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1 Introduction

1.1 Overview

This paper is the third of a series which started with [7, 8]. In the first paper of the series
we analyzed a numerical algorithm for computing the number of real zeros of a polynomial
system. This algorithm works with finite precision and the analysis provided bounds for both
its complexity (total number of arithmetic operations) and the machine precision needed to
guarantee that the returned value is correct. Both bounds depended on size parameters for
the input system f (number of polynomials, degrees, etc.) as well as on a condition number
k(f) for f. A precise statement of the main result in [7] is Theorem 1.1 therein. To the best
of our knowledge, this theorem is the only result providing a finite-precision analysis of a zero
counting algorithm. Consequently, as of today, to understand zero-counting computations
in the presence of finite-precision appears to require an understanding of x(f).

Unlike the aforementioned size parameters, the condition number k(f) cannot be read
directly from the system f. Indeed, it is conjectured that the computation of x(f) is at
least as difficult as solving the zero counting problem for f, so we need a much depper
understanding of &(f). In the second paper of the series [8], we attempted to provide
such an understanding from two different angles. Firstly, we showed that a closely related
condition number &(f) satisfies a Condition Number Theorem, i.e., k() is the normalized
inverse of the distance from f to the set of ill-posed systems (those having multiple zeros).
The relation between the quantities x(f) and %(f) is close indeed (see [8, Prop. 3.3]):

HU) < 5y < Ve ().

vn
Secondly, we used this characterization, in conjunction with a result from [6], to provide a
smoothed analysis of K(f) (and hence, of x(f) as well). A smoothed analysis of the com-
plexity and accuracy for the algorithm in [7] immediately follows. Details about smoothed
analyses and distance to ill-posedness can be found in the introduction of [8].

As a consequence of the smoothed analysis of K(f) one immediately obtains an average-
case analysis of this condition number. One is left, however, with the feeling that the
bounds thus obtained are far from optimal. Indeed, these bounds follow from a result which
is general in two aspects. Firstly, it is a smoothed analysis (of which usual average analysis
is just a particular case). Secondly, it is derived from a very general result yielding smoothed
analysis bounds for condition numbers satisfying a Condition Number Theorem and stated
in terms of some geometric invariants (degree and dimension) of the set of ill-posed inputs.
The question of whether a finer average analysis can be obtained by using methods more
ad-hoc for the problem at hand naturally poses itself.

In this paper we show that such bounds are possible. Loosely speaking, the average
analysis in [8] shows a bound for a typical &(f) - or k(f) - which is of order D? where D
is the Bézout number of f. Here we show that v/D is a more accurate upper-bound. This
improvement is meaningful, since D increases exponentially with n. Our main result implies
that if the maximum degree D remains bounded as n grows, E(Inx(f)) is bounded from
above by a quantity equivalent to In(D'/?), which according to the Shub-Smale Theorem,
see [19], equals the logarithm of the mathematical expectation of the total number of real
roots of the polynomial system. More precisely,

: E(ln £ (f))



No non-trivial lower bound has been obtained for the time being as far as we know.
We next proceed to set up the basic notions and notations enabling us to state the above
in more precise terms.

1.2 Basic definitions and main result

For d € N we denote by H, the subspace of Rz, ..., z,] of homogeneous polynomials of
degree d and, for d := (dy,...,d,), we set Hq := Hq, X --- X Hg,. We endow Hy with the
Weyl norm which is defined, for f € Hqy, f(z) = EU\:d ajz?, by

[\v]

a

£ = > ﬁ
lil=d \J
where z = (zg,...,2n), 5 = (jos---sJn)s 7] = jo+ -+ jn, 2/ = :céou':c{f and (j) =

ﬁ We then endow Hq with the norm given by

A1l = max [l fillw-
For f = (f1,..., fn) € Ha, as in [7], we define the following condition number
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Ii(f) = ;1’61%}5 min {N:norm(fv .’E), Hf(x)|oo}

with
fnorm (f, ) = V|| fIl | Da(£) 71 M|

Here

D, (f) = Df(x)|r,sn is the derivative of f along the unit sphere S™ C R"*! at the
point z, a linear operator from the tangent space T,,(S™) to R™,

Vi

M = is the scaling n x n diagonal matrix with diagonal entries

Vd,

the square roots of the degrees d; = deg(f;),

the mnorm | D,(f)"'M]| is the spectral mnorm, i.., the operator norm
max{||D.(f) ' M yll2;y € S",y L x} with respect to || ||,

| f(2)|looc = maxi<i<n |fi(z)| denotes as usual the infinity norm.

We next impose the probability measure on Hq defined by Eric Kostlan [15] and Shub-
Smale [19]. This measure assumes the coefficients of the polynomials f; = Z‘ jl=ds ay)xj are
independent, Gaussian, centered random variables, with variances

wot=()



For this distribution, and for z,y € R**1 1 < i, k < n, covariances are given by (see Lemma
2.2 below)

E(fi(x) fr(y)) = dix (2, y) &

where ;1 is the Kronecker symbol.

This probability law is invariant under the action of the orthogonal group and permits to
perform the computations below, which appear to be much more complicated under other
distributions not sharing this invariance property.

To state our main results a number of quantities will be useful. We use the notation

D= max d;, D:ﬁdi, N:—dide—Zn:<n+di).

1<i<n n
- i=1 i=1

We note that D is the Bézout number of the polynomial system. We may assume here that
d; > 2 for 1 < i < n since otherwise we could restrict to a system with fewer equations and
unknowns. Notice that N < nP+2,

We are now ready to state our main result.

Theorem 1.1. Let the random system f satisfy the conditions of the Shub-Smale model
and assume n > 3. Then,

(i) For a > 4V/2D?n"/2N'/2 one has
V2n(1 + In(a/v/2n))"/?

P(k(f) >a) < K, .

where K,, := 8D2DY/2 N1/2p5/2 4 1,

(ii)
E(lnx(f)) <InK, 4+ (InK,)"? + (InK,)"/? + %111(271).

In fact we are going to prove the corresponding result for the alternative quantity x(f)
already considered in [8], since it will enable us to use .2 methods, which are more adapted
to the type of calculations we will perform. We recall that

K= — £l
(mingesn {I1D,(/)~ M= + /@) 3})

where [|fllf, = Yi<icp Ifillfy is the Weyl norm of the system and |[|f(z)[* :=
> <icn fi(x)? denotes the usual Euclidean norm. As we have already mentioned, we have

%\(/D < k(f) < V2n K(f). Also, as a consequence of [8, Th. 1.1], K(f) satisfies ®(f) > 1 for

n —

all f e Hqg.

1/2

We will therefore obtain Theorem 1.1 as a direct consequence of the following result.

Theorem 1.2. Let the random system f satisfy the conditions of the Shub-Smale model
and assume n > 3. Then,



(i) For a>4D?n3*N'/2 one has

(1+1Ina)'/?

P(R(f) > a) < K, -

where K,, := 8D2DY2 N1/2p5/2 1 1,

(ii)
E(ln&(f)) <InK, + (InK,)Y? + (In K,,)~ /2.

Theorem 1.1 follows from P(k(f) > a) < P(&(f) > a/v2n), since &(f) > a = R(f) >
a/ﬁ.

The proof of Theorem 1.2 is given in Section 2. It requires a certain number of auxiliary
results. With the aim of isolating (and in this way highlighting) the main ideas, we will
postpone the proof of these auxiliary results to Section 3, though stating them as needed in
the text. This will be indicated by the symbol { at the end of the statement.

1.3 Relations with previous work

Probably the most successful combination of algorithmics, conditioning, and probability
occurs in the study of complex polynomial systems (a setting similar to ours but with the
coefficients of the polynomials now drawn from C and considering projective complex zeros).
This study spans an impressive collection of papers, which began with [18, 19, 20, 21, 22]
and continued in [3] and [17, 4]. The final outcome of these efforts is a randomized algorithm
producing an approximate zero of the input system in expected time which is polynomial
in the size of the system. The expectation is with respect to both the random choices in the
algorithm and a probability measure on the input data.
The condition number of a system f in this setting is defined to be

norm = max norm\J,§ /-
Hnorm (f) = max  norm(f )

Here pinorm (f,¢) is roughly the quantity we defined above. Over the reals, it may not be
well-defined since the zero set of f may be empty. If one restricts attention to the subset
Ra C Hq of those systems having at least a real zero one may similarly define a measure
Iworst (f), maximizing over the set of real zeros. This has been done in [5] where bounds
for the tail and the expected value of piworss(f) are given. These bounds are very satisfying
(for instance, the tail ]P’(uworst > a) is bounded by an expression in a2, a fact ensuring the
finiteness of E(piworst(f))). The measure pyorst(f), however, is hardly a condition number
for the problem of real zeros counting, not even restricted to the subset Rq. To understand
why, consider a polynomial as in the left-hand side of the figure below.



~/S NS

For this polynomial one has piyworst = 00.

An upward small perturbation (as in the right-hand side) yields a low value of pworst-
This value admits a finite limit when such perturbations are small enough! The measure
Hworst (f) appears to be insensitive to the closeness to ill-posedness. This runs contrary to
the notion of conditioning [12, 13, 16, 23].

A condition number p*(f) for the feasibility problem of real systems (which, obviously,
needs to be defined on all of Hq) was given in [9] by taking

* (ES{}F}I&):O“HOrm(f,C) if f € Rq
= 1Al

max
zes™ || f(2)]

As of today, there is no probabilistic analysis for it.

otherwise.

2 Proof of Theorem 1.2

The proof relies on the so-called Rice Formula for the expectation of the number of
local minima of a real-valued random field. This is described precisely in Step 2 below.
Previously, in Step 1, we use large deviations to show that for large n, except on a set of
small probability, the numerator || f||yw in %(f) is nearly equal to N'/2. Steps 3, 4, and 5
estimate the different expressions occurring in Rice formula. Finally, Step 6 wraps up all
these estimates to yield the upper bound for the density and Step 7 derives from it the
bounds claimed in the statement of Theorem 1.2.

During the rest of the proof, we set L = L(f) := mingegn{||Ds(f)"*M||72 + || f(x)|3} so
that %(f) = || fllw/+/L. We observe that

1D (f)" M| ™" = omin(M ™D, (f)) = min{||M Do (f)y] 1y € S™,y L a},
(where op,in denotes the minimum singular value), and therefore

L =min{| M~ Do (f)yll* + | f ()3 : 2,y € S"y Lz}



is the minimum of the random field {L(x,y) : (z,y) € V'} where

L(z,y) = [M'D.(f)yll* + I f ()3,
= Y[ X gh@asm | + Y ) 1)
i=1 * \j,k=0 i=1
and V= {(z,y) e R" xR 2| = [|ly|| = 1, (z,y) = 0}.

Here y = (Y0,...,yn) and, for 1 < i < n and 0 < j < n, 9;fi(z) denotes the partial
derivative of f; with respect to z; at the point z.

Step 1. Our first step consists in replacing the Weyl norm in the numerator of K(f) by a
non-random constant, at the cost of adding a small probability, which will be controlled
using large deviations.

Let a > 1. We have

L 1
71 = @
We bound the second term in the right-hand side above using the following result that will
be proved in Section 3.

P(R(f) > a) —IP( > <P <L< (112(1+1na)N> +P(||f||%v > (1+lna)N).

Lemma 2.1. Set

Ni=dimHg =Y (n J;Ld’)

i=1
Then, for n >0,
P (If1f 2 (L) <o Bimmo

Therefore, setting 7 = In a, we obtain

P(%(f) > a) <P (L < %(1 + lna)N) +exp (—];[(lna —In(lna + 1)) . 2)

The second term in the right-hand side above can be easily estimated. We therefore turn
our attention to the first. Given o > 0, we want to compute an upper bound for

P(L<a).

Step 2. Our second step consists in giving a bound for the density function py(u) of the
random variable L, i.e. such that

PlL<a)= [ putu)dn

since L is non-negative. We recall that the quantity L is the minimum of the random field
{L(z,y) : (z,y) € V}, for L and V defined in Formula (1).



Notice that V is the Stiefel manifold S(2,n + 1), a compact, orientable, € *°-differentiable
manifold of dimension 2n — 1, embedded in R"*! x R™*'. For each linear orthogonal
transformation U of R™*!, define U : V — V| (z,y) — (Uz,Uy), and denote by U the set
of these U provided with the group structure naturally inherited from the orthogonal group
in R"*!. Then U acts transitively on V.

At a generic point (z,y) of the manifold V, the normal space N(, (V') has dimension

(2n+2) — (2n — 1) = 3, and is generated by the orthonormal set {(z,O), 0,9), %(y,x)}

Therefore, if {22,...,2,} C R"™! is such that {x,¥y,22,...,2,} is an orthonormal basis of
R™+1 the set

BT(wyy) = {(223 0)7 R (vao)a (0722)7 RN} (03 Zn)’ i(y’ 1’)} (3)

\V)

is an orthonormal basis of the tangent space T, (V).

We denote by oy (d(:c,y)) the geometric measure on V' (i.e. the measure induced by the

Riemannian distance on V'), which is invariant under the action of the group U. The total
measure satisfies
ov (V) = V20,10, (4)

where oy, = 2n*+1/2 /T ((k +1)/2) is the total k-th dimensional measure of the unit sphere
Sk, see for example [2, Lemma 13.5].

For @ > 0 and S a Borel subset of V', we denote by m,(L,S) the number of local minima
of the random function L on the set S, having value smaller than a. Clearly:

P(L < o) =P(ma(L,V) 2 1) < E(ma(L,V)). (5)

Our aim is to give a useful expression for the right-hand side of Formula (5). For that
purpose, let us set for each Borel subset S of V, v(S) := E(ma(L, S)) Clearly, v is a
measure. The invariance of the law of the random field {L(x,y) : (x,y) € V} under the
action of U implies that v is also invariant under u.

Let ¢ : Bay_15 — R"! x R"! be a chart on V, that is, a smooth diffeomorphism
between the ball in R?"~! centered at the origin with radius § > 0 and its image
W = @/J(Bgn_175) cV.

We denote by L : Ban—1,5 — R the composition L(w) = L((w)).

As we already mentioned, our main tool is Rice formula, of which we now present a quick
overview:

Let U be an open subset of R” and Z : U — R™ a random function having sufficiently
smooth paths. Let us denote by vZ(S) the number of zeros of Z belonging to the Borel
subset S of U. Under certain general conditions on the probability law of Z, one can
compute the expectation of vZ(S) by means of an integral on the set S. The integrand is a
certain function depending on the underlying probability law.



The simplest form of such a formula is the following:

E(/7(S)) = /S E(|det(Z'(1))]/Z(t) = 0) p(e)(0) di (6)

One must be careful in the choice of the version of the conditional expectation and the
density pz()(-) of the random vector Z(t), since they are only defined almost everywhere.
But this can be done in a certain number of cases in a canonical form, in such a way that
the formula holds true.

This kind of formula can be extended to a variety of situations, such as: a) the zeros of Z
can be “marked”, which means that instead of all zeros, we count only those zeros satisfying
certain additional conditions; b) the domain can be a manifold instead of an open subset of
Euclidean space; ¢) one has formulas similar to (6) for the higher moments of vZ(S); d) the
dimension of the domain can be larger than the one of the image, in which case the natural
problem, instead of counting roots, is studying the geometry of the random set Z~1({0}).
For a detailed account of this subject, including proofs and applications, see [2, Chapters 3
and 6].

Here we want to express by means of a Rice formula the expectation

v(S) = E(ma(L,S)) = E(ma(L,v~1(5)))

In our case, with probability 1, ma(z,wfl(S)) equals the number of points w € 1 ~*(S)
such that the derivative L'(w) vanishes, the second derivative L”(w) is positive definite
and the value L(w) is bounded by «. Then, under certain conditions, we can write (use |2,
Formula (6.19)], mutatis mutandis):

v(S) = E(ma(L, 8)) = E(ma(L, v (5)))

:/O du/d)_l(s)IE(|det(f/’(w))|X{Z,,(w)>0}/z(w) = u, I (w) :o) PE () ) (45 0) dzu.)
7

Here x4 means indicator function of the set A, > means positive definite, PE(w), I/ (w) is the
joint density in R' xR?"~! of the pair of random variables (z(w), f/(w)), and dw is Lebesgue
measure on R?"~!. Note that in the chart image, doy = (det ((w’(w))tw’(w)))l/Zdw.

In [2, Proposition 6.6] it is proved that if the integrand in Formula (7) were well-defined
then the change of variable formula would be satisfied, so that v(S) would be the integral
of a (2n — 1)-form. In that case, Formula (7) would already imply that the measure v is
finite and absolutely continuous with respect to oy, so that one could write for each Borel
subset S of V/

uS) = [ gdov

for a continuous function g. Let us prove that in that case the Radon-Nikodym derivative
g would be constant. To see this, notice that oy is also invariant under ¢/ and the action of
this group is transitive on V. If g takes different values at two points (z1,y1) and (z2,y2)



of V, letting U € U be such that ﬁ(xl,yl) = (22,¥2), we can find a small neighborhood S
of (z1,y1) such that

/gdo’v # [ gdov,
s T(S)

contradicting the invariance of v.

We could then compute the constant g by computing it at the point (eg,e1). We choose the
chart v in such a way that (0) = (eg,e1) and (w’(O))tw’(O) = I5,—1 and compute

g =t A Bonr))
e—0 oy (w(BQn—l,E))

- /O IE<|det(f”(O))|X{i,,(0)>0}/|f(0) —u, I'(0) = o) PE0).r(0) (4 0)

So, if Formula (7) were true, it follows that we could write

v(S) = oy (9) /0 "k (1det(Z"(O))]X (o (oyr-0/L0) = u L'(0) = 0) b o) 71 (1,0) . (8)

However, if one computes the ingredients in the integrand of the right-hand side of For-
mula (7), it turns out that the value of the density is 400 and the conditional expectation
vanishes. So, the formula is meaningless in this form.

To overcome this difficulty we proceed as follows:
Let S(yy) = span(za,...,2,) C R""! be the orthogonal complement of span(z,y) C R**!

and 7, : R"™! — S, .y be the orthogonal projection. For (z,y) € V, we introduce a new
random vector (. ) defined as

2

(o) = ((Wz,y(fé(x)),ayyfi(m)),1 <i< n) € (S@y xR)" = R™, (9)
where for 1 <1 < n, f/(x) is the free derivative (the gradient) of f; at x, the first (n — 1)
coordinates are given by the coordinates of the projection of fi(x) onto S(, ) in the or-

thonormal basis {z2, ..., 2, } and the n-th one is the second derivative in the direction y at .

Then, instead of Formula (7) we write the formula

E(ma(L, S)) :/ du/ dw/ E(|det(i“(w))| X(Erwyop | Lw) =,
0 P=1(9) (Sy(wy XR)™

L'(w) = 0, Cp(w) = z) 'pz(w)’z,(w)7gd)(w)(u,0,z) dz.
(10)

Formally, Formula (7) is obtained from Formula (10) by integrating in z.

To prove the validity of Formula (10) one could follow exactly the proof of [2, For-
mula 6.18] if the random field {L(x,y) : (z,y) € V} were Gaussian. This is not our

10



case. However, it is in fact a simple function of a Gaussian field, namely it is a quadratic
form in the coordinates of f and its first derivatives as shown in Formula (1). It is
then easy to show that Formula (10) remains true as it is done for the general Rice
formulas in [2, Ch. 6, Section 1.4]. This requires proving: (a) the existence and regularity of
the density PL(w), L’ ()¢ ) (u,0,2) and (b) with probability 1, 0 is a regular value of L' (w).
(a) is contained below in the present proof (see Step 4). As for (b), once the regularity of
this density will be established, it follows in the same way as [2, Proposition 6.5 (a)].

So, using exactly the same arguments leading to Formula (8) we get:

E(mq(L,V)) = av(V) /a du/(s ., E (| det(Z"(0))] - X (2 -0y / L(O) =
0 p(0) XR)™

L'(0) =0, Cyo) = z) “PL(0),2/(0).Cgoy (U0 05 2) d2.

Finally, taking into account Inequality (5) we can conclude that:

pL(u) < oy (V) E (] det(Z"(0))] - X zoopoy / L(0) = u,
(Sw(o)XR)" (11)

L'(0) = 0,Cy0) = z) "PE(0),2/(0).Co o) (u,0,2) dz.

Step 3. For the rest of the proof we fix the following orthonormal basis Br (given in (3))
of the tangent space T : =T,

Br = ((62,0)7 ooy (en,0),(0,€2),...,(0,en), %(617 —eo)). (12)

Let us recall that in the right-hand side of Inequality (11) the values of L(0), L'(0), L”(0)
are computed using a chart ¥ of a neighborhood of (eg,e1) such that (0) = (eg, e1) and
the image by v’ of the canonical basis of R2*~! is an orthonormal basis of the tangent
space T, that we set to be Bp.

We introduce, for (z,y) € V, the gradient VL(z,y) which is the orthogonal projection of
the free derivative L'(x,y) onto the tangent space T{, ,) and is obviously independent of the
parametrizations of the manifold V. One can check by means of a direct computation that

t

VL(eo,er) = L'(0)(4'(0))".

Then, using the change of variables formula for densities and the fact that (¢'(0)) ¢'(0) =
15,1, we have:

pi(O),z’(O)}Cw(o) (U, 07 Z) - pL(Eanl)’Vz(ef)ael)’((eo,q) (U7 07 Z)
Notation. To simplify notation, from now on we write f; (resp. Okf; and Okefi,

0 <k, <mn) for fi(eg) (resp. Ok fi(eo) = %(eo)7 Orefileg) = %(eo), 0<k¢<n). In

11



the same spirit we write L for L(eg,e1) = L(0), VL for VL(eg,e1) and L” for L"(eq, e1).
Finally we write ¢ for ((eg,e1) and S for S, ¢,)-

Under this notation, Inequality (11) becomes:

(}det ’ X{L'/>0}/L—u VL =0, C—z)pLVLC(qu) dz.
(13)

pr(u) < UV(V)/

(SxR)™

According to the definition of L(x,y) in (1) we have

L= Z (01 f)% + Zf?, (14)
and, from Definition (9),

Ci="Cegrer = ((Oafi, ..., Onfi, 001 fi), 1 <i <) € R™ . (15)

We also set [VZ]BT = (&, .., &, M2, - -+, Mn, 0) Tor the coordinates of the gradient VL in
the basis Br.

Using that the (free) partial derivatives of L at (eg, e1) are given by

n

oL
—(eo,q):Z (O fi) (01£:) +Z2f1 Onfi) for 0<k<n

Oy, i=1 i=1

oL "2

—(eg,e1) = — (01 £:)(Oef;) for 0<{<n,
8yg(° 1) ;di(lf)( o fi)

we obtain

(91 1:)(0uf:) +2Zfzafz 2<j<n,

=1

&‘;—A

& = (L'(eo, e1), (e,0)) =

M: i M:

= <L/(€0,61), (O’ej» dl(alfzxa fz) 2<j<m,
0= (L'(eq,e1),27 (e, —eq)) (16)
B ﬁ[z %wlfi)(aﬂfi) + Zfi(alfi)] - \@Z %(%fi)(@fi)

—\[Z (01fi)(O11.f3)-

Here, (, ) denotes the usual inner product in R"™! x R™"*! and the last equality in (16)
follows from the equalities 0y f; = d; f; for 1 < i < n which are easily verified.

Step 4. In this step we focus on the term p, o7 C(u, 0,z) of (13). To this aim we factor
this density as '

vavLC(u,O,Z) = qL,VZ/CZZ(U,O)-pg(Z) (17)

12



where q; o7 /. (u,0) denotes conditional density.

To study the two terms in the right-hand side of (17), we need a lemma containing the
ingredients to compute the distributions and conditional expectations appearing in our
proof.

Lemma 2.2. Let f € R[Xy,...,X,] be a homogeneous random polynomial of degree d.
Assume that f follows the Shub-Smale model for the probability law of the coefficients, i.e.
the coefficients of the polynomial f = Zm:d a; X7 are independent, Gaussian, centered
random variables with variances
Var(a;) = (d)
J i)

o For z,y € R the covariances satisfy

E(f(x)f(y)) = (z.y)? Va,y e R™,

where { , ) is the usual inner product in R™ 1.

Then

Moreover, if eg := (1,0, ...,0) is the first vector of the canonical basis of R"*1 and we write

f (resp. Onf and Oref, 0 < Kk, < n) for f(eog) (resp. Orf(eo) = aazk (e0), Okef(eo) =
%(eo), 0 <k, <n), we get the following covariances:

o E(forf)=0rod for 0<k<n.
E((Ocf)( Ok f)) = Orrr [d + Orod(d — 1)] for 0 <k, k' <n.
E (f(Okef)) = dedrod(d — 1) for 0 <kl <n.
E(

(Oke f)(Orr f)) = d(d — 1) [(d — 2)0000k00kr0 + OkoSkre + Geodrrr| for 0 <k, k' £ <n.

E((Oref)@we /) = d(d = 1){(d = 2)(d = 3)5k0dewdwodero + (d = 2)[Srodwodeer +
6100200k + 0100000k ¢ + 0000000k | + Ok Seer +6k€’5k’é} for 0 < kK, 0,0 <n. &

We proceed with the study of the two terms in the right-hand side of (17).

Computation of pc(z): By Lemma 2.2, the n? coordinates of ¢ in (15) are independent
Gaussian centered random variables satisfying that Var(9y f;) = d; and Var(011 f;) = 2d;(d; —
DNforl1<i<nand2<k<n.

Although we are not going to use the exact expression in the sequel, we can immediately
deduce for z = ((2i2, - - -, Zin, 2i11), 1 <4 < n) that

1 1 1 — 2 22 z
1 211
exp | —= g — +
271-)”2/2 Hz ) dE" 1)/21—[ (2d (d; 1))1/2 2 4 d; 2d;(d; — 1)

pc(z) = (

Computation of q, Vi/ces (0): We factor it as follows:
qL,vZ/czz(“vO) = qL/vE:o,g:z(U) 'qvi/<=z(0)'

13



Remembering that (VE)BT = (&2, &ns M2y -+ s M, 0), WE can write qvi/czz(o) as

qvi/c:z(o) = (€2, (200 0)=0, ¢=2(0) * d(ma....mn0)/¢=2(0)-

First we compute q(y,,... n,.,0)/¢c==(0). The condition ¢ = z says that for 1 < i < n and
2<j<n, 0;fi = z; and 011 fi = zi11. Therefore, from Identities (16), we have

— n —_
_2_, 2,

2 M \/E 12 m n2 T

Vi : : n—1
Cl=Ae | | where A(R)=| o, 2 L)
M 81.fn Vi In Vd,, “nn

dn
e Vil \/Ld%zlll \/%anl 1

is non-singular for almost every z € R™. Applying again Lemma 2.2, 9 f;/v/di, 1 <i < n,
are independent standard normal random variables that are independent from (. By the
change of variables formula, we get

0) = ! !
Ungseecinn.0)/c==(0) = (2m)n/2 ' |det A(2)]

Now we compute qe,.....e,)/(n2,....nn,0)=0,c==(0). Since A(z) is non-singular for almost every
z, the condition 75 = ... =1, = ¢ = 0 implies 01 f; = 0 for 1 < ¢ < n. Therefore, from
Identities (16) and since ¢ = z, we have

&2 fi Z12 ... Zn2 1
=2B(z) , where B(z)= n—-1 .
Again, f1,...,f, are independent standard normal variables independent from
(M2, -y Mn, 0,¢) and thus
1 1

d(&2,...60)/ (M2, ,0)=0, g:z(O) = (271.)(7171)/2 ’ 2n71(det(B(Z)B(z)t))l/2’
where B(z)! denotes the transpose of the matrix B(z).

We therefore obtain

Uvic=-(0) = o)/ areemn)=0, ¢=2(0)  Alnss..cimn,0) /c=2(0)
1

(2m)"=32n=1| det A(z)|(det(B(z)B(2)1))1/2

Finally we compute qL/Vz:O’C:Z(u). The conditions VL = 0 and ¢ = z imply by (18) and
(16) that 01 f; = 0 for 1 <4 < n and Z?Zl fizij = 0 for 2 < j < n for almost every z .
Plugging the former into (14) we get

L=3 72
=1

14



and the latter says that the vector (f1,..., f,) is orthogonal to the (n — 1)-dimensional
subspace S spanned by the n — 1 vectors (z1j,...,%n5), 2 < j < nm. This shows that
f2+ -+ f2, the square of the distance of (f1,..., f,) to S, has the y?-distribution, since
the property of being a vector of independent standard normal variables is independent of
the choice of the orthonormal basis. So, for u > 0,

e—u/Q

U vi—o, c=-(¥) = N

We therefore obtain

qL,VE/(:z(u’O) = qL/Vi:o,c:z(u) : qvi/c:z(o)
—u/2
e

(2m)n2n—1| det (A(z)) |(det (B(Z)B(Z)t))l/Q \/ﬂ

Plugging this expression into Identity (17) we obtain

—u/2
e
P, o7 (u,0,2) = - pe(2). (19)
Ve (2m)m2n—1| det (A(2))|(det (B(2)B(2)1))"* va
Step 5. In this step we focus on the conditional expectation
E (| det(Z")| - X(zuoy /T = w, VL = 0,¢ = 2) (20)

in the integrand of (13). We obtain the following expression for L” under the stated
conditions.

Lemma 2.3. Let M be the symmetric block-matrix REr=1x@n=1) of the linear operator
L", under the conditions L = u,VL = 0 and £ = z. Let f* be any solution of the system
S fizi;=0,2<j<n,and Y], f2 =u. Then

n—1 n—1 1
Moa MO’T Ma@ n—1
M = MTO' MTT MT@ n—1

My | Mor | Moo 1

15



where

(Moo)jj = 2 <d1(81jfi)2 + 25+ (9 f:) — difi*2> for2 <j<n,

i=1
(Myo)jr = 22 (;(31#1‘)(511@]%) + 2ijzik + fi*(ajkfi)) for2<j#k<n,
(Mg'r)jk - 22%(81jf2)21k for2§j,k§n,

=1

1
(Mso)j1 = \/52 E(aljfi)zill for2<j<mn,

n

1 .
(MTT>jk — QZE 'szik f0T2§]7k§7’L,
i=1
1 .
(Mro)1 Z @ zinzyy for2<j<mn,
n 1 B
Moo = Z <dzi211 - fi*zill> .
i=1 v
PROOF. The hypotheses imply that for almost every z, one has 0 f; =0 for 1 < i < n,
St fizij=0for2<j<mnand >, f?=u. The last two conditions give a system of n
equations and n unknowns with exactly two solutions f* = (fy,..., f) and — f* for almost

every z and u > 0. Moreover the symmetry of the Gaussian distribution implies that the
law of the coordinates of the matrix M does not change under the stated conditions when
replacing f1,..., fn by either one of these solutions. The formulas are then a consequence
of Corollary 3.2 of Section 3 (here we use that 0y f; = d; f; and skip the details).

O

For z fixed, the only random variables that appear in the elements of M are the second
partial derivatives Oji fi, 2 < j,k <n and 01, fi, 2 < j < n,1 <i < n. Therefore, we are in
condition to apply the following result which gets rid of conditioning in (20).

Lemma 2.4. Let X = (X;;)1<i<p,1<j<q be a real random matriz andY = (Y1,...,Y,)!, Z =
(Z1, ..., Zp)t be real random vectors. Assume that X, Y, Z are independent, the distributions
of X, Y and Z have bounded continuous densities, respectively in RP*? R? RP and that
py (.) and pz(.) do not vanish. Let g : RP*? — R be continuous, such that E(|g(X)|) < +oc.
Then, for any u € RP,

E(g(X)/ XY +Z =uY =0) =E(9(X)). &

The heuristic meaning of the previous lemma is that if we know that Y =0, then XY + Z
does not give information on the distribution of X.

For X = (d%aljfi) e R=Dxn apnd v = (51f17...,81fn)t in the previous

2<j<n,1<i<n
lemma we obtain that

E (|det(E")| Xz /L =w, VL= 0,0 =2) = E(|det(M)| - x(amp) . (21)
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We now consider E (’ det(M )‘ “X{ MH)}). We observe that it is now an unconditional
expectation. We will bound it in terms of v and z. We begin by writing the matrix M in a
form that will be useful for our computations.

Notation To simplify notation, from now on we simply write A and B for the matrices
A(z) and B(z) of Step 4.

We first observe that
M,y =VVI4+2BB + W — wly 1

where
— n — - n_1 N
V2 V2 n e no e
ﬁaufl DR ﬁallfn T 2 Zi:l f'i 822]2 P 2 Zi:l fi 62nfi
V= n—-1, W:=
\/\/dzlalnfl .o \/—‘%8,”1]“” l 2 Z?:l fi*aani s 2 Z?zl fz*annfl
and .
W= 2Zdifi*2'
i=1
Also, introducing for 1 <i<nand 2<j<mn,
— n —
22 212 - an T
zij = %Zija EJ = (le, N 7Enj>7 E = E(Z) = = n—1
' Zn Zin oo Znm l
and
2 ~ ~ - ~
Zin = ——=zi1, fio=Vdiff and  Zip = (Zi11,- -5 2n11)s f = (f1eeo S
ni= om Ve f 1= (Zin 1)y fi=(fisees fn)
so that .
B\ n—1
A= e ,
Wokas! 1
we get
1.~ 1 JIPAPN V2 4 1 1.
My, = EVBt7 Mgyo = ivzih M., = iBBt, Mo = TB%% and Mgy = 1211%1—5211ft~
Therefore
n—1 n—1 1
VVt 4+ 2BBt + W — pl,_4 %VBt %V%l n—1
M = 5BV 1BB! V2R3, n-1
%zllvt ggllét %3112}1 - %zll.]?% 1

17



The coefficients of the matrix W appearing in the first block are the centered Gaussian
random variables {231 | f*0;1fi : 2 < j < k < n} which are independent. Applying
Lemma 2.2, we obtain

o i=Var(2)  ffonfi) =4 di(d; —1)f;? < ADD —-1u  for j#k,
=1 =1

Var(2z fi*(“)jjfi) = SZdz(dz - 1)fi*2 = 20’2.
i=1 i=1

As a consequence, dividing each coefficient of W by o+/n — 1, one can write the matrix W

in the form:
W=0cvn—-1G

where G is a real random symmetric matrix with entries a;; which are independent
Gaussian centered satisfying that Var(a,;;) = 1/n for i # j and Var(a;;) = 2/n for i = j.

We continue now with the bound for E (| det(M)| - X{ar-01). The randomness for this ex-
pectation lies in the matrices V' and W, which are stochastically independent by Lemma 2.2.

Denote by A the maximum between 0 and the largest eigenvalue of the matrix G. Using
the independence of V and W, and the fact that the determinant of a positive semidefinite
matrix is an increasing function of the diagonal values, we get

E (| det(M)| - X{arm0y) < E (| det(M1)] - x{ar-0}) (23)

where M is given by:

n—1 n—1 1
VV!42BB' + 0 nXI, 1 | J5VB! vz, n—1
M, = %évt %B\gt %gzil n—1 ,
sz V? %%Et 171174 — %Ellft 1
We note that 1
det(M1) = det(Mg) — §guft det(MQ). (24)
where
n—1 n—1
t t By 1 nt
. VV!4+2BB! +o/nXl, ‘ 5VB n—1
0= = ~= .
1 1
LBV ‘ IBB' |
and
n—1 n—1 1
VVI4+2BB +onXl,_1 | VB | 1V, n—1
M, = 5BV 1BB' | 2Bz, | n1.
%ZHVt %Eﬂét %3115{1 1
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Observe that My and Ms can be written as

MO = N()Né and M2 = N2 Né

where B B -
1% ‘ V2B ‘ (o/n N2 1, 4 n—1
No= %E ‘ 0 ‘ 0 n—1
and . . -
V | V2B | (a2, 1\ n-1
Ny := %ﬁ 0 0 n—1 .
iZul| o 0 1

Therefore they are both positive semidefinite. Moreover det(Mz) is the square of the (2n—1)-
volume of the parallelotope generated by the 2n — 1 rows of Ny. This volume equals the
distance from the last row to the subspace generated by the rows of Ny times the volume
of the parallolotope defined by these 2n — 2 rows. The distance from the last row to the
subspace generated by the rows of Ny is bounded by the distance to the smaller subspace
generated by the n — 1 rows of the matrix

(&Blofo),

. 1. 4
dist (221175’)

where S := span(Za, ..., 2n) C R™. Now we recall that (f;,..., f) satisfies the conditions
Soiy ffzi; =0, 2 < j <n, which implies

which is clearly equal to

<J?azj> ZQZfi*ZijZO, 2<j5<n.

i=1

This means that fis orthogonal to S so that

dist (lzu,fs*“) _1 ‘ <Ji,zn> ‘
2 20\ 71

det(Mz)gi‘<ft,zu>’2det(zvo)2 - i‘<}:|,511>‘2det(Mo). (25)

Therefore

val I

Using this equality to replace det(Ms) in (24), we have that

[des(h)] < 3 (3] <|f;”7511> "4 (47,20 ) det(Mo),
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and therefore, since My is positive semidefinite

E(‘ det(M1)| . X{Ib11>0}) S %(%’ <”;~”,211> ‘2 + ‘<‘]?7511>D E(det(M())). (26)

We now turn to E(det(Mp)).

Notation For a matrix M and a subset S (respectively R) of its columns (resp. of its
rows), we denote by M* (resp. Mg) the sub-matrix of M consisting of the columns in S
(resp. the rows in R). Also, M5 denotes the matrix that consists in erasing the columns
not in S and the rows not in R.

Lemma 2.5. Let C = (¢;j)i; € R™*™. ForqeZ,1<qg<m, and A € R define

q m—q
Ald| 0 q

Cy(N):=C+ A, where A,:= ,
a(A) q q 0 11 ) m

i.e the matrix obtained by adding X\ to the first q diagonal entries of C'.
Then,

det(C, (X)) = det(C) + zq: ( 3 det (cg))v.
=1

Sc{1,....q}:#(S)=¢

where S is the complement set of S, with the convention that det(Cg) =1. &

We set A := o /n A and write My = C + A where

n—1 n—1 n—1 n—1
VV!+2BB! ‘ %Vﬁt n—1 Ad| 0 n—1
C = o Ay ‘ 155 . and A := o | L
/3 2

Then, by Lemma 2.5 and using that the random variables involved in the expectation of
My are the elements of V' and A, which are independent, we obtain

E(det(Mo)) = E(det(C)) + > 3 E(det (C5))(ov/n) E(X).  (27)

We now bound the expectations appearing here. We first consider E( det(C)).

Lemma 2.6. Setn,k € N, 1 <k <n. Let A = (a;5)i;,B € RF*" gnd C € ROv—1Dxn,
Define

k n—1
AA' + BB? ‘ AC!

O At \ccﬁ et

c R(k+n—1)><(k+n—l) )

Q=

20



n o N
—1)”%1%det(Bg)det(CJ)). &

Then,
k
+ ( >

det(Q) = det(CC")det(BB")
#(S)=k—1 =1 j=1
=+2B and C :=

n—1 n -
i1y, det (\/§B;S) det (%EJ)) .

> (XX

#(S)=n—2 i=1 j=1
\/2/d; O1(i+1)[f; are centered and independent, and since

(1/\/§)§ we get

Applying this result for k:=n—-1, A:=V

det(C) = det(BB?) det(BB") +

Since the random variables v;;
Var(v;;) = 2(d; — 1), we obtain
n—1 n _ .2
i)

Z (ZZiv” det \[BS) det(

(det(C)) = det(BB*) det(BB!) +
#(S)=n—2
ooy ((det (B7))°

n—1 n

>3320 - 122 det (B ))

= det(BB') det(BB?) +
#(S =n—21=1 j=1
n—1 n 2
< det(BB')det(BB') + (D ~1) Y ZZ(det BS) (det (BJ))

#(S)_n 2 i=1 j=1

- det(éét)(det(BBt 1 Z det (B; BY) )
(28)
where in the last equality we applied twice the well-known Cauchy-Binet formula, see for
(29)

example [14]: For m <n, A € R™*™ and B € R"*™
> det(A%) det(Bs).

det(AB) =
S:#(S)=m

Now we compute E( det (C’ )) for #(S)=4,1<l<n-1

e For { =n — 1 it is obvious that
det (CF) = (1/2"1) det(BB"). (30)
e For 1 < ¢ <n — 2, we note that for each S C {1 n — 1} with #(S) = ¢, we have
n—1—¢ n—1
oF . Vs(Ve)' +2B5(Bg)’ ‘ #VsB\ no1-e
5" 5 S5
%B(Vg)t ‘ 3 BB! n-1
and we obtain, imitating the computation for the case det(C')
< det(BBY)
det(BB') (det(Bg(Bg)t)—F(D—l) Z det (B 50T }(B—Su{i})t)).
1<i<n—1-¢
igs
31)

E(det(C3)) < —
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—¢
Finally we give an upper-bound for ]E()\ )
Lemma 2.7. Let G = (aij)1<ij<n for n > 2 be a real random symmetric matric such
that the the random wvariables {aij,l < i < j < n} are independent Gaussian centered,

Var(a;j) = 1/n for i # j and Var(a;;) = 2/n for i = j, and denote by X the mazimum
between 0 and the largest eigenvalue of the matriz G. Then, for 1 < ¢ <n,

E(N) <2-4. O

Plugging Inequalities (28), (31), (30) and Lemma (2.7) into Formula (27) we obtain

E(det(Mp)) < det(éﬁf)(det(BBt) +(D-1) ni: det (B;BY) + 2" (o/n)""
n—2 B n—1—4¢
+ 32 vy (Y (det(Bg(Bg)) + (D - 1) Z det (Bssir(Bsogy)') ) ) )
=1 #(S)=¢
< det(éét)(det(BBt) +(D-1) ni det (B;BL) + 2" (ov/n)" !

+225+1 (ov/n) ( 3 det(Bg(Bg))+ D -1)(¢+1) Y det(BT(BT)t))).

#(8)=¢ #(T)=t+1

This finally implies, by Identity (21) and Inequalities (23) and (26) the inequality we will
focuse on in next step.

11

: (det(BBt) +(D-1) Z_: det (B;BL) 4 2" (o/n)"

JE(|det(Z”)| -X{E/,>_O}/L:u,VZ:O,C:z) %( ’< —, 11>‘2+{<f,511>|) det(BB?)-

b 2oy ( Y det(Bs(Bg)) + D-D(E+1) Y det (Br(Br)))):
pet #(S)=¢ #(T)=t+1 (32)

Step 6. We put together the calculations of Steps 4 and 5 to compute an upper bound for
pr(u) following Inequality (13). We will also use the following auxiliary result:
Lemma 2.8.

2n—1 22(77,71)

~ D
det(BB") < det(BB") < Tdet(BBt),
22n—1—£
D

=R 22(n—1—£)D2+1
5))) < ——5——det(Bg(Bg)") for SC{lL,....,n},#(S) =

det(Bg(Bg)") < det(Bg(
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PROOF. We have B = B H for the diagonal matrix

2
Vi 1
H:= n .
2
By Cauchy-Binet formula (29)
det(BB!) = Zdet k) det((BF))
k=1
n n 9
= Z(det(B H’C Z (det(H: det( ))
k=1 k=1
" 92(n=1)q, )
> 5 (det(BY)
k=1

The proof concludes using

922n—1 22(n—1)d 22(n—1)D n _
D < D b< D since d > 2 and Z (det(Bk))2 = det(BB").

k=1

The proof of the second assertion is analogous. O
According to Inequalities (13), (32), and Identity (19), we get:
pé(u) <ov(V) /( ) E <| det(f”)| 'X{E//>o}/L = vaz =0,(= Z) 'pL,vZ,g(uaOaZ) dz
SxR)™
<ov(V) (3 <f ~> "4 [(F. 7)) det(BBY).
N (sxrym 2N2E\ |7

n—1
: (det(BBt) +(D 1) det (B;BL) +2"(ov/n)""!

i=1

" ZzéJrl (ov/n) ( Z det(Bg(Bg)") + (D —1)({ + 1) Z det (B7(B ))))
#(S)= #(T)=t+1
e—u/2

(2m)n20=1| det(A)| (det(BBY)) * i pe(z)dz.

Here we notice that |det(A)| is the n-volume of the parallelotope generated in R™ by the
rows of A, that is, in the same way we computed det(Ms) in (25), we have

|det(A)| = dist (;EEII,S> det(BBt 1/2 \f ‘ < ”f” > ‘(det(BEt))l/2
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where like previously S = span(Za, ..., 2,) C R™ is the hyperplane spanned by the the rows

of B. Therefore, using Cauchy-Schwartz inequality for (f/ H]FCVH7 Z11), applying Lemma 2.8
and the fact that 2" < D, we get

V2 det(BB! ))1/2.

puw <ov) [ IR+ 1) (g an

: (det(BB’f) +(D-1) i det (B;BE) + 2" (oy/n)" !

e—u/2
+ 22“1 /1) ( Z det(B +D-DE+1) Y det (BT(BT)t)»- T pe(2)dz
#(5)= #(T)=+1
ﬁ Z17 nﬂ@.
<ov ) [ G GlEl A2

n—1

(o det(BB) + (D - )Y 52 det(B(B)') + Dlor /)™

=1

=S v (8 B deBeB) -0+ Y et (Br(Bp))))
/=1

#(S)=¢ #(T)=t+1
efu/Q
NG pe(z)d
NCE ~ -1
<ov(V) . (SW)H(§||ZH\|+||f\|)F (det(BB D-1) Zdet ) +2(40v/n)"
- PN e—u/2
+ S tovm) (X 2der(Bs(Bg)) + (D=1 +1) 3 det (Br(Br)))) - “mpela)de
(=1 #(S)=¢ #(T)=t+1
where
V2 1 =~
H{(u, >::WUV<V>(§||<H||+||f|| )VDD - ((det(B(Q)B"(¢)) + 2(4ov/n)"~
D-1) Zdet S (o) ( 3" 2det(Bg(0)(Bg)'(0))
(=1 #(S)=¢
_ o/
HO-D+1) P et (BrO(Br0))) -
#(T)=0+1
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Here

§(<) = n—1 and (q1:= (7611f17...,7811fn>.
2 9,1 ... —2=0.f ! Vi Vil
Vi 7" Vdy, T

Our next goal is then to bound E(H (u,()). We first note that the matrix §(C) is indepen-
dent from (31, so that the expectation can be factorized as a product of expectations.

First, using Lemma 2.2 and the definition of fwe easily get

E(31Gul + 17]) < V20D — D+ vDu,

For the other expectations we apply the following.

Lemma 2.9. (e.g. [2, Lemma 13.6]) Set m < n and let U be an m X n random matric
whose elements are independent real standard normal. Then
n!

E(det(UU")) = =t O

Therefore, since by Lemma 2.2, %ﬁ(() satisfies the hypothesis of the lemma with m = n—1,
we obtain L
E(det(B(¢)B*(¢)) = 4™ 'n!

and we get similar expressions for the other determinants in E(H (u,())):

B(det(Br(C) (B (0)) = 425

7 2 s
E(det(B5(0)B4(0) = "' Z!m,
B(det (Br(O(Br(())") = 4" '

We also apply Formula (4): oy (V) = 4\/§7r"+%/(F(n/2)1"((n +1)/2)). Therefore
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ot
E(H(u,()) = (s\gn r(n/;l)\f((n 75 (v2(D = 1)n+ vDu)vDD

n—1 |
4qn— 1.1 2(4 n— 1 D*l 4n72&
(e 2o S

+ 5(40\/5)4((” ; 1)2 : 4%-1—fwﬁ!1)! +D-1)(+1) (Z; 11) 4"_2‘£(,gﬁ!2)!)>

— ﬁ n— 1
= ST Tz V2P ~ Dnt vDu)vDD4

o) “Dn-1) {2 —1\ 2
(a2 i( (" ><e+1>
D-1H+1)(n-1 1 efu/2
R
JT
< 2n—1r<n/2) ((’I’L—l—l (ﬁ+ \/7)\/7

2 n-1 D - nfl — (n—2 e u/?
'<Z<€>WW ( (") y)’ v
£=0 =0
(33)
Now, we assume n > 3 and we bound this expectation for 0 < u < 1/(4D?n®) in which
case, by the bound for o2 given in (22), 02 < 4D(D — 1)u < 1/n°.
We will use throughout the bounds 1 4+ x < e” for any x and ¢ — 1 < 2x for 0 < x < 1.
The factorial term n! = I'(n+1) and the other Gamma functions in the first line of the right-
hand side of Inequality (33) can be bounded through Stirling’s formula [1, Formula 6.1.38]:
for any = > 0,

I'z+1)= 277:1:(%) e?028)  for some 0 < 6 = 6(z) < 1.

so that,

27rm<§)m <T'(z+1) < \/%(%)mel/(m“:).
Also,

1
VDu< — < /2(D-1)n
~ 2¢v/Dnb/2 T ( )

which implies

1
(wm ) < e

V2D~ n+ vVDu < 2D - n (1+ 4%3)
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Therefore, the first line of the right-hand side of Inequality (33) satisfies

ST 173 (VAP D+ VDU VDD

: 2"_1\/(n _\g)i’\/(n — D (n2—62)T <n2_e 1>T 2(D - 1)n (1 i 477113>
VDDV (1)
el/(12n) 2

- T (n—2)(n—1)<n7z2>n;2(n7z1)77;1713/2 2D-1) (1+471L3>‘/ﬁ
3D vVDn®/? (1+4—7113) (1+6in) < ADVD 0?2,

We now turn our attention to the term under brackets in the right-hand side of Inequal-
ity (33).

We have oy/n < 1/n%. Therefore

IN

n—2

(Yo R0 (00,

£=0 £=0

e%z(l—i-i-&-
n2 4

< (1+%)”*1+W(1+%)n72
< R Y (LRI RS ) R

Adding up, since e~ %/2 <1, we obtain

pr(u) < E(H(u,()) < 4D?DY2p5/?

Bl

Step 7. We finally complete the proof of Theorem 1.2.

For 0 < a < 1/(4D?n®), the previous estimate for p(u) implies

P(L < a) :/ pr(u)du <8D2DY2p2 /a.
0

Let us go back to the starting inequality (2):

PE(f) > a) <P (L< %(1 +lna)N) +exp (_Z(lna_m(lnw 1)) .

where we recall that

n

n+d; D42
N:Z( " ) < n .
i=1

By hypothesis in the theorem, a > a,, := 4D?n3N/2,
We set a := (1 +Ina)N/a? and verify a < 1/(4D?n®). It is enough to verify it with a,:
(1+Ina,)N 1
a? 4D2%n?

<~ 1+4Ina, <4D%n
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which is satisfied since for D > 2 and n > 3,
2 D+2 2 (D 2 2 2
1+Ina, < 1+In(4D )—|—3lnn+T Inn < 4D +(5+4) Inn < 4D*+4D%(n—1) = 4D"n.

Therefore, by Inequality (2),

OJFSL*)N) +exp(— g(lna—ln(lna—k 1)))

(1+1Ina)/?

P(x(f)) > a)

IN

P<L<

IN

1
8D2DYV2n%? /o + - = Ky

where K,, = 8D*D'/2 N1/2p%/2 4 1. Here we used exp ((—N/2)(Ilna — In(lna +1))) < 1/a
for a > 2, N > 10. This proves part (i) of Theorem 1.2.

(ii) We verify that K,, > a,. It is enough to check
8D?DVANY2p/2 > 4D’ NY? = 2DY2 > n!/? <= 4D >n

which holds because 4D > 4-2™ > n.
Therefore we can write

+oo +oo
E(In#(f)) = /O Pn&(f) > ) dz < 1nKn—|—/1 PR(S) > o) do

n K,
—+oo
< InK,+ K,(1+2)"%e " dz
In K,,
+oo K +oo
< InK, + K, 2V 2e % dp + =2 2 dg
In K,, 2 In K,
—+oo
= InK, + K,(e" "% (InK,)"?) + K, 27 V2e77 dy
In K,
+oo
< K, + (InK,)"?+ K,(InK,)~/? / e~ dx
In K,

= InK, 4+ (nK,)"? + (InK,)" /2

Here we used the inequality (1 4+ z)'/2 < z/2 + %$—1/2 for z > 0 and integration by parts.

3 Auxiliary lemmas

This section contains the proofs of all the auxiliary results indicated by the symbol <{», which
were stated without proof during the text.

ProOOF OF LEMMA 2.1. According to the definition of the Weyl norm,
I => > &, (34)
i=1|j|=d;
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where, due to the distribution, the random variables
o
iy = (di)1/2
J
are independent identically distributed (i.i.d.) standard normal.
It is easy to see that the number of terms in the sum (34) is equal to N, so that

X1 +...+ Xy
P(ISy = (14 mN) =P (€ = 1)+ (& - 1) 2 ) =P (TN )
where X1, ..., Xy are i.i.d. random variables having the distribution of £2 — 1, ¢ a normal
standard random variable.
The logarithmic moment generating function of ¢2 — 1 is

“A—1mn(1-2)) ifA<

A(N) = nE{ME D} =
() =InE{e =Y e A

N[ N|=

and its Fenchel-Legendre transform

A" (z) = sup(Ax — A(N)) =

A€ER

oz —In(z+1)) ifz>-1
400 if ¢ < —1.

A basic result on large deviations [11, Ch. 2] states that, for any integer m and any x > 0,

X+ 4+ X,
IP’( 1+ +

- > :c) < exp(—mA*(z)).

This implies the statement. O

PROOF OF LEMMA 2.2. For the first item, from the fact that E(aja;/) = E(a;)E(a;) =0
for j # j' (by the independence of the a;), we have

B 0) =B | Doy’ | = S8ty = 5 (§)ay’ = @

J

For the following items, we observe that we can differentiate under the expectation sign the
function (z, y) — E(f(2)/(y)) = (z, 5}, e.g.

o({x, y)4 _
B (@0 ) = 251 0,y) = o)
E (01 f ()0 f(y)) = g (2, 9)?) = Opwrd(, y)* ™" + d(d — Vapoyp (x,y) 2.
This gives the covariances when specializing x = y = €. O

Our next lemma deals with the analytic description of the geometry of the manifold V' which
is used in the proof of Lemma 2.3. We define the function ¢ : By, 1,5 — R x R**! by

means of: . .
¢(O’2,...7U,T27...,T79):( 7 >’
" ! 1Cllns1” TDns1
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where B, _1 s is the open ball in R27~1, centered at the origin and radius § sufficiently
small, ||.|[,+1 is the Euclidean norm in R™*! and the definition of C and D is given in
several steps by the following:

e Weset oy :=(1—0% —...—02)'/2, myi=(1—713—...—12)V/2
a(o.) =~ (S)eom) o1+ 7). mlovr) i= T F (7).

o A:= % (0160 + Z?:z oje; +a(o, 7)61), and

(o7)
B = ﬁ (7’161 + 3y Tiej +alo, 7')60).

e C :=cos(0/v2)A +sin(0/v/2)o1er, and D := cos(0/+/2) B — sin(0/v/2) 71 eo.
Lemma 3.1. [Geometry of V]

1. v is a parametrization of a neighborhood of the point (eg,e1) in the manifold V' with

¥(0) = (eo, €1).
2. For2 <j <n,

oY oY

o o - _ o 1
5o 0= (.0, 5E0)=(0.¢;) and

89 (0) = ﬁ(eh _60)~

Therefore the orthonormal basis By (defined in (12)) of the tangent space of V' at the
point (eq, e1) satisfies

5= (20 20, 20, 20, 20).

3. The curvatures are given by:

0% 0% 0% 1 )
—(_ . — (0. —e;). ZY 2 <ij<
80]2- (0) = (—eq, 0); 87'].2 (0, —e1); do,07, 5 (e1,e9) for2<j<n,
0% 0% 0% .
00 ;00 0) 01073, (0) 00 ;0T (0)=(0,0) for2<j#k<n,
0% 1 % 9% ‘
[ — . = = < 7 <n.
592 (0) 5 (€0, e1); 9000 (0) 5700 (0,0) for2<j<n

PRrROOF. If § is small enough, v is well defined and is €*°. It is easy to check that
(C, D)gn+1 = 0, so that ¥(o2,...,0n,T2,...,Tn,0) € V.

A routine calculation of first derivatives allows to check 2 and also implies that if § is small
enough, ¢ is a diffeomorphism from B(0,0) onto its image. The computation of second
order derivatives is also immediate. O

Corollary 3.2. Let us set L' := L'(ep,e1) and L"” := L"(eg,e1) for the free first order
and second order derivatives of L at (eg,e1). We use the parametrization introduced in the
previous Lemma. Consider the function

L(027"'a0—n77—23'~'77—na0) :L(w(o—%"'7Jn,T27"-,Tn70))
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Let M be the symmetric matriz of the linear operator L"(0) in the canonical basis of R21:

Myy Myr Myg
M= | M,, M, M,y |eRrZ-DxCn-1)

Mys Mo, Maog

where for 2 < j k <mn,

My = (Mphty = W) _ (2 g ) + (v ik )

dojdoy, doj " doy, " 9o 0oy,
. { (L"(e;,0), (e5,0)) = (L, (e0,0)) for j=Fk
<L//(ej7 0)7 (ek’0)> for jF#k
B ?31? - gTLO for j=k
slae for j#k

B B 0?(L o) , 0%
(o) = Oty = Zs = (10200, 22 ) + (1520 0)
), (0
(0

_ { (L"(e;,0),(0,€5)) — %< ;(e1,€0)) for j=k
<L//(ej7 )7 , €k )> fO’l" j 75 k
o azjay] %(%Ll—i_gi) fOT .7 =k
e for j#k

(Mr)ip = (Mro)y = a2(LC"/’)=<L"61"<> o))+ (1 ik )

107, o7} o1y, " O1 07,
(L"(0,¢e5),(0,e5)) — (L', (0,e1)) for j=k
(L"(0,¢€;), (0, ex)) for j#k

B ?;y]% — g—yLl for j=k
sike for j#k

for2 < j<mn,

(o) = ooy = = (2750 G0 0) + (K s 0)

1 1 O%L 0%L
— = L/I X — = — -
\/§< (8]7O)a (ely 60)> 9 <8xjal'1 ax]ayo) ’

(o = oy = Tos = (1800, G 0) + (K 50)

1 1 0%L O%L
= 7L” 07 i) y T = = - )
0.6, (e1,~c0) @<ayjax1 ayjayo)
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and finally

My :M = <L”?§(O),?§(O)>+<LZ§?’§(O)>

062

1

- 5 (<L//(617 _60)3 (elv _60)> - <L/, (603 61)>)
1 /%L 0%L 0’L 0L OL

= wg 20—+ -7~ 7. O
2 \ Oz 0x10yo Oy; Oxo Ou

PrOOF OF LEMMA 2.4. We have:
E(g(X)/ XY +Z=uY =0) = / pxyxyez(@,0.0) (35)
RPXa Py, xv+z(0,u)

since
PX,y,xy+2(x,0,u)

Py, xy+2z(0,u)
is the conditional density of X at the point x, given that Y =0, XY 4+ Z = u.

Now, the density px,y,xvy+z(x,y,u) is easily computed from the change of variables formula
(using the independence of X, Y, Z), obtaining:

px,Y,XYJrZ(a?» y,u) = px(x)py (y)pz(u — xy).

This also implies

Py, xy+z(0,u) = / Px,y,xy+2(7,0,u) dv = py (0)pz(u).

RPX4

Replacing py, xy+z(0,u) by py (0)pz(u) in (35), we get:

E(g(X)/XY—|— Z=uY = O) = g(@)px(x) do = ]E(g(X))

RpXa

O

PROOF OF LEMMA 2.5. Write the Taylor expansion of det(Cy(\)) at A = 0 and compute
the successive derivatives at this point. O

PROOF OF LEMMA 2.6. We note that Q = M M? where

n n

A|B k
M = .
cClo0 n—1

Applying the Cauchy-Binet formula (29), we get

det(@ = Y (det(d¥))’, (36)

#(S")=k+n—1
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where the sum is over all choices of kK +n — 1 columns of M.

We fix such an S’. It is easy to see, performing a Laplace expansion with respect to the first
k rows of the obtained matrix, that if we take strictly more than k& columns in the n-columns
right block corresponding to B, then det(M* /) = 0. This is because in this expansion there
will always remain a zero column. Therefore, we can only choose up to k£ columns in the
right block, i.e. there are two cases: we choose all the n columns in the left block and k£ —1
columns in the right block, or we choose n — 1 columns in the left block and & columns in
the right block.

Case 1: M5 is of the form:

n k-1
A|BS\ |

MS’ _ c R(k—&-n—l)x(k-&-n—l).
c| o n—1

Here S is the set of (k—1) columns of B that we kept. Again using Laplace expansion with
respect to the last k— 1 columns of M*° ,, we see that each non-zero determinant corresponds
to suppressing a row —say row i— of B, times the determinant of its complementary matrix
which is equal to the i-th row of A added to C'. Finally, expanding this last matrix by the
i-th row of A, we obtain:

k n
det(M') = (=1)"E=D 3" (1) det(BE D (—1) " ay; det(C7),
=1 j

where ¢ and j denote the complementary rows or columns, accordingly.

Case 2: M5 is of the following form for some j which corresponds to the suppressed column
of A and S is a choice of k columns of B:

e R(k+n71)x(k+n71) )

Then, permuting the two blocks of rows and since the obtained matrix is block-diagonal,
we get det(M) = (—1)F(=1) det(C7) det(B®).

Therefore, the sum in (36) for all S’ in Case 2 gives:
37 (det(07)* 3T (det(BS))” = det(CCY) det(BBY),
i=1 #(S)=k

again by the Cauchy-Binet formula (29). The statement follows from adding up over all S’
in Cases 1 and 2. O

PROOF OF LEMMA 2.7.  The proof is based on the following bound for the tails of the
probability distribution of A. For ¢ > 0 one has (see for example [10] and references therein):
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—¢ +oo too —
]E(/\):/ @) >x)dat:/ PO\ > y) fy*tdy
0 0
o0 2)
< -1 -1 n (y
/Ey dy+/ Ly exp( 5 5 )d
2

AN
*‘i
\
?‘
_|_
Y
CDH
]
i)
/\

2
<4Z+€1/ 2= 1/ exp ( \/gu)du since 142 < exp(x)

+o0 2
=4t + ¢ é_lexpnél/ exp —y—dy
/) [ e (=)

4 + ¢

IN

-1 TL)\/? (_E) < 9.4t
exp(4 n &P 4/ — ’

where in the last line we used that

/:OO@XP(—y;)dZU</a+OOzeXp(—yQ)dyZiexp(—C;). O
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