WEAK SOLUTIONS FOR THE p-LAPLACIAN WITH A NONLINEAR BOUNDARY CONDITION AT RESONANCE

SANDRA MARTÍNEZ AND JULIO D. ROSSI

Abstract. In this paper we deal with the existence of weak solutions of the problem Δ_pu = |u|^{p−2}u + f(x, u) with a nonlinear boundary condition given by |∇u|^{p−2}∂u/∂ν = λ|u|^{p−2}u − h(x, u) on the boundary of the domain. We assume Landesman-Lazer type conditions and use variational arguments to find existence of solutions.

1. Introduction.

In this paper we find conditions that provide existence of weak solutions for the problem Δ_pu = |u|^{p−2}u + f(x, u) in Ω, |∇u|^{p−2} ∂u ∂ν = λ|u|^{p−2}u − h(x, u) on ∂Ω. (1.1)

Here Ω is a bounded domain in R^N with smooth boundary, Δ_pu = div(|∇u|^{p−2}∇u) is the p-Laplacian and^∂_{∂ν} is the outer normal derivative. We assume that the perturbations f : Ω × R → R and h : ∂Ω × R → R are bounded Caratheodory functions. In a variational approach, the functional associated to the problem is

J_λ(u) = 1 p ∫ Ω |∇u|^p + 1 p ∫ Ω |u|^p − λ p ∫ ∂Ω |u|^p + ∫ Ω F (x, u) + ∫ ∂Ω H(x, u), where F and H are primitives of f and h with respect to u respectively. Weak solutions of (1.1) are critical points of J_λ in W^{1,p}(Ω), in fact if u ∈ W^{1,p}(Ω) is a critical point of J_λ we have, J^′_λ(u).v = ∫ Ω |∇u|^{p−2}∇u∇v + ∫ Ω |u|^{p−2}uv − λ ∫ ∂Ω |u|^{p−2}uv

+ ∫ Ω f(x, u)v + ∫ ∂Ω h(x, u)v = 0, ∀ v ∈ W^{1,p}(Ω).

Key words and phrases. p-Laplacian, nonlinear boundary conditions, resonance. 2000 Mathematics Subject Classification. 35P05, 35J60, 35J55.

Supported by ANPCyT PICT No. 03-00000-00137 and Fundación Antorchas. J. D. Rossi is a member of CONICET. 1

Let us introduce some motivation to deal with (1.1). We will say that λ is an eigenvalue for the p-Laplacian with a nonlinear boundary condition if the problem Δ_pu = |u|^{p−2}u in Ω, |∇u|^{p−2} ∂u ∂ν = λ|u|^{p−2}u on ∂Ω. (1.2)

has non trivial solutions. The set of solutions (called eigenfunctions) for a given λ will be denoted by A_λ. Problems of the form (1.2) appears in a natural way when one considers the Sobelev trace inequality. In fact, the immersion W^{1,p}(Ω) → L^p(∂Ω) is compact, hence there exits a constant λ_1 such that

λ^{1/p}_1 ‖u‖_Lp_{(∂Ω)} ≤ ‖u‖_W 1,p_{(Ω)}.

This Sobolev trace constant λ_1 can be characterized as

λ_1 = inf u∈W^{1,p} (Ω) {∫ Ω |∇u|^p + |u|^p dx, ∫ ∂Ω |u|^p = 1 } , (1.3)

and is the first eigenvalue of (1.2) in the sense that λ_1 ≤ λ for any other eigenvalue λ. The extremals (functions where the constant is attained) are solutions of (1.2). The first eigenvalue is simple and isolated, see [17]. In [11] it is proved that there exists a sequence of eigenvalues λ_n of (1.2) such that λ_n → +∞ as n → +∞.

The study of the eigenvalue problem when the nonlinear term is placed in the equation, that is when one consider a quasilinear problem of the form −Δ_pu = λ|u|^{p−2}u with Dirichlet boundary conditions, has received considerable attention, see for example [1], [2], [13], [14], [16], etc.

Resonance problems are well known in the literature. For example, for the resonance problem for the p−laplacian with Dirichlet boundary conditions see [3], [4], [9] and references therein.

In problem (1.1) we have a perturbation of the eigenvalue problem (1.2) given by the two nonlinear terms f(x, u), h(x, u). Following ideas from [9], we prove the following result, that establishes Landesman-Lazer type conditions on the nonlinear perturbation terms in order to have existence of weak solutions for (1.1).

Theorem 1.1. Let f^± := lim_{t→±∞} f(x, t), h^± := lim_{t→±∞} h(x, t). Assume that there exists f̄ ∈ L^q (Ω) and h̄ ∈ L^q(∂Ω), such that |f(x, t)| ≤ f ∀(x, t) ∈ Ω × R and |h(x, t)| ≤ h ∀(x, t) ∈ ∂Ω × R (where q = p/p − 1). Also assume that either

(LL)^+_λ : ∫ {v>0∩Ω} f^+v + ∫ {v>0∩∂Ω} h^+v + ∫ {v<0∩Ω} f^−v + ∫ {v<0∩∂Ω} h^−v > 0 for all v ∈ A_λ\{0} or (LL)^−_λ : ∫ {v>0∩Ω} f^+v + ∫ {v>0∩∂Ω} h^+v + ∫ {v<0∩Ω} f^−v + ∫ {v<0∩∂Ω} h^−v < 0 for all v ∈ A_λ\{0}, then (1.1) has a weak solution.

Observe that in the case where λ is not an eigenvalue the hypotheses trivially hold.

The integral conditions (of Landesman-Lazer type) that we impose for f and h will be used to prove a Palais-Smale condition for the functional J_λ associated to the problem (1.1). Observe that these conditions involve an integral balance (with the eingenfunctions v as weights) between f and h. Hence we allow perturbations both in the equation and in the boundary condition.

Let us have a close look at the conditions for the first eigenvalue. As the first eigenvalue is isolated and simple with an eigenfuction that do not change sign in Ω (we call it ϕ_1 and assume ϕ_1 > 0), [17], the conditions involved in Theorem 1.1 for λ_1 read as

(LL)^+_{λ1} : ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 > 0 and ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 < 0 or (LL)^−_{λ1} : ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 < 0 and ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 > 0.

For this case, λ = λ_1, we will prove a more general result which improve the conditions on f and h. In [3] the resonance problem for the Dirichlet problem was analyzed using bifurcation theory. If we adapt the arguments of [3] to our situation, using bifurcation techniques to deal with (1.1), we can improve the previous result by measuring the speed and the form at which f and h approaches the limits f^± and h^±. To this end, let us suppose that there exists α and β such that lim s→+∞(f(x, s)−f +(x))s^α = A_α(x), lim_{s→−∞}(f(x, s)−f^−(x))s^β = B_β (x), a.e, x ∈ Ω, lim s→+∞ (h(x, s)−h^+(x))s^α = A_α(x), lim_{s→−∞}(h(x, s)−h^−(x))s^β = B_β(x), a.ex ∈ ∂Ω. The limits A_α, A_α, B_β and B_β are taken in pointwise sense and dominated by functions in L^1(Ω) and L^1(∂Ω).

We consider the conditions

(G^+_α ) ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 > 0 or ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 = 0 and ∫ Ω A_α(x)ϕ^{1−α}_1 + ∫ ∂Ω A_α(x)ϕ^{1−α}_1 > 0, and

(G^−_β ) ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 < 0 or ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 = 0 and ∫ Ω B_β(x)ϕ^{1−β}_1 + ∫ ∂Ω B_β(x)ϕ^{1−β}_1 < 0,

or the conditions

(G^−_β ) ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 > 0 or ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 = 0 and ∫ Ω B_β(x)ϕ^{1−β}_1 + ∫ ∂Ω B_β(x)ϕ^{1−β}_1 > 0, and

(G^−_α ) ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 < 0 or ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 = 0 and ∫ Ω A_α(x)ϕ^{1−α}_1 + ∫ ∂Ω A_α(x)ϕ^{1−α}_1 < 0.

Remark that this set of conditions extend the hypothesis of Theorem 1.1.

Theorem 1.2. Let f and h be such that there exists f̄ ∈ L^q(Ω) and h̄ ∈ L^q(∂Ω), with |f(x, t)| ≤ f ∀(x, t) ∈ Ω × R and |h(x, t)| ≤ h ∀(x, t) ∈ ∂Ω × R (where q = p/p − 1). If (G^+_α ) and (G^−_β ) or (G^−_α ) and (G^+_β ) hold then problem (1.1) with λ = λ_1 has at least one solution.

We can continue with this procedure and obtain even more general conditions considering the rate of convergence to zero of (f(x, s) − f^+(x))s^α − A_α(x), for example. We leave the details to the reader. Also it is possible to consider different rates of convergence, in this case the conditions involve signs of integrals of A_α and B_α separately.

In the case p = 2, we deal with a linear operator in a Hilbert space, H^1(Ω), so using the Spectral Theorem for compact self-adjoint linear operators and the Fredholm alternative, we have that when λ is not an eigenvalue we do not need any additional condition to have solutions for (1.1), and if λ is an eigenvalue, we need an orthogonality condition. However when dealing with p ≠ 2 we have to consider the problem in W^{1,p}(Ω) (which is not Hilbert) and the results is not straightforward.

Finally, let us note that nonlinear boundary conditions have only been considered in recent years. For reference purposes, we cite previous works. For the Laplace operator with nonlinear boundary conditions see for example [7], [8], [12]. For previous work for the p−Laplacian with nonlinear boundary conditions of different types see [6], [11], [18] and [17]. Also, one is lead to nonlinear boundary conditions in the study of conformal deformations on Riemannian manifolds with boundary, see for example [10].

2. Proofs of the results

In this section we prove theorems 1.1 and 1.2 that provide existence of solutions of (1.1). First, let us prove Theorem 1.1. We will divide the proof in two steps. Following [9], we first prove a Palais-Smale condition for the functional J_λ using the conditions of Theorem 1.1. Then we split the proof of the theorem in two cases, first we deal with λ_k < λ < λ_{k+1}, where λ_k are the variacional eigenvalues of (1.2) this allows us to obtain some geometric structure on J_λ (see [11]), and finally we treat the case where λ = λ_k . In this case we obtain solutions as limit of solutions for a sequence λ_n → λ_k . We will see that if there is any bifurcation from infinity in λ = λ_k then the bifurcation is subcritical. This fact provides a priori bounds that allow us to pass to the limit in a sequence of solutions as λ_n → λ_k.

To prove these results we will need some previous lemmas (the proofs are straightforward, see [11]).

Lemma 2.1. Let A : W^{1,p}(Ω) → W^{1,p}(Ω)^∗ be given by A(u).v := ∫ Ω |∇u|^{p−2}∇u∇v + ∫ Ω |u|^{p−2}uv, then A is a continuous, odd, (p − 1)- homogeneous and continuously invertible. Lemma 2.2. Let B : W^{1,p}(Ω) → W^{1,p}(Ω)^∗ be given by B(u).v := ∫ ∂Ω |u|^{p−2}uv. Then B is a continuous, odd, (p − 1)- homogeneous and compact. Lemma 2.3. Let C : W^{1,p}(Ω) → W^{1,p}(Ω)^∗ be given by C(u).v := ∫ Ω f(x, u)v + ∫ ∂Ω h(x, u)v. Then C is continuous and compact and ‖C(u)‖_W 1,p_{(Ω)}∗ ≤ ‖f‖_Lq_{(Ω)} + K‖h‖_Lq_{(∂Ω)}. where K is the best constant for the Sobolev trace inequality W^{1,p}(Ω) → L^p(∂Ω).

With these lemmas we can prove the following theorem.

Theorem 2.1. Suppose that the hypotheses of Theorem 1.1 are satisfied, then J_λ satisfies the Palais-Smale condition, that is, for any sequence {u_n} ⊂ W^{1,p}(Ω) such that ‖J_λ(u_n)‖_W 1,p_{(Ω)} ≤ c and J^′_λ(u_n) → 0 there exists u ∈ W^{1,p}(Ω) such that u_n → u strongly in W^{1,p}(Ω).

Proof. Let {u_n} be a Palais-Smale sequence. If u_n is bounded then we have that there exists u ∈ W^{1,p}(Ω) such that u_n ⇀ u weakly in W^{1,p}(Ω). Using that A(u_n) − λB(u_n) + C(u_n) = J^′_λ(u_n) → 0, the compactness of B and C, and the continuity of A^{−1} we have that u_n → A^{−1}(λB(u) − C(u)) strongly in W^{1,p}(Ω). Hence if we prove that Palais-Smale sequences are bounded, the result follows. To see this, let us argue by contradiction. Assume that u_n is a Palais-Smale sequence and that ‖u_n‖_W 1,p_{(Ω)} → ∞. Let v_n := u_n ‖u_n‖_W 1,p_{(Ω)} then there exists v such that v_n ⇀ v in W^{1,p}(Ω) and v_n → v in L^p(∂Ω). We have, J^′_λ(u_n) ‖u_n‖^{p−1}_{W 1,p(Ω)} = A(v_n) − λB(v_n) + C(u_n) ‖u_n‖^{p−1}_{W 1,p(Ω)} . (2.1)

Using compactness of B, continuity of A^{−1} and the fact that C(u_n) ‖u_n‖^{p−1}_{W 1,p(Ω)} → 0 we have that v_n → A^{−1}(λB(v)) in W^{1,p}(Ω). Hence v_n → v in W^{1,p}(Ω) and then A(v) − λB(v) = 0 with ‖v‖_W 1,p_{(Ω)} = 1. That means that v ∈ A_λ\{0}.

Observe that, for a.e x ∈ {v(x) > 0} we have u_n(x) → +∞ so, lim_{n→∞} f(x, u_n(x))v_n(x) + h(x, u_n(x))v_n(x) = f^+(x)v(x) + h^+(x)v(x), and lim_{n→∞} F (x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)} + H(x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)}

= lim_{n→∞} v_n(x) 1 u_n(x) ∫_{un(x)} 0 f(t, u_n(t)) + v_n(x) 1 u_n(x) ∫_{un(x)} 0 h(t, u_n(t)) = v(x)f^+(x) + v(x)h^+(x).

In a similar way we obtain that, for a.e x ∈ {x : v(x) < 0} we have, lim_{n→∞} f(x, u_n(x))v_n(x) + h(x, u_n(x))v_n(x) = f^−(x)v(x) + h^−(x)v(x), and therefore lim_{n→∞} F (x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)} + H(x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)} = v(x)f^−(x) + v(x)h^−(x). On the other hand we have, pJ_λ(u_n) − J^′_λ(u_n)u_n = p ∫ Ω F (x, u_n(x)) + p ∫ ∂Ω H(x, u_n(x)) − ∫ Ω f(x, u_n(x))u_n − ∫ ∂Ω h(x, u_n(x))u_n. Then p J_λ(u_n) ‖u_n‖_W 1,p_{(Ω)} − J^′_λ(u_n)v_n = p ∫ Ω F (x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)} + p ∫ ∂Ω H(x, u_n(x)) ‖u_n‖_W 1,p_{(Ω)} − ∫ Ω f(x, u_n(x))v_n − ∫ ∂Ω h(x, u_n(x))v_n. The left hand side go to 0 as n → ∞. Hence

0 = (p − 1) [∫ {v>0∩Ω} f^+v + ∫ {v>0∩∂Ω} h^+v + ∫ {v<0∩Ω} f^−v + ∫ {v<0∩∂Ω} h^−v ]

which contradicts the hypothesis on f and h in Theorem 1.1.

We now use a variacional characterization for a sequence of eigenvalues for the problem (1.2). Indeed, for solutions of (1.2) we can understand critical points of the associated energy functional I(u) = ∫ Ω |∇u|^p + ∫ Ω |u|^p, under the constraint u ∈ M, where M = {u ∈ W^{1,p}(Ω) : ‖u‖_Lp_{(∂Ω)} = 1}. We can find a sequence of variacional eigenvalues with the characterization, λ_k := inf_{A∈Ck} sup_{u∈A} I(u),

where

C_k := {A ⊂ M : there exists h : S^{k−1} → A continuos, odd and surjective }. To prove that these λ_k are critical values one first prove a Palais-Smale condition for the functional. Next, using a deformation argument, we prove that λ_k is an eigenvalue (see [11] for the details), but it is not known if this sequence contains all the eigenvalues.

As we mentioned before, we divide the proof in two cases, λ_k < λ < λ_{k+1} and λ = λ_k.

The case λ_k < λ < λ_{k+1}.

Let A ∈ C_k such that sup_{u∈A} I(u) = m ∈ (λ_k, λ) (here we are using the definition of λ_k). Then we have, for u ∈ A, t > 0, that J_λ(tu) = t^p p [‖u‖^p_{W 1,p(Ω)} − λ] + ∫ Ω F (x, tu) + ∫ ∂Ω H(x, tu)

≤ t^p p (m − λ) + | | | ∫ Ω F (x, tu) | | | + | | | ∫ ∂Ω H(x, tu) | | |

≤ t^p p (m − λ)

+t (∫ Ω |u|^p ) 1_p (∫ Ω |f|^q ) 1_q + t (∫ ∂Ω |u|^p ) 1_p (∫ ∂Ω |h|^q ) 1_q

≤ t^p p (m − λ) + t ( m‖f‖_Lq_{(Ω)} + ‖h‖_Lq_{(∂Ω)} ) . Let ξ_{k+1} = { u ∈ W^{1,p}(Ω) / ∫ Ω |∇u|^p + ∫ Ω |u|^p ≥ λ_{k+1} ∫ ∂Ω |u|^p } . If u ∈ ξ_{k+1} then,

J_λ(u) = 1 p [∫ Ω |∇u|^p + ∫ Ω |u|^p ] − λ p ∫ ∂Ω |u|^p + ∫ Ω F (x, u) + ∫ ∂Ω H(x, u)

≥ 1 p ‖u‖^p_{W 1,p(Ω)} [ 1 − λ λ_{k+1} ] + ∫ Ω F (x, u) + ∫ ∂Ω H(x, u)

≥ 1 p ‖u‖^p_{W 1,p(Ω)} [ 1 − λ λ_{k+1} ] − ‖u‖_W 1,p_{(Ω)}‖f‖_Lq_{(Ω)} −K‖u‖_W 1,p_{(Ω))}‖h‖_Lq_{(∂Ω)}. This proves the coercitivity of J_λ in ξ_{k+1}, then there exists α such that, α := inf_{u∈ξk+1} J_λ(u).

On the other hand we have, for u ∈ A, J_λ(tu) ≤ t^p p (m − λ) + t ( m‖f‖_Lq_{(Ω)} + ‖h‖_Lq_{(∂Ω)} ) , where m − λ < 0. Then for all u ∈ A, as t → +∞ J_λ(tu) → −∞. Hence there exists T > 0 such that max u∈A,t≥T J_λ(tu) = γ < α. (2.2) Let T.A := {tu : u ∈ A, t ≥ T } and χ := {h ∈ C(B_k(0, 1), W^{1,p}(Ω)) : h|_Sk−1 is odd into T.A}.

Let us see that χ is nonempty. By the definition of C_k, there exists continuous function h : S^{k−1} → A odd and surjective. Let us define h : B_k → W^{1,p}(Ω) as h(ts) = tT h(s) s ∈ S^{k−1}, t ∈ [0, 1]. Clearly h ∈ χ. Next, let us prove that if h ∈ χ then h(B_k) ∩ ξ_{k+1} ≠ ∅. If there exists any u ∈ h(B_k) such that ∫ ∂Ω |u|^p = 0 then u ∈ ξ_{k+1}.

Suppose now that ∫ ∂Ω |u|^p ≠ 0 for all u ∈ h(B_k), and let us consider ~h(x_1, ..., x_{k+1}) = πh(x_1, ..., x_k) x_{k+1} ≥ 0 −πh(−x_1, ..., −x_k) x_{k+1} < 0, where πu = u ‖u‖_Lp_{(∂Ω)} . Then, if x_{k+1} ≥ 0 ~h(x_1, ..., x_{k+1}) = π(−h(−x_1, ..., −x_k)) = −πh(−x_1, ..., −x_k) and hence ~h(−x_1, ..., −x_{k+1}) = −πh(x_1, ..., x_k) = −~h(x_1, ..., x_{k+1}). In an analogous way for x_{k+1} < 0, we have ~h(x_1, ..., x_{k+1}) = −~h(−x_1, ..., −x_{k+1}), then ~h is odd. Hence ~h(S^k) ∈ C^{k+1}. On the other hand, we have, λ_{k+1} = inf_{A∈Ck+1} sup_{u∈A} I(u),

then λ_{k+1} ≤ sup u∈~h(S^k ) I(u). Hence, for some u ∈ ~h(S^k), that is, for some x ∈ S^k such that u = ~h(x) we have λ_{k+1} ≤ I(u). That implies that ~h(x) ∈ ξ_{k+1}. Using the definition of ~h we obtain that h(x) ∈ ξ_{k+1}. Then h(B_k) ∩ ξ_{k+1} ≠ ∅. Theorem 2.2. Let c := inf_{h∈χ} sup_{x∈Bk} J_λh(x), then c is a critical value for J_λ, with c ≥ α.

Proof. for all h ∈ χ, there exists x ∈ B_k such that h(x) ∈ ξ_{k+1}, then J_λ(h(x)) ≥ α. Hence sup_{x∈Bk} J_λ(h(x)) ≥ α ∀ h ∈ χ. Therefore, c ≥ α > γ, where γ is given by (2.2).

Let us argue by contradiction. Suppose that c is a regular value, then using the deformation lemma, with β = c and ϵ̃ < c − γ, we have that there exists a deformation Φ(u, t) that verifies the usual properties (see [11]). If u ∈ T A then, J_λ(u) ≤ γ < β − ϵ̃, then by one of the properties of the deformation lemma we have Φ(u, t) = u.

By the definition of c, there exists h ∈ χ such that, sup_{x∈Bk} J_λ(h(x)) ≤ c + ϵ. (2.3)

Let h̃(·) := Φ(h(·), 1), if x ∈ S^{k−1} we have that h(x) ∈ T A , then h̃(x) = Φ(h(x), 1) = h(x) and hence h̃|_Sk−1 = h|_Sk−1 . We also have h̃(−x) = Φ(h(−x), 1) = Φ(h(x), 1) = h̃(x). We obtain that h̃ ∈ χ. Using (2.3) and the deformation lemma we have sup_{x∈Bk} J_λ(h̃(x)) = sup_{x∈Bk} J_λ(Φ(h(x), 1)) ≤ c − ϵ, a contradiction that proves that c is a critical value.

Case λ = λ_k.

We will prove the result under (LL)^+_{λk} , the case where (LL)^−_{λk} holds is completely analogous.

Lemma 2.4. If (LL)^+_{λk} is satisfied, then exists δ > 0 such that (LL)^+_μ is satisfied for all μ ∈ (λ_k − δ, λ_k + δ).

Proof. Arguing by contradiction, let us assume that there exists μ_n → λ_k and corresponding eigenfunctions {v_n}, ‖v_n‖_W 1,p_{(Ω)} = 1, such that, ∫ Ω |∇v_n|^{p−2}∇v_n∇w + ∫ Ω |v_n|^{p−2}v_nw = μ_n ∫ ∂Ω |v_n|^{p−2}v_n ∀w ∈ W^{1,p}(Ω) (2.4) and ∫ {v_n>0∩Ω} f^+v_n + ∫ {v_n>0∩∂Ω} h^+v_n + ∫ {v_n<0∩Ω} f^−v_n + ∫ {v_n<0∩∂Ω} h^−v_n ≤ 0, (2.5)

for all n. Then, since {v_n} is bounded, there exists v ∈ W^{1,p}(Ω) such that v_n → v in L^p(∂Ω). Taking ϕ_n(w) = μ_n ∫ ∂Ω |v_n|^{p−2}v_nw and ϕ(w) = λ_k ∫ ∂Ω |v|^{p−2}vw, we have that ϕ_n → ϕ in (W^{1,p}(Ω))^∗. Using the continuity of A^{−1}, we have that v_n → v in W^{1,p}(Ω). Then, taking limits in (2.4) and (2.5) we have ∫ Ω |∇v|^{p−2}∇v∇w + ∫ Ω |v|^{p−2}vw = λ_k ∫ ∂Ω |v|^{p−2}v, ∀w ∈ W^{1,p}(Ω), and ∫ {v>0∩Ω} f^+v + ∫ {v>0∩∂Ω} h^+v + ∫ {v<0∩Ω} f^−v + ∫ {v<0∩∂Ω} h^−v ≤ 0. Which contradicts the fact that (LL)^+_{λk} is satisfied.

Now we assume that λ_{k−1} ≤ λ_k − δ and let {μ_n} ⊂ (λ_k − δ, λ_k) be an increasing sequence such that μ_n → λ_k . We will construct a decreasing sequence {c_n} of critical values corresponding to J_{μn} , and then we will see that the sequence corresponding to the critical points {u_n} is bounded and converge to a certain u that is a critical point for J_{λk} .

Lemma 2.5. There exists a decreasing sequence of critical values, {c_n} associated with the functional J_{μn} .

Proof. Let A ∈ C^{k−1}, T_1 > 0, ξ_k and χ_1 as in the first part (λ_k < λ < λ_{k+1}) such that, c_1 := inf_{h∈χ1} sup_{x∈Bk−1} J_{μ1} (h(x)) is a critical value for J_{μ1} . To define c_2, let us chose the same A and ξ_k, but we take T_2 > T_1 that provides the correspondent χ_2. Then T_1A ⊂ T_2A, χ_2 ⊂ χ_1 and, inf_{h∈χ2} sup x∈B_{k−1} J_{μ1} (h(x)) ≥ inf_{h∈χ1} sup_{x∈Bk−1} J_{μ1} (h(x)) = c_1

for all h_1 ∈ χ_1. Let us define,

h_2(x) := h_1(2x) |x| ≤^1_2 ,

h_1 (_x |x| ) [1 + 2(|x| −^1_2 )T_2] |x| >^1_2 .

For |x| ≥ 1/2, h_2(x) ∈ T_1A then J_{μ1} (h_2(x)) ≤ γ < α ≤ J_{μ1} (u), ∀u ∈ ξ_{k+1}. Then there exists y ∈ B_k such that h(y) ∈ ξ_{k+1} and J_{μ1} (h_2(x)) ≤ γ < α ≤ J_{μ1} (h_2(y)).

That is, for all x with |x| ≥ 1/2 there exists y ∈ B_k such that J_{μ1} (h_2(x)) > J_{μ1} (h_2(y)). Then sup x∈B_{k−1} J_{μ1} (h_2(x)) = sup_{|x|≤1/2} J_{μ1} (h_2(x))

= sup |x|≤1/2 J_{μ1} (h_1(2x)) = sup_{x∈Bk−1} J_{μ1} (h_1(x)).

Hence c_1 := inf_{h∈χ1} sup_{x∈Bk−1} J_{μ1} (h(x)) = inf_{h∈χ2} sup_{x∈Bk−1} J_{μ1} (h(x)).

On the other hand we have,

J_{μ2} (u) = J_{μ1} (u) + 1 p (μ_1 − μ_2) ∫ ∂Ω |u|^p ≤ J_{μ1} (u) ∀u ∈ W^{1,p}(Ω), then inf_{h∈χ2} sup x∈B_{k−1} J_{μ1} (h(x)) ≥ inf_{h∈χ2} sup_{x∈Bk−1} J_{μ2} (h(x)) := c_2.

We conclude that c_1 ≥ c_2. Continuing with this procedure we find a sequence c_n with the desired properties.

Let {u_n} be the sequence of critical points associated with {c_n} then J^′_{μn} (u_n) = A(u_n) − μ_nB(u_n) + C(u_n) = 0.

If {u_n} is bounded then exists u ∈ W^{1,p}(Ω) such that u_n ⇀ u, then u_n → A^{−1}(λ_k B(u) − C(u)) in W^{1,p}(Ω). Hence u is a critical point for J_{λk} and we have proved our result.

We will next show that {u_n} must be bounded. This means that if there exists (μ_n, u_n) solutions of (1.1) with μ_n → λ_k such that ‖u_n‖_W 1,p_{(Ω)} → ∞ then the sequence μ_n verifies μ_n > λ_k, that is the only posible bifurcation from infinity at λ = λ_k is subcritical.

Lemma 2.6. If ‖u_n‖_W 1,p_{(Ω)} → ∞, then there exists v ∈ A_{λk} \ {0} such that u_n ‖u_n‖_W 1,p_{(Ω)} → v. Proof. Let v_n := u_n ‖u_n‖_W 1,p_{(Ω)} then we have that v_n ⇀ v. Using that A(v_n) − μ_nB(v_n) − C(u_n) ‖u_n‖^{p−1} = 0,

(2.6)

the compactness of B and the continuity of A^{−1} we have that v_n → A^{−1}(λ_kB(v)), then v_n → v, with ‖v‖_W 1,p_{(Ω)} = 1. Taking limit in (2.6) we have A(v) = λ_kB(v), then v ∈ A_{λk} \ {0}. Making similar calculations as in the proof of Theorem 2.1, we get pc_n = pJ_{μn} − J^′_{μn} .μ_n = p ∫ Ω F (x, u_n) + p ∫ ∂Ω H(x, u_n) − ∫ Ω f(x, u_n)u_n − ∫ ∂Ω h(x, u_n)u_n. We have that lim_{n→∞} p ∫ Ω F (x, u_n) ‖u_n‖_W 1,p_{(Ω)} + p ∫ ∂Ω H(x, u_n) ‖u_n‖_W 1,p_{(Ω)} − ∫ Ω f(x, u_n)v_n − ∫ ∂Ω h(x, u_n)v_n

= (p−1) (∫ {v>0∩Ω} f^+v + ∫ {v>0∩∂Ω} h^+v + ∫ {v<0∩Ω} f^−v + ∫ {v<0∩∂Ω} h^−v ) > 0. Then, lim_{n→∞} pc_n ‖u_n‖_W 1,p_{(Ω)} > 0, which contradicts the fact that {c_n} is bounded from above.

Then we have that {u_n} is bounded. Hence there exists u ∈ W^{1,p}(Ω) such that u_n ⇀ u weak in W^{1,p}(Ω), using the compactness of B and C and the continuity of A^{−1} we have u_n → u strong in W^{1,p}(Ω).

Case λ = λ_1. Theorem 1.2.

Now we prove Theorem 1.2 which improves the conditions on f and h in the case where λ = λ_1. To prove this theorem we use ideas from [3]. First we need some estimates.

Lemma 2.7. Let u be a positive solution of (1.1). Then

− ∫ ∂Ω h(x, u) ϕ^p_1 |u|^{p−2}u + ∫ Ω f(x, u) ϕ^p_1 |u|^{p−2}u ∫ ∂Ω ϕ^p_1 ≤ λ_1 −λ ≤ − ∫ ∂Ω h(x, u)u + ∫ Ω f(x, u)u ∫ ∂Ω |u|^p .

Proof. Taking in the weak form v = u we have that − ∫ ∂Ω g(x, u)u − ∫ Ω f(x, u)u = ∫ Ω |∇u|^p + ∫ Ω |u|^p −λ ∫ ∂Ω |u|^p ≥ (λ_1 − λ) ∫ ∂Ω |u|^p, then we get the second inequality.

If we take v = ϕ_1^p |u|^{p−2}u we have, − ∫ ∂Ω h(x, u) ϕ_1^p |u|^{p−2}u − ∫ Ω f(x, u) ϕ_1^p |u|^{p−2}u − (λ_1 − λ) ∫ ∂Ω ϕ_1^p

= ∫ Ω |∇u|^{p−2}∇u∇ ( ϕ^p_1 |u|^{p−2}u )

+ ∫ Ω |u|^{p−2}u ϕ^p_1 |u|^{p−2}u − ∫ Ω |∇ϕ_1|^p − ∫ ∂Ω |ϕ_1|^p

= ∫ Ω p|∇u|^{p−2} ϕ_1^{p−1} |u|^{p−2}u ∇u∇ϕ_1 − ∫ Ω (p − 1) ϕ_1^p |u|^p |∇u|^p − ∫ Ω |∇ϕ_1|^p

≤ ∫ Ω p ϕ_1^{p−1} |u|^{p−1} |∇u|^{p−1}|∇ϕ_1| − ∫ Ω (p − 1) ϕ_1^p |u|^p |∇u|^p − ∫ Ω |∇ϕ_1|^p. Using that pt^{p−1}s − (p − 1)t^p − s^p ≤ 0, ∀t, s ≥ 0 with t = ϕ_1 |u| |∇u| and s = |∇ϕ_1| we have that − ∫ ∂Ω h(x, u) ϕ_1 |u|^{p−2}u − ∫ Ω f(x, u) ϕ_1 |u|^{p−2}u − (λ_1 − λ) ∫ ∂Ω ϕ_1^p ≤ 0,

the result follows.

Now, let us proceed with the proof of the theorem.

Proof of Theorem 1.2. Let us suppose that f and h satisfy conditions (G^−_α ) and (G^+_β ). We will prove that there exists (λ_n, u_n) solutions of problem (1.1) with λ_n → λ_1 such that ‖u_n‖_W 1,p_{(Ω)} ≤ K.

Let λ_n ↘ λ_1, and u_n be the solutions of (1.1). Remark that Theorem 1.1 shows the existence of u_n for every λ_n close but not equal to λ_1 (as λ_1 is isolated the conditions on f and h of Theorem 1.1 are trivially verified for any λ_n close to λ_1).

Using the previous lemma it is not difficult to see that if ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 < 0

or ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 < 0

then any bifurcation from infinity must be subcritical hence {u_n} is bounded (see [3] for the details).

We only have to consider the case where ∫ Ω f^+ϕ_1 + ∫ ∂Ω h^+ϕ_1 = 0, ∫ Ω f^−ϕ_1 + ∫ ∂Ω h^−ϕ_1 = 0,

(2.7)

and ∫ ∂Ω A_αϕ^{1−α}_1 + ∫ Ω A_αϕ^{1−α}_1 < 0, ∫ ∂Ω B_αϕ^{1−α}_1 + ∫ Ω B_αϕ^{1−α}_1 > 0,

Let us assume by contradiction that ‖u_n‖_W 1,p_{(Ω)} → ∞. Then by Lemma 2.6 we have u_n ‖u_n‖_W 1,p_{(Ω)}

→ ϕ_1 or − ϕ_1.

The convergence is uniform by regularity results that show that u_n ∈ C^α, see [15]. Using the previous lemma we get,

0 > (λ_1 − λ_n) ∫ ∂Ω ϕ^p_1 ≥ − ∫ ∂Ω h(x, u_n) ϕ^p_1 |u_n|^{p−2}u_n − ∫ Ω f(x, u_n) ϕ^p_1 |u_n|^{p−2}u_n , using (2.7) we have 0 < ∫ ∂Ω (h(x, u_n)ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n − h^+(x))ϕ_1+ ∫ Ω (f(x, u_n)ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n − f^+(x))ϕ_1

= ∫ ∂Ω (h(x, u_n) − h^+(x))ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n ϕ_1

+ ∫ ∂Ω h^+(x)ϕ_1(1 − ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n )

+ ∫ Ω (f(x, u_n) − f^+(x))ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n ϕ_1

+ ∫ Ω f^+(x)ϕ_1(1 − ϕ^{p−1}_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n ).

If u_n ‖u_n‖_W 1,p_{(Ω)} → ϕ_1 we have that for any n large enough, the sign of ∫ ∂Ω (h(x, u_n) − h^+(x))ϕ^p_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n + ∫ Ω (f(x, u_n) − f^+(x))ϕ^p_1 ‖u_n‖^{p−1} |u_n|^{p−2}u_n is positive. Then ‖u_n‖^{−α}_{W 1,p(Ω)} (∫ ∂Ω (h(x, u_n) − h^+(x))u^α_n ϕ^p_1 u^{−1−α} n ‖u_n‖^{−1−α}_{W 1,p(Ω)} |u_n|^{2−p} ‖u_n‖^{2−p}_{W 1,p(Ω)}

+ ∫ Ω (f(x, u_n) − f^+(x))u^α_n ϕ^p_1 u^{−1−α} n ‖u_n‖^{−1−α}_{W 1,p(Ω)} |u_n|^{2−p} ‖u_n‖^{2−p}_{W 1,p(Ω)} ) ≥ 0. Taking limit we have ∫ ∂Ω A_αϕ^{1−α}_1 + ∫ Ω A_αϕ^{1−α}_1 ≥ 0,

which contradicts the hypothesis on f and h.

On the oder hand if u_n ‖u_n‖_W 1,p_{(Ω)}

→ −ϕ_1 we get ∫ ∂Ω B_β ϕ^{1−β}_1 + ∫ Ω B_β ϕ^{1−β}_1 ≤ 0,

which contradicts the hypothesis on f and h. Hence {u_n} must be bounded. If f and h satisfy condition (G^+_α ) and (G^−_β ), using the other inequality we prove that if we take (λ_n, u_n) solutions of (1.1) with λ_n ↗ λ_1 then {u_n} must be bounded. Using the same argument as in the previous theorem we see that there exists u ∈ W^{1,p}(Ω) such that u_n → u and u is a solution for (1.1) with λ = λ_1. This ends the proof of the theorem.

We can observe that in the proof of the previous theorem we prove that if f and h satisfy the condition (G^−_α ) and (G^+_β ) then any bifurcation from infinity must be subcritical, and in the second case any bifurcation from infinity must be supercritical.

Acknowledgements. We want to thank D. Arcoya, J. Garcia-Azorero and I. Peral for several suggestions and interesting discussions.

References

[1] W. Allegretto and Y. X. Huang, A picone’s identity for the p−laplacian and applications.

Nonlinear Anal. TM&A. Vol. 32 (7) (1998), 819-830.

[2] A. Anane, Simplicité et isolation de la premiere valeur propre du p−laplacien avec poids. C.

R. Acad. Sci. Paris, 305 (I), (1987), 725-728.

[3] D. Arcoya and J.Gámez, Bifurcation Theory and related problems: anti-maximun principle and resonance. Comm. Partial Differential Equations, vol.26(9 &10) (2001), 1879-1911.

[4] D. Arcoya and Orsina , Landesman-Lazer conditions and quasilinear elliptic equations Nonlinear Anal.-TMA., vol.28 (1997), 1623-1632.

[5] I. Babuska and J. Osborn, Eigenvalue Problems, Handbook of Numer. Anal., Vol. II (1991).

North-Holland.

[6] F.-C. St. Cîrstea and V. Radulescu, Existence and non-existence results for a quasilinear problem with nonlinear boundary conditions. J. Math. Anal. Appl. 244 (2000), 169-183.

[7] M. Chipot, I. Shafrir and M. Fila, On the solutions to some elliptic equations with nonlinear boundary conditions. Adv. Differential Equations. Vol. 1 (1) (1996), 91-110.

[8] M. Chipot, M. Chlebík, M. Fila and I. Shafrir, Existence of positive solutions of a semilinear elliptic equation in R^N_+ with a nonlinear boundary condition. J. Math. Anal. Appl. 223 (1998), 429-471.

[9] P. Drábek and S. B. Robinson, Resonance Problem for the p-Laplacian. J. Funct. Anal. 169 (1999), 189-200.

[10] J. F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat metric with constant mean curvature. Ann. of Math. (2). Vol. 136 (1992), 1-50.

[11] J. Fernández Bonder and J.D. Rossi, Existence results for the p−Laplacian with nonlinear boundary conditions. J. Math. Anal. Appl. Vol 263 (2001), 195-223.

[12] C. Flores and M. del Pino, Asymptotic behavior of best constants and extremals for trace embeddings in expanding domains. Comm. Partial Differential Equations Vol. 26 (11-12) (2001), 2189-2210.

[13] J. Garcia-Azorero and I. Peral, Multiplicity of solutions for elliptic problems with critical exponent or with a nonsymmetric term. Trans. Amer. Math. Soc. Vol. 323 (2) (1991), 877- 895.

[14] J. Garcia-Azorero and I. Peral, Existence and non-uniqueness for the p−Laplacian: nonlinear eigenvalues. Comm. Partial Differential Equations. Vol. 12 (1987), 1389-1430.

[15] G. Lieberman, Boundary regularity for solutions of degenerate elliptic equations. Nonlinear analysis T.M.A., 12(11) (1988), 1203-1219.

[16] P. Lindqvist, On the equation Δ_pu + λ|u|^{p−2}u = 0. Procc. A.M.S., 109-1, (1990), 157–164. [17] S. Martinez and J. D. Rossi. Isolation and simplicity for the first eigenvalue of the p-laplacian with a nonlinear boundary condition. Abstr. Appl. Anal. Vol. 7 (5), 287-293, (2002).

[18] K. Pflüger, Existence and multiplicity of solutions to a p−Laplacian equation with nonlinear boundary condition. Electron. J. Differential Equations 10 (1998), 1-13.

[19] J. L. Vazquez, A strong maximum principle for some quasilinear elliptic equations. Appl.

Math. Optim. (1984), 191–202.

Departamento de Matemática, FCEyN UBA (1428) Buenos Aires, Argentina.

E-mail address: smartin@dm.uba.ar, jrossi@dm.uba.ar