + ’+’

if tt[2] == -1:

res = res + ’-’

elif tt[2] != 1:

res = res + str(expand(t)[2]) +’*’

res = res + ’ca(’ + join([str(i) for i in to_listcacti(tt)],’’) + ’)’

return res

#Calcula el borde de un cactus

def bound(ca):

v = MM.zero_element()

for t in terms(ca):

c = to_listcacti(expand(t))

m = len(c)

s = 1

signs = {}

arcs = [ j for j in range(m) if c.count(c[j]) > 1]

for i in arcs:

if [j for j in range(i+1,m) if c[j] == c[i]] != []:

signs[i] = s

s = -s

else:

last = [j for j in range(i) if c[j] == c[i]].pop()

signs[i] = - signs[last]

v = v + signs[i] * expand(t)[2] * el([c[j] for j in range(m) if j != i])

return v

#Devuelve la representación (cactus canónico,permutación) de un cactus dado por una lista

def to_symcacti(c):

i = 1

dic = {}

l = []

for k in c:

if not dic.has_key(k):

dic[k] = i

i = i + 1

l.append(dic[k])

return (Permutation(dic.values()).inverse(), tuple(l))

#Devuelve la lista correspondiente a un cactus dado por (cactus canónico,permutación)

def to_listcacti(c):

p = c[1]

l = list(c[0])

ca = []
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for k in l:

ca.append(p(int(k)))

return ca

#Genera el cactus dado por una tira

def ca(n):

ca = n.digits()

ca.reverse()

return el(ca)

#Genera el cactus dado por una lista

def el(c):

global n, ba, Alg, MM

i = 1

dic = {}

l = []

for k in c:

if not dic.has_key(k):

dic[k] = i

i = i + 1

l.append(dic[k])

cc = tuple(l)

return Alg(Permutation(dic.values()).inverse()) * MM.basis()[cc]

#Sustituye la permutación q en el valor i de p.

def sust(p,a,q):

lq = [b + a-1 for b in list(q)]

lp = []

for x in list(p):

if x <= a:

lp.append(x)

else:

lp.append(x + len(lq) -1)

i = lp.index(a)

result = Permutation([lp[j] for j in range(i)] + lq + [lp[j] for j in range(i + 1,

Œ len(lp))])

return result

#Sustituye elementos del álgebra simétrica

def s(x,a,y):

result = Alg.zero_element()

for i in x.support():

for j in y.support():

result = result + x.monomial_coefficients().get(i) *
Œ y.monomial_coefficients().get(j) * Alg(Permutation(sust(i, a, j)))

return result

#calcula la composición parcial i-ésima

def o_i(ca1,i,ca2):

res = MM.zero_element()

for t1 in terms(ca1):

for t2 in terms(ca2):

t1ex = expand(t1)

t2ex = expand(t2)

a = to_listcacti(t1ex)

b = to_listcacti(t2ex)

A = len(a)

B = len(b)

r = a.count(i)

if r == 0:

return ’error, lobe ’, i, ’not in ’,a
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ocur_i = [j for j in range(A) if a[j] == i]

a2 = copy(a)

for j in [k for k in range(A) if a[k] > i]:

a2[j] = a2[j] + max(b) - 1

div_a = [[a2[j] for j in range(0,ocur_i[0]) ]] + [[a2[j] for j in

Œ range(ocur_i[k]+1, ocur_i[k+1])] for k in range(r-1)] + [[a2[j] for

Œ j in range(ocur_i[r-1]+1,A) ]]

dim_div_a = [len([ k for k in range(1,ocur_i[0]) if [j for j in range(k,A) if

Œ a[j]==a[k-1]]!=[] ])] + [len([ k for k in

Œ range(ocur_i[t]+1,ocur_i[t+1]) if [j for j in range(k,A) if

Œ a[j]==a[k-1]]!=[] ]) for t in range(r-1)] + [len([ k for k in

Œ range(ocur_i[r-1]+1,A) if [j for j in range(k,A) if

Œ a[j]==a[k-1]]!=[] ])]

b2 = [k + i - 1 for k in b]

aib = []

for subseq in [s for s in FiniteSetMaps(r+1,B).list() if s[0]==0 and

Œ s[r]==B-1 and [j for j in range(r) if s[j+1] < s[j]] == []]:

aib = copy(div_a[0])

for k in range(r):

aib = aib + [b2[j] for j in range(subseq[k],subseq[k+1]+1)] +

Œ div_a[k+1]

dim_div_b2 = [len([k for k in range(subseq[t]+1,subseq[t+1]+1) if [j for

Œ j in range(k,B) if b[j]==b[k-1]]!=[] ]) for t in range(r)]

sign = (-1)**(sum([dim_div_b2[j] * sum([dim_div_a[k] for k in

Œ range(j+1,r+1) ] ) for j in range(r) ] )) #signo de Koszul

res= res + sign * t1ex[2] * t2ex[2] * el(aib)

return res

#Calcula la lista de los términos de un elemento de MM

def terms(c):

terms = []

for x in c.support():

for coef in c.coefficient(x).support():

t = c.coefficient(x).coefficient(coef) * Alg(coef) * MM.basis()[x]

terms.append(t)

return terms

#Desglosa un término para poder extraer su coeficiente, permutación y cactus canónico

def expand(t):

return (t.support()[0] , t.coefficients()[0].support()[0],

Œ t.coefficients()[0].coefficients()[0])

#Devuelve el grado de un término

def dim(t):

if type(t) == tuple or type(t) == list:

return len(t) - max(t)

else:

return len(expand(t)[0]) - max(expand(t)[0])

#Calcula las caras de un cactus

def faces(c):

fa=[]

m = len(c)

s = 1

signs = {}

arcs = [ j for j in range(m) if c.count(c[j]) > 1]

for i in arcs:

fa.append(tuple([c[j] for j in range(m) if j != i]))

return fa

#Calcula todas las caras de las caras

def allfaces(c):
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if len(c) - max(c) > 1:

return [allfaces(x) for x in faces(c)]

else:

return faces(c)

#Calcula la lista de cactus tales que bound(_) = c para c un símplice

def de_bound(c):

res = []

for t in terms(c):

coef = expand(t)[2]

l = to_listcacti(expand(t))

n = max(l)

m = len(l)

for k in range(1,n+1):

for i in range(m):

laux = copy(l)

laux.insert(i,k)

if is_cactus_a_list(laux):

res.append(el(laux))

laux = copy(l)

laux.append(k)

if is_cactus_a_list(laux):

res.append(el(laux))

return res

#Calcula los vértices de un cactus

def vertices(c):

if len(c) - max(c) > 1:

l = []

for x in faces(c):

l = l + vertices(x)

return list(set(l))

else:

return faces(c)

#Contesta si dos símplices comparten algún vértice.

def adjacents(a,b):

return set(vertices(a)).intersection(set(vertices(b))) != set([])

#Calcula para un elemento en MM sus adyacencias

def adjac(c):

ad = {}

for t in terms(c):

for x in terms(bound(t)):

plain_x = tuple(to_listcacti(expand(x)))

if ad.has_key(plain_x):

ad[plain_x].append(t)

else:

ad[plain_x] = [t]

return ad

#Busca resolver la ecuacion bound(x) = a

def bruteforcer(a):

m = MM.zero_element()

aux = a

for c in [el(c) for c in ba if dim(c) == dim(a) + 1 and max(c) == max(expand(a)[0])]:

for g in Alg.basis():

x = g * c

go = True

✶✼✽



while go:

if cant_term(aux -bound(x) ) < cant_term(aux):

m = m + x

aux = aux - bound(x)

mostrar(m)

elif cant_term(aux +bound(x) ) < cant_term(aux):

m = m - x

aux = aux + bound(x)

mostrar(m)

else:

go = False

return m

#Busca resolver la ecuacion bound(x) = aux

def bruteforcer_2(aux):

m = MM.zero_element()

go = True

while go:

go = False

for x in de_bound(aux):

if cant_term(aux -bound(x) ) < cant_term(aux):

m = m + x

aux = aux - bound(x)

print ’.’,

go = True

elif cant_term(aux +bound(x) ) < cant_term(aux):

m = m - x

aux = aux + bound(x)

print ’.’,

go = True

return m

#Devuelve la cantidad de términos en un elemento c

def cant_term(c):

return sum([abs(expand(t)[2]) for t in terms(c)])

#Intercambia dos formatos posibles de etiquetas

def xi(l):

ll = []

for x in l:

if x ==’.’:

ll.append(True)

elif x == ’o’:

ll.append(False)

elif x:

ll.append(’.’)

elif not(x):

ll.append(’o’)

return ll

#Genera todas las etiquetas hasta longitud r

def all_lists(r):

listas = []

for x in Subsets(range(r)):

l = []

for i in range(r):

l.append(i in x)

listas.append(l)

return listas

#Dada una lista, separa los terminos de la forma l de un elemento m
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def separate(l,m):

mm = MM.zero_element()

for t in terms(m):

tt = to_listcacti(expand(t))

tt_ok = True

for i in range(len(l)):

if (tt.index(i+1) < tt.index(i+2)) != l[i]:

tt_ok = False

if tt_ok:

mm = mm + t

return mm

#agrega al diccionario d un m_n separado en sus m_xi

def addtodic(c ,d):

r = max(expand(c)[0])

for x in all_lists(r-1):

if not(d.has_key(tuple(x))):

d[tuple(x)] = separate(x,c)

return d

#Calcula la ecuación r-ésima de A a partir de la lista l

def calc_asoc(r,l):

asoc = MM.zero_element()

for k in range(2,r):

q = r-k+1

for i in range(1,k+1):

asoc = asoc + (-1)**((i-1) + q*(k-i)) * o_i(l[k-2], i, l[q-2 ])

return asoc

#Calcula la ecuación de A2 correspondiente a una etiqueta a partir un diccionario

def calc_asoc_bis(l, dic):

asoc = MM.zero_element()

r = len(l) + 1

for k in range(2,r):

q = r-k+1

for i in range(1,k+1):

mk = dic[tuple([ l[j] for j in range(r-1) if j not in range(i-1 , i -1+q

Œ -1)])]

mq = dic[tuple([ l[j] for j in range(i-1 , i -1 +q -1)])]

asoc = asoc + (-1)**((i-1) + q*(k-i)) * o_i(mk, i, mq)

return asoc

#Calcula composición de etiquetas

def comp_i(x,i,y):

return tuple([x[j] for j in range(i-1)] + list(y) + [x[j] for j in range(i-1,len(x))])

#auxiliar de mudelt

def partial(i,x):

res = MM.zero_element()

n = len(x) + 1

for q in range(2,min(n-i+2,n)):

xk = tuple([x[j] for j in range(i-1)] + [x[j] for j in range(q+i-2,len(x))])

xq = tuple([x[j] for j in range(i-1, q + i-2)])

mk = dmm[xk]

mq = dmm[xq]

k = n - q + 1

res = res + (-1)**((i-1) + q*(k-i)) * o_i(mk, i, mq)

return res
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#Calcula el borde en A2inf y después el morfismo mu

def mupartial(x):

res = MM.zero_element()

n = len(x)

for i in range(1,n+1):

res = res + partial(i,x)

return res

#La operacion "negro"

def negro(c):

m = MM.zero_element()

for t in terms(c):

tt = to_listcacti(expand(t))

r = max(tt)

s = len(tt)

i = tt.index(r)

coef = expand(t)[2]

for j in range(i+1,s):

newterm = el([tt[k] for k in range(j+1)] + [r+1] + [tt[k] for k in

Œ range(j,s)])

sign = -(-1)**(len([ k for k in range(j) if [kk for kk in range(k+1,s) if

Œ tt[kk]==tt[k]]!=[] ]) + s - r)

m = m + sign * coef * newterm

return m

#La operacion "blanco"

def blanco(c):

m = MM.zero_element()

for t in terms(c):

tt = to_listcacti(expand(t))

r = max(tt)

s = len(tt)

i = tt.index(r)

coef = expand(t)[2]

for j in range(i):

newterm = el([tt[k] for k in range(j+1)] + [r+1] + [tt[k] for k in

Œ range(j,s)])

sign = (-1)**(len([ k for k in range(j) if [kk for kk in range(k+1,s) if

Œ tt[kk]==tt[k]]!=[] ]) + s - r)

m = m + sign * coef * newterm

return m

#Devuelve la lista de todos los cactus tales que k aparece solo una vez.

def cactussimples(k):

return [c for c in ba if max(c) == k and list(c).count(k) == 1]

for c in cacti_to_look_up:

m = len(c)

for g in Permutations(k).list():

l = [g(c[i]) for i in range(m)]

subseq = [ (l[x1],l[x2], l[x3]) for x1 in range(m) for x2 in range(x1+1,m)

Œ for x3 in range(x2+1,m)]

badsubs = [r for r in subseq if r[0] == r[2] and r[0] != r[1] and r[1] <=

Œ r[0]+1]

if badsubs == []:

cacti.append(el(l))

return cacti

#Calcula la lista de todos los cactus en C’(k)

def cactusbuenos(k):
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cacti = []

cacti_to_look_up = [c for c in ba if max(c) == k and ((len(c) - k) == (k - 2))]

for c in cacti_to_look_up:

m = len(c)

for g in Permutations(k).list():

l = [g(c[i]) for i in range(m)]

subseq = [ (l[x1],l[x2], l[x3]) for x1 in range(m) for x2 in range(x1+1,m)

Œ for x3 in range(x2+1,m)]

badsubs = [r for r in subseq if r[0] == r[2] and r[0] != r[1] and r[1] <=

Œ r[0]+1]

if badsubs == []:

cacti.append(el(l))

return cacti

#Verifica la propiedad de las construcciones blanco y negro para cactus simples

def test_prop(r):

for c in cactussimples(r):

d = dim(c)

mostrar(c)

print bound(negro(c)) - negro(bound(c)) == (-1)**d * (o_i(ca(12),1,c) -

Œ o_i(c,r,ca(12))),

print bound(blanco(c)) - blanco(bound(c)) == (-1)**d * (o_i(ca(21),1,c) -

Œ o_i(c,r,ca(21)))

#Verifica el la compatibilidad del borde y mu

def test_bound_lema(r):

listaux = [x for x in dmm.keys() if len(x) ==r and x[0] != x[1] ] #and x[len(x)-1] ==

Œ False ]

for x in listaux:

n = len(x)

print ’’.join(xi(x)),

x2 = list(x)

y = x2.pop()

x2 = tuple(x2)

if y:

print bound(dmm[x]) == (-1)^n *( (o_i(ca(12),1,dmm[x2])) -

Œ o_i(dmm[x2],n,ca(12))) -negro(bound(dmm[x2])), ’ || ’,

else:

print bound(dmm[x]) == (-1)^n *( (o_i(ca(21),1,dmm[x2])) -

Œ o_i(dmm[x2],n,ca(21))) -blanco(bound(dmm[x2])), ’ || ’,

#Verifica el teorema de manera directa

def test_teo(r):

for k in range(3,r+1):

kkeys = [t for t in dmm.keys() if len(t) == k and t[0] != t[1]]

for t in kkeys:

print ’’.join(xi(t)) + ’: ’ + str(calc_asoc_bis(t,dmm) == bound(dmm[t]))

#Sector principal del código, inicializa el espacio MM

#Se considerarán cactus de a lo sumo n lóbulos

n = 9

#ba es la base del espacio

ba = gen_cacti_new(n)

#Alg es el álgebra de grupo de S_n

Alg = SymmetricGroupAlgebra(QQ, n)

✶✽✷



#MM es espacio ambiente, el módulo libre sobre Alg con base ba

MM = CombinatorialFreeModule(Alg, ba, prefix=’c’)

#Inicializa el diccionario dmm que asigna a cada etiqueta xi su mu(m_xi)

dmm = {}

dmm[tuple([True])] = ca(12)

dmm[tuple([False])] = ca(21)

for i in range(2,n):

for l in all_lists(i):

laux = copy(l)

x = laux.pop()

if x:

dmm[tuple(l)] = negro(dmm[tuple(laux)])

else:

dmm[tuple(l)] = blanco(dmm[tuple(laux)])
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