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ABSTRACT. We present bounds for the degree and the height of the polynomials
arising in some problems in effective algebraic geometry including the implicitization
of rational maps and the effective Nullstellensatz over a variety. Our treatment is
based on arithmetic intersection theory in products of projective spaces and extends
to the arithmetic setting constructions and results due to Jelonek. A key role is
played by the notion of canonical mixed heights of multiprojective varieties. We
study this notion from the point of view of resultant theory and establish some of
its basic properties, including its behavior with respect to intersections, projections
and products. We obtain analogous results for the function field case, including a
parametric Nullstellensatz.
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INTRODUCTION

In 1983, Serge Lang wrote in the preface to his book [Lan83]:

It is legitimate, and to many people an interesting point of view, to
ask that the theorems of algebraic geometry from the Hilbert Nullstel-
lensatz to the more advanced results should carry with them estimates
on the coefficients occurring in these theorems. Although some of the
estimates are routine, serious and interesting problems arise in this
contert.

Indeed, the main purpose of the present text is to give bounds for the degree and the
size of the coefficients of the polynomials in the Nullstellensatz.

Let f1,...,fs € Z[z1,. .., xy] be polynomials without common zeros in the affine space

A™(Q). The Nullstellensatz says then that there exist « € Z\ {0} and ¢1,...,9s €
Zlz1, ..., x,) satisfying a Bézout identity

a=gifi+ - +gsfs.

As for many central results in commutative algebra and in algebraic geometry, it is a
non-effective statement. By the end of the 1980s, the estimation of the degree and the
height of polynomials satisfying such an identity became a widely considered question
in connection with problems in computer algebra and Diophantine approximation.
The results in this direction are generically known as arithmetic Nullstellensdtze and
they play an important role in number theory and in theoretical computer science.
In particular, they apply to problems in complexity and computability [Koi96, Asc04,
DKS10], to counting problems over finite fields or over the rationals [BBK09, Rem10],
and to effectivity in existence results in arithmetic geometry [KT08, BS10].

The first non-trivial result on this problem was obtained by Philippon, who got a
bound on the minimal size of the denominator « in a Bézout identity as above [Phi90].
Berenstein and Yger achieved the next big progress, producing height estimates for the
polynomials g;’s with techniques from complex analysis (integral formulae for residues
of currents) [BY91]. Later on, Krick, Pardo and Sombra [KPS01] exhibited sharp
bounds by combining arithmetic intersection theory with the algebraic approach in
[KP96] based on duality theory for Gorenstein algebras. Recall that the height of
a polynomial f € Z[z1,...,x,], denoted by h(f), is defined as the logarithm of the
maximum of the absolute value of its coefficients. Then, Theorem 1 in [KPS01] reads
as follows: if d = max; deg(f;) and h = max;h(f;), there is a Bézout identity as above
satisfying

deg(g;) <4nd", h(a),h(g) <4n(n+1)d" (h+logs+ (n+7) log(n+1)d).

We refer the reader to the surveys [Tei90, Bro01] for further information on the history
of the effective Nullstellensatz, main results and open questions.

One of the main results of this text is the arithmetic Nullstellensatz over a variety
below, which is a particular case of Theorem 4.28. For an affine equidimensional
variety V' C A"(Q), we denote by deg(V') and by E(V) the degree and the canonical
height of the closure of V with respect to the standard inclusion A™ < P™. The degree
and the height of a variety are measures of its geometric and arithmetic complexity,
see §2.3 and the references therein for details. We say that a polynomial relation holds
on a variety if it holds for every point in it.
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Theorem 0.1. Let V C A™(Q) be a variety defined over Q of pure dimension r and
fis o os fs € Zx1, ..., 23]\ Z a family of s < r+ 1 polynomials without common zeros
in V. Set d;j = deg(f;) and hj = h(f;) for 1 < j < s. Then there exist o € 7\ {0}
and g1,...,9s € Z[x1,...,x,] such that

a=gifi+--+gsfs onV

with

s

o deg(g:f)) < (T o) deg(v),

J=1

o h(a),h(g;) + h(f;) < ( H dj) (E(V) + deg(V)( S Zi + (47 + 8) log(n + 3))).
j=1

(=1

For V' = A", this result gives the bounds

S S

deg (9:f:) < [T~ n@)hig)+n(f:) < Y (T]ds)het (4n+8)log(n+3) [ d;.

7=l =1 jA j=1

These bounds are substantially sharper than the previously known. Moreover, they
are close to optimal in many situations. For instance, let di,...,dp+1, H > 1 and set

d d
f1:$1_H> f2:$2_$12a ey fn:l'n_l'nn_l’ fn+1:$in+1'

This is a system of polynomials without common zeros. Hence, the above result
implies that there is a Bézout identity o = g1f1 + -+ 4+ gn+1fn+1 which satisfies
h(a) <dg---dpt1(log(H) + (4n + 8) log(n + 3)). On the other hand, specializing any
such identity at the point (H,H%, ... H% %) we get

O = gnpr (H,H®, . H by giodn,

This implies the lower bound h(a) > dy---dp4+11og(H) and shows that the height
bound in Theorem 0.1 is sharp in this case. More examples can be found in §4.3.

It is important to mention that all previous results in the literature are limited to the
case when V' is a complete intersection and cannot properly distinguish the influence of
each individual f;, due to the limitations of the methods applied. Hence, Theorem 0.1
is a big progress as it holds for an arbitrary variety and gives bounds depending on
the degree and height of each f;. This last point is more important than it might seem
at first. As it is well-known, by using Rabinowicz’ trick one can show that the weak
Nullstellensatz implies its strong version. However, this reduction yields good bounds
for the strong Nullstellensatz only if the corresponding weak version can correctly
differentiate the influence of each f;, see Remark 4.27. Using this observation, we
obtain in §4.3 the following arithmetic version of the strong Nullstellensatz over a
variety.

Theorem 0.2. Let V. C A™(Q) be a variety defined over Q of pure dimension r and
9y i,y [s € L[z, ..., x,] such that g vanishes on the common zeros of f1,..., fs in
V. Setd; = deg(fj) and h = max;h(f;) for1 <j <s. Assume thatd; > --->ds > 1

and set D = H;.n:iri{s’rJrl} d;. Set also dy = max{1,deg(g)} and ho =h(g). Then there

exist p € N, o € Z\ {0} and g1,...,9s € Z[x1,...,xy] such that

agd'=gfi+ - +gsfs onV
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with
o 11 < 2D deg(V),

o deg(gifi) < 4doD deg(V), .
3ho min{s,r+1}

o n(0),h(g:) +h(f) < 2doD(R(V) +deg(V) (g2 + Do g +elnrs))),
(=1
where c(n,r,s) < (6r + 17)log(n +4) 4+ 3(r + 1) log(max{1l,s — r}).

Our treatment of this problem is the arithmetic counterpart of Jelonek’s approach to
produce bounds for the degrees in the Nullstellensatz over a variety [Jel05]. To this
end, we develop a number of tools in arithmetic intersection and elimination theory
in products of projective spaces. A key role is played by the notion of canonical
mixed heights of multiprojective varieties, which we study from the point of view of
resultants. Our presentation of mixed resultants of cycles in multiprojective spaces
is mostly a reformulation of the theory developed by Rémond in [Rem0Ola, RemO01b]
as an extension of Philippon’s theory of eliminants of homogeneous ideals [Phi86].
We also establish new properties of them, including their behavior under projections
(Proposition 1.41) and products (Proposition 1.45).

Let n = (n1,...,nm) € N™ and set P = P (Q) x ... x P"(Q) for the corresponding
multiprojective space. For a cycle X of P™ of pure dimension r and a multi-index ¢ =
(c1,...,¢m) € N™ of length r + 1, the mixed Fubini-Study height h.(X) is defined as
an alternative Mahler measure of the corresponding mixed resultant (Definition 2.40).
The canonical mixed height is then defined by a limit process as

he(X) = lim £ he([0).X),

where [¢] denotes the {-power map of P™ (Proposition-Definition 2.45).

To handle mixed degrees and heights, we introduce a notion of extended Chow ring
of P™ (Definition 2.50). It is an arithmetic analogue of the Chow ring of P™ and
can be identified with the quotient ring R[n,61,. .. ,Hm]/(UQ,Q’l“H, o, Oty We
associate to the cycle X an element in this ring, denoted [X],, corresponding under
this identification to

> T he(X) O oo Y degy(X) 071 g b,
c b

the sums being indexed by all b,c € N™ of respective lengths r and r + 1 such that
b,c < m. Here, degy(X) denotes the mixed degree of X of index b. This element
contains the information of all non-trivial mixed degrees and canonical mixed heights
of X, since degy(X) and he(X) are zero for any other b and c.

The extended Chow ring of P™ turns out to be a quite useful object which allows to
translate geometric operations on multiprojective cycles into algebraic operations on
rings and classes. In particular, we obtain the following multiprojective arithmetic
Bézout’s inequality, see also Theorem 2.58. For a multihomogeneous polynomial f €
Z(x1,. .., Tm), where x; is a group of n; + 1 variables, we denote by || f||sup its sup-
norm (Definition 2.29) and consider the element [f]s,, in the extended Chow ring
corresponding to the element )", deg,. (f)0; + log || f||sup 7-

Theorem 0.3. Let X be an effective equidimensional cycle of P™ defined over Q and
f € Zlxy,...,xy] a multihomogeneous polynomial such that X and div(f) intersect
properly. Then

(X - div(f)], < [X], - [f]sup'
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Statements on classes in the extended Chow ring can easily be translated into state-
ments on mixed degrees and heights. In this direction, the above result implies that,
for any b € N™ of length equal to dim(X),

hp(X - div(f)) < degg, (/hpye, (X) +10g | flsup degy(X)
i=1

where e; denotes the i-th vector of the standard basis of R™. In a similar way, we also
study the behavior of arithmetic classes (and a fortiori, of canonical mixed heights)
under projections (Proposition 2.64) and products (Proposition 2.66), among other
results.

Jelonek’s approach consists in producing a Bézout identity from an implicit equation of
a specific regular map. In general, the implicitization problem consists in computing
equations for an algebraic variety W from a given rational parameterization of it.
The typical case is when W is a hypersurface: the variety is then defined by a single
equation and the problem consists in computing this “implicit equation”. We consider
here the problem of estimating the height of the implicit equation of a hypersurface
parameterized by a regular map V' — W whose domain is an affine variety V, in
terms of the degree and the height of V' and of the polynomials defining the map.
To this end, we prove the following arithmetic version of Perron’s theorem over a
variety [Jel05, Thm. 3.3]. It is obtained as a consequence of Theorem 3.15.

Theorem 0.4. Let V C A™(Q) be a variety defined over Q of pure dimension r. Let
iy Gr+1 € Z]x1, . .., 2n] \ Z such that the closure of the image of the map

V—ATQ , z— (@), . q(@)
is a hypersurface. Let E = ) i1 @aY® € Zly1,...,Yr41] be a primitive and
squarefree polynomial defining this hypersurface. Set d; = deg(q;), hj = h(q;) for
1<j<r+1. Then, for all a = (ay,...,ar+1) such that ag # 0,

r+1 r+1
« > aidi < ( I1 dj) deg(V),
= r+1 = r+1 = r+1 h
o hiag) + Y aih; < ( I1 dj) (h(V) + deg(V) ( 3 df + (r +2) log(n + 3))).
i=1 j=1 =1

For V.= A" we have r = n, deg(V') = 1 and E(V) = 0. Hence, the above result extends
the classical Perron’s theorem [Per27, Satz 57], which amounts to the weighted degree
bound for the implicit equation ), a;d; <[] j d;, by adding the bound for the height

n+1 n+1 n+1
h(aa) + > aihi <Y (de)h@ + (n+2)log(n +3) [[ 4.
i=1 =1 j#t j=1
Our results on the implicitization problem as well as those on mixed resultants and
multiprojective arithmetic intersection theory should be of independent interest, be-
sides of their applications to the arithmetic Nullstellensatz.

The method is not exclusive of Z but can also be carried over to other rings equipped
with a suitable height function. In this direction, we apply it to k[t1,...,tp], the ring
of polynomials over an arbitrary field k in p variables: if we set t = {t1,...,t,}, the
height of a polynomial with coefficients in k[t] is its degree in the variables t. For
this case, we also develop the corresponding arithmetic intersection theory, including
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the behavior of classes in the extended Chow ring with respect to intersections (Theo-
rem 2.18), projections (Proposition 2.22), products (Proposition 2.23) and ruled joins
(Proposition 2.24). As a consequence, we obtain a parametric analogue of Perron’s
theorem (Theorem 3.1) and then the parametric Nullstellensatz below, which is a par-
ticular case of Theorem 4.11. For an affine equidimensional variety V C A”(k(t)), we
denote by h(V) the t-degree of the Chow form of its closure in P™(k(t)), see §2.1 for
details.

Theorem 0.5. Let V C A"(k(t)) be a variety defined over k(t) of pure dimension r
and f1,..., fs € k[t][x1, ..., 2] \Ek[t] a family of s < r+1 polynomials without common
zeros in V. Set d;j = deg,(f;) and h; = degy(f;) for 1 < j <'s. Then there exist
a € k[t]\ {0} and g1,...,9s € k[t][x1,..., 2] such that

a=gifi+-+gsfs onV
with
o deg, (0:f:) < (Hd)deg

S

o deg(a),deg.(gifi) < (Hd )( ) + deg(V) @>

d
=1t

For V = A™(k(t)) we have r = n, deg(V) = 1 and h(V') = 0. Hence, this result gives
the following bounds for the partial degrees of the polynomials in a Bézout identity:

deg, (9ifi) < H dj , deg(a),degy(gifi) < Z (de>h€-

j=1 (=1 j#t

In Theorem 4.22, we give a strong version of the parametric Nullstellensatz over a
variety, which also contains the case of an arbitrary number of input polynomials. Up
to our knowledge, the only previous results on the parametric Nullstellensatz are due
to Smietanski [Smi93], who considers the case when the number of parameters p is at
most two and V = A"(k(t)), see Remark 4.21.

To prove both the arithmetic and parametric versions of the effective Nullstellensatz,
we need to consider a more general version of these statements where the input poly-
nomials depend on groups of parameters, see Theorem 4.28. The latter has further
interesting applications. For instance, consider the family Fi,..., F,,11 of general
n-variate polynomials of degree dy, ..., d,+1, respectively. For each j, write

Y — . a
F; = E ,\“Jyaw
a

where each u; q is a variable. Let u; = {u; q}q be the group of variables corresponding
to the coeflicients of F; and set w = {ui,...,unt1}. The corresponding Macaulay
resultant R € Z[u] lies in the ideal (Fi,..., Fy4+1) C Q[u, ] and Theorem 4.28 gives
bounds for a representation of R in this ideal. Indeed, we obtain that there are
A€ Z\ {0} and g; € Z[u, z] such that AR = g1 F1 + - - - + gn41Fn41 with

n+1
degy,, (9:F;) < [[de . h(AR),h(g:) < (6n+ 10)log(n + 3)( 11 de),
oy =1

see examples 4.18 and 4.37. The obtained bound for the height of the g;’s is of the
same order as the sharpest known bounds for the height of R [Som04].
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This text is divided in four sections. In the first one, we recall the basic properties
of mixed resultants and degrees of cycles in multiprojective spaces over an arbitrary
field K. The second section focuses on the mixed heights of cycles for the case when K
is a function field and on the canonical mixed heights of cycles for K = Q. In the third
section, we apply this machinery to the study of the height of the implicit equation,
including generalizations and variants of Theorem 0.4. We conclude in the fourth
section by deriving the different arithmetic Nullstellensatze.
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1. DEGREES AND RESULTANTS OF MULTIPROJECTIVE CYCLES

Throughout this text, we denote by N = Z>( and by Z~( the sets of non-negative and
positive integers, respectively. Bold letters denote finite sets or sequences of objects,
where the type and number should be clear from the context: for instance,  might
denote {x1,...,z,} so that if A is a ring, Alx] = Alx1,...,z,]. For a polynomial
f € Alx] we adopt the usual notation

f= Zaama

where, for each index a = (ai1,...,a,) € N, a4 denotes an element of A and x®
the monomial z7*---z%". For a € N, we denote by |a| = a1 + -+ + a, its length
and by coeffq(f) = aq the coefficient of x®. We also set a! = ai!---a,!. The

support of f is the set of exponents corresponding to its non-zero terms, that is,
supp(f) = {a : coeffq(f) # 0} C N™. For a,b € R", we set (a,b) = > " | a;b;. We
say that a < b whenever the inequality holds coefficient wise.

For a factorial ring A, we denote by A its group of units. A polynomial with coeffi-
cients in A is primitive if its coefficients have no common factor in A\ A*.

1.1. Preliminaries on multiprojective geometry. Let A be a factorial ring with
field of fractions K and K the algebraic closure of K. For m € Zso and n =
(n1,...,nm) € N™ we consider the multiprojective space over K

PY(K) = P (K) x - - x P"(K).

We also write P = P™(K) for short. For 1 < i < m, let ©; = {z;0,...,2in; } be a
group of n; + 1 variables and set

x={x1,....,2n}.

The multihomogeneous coordinate ring of P™ is K[x] = K[x1,...,Ty]. It is multi-
graded by declaring deg(x; j) = e; € N™, the i-th vector of the standard basis of R™.
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For d = (dy,...,dn) € N™ we denote by K|[x]q its part of multidegree d. Set
nz 1 n;+1 _ n+1l _ n;+1
Nyt ={a; e N s fag| =i}, Nptt= [ Nt

1<i<m

A multihomogeneous polynomial f € K[z]q can then be written down as
f= Z g x.

Let K C E be an extension of fields and f € E[x]q. For a point & € P™, the value

f(&) is only defined up to a non-zero scalar in K™ which depends on a choice of
multihomogeneous coordinates for &.

An ideal I C K[z] is multihomogeneous if it is generated by a family of multihomo-
geneous polynomials. For any such ideal, we denote by V(I) the subvariety of P™
defined as its set of zeros. Along this text, a variety is neither necessarily irreducible
nor equidimensional. Reciprocally, given a variety V' C P™, we denote by I(V') the
multihomogeneous ideal of K [x] of polynomials vanishing on V. A variety V is defined
over K if its defining ideal I(V') is generated by polynomials in K [x].

Let My = {215, - Tmj, : 0 < ji < n;} be the set of monomials of multidegree
(1,...,1) € N™. A multihomogeneous ideal I C KJ[z] defines the empty variety
of P™ if and only if M, C V/T, see for instance [RemOla, Lem. 2.9]. The assignment
V — I(V) is a one-to-one correspondence between non-empty subvarieties of P™ and
radical multihomogeneous ideals of K[z] not containing 9M,,.

More generally, we denote by P% the multiprojective space over K corresponding
to n. The reduced subschemes of P% will be alternatively called subvarieties of P%
or K-varieties. There is a one-to-one correspondence V +— I(V') between non-empty
subvarieties of PR and radical multihomogeneous ideals of K|[x] not containing 9y,.
For a multihomogeneous ideal I C K[x] not containing 9, we denote by V(I) its
corresponding K-variety. A K-variety V is irreducible if it is an integral subscheme
of PR or, equivalently, if the ideal I(V') is prime. The dimension of V' coincides with
the Krull dimension of the algebra K[z,...,x,]/I(V) minus m.

Remark 1.1. In the algebraically closed case, the scheme IP’Q can be identified with
the set of points P*(K) and a subvariety V C P% can be 1dent1ﬁed with its set of

points V(K) C P*(K). Under this identification, a Subvarlety of P*(K) defined over
K corresponds to a K-variety. However, a K-variety does not necessarily correspond
to a subvariety of P*(K) defined over K, as the following example shows. Let ¢ be
a variable and set K = F,(t), where p is a prime number and F,, is the field with p
elements. The ideal (2} — tzf) C K[zo,z1] is prime and hence gives a subvariety
of PL.. Tts set of zeros in P'(K) consists in the point {(1 : ¢'/?)}, which is not a
variety defined over K. When the field K is perfect (for instance, if char(K) = 0),
the notion of K-variety does coincide, under this identification, with the notion of
subvariety of P*(K) defined over K.

A K-cycle of P is a finite Z-linear combination
(1.2) X=> myV
Vv

of irreducible subvarieties of P%. The subvarieties V' such that my # 0 are the
irreducible components of X. A K-cycle is of pure dimension or equidimensional if
its components are all of the same dimension. It is effective (respectively, reduced) if
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it can be written as in (1.2) with my > 0 (respectively, my = 1). Given two K-cycles
X1 and Xo, we say that X7 > X9 whenever X; — X5 is effective. The support of X,
denoted |X]|, is the K-variety defined as the union of its components. Reciprocally,
a K-variety is a union of irreducible K-varieties of P™ and we identify it with the
reduced K-cycle given as the sum of these irreducible K-varieties.

For 0 < r < |n|, we denote by Z,(P%) the group of K-cycles of P™ of pure dimension r
and by Z,F(P%) the semigroup of those which are effective. For shorthand, a K-cycle
is called a cycle and we denote the sets of K-cycles and of effective K-cycles of pure
dimension r as Z.(P™) and as Z,F(P™), respectively.

Let I C K[x] be a multihomogeneous ideal. For each minimal prime ideal P of I, we
denote by mp the multiplicity of P in I, defined as the length of the K[x]|p-module
(K[x]/I)p. We associate to I the K-cycle

X(I):=) mpV(P).
P

If V(I) is of pure dimension r, then X (I) € Z;7(P%). Let K C E be an extension of
fields and V an irreducible K-variety. We define the scalar extension of V by E as
the E-cycle Vg = X(I(V) ® E). This notion extends to K-cycles by linearity and
induces an inclusion of groups Z,(P%) — Z.(Pg).

Each Weil or Cartier divisor of P% is globally defined by a single rational multiho-
mogeneous function in K (x) because the ring KJx] is factorial [Har77, Prop. I11.6.2
and I1.6.11]. Hence, we will not make distinctions between them. We write Div(P%) =
Zjpj—1(P%) for the group of divisors of PR and by Divt(PR) = Z|4¢_L\71(IPWI%) for the
semigroup of those which are effective.

Each effective divisor D of P% is defined by a multihomogeneous primitive polynomial
in A[z] \ {0}, unique up to a unit of A. We denote this polynomial by fp. If we
write D = ), myH where H is a K-hypersurface of P™ and mg € N, then there
exists A € A* such that

fo=X]] 5"
H

Conversely, given a multihomogeneous polynomial f € Afx] \ {0}, we denote by
div(f) € DivT (P%) the associated divisor.

We introduce some basic operations on cycles and divisors.

Definition 1.3. Let V be an irreducible subvariety of P% and H an irreducible
hypersurface not containing V. Let Y be an irreducible component of V N H. The
intersection multiplicity of V and H along Y, denoted mult(Y |V, H), is the length of
the K[x];y)-module (K[x]/(I(V)+I(H))) > see [Har77, §1.1.7]. The intersection

product of V and H is defined as

(1.4) V-H =) mult(Y[V,H)Y,
Y

Iy

the sum being over the irreducible components of V N H. It is a cycle of pure dimen-
sion dim(V') — 1.

Let X be an equidimensional cycle and D a divisor. We say that X and D intersect
properly if no irreducible component of X is contained in |D|. By bilinearity, the
intersection product in (1.4) extends to a pairing

Z,(P%) x Div(PL) --» Z,_1(P%) , (X,D)— X - D,
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well-defined whenever X and D intersect properly.

Let X € Z,(P%) and Dq,...,D; € Div(P%). Then X - H?:l D; does not depend
on the order of the divisors, provided that all the intermediate products are well-
defined [Ful84, Cor. 2.4.2 and Example 7.1.10(a)].

Definition 1.5. Let mi,mg € Zso and n; € N™ for i =1,2. Let ¢ : PR! --» P72 be
a rational map and V' an irreducible subvariety of P%!. The degree of ¢ on V is
[K(V): K(e(V))] if dim(p(V)) = dim(V),

deglelv) = { 0 if dim(e(V)) < dim(V).

The direct image of V' under ¢ is defined as the cycle ¢,V = deg(p|v) (V). It is a
cycle of the same dimension as V. This notion extends by linearity to equidimensional
cycles and induces a Z-linear map

u 2 Zp(PR) — Z,(PR2).

If ¢ : P32 --» P is a further rational map, then (¢ o @), = 1. o ¢, because of the
multiplicativity of the degree of field extensions.
Let H be a hypersuface of Pi? not containing the image of ¢. The inverse image

of H under ¢ is defined as the hypersurface o*H = ¢~1(H). This notion extends to
a Z-linear map

" : Div(PR?) --» Div(PR),
well-defined for divisors whose support does not contain the image of (.

Direct images of cycles, inverse images of divisors and intersection products are related
by the projection formula [Ful84, Prop. 2.3(c)]: let ¢ : P! — P32 be a proper map,
X a cycle of P} and D a divisor of P? containing no component of ¢(|X|). Then

(1.6) 0x(X - 9*D) = p,. X - D.

1.2. Mixed degrees. We recall the basic properties of mixed degrees of multiprojec-
tive cycles. We also study the behavior of this notion under linear projections.

Definition 1.7. Let V C P% be an irreducible K-variety. The Hilbert-Samuel func-
tion of V is the numerical function defined as
Hy :N" —N | §— dimg ((K[z]/I(V)),).
Proposition 1.8. Let V C P% be an irreducible K-variety of dimension r.
(1) There is a unique polynomial Py € Q[z1,..., 2] such that Py(6) = Hy(0)
for all 8 > &g for some g € N, In addition deg(Py) = r.
(2) Let b = (b1,...,by) € N*. Then bl coeffy(Py) € N. Moreover, if b; > n; for
some i, then coeffy(Py) = 0.

Proof. (1) and the second part of (2) follow from [RemOla, Thm. 2.10(1)]. The first
part of (2) follows from [RemOla, Thm. 2.10(2)] and its proof. O

The polynomial Py in Proposition 1.8 is called the Hilbert-Samuel polynomial of V.

Definition 1.9. Let V' C P% be an irreducible K-variety of dimension r and b € N;".
The (mized) degree of V' of index b is defined as

degy (V') = bl coeffp(Py ).

It is a non-negative integer, thanks to Proposition 1.8(2). This notion extends by
linearity to equidimensional K-cycles and induces a map degy, : Z,(PR) — Z.
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Recall that the Chow ring of P% is the graded ring
AY(PR) = Z[01, ..., 0,/ (07, .. omm T,

where each 6; denotes the class of the inverse image of a hyperplane of P} under the
projection PR — P} [Ful84, Example 8.3.7]. Given a cycle X € Z,(P%), its class in
the Chow ring is

[X] =) degy(X) 677" O ~0m € A*(P),
b

the sum being over all b € N such that b < n. It is a homogeneous element of degree
|n| — r. By Proposition 1.8(2), degy(X) = 0 whenever b; > n; for some i. Hence, [X]
contains the information of all the mixed degrees of X, since {0°}p<y, is a Z-basis of
A*(PR). For X1, X5 € Z,(P}), we say that [X;] > [Xs] whenever the inequality holds
coefficient wise in terms of this basis.
Given a K-cycle X, its class in the Chow ring is invariant under field extensions. In
particular, [X7] = [X] and deg,(X) = degy(X4%) for all b € N, If dim(X) = 0, its
degree is defined as the number of points in X7, counted with multiplicity.
Proposition 1.10.

(1) Let X € Z;(P%). Then [X] > 0.

(2) We have [P%] = 1. Equivalently, deg,(P%) = 1 and degy(P%) = 0 for all

be N‘% such that b # n.
(3) Let X € Zy(PR). Then [X]| = deg(X)0™. Equivalently, degg(X) = deg(X).
(4) Let D € DivT (PR) and fp its defining polynomial. Then

(D] =) _ degs, (fp)6:
i=1
Equivalently, deg,, o (D) = deg, (fp) for 1 <i < m and degy(D) = 0 for all
be N%fl such that b # n — e; for all i.
(5) Let n € N and V C P} a K-variety of pure dimension r. Then
[V] = deg(V)6"",

where deg(V') denotes the degree of the projective variety V. Equivalently,
deg, (V) = deg(V').

Proof.
(1) This follows from the definition of [X] and Proposition 1.8(2).

(2) For 8 = (d1,...,0m) € N™,

. Crr (it 1 n In|—1
ey (0) = v (el = ]| ("52) = e otlsl Y,
where || - || denotes any fixed norm on R™. This implies that deg,,(P%) =1 and thus

[P%] = deg,,(P%) = 1, as stated.

(3) Let & = (&4,...,€&,,) € P™. We have K[z]/I(¢) = @, K[z;]/I(§;). Hence, for
6 e N,

He(8) = dimg (K[2]/1(8))5) = [ [ dimg (K] /1(£;)) 5 =1
=1



12 CARLOS D’ANDREA, TERESA KRICK, AND MARTIN SOMBRA

This implies that degg(€) = 1 and so [§] = 0™. For a general zero-dimensional
K-cycle X, write Xz = ZE me& for some points £ € P™ and mg € Z. Hence,
degg(X) = >_¢ me degg(§) = >_¢ me = deg(X) and so [X] = deg(X)6™.
(4) Write deg(f) = (degg, (f),...,deg, (f)). For & > deg(f), there is an exact
sequence
f

0 — Kl[x]s_aeg(r) —2 Klz]s — (K[2]/(f))s — 0.

Hence, Hp(8) = Hpr.(§) — Hpr (6 — deg(fp)) and therefore

o~ deg, (f) (e, -
Pp(d) =) —2228m¢ +O(||8]|™2).
i) = 3 e+ Ol
This implies that deg,, ..(D) = deg, (f) and so [D] = > deg, (fp)b;, as stated.
(5) This follows readily from the definition of deg(V') in terms of Hilbert functions. O

The following is the multiprojective version of Bézout’s theorem.

Theorem 1.11. Let X € Z,(P}) and f € Klxy,...,xn] be a multihomogeneous
polynomial such that X and div(f) intersect properly. Then

[X - div(f)] = [X] - [div(f)].
Equivalently, degy, (X - div(f)) = Y1 | degy, (f) degy e, (X) for allb e N ;.

Proof. The equivalence between the two statements follows from Proposition 1.10(4).
The second statement follows for instance from [RemO1b, Thm. 3.4]. O

Next corollary follows readily from this result together with Proposition 1.10(3).

Corollary 1.12. Let f1,..., fin] € K[x1,...,2m] be multihomogeneous polynomials
such that dim (V(f1,..., fi)) = |n| — i for alli. Then

In| n|

deg | [ div(f) | = coeffgn (H (deg, (f:) 61 + - + dega, (f3) em)).
=1

i=1

Example 1.13. How many pairs (eigenvalue, eigenvector) can a generic square matrix
have? Given M = (m;;);; € K™*", the problem of computing these pairs consists in
solving Mv = Av for A € K and v = (vy,...,v,) € K\ {0}. Set

n
fi:slvi—s()Zmi,jvj y 1 SZSn
j=1
The matrix equation Mwv = X\ v translates into the system of n bilinear scalar equations
fi=0,1<i<mn,for ((s0:s1),v) € P x P"~! such that sq # 0. If M is generic, the
hypersurfaces V (f;) intersect properly. By Corollary 1.12; the number of solutions in
P! x P*~1 of this system of equations is

n
Coeffelegq (H degg(fi)b1 + degv(fi)92> = Coeﬁlelegfl ((91 + 92)”) =n.
i=1
We deduce that M admits at most n pairs (eigenvalue, eigenvector) counted with

multiplicities. A straightforward application of the usual Bézout’s theorem would
have given the much larger bound 2".

The following result shows that mixed degrees can also be defined geometrically.
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Corollary 1.14. Let X € Z,(P%) and b € N;*. For1 <i<m and 0 < j < b; we
denote by H; ; C P% the. inverse image with respect to the projection P — Py of a
generic hyperplane of Pi. Then

m  b;
degy(X) = deg (X . H H H”>
i=1j=1
Proof. The variety X and the divisors H; ; intersect properly and [H; ;] = 6;. Theo-
rem 1.11 implies that, for Z = X - [[;%, H?i:1 H; ;€ Zy(PR),

m b;
deg(2)6™ = 2] = [X] T] [[ 1] = [X]6° = ( 3 denc(X)6™)6° = degy(X)0™,
i=1j=1 ceNT

which proves the statement. O

Next we show that mixed degrees are monotonic with respect to linear projections.
For 1 <i<m,let 0 <1 <n;andsetl = (I1,...,l,) € N Consider the linear
projection which forgets the last n; — [; coordinates in each factor of P7%:
(1.15) 7w PR --» ]P)g( o (@ig) i<icm > (x45) 1<i<m

“0<j<n, 0Ly,
This is a rational map, well-defined outside the union of linear subspaces L :=
Uit V(io, ..., 2zi,) C PR It induces an injective Z-linear map

g: A*(Ph) — A*(PR) , P+ 0™ P
Proposition 1.16. Let w : P --» PlK be the linear projection as above and X €
ZFY(PR). Then
)([m.X1) < [X].

Equivalently, degy, (m.X) < degy(X) for all b € N

The proof of this result relies on the technical Lemma 1.18 below, which was suggested
to us by José Ignacio Burgos. Consider the blow up of P™ along the subvariety L,
denoted Blz(P™) and defined as the closure in P™ x P! of the graph of m. It is an
irreducible variety of dimension |n|. Set @ and y for the multihomogeneous coordinates
of P™ and P!, respectively. The ideal of this variety is

(1.17) IBIL(P™)) = ({@iyy Yo — TijaYiy 1 1 <1 <m,0< ji < jo <Ui}) C Kz, yl.
Consider the projections

pry PP x P —P™ | pr,:P®x P — Pl
The exceptional divisor of the blow up is supported in the hypersurface £ = prfl(L).

Let V C P™ be an irreducible variety such that V' ¢ L and W its strict transform,
which is the closure of the set pr;*(V'\ L) N Bl (P™). Then

pri, W=V , prp,W=mV
For a multihomogeneous polynomial f € K[y] \ {0}, we write divp (f) for the divisor
of P! defined by f(y) and divpn (f) for the divisor of P™ defined by f(x).

Lemma 1.18. Let V C P™ be an irreducible variety of dimension r such that V ¢
L and f € K[y] \ {0} a multihomogeneous polynomial. Assume that pridivp:(f)
intersects W properly and that no component of W - pry divp (f) is contained in E.
Then divpi (f) (respectively, divpn (f)) intersects m, V' (respectively, V') properly and

(V- divpn (f)) = mV - divp (f).
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Proof. Consider the following divisors of P™ x P!:
Dy =pridivpn(f) , Dy =prydivp(f).

Write for short B = Bl (P™). Since W is irreducible, the hypothesis that Dy intersects
W properly is equivalent to the fact that W is not contained in |Ds|. This implies
that neither V' is contained in V(f(x)) nor w(V') is contained in V(f(y)). Hence all
intersection products are well-defined. We claim that

B - (Dy — Dy)

is a cycle of pure dimension |n| — 1 with support contained in the hypersurface E. To
prove this, write d; = deg,, (f) and, for each 1 <4 < m, choose an index 0 < j; < I;.
Using (1.17) we verify that

(TTo) 7@ = (115 ) fw)  Gmod 1(5)).
=1

1=1
Observe that the ideal of E in K[z, y]/I(B) is generated by the set of monomials

m

( H x”l) 1<i<m

=1 0<j; <l

Let (&¢,¢') € B\ E. We have that [[", &, # 0 for a choice of j;’s. From here, we
can verify that [[;Z, & ; # 0. This implies that f(z) and f(y) generate the same

ideal in the localization (K [x,y]/I(B)) ) for all such (&,£’) and proves the claim.
Therefore, there exists a cycle Z € Z,_1(P™ x P!) supported on E such that

W.-Dy =W -Dy—Z.
Since the map pr; is proper, the projection formula (1.6) implies that
V- diven (f) = pr, (W - D1) = pr,(W - D3) — pry, Z.

By hypothesis, no component of W - Dy is contained in E. Since pry : B\ E — P™\ L
is an isomorphism, no component of pry, (W - Ds) is contained in L. Hence,

(V- divpn (f))) = mupr1, (W - D) — mypry,Z = (w o pry)«(W - D) = pro, (W - Da),

because m,pr;,Z = 0 as this is a cycle supported on L. Again by the projection
formula,

pI‘2*(W ' D2) = pr2*W : diVIPl (f) =mV - diVIP’l (f)v

which proves the statement. O

Proof of Proposition 1.16. The equivalence between the two formulations is a direct
consequence of the definitions. We reduce without loss of generality to the case of an
irreducible variety V' C P™ such that dim(7(V)) = r.

We proceed by induction on the dimension. For r = 0, the statement is obvious and
so we assume 7 > 1. Let 1 <i < m such that b; # 0 and ¢ € K[y,] a linear form. For
each component C' of W N E we pick a point £~ € C' and we impose that ¢(§-) # 0,
which holds for a generic choice of ¢. This implies that prj(divp(¢)) intersects W
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properly and that their intersection has no component contained in E. Hence

degy (7 V) = degp_e, (m:V - divp (£)) by Bézout’s theorem 1.11,
= degp_, (m+(V - divpn (£))) by Lemma 1.18,
< degp_e, (V - divpn (£))) by the inductive hypothesis,
= degy (V) by Bézout’s theorem 1.11,
which completes the proof. O

Next result gives the behavior of Chow rings and classes with respect to products.

Proposition 1.19. Let m; € Z~g and n; € N™ fori=1,2. Then
(1) A*(PR x PR?) ~ A*(PR) @z A*(PR?).
(2) Let X; € Zp,(P%) for i = 1,2. The above isomorphism identifies (X1 x Xo]
with [X1]®z [X2]. Equivalently, for all b; € N such that |bi|+ |ba| = 1+ 12,

degy, (X1) degy, (X2)  if |b1] = r1,]b2| = 72,

0 otherwise.

degbl,b2<X1 X XQ) = {

Proof.
(1) This is immediate from the definition of the Chow ring.

(2) We reduce without loss of generality to the case of irreducible K-varieties V; C P},
i =1,2. Let &; denote the multihomogeneous coordinates of P%’. For §; € N™,

(Klw, @a) /T(Vi x Vo)), 5, = (K21 /T(V)) 5, © (Klwal/1(V2)),,

Hence Hy; xv,(81,02) = Hy, (61)Hy,(d2) and therefore Py, v, = Py, Py,. This implies
the equality of mixed degrees, which in turn implies that [V} x V] = [V1] @ [V2] under
the identification in (1). O

We end this section with the notion of ruled join of projective varieties. Let n; € N
and consider an irreducible K-variety V; C P} for ¢ = 1,2. Let K[xz;] denote the
homogeneous coordinate ring of P% and I(V;) C K[x;] the ideal of V;. The ruled join
of V1 and V3, denoted V1# V53, is the irreducible subvariety of IP’?;JFMH defined by the
homogeneous ideal generated by I(V1)UI(V2) in K[x1,x2]. In case K is algebraically
closed, identifying P™ and P™ with the linear subspaces of P12+ where the last
ny + 1 (respectively, the first ny + 1) coordinates vanish, V1#V5 coincides with the
union of the lines of P"1*72+1 joining points of V; with points of V5.

The notion of ruled join extends to equidimensional K-cycles by linearity. Given cycles
X; € Z,,(P}), i = 1,2, the ruled join X;#X> is a cycle of IP’}?JF"QH of pure dimension
r1 +ry + 1 and degree

(1.20) deg(Xl#Xg) = deg(Xl) deg(Xz),

see for instance [Ful84, Example 8.4.5]. For i = 1,2 consider the injective Z-linear
map 7; : A*(PY) — A*(PR1"T1) defined by 6 — 6! for 0 <1 < n;. Then (1.20) is
equivalent to the equality of classes

[X1#Xo] = n([X1]) - 22([X2)).



16 CARLOS D’ANDREA, TERESA KRICK, AND MARTIN SOMBRA

1.3. Eliminants and resultants. In this section, we introduce the notions and ba-
sic properties of eliminants of varieties and of resultants of cycles in multiprojective
spaces. This is mostly a reformulation of the theory of eliminants and resultants of
multihomogeneous ideals developed by Rémond in [Rem0Ola, Rem01b] as an extension
of Philippon’s theory of eliminants of homogeneous ideals [Phi86]. We refer the reader
to these articles for a complementary presentation of the subject.

We keep the notation of §1.1. In particular, we denote by A a factorial ring with
field of fractions K. Let V C P% be an irreducible K-variety of dimension r. Let
do,...,d, € N*\ {0} and set d = (do,...,d,). For each 0 < i < r, we introduce
a group of variables u; = {u;q : @ € Ngfl} and consider the general form F; of
multidegree d; in the variables x:

(1.21) Fi= ) ujqx®c Klujz].
aeNZjl
Set u = {uyo,...,u,} and consider the K|u|-module

Ma(V) = K[u][zy, ..., 20/ (I(V)+ (Fo, ..., F)).
This module inherits a multigraded structure from K[z]. For § € N we denote by
Mg (V)s its part of multidegree § in the variables x. It is a K|u]-module multigraded
by setting deg(u; q) = €; € N'*1, the (i + 1)-th vector of the standard basis of R™+1.
For the sequel, we fix a set of representatives of the irreducible elements of K[u] made

out of primitive polynomials in A[u] and we denote it by irr(K[u]). We recall that
the annihilator of a K|u]-module M is the ideal of K|u] defined as

Ann(M) = Anngp (M) = {f € K[u] : fM = 0}.
Definition 1.22. Let M be a finitely generated K [u]-module. If Ann(M) # 0, we set
(1.23) X(M) = e (M) = ] S0,
feirr(K[u])
where £(My)) denotes the length of the K[u] s-module M. In case Ann(M) = 0,
we set x(M) = 0.

We have that ¢(M(y)) > 1 if and only if Ann(M) C (f), see [RemOla, §3.1]. Hence,
the product in (1.23) involves a finite number of factors and x (M) is well-defined.

Lemma 1.24. Let V. C P% be an irreducible K-variety of dimension r and d €
(N™\ {0})" L. Then there exists 5o € N™ such that

Ann(Mq(V)s) = Ann(Ma(V)s,) . x(Ma(V)s) = x(Ma(V)s,)
for all § € N such that & > dg.

Proof. Let dpax € N™ be the maximum of the multidegrees of a set of generators of
Mg(V) over K[u]. For & > & > dpmax we have that Mg(V)g = Kul[z]s_s Ma(V)s
and so Ann(Mg(V)g) O Ann(Mg(V)s). Hence the annihilators of the parts of mul-
tidegree > dax form an ascending chain of ideals with respect to the order < on N™.
Eventually, this chain stabilizes because K[u] is Noetherian, which proves the first
statement. The second statement is [RemOla, Lem. 3.2]. O

We define eliminants and resultants following [RemOla, Def. 2.14 and §3.2]. The
principal part ppr(J) of an ideal J C K[u] is defined as any primitive polynomial in
Alu] which is a greatest common divisor of the elements in 3N A[u]. If J is principal,
this polynomial can be equivalently defined as any primitive polynomial in A[u] which
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is a generator of J. The principal part of an ideal is unique up to a unit of A and we
fix its choice by supposing that it is a product of elements of irr(K[u]).

Definition 1.25. Let V C P% be an irreducible K-variety of dimension » > 0 and
d € (N™\ {0})"*L. The eliminant ideal of V of index d is defined as

Ea(V) = Ann(Mg(V)s)
for any d > 0. The eliminant of V' of index d is defined as
Elimg(V') = ppr(€a(V)).

The eliminant ideal is a non-zero multihomogeneous prime ideal in K|u] [RemOla,
Lem. 2.4(2) and Thm. 2.13(1)], see also Proposition 1.37(1) below. In particular, the
eliminant is a primitive irreducible multihomogeneous polynomial in A[u] \ {0}.

Definition 1.26. Let V' C P% be an irreducible K-variety of dimension r > 0 and
d € (N™\ {0})"TL. The resultant of V of index d is defined as

Resq(V) = x(Ma(V)s)

for any > 0. It is a non-zero primitive multihomogeneous polynomial in Afu],
because of Definition 1.22 and the fact that €4(V') is non-zero.
Let X € Z,(P%) and write X = ), my'V. The resultant of X of index d is defined as

Resq(X) = HResd(V)mV € K(u)”.
\%

When X is effective, Resqg(X) is a primitive multihomogeneous polynomial in Afu].

Eliminants and resultants are invariant under index permutations. Next result follows
easily from the definitions:

Proposition 1.27. Let X € Z,(P%) and V. C P an irreducible K-variety of di-
mension r. Let d = (do,...,d,) € (N™\ {0})" and w = (uo,...,u,) the group of
variables corresponding to d. Let o be a permutation of the set {0,...,r} and write
od = (dy(0),- -, ds(r), oW = (Ug()s - -+ Ug(r)). Then Resya(X)(ou) = Resq(X)(u)
and Elim,q(V)(ocu) = Elimg(V)(u).

Eliminants and resultants are also invariant under field extensions.

Proposition 1.28. Let X € Z,.(P}%), V C PR an irreducible K -variety of dimension r
and d = (dy,...,d,) € (N*\ {0})"!. Let K C E be a field extension. Then
there exists \y € E* such that Resq(Xg) = A1 Resq(X). Furthermore, if Vi is an
irreducible E-variety, then there exists Ay € E* such that Elimg(Vg) = A2 Elimg (V).

To prove this, we need the following lemma.

Lemma 1.29. Let M be a finitely generated K[u]-module and K C E a field exten-
ston. Then AnnE[u](M QK E) = AnnK[u](M) R E and XE(M QK E) = AXK(M)
with A € E*.

Proof. The first statement is a consequence of the fact that F is a flat K-module: for
each m € M, the exact sequence

0 — Anngiy(m) — Klu] — Klujm — 0
yields the tensored exact sequence

0 — Anngpy(m) @k E — Elu] — Eu](m ®K 1) — 0.
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Hence, Anng,)(m @k 1) = Anngiy,(m) @k E. Now, if M = (m1,...,my), then

AnnE[u] (M @k E) = mAnnE (m; @k 1)
= ﬂAnnK[u](mi) QK E= AnnK[u](M) QK E.

For the second statement, we can reduce to the case when Ann(M) # 0 because
otherwise it is trivial. Let f € irr(K[u]). The localization K|u]) is a principal local

domain and so M) ~ @l | Klu]p)/(f*) for some v; > 1. In particular, £(Ms)) =
> vi- Let f = A [[, g be the factorization of f into elements g € irr(E[u]) and a
non-zero constant Ay € £*. On the one hand, for each g in this factorization,

(M®K E)( )NM(f) ®Ku]E @E gl’i).

Hence (((M ®k E)(g)) = Q_vi)pg = £(M(5))ptg- On the other hand, let g € irr(E|[u])
be an irreducible polynomial which does not divide any f € irr(K[u]) and suppose
that {((M®x E)(g)) > 1. If this were the case, we would have Ann g, (M@K E) C (g).
By the (already proved) first part of this proposition,

AnnE[u] (M Rk E) = AnnK[u](M) XK E.

This implies Ann(M) C (g) N K[u] = 0, which contradicts the assumption that
Ann(M) # 0. Therefore, (((M @k E)(4) = 0. We deduce

H GUMEE) ) _ H (Hg (M5)) ug> _ )\er(M )

g€ irr(E[u]) feirr(Ku])  glf

for A=T]; A;aM(f)) € E*. Hence xp, (M ®K E) = XX, (M), as stated.
]

Proof of Proposition 1.28. To prove the first part, it is enough to consider the case of
an irreducible K-variety V. By definition, Vg is the effective E-cycle defined by the
extended ideal I(V) ®x E. Hence,

Ma(Vg) = Elu][@y, ..., 2n]/(I(V) @k E+ (Fo,...,F)) = Mqa(V) ®k E.
y [Rem0Ola, Thm. 3.3] and Lemma 1.29,
ReSd(VE) = XE[u] (Md(VE)lS) = )\XK[u] (Md(v)(s) = )\1 ReSd(V)

for any d > 0 and a A\; € E*, which proves the first part of the statement. The
second part follows similarly from the definition of eliminants and Lemma 1.29. [

Proposition 1.30. Let V. C P% be an irreducible K-variety of dimension r and
d € (N™\ {0})""L. Then there exists v > 1 such that

Resq(V) = Elimg(V)”.

Proof. Let 6 € N™ and f € irr(K[u]). We have that (Mg(V)s)(s) # 0 if and only if
Ann(Mg4(V)s) C (f). Therefore,

f 1 Resq(V) < f| Elimg(V).
Thus Elimg (V) is the only irreducible factor of Resq(V') and the statement follows. [
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Example 1.31. The resultant of an irreducible variety is not necessarily an irreducible
polynomial: consider the curve C' = V(ajioxg,l - $%71$2,0) C P! x P! and the indexes
dy = d; = (0, 1) with associated linear forms F; = u; gx20 + ui12z2,1 for i =0,1. We
can verify that the corresponding resultant is

Resdy,a, (C) = (upou11 — uo,1u1,0)>.

The partial degrees of resultants can be expressed in terms of mixed degrees.

Proposition 1.32. Let X € Z,;7(P%) and d € (N™\ {0})"*!. Then, for 0 <i<r,

deg,, (Resq(X)) = coeffgn ([X] H (Z djg 93)).

j#i =1
Proof. This follows from [RemOla, Prop. 3.4]. O
For projective varieties, eliminants and resultants coincide:

Corollary 1.33. Forn € N let V. C P be an irreducible K-variety of dimension r
and d € (Zo)". Then Resq(V) = Elimg(V).

Proof. By Proposition 1.30, Resq(V') = Elimg(V)” for some v > 1. On the one hand,
deg,,, (Elimg(V)) = (H#i d;) deg(V) for all i [Phi86, Remark to Lem. 1.8] while on
the other hand, Proposition 1.32 implies that

deg,, (Resq(V')) = coeffgn (deg(V)G”*T H dj0> = (H dj> deg(V).
J# J#

Thus Resq(V) and Elimg(V) have the same total degree. Hence, v = 1 and the
statement follows. O

Given a subset J C {1,...,m} we set 7 : P — [[..; P} for the natural projection

and ¢; = (;)je.

JjeJ

Lemma 1.34. Let d € (N™\ {0})"*! and F; the associated general form of multide-
gree d; for 0 < i < r. Let V C P% be an irreducible K-variety of dimension r > 0.
Then €4(V) is a principal ideal if and only if

(1.35) dim(my(V)) > #{i:0<i<nrF, € K[uj]lzs]} =1 forallJC{l,...,m}.

If this is the case, Elimg(V) € Klu] \ K. Otherwise, €4(V) is not principal and

Elimg(V) = 1.

Proof. Assume for the moment that the field K is infinite.

(<) If (1.35) holds, [RemOla, Cor. 2.15(2)] implies that Elimg(V') generates €4(V).

Applying [RemO1la, Cor. 2.15(1)], it follows Elimg(V') # 0 since, for J = {1,...,m},
dim(m;(V)) =dim(V) =r =#{i € {0,...,r} : F; € K[u;][x]} — 1.

Now suppose that Elimg(V) = 1. This is equivalent to the fact that Mg(V)s = 0
for & > 0, which implies I(V) D (9M,)s and so V = @, which is a contradiction.
Therefore, Elimg(V) € K[u] \ K.

(=) Suppose that (1.35) does not hold. By [RemOla, Cor. 2.15(3)], Elimg(V) = 1.
Hence €4(V) is necessarily not principal, because otherwise we would have that V' = ().
The case when K is a finite field reduces to the previous case, by considering any
transcendental extension F of K and applying Proposition 1.28. ([
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Given d € (N™ \ {0})"!, the space of coefficients of a family of multihomogeneous
polynomials in K[x]\ {0} of multidegrees dy,...,d, can be identified with

ij i) -1

,
IT5% (
PN =[P ™
=0

For V' C P™ consider the following subset of PV:
(136) Vd(‘/) = {(u0> s 7u7‘) € ]PN VN V(FO(UOa $), s 7Fr(u7‘7 m)) 7& ®}
The following results gives a geometric interpretation of eliminant ideals.

Proposition 1.37. Let V. C P™ be an irreducible variety of dimension r > 0 and
d e (N™\ {0})""L. Then
(1) I(Va(V)) = €a(V);
(2) the variety Vq(V') is a hypersurface if and only if (1.35) holds. If this is the
case, Vag(V) = V(Elimg(V)) = V(Resq(V)).

Proof. (1) follows from [RemOla, Thm. 2.2], while (2) follows from (1) together with
Lemma 1.34 and Proposition 1.30. O

The following corollary gives a formula a la Poisson for the resultants of a cycle of
dimension 0. Recall that the evaluation of a multihomogeneous polynomial at a point
of P™ is only defined up to a non-zero constant in K™ which depends of a choice of a
representative of the given point.

Corollary 1.38. Let X € Zy(P%) and do € N™\ {0}. Write Xiz = > me& with
£ € P™ and m¢ € Z and let Fy be the general form of multidegree dy. Then there

exists A\ € K © such that
Resg,(X) = A [ Fo(¢)™.
13

Proof. Let & € P™. Observe that Fy(&€) = 0 is the irreducible equation of the hypersur-
face Vg(&). By Proposition 1.37, there exists A € K such that Elimg, (€) = A Fo(£).
Proposition 1.32 together with Proposition 1.10(3) imply that deg,, (Resq(§)) = 1.
Applying Proposition 1.30, we get Resq,(§) = Elimg,(£). The general case fol-
lows readily from the definition of the resultant and its invariance under field ex-
tensions. U

Remark 1.39. The notions of eliminant and resultant of multiprojective cycles in-
clude several of the classical notions of resultant.

(1) The Macaulay resultant [Mac1902]. The classical resultant of n + 1 homoge-
neous polynomials of degrees dp, ..., d, coincides both with Elimg, . 4,)(P")
and with Res(g,, . 4,)(P"). This is a consequence of Proposition 1.37(2) and
Corollary 1.33.

(2) Chow forms [CW37]. The Chow form of an irreducible variety V' C P" of
dimension 7 coincides both with Elim; ;)(V) and with Res(; ;)(V). This
follows from Proposition 1.37 and Corollary 1.33.

(3) The GKZ mixed resultant [GKZ94, §3.3]. Let V be a proper irreducible va-
riety over C of dimension r equipped with a family of very ample line bun-
dles Ly,...,L, and Ry, .1, the (Lo,...,L;)-resultant of V in the sense of
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I. Gelfand, M. Kapranov and A. Zelevinski. Each L; defines an embedding
¥; : V — P™. We consider then the map

¢:V;>]P)n , & (¢0(£)77wr(£))

Using Proposition 1.37(2), it can be shown that Ry, . 1, coincides with the
eliminant form Elime, . (¥(V)). Using the formula for the degree of the
GKZ mixed resultant in [GKZ94, Thm. 3.3], we can show that it also coincides
with the resultant Rese,, . e, (¢¥(V)).

1.4. Operations on resultants. We will now study the behavior of resultants with
respect to basic geometric operations, including intersections, linear projections and
products of cycles.

An important feature of resultants is that they transform the intersection product of
a cycle with a divisor into an evaluation.

Proposition 1.40. Let X € Z"(P}) and dy, . ..,d, € N"\{0}. Let f € K|x]q, such
that div(f) intersects X properly. Then there exists A\ € K* such that

Resd{)7d1---7dr (X)(’U,o, ceey Up—1, f) = )‘Resdo,---,drfl(X : le(f))(’LLo, ) urfl)’
where the left-hand side denotes the specialization of the last of group of variables of
Resqy.d, .4, (X) at the coefficients of f.

Proof. This is [Rem0la, Prop. 3.6]. O

Next we consider the behavior of resultants with respect to standard projections.
Consider the linear projection 7 : P& --» PL. in (1.15) and let  and y denote the
multihomogeneous coordinates of P and of PL., respectively. Let d € (N™\ {0})"*!.
The general forms of multidegree d; in the variables « and y are, respectively,

F= 3 weatcKulle] . F= Y uay®e Kully.
aENZ;rl aENf[:l
Write
u, ={ujq: a€ Ngl} . ul ={uiq: a€ Ngfl \Ngl}.
Let < be the partial monomial order on K|uy, ..., u,] defined as

{uitocicr <ug < <yl
By this, we mean that the variables in each set have the same weight and that those
in ] have the maximal weight, then come those in w/_;, etcetera. Observe that
this order can be alternatively defined as the lexicographic order associated to the
sequence of vectors wy, ..., w, defined as

1—1 r—i
w; = ((0,0),...,(0,0),(0,1),(0,0),...,(0,0)).

Given a polynomial F' € K[u] \ {0}, we denote by init<(F) € K[u] \ {0} its initial
part with respect to this order. It consists in the sum of the terms in F whose
monomials are minimal with respect to <. This order is multiplicative, in the sense
that init< (F'G) = init< (F)init<(G) for all F, G € KJul].

Proposition 1.41. Let m : PR --» IP’lK be the linear projection and < the partial
monomial order on K[u] considered above. Let X € Z}(P%) and d € (N™\ {0})"F1L.
Then

Resq (7, X) | init<(Resq(X)) in Alu].
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Proof. Tt is enough to consider the case mi(X) # 0, otherwise Resg(m.X) = 1. In
addition, we only need to prove that the division holds in K[u], since both polynomials
belong to Au] and Resq(m,X) is primitive.

We proceed by induction on the dimension r. For r = 0, write X4 = Z.g me& with
& € P™ and mg¢ € Z. Hence,

T Xjg = Z memy&
§¢L
since m.& = 0 whenever £ € L, with L defined in (1.15). Observe that F{(n(§)) =
init< (Fo(€)) for each & ¢ L. Using Corollary 1.38 and the multiplicativity of the

order <, we deduce that there exist A\, \' € K™ such that

Resgy (1. X) = X' ] init<(Fo(€))™ ’ init < ( I1 Fo(g)ms> — \init(Resq, (£)).
E¢L €

Now let r > 1 and suppose that we have proved the statement for all cycles of pure
dimension up to r — 1 and any base field. Let V be an irreducible K-variety of
dimension r. We suppose that Resq(m.V) # 1 because otherwise the statement is
trivial. Thus, the degree of this resultant in some group of variables is > 1 and, up
to a reordering, we can suppose that this holds for the group wy(,. Consider the scalar
extension Vi(y) of the K-variety V' by the field K(u;). By Proposition 1.28, there
exists Ay € K(u).)* such that

Resd(ﬁ*V) = )\1 Resd(ﬁ*VK(u;)).
In turn, Proposition 1.40 implies that there exists Ay € K (u..)* such that
Resa(m: (Vi (uy))) = A2 Resdy, . d, o (Te(Vig(aur)) - divp (7)) (%o, - - ur—1).
We can verify that the form F satisfies the hypothesis of Lemma 1.18. Hence, this
lemma implies the equality of cycles mi(Vi(w) - divpn (F})) = mu(Vig(ar)) - divp (F}).
In particular,
Resdy,...d,— (T (Vic(uy)) - dive (F)) = Resa,....d,_y (T (Vg (ur) - diven (F7))).

Applying the inductive hypothesis to the (r — 1)-dimensional cycle Vic(y) - diven (F7),

Resay,....d,_, (T (Vi (uy) - diven (F}))) | init< (Resay,....d,_, (Vic(u) - diven (F)))).
The divisor divpn (F)

T

Resdo,.--,dr—l(VK(u’T) : diV]pm (F;))(uo, ey Ur—l) = )\3 ReSd(V)(’LL(), e Up—1, F;)

) intersects Vi () Properly. Proposition 1.40 then implies

for some A3 € K (u])*. This last polynomial is not zero and it satisfies
init<(Resq(V)(uo, - .., ur—1, F))) = init< (Resgq(V)),
due to the definition of <. We conclude
Resq(m, V) |init<(Resq(V))  in K(ul)[uo, ..., up1].

This readily implies that Resg(m.V) |init<(Resgq(V)) in K[u], because Resq(m, V) is
a power of an irreducible polynomial of positive degree in ug and r > 0.

For a general K-cycle of pure dimension r, the statement follows by applying this
result to its irreducible components and using the multiplicativity of the order <.
This concludes the inductive step. O

Remark 1.42. In the projective case (m = 1), this result can be alternatively derived
from [PS93, Prop. 4.1], see also [KPS01, Lem. 2.6].



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 23

Resultants corresponding to general linear forms play an important role in the defi-
nition and study of mixed heights of cycles. We introduce a convenient notation for

handling this particular case. Given ¢ = (c1,...,¢n) € N™ we set

c1 Cm
(1.43) ec)=(er,...en . em ...em) € (N™\ {o}l,
where e; denotes i-th vector of the standard basis of R™. For ¢ € N, both
Elimg () (V) and Resg(c) (V) are polynomials in the coefficients of the r + 1 general
linear forms Ly, ..., L, corresponding to the index e(c¢). In this case, Proposition 1.32
implies that, for 0 <i <r,
(144) degui (Rese(C) (X)) = degcfe]-(i) (X)v

where j(7) is the index j such that ¢; + ... +¢j—1 <i+1<ec1+...+¢j.
Proposition 1.45. Let m; € Zsg, n; € N™ and X; € Z, (PY) fori = 1,2. Let
c; € N such that |c1| + |e2| =11 + 12 + 1. Then there exists A € A* such that
)\Rese(cl)(Xl)degcz(XQ) if lei] =71 4+ 1, |eo| = 1o,
Rese(ey,e0) (X1 X X2) = )\Rese(cz)(XQ)degcl(Xl) if le1| = 71, lea] = ro + 1,
1 otherwise.

Proof. We first prove the statement for the case when K is algebraically closed and
A =K. Let u = {uo,...,Ur 1, } be the group of variables associated to the index
e(c1,c2). By (1.44), for each 0 <1 <11 + ro there is j, 1 < j < mj + mg, such that

deg,,, (Rese(e; ep) (X1 X X2)) = deg(c; cy)—e, (X1 X X2).
If either |e1| > 7142 or [ea| = ro+2, then deg(e, ¢))—e, (X1 X X2) = 0 for all j, thanks
to Proposition 1.19. Hence all partial degrees are 0 and Rese(c,,e,) (X1 x X2) = 1.

Consider then the case when |ei| = 71 + 1, |ea| = ro. Again by (1.44), for 1 <i < rg,
there exists j > m; such that

deguTlJﬂ- (Rese(cl,cz)(Xl X XQ)) = deg(Cth),ej (Xl x X2)
By Proposition 1.19, this mixed degree also vanishes, because |c¢1| > r;. Therefore
(146) Rese(cth)(Xl X XQ) S K[UO, RN um].

Furthermore, suppose that deg.,(X2) = 0. In this case, for each 0 < i < 7y there
exists j, 1 < j < myq, such that

degui (Rese(cl,CQ)(Xl X XQ)) = deg( )—e; (Xl X XZ) = degclfej (Xl) degCQ (XQ) =0.

C1,C2

Hence, Resg(c, ;) (X1 X X2) =1 = Rese(cl)(Xl)deg62(X2) and the statement holds in
this case. Therefore, we assume that deg,,(X2) # 0. By linearity, it suffices to prove
the statement for two irreducible varieties V; C P™ of dimension r;, i = 1,2. We
consider first the case when ro = 0, that is, when V5 = {£} is a point. Then

Me(cl)(vl X ‘/2) = Me(cl)(vl) K K[m2]/1(£)
Hence, for §; € N™:,
Me(e))(Vi X V)5, 8, = Me(ey)(Vi)s, @ (K[x2]/1(£))s, = Me(e,)(V1)s, -
By the definition of the resultant, there exists A € K* such that
Rese(cl)(vl x Vo) = )‘Rese(cl)(vl) = )‘Rese(cl)(vl)degO(VZ)7
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which proves the statement in this case.

Now let V5 C P™ be an irreducible variety of dimension ro > 1. Write v/ =
(uo,...,ur,) and let ¢; € Klxa], 1 < i < ry, be generic linear forms associated
to e(cz) and my the projection P™ x P™ — P"2. By (1.46), Rese(c, ¢,) (V1 X V2) does
not depend on the groups of variables u,,4; for 1 < ¢ <rs. Hence,

ReSe(clch)(Vl X VQ)(U) = ReSe(cth)(Vl X VQ)('U//,EI, e ,érz)

T2
= ARese(ey) (Vi x Va) - [[ w3 liv(6s) ) (a)
=1

= ARese(c,) (Vl x (Va - Hdiv(&))) (u)
i=1

with A € K, thanks to Proposition 1.40. The cycle Va-[]:2, div(4;) is of dimension 0
and so we are in the hypothesis of the previous case. By Corollary 1.14, it is a cycle of
degree deg,., (Va). Therefore, Rese(c,) (Vi x (Va-I[i2, div(6;))) = X Rese(cl)(Vl)degc2(V2)
with M € K*, which completes the proof for the case when K is algebraically closed
and A = K.

The case of an arbitrary field K which is the field of fractions of a factorial ring A
follows from Proposition 1.28 and the fact that the resultants of V7, V5 and V7 x V4
are primitive polynomials in Afu]. O

2. HEIGHTS OF CYCLES OF MULTIPROJECTIVE SPACES

2.1. Mixed heights of cycles over function fields. Throughout this section, we
denote by k afield and t = {t1,...,t,} a group of variables. The height of a polynomial
=2 qqaxit - xlr € k[t][x1,...,z,] \ {0} is defined as

h(f) = degt(f) = IMaXgq deg(aa)'

For f =0, we set h(f) = 0. The following lemma estimates the behavior of the height
of polynomials with respect to addition, multiplication and composition. Its proof
follows directly from the definitions.

Lemma 2.1. Let fi,..., fs € k[t][z1,...,2,] and g € k[t][y1,...,ys]. Then
(1) h(}; fi) < max; h(fi);
(2) b(IL; fi) = 22 h(fi):
(3) h(g(f1,..-, fs)) < h(g) + degy(g) max; h(f;).

In the sequel, we extend this notion to cycles of ]P’;:(t) and study its basic properties.
To this end, we specialize the theory in §1 to the case when the factorial ring A is the
polynomial ring k[t] with field of fractions K = k(t). In particular, the resultant of
an effective equidimensional k(t)-cycle is a primitive polynomial in k[t][u].

Definition 2.2. Let V C ]P’Z’(t) be an irreducible k(t)-variety of dimension r, ¢ € N |
and e(c) as in (1.43). The (mized) height of V' of index c is defined as

hC(V) = h(ReSe(c) (V)) = degt(ReSe(c) (V))
This definition extends by linearity to cycles in Z,.(P™ ).

k(t)

For n € Nand X € Z,(P" ), the height of X is defined as h(X) = h,41(X).

k(t)
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Definition 2.3. Let 1 be an indeterminate. The extended Chow ring of P™ is the

k(t)

graded ring
AP SK[E]) = AT(PT)) @2 Zn)/ (%) = Zln, O, .., 0 (0%, 072 O ),

k(t)’ k(t)

where 6; denotes the class in A* (Pzt)) of the inverse image of a hyperplane of IP’Z(it)

under the projection IP’:‘(t) — IP’Z&). For short, we alternatively denote this ring as
A*(P™; k[t]). To a cycle X € Z, (IP’Z‘(U) we associate an element of this ring, namely
- m— Cm —b m—Um
Ko = D (X))o gpmmem b Y degy(X) 0700
cGN;"+1, c<n beNm™, b<n

This is a homogeneous element of degree |n| — r.

There is an inclusion of the Chow ring into the extended Chow ring

1: A” (Pzt)) — A* (IP’Z(”; k[t])
satisfying [X],,, = 1([X]) (mod 7). In particular, the class of a cycle in the Chow ring
is determined by its class in the extended Chow ring.
For a cycle X of pure dimension r, we will see in Theorem 2.18(2) that h.(X) = 0 for
every ¢ such that ¢; > n; for some i. Hence [X] wy Contains the information about all
mixed degrees and heights, since {0%,760%}4<y, is a Z-basis of A*(P™; k[t]).

The mixed heights of a k(t)-cycle X can be interpreted as some mixed degrees of
a model of X over Pﬁ. For simplicity, we will only consider the case of projective
k(t)-cycles, where t is a single variable.

Definition 2.4. Let n € N and V C P, be an irreducible k(t)-variety. Let
s = {so,s1} and ¢ = {xg,...,x,} be groups of variables and Z C k[s,x] the bi-
homogeneous ideal generated by all the polynomials of the form sgegt(f ) f(s1/s0,x)
for f € I(V) Nk[t,x]. The standard model of V over P}, is defined as the k-variety
V(Z)cC IP’,IC x Py, This notion extends by linearity to cycles of P:(t): the standard model
of a cycle X =3, myV is defined as X = >, myV, where V denotes the standard
model of the irreducible k(t)-variety V.

Remark 2.5. Set V and V., for the restriction of V to the open subsets (P}, \ {(0 :
1)}) x P2 and (P} \ {(1 : 0)}) x P?, respectively. These are irreducible k-varieties
which correspond to the prime ideals Zy = I(V) N k[t][z] and Zo, = (V) N k[t~ 1][z],
respectively, and form a covering of V. In particular, V is an irreducible k-variety.

A variety W C IP’}C x P} is wvertical if its projection to }P’i consists in a single point. The
following lemma shows that the standard model of a cycle of }P’:(t) of pure dimension
r > 0 is a cycle of ]P’/,l€ x [P} without vertical components. Moreover, there is a bijection

between ZT(IP’Z(t)) and the set of cycles in Z, 11 (P}, x P?') without vertical components.

Lemma 2.6. Letn € N and r > 0.
(1) Let X € Z,(P" ). Then its standard model X is a cycle of P} x P¥ of pure

k(t)
dimension r + 1, without vertical fibers, and the generic fiber of X — IP’,IC
coincides with X under the natural identification of the generic fiber of Pt X
P? — PL with IP’Z(t).

(2) Let Y € Zy41(Pr x PP) be a cycle without vertical components and Y the
generic fiber of ¥ — Pi. Then'Y € Z.(P" ) and Y is its standard model.

k(t)



26 CARLOS D’ANDREA, TERESA KRICK, AND MARTIN SOMBRA

Proof.
(1) It suffices to prove the statement for an irreducible variety V' C Py We keep the

notation in Definition 2.4 and Remark 2.5 and we denote by 7 the projection ¥V — IP’}C.
Suppose that V is vertical. This would imply that (1)) is a point. Hence, there exists
f € E[t] \ {0} such that w(Vy) C V(f) or, equivalently, such that f € Zy. But this
would imply that 1 € I(V') and a fortiori, V' = (). This is contrary to our assumptions
and so we deduce that V is not vertical.

Choose 0 < i < n such that V' is not contained in V(x;). For simplicity, we suppose
that ¢ = 0. Set V;, =V \ V(zg) C P\ V(xg) > A" . Set 2} = z;/x9, 1 <1i < n,

k(t) k()

and let J C k(t)[z],...,z]] be the ideal of V,. Then J Nk[t,z),...,z]] is the ideal

»rn rrn

of the k-variety (V)a, := Vo \ V(z0) C (AL x P2)\ V(zp) ~ A} x A?. Hence,

(Vo)ay X a2 Spec(k(t)) = Spec(k[t, #]/I1(Vo)z,) @ k(1)) = Spec(k(t)[#']/]) = Va,.
The generic fiber of 7 coincides with the closure in PZ@) of the generic fiber of (Vp)z, —
Al namely, with V,,; = V. The fact that 7 is surjective with generic fiber V implies
that dim(V) = dim(V) + dim(P;) = r + 1 by the theorem of dimension of fibers.

(2) It is sufficient to consider the case of an irreducible k-variety W C P}, x P? without
vertical components. Let Jy C k[t][x] be the ideal of the restriction of W to the open
subset (P} \ {(0:1)}) x P} ~ A} x P?. It is a prime ideal of Krull dimension r + 2
and Jo N k[t] = {0} since 7 is surjective. Hence, J := k(t) @y Jo is a homogeneous
prime ideal of Krull dimension r + 1 which defines the generic fiber of w. Moreover,
Jo = J Nk[t][x] and so W is the standard model of . O

Lemma 2.7. Let I C k(t)[x] be an equidimensional ideal, X (I) € Z(}P’Z(t)) its associ-
ated cycle and X the standard model of X (I). Let T C k[s,x] be the ideal generated by
all the polynomials of the form sgegt(f)f(sl/so, x) for f € INk[t,z]. Then X = X(T).

Proof. This can be verified by going through the ideals: the minimal primes of I are in
bijection with the minimal primes of Z, and this bijection preserves multiplicities. [

There is an isomorphism ¢ : A*(P" ;k[t]) — A*(PL x P?) which sends the generators

k(t)’
n,01 € A*(PP;k[t]) to the generators 61,02 € A*(PL x P}), respectively. Next result
shows that, via this isomorphism, the class of a projective k(t)-cycle X identifies with
the class of its standard model X. In particular, the height of X coincides with a
mixed degree of X.

Proposition 2.8. Let X € ZT(PZ@)) and X be the standard model of X. Then

¢([X]k(t)) = [X].
Equivalently, deg(X) = deg; ,.(X) and h(X) = degg ,,1(X).

Proof. Tt is enough to prove the statement for an irreducible k(t)-variety V with
standard model V. Set w = {ug,...,u,}, 1 = (1,...,1) € N'*! e = (1,0) and
e=((0,1),...,(0,1)) € (N?)"*1. We first claim that there exists A € k* such that

(2.9) Resi(V)(u) = ARescs(V)((—t,1),u).

Let I C k(t)[x] and Z C k[s, x] denote the homogeneous ideal of V' and the bihomo-
geneous ideal of V), respectively. Set

J1=k@t) @k L+ (s1—tso), To=k(t)[s]®,, I+ (s1—tso) Ck(t)[s x|
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These ideals define the subschemes V . NV (sy —tsg) and {(1:¢)} x V of IP’i(w x P

k(t) k(t)’

respectively. For f € k[t, x|, set
=02 ) e
0

This polynomial is homogeneous of degree deg,(f) with respect to the variables s.
Observe that

(2.10) fhom = sgegt(f)f = (t7'sp)deB ) f (mod (s1 — tsp)).

The ideal Z is generated by {fh™ : f € I NEk[t,xz]}. By (2.10), these generators
lie in Jo; hence Z C Jo and so J; C Ja. The equations (2.10) also imply that [ is
contained in the localization (J2)s, C k(t)[s, x|s, for i = 0,1. Hence, (J1)s, = (J2)s,
and so both ideals define the same subschemes of Pi(t) xIPL - In particular, div(s;—tso)
intersects V, ,, properly and we have the equality of cycles

(2.11) 1%

k(t)

div(sy —tso) ={(1: )} xV € Z.(P! xP" ).

k(t) k(t)

Applying successively propositions 1.28 and 1.40, (2.11) and Proposition 1.45, we
obtain that there exists o, u € k[t] \ {0} such that

(2.12) Resez(V)((=t,1),u) = po Resg(V,,, - div(s1 —ts0))(u)

= poResg({(1: 1)} x V)(u) = pResy (V)(w).

It remains to show that u € k*. For 7 € k, div(s; — 7so) intersects V properly since
the projection 7 : V — P} is surjective (Lemma 2.6). Proposition 1.40 then implies
that Rese z(V)((—7,1),u) # 0. Furthermore, Res; (V')(u) }t:T # 0 as this resultant is a
primitive polynomial in k[t][u]. Specializing (2.12) at t = 7, we deduce that p(7) # 0
for all 7 € k. Hence, pu € k* and (2.9) follows for A\ = pu~L.

Let v = {vg, v1} be a group of variables. By (2.9), for any 0 < i < r,
degu,- (Resl(v)(u)) = degui (Rese,é(v)((_tv 1)7 u)) = degui (Rese’g(V)(v, u))7

since Rese (V) is homogeneous in the variables v. Proposition 1.32 then implies that
deg(V) = deg, (V).

Applying an argument similar to the one above, we verify that sg intersects V properly.
Hence, Rese 5(V)((1,0),u) = AResg(V - div(sp))(u) with A € £*. In particular, this
specialization is not zero, and so the degrees of Res.z(V) in vp and in v coincide.
Therefore,

L(V) = deg; (Res1(V)(u)) = deg; (Resez(V)((—t,1),u)) = deg, (Resez(V)(v, u)).
By Proposition 1.32, we conclude that h(V) = deg .1 (V). O
Next proposition collects some basic properties of mixed heights and classes in the
extended Chow ring of multiprojective cycles over k(t) with ¢ = {t1,...,tp}.
Proposition 2.13.

(1) Let X € Zj(lP;‘(t)). Then [X]
ce N .
(2) Let X € Z,(PR). Then [X,, ., = «([X,,]) or equivalently, he(X) = 0 for

all c € N, In particular, [P;‘(t)]k[t] =1

> 0. In particular, he(X) > 0 for all

k(]



28 CARLOS D’ANDREA, TERESA KRICK, AND MARTIN SOMBRA

(3) Let & = (&,...,&,,) € P™ be a point with coordinates in k(t) and for each
1 <i<m write § = (&,5); for coprime polynomials & ; € k[t]. Then

€y = Do h(E) O™ 0™,
=1
with h(§;) := max;h(& ;) = max; deg(&; ;). In particular, he,(§) = h(§;).
(4) Let D € Div" (IP’Z‘“)) and fp € k[t][z] its primitive defining polynomial. Then

D),y =0(fp)n+_ degy,(f) b
=1

In particular, hyp(D) = h(fp).

Proof.

(1) This is immediate from the definition of mixed heights and classes in the extended
Chow ring.

(2) By Proposition 1.28, there exists A € k(t)* such that Rese(c) (X, ,)) = ARese(e) (X).
Since the term in the left-hand side is primitive with respect to k[t], we deduce that
A € k*. Hence, this resultant does not depend on t and h.(X) = 0 for all ¢. This
readily implies that [X = ([X,,,])- The rest of the statement follows from
Proposition 1.10(2).

(3) By Proposition 1.10(3), it is enough to show that he, (§) = h(§;). By Corollary 1.38,
there exists \; € k() such that Rese, (&) = \; Li(§;), where L; is the general linear
form of multidegree e;. Indeed, \; € k™ since Rese, (&) and L;(§;) are primitive
polynomials in k[t]. Hence, he, (§) = degy(Li(€;)) = h(§;).

(4) By Proposition 1.10(4), it is enough to show that h,(D) = h(fp). Set d =
deg(fp). Consider the general form F of multidegree d and the general linear forms
L = (Lo, ..., Ljpj—1) corresponding to e(n). Write for short R = Rese(n) q(P}). Using
propositions 1.40 and 1.28, we deduce that there exists A € k(¢)* such that

)‘Rese(n) (D)(L) = R(La fD)

Observe that A € k[t] \ {0} because the resultant in the left-hand side is a primitive
polynomial. On the other hand, let H C A} be an irreducible k-hypersurface. The
fact that fp is primitive implies that there exists €& € H such that fp(& @) # 0.
Applying Proposition 1.40 to the cycle P} and fp(§, x) € k[x] we deduce

Hence, A(§) # 0. This implies that V(\) contains no hypersurface of A} and so
A € k*. Hence,

hp (D) = degy (Rese(n) (D)) = degy (R(L, fp)) = degy(fp) deg,,, (R) =h(fp),

since deg,(fp) = h(fp) and, by propositions 1.32 and 1.10(2), deg,, (R) = 1. O

k(t)]k[t]

We recall some notions and properties of valuations of fields. Let Tq, ..., T}, denote
the standard homogeneous coordinates of }P’i. If we identify each variable t; with the
rational function T;/Tp, we can regard k(t) as the field of rational functions of this
projective space: given a € k(t), then o(T1/Ty,...,T,/To) is homogeneous of degree
0 and defines a rational function on P%.

Given an irreducible k-hypersurface H of PP and « € k(t), we set ordy(«) for the
order of vanishing of a along H. The map ordy : k(t) — Z is a valuation of k(t).
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If Hy := V(Ip) is the hyperplane at infinity, then ordgy, (o) = —deg(a) where
deg(a) = deg(a) — deg(az) for any «; € k[t] such that a = oy /ag. If H # Ho, then
ord g () coincides with the order of the polynomial fr(1,t1,...,t,) in the factorization

of v, where fy € k[Ty,...,Tp| is the defining polynomial of H.

Let K be an arbitrary field and v a valuation of K. For a polynomial f over K, we
set v(f) for the minimum of the valuation of its coefficients. Gauss Lemma says that
for any given polynomials f, g over K,

v(fg) = v(f) +v(g)-

Given a finite extension E of K, there exists a (non-necessarily unique) valuation w
of E extending v.

The height of an arbitrary resultant can be expressed in terms of mixed heights:

Lemma 2.14. Let X € Z;F (IF”I:(”) and d € (N™\ {0})" 1. Then

degy(Resq(X)) = coeff,gn ([X]km H Z dmﬂj).
=0 j=1
In particular, for b€ N* and d, € N™ \ {0},
(2.15) degs(Rese(p).a, ( dehzﬁeﬂ

Proof. Write d = (dy, . ..,d,) for d; € N\ {0}. We claim that

m
(2.16) degs(Resay,...a, (X)) = Y _doj degy(Rese, a,.....a, (X))
j=1
We first consider the case r = 0. Let XW = Zg me & with & € P™ and mg > 1. For

each of these points write § = (§;)i,; for some &; ; € k(t). Let Fy and L; denote the
general forms of degree dy and e; as in (1.21), respectively. By Proposition 1.28 and

Corollary 1.38, there exist p, A\; € k(t)X such that

ReSdO H FO ) Resej (X)(LJ) = >\j H Lj (Ej)mE

Picking a suitable choice of multlhomogeneous coordinates for the £’s, it is possible
to set \; = 1 for all j. We have

ReSdo ( H Ld0 J) = H H L do,jmg = U ﬁ Resej (X)(Lj)dO,j‘
j=1

¢ j=1

We deduce that p € k(t)* since all considered resultants have coefficients in k[t].
Now let E be a sufficiently large finite extension of k(t) containing all the chosen
coordinates ¢; ;. For any valuation v of E,

(2.17) v(EFp(€)) = “ﬂugov (&%) = Zdo] mlnv (&) = ZdO,J”

Let H be an irreducible k—hypersurface of PP different from Hoo, and vy a valuation
of E extending ordg. Since Resq,(X) and Rese, (X) are primitive with respect to k[t],
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we have that vy (Resg, (X)) = vhg(Rese,; (X)) = 0. By Gauss Lemma,

Ol"dH = —OI‘dH<HFO mg) = —ng UH F()

0:ordH<HLj( ) nguH €))
3

Applying (2.17),

OI‘dH Zm{uH F() )) = —Zd[)’j (ng ’UH(L](fj))> = 0.
J=1 3

Since this holds for every H # H,, we deduce that p € k*. Now let vy be a valuation
of E extending ordy_ . Applying again Gauss Lemma and (2.17),

ordp (Resq, (X Z Mg Voo (Fo (€

=3 doi (3 mevse(Li(€))) = D dojordi. (Rese, (X)).
Jj=1 3

j=1
Hence degy(Resg, (X)) = > 7L do j degy(Rese,; (X)), which concludes the case r = 0.

The case r > 1 follows by reduction to the zero-dimensional case. For 1 < i < r,
let F; be the generic polynomial of multidegree d; and wu; the variables corresponding
to its coefficients. Set k= k:(ul, ...,u;). Observe that div(F}) intersects properly

the cycle X+ .. - le , 1 < j < r. Therefore, X+
k(t) k(t

dimension 0 and, by Propos1t1on 1.40, there exists \ € k:( )* such that

) Ti—; div(F}) is a cycle of

Resq(X) = AResg, (X% . ﬁ diV(Fi)>7
i=1

Since both resultants are primitive with respect to %[t], X € k* and so these resultants
have the same t-degree. Analogous relations hold for Resejydhm,dT (X),1<j<m.
Hence, (2.16) follows by applying the previously considered zero-dimensional case.

From Proposition 1.27, we deduce that the map
(N"\{o})*' — Z , d+— degy(Resa(X))

is multilinear with respect to the variables dy,...,d,. The same holds for the map
d — coeff gn ([X]k[t [Tico 2275 dij0; ;). Both maps coincide when d = e(c) for ¢ €
N | because

degs(Rese(e) (X)) = he(X) = coeff, g (0° [X]k[t]).

Since the family {e(c)} is a basis of the semigroup (N"*\ {0})"*!, both maps coincide
for all d. This completes the proof of the statement. O

The following is an arithmetic version of Bézout’s theorem for multiprojective cycles
over k(t).

Theorem 2.18. Let X € Z, (IP’;‘(”) and f € klt][x1,...,xn] a polynomial, multiho-
mogeneous in the variables x, such that X and div(f) intersect properly.
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(1) If X is effective, then for any b € N

hy(X - div(f)) < h(f) degy(X +Zdegw F)hpte, (X).

(2) he(X) =0 for any ¢ € N | such that c; > n; for some i.
(3) If X is effective, then [X - div(f)],, < [X]yy - [div()]y -

Proof.
(1) Set d = deg(f) and let w = (ug,...,u,—1,u,) be the groups of variables corre-
sponding to (e(b),d). By Proposition 1.40, there exists A € k(t)* such that

Rese(p),a(X)(wo, -+ ur—1, f) = AResep) (X - div(f))(uo, ..., ur—1).
Indeed, A € k[t]\ {0} because the resultant in the right-hand side is primitive. Hence,
degy (Rese(p) (X - div(f))) < degy (Rese(v),a(X) (w0, - - -, ur—1, f))
< degy(f) deg,, (Resep),a(X)) + degy(Resep),a(X))-
From the definition of the height and Proposition 1.32, we deduce that hy(X -div(f)) <
h(f)degy(V') + degs(Rese(p),a(X)). The statement follows then from (2.15).

(2) Tt is enough to prove the statement for a k(t)-variety V. We first consider the
case when V is determined by a regular sequence. We proceed by induction on its
codimension. Let f;, 1 < j < |n| —r, be a regular sequence of multihomogeneous
polynomials. For r < /¢ < |n|, set

In|—¢
+
H div(f;) € Z, ( k(t))
7j=1
For r = |n|, we have Y|, = P™ and Proposition 2.13(2) implies that he(Y},) = 0 for
all ¢ € Njp41. Suppose now that r < |n| and that the statement holds for Y;;;. Let
c € N | such that ¢; > n; for some i. By Proposition 2.13(1) and item (1) above,

m
0 < he(Yr) < h(finj—r) dege(Yrs1) + Y degg, (finj—r)here, (Vo).
j=1
The inductive hypothesis together with the fact that deg.(Y;+1) = 0 imply that the
right-hand side of this inequality vanishes, and hence h.(Y;) = 0.
For the general case, consider |nm| — r generic linear combinations of a system of
generators of I(V). The obtained polynomials form a regular sequence and define

a variety Y, such that Y, — V is effective. By the previous analysis, 0 < ho(V) <
he(Y;) = 0, hence he(V) = 0 as stated.

(3) This is a direct consequence of (1) and (2) together with Theorem 1.11 and Propo-
sition 2.13(4). O

Corollary 2.19. Let V C IP’"t)

k[t][x1, ..., Tm] a multihomogeneous polynomial. Let W denote the union of the com-
ponents of dimension r — 1 of the intersection VNV (f). Then

[W]k[t] < [V] ki) [v(f)]k[t]'
In particular, hy(W) < h(f)degy(V) + 31", degy. (f)hpre, (V) for all b e N

be a k(t)-variety of pure dimension r and f €
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Proof. Let V' C P, be the union of the components of V' not contained in |div(f)].
Then W C V' NV (f) and V(f) intersects V' properly. By Theorem 2.18(3),

Wo SV V(O < Ve - VOl < Ve - VOl -

The last statement follows from this inequality when b < n and from Theorem 2.18(2)

otherwise. O
Corollary 2.20. Letn € Z~o, X € Z,;© (IP’Z >) and f; € k[t][xo, ..., zn] \ k[t] a family
of s < r polynomials homogeneous in the variables xq, . .., z, such that X - ]_[Z L 1 div(f5)

and div(f;) intersect properly for 1 <i <s. Then

(- T ai) = (I aesa60) (5060 + e (32 G040
=1 j=1 (
Proof. Set Y = X - [[5_; div(f;). We have

Y] = 0(Y) n0" T 4 deg(Y) 07T [X],y = (h(X) n0" "1+ deg(X) 0" T).

Applying recursively Theorem 2.18(3),
S
[Y]k[t] < [X]k[ H[dw(f])]k[t
Jj=1
The statement follows by comparing the coefficients corresponding to the monomial
n @+~ in the above inequality. O

Next result shows that, for projective k(t)-cycles, the inequality in Theorem 2.18(1)
is an equality in the generic case.

Proposition 2.21. Let X € Z, (IP’Z( )) with k an algebraically closed field, t a sin-

gle variable and n,r > 1. Let X C ]P’,%/, x Py be the standard model of X and
0 € kl[zo, ...,z a generic linear form. Then

(1) X -div(¥) is the standard model of X - div(¢);
(2) deg(X -div(f)) = deg(X) and h(X -div(¢)) =

Proof.

(1) By Lemma 2.7, it is enough to prove the claim for an irreducible k(t)-variety V of

dimension r > 1. Let V C P} x P} be the standard model of V. By Lemma 2.6(2), it

suffices to prove that V -div(¢) is the generic fiber of V- div(¢) and that the support of
V - div(¢) has no vertical components. Consider the projection w : V — P}. We have

1 <r=dim(V) — dim(P}) < dim(w(V)) < dim(V) = + 1.
If dim(w(V)) = 1, then dim(V) = 1 and w~1(&) = P} x {&} for all £ € w(V) because
of the theorem of dimension of fibers. Hence, in this case,
V=P x w(V).

Therefore, V - div(¢) = P}, x (w(V) - div(f)) has no vertical components. Moreover,
by considering the generic fiber of 7 : V — P}, it follows from Lemma 2.6(1) that
V =w(V),, - Hence, the generic fiber of V - div(¢) over P} coincides with V - div(¢),
which proves the claim for dim(w(V)) = 1.

If dim(w(V)) > 2, VNV (¥) is an irreducible k-variety of dimension r by [Jou83,
Thm. 6.3(4)]. Moreover, the induced projection m; : V - div(¢) — P} is surjective.

h(X).
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Indeed, for 7 € P'(k), we have that V N 7~1(7) is a projective variety of dimension
r > 1 and so

vnvE)nrHr) = Vnr 1) nV(e) #0.

Hence, the projection m, has no vertical fibers, as it is surjective and the support
of V - div(¢) is irreducible. By going through the ideals of definition, we can verify
that its generic fiber coincides with V - div(¢), which completes the proof of the claim.

(2) The statement concerning the degree follows from Theorem 1.11. For the height,
h(X) = degy 4 (%) = degy, (X - div()) = h(X - div(0)).

The first and third equalities follow from Proposition 2.8 and the second one follows
from Theorem 1.11. O

We next show that mixed heights are monotonic with respect to linear projections.
We keep the notation from Proposition 1.16. In particular, we consider the linear
projection 7 : P --» Pt in (1.15) and the inclusion 7 : A*(PLk[t]) — A*(P™; k[t])
defined by 5(P) = 6™ 'P.

Proposition 2.22. Let 7 : P = --» ]P’i(t) be the linear projection defined in (1.15)
and X € Z}(P™ ). Then

k(t)
j([ﬂ-*X]k[t]) < [X]k[t]'

In particular, he(m X)) < he(X) for all c € NI .

Proof. The statement is equivalent to the inequalities degy(m X ) < degy(X) and

he(meX) < he(X) for all b, c. Because of Proposition 1.16, we only need to prove the

latter. Let ¢ € N, ;. By Proposition 1.41, Resg(c) (7« X) divides init - (Rese(c) (X)) in

k[t][u]. We deduce that

he(m.X) = degy(Reso(e)(m X)) < degy(Reso(e) (X)) = ho(X),
which proves the statement. O

The following result gives the behavior of extended Chow rings and classes with respect
to products.

Proposition 2.23. Let m; € Z~q and n; € N for i =1,2. Then
(1) A*(B™ x P2 bft]) ~ A*(B™; K[t]) @0 A*(P™2; bft]).
(2) Let X; € Z} (]P):Elt)) fori=1,2. The above isomorphism identifies [ X1 x Xo],,
with (X1, ® [Xal,,,- In particular, for ¢; € N™ such that |ei] + [e| =
r1+re+1,

deg., (X2) he, (X1)  if ler] =71 + 1, [ea| = 12,
hic, e (X1 X Xo) = ¢ dege, (X1)he, (Xa)  if |e1]| = 1, |eo| = r2 + 1,
0 otherwise.

Proof. (1) is immediate from the definition of the extended Chow ring while (2) follows
directly from Proposition 1.45. O

Finally, we compute the class in the extended Chow ring of the ruled join of two
projective varieties. Let n1,n2 € N and consider the Z-linear map j; : A*(P"i; k[t]) —
A*(Pratnztl L)) defined by g;(0'n°) = 0'n° for 0 <1 < n; and b= 0, 1.
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Proposition 2.24. Let X; € Z,, (IP)Z(Z)) fori=1,2. Then

[XI#XQ]k[t] = ]1([X1]k[t]) ([X2]k[t ).
In particular, h(X1#X2) = deg(X1) h(X2) + deg(X2) h(X7).

We need some lemmas for the proof of this result. The first of them deals with
O-dimensional cycles. For ¢ = 1,2 and j = 0,1, let ; = {zip0,...,Tin,} be the

homogeneous coordinates of }P’:(it) and uy) = {Ugil)}oglgm a group of n; + 1 variables.

Write L(.i) for the general linear form in the variables x;.

Lemma 2.25. Let X; € ZQ(]P)ZL&)) fori=1,2. Then h(X1#X2) = deg(X1)h(X2) +
deg(Xg) h(Xl)

Proof. Fori = 1,2, write Res1 (X;) = A [[¢. L((f)(gi)msi with \; € k(t) ) € e Pri(k(t))
and mg, € Z. We claim that there exists v € k(t)* such that

Resy 1 (X1#X2) = v X =) T (207 (€L (6) — LY (6) L6 (€)™ ™.
517&2

Indeed, for each & € P™ (k(t)) and &, € P"2(k(t)), Proposmon 1. 37( ) and Corol-

lary 1.33 imply that Resy,1 (€1#€,) is eaual to L5 (€))L (&) — i (€2) 5 (&) up
to a constant in k(&) ) We deduce that there exists p € k(t )X such that

(2.26) Resy 1 (X1#X2) = H 51 L(2)(€2) )(5 )L(Q)(E ))mglmﬁz_
£1,62

By setting ugl) = 0 in this equality and comparing its right-hand side with the explicit
expression for Res;(X;) plus the fact that Res; 1(X1#X2) has coefficients in k(t), we
get that p = v A\IBE) N80 wieh 4 € k(2)*.

Let E be a sufficiently large extension of k(t), H C IP’% a hypersurface and v a valuation
of E extending ordy. For i = 1,2 and &; = (&;); € E™™! set v(€;) = min{v(& )}
Observe that

o(L6 (€LY (&) — LV (€D L5 (€)) = v(&1) + v(&2) = o(Lg (€1) + v(Lg (&2)-
Therefore, applying Gauss’ lemma, we obtain that ordg(Resi 1(X1#X2)) is equal to

ordp (1) + deg(Xa)v(Ar) + deg(X1)v(Xa) + > me,me, (v(&1) + 0(&2))
£1:82
—ordy () + deg(X) (v(A) + 3 mglv(ﬁl)) +deg(X1) (v(Aa) + D me,v(€y))
& &

= ordg(v) + deg(X1) ord g (Res (X2)) + deg(X2) ord g (Res1 (X71)).

Let Hy be the hyperplane at infinity. For H # Hs, ordy(Res;1(Xi1#X32)) =
ordg(Res1(X;)) = 0 and the identity above implies that ordg(r) = 0 in this case.
Since this holds for all H # H, it follows that v € k*. Hence, ordg_ (v) = 0. For
H = H in the same identity, we get

OI‘dHOo (Resm (XI#XQ)) = deg(Xl) OI‘dHOO (Resl (XQ)) + deg(Xg)ordHoo (R651 (Xl))
This implies the statement. O
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Lemma 2.27. Let k be an algebraically closed field and t a single variable. Let
Y C IP’}C X IP’ZﬁnQH be the standard model of Vi#Va, where each V; C }P’Z(it) is an

irreducible k(t)-variety and dim(V2) > 1. Let ¢ € k[x2] be a generic linear form. Then
V - div(?) is the standard model of Vi#(Va - div({)).

Proof. By Lemma 2.6(2), it suffices to prove that Vi#(Va - div(¢)) is the generic fiber
of V - div(¢) and that the support of the cycle V - div(¢) has no vertical components.

Let Z; o = I(V;) Nk[t][w;] and Ty = (I1(V4) + I(V2)) Nk[t][z1, x2] be the prime ideals of
Vi 0 and of V respectively, following the notation in Remark 2.5. Then Zy D Z1 0+Z20.
In addition, there is an isomorphism of k[t]-algebras

ktla1, ®2]/(Tr.0 + To0) = K[t][@1]/T1.0 Qppy k[t][@2]/T20-

Hence Z19 + Z2 is a prime ideal of Krull dimension r; + r2 + 2. By Remark 2.5
and Lemma 2.6(1), Zp is also a prime ideal of Krull dimension m + r2 + 2. Hence,
Zo = T1,0 + I2,0. This implies that Zo + (¢) = Z1,0 + Z2,0 + (¢) and so

klt)[z1, z2]/(Zo + (£)) = Kk[t][®1]/T1,0 @iy klt][®2]/(Z20 + (£))-

Let 7 € PY(k) \ {(0 : 1)} and write 7 = (1 : 7) with 7 € k. The k[t]-algebra
k[t][z1, 22]/(Zo + (£)) @[y k(T) is isomorphic to

(k[t][1]/T10 @k k(7)) @ppy (K[t [2]/ (Z2,0 + (£)) @ppy k(7))

The cycle X (Zp + (¢)) coincides with V) - div(¢) because of the definition of the inter-
section product. Since dim(V2) > 1, Proposition 2.21(1) and Lemma 2.7 imply that
the cycle X (Z20 + (¢)) coincides with the standard model of V3 - div(¢).

We also deduce that dim(7m~1(7)) = 71 + re = dim(V - div(¢)) — 1, and so there are
no vertical components. The case when 7 = (0 : 1) can be treated in the same way
by considering Zo, and 7Z;  instead of Zy and Z; o, respectively. Finally, applying the
isomorphism above to the generic point of IP’}C, we deduce that the generic fiber of
m: V- div(¢) — P}, coincides with V3#(V5 - div(¢)). This concludes the proof. O

Proof of Proposition 2.24. The statement is equivalent to the equalities
deg(X1#X2) = deg(X7) deg(X2) , h(Xj#Xs2) =deg(X1)h(Xs) + deg(X2) h(X7).

The first one is (1.20) and so we only need to prove the second. It is enough to prove
this equality for irreducible k(t)-varieties V1, V2 over an algebraically closed field k.
Suppose first that the group of parameters consists in a single variable ¢. In this case,
the proof will be done by induction on the dimension of the V;’s. Write r; = dim(V;).
The case 71 = r9 = 0 is covered by Lemma 2.25, so we assume that either r; or 79
are not 0. By symmetry, we can suppose that ro > 1. Let V; and V be the standard
models of V; and of Vi#V5, respectively, and ¢ € k[x2] a generic linear form. Then,
by Proposition 2.8, Theorem 1.11, Lemma 2.27 and again Proposition 2.8,

h(Vi#Va) = degy ry yrp12(V) = degg py 41 (V - div(l)) = h(Vig (V2 - div(())).
Using the inductive hypothesis and Proposition 2.21(2), we get

h(Vi#(Va - div(())) = deg(Vy) h(V3 - div(£)) + deg(Vs - div(¢)) h(V3)
= deg(V1) h(Vz) + deg(V2) h(V1),

which proves the statement for this case.
The case of an arbitrary number p of parameters reduces to the previous one as follows.

. . . . . 7 _ t — t —,
Given an irreducible subvariety W C IP’Z(t), consider the field £ = k‘(%, ceey %)

where w is an additional variable and v; € k is a generic element. Observe that E(w)
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coincides with k(¢)(w) and so it is a transcendental extension of k(t). The scalar
extension WE@U) C }P’g( | is an irreducible subvariety of the same dimension and degree
as W. Let Resy (WE<w)) be the Chow form of Wz(m’ primitive with respect to the base
ring k[w]. By Proposition 1.28, there exists A € k(w)* such that

t1 — t, —
)\Resl(WE(m)(w) = Res1(W)(t) = Resl(W)( 1 w’Ylw+71,.._’ P w7pw+7p).

Indeed, Resy (W) is a polynomial over k[w] and Res; (Wz(m
to this ring. Hence, A € k[w] \ {0}. Furthermore, let ¢ be a root of A in the algebraic
closure of k. If { # 0, setting w = ¢ in the equality above we get Resy (W) = 0, which
is impossible. If ¢ = 0, we get 0 = Resy(W)(«), which is also impossible since 7 is
generic. We conclude that A € k*. In particular,

(2.28) h(W) = degy(Resy (W)) = deg,, (ReSI(W;W))) =h,(W_ ),

k(w)

) is primitive with respect

where h,, denotes the height with respect to the base ring E[w] Coming back to
our problem, we observe that (‘/i#‘/é)%(w) = Vle(w)#VQ T(w)? which follows read-

ily from the definition of the ruled join. Applying (2.28) and the previously con-
sidered case when p = 1, we conclude that h(Vi#V3) = h,, ( # ) =

deg (VLE(w))hw (‘G,E(w))+deg (Vz,E(w))hw (Vl,’z;(w)) = deg(‘/l)h(‘/?)+deg(‘@)h(‘/l) _
2.2. Measures of complex polynomials. To study cycles defined over Q, we will

use different measures for the size of a complex multivariate polynomial. We introduce
them in this section and collect some of their properties.

Definition 2.29. Let f =Y agx® € Clz1,...,xy]. The {*°-norm, the {*-norm and
the sup-norm of f are respectively defined as

[1/]loo = maxalaal Sl =" laal  [1fllsup = supze(siyn (@),
a

where S! = {z € C: |z| = 1} denotes the unit circle of C. The Mahler measure of f
is defined as

1 1
:/ / log|f(e2m“1,...,e2”“")\du1...dun:/ log | f|du™
0 0 S

where ;. denotes the Haar measure on S! of total mass 1.
We list some inequalities comparing these measures.

Lemma 2.30. Let f € Clxy,...,x,]. Then
(1) log|[fllee < log||fllsup < log|[f|l1 < log|[fllec + log(n + 1) deg(f);
(2) m(f) <log||fllsup:

(3) log|[f[lx <m(f) +log(n + 1) deg(f);

(4) [m(f) —log||fllec | <log(n +1)deg(f).

Proof.
(1) Let f =), aqx® By Cauchy’s formula, for a € supp(f),

m [ 1Dy
(S1)n e
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Hence || f[|coc = maxg|aq| < supge(giyn|f(x)| = |[fllsup, which gives the first inequal-
ity. The second follows easily from the definitions while the third one follows from

1511 = S bl < #supp() 1l < () 171 < (04 150 17

a
(2) follows easily from the definitions, (3) follows from [Phi86, Lem. 1.13] while (4)
follows from (1), (2) and (3). O

We also list some well-known properties of the Mahler measure. Recall that a weight
monomial order on Clx] is a partial order on the monomials of C[x] defined by a
vector v € R" as @ < z? if and only if (v,a) < (v,b).

Lemma 2.31. Let f,g € C[x]. Then

(1) m(fg) = m(f) +m(g).

(2) m(f(wiz1,...,wnxn)) = m(f) for any (wi,...,w,) € (SH™.
(3) m(f(xf,...,25)) = m(f) for any £ > 1.

(4)

4) Let < be a weight monomial order on Clx]. Then m(init<(f)) < m(f).

Proof.
(1), (2) These follow easily from the definition of the Mahler measure.

(3) For u € R™ set w = (Yuy, ..., u,) and observe that dw; ...dw, = ("du; ...duy,
Hence,

m £y — 2milu 2miw
W@ = [ sl dn v = g [ s

_ / log | £(e>™)|duw, . .. dw, = m(f(x)).
[0,1]"

(4) Let v € R™ be a vector defining <. The exponents of the monomials of f which
are minimal with respect to < are the vectors in supp(f) lying in the maximal face F
of the Newton polytope of f which has v as an inner exterior normal. Hence, init~(f)
is the face polynomial corresponding to F', that is, the sum of the terms in f whose
exponent lies in that face. The result then follows from the fact that the Mahler
measure of a polynomial is bounded below by the Mahler measure of any of its face
polynomials, see for instance [Smy81]. O

We collect in the following lemma some further inequalities comparing the measures
of polynomials depending on groups of variables.

Lemma 2.32. Let f € Clyy,...,y,,] be a polynomial in m groups of n; variables
each. Then

(1) log | fllsup <log|[f]l1 <log|lf]leo + D ity log(n; + 1) deg,, (f);
(2) [m(f) —log | flleo | < 3732, log(n; + 1) deg,, (f)-

Proof. (1) can be proved in the same way as the third inequality in Lemma 2.30(1),
while (2) follows from [KPSO01, Lem. 1.1]. O

For multihomogeneous polynomials, we will also need the following variant of the
Mahler measure, introduced and studied by Philippon in [Phi91].
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Definition 2.33. Let f € Clzy,...,xy] be a multihomogeneous polynomial in m
groups of n; + 1 variables each. The Philippon measure of f is defined as

m

ph(f) = | tog |1 disr .- dam + 3

52n1+1><__.><52nm+1 i1

where $?"it1 = {g € C"T1: |zo|? + - + |2y, |* = 1} denotes the unit sphere of C™i 1

and j; the Borel measure on S?™*1 of total mass 1, invariant under the action of the
unitary group.

ng

(X 5-) desa, (1),

j=1

The Philippon measure is related to the Mahler measure by the inequalities

(2.34) 0 < ph(f) —m(f) < 3 log(n: +1) degy, (/).
i=1

which follow from [Lel94, Thm. 4]. In particular,

(2.35) ph(f) <log||f|lsup + Y log(ni + 1) deg, (f).

i=1
Definition 2.36. Let f € Z[z1,...,x,]. The height of f is defined as h(f) = log || f||oo
if f# 0 and as 0 otherwise.

The following lemma estimates the behavior of the height of polynomials with respect
to the arithmetic operations and composition. Its proof follows directly from the
definitions.

Lemma 2.37. Let fi,...,fs € Z[z1,...,z,]. Then
(1) h(S, £3) < max; h(f;) + log(s);
(2) W(IT, ) < h(f1) + Sy logIfilly < 3 h(fs) + log(n + 1) KLy deg(fs).
(3) Let g € Clyi,...,ys| and write d = max; deg(f;) and h = max;h(f;). Then
h(g(fis- -5 fs)) < h(g) + deg(g)(h +log(s + 1) + dlog(n +1)).

2.3. Canonical mixed heights of cycles over Q. The projective space P" = P"(Q)
has a standard structure of toric variety with torus

(P")° = P"\ V(wg -~ an) = (@)
The action of this torus on P" writes down as w - @& = (upxg : - - : upy) for u = (ug :
Sup) € (P)° and @ = (29 : -+ : @y) € P™. This toric structure on P™ allows to
define a notion of canonical height for its subvarieties [BPS11]. Following David and

Philippon, this height can be defined by a limit process a la Tate [DP99]. In precise
terms, for £ > 1, consider the ¢-power map

[0 :P" — P, (zg:--can)— (@b ab).

Let V' C P™ be an irreducible subvariety and let h denote the Fubini-Study height of
projective varieties [Phi95, KPS01]. The canonical (or normalized) height of V can
be defined as

- . h(qV)
2.38 h(V) =deg(V) lim —————.
(2:38) (V) = deg(V) lim o vy
Both h and h extend to cycles by linearity. Alternatively, the canonical height can be
defined using Arakelov geometry, as the height of V' with respect to canonical metric
on the universal line bundle O(1), see for instance [Mai00, BPS11].
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We collect in the proposition below some of the basic properties of this notion. For a
cycle X of P", we denote by [¢],X its direct image under the map [¢]. We denote by

loo the subgroup of @X of roots of unity and by g, the subgroup of f-roots. A variety
is called a torsion subvariety of P™ if it is the closure of the orbit of the action of a
subtorus of (P™)° over a point with coordinates in {0} U fioo.
Proposition 2.39.
(1) Let X € Z,(P"). Then h(X) = limy_oo £ h([(], X).
(2) Let X € Z.(P") and ¢ € Z~o. Then deg([(].X) = ¢"deg(X) and h([(].X) =
rHh(X).
(3) If X is an effective cycle, then h(X) > 0.
(4) If X is a sum of torsion subvarieties, then h(X) = 0. In particular, E(IP’”) =0.
(5) Let X € ZF(P"). Then |h(X) —h(X)| < I(r+1)log(n+1)deg(X).
(6) Let & € P™ be a point with rational coordinates and write & = (§o : -+ - : &) for
some coprime & € Z. Then h(€) = log(max;|&|).
(7) Let D € Div“‘(}P’&) and fp € Zlx| its primitive defining polynomial. Then
h(D) =m(fp).
Proof.
(1-2) By linearity, we reduce to the case of an irreducible variety V. We can assume
that V' N (P™)° # (), otherwise we restrict to a sufficiently small standard subspace of
P™, that is, a linear subspace defined by a subset of the coordinates x;.
For shorthand, let [¢] denote also the restriction of the ¢-power map to the torus (P™)°.
This is a group homomorphism with kernel ker[f] ~ uj. Let stab(V) = {u € (P")° :
u -V =V} be the stabilizer of V. On the one hand, by [DP99, Prop. 2.1(i)],

g?"
#(stab(V') Nker[¢])
On the other hand, for a generic point x € V,
deg([ﬁ]!v) =#{yeV:[lly= [z} = #{w € ker[{] : wax € V} = #(stab(V)Nker[¢]).
Therefore, deg([¢].V) = deg([€]|v) deg([¢]V') = £" deg(V'). Furthermore,

~ o degWn([V) . deg(I4], (V) h([A.V)
V)= i ey A e i e

deg([(]V) =

deg(V).

Finally

n([.V) = Jim }W = lelg& W = "HIR(V).

(3) This is a direct consequence of the definition of h and the analogous property for
the Fubini-Study height.

(4-7) These follow from [DP99, Prop. 2.1 and display (2)]. O

In the sequel, we extend the notion of canonical height to the multiprojective setting
and study its behavior under geometric constructions. Our approach relies on the
analogous theory for the Fubini-Study mixed height developed by Rémond in [Rem01a,
RemO1b]. For simplicity, we will restrict to subvarieties of P™ defined over Q or
equivalently, to Q-varieties in Pgj, see Remark 1.1. We will apply the resultant theory
in §1 for the case when A = Z. In particular, the resultant of an irreducible Q-variety
is a primitive polynomial in Z[u].
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Definition 2.40 ([Rem01b, §2.3]). Let V' C Pf be an irreducible Q-variety of dimen-
sion r, c € N | and e(c) as defined in (1.43). The Fubini-Study (mized) height of V
of index ¢ is defined as

he(V) = ph(Rese(e) (V).
This definition extends by linearity to cycles in ZT(IP’a).

Next, we introduce morphisms relating different multiprojective spaces.

Definition 2.41. Let §; € Z~¢ and set N; = (51';"1'). The Veronese embedding and

the modified Veronese embedding of index 0; are the embeddings vs,, vs, : P — pNi—1
respectively defined for x; € P™ as

5 1/2

. ~ 1 i

o) = e T = (o) )
i v a;eNy”

8

For 8 = (d1,...,0m) € (Z>0)™, we set v5 = vs5, X -+ X v5, and v = Vs, X - - - X V5, for
the Veronese embedding and the modified Veronese embedding of index &, respectively.
These are embeddings of P™ into PV~!, where N = (Ny,...,N,,) and 1 = (1,...,1).
Consider the Segre embedding s : P71 < PMNm—=l defined as s(yy,...,¥,,) =
(ijl : ”ym’jm)1<ji<N¢ for y, € PVi~!. The composed maps s o vg,s 0 Vg : P™ ——
PNNm=1 are called the Segre-Veronese embedding and the modified Segre- Veronese
embedding of index &, respectively.

Let 6 = (01,...,0m) € (Z=p)™. For each i, consider the diagonal endomorphism
A, : PNi—1 Z pNi—1 defined as

5.\ 172
Ai a;)a;) — ' i,a; .
(nadad = (1) )N

5

Consider also the diagonal endomorphism A : PNt Nm—=1 2 pNi--Nm—1 defined as

(2.42) At = () s (o) " w

These linear maps allow to write the modified Veronese and the modified Segre-
Veronese embeddings in terms of the Veronese and Segre-Veronese embeddings as

(2.43) vs, = Ajovs, , sovs=Aosouvs.

The degree and the Fubini-Study height of the direct image of a cycle X € Z,(Pg)
under the Segre-Veronese and the modified Segre-Veronese embeddings decompose in
terms of mixed degrees and Fubini-Study mixed heights of X.

Proposition 2.44. Let X € Z,(Pg) and § € (Z>0)™. Then

deg ((s 0 v5). X) = sz:m (2) degy(X) 6%, h((s0T5).X) = Y <r * 1> he(X) 8€.

C
ceNTL

Proof. This follows from [Rem0O1b, p. 103]. O

Let ¢ € Z~g. The £-power map of P™ is defined as

[P — P, @ = ()i & = (25)ig
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Proposition-Definition 2.45. Let X € Z,(Pf) and ¢ € NJy;. Then the sequence
(7" he([0) X)) e>1 converges for £ — oo. The limit

he(X) := lim ¢ 'he([(]. X)

{—00

is called the canonical (mixed) height of X of index e. For any & € (Zso)™ it holds
-~ r4+ 1\~ c
(2.46) h((sovs)X) = > ( . > he(X) 8.
ceNTY
In particular, for a projective cycle X € ZT(I%) we have that ETH(X) = E(X)
Proof. Proposition 2.44 applied to the cycle [¢].X implies that
~ r—+1 c
(2.47) h((s 0 Vs)«[l]: X) = e%: ( . > he([0]. X) €.
ceNT

Let I C (Zso)™ be a subset of cardinality # (N ;) such that the square matrix

((r4£1> Jc)c N . sel is of maximal rank. Inverting this matrix, we can write the

r41°
mixed heights +in the formula above in terms of heights of projective cycles as
(2.48) he([0:X) = vesh((s0Ts).[0).X).
del

with v, s € Q not depending on ¢. Observe that
(sovso[f])«X = As(sovso[l])X,

where A denotes the linear map in (2.42). By [KPS01, Lem. 2.7] applied to the
projective cycle (sowg o [f]).X, the map A and its inverse, there exists xk(m,r,d4) >0
such that the quantity [h((s o 05).[¢]+X) — h((s 0 vs)+[f].X)]| is bounded above by

wtmr.3) 1o (T (717 ) dest(s 0 va). 9. ).

i=1 :
We have that [¢(] commutes with s o vs. By Proposition 2.39(2),
deg((s © v5)« [« X) = deg([f]«(s 0 v5).X) = €7 deg((s 0 v5)« X).
We deduce h((s 0 0)«[(]«X) = h([{].(s 0 v5)+X) + O({"). Therefore, for each § € I,

Zlim " h((s 0 Ug)s [0 X) = Elim " ([ (s 0 vs)s X) = E((s 0 g)+X).
—00 —00

This proves that the sequence (£~""1he([¢].X))¢>1 converges for £ — oo, since it is a
linear combination of convergent sequences as shown in (2.48). The formula (2.46)
follows from (2.47) by passing to the limit for £ — oo. The last statement is this
formula applied to X € Z,(Pg) and 6 = 1. O

Remark 2.49. The definition of canonical mixed heights in [PS08, Formula (1.3)]
is different from the one presented here. Nevertheless, both notions coincide as they
both satisfy (2.46). These mixed heights can be alternatively defined using Arakelov
geometry, as explained at the end of [PS08, §I], and they correspond to the canonical
mixed heights induced by the toric structure of P, see [BPS11].
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Definition 2.50. Let n be an indeterminate. The eztended Chow ring of Pg is the
graded ring

A*(]P)& Z) = A*(]P)a) Rz R[’[’]]/(UQ) ~ R[n,0,... ’Hm]/(UQ, 071%14-17 L Q?I’Lm+1)7

where 6; denotes the class in A* (IP’@) of the inverse image of a hyperplane of P&' under
the projection Pfy — P&i. For short, we alternatively denote this ring as A*(P™;Z).
To a cycle X € ZT(IP’") we associate an element of this ring, defined as

[X]Z = Z Ec( ) 9”1 1, Hnm Cm + Z degb(X) 0?17171 o H?nm_bm,
ceN y, e<n beN™ b<n

It is a homogeneous element of degree |n| — r.

There is an inclusion ¢ : A*(Pf) — A*(Pg; Z) which satisfies [X], = #([X]) (mod 7).
In particular, the class of a cycle in the Chow ring is determined by its class in the
extended Chow ring.

For X € Z,(P(), Theorem 2.58(2) shows that he(X) = 0 for every c such that ¢; > n;
for some 7. Hence [X], contains the information of all mixed degrees and heights,
since {0%,1m0%}4<n, is a basis of A*(P™;Z).

Next proposition extends the first properties of the canonical height in Proposition 2.39
to the multiprojective setting. The space P™ is a toric variety with torus

m
@) = [~ @
i=1
A variety V is called a torsion subvariety of P™ if it is the closure of the orbit of the
action of a subtorus of (P™)° over a point with coordinates in {0} U fioo.
Proposition 2.51.
(1) Let X € Z,(Pg) and £ > 1. Then degy([{].X) = ¢" degy(X) and Ec([ﬁ]*X) =
(" he(X) for all b € N7 and ¢ € NI,
(2) Let X € ZH(PG). Then [X], > 0. In particular, he(X) >0 for all c € Ny
(3) If X is a linear combination of torsion subvarieties, then [X], = +([X]) or
equivalently, he(X) =0 for all ¢ € N4y In particular, [PG], =
(4) Let X € Z,F(PG). Then there exists s(r,m) > 0 such that for all ¢ € Ny,
|he(X) — he(X)| < (r,m)log(jn| +1) Y degy(X
beNm

7

Proof.
(1) Recall that [¢] commutes with s o vs. Hence, propositions 2.44 and 2.39(2) imply
that

oy (2) degy,(X)8° = ¢ deg ((s 0 v5)+ X )

DN = deg ((s 0 vs): [+ X) = Z (Z) degy([0).X) 8°.
beNm

Since this holds for all § € (Z-o)™, we deduce that degy([¢].X) = ¢" degy(X). The
statement for the height follows analogously by using (2.46) and Proposition 2.39(2).

(2) The non-negativity of the canonical mixed heights is a consequence of the non-
negativity of the Fubini-Study mixed heights. The latter follows from the estimates
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in (2.34) and the non-negativity of the Mahler measure of a polynomial with integer

coefficients. Hence, EC(X ) > 0 for all ¢ € NI, ;. The rest of the statement follows
from this together with Proposition 1.10(1).

(3) It suffices to prove this statement for a torsion subvariety V' of P™. Given § €
(Z<0)™, Proposition 2.39(4) implies that ﬂ((sovg)*X) = 0 since the image of V under
a Segre-Veronese embedding is a torsion subvariety of a projective space. Therefore,
the right-hand side of (2.46) is equal to 0 for all §, which implies that all its coefficients
are 0. Hence all canonical mixed heights of V are 0, as stated.

(4) By (2.46) and Proposition 2.44, for each d € (Z~¢)™,

B((s00s).X) —h((s0T6).X) = (” - 1) (Be(X) — he(X)) 8°.

c
ceNTY
As in the proof of Proposition-Definition 2.45, we pick a subset I C (Zso)™ of cardi-
. . L +1 . .

nality # (N7 ;) such that the square matrix My := (("L") 6) cenm | sel 18 of maximal
rank. Inverting this matrix, we obtain for each ¢

(2.52) Ec( Zl/cg (s0vs)«X) —h((s005).X))

o6cl

with v.s € Q. Using (2.43), [KPSO01, Lem. 2.7], Proposition 2.44 and the inequality
log (T2, (52;”2)) < |8] log(|n|+1), we get that there exists k1 (r, m,d) > 0 such that

Ih((s005)«X) —h((s0vs):X)| < K1(r,m,8) log(|n| + 1 Z degy (X
beNm

By propositions 2.39(5) and 2.44, there exists ka(r, m,d) > 0 such that
‘ﬂ((sov,;)*X) h((sovs)«X)| < ka(r,m, ) log(|n| + 1) Z degy(X).
beNm
Therefore, setting r3(r,m, ) = k1(r,m,d) + ka(r,m,d), we get
‘ﬂ((sov(;)*X) —h((s 0 V)« X)| < r3(r,m,8) log(|n| + 1 Z degy (X
beNm™

Observe that the matrix M; does not depend on n. Using (2.52), we deduce that
there exists k(r, m) such that

[he(X) —he(X)| < w(r,m) log(jn| +1) D degy(X)
beNm
for all ¢ € N ;, as stated. g
The following proposition describes the mixed heights and classes of points and divi-
sors, extending Proposition 2.39(6-7) to the multiprojective setting.
Proposition 2.53.

(1) Let & = (&1,...,&,,) € P™ be a point with coordinates in Q and for each
1 <i<m write § = (&,5); for coprime & ; € Z. Then

=D W) o™ 4 o™
i=1

In particular, Eei &) = E(Ez)
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(2) Let D € Div+(IP’6) and fp € Z[x] its primitive defining polynomial. Then

(D], = m(fp)n+ ) degs,(fp) b

=1
In particular, En(D) =m(fp).
We need the following lemma.

Lemma 2.54. Let H be an irreducible Q-hypersurface of IP’TQ? which is not a standard
hyperplane and ¢ > 1. Then

firgn = [ folw- o).

weker [l
Proof. Let stab(H) = {u € (P™)°: w- H = H} be the stabilizer of V. Then
0 = o 1.

the union being over a set of representatives of ker[¢]/(stab(H) Nker[¢]). As in the
proof of Proposition 2.39(1-2), we can show that deg([ﬁ]{H) = #(stab(H) N ker[¢]).
Hence,
. = dea(f)],) (0710 H = Y wo I
weker[(]
This implies that the primitive polynomial defining this divisor satisfies

figgr =X [ folw o)

weker|[(]
with A € Q*. It only remains to prove that A = +1. Let K be the /-th cyclotomic

field, so that fr(w-x) € K[| for all w € ker[¢]. Let p € Z be a prime number and v
a valuation of K extending ord,. By Gauss Lemma,

ordp<HfH(w . :1:)) = Zv(fH(w . :c)) =0
w w
since fg is primitive and v(w) = 0 for all w € ker[¢]. This implies that ord,(\) =0
for all p and A = +1 as desired. O

Proof of Proposition 2.53. R R

(1) It is enough to prove that he (£) = h(£;). We have that [(],& = £&°, hence
Rese, ([(]+€) = \; Li(£%), where L; is the general linear form of multidegree e; and
Ai € Q*, thanks to Corollary 1.38. Since Rese,(§) and L;(§;) are primitive polyno-
mials, we deduce that \; = +1. Applying Definition 2.40, the estimates in (2.34) and
Lemma 2.30(4), we obtain

0 he, ([0).€) = ¢ ph(Li(&))) = log(max;|&; ;|) + O(™H).

The statement follows by letting £ — oc.
(2) By Proposition 1.10(4),

D], = hn(D)n+ [D] = hn(D) 7+ degy, (fn) 6.
=1

Thus, we only have to prove that En(D) =m(fp). We reduce without loss of generality
to the case of an irreducible hypersuface H. If H is a standard hyperplane of P, then
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fr = x;; for some ¢, j. Hence En(H) = 0 =m(z;;), and the statement is true in this
case.

We can then suppose that H is an irreducible Q-hypersurface which is not a standard
hyperplane. Let ¢ > 1. By definition, fig«@, 5 = fj. n(x%). Applying successively
Lemma 2.31(3), Lemma 2.54 and Lemma 2.31(2), we get

m(fig ) = m(fi.u@)) = > m(fu(w- ) = ™m(fu).
weker([(]
By [RemO1b, Thm. 3.4], the estimates in (2.34) and Proposition 2.51(1),

m ni—1 J
b (0. H) = ph(fig.r) + > (3D %) degp_e, ([0 H) = m(fig. ) + O£,

i=1  j=1 I=1
Therefore, £~1™ by, ([¢],H) = m(fx) + O(¢1). We conclude that hy,(H) = m(fx) by
letting ¢ — oo. U

The following result gives the behavior of mixed degrees and heights with respect to
Veronese embeddings.

Proposition 2.55. For § € (Zso)™ let vs be the Veronese embedding of index 9,
X € Z,(Pg), be N and c € NIy. Then

degp((vs).X) = 8° degy(X) ,  he((vs).X) = 8°he(X),
Proof. Tt is enough to prove the statement for an irreducible Q-variety V. Set N; =
(5":;_"") for1<i<m, N=(Ny,...,Np)and 1 = (1,...,1) € N”. The embedding
vg induces an isomorphism of multigraded algebras
QBN Y/ 1(ws(V)) = @ (@PN Y/ 1ws(V) = @ (QPBYN/IV)) s a5
deN™ deN™
Hence, the Hilbert-Samuel functions of V' and of vs(V') satisfy H,, ) (d1,...,dm) =

Hy (61d1, ..., 0mdy,) for all d. Comparing the coefficient of the monomial d® in the
corresponding Hilbert polynomials and using that vg is a map of degree 1, it follows
that degy((vs5)«V) = degy(vs(V)) = 8% degy (V).

Concerning the height, consider the embeddings
sovgs : P — PN N —1

where N/ = (di‘sj;r”") and M; = (d’;]\fl_l) For x; € P™i,

, sovgouvg: P pMi-Mn—l

i _ b; i
Udldl(iﬁz) = (mf’ )\ai|:d16i ) 'Udl- (¢] ’1)51(:1:7,) - (((mz )lbl‘:(sl)c )‘Ci‘:di
Observe that the monomials appearing in the image of both maps are the same. This
implies that there are linear maps A; : PMi—1 — PNi=1 and B; : PNi—1 — PMi~1 gych
that A; ovg, ovs, = v4,s, and vg, 0vs, = B;jovg,s,. In turn, this implies that there exist
linear maps A : PMi+-Mm—1 _, PNiNm=1 and B : PN Nm—1 — pMi-Mm—1 gych that
Aosovgovs=80vgq5 , SO0vVq0vs=Bosougs.

Let £ > 1. We apply [KPS01, Lem. 2.7] to compare the Fubini-Study height of the
image of the cycle [¢].V under the maps sovgs and sovgovs. Using also propositions
2.44 and 2.51(1), we obtain that there exists k(n,d,d) > 0 such that

(2.56) [h(s 0 vas([0).V)) — h(s o vao vs([(.V))] < K(n,d,8) Y degy([€].V) = O().
b



46 CARLOS D’ANDREA, TERESA KRICK, AND MARTIN SOMBRA

The map [¢] commutes with vs, vq, vgs and s. Hence, sovgs([¢].V) = [{].sovgs(V') and
sovgovs([l]«V) = [l]isovgovs(V). From (2.56), we deduce that h([{].sovgovs(V)) =
h([{]«s 0o vgs(V)) + O(L"). Therefore,

~

h(sovgowvs(V)) = elilglo 0 ([ s 0 vg 0 vs(V))
= lim 7" h([0)s 0 vgs(V)) = h(s o vas(V)).

Hence, Proposition 2.44 implies that
1\ ~ ~
(78 Retes(v) @ = ts o vac (V)
c
~ r+ 1\~ c
—iisouas(v) =3 ("1 1) etv) (@)

c
As this hold for all d € N™ it follows that Hc(vg(V)) =0° EC(V), as stated. O

The following result is the arithmetic analogue of Bézout’s theorem for multiprojective
Q@Q-cycles. It contains Theorem 0.3 in the introduction. Given a multihomogeneous

polynomial f € Z[x1,...,x,,], we consider the element in the extended Chow ring
(2.57) [flsup = log || f[|sup 7 + Z deg, (f)b; € A*(P™ Z).
i=1

Observe that [div(f)], < [flsup-

Theorem 2.58. Let X € Z,(PG) and f € Z[z1, ..., @] a multihomogeneous polyno-
mial such that X and div(f) intersect properly.

(1) If X 1is effective, then for any b € N,

~

hp(X - div(f)) < degy, (/)hpre, (X) +log || fllsup degp(X).
=1

(2) EC(X) =0 for any ¢ € N | such that c; > n; for some i.
(3) If X is effective, then [X - div(f)], < [X], - [flsup-

Proof.

(1) We reduce without loss of generality to the case of an irreducible Q-variety
V. Let £ > 1 and set £ = (¢,...,0) € (Z>p)™. Consider the Veronese embed-
ding vg : P* — PN-1 where N = ((%?i),...,(ﬁ?i)),l = (1,...,1) € N™. Set
d=(di,...,dy) = deg(f). We have that f* € Q[P"];q and so there is a unique poly-
nomial Fy € Q[PN~1]4 such that v} div(Fy) = div(f*) = £div(f). Then, the projection
formula (1.6) implies that

(2.59) (ve)oV - div(Fy) = £ (vg)+(V - div(f)).

F, . .
Set HFHW(V) = Supgew(v)m, where || - || is the Euclidean norm. We

apply the arithmetic Bézout’s theorem for the Fubini-Study mixed height ([RemO1b,
Thm. 3.4 and Cor. 3.6]) to the variety Zy := vg(V) = (vg).V and the divisor div(Fy)
and we obtain

hp(Ze - div(FY)) <Y dihpye, (Ze) + degy(Ze) log (||, (v )-
=1
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Applying Proposition 2.51(4) to Z; and to Zy-div(F}) together with the multiprojective
Bézout’s theorem 1.11, it follows that there exist x(r,m,d) > 0 such that

(2.60) hy(Z; - div(Fy)) <D dihpye,(Z0) + degy(Ze) log(|| Full, 1)
=1

+ k(r,m, d)og(IN — 1| + 1) Y _ degy(Z0).
b

By Proposition 2.55, degy(Zy) = ¢" degy(V) and ﬂb—i—ei(ZZ) = ¢t ﬂb+ei(V). The
same result together with (2.59) also implies that
hp(Ze - div(Fy)) = hy(Cvg(V - div(f))) = £ hp(V - div(f)).
We have that
()]

[lve(an) |9 - - [|ve(@om) ||

||F€||UE(V) = SUPgcv

| ()| ¢
< SUPgcv Hm < SUPgepn+1 ‘f <$)|7

imy max;| i ;|4
where D = {z € C: |z| < 1} is the unit disk. Hence, IOg(HFfHue(w) < ?log||f||sup

because of the maximum modulus principle applied to f. Besides, log(|N —1|+1) =
O(log(¢)) and we deduce from (2.60) that

log(¢) )

Eb(v ) div(f)) < Z di Il\lH-ei(V) + degy (V) log || fllsup + O( i
i=1

The result follows by letting £ — oc.

(2) This follows by adapting the proof of Theorem 2.18(2) to this setting without
major changes.

(3) This is an immediate consequence of (1) and (2), together with Theorem 1.11 and
Proposition 1.10(4). O

The following results can be proved by adapting the arguments in the proofs of corol-
laries 2.19 and 2.20 without major changes.

Corollary 2.61. LetV C PG be a Q-variety of pure dimensionr and f € Z[x1,. .., Tm)
a multihomogeneous polynomial. Let W denote the union of the components of dimen-
sion v — 1 of the intersection VNV (f). Then

[W]Z < [V]Z : [V(f)]sup
In particular, ﬂb(W) < Yoimydegy, (f) ﬂb+ei(V) + log || f||sup degy (V') for all b € NJ.

Corollary 2.62. Let n € Zso, X € Z}(Py) and f; € L[z, ..., x,] be s < homo-

geneous polynomials such that X - H;;ll div(f;) and div(f;) intersect properly for all
1<i<s. Then

o = - En - 10g‘|ff‘|sup
. . < . —SllJelisup ) )
h(x Edw(fﬂ) < (gdeg(fz)) (h) +es(O (X =157

(=1

Remark 2.63. Theorem 2.58 is one of the main reasons for considering canonical
mixed heights instead of others. For instance, the fact that the canonical mixed
heights of index ¢ such that ¢; > n; for some ¢ are zero is quite convenient in the
applications. Observe that the analogue of this statement for the Fubini-Study mixed
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heights does not hold: for instance, h,,;1(P") equals the n-th Stoll number, which
is not zero. This fact implies that the class in A*(Pf;Z) of a cycle X contains the
information about all canonical mixed heights of X. This information is necessary if
one wants to express the arithmetic Bézout’s inequality in Theorem 2.58(1) in terms
of elements in the extended Chow ring.

We next show that canonical mixed heights are monotonic with respect to linear
projections. We keep the notation from Proposition 1.16 and consider also the injective
R-linear map 7 : A*(P% Z) < A*(P™; Z) defined by 3(P) = 6™'P.

Proposition 2.64. Let 7 : IP’@ — IP%Q be the standard projection defined in (1.15) and
X € ZF(Pg). Then

g([mX],) < [X],
In particular, ﬂc(ﬂ'*X) < ﬂC(X) for all c € N, |

Proof. The statement is equivalent to degy(mX) < degy(X) and he(mX) < he(X)
for all b, c. Because of Proposition 1.16, we only need to prove the latter inequality.
Let ¢ > 1. By Proposition 1.41, Rese(c) (m«[¢]+X) divides init < (Rese(c)([€]« X)) in Z[u].
Using the fact that the Mahler measure of a polynomial with integers coefficients is
> 0 and Lemma 2.31(4), we deduce that

m(Rese(e) (M [(]« X)) < m(init< (Rese(e) ([0+X))) < m(Rese(e) ([€):X)).
From the estimates in (2.34) and Proposition 2.51(1), it follows that
he(m.[].X)) = ph(Rese(e) (ma[£1.X)) = m(Rese(e) ([, X)) + O,
he([€].X)) = ph(Rese(e) ([« X)) = m(Rese() ([€]+X)) + O(¢).
Since m commutes with [¢],
o he ([ (X))

he(m [, X) he([4.X)

helm (X)) = Jin = =T e = i = el
which completes the proof. O

Example 2.65. We revisit the problem in Example 1.13 of computing the pairs
(eigenvalue, eigenvector) for the case of a matrix M with entries in Z. We use the
notations therein and furthermore we set Z = [[I_, div(f;) € Z7 (P! x P"~1;Q). By
Corollary 2.62,

ﬁ div(fi)]sup-

We have that [Z], = by 0)(Z2) 705" +ho1)(Z) 0610572 + deg(Z) 61 657" and that
[div( fi)lsup = log || fillsup 1 + 01 + 02. By comparing coefficients, it follows that

10) < Zlog"fz ‘sup ) E(O,l)(Z) < (n - 1)Zlog Hfi”sup ’ deg(Z) < n.

Let 7, and 79 denote the projections from P* x P! to the first and the second factor,
respectively. We have that

7y = (771)*2 c Zg‘(]P)(l@) , Ly = (7T2)*Z € ZS_(P%_I)
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are the cycles of eigenvalues and of eigenvectors of M, respectively. Applying Propo-
sition 2.64, we deduce that the heights of these cycles satisfy

E(Zl) < ZIOngiHSUP ’ Il\(22) <(n-1) ZIOngiHSUP-

A straightforward application of the arithmetic Bézout inequality for projective cycles
(Corollary 2.62) would have given the much worse bound 2"~ ™. log || f;||sup-

Next result gives the behavior of extended Chow rings and classes with respect to
products.

Proposition 2.66. Let m; € Z~g and n; € N™ fori=1,2. Then
(1) A*(P™ x P™2;Z) ~ A*(P™; Z) Qppy A*(P™2;Z).
(2) Let X; € Z,,(Pgy') fori=1,2. The above isomorphism identifies [X1 x Xa,
with [X1], ®[X2],. In particular, for ¢; € N™ such that |e1|+|ca| = r1+r2+1,

deg,, (X1)he,(Xa)  if [er] =71, |ea| =72 + 1,
Do) e0) (X1 X X2) = 4 dege, (X2) he, (X1)  if 1] = 1+ 1, |ea] = 12,
0 otherwise.

Proof.
(1) This is immediate from the definition of the extended Chow ring.

(2) Consider the case when |ci| = 1 + 1, |c2| = r2. By propositions 1.45 and 2.51(1),

he([€](X1 x X2)) = ph(Rese(c) ([£+ X1 x [¢]+X2))
= ph(Rese(e,) ([0 X1) e (DX2)) = g2 deg,, (X2) he, ([0.X1).

Hence,

he(X1 X Xo) = Jim 2 g ([0 (X x X))

= deg,, (Xz) lim e, ([0.X1) = he, (X1) degg, (Xa).

The other cases can be proved similarly. The equality of classes in the extended Chow
ring follows from this together with Proposition 1.19. (]

Finally, we compute the class in the extended Chow ring of the ruled join of two
projective varieties. For ¢ = 1,2 consider the injective R-linear map y; : A*(P";Z) —
A*(Pritr2tl. 7) defined by ' — 0'nb for 0 <1 < n; and b =0, 1.

Proposition 2.67. Let n; € N and X; € Z,, (IP’&) fori=1,2. Then
[Xa#Xo], = n([X4],) - s2([X2],).
In particular, h(X1#X2) = deg(X1) h(X3) + deg(X2) h(X1).

Proof. The equality of classes is equivalent to deg(X;#X3) = deg(X;) deg(X3) and
h(X1#X5) = deg(X1) h(X2) +deg(X2) h(X1). The first one is (1.20) while the second
one is [PS08, Prop. 4.9(a)]. O
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3. THE HEIGHT OF THE IMPLICIT EQUATION

As an application of the results in the previous sections, we obtain sharp bounds for
the exponents and the coefficients of an equation defining the closure of the image of
an affine variety under a rational map. We consider separately the cases K a field of
functions and K = Q. Besides of their intrinsic interest, these results play a central
role in our treatment of the parametric and arithmetic Nullstellensatze.

In the sequel, we will be mostly concerned with affine varieties instead of multipro-
jective cycles. Given n € N we identify the affine space

n ,__ ni n
k=AY x o x AR

with the dense open subset PR\ V(z1,,...,2Zm0). This identification allows to trans-
fer notions and results from P% to A%. For instance, subvarieties, cycles and divisors
of A% correspond to the restriction of subvarieties, cycles and divisors of P% to this
open subset. Thus, we can consider their mixed degrees and heights, which will corre-
spond to the analogous notions for their closure in the corresponding multiprojective
space. In particular, the degree and the height of a subvariety of A% are respectively
defined as the degree and the height of its closure in P’.

For n € N, the set of K-varieties of A% is in one-to-one correspondence with the set of
radical ideals of K|[z1,...,,]. For an affine K-variety V C A%, we denote by V(K)
the set of closed points of V. It can be identified with the subset of K" defined by
I(V). A polynomial relation is said to hold on V if it holds for every point of V (K).
Since Q is a perfect field, a Q-variety of A& can be identified with a subvariety of

A™(Q) defined over Q, see Remark 1.1.

3.1. The function field case. Let k be an arbitrary field and consider the groups of
variables ¢ = {t1,...,tp} and © = {z1,...,2,}. The following result is a parametric
analogue of Perron’s theorem on the size of an equation of algebraic dependence for
r + 1 polynomials over a variety of dimension 7.

Theorem 3.1. Let V C Az(t) be a k(t)-variety of pure dimension r and qi,...,Gr+1
€ klt,x] \ k[t]. Set d; = deg,(q;), hj = deg(q;) for 1 < j < r+1 and write
d=(di,...,dvy1), h = (h1,...,hyi1). Then there exists

E= Y awy® €kty, .. ,y11]\ {0}

aeNTtl1
satisfying E(q1,...,q+1) =0 on V and such that, for all a € supp(FE),
r+1

« (d.a) < (] d;) deg().
- r+1

o deg(aq) + (h,a) < ( I1 dj) (h(V) + deg(V) i Zﬁ)
j=1

Our proof below follows Jelonek’s approach in [Jel05, Thm. 3.3] and heavily relies on
the arithmetic intersection theory developed in the previous sections.

Lemma 3.2. Let V C Afm be a k(t)-variety of pure dimension r andl € N. Then

deg (V x Al ) =deg(V) , h(VxAl )=h().

k(t) k(t)
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Proof. Consider the standard inclusions ¢1, t2 and 3 of A", A'=1 and A" into P,
P!=1 and P"*| respectively. We can easily verify that t3(V x Al) = 13 (V)#2 (A1),
Applying propositions 2.24 and 2.13(2),

[V xAl,, =[V]

-1
k(t) k(t) ’ [A ]k(t) = [V]k(t)a

which implies the statement. O

Proof of Theorem 3.1. Consider first the case when the map

’lp! V—>AT+1 5 T+ (q1<x)7"'7QT+1(x))

k(t)

is generically finite onto its image, that is, when the fiber of a generic point in Im(v)) is
finite. In our setting, this implies that Im(7)) is a hypersurface. Let E € k[t][y]\{0} be
a primitive and squarefree polynomial defining this hypersurface. Let v, wq, ..., wy41
be a set of auxiliary variables and write

P =FE(w + Uhlyill, ce, W1 + vh”lygfll) € k[t,v][w, y].
Hence,
(3.3) maxq{(d,a)} = degw,y(P) ,  maxg{deg(aq)+ (h,a)} = deg, ,(P).

We have that F is primitive and squarefree as a polynomial in k¢, v][w, y]. Hence the
same holds for P, since the map defined by y; +— w; + v y;-lj , wj — y; is the identity
on k[t,v] and an automorphism of k[t, v][w, y] which sends P to E.

Write V (P) for the k(t, v)-hypersurface of Ai?fj defined by P. By Proposition 2.13(4),
(3-4) degy, y(P) = deg(V(P)) , degy,(P) =h(V(P)).

We will bound both the degree and the height of this hypersurface. Consider the
following subvarieties of A™F2r+2:

k(t,v)
r+1 r+1 4
G=VxA")NViyi—q) , G(d h)=(VxA"?)n[V(w;j+v"y —q)).
j=1 j=1

Both varieties are of pure dimension 2r 4 1: indeed, each of them is defined by a set of
r+1 polynomials which form a complete intersection over V x A?"*2 as they depend on
different variables y;. Let p : A""! — A™*! be the map defined by y; — w; + v' y;lj
and 7 the projection A"t?™+2 ~ A" x AZ+2 5 A?'t2. We have a commutative
diagram

IdAn xAT+1 Xp

G(d,h) G
v(P) v(E)

Id,ry1Xp

Both G(d,h) — G and G — V(FE) are generically finite since 1 is generically finite,
and so this is also the case for 7 : G(d,h) — V(P). Proposition 2.22 then implies
that

(3.5) deg(V(P)) < deg(G(d, h)) . h(V(P)) <h(G(d,h)).
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Observe that degg, 4, ,, (v Jyj '+ w;—q;) = d; and degy (V" Jyj '+wj—q;) = h;. Hence,
since G(d, h) is an open set of a component defined by the homogemzatlon of these
equations in P?H2r+2,

r+1 r+1
deg(G(d, h)) (H d; ) deg(V x AZ12) = (H d; ) deg(V
7j=1

r+1
h(G(d,h)) < (H dj> (h(V x AZF2) 4 deg(V x AM?) ’f)
j=1

— 74
< (ﬁ dj> (h(V) + deg(V) EZ? Zﬁ) :

thanks to Corollary 2.19 and Lemma 3.2. The statements follows from these bounds,
together with (3.3), (3.4) and (3.5).

The general case reduces to the generically finite one by a deformation argument.

Choose variables x;,,..., ;. , among those in the group x in such a way that the
projection V' — Azz)l, x — (z4,,...,%;,) is generically finite onto its image. Adding

a further variable z, we consider the map

Vk(zt)—>AZ?'1t) ) ac»—»(ql(az)+za:i1,...,qr+1(ac)+z:nir+1).

It is also generically finite onto its image. Thus, we are in the hypothesis of the previous
case with respect to the base ring k(z)[t]. We deduce that there is a polynomial
E = Y e @ay® € k(2)[t][y] \ {0} defining the closure of the image of this map and
satisfying, for all a € supp(E’),

a) < (ﬁ@) deg(V) , deg,(@a)+(h,a) < <ﬁd]) <h(V)+deg(V)§§Zj>.

After multiplying by a suitable non-zero polynomial in z, we can assume without loss
of generality that E lies in k[z][t,y] and that it is primitive as a polynomial in the
variables t,y. Set E = E(0,t,y) € k[t,y]\ {0}. We have that E(q + 2 i, ..., qri1+
zxi,.,) € I(V) ®@ k(t)[z] and so E(q) € I(V) or, equivalently, E(q) = 0 on V. We
deduce that £ = 0 is an equation of algebraic dependence for ¢i,...,¢-+1 which
satisfies the same bounds as E. ([

For V = AZ@) we have r = n, deg(V) = 1 and h(V') = 0. The above result gives the
bounds
n+l n+1

(3.6) da<Hd . deg(ag) + (h,a)ﬁZ(de)hg

=1 j#L
for the y-degree and the t-degree of an equation of algebraic dependence for n + 1
polynomials in k[t, z] of x-degree d; > 1 and t-degree h;.

Example 3.7. Let di,ds € N be coprime integers and set ¢; = g;a% — 1 € k[t, z] for
a generic univariate polynomial g; € k[t] of degree h;, j = 1,2. The implicit equation
of the closure of the image of

Ai(t) - Aim , oz (q1(z), ¢2(7))

is g (y1 + 1) — g% (yo + 1) = 0. The bounds (3.6) are optimal in this case.
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Theorem 3.1 can be regarded as an estimate for the Newton polytope of the equa-
tion E: if we write F = Za,c'Ya,ctcya € k[t,y] with vq. € k, the corresponding
Newton polytope is the convex hull

N(E) = conv{(a,c) : Yaec # 0} C R™1 x RP.

Theorem 3.1 is equivalent to the statement that N(E) is contained in the intersection
of the non-negative orthant with the two half-spaces defined by the inequalities

(d,a) < (r:[ld) deg(V) , (1,60)+(h,a) < (ﬂd) (00w +deg<v>§zj),

where 1 = (1,...,1) € NP. Indeed, it can be shown that, for V' = A"

k(t)

polynomials g; of z-degree d; > 1 and t-degree h;, the Newton polytope of £ coincides
with the set cut out by these inequalities.

and generic

For instance, consider in Example 3.7 the case when dshy > dihs. Then, the New-
ton polytope of E is the convex hull of the points (0,0,0), (ds,0,0), (ds,0,d1hs),
(0, 0, d2h1>, (0, dy, dghl), (0,dy, 0), as shown in the figure:

(0,0, dahy)

(07 d17 thl)
(d2,0,d1hs)

(0,0, d1h2)

(d2,0,0)
v2_%0,d1,0)
It coincides with the subset of R? cut out by the inequalities (3.6), namely

{(a1,a2,¢): a1,a2,¢2>0, diar+dgaz < dida, c+ hiay + hoag < dihg + dahi }.

Example 3.8. Consider the elliptic curve C = V((t + 1)z$ + 2% — 23) C Aim and

the polynomials q; = x1 + (t + 1)zg — 1,q2 = 1179 + (t — 1)23 +t € Kk[t,x1,22]. The
implicit equation of the closure of the image of

¢— Ai(t) (71, 22) — (Q1(331,$2)aQ2($1,932))

is defined by a polynomial E € kl[t, y1, y2] with 138 terms. Its Newton polytope is the
polytope conv((0,0,0),(6,0,0),(6,0,5), (0,0,11), (0,3,8),(0,3,0)) C R?:

t

(0,3,8)

Y2
(0,3,0)

It also coincides with the polytope cut out by the inequalities in the parametric
Perron’s theorem: we have that deg(C) = 3 and h(C) = 1 while deg,(q1) = 1,
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deg_(q2) = 2 and deg,(¢;) = 1, i = 1,2. Theorem 3.1 implies the inclusion of poly-
topes

N(E) C {(al,ag,c) : o a,a,¢c>0, a1 +2a<6, ct+a+a< 11},
which turns out to be an equality.

The following result is an upper bound for the degree and the height of the implicit
equation of a hypersurface defined as the closure of the image of a general rational
map. These estimates are not used in the proof of the arithmetic Nullstellenséatze.
Nevertheless, we include them because they may have some independent interest.

Recall that a rational map p : V --» Az(t)l is defined by quotients of polynomials
whose denominators do not vanish identically on any of the components of V. It is
generically finite onto its image if the fiber of a generic point in Im(p) is finite. In our

setting, this implies that the closure of its image is a hypersurface.

Theorem 3.9. Let V.C Al | be a k(t)-variety of pure dimension r and

cV oo AT , :1:|—>((]1:1:,...,qr+1w)
v He) P1() pr+1()

a rational map, generically finite onto its image, defined by polynomials qj,p; € k[t, x]
such that qj/p; ¢ k(t). Let E € k[t,y] be a primitive and squarefree polynomial

defining Im(v)). Set d; = max{deg,(q;),deg,(p;)} and h; = max{deg;(q;), degs(p;)}
for1<j<r+1. Then

e deg, (F) < (de) deg(V) for1<i<r+1,

rfiz r+1 h
e deg,(E) < ( H dj) (h(V) + deg(V) Z d—j)
j=1 =1

Proof. Let U = V' \ Ugi% V(p;) be the dense open subset of V' where 1) is defined.
The graph of v is

{(®,y): ® €U, yjpj(x) = gj(=) for 1 <j <r+1} CU x A (k(2)).
Let G be the closure of this set in V x Az(t)l The equations y;p; = ¢; intersect

properly on U x Az(t)l because they depend on different variables y;. Hence, G is an

equidimensional variety of dimension r, and the projection V' x A™! — A™! induces
a generically finite map between G and V(E).
We consider mixed degrees and heights of G and V(FE) with respect to the inclusions

V % Ar—‘rl s P" % (Pl)r—i-l ’ AT+1 SN (Pl)T-Fl'

Set 1 = (1,...,1) € N"*! and let e; denote the i-th vector of the standard basis
of R"*1. By Proposition 2.13(4),

(3.10) deg, (E) = degy_¢,(V(E)) , degy(E) =hi(V(E)).
Proposition 2.22 applied to the projection P* x (P1)™*! — (P1)*+! implies that
(3.11) degy ¢, (V(E)) < degpi_e,(G) , hi(V(E)) < hoa(G).

Let [G],,, € Z[n, b0, 6]/ (%, 057,02, ...,62, ) be the class of G in the extended Chow
ring of P x (PY)"*1. Observe that G is contained in the part of dimension 7 of the
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intersection
r+1

(V x A" 0 () Vs — 4))-
j=1
We will give an upper bound for the class of G by applying Corollary 2.19 recursively
to the variety V x A" and the polynomials g9; = y;pj —qj for j=1,...,r+1. By
propositions 2.23 and 2.13(2),

[V x AT,y = V] ® A5 = [V]

k[t]

=h(V)nfp """ + deg(V)00 .

k[t]
Hence,
r+1 r+1
Gl < 1V x A7, TT ezl + dega(o)bo + > deg,, (9,)60)
j=1 (=1
r+1
= (b(V)ndy """ + deg(V)05 ") [ (hin + dj60 + 6).
j=1
Observe that ho1(G) and degy1_,(G) are the coefficients in [G]
als n 6y and 60f 6;, respectively. Therefore

kit] of the monomi-

r+1 r+1

he
degp1e,(G) < ([Tdi) des(v) , hoa(@) < (T] ) (n(V) +deg(v) - 2.

i j=1 =1t
The statement follows from these estimates, together with (3.10) and (3.11). |
For V = AZ“), the above result gives the bounds

n+1
(3.12) deg, () < [[d; ., de(B) <Y ([]s)he
j#i (=1 j#e

It can be shown that, for generic polynomials of x-degree d; and t-degree h;, the New-
ton polytope of E coincides with the subset of R™*! x RP cut out by these inequalities.

Example 3.13. Let di,d2 € N be coprime integers and g; € k[t] univariate polyno-
mials of degree h;, i = 1,2. Set

o _ @ e (@rh®
pr (z+1)hg T P2 2 gy
The implicit equation of the closure of the image of the map
1 2 q1 q2
Ak(t) 7 Ak(t) T (E(m)v ]72($)>

is given by the polynomial £ = g1%go® (y; + 1)%(yo + 1) — 1 € k[t,y1,92]. Theo-
rem 3.9 is optimal in this case, since deg,, (E) = dz, deg,,(F) = di and deg,(E) =
dihs + dahi. Moreover, we can check that the Newton polytope of E coincides with
the set cut out by the inequalities in (3.12).

The previous results can be extended to polynomials depending on groups of param-
eters. For the sequel, we will need the multiparametric version of Theorem 3.1 that
we state below. Let t; = {t;1,...,%,,} be a group of variables for 1 <1 < m and
set t = {t1,...,ty}. For each 1 <1 < m, write kj = k(t1,...,t1—1,t141,---,tm)
and observe that k;(t;) = k(t). Hence, for a given projective k(t)-variety V', we can
consider its height with respect to the base ring k;[t;]. We denote this height hy, (V).
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Corollary 3.14. LetV C AZ(t) be a k(t)-variety of pure dimensionr and q, ..., q4+1 €
k[t][x] \ k[t] such that the map

¢:V—)Ar+l ) r— (Q1($)’~-7Qr+1(1’))
is generically finite onto its image. Let E = ) nri1 aay® € E[t][y1, ..., yrq1]

j=

e

a primitive and squarefree polynomial defining Im(v)). Set d;j = degy(q;), h; =
degy (q;) for 1 < j < r+1,1 <1 < m and write d = (dy,...,dry1), hy =
(hi1s---shiry1). Then, for all a € supp(E),

r+1

. (d,a) < (de) des(V),
=1 r+1 r+1 h
o degy(aa) + (i, <H d; ) <htl +deg(V) ) C;;) for1 <l<m.

(=1

Proof. Observe that E is primitive and squarefree as an element of k;[;][y]. The result
then follows from Theorem 3.1 applied to the field k; and the group of variables ¢;. [

3.2. The rational case. We now turn our attention to the problem of estimating the
size of the implicit equation for a rational map defined over Q. It will be convenient
to consider a more general situation where the input polynomials depend on groups
of parameters. As in the end of the previous section, we set t; = {¢;1,...,t;p,} for
1<li<mandt={t,...,tn}

Theorem 3.15. Let V C A& be a Q-variety of pure dimension r and qi,...,qr41 €
Zlt|[x] \ Z[t] such that the map

w Q(t> Ag—(t)l ’ T (ql (w)a s 7QT+1(33))

is generically finite onto its image. Let E = 3 i1 0ay® € Zt[y1, ..., yri1]

be a primitive and squarefree polynomial defining Im(v) Set d; = deg,(q;), 01; =
degy, (g), hj = h(g;) for 1 < j <r+1,1 <1 < m and write d = (d1,...,dr11),
0;=091,---,01041), h=(h1,...,heq1). Then, for all a € supp(F),

r+1
o (da) < ([]ds)deg(v),
=1 r+1 r+l s
o degy (aa) + (0, a) < <Hd >deg Zdl—’; for1<1<m,

r—+1
.Ma@+wma>g([I%)Oivy+¢gwq(bgr+m
Jj=

r+1
+ Z di (he + log (#supp(qr) +2) + Z d¢ log(pr + 1))))

We need the following lemma for the proof of this result. It is the analogue for Q of
Lemma 3.2 and can be proved using the same arguments and Proposition 2.67 instead
of 2.24.

Lemma 3.16. Let V C Ag be a Q-variety of pure dimension r and I € N. Then

deg(V x Ah) =deg(V) , h(V x Ah) =h(V).
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Proof of Theorem 3.15. By Proposition 2.13(2), the height hy, of Vi, With respect to

the base ring Q(¢1,...,¢—1,t141,...,tm)[t;] is zero. Then, the bounds for the degrees
are a direct consequence of Corollary 3.14. For the height, the proof follows closely
the lines of that of Theorem 3.1 with Z instead of k[t]. We will avoid repeating the
same verifications when they follow mutatis mutandis the parametric case.

Let wy,...,wy+1 be a group of variables and consider the polynomial
P =FE(w + Hiyi, ..., w1+ Hrp1yr11) € Z[E, w, y],

with H; = ehi € N. It verifies

(3.17) maxg{h(ag) + (h,a)} = h(P(0,y)).

Applying successively lemmas 2.32(2) and 2.31(4),

h(P(0,y)) < m(P(0,y)) + deg, (P(0,y))log(r +2) + Y _ degy, (P(0,y))log(p; + 1)
=1

m
(3.18) < m(P) + deg, (F)log(r +2) + Z degy, (E) log(py +1).

=1
The polynomial P is primitive and squarefree. Hence, it gives a defining equation for
the Q-hypersurface V(P) C Aa X A?QT“, where p := (p1,...,pm). Considering the
standard inclusion of this affine space into IP’% X P?@HQ, Proposition 2.53(2) implies

(3.19) m(P) = hpor12(V(P)).
Consider the variety
r+1
G(d, h) = (AP <V % AQT—I—Q) N m V(wj +ijj o Qj) c AP x An+2r+2.
j=1

As in the proof of Theorem 3.1, we can verify that it is of pure dimension |p| + 2r + 1
and that the projection AP x A"+27+2 — AP x A?"+2 induces a generically finite map
7 : G(d,h) — V(P). Considering mixed heights with respect to the standard inclusion
AP x AnH2r+2 o, PP o Prt2r+2 Proposition 2.64 implies

(3.20) hp2r12(V(P)) < hpri2(G(d, h)).

The closure of AP x V x AZ"t2 is PP x ((V x A?*2), where ¢ denotes the standard
inclusion A"+2r+2 < Pr+2r+2  We will consider classes in the extended Chow ring

A*(BP x P42, 7) = R[n, 6, (] /(n, e;flntl’ o 70§7l+17 (),
With this notation, propositions 2.66(2) and 2.51(3) together with Lemma 3.16 imply
[AP x V x A2, = [AP], © [V x A7), = [V], = R(V)n¢™ "~ + deg(V)(" .
Write g; = wj + Hjy; — q; € Z[t,x,w,y| and consider the class associated to its

sup-norm as defined in (2.57):

[gj]sup = log ”gj||sup77+zdegtl (gj)el +degm,w,y(gj)C = log ||gj”sup77+z 01,501 +d;C.
=1 =1
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The divisors defined by these polynomials intersect AP x V x A2"*2 properly. Applying
recursively Corollary 2.61,

r+1
[G(d, h)], < [AP x V x A" 2] TTlg;]sup
j=1
N r+1 m
= (h(V)n¢™ " + deg(V)¢™ ) [ (log llgjllsupn + Y _ 61,3601 + dj¢).
j=1 I=1

The mixed height Ep7gr+2<G(d, h)) is the coefficient of (" in [G(d, h)],. Furthermore,
log ||g¢l|sup < he+log (#supp(qg)—i—Q) by Lemma 2.32(1). The above inequality implies

T U O su
hpori2(G(d, b)) < <H dj> <ﬁ(v) + deg(V) Z he +log (#supp(qe) + 2) >
j=1

d
—1 ¢

The statement follows from this inequality together with (3.17), (3.18), (3.19), (3.20),
and the already considered bounds for the partial degrees of E. O

Theorem 0.4 in the introduction follows from the case m = 0 of this result and the
inequality #supp(qe) +2 < (n + 3)%.

Remark 3.21. Theorem 0.4 can be regarded as a first bound for the extended Newton
polytope of the implicit equation, defined as the convex envelope of the subset

{(a,)\) : a € supp(E), 0 < XA < h(ag)} Cc R x R.

Indeed, it would be interesting to have a better understanding of this “arithmetic”
polytope in terms of finer invariants of the input polynomials ¢; like for instance their
extended Newton polytope, instead of just their degree and height.

Example 3.22. Let di,d2 € N and Hy, Hy € N be two pairs of coprime integers and
set ¢j = Hjx% € Z[z] for j = 1,2. The implicit equation of the image of the map

Ay — AL, (a(2),¢2())

is given by the polynomial E = Hglny — Hfhygl € Z[y1,y2]- Then, max(,, q,){d1a1 +
dQCLQ} = d1d2 and

maX(ahaz){lOg |coeﬂ"(a1,a2) (E)| + hiay + heas} = dyhe + dahy,

with h; = log(H;). Hence, the bounds in Theorem 0.4 are optimal in this example,
up to a term of size O(dydz).

Using a deformation argument, we can extend Theorem 3.15 to the case when the map
is not generically finite. For simplicity, we will only state this result for polynomials
not depending on parameters.

Corollary 3.23. Let V C Af be a Q-variety of pure dimension r and qi,...,¢r+1 €
Zix] \ Z. Set dj = deg(qj) and h;j = h(g;) for 1 < j < r+1 and write d =
(di,...,dr+1), h=(h1,...,hr31). Then there exists

E= Z aaya GZ[Z/L“-,Z/T-H}\{O}

acNrt+1
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satisfying E(q1,...,q+1) =0 on V and such that, for all a € supp(FE),

r+1
e (d,a) < (H dj) deg(V),
j=1

o h(ag) + (h,a) < (ﬁ dj) (B(V) + deg(V) ( i Zﬁ + (r+2) log(2n + 8))).
j=1

Proof. We will follow the arguments in the proof of Theorem 3.1 adapted to this
situation. Choose r + 1 variables x;,,...,2;,, in the group x so that the linear
projection V. — AL, @ — (24, ..., ;,,,) is generically finite onto its image. Adding

a further variable z, consider the map
Vo) — A&Zl) ;e (@) + 2z, g () + 22 )

which is generically finite onto its image. Let E = 3 o ®ay® € Z[2][y] be a primitive
and squarefree polynomial defining the closure of the image of this map. The polyno-
mials ¢;j(x) + z x;; have x-degree d;, z-degree 1 and height h;. Theorem 3.15 applied

to this case gives (d,a) < (Hgii d;) deg(V) and
r+1 R
h(ag) + (h,a) < ( I1 dj) (h(V) + deg(V) <log(7“ +2)
j=1

r+1
* Z (hf + log (#supp(qe) + 3) + log(2 ))))

The polynomial E := E(0,y) € Z[y] gives a non-trivial relation of algebraic de-
pendence for the g;’s and it satisfies the same degree and height bounds as E. The
statement then follows from the inequality #supp(g7)+3 < (n+1)%+3 < (n4+4)%. O

Next result gives an upper bound for the Mahler measure and a fortiori, for the height
of the implicit equation for a rational map.

Theorem 3.24. Let V C Ag be a Q-variety of pure dimension r and

r q1 dr+1
¥V - ACFL m»—><:p,...,a:>
0 pl() pr+1()

a rational map, generically finite onto its image, defined by polynomials q;j,p; € Z[x]

such that q;/p; ¢ Q. Let E € Z[y| be a primitive and squarefree polynomial defin-

ing Im(¢p). Set dj = max{deg,(q;),deg,(p;)} and h; = log(||g;|l1 + ||pjll1) for
1<j<r+1. Then

e deg, (E (Hd)degV for1<i<r+1,
JFi

1 N 1 hy
E) < (]H1 dj) (h(V) + deg(V) ; %).

Proof. The bounds for the partial degrees of E follow from Theorem 3.9. Thus, we
only have to prove the upper bound for the Mahler measure. Let V(E) C Agl and
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GCVx ATQH denote the closure of the image of 1) and of the graph of v, respectively.
We consider mixed heights of G and V(E) with respect to the inclusions
V x AT P o (P AT (PhyrHL
Propositions 2.53 and 2.64 imply that
(3.25) m(E) =hy (V(E)) < ho1(G).

Let [G], € R[n,00,0]/(n? 007,67, ... .02, 1) be the class of the closure of G in the
extended Chow ring of P x (PY)"*!. We will bound it by applying Corollary 2.61
recursively to V' x A" and g; := y;p; — q; for j =1,...,7 + 1. Propositions 2.66(2)
and 2.51(3) imply that [V x A™H1] = E(V)n%“r*l + deg(V)6y~". Besides, ||pjy; —
QJ||sup < ||ij1 + ||Qj”1 and so [pjyj - Qj]sup < hj’l’] + dj90 + Hj. Hence,

I

r+1 r+1
G, < VXA, Ty —ailsup < (0(V)n85 " +deg (V)65 ") T (hyn+d;bo+6;).
j=1 j=1

The mixed height ﬁojl(G) is the coefficient of the monomial 76§ in [G],. The above
inequality then implies

r+1 r+1
ho1(G) < (I]ds)B(v) +deg(v) " (TT s )he:
j=1 =1 j#
The statement follows from this inequality and (3.25). O

For V' = Ap, the above result gives the bounds

n+1
deg, (B)<[[d; » m(E)<Y. <de)h£
j#i =1 j#L

for the degree and the Mahler measure of Im(¢)). Using Lemma 2.32(2), we can bound
the height of this polynomial by

n+1

h(E) < 3 (T1ds) (he +10g(2)).

=1 j£L
Example 3.26. Let dy,ds, H1, Ho > 1 such that d;, d> are coprime and set

o_ ©_ ([t D™
pr Hi(@+1)4 7 py Hya® o
The implicit equation of the closure of the image of

A --» A2, :L‘r—><qlx,q29:>
Q Q Pl()Pz()

is defined by F = HldQHgdly‘lingl —1 € Z[y1,y2). We have max{deg(p;), deg(g;)} =
while log(|[g1[[1 + |Ip1l1) = log(1 + Hi2%) and log(|lg2|1 + ||p2l[1) = log(2% + Ha
Hence, Theorem 3.24 gives

m(E) < dylog(1 + H12%) + dy log(29? + Hy).

Indeed, m(E) = d; log(Hz) + da log(H1) and so the obtained bound is optimal up a
term of size O(dyd2).

d;
).
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4. ARITHMETIC NULLSTELLENSATZE

4.1. An effective approach to the Nullstellensatz. Recall the statement of the
weak Nullstellensatz over a variety:

Let V. C A% be a K-variety and f1,...,fs € Klx1,...,z,] without
common zeros in V(K). Then there exist gi,...,9s € K[x1,..., 7]
such that 1 = g1f1+ -+ gsfs on V.

We recall Jelonek’s approach in [Jel05] to produce bounds for the degree of the g;’s
and explain how it can be adapted to obtain bounds for their height. Set r = dim(V).
We assume without loss of generality that s < r + 1, otherwise we reduce to this case
by taking generic linear combinations of the input polynomials. Consider the regular
map

(4.1) ©:VxAL—V xAS |, (z,2) — (x,2f1(x),..., 2fs(x)).

Since the f;’s have no common zeros in V(K ), the subsets {(z, z1,...,2s) : fj(x) # 0}
form an open covering of V' x Af%.. This implies that
Im(p) = {(z,21,...,25) €V x Ak : fi(®)z; = fj(x)z for all i,5}.

In particular, Im(yp) is a subvariety of V' x Aj.. Furthermore, let g1,...,gs be poly-
nomials such that 1 = gif1 + -+ + gsfs. The map Im(p) — V x AL defined as
(T, 21,...,25) — (x,q1(x)z1 + - - + gs(x)2s) is a left inverse of ¢. Hence, ¢ induces
an isomorphism V' x AL — Im(y).

Assume there exists a finite linear projection 7 : Im(y) — A’;l. Such a map exists if
the field K is sufficiently big (for instance, if it is infinite). In this case, we can assume
without loss of generality that = is given by a (r + 1) x (n + s)-matrix in reduced

triangular form. Hence, there are linear forms ¢; = v;121 + -+ + vipzn € Kz,
1 <¢ < r+1, such that this projection writes down as

T Im(p) =AY (221, ,2) (210 (@), 2+ Ls(®) Lsy1 (), brg ().

Thus, the composition mo ¢ : V x A}(—n&}"jl is a finite map or equivalently, the
inclusion of algebras (7o ¢)* : K[y1,...,yr4+1] — K[z, z]/I(V x A)) is an integral
extension. This map writes down, for (z,z) € V x A, as

™o @(maz) = (Zfl(m) ij1(“3)7' : 'azfs(m) +€s(m)v€s+l(m)v s ,ErJrl(m))'

Up to a non-zero scalar in K, the minimal polynomial of z over K[y] is of the form

5
E=2+ Z Z 0ajY*° 77 € Ky, ).
Jj=1 aeNrt+1
Therefore,

é
(4.2) 20+ ZZO‘“J(Zﬁ A+ 0)" (2 fs 4 L)l - -E;f‘fllzd_j =0 onV x Al
j=1 a
and so all the coefficients in the expansion of (4.2) with respect to the variable z
vanish identically on V. We derive a Bézout identity from the coefficient of 2° as

follows: for each 1 < j < § and @ € Nt the coefficient of 27 in the expansion of
(2f1 4+ 01)" - (2fs + L) L0 - €75 writes down as

b s
> et fE
b
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with gp € K[z] and b € N° such that |b| = j > 1. Hence each term in this sum is a
multiple of some f; and, regrouping terms, we can write the coefficient of 2% in the
expansion of (4.2) as 1 — g1 f1 — -+ — gsfs with g; € K[x].

Remark 4.3. The argument above is not a proof of the Nullstellensatz since it relies
on the a priori existence of a Bézout identity: this is used to prove that the map ¢
in (4.1) is an isomorphism onto its image.

In our treatment of the arithmetic Nullstellensatz, we will use the previous construc-
tion for the general linear forms

(4.4) =iz + -+ uipr, € Kulle] for1<i<r+1,

where u; = {u;; }i<j<n is a group of auxiliary variables. This is a valid choice,
since the associated linear projection 7 : Im() g () — ATKJF(L) is a finite map, see for
instance [Lan93, Ch. 7, Thm. 2.2].

Assume that K is the field of fractions of a factorial ring A. Let E' € Afully, z] be the
minimal polynomial of z with respect to the map 7 o ¢, primitive with respect to the

ring A[u]. We expand it as

1
(4.5) E = ao,oz‘s + Z Z aw—yaz‘s*j

j=1 aeNr+l

with aq; € Alu] such that agg # 0. For 1 <i <, set

(4.6) @:—éggaa,j«;ﬁj(Z:)ﬂ‘,ik‘bk) P € Al

the sums being indexed by all a@,b € N"! such that (a,j) € supp(F) and |b| = j,
b <apforl <k<i by=0fori+1<k<r+1andb > 1. Using (4.2), we can
verify that cgp — g1f1 — -+ — gsfs is the coefficient of 29 in the expansion of

E(Zfl +l1,...,2fs +£s:€s+17 e ,ET_H,Z).
Hence,
(4.7) @0,0 = g1fr + -+ Gsfs  on Vi,

We then extract a Bézout identity on V' by considering the coefficient of any monomial
in w in (4.7) appearing in the monomial expansion of ag .

We need the following lemma relating minimal polynomials with the implicitization
problem.

Lemma 4.8. Let V C A% be a K-variety of pure dimension r and qi,...,qr+1 €
Kz, z] such that the map

vV x A}( I AQ(H ) (maz) I (Q1(m7z)’ s 7QT+1(maz))

is finite. Let E € K[y|[z] \ {0} be the minimal polynomial of z with respect to this
map. Then the map

@b : VK(z) — A';;ré) y T ((J1($)a s 7q7"+1(w))

is generically finite onto its image. Furthermore, E € K|[z][y] is a squarefree polyno-
mial, primitive with respect to the ring K|[z], defining Im (V).
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Proof. We reduce without loss of generality to the case of an irreducible K-variety V.
Consider the map

p:VxAL — A}";H x Ak (x,2) — (q(x,2), . gy (T, 2), 2).

Its image is the irreducible K-hypersurface defined by E. In algebraic terms, the
kernel of p* : Kly,z] — Klz,2]/I(V x AL) is the principal ideal generated by E.
Furthermore, E ¢ K|z] as, otherwise, this would imply that the g;’s are constant on
V x Al which is not possible because of the finiteness assumption.

We have K|z, 2]/I(V x Al) = K[z] @ K|[z]/I(V). Hence, E is also a generator of
the kernel of ¢* : K(2)[y] — K(z)[z]/I(Vk(s)). The image of v is a hypersurface
of A?é), since E does not lie in K[z]. Hence, this map is generically finite onto
its image. Furthermore, F is an irreducible polynomial defining this hypersurface,
primitive with respect to the ring K|z]. O

Consider the polynomials ¢; € Afu|[z, z] defined by

{zfj+€j, for 1 <j <s,
q; =

(4.9)
45 fors+1<j<r+1.

In our setting, mo ¢ : Vi(y) X A}((u) —>A;§(L) is finite. Hence, Lemma 4.8 implies
that the polynomial F in (4.5) is a squarefree polynomial, primitive with respect to
the ring Afu, z|, defining the closure of the image of the generically finite map

(4.10) Y V() — ATK+1 , x— (q(x),. .., ¢ry1(x)).

(w,2)

Thus, we can produce bounds for its size by using a suitable version of Perron’s
theorem. In turn, this will allow us to bound the size of the polynomials in the
associated Bézout identity. We will see the details in the next sections.

4.2. Parametric Nullstellensiatze. We now apply the previous construction to-
gether with the parametric Perron’s theorem to produce different Nullstellensétze
for polynomials with coefficients depending on groups of parameters. Let k be a field.
Consider groups of variables © = {x1,...,2,} and ¢, = {t;1,...,t1p}, 1 <1 < m.
Set t = {t1,...,t,,} and, for each 1 <1 < m, write k; = k(t1,...,t;1—1,t111,---,tm).
Recall that k;(t;) = k(t) and that for a projective k(t)-variety V', we denote by hy, (V)
its height with respect to the base ring k;[t;].

Theorem 4.11. Let V C A:(t) be a k(t)-variety of pure dimension r and fi,..., fs €

klt,z] \ k[t] a family of s < r+ 1 polynomials without common zeros in V (k(t)). Set
dj = deg,(fj) and hy; = degy, (f;) for 1 < j < s and 1 <1 < m. Then there exist
a € k[t)\ {0} and q1,...,gs € k[t, ] such that

(4.12) a=gifi+--+gsfs onV
with
o degy(0:f) < ([ i) des(v),
j=1
S S h
e degy (o), degy, (g:fi) < (H dj) (htl(V) + deg(V) d’j) for1 <1 <m.

j=1 =1
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Proof. We apply the construction explained in §4.1 to the ring A := k[t], the variety V'
and the polynomials f;. We will freely use the notations introduced in that section.
As a result of that construction, we obtain o € A\ {0} and g; € A[x] satisfying the
Bézout identity (4.12). These scalar and polynomials are obtained as the coefficients
of a monomial in the variables u in the Bézout identity on Vi () in (4.7). Hence,

(4.13) degg (gifi) < degg (gifi) , degy, (o) < degy (aop0) , degy (gifi) < degy, (gifi)-

Let E € A[u][y, z] be the polynomial in (4.5) and set d = (di,...,ds, 1,...,1) € N"TL,
From the definition of g; in (4.6) and using that, by hypothesis, d; > 1 for all i,

r+1
(414) degm(@fl) < man,a,b{ degm <aa,j < H (Ze> fze—be> b1 ., f i— 1f )}

e=1
r—+1 )

< maxmb{ Z(ae —be) + Z dgbg} < maxgq(d, a),
e=1 =1

with 1 < j < deg,(E), a € N"*! in the support of E with respect to the variables y
and b € N"*! satisfying |b| = j, be < a.for 1 <e<i,bo=0fori+1<e<r+1and
bi > 1. For 1 <1< m weset hy = (hy1,...,hs,0,...,0) € N'*1. Using Lemma 2.1,
we obtain similarly

r+1
(115)  doge, 1) < moxge dey (v (T (5 )t )0t ) |

e=1

T
< maxj,a,b{ degtl (an) + Z hl,ebé}
(=1

< maxg{ degy, (va) + (hy, a)}.

By Lemma 4.8, E' is a primitive and squarefree polynomial in k[t, u, z][y] defining the
closure of the image of the map v in (4.10). Hence, we can apply Corollary 3.14 to
bound the partial degrees of this polynomial. We have deg,(q;) = dj, degy,(q;) =
hy; for 1 < j < s while deg,(g;) = 1, degy(¢j) = 0 for s+1 < j <r+1. By
Proposition 2.13(2), deg(Vi(tu,2)) = deg(V) and hy, (Vi(gu,2)) = he (V). Therefore,
for all @ € supp(F),

a) < <31;Il dj> deg(V) , degy, (aa)+(hi,a <H d; > (htl )+deg(V) ; 3;)

The statement follows from this inequality together with (4.13), (4.14) and (4.15). O

Theorem 0.5 in the introduction corresponds to the case of polynomials depending on
one group of parameters. It follows readily from the above result and the fact that a
variety defined over k(t) can be identified with a k(t)-variety, see Remark 1.1.

Example 4.16. Consider the following variant of a classical example due to Masser
and Philippon: let t be a variable, dy,...,d, > 1, h > 0 and set

— dp—
fl_xl 7f2_xll‘d2 1_$327'--,fn—1:$n—2$;€"71 l_x Tilla
frn=an a8t —th e klt,x1, ... 2]

It is a system of n polynomials without common zeros in k(t) . We have deg,,( fi) =d;
for all j while deg;(f;) =0 for 1 <j <n—1 and deg;(f,) = h. Theorem 4.11 implies



HEIGHTS OF VARIETIES AND ARITHMETIC NULLSTELLENSATZE 65

that there exists a Bézout identity o = g1 f1 + - - - + gn frn With
(4.17) degy (gifi) <di---dn , deg(a),degy(gifi) < di-- dn-1h.

To obtain a lower bound, consider a further variable v and specialize any such Bézout
identity at x; = ; with

= gtk ydadn=1 et dndn =l ghg =]

tdi--dn—1hy di--dn—di

s = 1/u.

We obtain that « = g1(71, ..., V-1, 1/u)
the lower bounds

. From this, we deduce

deg,(g1f1) >dy---d, , deg(a)>dy---dyp_1h.
Hence, both bounds in (4.17) are optimal in this case.

Example 4.18. Let V' C A} be a k-variety of pure dimension r. For 1 < j <r 41,
let d; > 1 and consider the general n-variate polynomial of degree d;

sz Z Uj@waek[’uj”xlw--:xn]v

la|<d;

where u; = {uja}a<d;- Set w = {u1,..., ur41}. It is not difficult to verify that the

Fj’s have no common zeros in V, , )(m) Hence, we can apply Theorem 4.11 to the
F s as a system of polynomials with coefficients depending on the groups of param-
eters Ut,..., Up41. We have that deg(V, ,,) = deg(V) and, by Proposition 2.13(2),
hy, (V) = 0. Besides, deg,(F;) = d; and deg,, (F}) is equal to 1 if [ = j and to 0
otherwise. We deduce that there exist o € k[u] \ {0} and g; € k[u][z1,...,x,] such

that « = g1F1+ -+ + gr1Frpp on V) with

r+1

(4.19) deg(g:F;) (Hd ) deg(V) , deg,,(a),deg,, (9:F;) (Hd > deg(V
J#l

Using Lemma 1.34 and Corollary 1.33, we can verify that the elimination ideal
(I(V) k[u][z1, ..., 2] + (F1, ..., Frg1)) Nk[u]

is generated by the resultant Resq, .. 4, +1(V) of the closure of V' in P}. This is a
multihomogeneous polynomial of partial degrees

deg,, (Resg, ... 4 ( (Hd ) deg(V
J7#l

Hence, « is a multiple of this resultant and, comparing degrees, we see that a and
Resg, ....d,., (V) coincide up to a factor in k*. This implies that the bound for the w;-
degrees in (4.19) is optimal. Observe that the bound for the x-degree is not optimal,
at least when V' = AY. In this case, it can be shown that there exist g;’s satisfying
the same bound for the u;-degree and such that deg,(g;fi) < (Z?ill d;) —n

The following result is a partial extension of Theorem 4.11 to an arbitrary number of
polynomials. For simplicity, we only state it for polynomials depending on one group
of parameters t = {t1,...,t,}. In this setting, we loose track of the contribution of
the t-degrees of most of the individual input polynomials. However, it is possible to
differentiate the contribution of one of them, which will be important in the proof of
the strong parametric Nullstellensatz.
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Corollary 4.20. LetV C A:( "

k[t, x] \ k[t] without common zeros in V (k(t)) such that V(fs) intersects V' properly.
Set dj = deg,(f;) for1 < j <s. Assume thatdy > --- > ds_1 and that d, is arbitrary.
Set also h = maxi<;<s—1 degy(f;) and hs = degy(fs). Then there exist o € k[t]\ {0}
and g1,...,9s € k[t,x] such that « = g1f1 + -+ gsfs on V with

min{s—1,r}

o degy (9:f) < (4 ] dy)deg(v),

j=1

be a k(t)-variety of pure dimension r and f1,..., fs €

min{s—1,r} min{s—1,r} h

o deg(a),degy(gifi) < (ds ] dj)(h(V>+deg(V)(%+ > dj))

j=1 s (=1

Proof. If s < r + 1, the result follows from the case m = 1 in Theorem 4.11. In the
case s > 1 + 2, we can reduce to r 4+ 1 polynomials by taking linear combinations as
follows: let v = {v;;}1<j<r1<i<s—r—1 be a group of variables and set K = k(v). Write

fi=fitvifra+ o +vjspafoa for1<j<r, fog=/Ffs
The hypothesis that V(fs) and V intersect properly implies that the polynomials above
do not have common zeros in Vi (4 (K (t)). We have that deg,(f;) = d; and deg,(f;) =
h for 1 < j < r while deg,(f,,1) = ds and degy(f,,1) = hs. By Theorem 4.11, there
exist @ € k[v,t]\ {0} and g; € k[v, t][x] such that @ = g, f; + -+ G, 11.fr41 on Vi
with

deg,, ngz < ( Hd )deg

deg, (@), deg,(g; f;) < ( Hd )( +deg(V)(Zs+iCZ>).
=1

Unfolding the linear combinations in the above identity and taking a non-zero coeffi-
cient with respect to the variables v, we extract a Bézout identity a = g1 f1+- -+ gsfs
on V satisfying the same degree bounds. U

Remark 4.21. The previous results by Smietanski are for polynomials depending
on at most two parameters without common zeros in the affine space. For instance,
let fi,..., fs be polynomials in k[tq,ta][z1,..., 2] \ k[t1,t2] without common zeros
in A"(k(t1,t2)). Set d; = deg(f;), h = max;deg, 4, (fj), and suppose that dy >

- > dgs > di. Set also v = min{n + 1,s}. In [Smi93], it is shown that there exist
a € k[ty,ta] \ {0} and g; € k[t1,ta][x1,. .., zp] such that @ = g1 f1 + - -+ + gs fs with

o deg, (9:fi) <3][ &,
j=1

o degy ;, (a), degy, 1, (9ifi) < H(dj +h)+ 3! ( H dj) (Z C;Z) h.
j=1 j=1 =1

We deduce from Corollary 4.20 the following parametric version of the strong effective
Nullstellensatz.

Theorem 4.22. LetV C A:(t) be a k(t)-variety of pure dimensionr and g, f1, .. €

[
k[t,x] such that g vanishes on the set of common zeros of fi,...,fs in V(k(t))
and deg,(f1) > -+ > deg,(fs) > 1. Set dj = degy(f;) for1 < j < s, h
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maxi<j<s deg;(fj), do = max{1,deg,(g)} and ho = degy(g). Then there exist p € N,
a € k[t]\ {0} and g1,...,gs € k[t,x] such that

agt=gfi+--+gfs onV

min{s,r+1}
enz2( [ 4)des(v),

o deg,(gifi) <4

mln{s r+1}

jO
mi

d;) des
nls } min{s,r+1}
o deg(a),deg.(gifi) < < l_f_1 dj) (h(V) +deg(v)<gzg + Z—H CZ))
=0 —1

Proof. Set W =V x Al | let y be an additional variable and consider

k(t)’
(4.23) L—y%g, fi,..., fs €k[t,x,y.

These polynomials have no common zeros on W (k(t)) and V(1 — y%g) intersects W
properly. We have that dim(W) = r + 1, deg(W) = deg(V) and h(W) = h(V),
thanks to Lemma 3.2. Besides, deg, ,(fj) = d; and deg,(f;) < h for 1 < j < s,
while deg,, , (1 — y¥g) = 2dy and deg,(1 — y%g) = hg. By Corollary 4.20, there exists
a € k[t]\ {0} and g; € k[t][z, y] such that

(4.24) a=9gy(1—y®g) +gifi+-+7gsfs onW
with
min{s,r+1}
dege, (@:f) <2( [[  d)des(v),
J_Omin{s,r+1} min{s,r+1}

deg(a), dege(gif) <2( ] dj)(h<V>+deg<V><2};o+ Z fi)>
j=0

The input system (4.23) lies in the subring k[t, ,y%] of k[t, x,y] and we can suppose
without loss of generality that the Bézout identity (4.24) lies in this subring. Let
gi € k[t, z,y] such that g;(¢,z,y) = gi(t,z,y%). Then

(4.25) a=g01-yg) +ofr+ - +3sfs

Specializing y at 1/¢(t, ) in the above identity and multiplying by a suitable denomi-
nator, we obtain an identity of the form a g" = g1 f1+- - - +gs fs with p = max; deg, (1)

and g; = g™ 9°8y(9) G;(2,1/g). Therefore,

min{s,r+1}

de g
(4.26) )1 = max; deg, (Gi) < maxl{gz’g(gl)} <2( I d)des(v).
i=1
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Besides, deg,,,(9:fi) < deg,,(g;fi) and deg, (i fi) < degy(g;fi). Therefore
min{s,r+1}
degg(gifi) < deg,(9ifi) + degg(g9)max; deg, (1) < 4( 11 dj) deg(V),
§=0
degy(g:fi) < degy(gifi) + degy(g)max; deg, (i)
min{s,r+1} min{s,r+1}
3ho h
<2 di){h d — —
= ( ]HO 9)( V) + eg(v)(zdo * ; dg))’
as stated. O

Remark 4.27. In the previous argument, the use of a differentiated version of the
effective weak Nullstellensatz was crucial. Otherwise, the obtained bounds for the
Noether exponent p would have depended on the degree of g, as for instance in [Bro87],
and the bounds for the height of the g;’s would have been considerably worse.

4.3. Nullstellensatze over Z. In this section we present different arithmetic Null-
stellensatze over Z for polynomials depending on groups of parameters. As before, let
t; = {ti1,...,t1p,} be a group of variables for 1 <1 < m and set t = {t1,...,tn}.
Write also © = {z1,...,2,}.
Theorem 4.28. Let V C A& be a Q-variety of pure dimension r and fi,...,fs €
Z[t, x|\ Z[t] a family of s <+ 1 polynomials without common zeros in Vo) (Q(t)).
Set dj = degg(f;), di,; = degy,(fj) and hy = h(f;) for 1 <j <sand1 <1< m. Then
there exist o € Z[t] \ {0} and ¢1,...,9s € Z[t, x| such that
(4.29) a=gifi+--+gsfs on Vo
with

o deg, (gifi) < (Hd )deg

o degy (a), degy, (9ifi) _(Hd)deg (Z’e for1<1<m,

o h(a),h(g;) + h(f;) < (Hd>< (V)<(3T+7)log(n+3)

—l—Z (hg—Hog (#supp(fe)) +22(51g10g l—l—l))))

Proof. We apply again the construction explained in §4.1 to the ring A := Z[t1, . .., t,,],
the variety V' and the polynomials f;. As a result, we obtain &« € A* and polyno-
mials g; satisfying the Bézout identity (4.29). The bounds for their x-degree and
t;-degree follow from Theorem 4.11, since deg(Vyy)) = deg(V) and he, (Vi) = 0 by
Proposition 2.13(2). So, we only have to bound the height of these polynomials.

We will use the notations introduced in §4.1. Let u; denote the group of coefficients of
the general linear forms ¢; = u; 121+ - - +uj nxy, in (4.4) and set v = {wy,..., Ur41}.
Consider the minimal polynomial E € Z[t, u|[y, z] of z with respect to the map 7o ¢,
primitive with respect to Z[t, u]. We expand it in two different ways as follows:

§
E = 040702’(s + Z Z Oéa,jyazéij = Z aqy®

j=1 aeNr+1 acNr+1
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with aq; € Z[t,u] such that agp # 0 and aq = Zi:o aa’kz‘s_k € Z[t,u,z]. Set
supp(F) = {a : aq # 0} and recall that, for 1 <i <'s,

D> Za((ﬁ(k)ﬁ Y g ) € 2l

Jj=1 a€supp(F

the last sum being indexed by all b € N"*! such that |b| = j, by < ay for 1 < k <4,
by =0fori4+1 <k <r+1andb > 1. The constant o and polynomials g; are
obtained as the coefficient of some monomial in u in ag o and g;, respectively. Hence,

(4.30) h(a) <h(aop) , h(gi)+h(fi) <h(g)+h(fi).

We have
> 11 ( ) < ¥ ¥ () = 2. 2 <dsupp(E) 2B,
7,a,bk=1 acsupp(F) b<a k=1 acsupp(E)

Hence, by Lemma 2.37(1),

(4.31) h(gi)+h(fz-)<ma><a,j{h<%u‘<§€2kbk) 0 fb_1>}

+ h(f;) + log (#supp(E) 2degy(E)).

Set d = (dy,...,ds,1,...,1), 6 = (01,1,-..,015,0,...,0) for 1 <1 < m and h =
(hi,...,hs,0,...,0). Using Lemma 2.37(2),

r+1
(4.32) h(aa’j ( H szb’“> f f ) < h(aq;) + |allog(n)
k=1

+ (h—e;,a) + (d,a)log(n + 1) +Z (61, @) log(p; + 1),
=1

since log ||[x||1 = log(n), log||fj|l1 < h(f;) + djlog(n+ 1)+ > %, & ;log(pi + 1) and
b<a.

By Lemma 4.8, E € Z[t, u, z][y] is a primitive and squarefree polynomial defining
the closure of the image of the map ¢ in (4.10). Hence, we can apply Theorem 3.15
to bound its partial degrees and height. We have deg,(q;) = dj, degy,(q;) = 0;; and
h(gj) = hjfor 1 < j < s while deg,(q;) = 1, degy, (¢;) = h(g;) =0for s+1 < j <r+1.
The partial degree of ¢; in the group of (r+1)n+1 variables uU{z} is equal to 1. Set
D= szl d;. Then, a direct application of Theorem 3.15 gives, for all a € supp(F£),

(4.33) (d,a) < Ddeg(V) , deg, (aa)+(01,a) < Ddeg(V)Z(Z’Z

=

for1<i<m

and

s

h(aa) + (h,a) < D(RV)+ deg(V) (log(r+2) + Y - (e log (#supp(f) +n-+2)
(=1

+ Z(Sm log(p; + 1)) +(r+1—s)log(n+2)+ (r+1)log((r+1)n+ 2)>>
=1
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Using the inequalities log (#supp(fe) + n + 2) < log (#supp(fe)) + log(n + 3) and
log((r + 1)n+2) < 2log(n + 1) together with
log(r+2)+slog(n+3)+(r+1—s)log(n+2)+2(r+1)log(n+1) < (3r+4)log(n+3),

we deduce

(4.34) h(og) + (h,a) < D(E(V) + deg(V) ((3r + 4)log(n + 3)

+Z <he+10g #supp(f¢)) +Z5”10gp’+1)>>>

=1
Moreover, we get from (4.33) that

log (#supp(E) 2degy(E)) + |a|log(n) + (d,a) log(n + 1) < 3D deg(V)log(n + 2).
The statement follows from (4.30), (4.31), (4.32), (4.34) and this inequality. O

Theorem 0.1 in the introduction follows from the case m = 0 in the previous result,
noticing that for a polynomial f € Z[z] of degree d it holds #(supp(f)) < (n + 1)%.

Example 4.35. Let dy,...,d,, H > 1 and set

do—1 d
fl_lllufZ_xle —SC22,
d 1 dn—1
st =T xy T —x)  fr = e 1x — H e Z[x1,...,x).

It is a system of polynomials without common zeros in Q". Theorem 4.28 implies that
there is a Bézout identity o = g1 f1 + -+ - + gn frn. With deg(g;f;) < dy---d, and
On the other hand, let © be an additional variable and consider the specialization of
any such identity at x; = ; with

"= HdQ'“dn_l udQMdnila cees In—1 = Hudnilfyn = 1/“
We obtain a = g1(V1,..., Y1, 1/u) HIdn-1 ydidn=di = From this, we deduce the
lower bounds

deg, (g1f1) >d1---d,, , log(a)>dyi---dy_1log(H).
Hence, the height bound in (4.36) is optimal up to a term of size O(nlog(n)d - - - d,).
We next analyze Example 4.18 from the point of view of heights.

Example 4.37. Let V' C Ag be a Q-variety of pure dimension 7. For 1 < j <r+1
and d; > 1, consider again the general n-variate polynomial of degree d;

Fj = Z Uj’awa S Z[uj][ml, e ,{L‘n].
la|<d;
It follows from Example 4.18 that there exist A € Z \ {0} and ¢; € Z[u][z1,...,zy]
such that
AResq, . a (V) =giF1 +- -+ grp1Fry1 onV
satisfying the degree bounds in (4.19). For the height, we have that deg,(F}) = d;,
h(F}) = 0 and log(#supp(Fj)) < djlog(n+1). Furthermore, 0; ; = deg,, (F;) equals 1
if I = j and 0 otherwise. Theorem 4 28 then implies
r+1

h(ReSdl,..‘,dr-Fl( < < H de) ( (6r 4+ 10) log(n + 3) deg(V))
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The following result is a partial extension of Theorem 4.28 to an arbitrary number of
polynomials. For simplicity, we state it for polynomials not depending on parameters.

Corollary 4.38. Let V. C Ay be a Q-variety of pure dimension v and fi,...,fs €
Z[x] \ Z without common zeros in V(Q) such that V(fs) intersects V properly. Set
d; = deg(f;) for 1 < j <s. Assume that di > --- > ds_1 and that ds is arbitrary.
Set also h = maxi<j<s—1h(f;) and hs = h(fs). Then there exist « € Z \ {0} and
J1s---,9s € Z[x] such that o« = g1 f1 + -+ + gsfs on V with

min{s—1,r}
e deg(gifi) < ( H dj) deg(V),
j=1
min{s—1,r} min{s—1,r}

e b(a)hig) +h(f) < (& [T &) (Rv)+ deg(V)(Zs . CZ
J=1 3 =1

+ (6r +9) log(n + 3) + 3rlog(max{1, s — r}))) :

Proof. The proof follows closely the lines of that of Corollary 4.20. If s < r + 1, the
result follows from the case m = 0 in Theorem 4.11. Hence, we only have to consider
the case s > r + 2. Set

?j = fj + 'Uj,lfr—i-l +---+ Uj,s—r—lfs—l for 1 < J <r, ?T_H = fs
for a group v = {v;;};; of p := r(s —r — 1) variables. It is a system of polynomials
without common zeros in Viy(,)(Q(v)). We have that deg,(f;) = dj, deg,(f;) =1
and h(f;) < h for 1 < j <r while deg,(f, ;) = ds, deg,(f, 1) = 0 and h(f,) = hs.

By Theorem 4.28, there are @ € Z[v]\ {0} and gl € Z[v,x] such that a = gy f; +- -+
Ir+1fr1 on V@(;) with degg(7;f;) < (ds H] 1 dj) deg(V) and

h(@), h(g;) +h(7 (Hd)( )+ deg(V) (- (s -+ log(esmp(£.)

1
+ -

(h + log(#supp(f,)) + 2log(p + 1)) + (3r + 7) log(n + 3)))

Q.

We have that log( +1) < log(n + 2) +log(s — r) and #supp(f,) < (s —r)(n + 1)%
for 1 < ¢ <7 while #supp(f,,1) < (n + 1)%. Therefore,

(4.39) h(@),h(g,) + h(F;) < (ds IId)( HEQVXZS+§:£?H%bgsﬂ
=1

+ (67 + 8) log(n + 3)))
Set gi=9g;for 1 <i<r, g =>1_1Viwgrforr+1<i<s—1andgs=79,.q, then
(2 k=1 ) k r+1

(4.40) afit A gsfs=afi+ 4+ G afrp=a

with h(g;)+h(f;) < maxp{h(gs)+h(f;)}+log(r) for all i. By taking the coefficients of
a suitable monomial in v, we extract from (4.40) a Bézout identity o = g1 f1+- - -+ 9sfs
on V. By (4.39), these polynomials satisfy the stated degree and height bounds. [

We finally prove the arithmetic strong Nullstellensatz presented in the introduction.
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Proof of Theorem 0.2. We use the same notations of the proof of Theorem 4.22 for k =
Q and p = 0. The proof of this corollary already gives the stated bounds for the degree
of the ¢;’s and the exponent u. Hence, it only remains to bound the height in the
identity agh = g1f1 + -+ gsfs on V.

Corollary 4.38 applied to W =V x Al and 1 —y%g, f1,..., fs and Lemma 3.16 imply

= ho min{s,r+1} I
(441) 1), 1(3,) + 1) < 200 D(RV) +de(V) (404 > 0
(=1
+ (6r + 15)log(n + 4) 4+ 3(r + 1) log(max{1, s — T}))),

with D := H?}:i?{s’rﬂ]’ dj. From this, we deduce the bound for the height of . Let g;
be as in (4.25). If we write g; = 3, Qa ;% then g; = Day 0rg ja®gmexiidee, (@)}=7,

Using Lemma 2.37 we deduce that
h(g:) < maxq,;{h(aq, @114 @I77)} 4 log (#supp(F:))
< h(g;) + max;{deg, (1) }(ho + log(n + 1)do) + log(#supp(gi))-

Observe that h(g;) < h(g;) and #supp(G;) < (n + 2)%8=s(3) Moreover, deg, (i) <
2D deg(V) and deg, ,(gi) < 2doD deg(V), as shown in the proof of Theorem 4.22.
Therefore, h(g;) + h(f;) is bounded above by

h(g;) + h(f;) + 2D deg(V)(ho + log(n + 1)dy) + 2doD deg(V) log(n + 2)).

The stated bound for h(g;) + h(f;) follows from this and (4.41). O
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