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ABSTRACT. In this paper we analyze possible extensions of the classical Steklov
eigenvalue problem to the fractional setting. In particular, we find a nonlocal
eigenvalue problem of fractional type that approximate, when taking a suitable
limit, the classical Steklov eigenvalue problem.

1. INTRODUCTION

Of crucial importance in the study of boundary value problems for differential
operators are the Sobolev spaces and inequalities. Hence, the Sobolev inequalities
and their optimal constants is a subject of interest in the analysis of PDE’s and
related topics. They have been widely studied in the past by many authors and
is still an area of intensive research, see the book [1] and the survey [11] for an
introduction to this field.

When analyzing elliptic or parabolic problems with nonlinear boundary condi-
tions it turns out that among the Sobolev embeddings, a fundamental role is played
by the Sobolev trace theorem. The study of the best constant in the Sobolev trace
theorem leads naturally to eigenvalue problems known in the literature as Steklov
eigenvalues.

Our main goal in this paper is to analyze a fractional approximation for Steklov
eigenvalues. Given a bounded domain @ C R", s € (0,1) and p € (1,00), we are
aimed at studying the following nonlocal problem

A
Knp(l = s)(=A)ju + |ulP~?u = gxgs|u\p*2u in Q,

(1.1) 7
Nopu=0 in Q° =R"\ Q,

where s and ¢ are real numbers belonging to (0,1) and €2, = {z € Q: d(z,Q) < }.
The fractional p—laplacian is defined as

) = 2 [ IO =),

and N ), is the associated nonlocal derivative defined in [10] by

(12) Ns,pu(l') =9 /Q |U(.’L‘) — u(y)|"_2(u(33) _ U(y)) dy, r R \Q

o =y

The constant /Ky, ,, is the normalization constant computed in [4]. In fact, although

the fractional seminorm [u]s, — oo as s — 17, Bourgain, Brezis and Mironescu

in [4] proved that for any smooth bounded domain Q@ C R", u € WP(Q) with
1
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p € (1,00) there exists a constant IC,L p such that

u(y) |
(1.3) lim K, (1 —s // —————dxdy = Vul|P de.
s—1- #l axQ |»T—y|”+5p ‘ |
The constant can be explicitly computed and is given by
_ ()
n,p

= i
2z (B
As the authors of [10] pointed out, one of the main advantages in using this form

of nonlocal derivative arises in the following nonlocal divergence theorem: for any
bounded C? functions u and v it holds that

(1.4) /Q(—A);u(x) dr = — A N, pu(z) dz
Moreover, the following integration by parts formula is true

(1.5) Hesp(u,v) = /Qv(x)(—A);u(x) dx + /C v(z)Ns pu(x) de,
where

o= [ ) u()l () —u@)(E) o)
=P RZTL\(Q )2

o=y
By multiplying (1.1) by a bounded C? function v, integrating in © and by using

(1.5) we obtain the following weak formulation for (1.1)

A

(1.6) Knp(l—8)Hs p(u,v) +/ |ulP 2y do = 7/ [ulP~?uv de.

Q € Ja,
We introduce some notation we will use along the paper. Given a measurable
function u : R” — R we set

1 1

Hu”s,p = (Hu”ip(g) + [u]zs),p)p7 where [u]s,p = ('Hs,p(u,u))”
Associated with this norm the natural space to consider is the following
WP(Q) := {u: R" — R measurable : ||ulls, < co}.

For a fixed value £ > 0, we say that the value A € R is an eigenvalue of problem
(1.1) if there is u € W*P(Q) such that (1.6) holds for any v € W*P(Q). Note that
if A € R is an eigenvalue of problem (1.1) and u is an associated eigenfunction, then
A>0and u # 0 in Q.. Thus the first eigenvalue of (1.1) is given by

Knp(1 = )l + 1l 2oy

1.7 A = inf
w S TH
[ell? p ., 70 2 lLe(a.)
Recall that it is well-known that the first eigenvalue of the Steklov problem
—Apu+ |ulP2u =0 in Q,
(1.8) 28 Ly
|VulP=25% = MuP~2u  on 09,
is given by
Vul? oo + |,
(1.9) Ai(p) = inf IVullz «) Iellzr oy
wEW (@), 1ull7s 50
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Here the p—laplacian is defined as Ayu = div(|Vu[P~2Vu) for p € (1,00).

Taking € = 1 — s, we are interested in studying the behavior of A1 1_5(s,p) as
s — 17. Intuitively, a connection between the limit of such eigenvalue and A;(p),
the first eigenvalue of the Steklov p—laplacian in €2, is expected to be found. Indeed,
note that from (1.3) one has that, for a fixed u,

31_13{{ Kn p( 3)[ } pQ + Hu”L:D(Q) = ||Vu||LP(Q + Hu||1£p(g)§
and, moreover, since Q. = {z € Q: d(z,Q) < ¢} is a strip around the boundary
0N of size || ~ € x |09 one expects that

1
lim —/ |u|pdx:/ |u|Pdo.
s=»1-1—s Qi1 a0

Note that the choice e = 1 — s is precise for this limit to hold.
Our main results can be summarized as follows.

Theorem 1.1. There exists a sequence of eigenvalues of (1.1) A\, (s, p) such that
Ane(s,p) = +00 as n — +o00. Every eigenfunction of (1.1) is in L>°().
The first eigenvalue A1 ((s,p) of (1.1) is isolated and simple and has eigenfunc-
tions that do not change sign.
Moreover, choosing e =1 — s, we have the convergence of the first eigenvalue to
the first Steklov eigenvalue as s — 17, that is,
hm )\171_5(87])) = )q(p)

s—1—
Remark 1.2. It seems natural to consider

{Icn,p(l —S)(—AutufPu=0  nQ,

1.10
(1.10) N pu = MulP~2u in Q°.

Associated with the first eigenvalue in this problem one has the following minimiza-
tion problem

Knyp(l - 5)[“]{;;09 + Hu”ip(g)

inf >
uEWP(Q), ||u||Lp(QC)

(1.11) M(s,p) =

However, this idea gives
5\1(57]7) =0

as can be easily obtained just by considering as a minimizing sequence u,(x) =
¢(x + ney) with ¢ a C* compactly supported profile.

Remark 1.3. When a trace embedding theorem holds (that is, for ps > 1) we can
consider the best fractional Sobolev trace constant that is given by

(1.12)
Koslt=9) [ O nay
QxQ |»T_ y|"rer

ue W () / luf? do
o0
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Thanks to the compactness of the embedding WP (Q) — LP(9Q) this infimum is
attained and the minimizers are solutions to

u(@) — u(y) P~ (u(z) — u(y) (v(z) — v(y))
npl—s//ﬂxﬂ dxdy

‘.T _ y|n+9p

+/ |u|p_2uvdx:A1(5,p)/ |u|P~2uw de,
Q o0

for every v € W*P(Q). Note that with this formulation it is not clear how to
identify the “boundary condition” satisfied by a minimizer u (the equation inside
the domain reads as

/|u — )P (@) —uly)) 2y = 0

o=

for x € ). This is why we choose to analyze (1.7) (that has (1.1) as associated
PDE problem) instead of (1.12).

With the same ideas used in the study of the limit as s — 17 in Theorem 1.1
(see Section 4) one can show that

lim Aq(s,p) = Mi(p).

s—1—

We leave the details to the reader.

The paper is organized as follows: In Section 2 we gather some preliminary
results, in particular we show a minimum principle for our problem; in Section 3
we deal with the eigenvalue problem (1.1) and prove the first part of Theorem 1.1;
finally, in Section 4 we analyze the limit as s — 17.
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2. PRELIMINARIES

We denote the usual fractional Sobolev spaces by W*P(Q) for p € [1,00) and
€ (0,1) endowed with the norm

|P
Iy = Nl + [

In the following, |u|ys.»(o) denotes usual Gagliardo seminorm defined as

1
Ju(a) — u(y)? v
s (Q) = dx d
|ulws.r ) (//92 Tr—gpr ylnﬂp Yy

for 1 < p < oo. It is easy to check that W*P(Q) is a subset of W*P(Q) for all
€ (0,1).
It will be quite useful here to establish the fractional compact embeddings. For
the proof see [7].

Theorem 2.1. Let Q C R"™ a bounded open set with Lipschitz boundary, s € (0,1)
and p € (1,00). Then we have the following compact embeddings:

WP(Q) — L1(Q) for all q € [1,p), if sp < m;
W*P(Q) — C,?’)‘(Q) for all X < s —n/p, if sp > n.
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Where p} is the fractional critical Sobolev exponent, that is
np

pri=qnN—3s
0 if sp > n.

if sp <n,

2.1. A minimum principle. Here, we follow the ideas in [5].
Given s,e € (0,1) and p € (1,00). We say that u € W*P(Q) is a week super-
solution of

2.1) Knp(L—s)(=A)su+ [ulP~?u =0 %n Q,
N pu =0, in Q°.
iff
(2.2) Knp(l —8)Hs p(u,v) + / |u[P~?uv dz > 0
Q

for every v € W*P(Q),v > 0.
First we need a subtle adaptation of Lemma 1.3 in [8].

Lemma 2.2. Let s,e € (0,1) and p € (1,00). Suppose that u is a weak super-
solution of (2.1) and u > 0 in R™. If Br(zg) C R™\ 09 then for any B, =
Br.(20) C Bryy(w0) and 0 <0 <1

S eni=ames e (655)

A— B, ifBRCQ,
1Q  ifBrCR"\Q,

and C is a constant independent on 9.

P
dxdy < Cr"°P(1 + rP),

where

Proof. Let 0 <r < /2,0 < § and ¢ € C§°(Bs,/,) be such that
0<¢$p<1, ¢=1inB, and [Dp|<Cr!in Bs,/, C Br.
Taking v = (u + §) P¢P as test function in (2.2) we have that

uP™1

(2.3) 0<Kpnp(l—38)Hsp(u, (u+ 8)IPeP) + / QP dx.

S O
On the other hand, in the proof of Lemma 1.3 in [8], it is showed that

Ju(z) — u(y)[P~*(u(@) — u(y))
|.T — y|n+5p (U(J?) - U(:U)) <
1 1 u(@) +0\1° l9(z) — (y)|”
e (iys)| o+
for a constant C' = C(p). Moreover, in the case Br C €, it is showed that

S
_ _ 1 u(x) + 0

H, u,u+51”p§0r”5”—// 10< )
2t (u+8)7F47) s, 7 — g7 [ %8 () + 5

where C' independent on §. Then, by (2.3) and using that 0 < u?~!(u+4)17PgP < 1
in Bs., N Q = Bs.,, the lemma holds.

(2.4)

p

dxdy,
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()"
dzdy < C P dxdy
837/2><Q |x - | P

n

We proceed now to consider the case Bg C R™\ Q. Since Bs., N1Q =0, by (2.3)
r

and (2.4),
Il s (sve)|
Byxq [T — \"“p (y) +9
< -
= st (Br )
for C' = C(n,s,p) O

Proceeding as in the proof of Theorem A.1 in [5] and using the previous lemma,
we get the following minimum principle.

Theorem 2.3 (Minimum Principle). Let s,e € (0,1) and p € (1,00). If u is a
weak super-solution of (2.1) such that u > 0 in R™ and u # 0 in all connected
components of R™ \ 99, then u > 0 a.e in Q.

Proof. We argue by contradiction and we assume that Z = {z: u(z) = 0} has
positive measure. Since u Z 0 in all connected components of R™ \ €2, there are a
ball Br(zo) C R™\ 09 and r € (0,2R) such that |B,(z¢) N Z| > 0 and v # 0 in
BT (.270)

For any 6 > 0 and = € R", we define

o) = (142

Observe that, if y € B,(x¢) N Z then

(2r)ntsp (u(x) + 5) P
Fs(z)|P = |F, P < Yz € R®
@I = 1Fye) = B < 220 og (25 )| e
Then
(2r)ntsp 1 u(x) +6\ | n
|Fs(x)P < 1Z 0 B, (z0)] /5, (o) \a?— y|rtep log w(y) + 0 dy VreR
Therefore
(2r)ntsp u(x) +6\ [
Fs(x)|Pdx < // ( ) dxdy
[ Fsra < T = b
where

A_ B iBrCQ,
1Q ifBpcR"\Q

By, Lemma 2.2, there is a constant C' independent on § such that

(1 4 pov)
F pd <07
/' (@) 120 B,(x0)

Taking § — 0 in the above inequality, we obtain
u=0in A

which is a contradiction since u # 0 in all connected components of R™ \ 9§2. Thus
u > 0in R™. O
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3. THE EIGENVALUE PROBLEM

In this section, we prove that A\j .(s,p) is the first non-zero eigenvalue of (1.1);
that there is a sequence of eigenvalues; and that the eigenfunctions are bounded.
Additionally, we show that A\; .(s,p) is simple and isolated.

Theorem 3.1. A\ o(s,p) is the first non-zero eigenvalue of (1.1).

Proof. Take a minimizing sequence {u;}jen C WP(Q) of A1 -(s,p) and normalize
it according to |lu;||Lr(o.) = €. Then, there is a constant C' such that
[ujlls.p < C.
Thus, by Theorem 2.1, up to a subsequence,
21 uj —u weakly in WHP(Q),
(3:1) uj — u strongly in LP(9).
In particular, u; — u strongly in LP(£2.) and therefore ||ul|»q.) = €.
Since (3.1) holds,

Knp(L = 8)[ulf ) + [lulfnq) < lim inf Konp(1 = 8)[usl?  + usll7o o)

= i Koy 2+

- )\175(3,]7).
Then, by (1.7), we have that

K:Thp(l - s)[u] + ”uHLp(Q = )\175(5,17)-

The fact that a minimizer verifies (1.6) is standard but we include a short proof
here for the sake of completeness. Let u be a nontrivial minimizer of (1.7). Then,
using Lagrange’s multipliers, we get the existence of a value A € R such that

(3.2) Knp(l—s)Hsp(u,v) +/ |up [P~ 2uv d = 2/ |u|P~2uv d.
Q

€

for all v € W*P(Q) with [[v|rr.) = €. Therefore (3.2) also holds for all v €
W#P(Q). Finally, taking v = u we get that A = A1 o(s,p). O

Using a topological tool (the genus), we can construct an unbounded sequence
of eigenvalues.

Theorem 3.2. There is a sequence of eigenvalues Ay (s, p) such that A, (s, p) —
00 as m — 00.

Proof. We follow ideas from [14] and hence we omit the details. Let us consider
Mo = {u e WP(Q): |ulls,p = pa}

and
1

o =3 [ fulz)p o

€

We are looking for critical points of ¢ restricted to the manifold M, using a minimax
technique. We consider the class

S={AcWP(Q)\{0}: Aisclosed, A = —A}.
Over this class we define the genus, v: ¥ — NU {o0}, as
v(A) = min{k € N: there exists ¢ € C(4,R* — {0}), o(z) = —¢(—x)}.
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Now, we let Cy, = {C C M, : C is compact, symmetric and v(C) < k} and let
(3.3) Br = sup min p(u).
cecy, ueC

Then Bx > 0 and there exists up € M, such that p(ur) = B and uy is a weak
eigenfunction with A\, = /. O

Our next aim is to prove that the eigenfunctions are bounded. We follow ideas
from [13].

Lemma 3.3. Let s,e € (0,1), p € (1,00). and A be an eigenvalue of (1.1). If u is
an eigenfunction associated to A then u € L*(€2).

Proof. If ps > n, by Theorem 2.1, then the assertion holds. Then let us suppose
that sp < n. We will show that if ||u | rrq) < 6 then uy is bounded, where § > 0
must be determined.
For k € Ny we define the function uy by
up = (u(x) —1+27%),.

Observe that, ug = uy and for any k € Ny we have that u, € W*P(Q),

Uks1 < ug a.e. R™,
(3.4) u < (2871 — D)uy, in {upy > 0},

{uk_H > 0} C {uk > 2_(k+1)}.

Now, since

[v4(2) = v WP < Jv(z) — o) P2 (v(z) = v(H))(v4(2) — v (y)) Yo,y €R",
for any function v: R® — R, by taking v = u — 1 + 27% we have that

Ko (1= 8)lutna 2, + a1

< Kinp(l —8)Hs p(u, upt1) —|—/ \u|p_2uuk+1 dx
Q

A

= f/ |u|P~ 2w 41 de,
g Q.

for all k € Ny. Then, by (3.4), we have that

A _
K1 = Naksalty + kel < 2 [ 0t da
€ Ja
(3.5) o
< 2@k 1t g

)

for all £ € Np.
On the other hand, in the case sp < n, using Holder’s inequality, fractional
Sobolev embeddings and Chebyshev’s inequality, for any & € Ny we have that
s Iy < Ntira 1] e ) Ltk > 037
< Clluga |13 {urs1 > 0}

< Cllugr |8, {u > 27 FFD}

(3.6)

Sp/n

, fn
< Clluallz, (2507 gl ) -



FRACTIONAL EIGENVALUE PROBLEMS THAT APPROXIMATE STEKLOV EIGENVALUES9

Similarly, in the case sp = n, taking r > p and proceeding as in the previous case
sp < n (with r in place of p¥), we have that (3.6) holds with 1 —»/r > 0 in place of
Sp/n.

Then, by (3.5) and (3.6), there exist a constant C' > 1 and a > 0 both indepen-
dent on k such that

||Uk+1||1£p(g) < Ck(||“k||ip(g))1+a~

Therefore, if ||u+||’L’p(Q) = ||u0||}£p(ﬂ) < C~%* = §P then
1. P — O
k_lr_{_loo”UkHL ()

On the other hand, as ur — (u — 1)+ a.e in R™, we obtain (v — 1); = 0 in R™.
Therefore uy is bounded.

Finally, taking —u in place of u we have that u_ is bounded if ||u_||zrq) < 9.
Therefore u is bounded.

Now, using Theorem 2.3, we show that a non-negative eigenfunction is positive.

Lemma 3.4. Let s,e € (0,1), p € (1,00). and X be an eigenvalue of (1.1). If u is
a non-negative eigenfunction associated to A then u > 0 in R™.

Proof. By Theorem 2.3, we only need to show that u # 0 in all connected compo-
nents of R™\ 9€2. Suppose, by contradiction, that there is Z a connected components
of R™\ 99 such that w =0 in Z. Taking ¢ € C§°(Z) as a test function in (1.6), we
get

/HS;P(’UH ¢) =0.

Therefore
—1 ¢(y) _ o)

Then v = 0 in Q. Thus, since u s a non-negative eigenfunction associated to A, we
obtain that

i A/ / )
Ulsp =Hspt,u) = ——— | — ulP do — ulPdz | =0.
= Hale) = s (3 [ o= [ o

Hence v = 0 in R™ which is a contradiction since u # 0 in R". O

Note that, if u is an eigenfunction associated to A1 (s, p) then
uy () = max{u(x),0} #Z 0 or u_(x) = max{—u(z),0} £0
in Q.. If uy(z) Z0 in Q, then

Knp(1 = $)[us ]l p + lus o (q) < Knp(l = 8)He p(u, ut) + /Q JulP 2wy da

_ Al,e(&p) / \u|p72uu+dx
e Q.

A1e(s,p)
= 2By e
that is, uy is a minimizer of (1.7). Therefore u, is a non-negative eigenfunction
associated to A1 -(s,p). Then, by Lemma 3.4, uy > 0in Q.

In the same manner we can see that if u_(z) #Z 0 in Q, then u_ > 0 in Q. Thus
the next theorem is proved.
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Theorem 3.5. Any eigenfunction associated to A\ c(s,p) has constant sign.

A key ingredient in the next sections is the simplicity of the first eigenvalue
AMe(s,p). In order to prove this result we need the following Picone-type identity
(see Lemma 6.2 in [2]).

Lemma 3.6. Let p € (1,00). For u,v: R™ — R such that w > 0 and v > 0, we
have

L(u,v) >0 in R" x R",

where

L)1) = ) =) o(e) o) 0(0) ~0(0) s~ o

The equality holds if and only if u = kv a.e. in R™ for some constant k.

Theorem 3.7. Let Q C R™ be a bounded open connected set with Lipschitz bound-
ary. Assume that u is a positive eigenfunction corresponding to A1 o(s,p). Then
if A > 0 is such that there exists a non-negative eigenfunction v of (1.1) with
eigenvalue A, then A = A\ c(s,p) and there exists k € R such that v = ku a.e. in
R™.

Proof. Since A1 .(s,p) is the first eigenvalue, we have that A1 ¢(s,p) < A. On the
other hand, by Lemma 3.4, v > 0 in R"™.

Let k € N, up = min(u, k) and vy := v + 1/k. We begin by proving that wy =
ub JoP~t € WHP(Q). First observe that wy € LP(Q), due to u, € L®(Q), see
Lemma 3.3. Now, for all (z,y) € R™ x R™ we have

o e v ) (@ -4 )
B e O W)

7M@)~ )|
@)y ()
< pk?P M (@) + uf (9) |k (2) — un(y)]
v (@) + ) ()
vp (@) ()
< 2pk*P " |u(z) — u(y)|
1 N 1
ve(@)vp " (y)  vp T (@)ok(y)
—u(y)| + |v(z) —v(y)]) .
As u,v € W*P(Q), we deduce that wy € W(Q) for all kK € N.

Recall that u,v € W*P(Q) are two eigenfunctions of problem (1.1) with eigen-
value A1(s,p) and X respectively. Then, by using the previous lemma, we deduce

< K g () — uf ()] + Jlusl

+ (p = D/l vk () — vk (y)|

+(p—DF ( ) lv(z) —v(y)]

< C(k,p) (Ju(z)
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that

0 S’Cn,p(l —S) // L(uk»vk)(‘rvy) d$dy
R27\ (Q¢)2

o =yl

_ P
P /R LI
R2n\(Qe)2 @ — Y|P
— Knp(l—5) // [v(z) —v(y) P (v(z) —v(y))
P R2n\ (0c)2 ‘.’E _ y|n+sp
P P
x < uy(o) __u(y) ) dady
vy (2) v (y)
_ P
< Knp(l— ) // M dudy
R2n\ ()2 |.’E—y|n Sp
_é/ Upl%dx+/vp1 Ui, dx
€ Ja, i Q i

A A uj, !
SM/ updx—/ |u\de—f/ vp—l—ildw/vp‘lufld%
- 0 o e Jq vy Q b

= €

Taking k — oo and using the Fatou’s lemma and the dominated convergence theo-

rem, we infer that
L
// (u,v)(ﬂiy) dady = 0
r2n\(Qe)2 [T =y teP

(recall that A;-(s,p) < A). Therefore, by the previous lemma, L(u,v)(z,y) = 0
a.e. in R?"\ (Q°)? and u = kv for some constant k > 0. O

We will need the following lemma.

Lemma 3.8. Lete > 0 and so € (0, min{"/p, s}). If u is an eigenfunction associates
to A > M e(s,p) there exist C > 0 and o > 0 independent on A, u and € such that

Ce\“
=) <9%.
Here QT = {z € Q: u(z) > 0}, and Q= = {z € Q: u(z) < 0}.

Proof. Let u™(z) = max{0,u(z)}. Since u is an eigenfunction associates to A\ >
A1,c(s,p), u changes sign then u™ # 0. In addition,

min {Kn (1 = ), 1} [u" |5, < Knp( = 8)[u']E, + w7, q)

< Knp(l = s)Hsp(u,u) + / |u|P~2uu™ dx
Q

(3.7) A
= 7/ |ulP~2uuT dx
€ Q.

A

= g“u+‘|iP(QE)'

On the other hand, by Sobolev embedding theorem, there exists a constant C'
independent on A, u and ¢ such that

[ut ey < Cllut|lsp
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where 1 < ¢ < p%. Then, by (3.7) and Hoélder’s inequality, there exists a constant
C independent on A, u and ¢ such that

A a—p
||U+||Z£q(§z) < Cg||u+||iq(g)|9+‘ T Vp<q<up;.

Fixanyp<q<p§andtakea=i

q—p

(65) =

In order to prove the second inequality, it will suffice to proceed as above, using
the function v~ (z) = max{0, —u(z)} instead of u*. O

Theorem 3.9. For each fized value € > 0, M\ <(s,p) is isolated.

Proof. From its definition, we have that A1 .(s,p) is left-isolated.

To prove that A o(s,p) is right-isolated, we argue by contradiction. We assume
that there exists a sequence of eigenvalues {\j}ren such that Ay > A1 c(s,p) and
Ak N\ AMe(s,p) as k — 4o00. Let uy be an eigenfunction associated to Ag, we can
assume that

é/ |ug (x)|P dx = 1.

€

Then {ug}ren is bounded in W?P(§2) and therefore we can extract a subsequence
( that we still denoted by {u }ren) such that

up —uw  weakly in W*P(Q),

up — u  strongly in LP(Q).

Then
1

- Py =1
S/QE ()P do

and
’Cnm(l - 5)[“]24; + ||U||I£p(g) < ’Cn,p(l ) lklfigg[uk]gp + HUHZP(Q)
= lim Ap =X .
Jim A=A (s,p)
Hence, u is an eigenfunction associates to A1 (s, p). By Theorem 3.5, we can assume
that u > 0.
On the other hand, by the Egorov’s theorem, for any § > 0 there exists a subset

As of Q such that |As] < 6 and uy, — w > 0 uniformly in Q\ As. This contradicts
the fact that, by Lemma 3.8,

<§:>a < {z € Q: up(z) < 0}].

This proves the theorem. (I
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4. THE LIMIT OF A1 1_4($,p) AS s — 1.

Throughout this section, we assume that € is a smooth bounded domain and
take e =1 —s.

Here we analyze the behavior of A1 1_5(s,p) as s — 1. For simplicity, we omit
the subscript 1 — s and we just write A1 (s, p).

First we show that
limsup A1 (s, p) < A1(p).
s—1—
For this purpose, we state some convergence results. We start with the following
lemma.

Lemma 4.1. Let 2 be a domain in R™ with Lipschitz boundary and p € (1,00). If

u € WHP(Q) then
1
lim f/ |u|pdx:/ |ulP dS.
e—=0t € Jqo. 90

In order to deal with the integrals on ). we will state the following lemma,
which is an immediate consequence of the Coarea formula. See [12, Section 3.4.4],
for details.

Lemma 4.2. Given g : R™ — R an integrable function, and f : R™ — R a Lipschitz
function such that essinf|Df| > 0. Then it follows that

t
g
4.1 / gdx:/ / ——dS | dr.
“1) {o<f<t} 0 < (r=ry IDf]

Now we are ready to proceed with the proof of Lemma 4.1.

Proof of Lemma 4.1. We consider the (n—1)-dimensional hyper-surface in R” given
by w, = {z € R": d(z,Q°) = r}, where d(z,Q) = inf,cq |z — y|. Observe that
Q. ={z eR": z €w, forr € [0,¢e]} and wy = IN. By applying Lemma 4.2 with
g = |ulf and f(x) = d(z,Q°) we get

=[]

since |[Df| = 1. The Mean value theorem for integrals asserts that there exists

ro € [0, €] such that
/ ( |updS) dr = g/ luf? dS.
0 Wi w

70

[ul? dS) dr

r

Since ry tends to 0 as e — 0T, we get that w,, tends to 9Q as ¢ — 0T and the
result follows using that the trace operator for a fixed function in W1?(Q2) depends
continuously on the hyper-surface (see [3]) and hence

/ \u|pdS—>/ lul? dS,
w o

T0

as rg — 0+. [l

If Q is a smooth bounded domain in R™ then, by theorem 7.25 in [15], for any
open ball Bg DD (2 there is a bounded linear extension operator E from W1(Q)
into W, "*(Bg) such that Eu = u in Q. Our next goal is to prove that

Ko p(1 = 8)[Eul = [Vull, g
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as s — 17. To this end, we need the following result. For the proof we refer to [4,
Corollary 2].

Theorem 4.3. Let Q be a smooth bounded domain and p € (1,00). Assume u €
LP(Q), then

513]107 Ko p(1— s)\u|§vs,p(g) = |U|€v1,p(sz)

with

| ‘ ||Vu||1£p(ﬂ) qu € WLP(Q),
WL () .

otherwise.

Lemma 4.4. If u € WHP(Q), then
i Ky (1= $)[BulZ,, = [Vl o

Proof. Observe that

Eu(z) — Eu(y)|P
E’U,g = U‘p s,p +2// | dydl'
[ } P | |W (Q) QX(QCHBR) |$ _ y|n+sp

E - F p
+2// |Bu(z f( vl dydz.
axps, |z —y\" P

Then, by Theorem 4.3, we need to show that

E —F p
(1-29) // |Bulz) f(y” dydx — 0,
Qx(QcmBR) |ff —y[rtep

E - F p
(1- // |Bulz nfs( vl dydx — 0,
Qx B, |x—y\ P
as s — 1.

By Theorem 4.3, what we have that

’Cn,p( )|Eu|ng (Br) — ||VEU||I£p(BR)7
KL= 5) Bullyniy = [V Eull 0
’Cn,p( - )lEU|Ws,p(QmBlc%) — ||VEu||I£p(QcmBR),

as s — 17 . Therefore

E - F p
Ox(QenBr) T —y[mteP

(1-s)
= 5 (1B ) = 1Bl ) = 1Bl o))

—0 ass—1".

On the other hand

|Eu(z) — Eu(y)|P ) 1
(1-— // dydx < C, —0
Qx B |$ —y[rrer sp d(Q, BR)*P

as s — 1~ O

From Lemmas 4.1 and 4.4, we get
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Corollary 4.5. Let Q be a smooth bounded domain and p € (1,00). For a fized
w e WhP(Q)\ Wy P(Q), it holds

_ Knp(L=9)[Eu, + |1 Bullfhg)  IVullq) + lullfq)
lim ©@ _

s=17 ﬁHEuHiP(QFS) B Hu”ip(ag)

From this result the following corollary is straightforward.
Corollary 4.6. Let Q be a smooth bounded domain and p € (1,00). Then
limsup A (s,p) < Ai(p).

s—1-
With this result in mind, to prove the last part of Theorem 1.1, we need to show
that
(4.2) A1(p) < liminf A (s, p).

s—1—

Before proving this, we need to state some auxiliary results.
The next theorem is established in [4, Corollary 7).

Theorem 4.7. Let Q be a smooth bounded domain, p € (1,00), and us € W*P(Q).
Assume that

llusllzr) £ C and (1 = s)|us|wer) <C Vs> 0.
Then, up to a subsequence, {us} converges in LP(Y) (and, in fact, in W*P(Q) for
all so € (0,1)) to some u € WHP(Q).
The proof of the following proposition can be found in [6, Proposition 3.10].

Proposition 4.8. Let 2 be a smooth bounded domain andp € (1,00). Given {s;} C
(0,1) an increasing sequence converging to 1 and {ur}ren C LP(Q) converging to
u in LP(Q), we have that

||VU’||IZ,P(Q) < klinolo Knp(1— 3k>|“8k|€vszﬁ:,p(9)
Lemma 4.9. Let Q be a smooth bounded domain, p € (1,00) and {us}sec,1) be
such that us — u strongly in WHP(Q) for some t € (1/p,1). Then
1

— |us|Pdz — / |ulPdS

1-s Q1_s a0
as s —17.
Proof. We start observing that, since 9Q € C? and t > 1/p, the trace constant
in the embedding WHP(Q) «— LP(99.) for all € € (0,e0) is bounded uniformly
(independently of €). Then, there is a constant C' independent on s such that

lus — ullLr o0,y < Cllus — ullwer)-
Therefore
1

1 1—8
/ g (2)|Pda = / < / |us|pd5> dr — / lu[Pds
1-sJa,_. 1-sJo a9, 80

as s — 17, O

Now we are ready to prove (4.2).
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Corollary 4.10. Let Q be a smooth bounded domain and p € (1,00). Then

A1(p) < liminf A\ (s, p).
s—1—

Proof. Let {si}ren be a sequence in (0,1) such that sy — 17 as k — oo and

lim Aq(sg,p) = liminf A\{ (s, p).
k— o0 s—1—

For k € N, let uj be the eigenfunctions of problem (1.1) with s = s, and A =
A1(Sk, p) normalized such that

1
/ |ug|P dz = 1.
1—sk Jo

1—sp

Moreover, by Corollary 4.6, there is a positive constant C' such that

luellLro) < C  and (1 = sp)|ur|wer@) < C VE €N,

Then, by Theorem 4.7, up to a subsequence, {uy} converges in LP(2) (and, in fact,
in WeoP(Q) for all sg € (0,1)) to some u € WP(Q). Thus, by Proposition 4.8 and
Lemma 4.9, we get

and

||V“||Z£p(g) < klgrolo ’Cn,p(l - Sk)|u5k|€[/5kvi”(ﬂ)

o
k—oo 1 — 55 Jo

lim

|uk(z)|pdx=/ |u|PdS.
Eto)

1—sp

Then Hu||1£p(aﬂ) =1 and

||VU||ZL),I’(Q) + HUH]E;)(Q) < klggo Kn,p(l - 5k)|u8k|€v%,p(g) + ||uk‘||1£p(g)

< lim Aq(sg,p) = liminf A\ (s, p).
k—o00 s—1—

Therefore
A1(p) < liminf A\ (s, p).
s—1—
[
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