Non-simultaneous blow-up in a nonlinear parabolic system

Fernando Quirós

Departamento de Matemáticas, U. Autónoma de Madrid 28049 Madrid, Spain.

E-mail: fernando.quiros@uam.es and Julio D. Rossi

Departamento de Matemática, F.C.E y N., UBA (1428) Buenos Aires, Argentina.

E-mail: jrossi@dm.uba.ar

We prove the existence of a nontrivially coupled parabolic system such that one of its components becomes unbounded at a finite time while the other remains bounded, a situation that we denote as non-simultaneous blow-up.

Our system consists of two porous medium equations with coupled nonlinear flux boundary conditions. As a preliminary step we will obtain a necessary and sufficient condition for blow-up. Next we characterize completely, in the case of increasing in time solutions, the set of parameters appearing in the system for which non-simultaneous blow-up indeed occurs.

In the course of our proofs we will obtain a necessary and sufficient condition for the blow-up of solutions to general porous medium type equations on the half-line with a prescribed flux at the boundary blowing up at a finite time, a result of independent interest.

1

1. INTRODUCTION

The main goal of this paper is to prove the existence of a nontrivially coupled parabolic system such that one of its components becomes unbounded at a finite time while the other remains bounded. We will denote this phenomenon as nonsimultaneous blow-up. This is, to the best of our knowledge, the first known nontrivial example of such a behaviour.

Our system will consist of two porous medium equations { u_t = (u^m)_{xx}, v_t = (v^n)_{xx}, (x, t) ∈ D^T = {(x, t) : x > 0, 0 < t < T }, (1) with nonlinear boundary conditions given by { −(u^m)_x(0, t) = u^{p11} (0, t)v^{p12} (0, t), −(v^n)_x(0, t) = u^{p21} (0, t)v^{p22} (0, t), t ∈ (0, T ), (2)

and initial data { u(x, 0) = u_0(x) ≥ 0, v(x, 0) = v_0(x) ≥ 0, x > 0, (3)

where m, n > 1, p_{ij} > 0 are parameters. By a solution of the problem we mean a continuous pair (u, v) that verifies (1)–(3) in a weak sense. The constant T denotes the maximal existence time for the solution (u, v), which is finite if and only if any of the components, u or v, becomes unbounded in a finite time. We assume that u_0, v_0 are continuous, nonnegative, nontrivial (u_0, v_0 ≢ 0) and compactly supported in IR_+ = [0, ∞).

Remark 1. 1. The function u is a supersolution to { u_t = (u^m)_{xx}, −(u^m)_x(0, t) = 0. (4)

The well-known Barenblatt solutions, U(x, t; C, x_0, τ) = (t + τ)^{− 1m+1} ( C − m − 1 2m(m + 1) ξ^2 ) 1_{m−1} + , with ξ = (x − x_0)/(t + τ)^{1/(m+1)} and x_0, τ > 0, are subsolutions to (4). As u_0 is nontrivial, it is possible to choose C, x_0 and τ so that U ≤ u_0 at time t = 0. Hence comparison for (4) implies that u(0, t) will eventually become positive. The same argument works for v. Therefore, we can assume without loss of generality that u_0(0) > 0 and v_0(0) > 0. We will make this assumption in the sequel.

Local in time existence of a nonnegative continuous weak solution to problem (1)–(3) is easily proved by a standard monotone iteration argument (see for example [19], where the limit case p_{11} = p_{22} = 0 is considered). As u and v are solutions to porous medium equations, and they have compactly supported initial data, they are compactly supported in space for all time t ∈ [0, T ).

For certain values of the exponents m, n, p_{ij} (see below), there are solutions (u, v) to problem (1)–(3) that blow up at a finite time T < ∞ in L^∞-norm. By this we mean that these solutions are defined for t ∈ [0, T ), while

lim sup t↗T { ‖u(·, t)‖_L∞_{(IR+)} + ‖v(·, t)‖_L∞_{(IR+)} } = ∞. If T = ∞ we say that the solution is global. Blow-up for parabolic systems has received some attention in recent years, see for example [1], [4], [7], [8], [18], [19], [20], [21], [22], [24], the surveys [16], [5], and the references therein.

The blow-up definition does not exclude the possibility of non-simultaneous blow-up. Our aim is to show that this possibility indeed occurs for certain values of the parameters.

Two special limit cases of system (1)–(3) are already well known. The first one is the case in which there is no coupling,

p_{12} = p_{21} = 0.

Each component lives on its own, not being affected by the other. Hence we are dealing with two uncoupled scalar problems of the form u_t = (u^m)_{xx}, (x, t) ∈ D_T , −(u^m)_x(0, t) = u^p(0, t), t ∈ (0, T ), u(x, 0) = u_0(x), x > 0, (5)

where m > 1. Galaktionov and Levine [9] show that if 0 < p ≤ (m + 1)/2, then for arbitrary initial data the solution is global in time, while for p > (m + 1)/2 there are solutions u with finite time blow-up in the L^∞-norm, i.e., such that there exists a finite time T for which

lim sup t↗T ‖(u(·, t)‖_∞ = ∞. Thus, if p_{11} > (m + 1)/2 and p_{22} ≤ (n + 1)/2 there are initial data u_0 and v_0 such that system (1)–(3) has non-simultaneous blow-up. However, this system does not serve for our purposes, as the coupling is trivial.

The second special limit case is

p_{11} = p_{22} = 0, (6) which is studied in [19]. The authors prove in this case that if

4p_{12}p_{21} ≤ (m + 1)(n + 1), (7)

then every nonnegative solution of (1)–(3) is global in time, while if (7) does not hold, then there are solutions with finite time blow-up. They also prove that there are values of the exponents m, n, p_{12}, p_{21} for which the coupling is weak, so that the blow-up sets

B(u) := {x ∈ IR_+ : lim sup_{t↗T} u(x, t) = ∞},

B(v) := {x ∈ IR_+ : lim sup_{t↗T} v(x, t) = ∞}

of both components are different for certain initial data. However, whenever there is blow-up, both components become unbounded at the same time. That is, u blows up in L^∞-norm at time T if and only if v also does so. Non-simultaneous blow-up is therefore not possible if (6) holds.

The case p_{ij} > 0 is somewhat in the middle of these two limit cases. The coupling is nontrivial, but weaker than in the case (6), thus allowing the possibility of non-simultaneous blow-up. We will show that there are indeed certain choices of the parameters leading to this phenomenon.

In order to have non-simultaneous blow-up, we need that one of the components blows up. Hence, a first step in our search is to determine the region of parameters for which blow-up occurs. This result, which is interesting on its own, is the content of our first theorem.

Theorem 1.1. If any of the following conditions

2p_{11} > m + 1, (8) 2p_{22} > n + 1, (9) 4p_{12}p_{21} > (m + 1 − 2p_{11})(n + 1 − 2p_{22}), (10)

holds, then there exist solutions (u, v) of (1)–(3) that blow up in L^∞-norm in finite time T . Conversely, if none of the above conditions holds, then every solution of (1)–(3) is global.

Remark 1. 2. If p_{11} = p_{22} = 0 these conditions are reduced to (7).

Next theorem gives a set of parameters for which non-simultaneous blow-up indeed occurs. This provides us with the example we were looking for.

Theorem 1.2. If both conditions,

2p_{11} > m + 1, (11) 2p_{21} < 2p_{11} − (m + 1), (12)

hold, then there exist initial data (u_0, v_0) such that u has blow-up at a finite time T while v remains bounded up to that time.

Condition (11) guarantees blow-up for u, see Theorem 1.1, while condition (12) implies that the coupling between u and v is weak enough to have non-simultaneous blow-up.

Remark 1. 3. Though v remains bounded in L^∞-norm, (v^m)_x(0, t) blows up at time T .

Conditions (11) and (12) turn out to be also necessary for the existence of nonsimultaneous blow-up in the case of solutions that increase with time.

Theorem 1.3. Let (u, v) be a solution of (1)–(3) that increases with time. If u blows up at time T and v remains bounded up to time T , then both (11) and (12) hold.

Remark 1. 4. The initial data (u_0, v_0) provided by Theorem 1.2 are such that the corresponding solution (u, v) increases with time. Hence we have completely characterized, in the case of increasing in time solutions, the range of parameters for which the non-simultaneous blow-up phenomenon occurs.

In the class of increasing in time solutions, the occurrence of non-simultaneous blow-up depends continuously on the initial data.

Theorem 1.4. If we restrict ourselves to initial data corresponding to solutions that increase with time, then the set of initial data (u_0, v_0) such that u has blow-up at a finite time while v remains bounded up to that time is an open set in L^∞.

In order to prove some of the results concerning problem (1)–(3) we will need to consider the behaviour of nonnegative solutions of porous medium equations on the half-line with a prescribed inwards flux at the boundary which becomes unbounded at a finite time. We will deal with a more general problem. Namely, for T ∈ IR, T > 0, we consider solutions u(x, t) to the following problem u_t = (φ(u))_{xx}, (x, t) ∈ D_T , −(φ(u))_x(0, t) = ψ(t), t ∈ (0, T ), u(x, 0) = u_0(x), x > 0, (13)

with ψ smooth, nonnegative, nondecreasing and such that

lim_{t↗T} ψ(t) = +∞, (14)

and φ smooth, nonnegative and such that 0 < c ≤ φ^′(u) ≤ C if 0 < δ ≤ u ≤ K. (15) The initial data u_0 are assumed to be continuous, nonnegative and compactly supported in IR_+. Existence and uniqueness for solutions of this problem was proved by Cortazar and Elgueta in [3].

In the special case in which

φ(u) = u^m, (16)

we have a Neumann problem for the heat equation if m = 1, and for the porous medium equation if m > 1. The corresponding Dirichlet problem has already been considered for example in [11] and [12]. If m = 1, then u is the temperature and −u_x is the heat flux. If m > 1, then u stands for the density of a fluid flowing in a porous medium and −(φ(u))_x(x, t) is the flux, i.e., the amount of fluid crossing the point x at time t in the positive direction per time unit, [2], [23]. Condition (14) says that the flux becomes unbounded in a finite time.

With a boundary condition such as (14), the solution u of (13) may blow up at time T in the L^∞-norm. However, there is another possible situation. The solution u may remain bounded up to time T , i.e., there may exist a value K < ∞ such that sup 0<t<T ‖u(·, t)‖_∞ ≤ K. The actual behaviour of a solution depends on the precise behaviour of ψ near t = T . Our first aim is to obtain necessary and sufficient conditions on ψ for the blow-up of u. This problem was tackled in [3] for the special case in which φ is a power, (16). The authors prove that in these cases u is bounded in D_T if and only if lim_{t↗T} ∫_t 0 ψ(τ) (t − τ)^12 dτ < ∞. (17) We prove that this result remains valid when φ is not a power.

Theorem 1.5. For all u_0, the solution of (13) remains bounded in L^∞-norm up to time T if and only if (17) holds.

Remark 1. 5. In the special case where ψ(t) = c(T − t)^{−s}, c > 0, (18) Theorem 1.5 says that u blows up at time T if and only if s ≥ 1/2.

Remark 1. 6. The total mass of u satisfies ∫_∞ 0 u(x, t) dx − ∫_∞ 0 u_0(x) dx = ∫_t 0 ψ(τ) dτ. Hence, a solution of (13) remains bounded in L^1-norm up to time T if and only if lim_{t↗T} ∫_t 0 ψ(τ) dτ < ∞. This condition is different from the condition for blow-up in L^∞-norm (17).

The fact that the blow-up condition does not depend on φ is an interesting feature. This is not always the case in nonlinear diffusion problems with blowup. Consider, for example, the porous medium equation with a nonlinear flux boundary condition, problem (5). As mentioned above, in this case the condition for the existence of blowing up solutions is p > (m + 1)/2. Thus, the blow-up condition depends on φ (through m). This is not the case for problem (13).

We will also need to consider the problem u_t = (u^m)_{xx}, (x, t) ∈ D_T , −(u^m)_x(0, t) = cu^p(0, t)(T − t)^{−s}, t ∈ (0, T ), u(x, 0) = u_0(x), x > 0, (19)

with c > 0 and m > 1. As before we consider continuous weak solutions. Our main result concerning this problem, which is a corollary of Theorem 1.5, is a characterization of the exponents for which there is blow-up.

Theorem 1.6. a) If s ≥ 1/2, then every nonnegative, nontrivial solution of (19) with u_0(0) > 0 blows up at a finite time T_0 ≤ T .

b) If s < 1/2, there exist initial data u_0 with u_0(0) > 0 such that the solution of (19) remains bounded up to time T . Moreover, given ε > 0, we can find initial data with u_0(0) > 0 and a blow-up time for the flux, T , such that sup 0<t<T ‖u(·, t)‖_∞ ≤ ‖u_0(·)‖_∞ + ε.

Remark 1. 7. The assumption u_0(0) > 0 in Theorem 1.6 is relevant. If we do not assume it, part a) is false and part b) becomes trivial. To see this, take initial data such that the support of the solution of the Cauchy problem for the porous medium equation with that data does not reach x = 0 for 0 < t < T .

Organization of the paper. In Section 2 we study the scalar problems (13) and (19). Section 3 is devoted to the study of the blow-up conditions for the system (1)–(3). Finally, in Section 4 we prove the results concerning the occurrence of non-simultaneous blow-up. Throughout this paper C and c denote constants that may change from one line to another.

2. BLOW-UP RESULTS FOR THE SCALAR PROBLEMS This section is devoted to the scalar problems (13) and (19). We will prove theorems 1.5 and 1.6. First we prove Theorem 1.5 in the linear case, φ(u) = u. Thus we are dealing with the heat equation u_t = u_{xx}, (x, t) ∈ D_T , −u_x(0, t) = ψ(t), t ∈ (0, T ), u(x, 0) = u_0(x), x > 0. (20)

This result is contained in [3] but we prove it here for the sake of completeness.

Lemma 2.1. Let u be a solution to (20). It remains bounded up to time T if and only if (17) holds.

Proof. Let Γ(x, t) be the fundamental solution of the heat equation in the half-line, namely Γ(x, t) = 1 (πt)^{1/2} exp ( − x^2 4t ) . For x ∈ IR_+ we have u(x, t) = ∫ IR_+ Γ(x − y, t)u(y, 0) dy − ∫_t 0 ∂u ∂x (0, τ)Γ(x, t − τ) dτ (21)

+ ∫_t 0 ∂Γ ∂x (x, t − τ)u(0, τ) dτ.

Taking limits as x → 0 we get that 1 2 u(0, t) = ∫ IR_+ Γ(−y, t)u_0(y) dy + 1 √ π ∫_t 0 ψ(τ) (t − τ)^12 dτ. The first term of the right-hand side is bounded. Hence, u(0, t) is bounded if and only if (17) holds.

Remark 2. 1. Let (17) hold. It follows from the representation formula (21) that, |u(x, t) − u_0(x)| ≤ | | | | ∫ IR_+ Γ(x − y, t)u_0(y) dy − u_0(x) | | | | + 1 √ π ∫_t 0 ψ(τ) (t − τ)^12 dτ

+ ∫_t 0 | | | ∂Γ ∂x (x, t − τ) | | | u(0, τ) dτ. It is trivial to check that the first term of the right-hand side is small for all 0 < t < T if T is small. Assume that ψ(τ) = ψ̃(T − τ), where ψ̃ does not depend on T . With this assumption, we can also prove that if T is small then the term 1 √ π ∫_t 0 ψ(τ) (t − τ)^12 dτ, is small for every 0 < t < T . We have ∫_T 0 ψ(τ) (T − τ)^12 dτ = ∫_T 0 ψ̃(T − τ) (T − τ)^12 dτ = ∫_T 0 ψ̃(ω) ω^12 dω. As we assume (17), ψ̃(ω)/ω^{12} ∈ L^1(0, T ) and the claim follows. Finally, since u(0, t) is bounded up to time T (uniformly in T ),the last term is also small provided that T is small.

Therefore, given ε > 0 there exists T small such that |u(x, t) − u_0(x)| < ε for every 0 < t < T . Hence, sup 0<t<T ‖u(·, t)‖_∞ ≤ ‖u_0(·)‖_∞ + ε. We remark that, since the flux blows up, this result gives more than just the continuous dependence on the initial data.

Remark 2. 2. If the diffusion coefficient is a constant different from 1, i.e., if the equation in (20) is u_t = cu_{xx}, then we still have that u remains bounded up to time T if and only if (17) holds. Again, |u(x, t) − u_0(x)| is small if T is small.

To deal with a general φ, first we prove that either every solution is bounded or every solution blows up.

Lemma 2.2. Either for every u_0 the nonnegative solution of (13) blows up at time T or every for every u_0 the nonnegative solution is bounded up to time T .

Proof. Let u_1 be any solution of (13) and u_2 be a solution with initial data u_2(x, 0) = 0. A comparison argument shows that u_1 ≥ u_2. We will prove that ‖u_1(·, t) − u_2(·, t)‖_∞ does not increase with time. Hence, if u_1 blows up at time t = T , so does u_2. Once we know that u_2 blows up at time T , to prove that every solution blows up is immediate just using comparison.

Thus, we only have to prove that ‖u_1(·, t) − u_2(·, t)‖_∞ does not increase with time. That is what we do next. Assume that it is not zero. Let 0 ≤ t_1 < t_2 < T . We define

Φ(x, t) = φ(u_1(x, t)) − φ(u_2(x, t)) u_1(x, t) − u_2(x, t) if u_1(x, t) ≠ u_2(x, t),

φ^′(u_1(x, t)) if u_1(x, t) = u_2(x, t).

Then w = u_1 − u_2 ≥ 0 is a solution of

w_t = (Φ(x, t)w)_{xx}, x > 0, t ∈ (t_1, t_2), −(Φ(x, t)w)_x(0, t) = 0, t ∈ (t_1, t_2), w(x, t_1) = u_1(x, t_1) − u_2(x, t_1), x > 0.

(22)

As (22) is a parabolic equation the maximum of w = u_1 − u_2 in [t_1, t_2] × IR_+ must lie on the parabolic boundary, that is t = t_1 or x = 0. If the maximum lies somewhere at x = 0, then necessarily u_1 > 0 at that maximum point. Therefore, the equation (22) is uniformly parabolic in a neighbourhood of that point. Applying Hopf’s Lemma we arrive to a contradiction. So we have

‖u_1(·, t_2) − u_2(·, t_2)‖_L∞ ≤ ‖u_1(·, t_1) − u_2(·, t_1)‖_L∞ .

This ends the proof.

Remark 2. 3. In the course of the proof of this lemma we have obtained a contraction in L^∞ result for ordered solutions.

Now we can prove Theorem 1.5 for the general case.

Proof of Theorem 1.5. Assume that (17) does not hold and that there is a solution u bounded up to time T . Let v = φ(u). We get 1 φ^′(u) v_t = v_{xx}, −v_x(0, t) = ψ(t). As either all solutions blow up or none of them does, we can take any initial data without loss of generality. We take as initial data v(x, 0) = δ > 0. It is easy to check that v_t ≥ 0. Thus, v(x, t) ≥ δ for all t. Hence, using condition (15), we have that v_t ≥ cv_{xx}, −v_x(0, t) = ψ(t), v(x, 0) = δ. Thus, v is a bounded supersolution of the heat equation with a flux at the boundary given by ψ(t), a contradiction. Therefore, all solutions blow-up.

Now we consider the case in which (17) holds. Let v be a solution to (20) with v(x, 0) such that v_t = v_{xx} ≥ 0. As (17) holds, v turns out to be bounded and moreover if T is small, then v(x, t) is close to v(0, t). Let u = φ^{−1}(v). Then 1 φ^′(u) v_t = 1 φ^′(u) v_{xx} ≥ 1 C v_{xx}, −v_x(0, t) = ψ(t). Thus u_t ≥ 1 C (φ(u))_{xx}, −(φ(u))_x(0, t) = ψ(t), u(x, 0) = φ^{−1}(v(x, 0)). Therefore, u is a supersolution of problem (13) (the constant appearing in front of the diffusion term is not relevant). As u is bounded up to time T , any solution to (13) with initial data smaller than φ^{−1}(v(x, 0)) is bounded, and hence any solution is bounded (cf. Lemma 2.2). Moreover, as u(x, t) is close to u_0(x) if T is small we conclude that the solution that has initial data φ^{−1}(v(x, 0)) has the property that sup 0<t<T ‖u(·, t)‖_∞ ≤ ‖u_0(·)‖_∞ + ε. (23) Remark 2. 4. In the case where φ(u) = u^m and ψ(t) = c(T − t)^{−s} with s > 1/2, problem (13) has a blowing up solution of self-similar form u(x, t) = (T − t)^{−α}f(ξ) ξ = x/(T − t)^β , where the similarity exponents α and β are given by α = 2s − 1 m + 1 , β = s(1 − m) + m m + 1 . However, in the critical case s = 1/2 there are not blowing up solutions of (13) of self-similar form, even if we allow the more general kind of similarity u(x, t) = h(t)f(ξ) ξ = x/g(t).

As a corollary we can prove Theorem 1.6.

Proof of Theorem 1.6. a) As we assume u_0(0) > 0 we have that u is a supersolution of (13) with ψ(t) = c(T − t)^{−s} with s ≥ 1/2. Then Theorem 1.5 gives the result.

b) Given ε > 0, let z(x, t) be a solution of (13) with ψ(t) = (C + 1)^p(T − t)^{−s}, C > 0, with an initial z(x, 0) and a blow-up time for the flux T small enough so that z(x, t) has the property (23). Hence z is a supersolution of (19) that remains bounded up to time T . Now, let 0 ≤ u_0(x) ≤ z(x, 0). As z is bounded up to time T and satisfies (23), u must be bounded up to time T and must satisfy (23).

3. BLOW-UP RESULTS FOR THE SYSTEM

In this section we prove Theorem 1.1. The ideas are similar to [19]. However, we give a sketch of the proofs to make the paper self-contained.

We want to apply a comparison argument. To this end, we define what we call a subsolution and a supersolution for (1)–(2).

Definition 3.1. The continuous pair (u, v) is a subsolution of (1)–(2) if it satisfies { u_t ≤ (u^m)_{xx} v_t ≤ (v^n)_{xx} (x, t) ∈ D^T , (24) { −(u^m)_x(0, t) ≤ u^{p11} (0, t)v^{p12} (0, t) −(v^n)_x(0, t) ≤ u^{p21} (0, t)v^{p22} (0, t) t ∈ (0, T ), (25)

in a weak sense.

Definition 3.2. We call (u, v) a supersolution of (1)–(2) if it satisfies (24)–(25) in a weak sense with the opposite inequalities.

Remark 3. 1. A pair of functions satisfying (24)–(25) pointwise in their supports and with nonpositive flux at their free boundaries is a subsolution of (1)–(2). An analogous statement holds for supersolutions, [2].

With these definitions of super and subsolutions we can state a comparison lemma.

Lemma 3.1. Let (u, v) be a nonnegative supersolution and (u, v) be a nonnegative subsolution of (1)–(2). If u(x, 0) ≤ u(x, 0), v(x, 0) ≤ v(x, 0), with

u(0, 0) < u(0, 0) and v(0, 0) < v(0, 0),

then u(x, t) ≤ u(x, t) and v(x, t) ≤ v(x, t), as long as both pairs of functions exist.

Proof. It is standard; therefore we omit the details. We argue in the support of u and v, since at other points the conclusion is trivial, as we are considering nonnegative functions. Assume that the result is false. Let t_0 be the maximum time such that u(x, t) ≤ u(x, t) and v(x, t) ≤ v(x, t), up to time t_0. This time t_0 must be positive by continuity and well known properties of the porous medium equation. At that time t_0 we must have that u(0, t_0) = u(0, t_0) or v(0, t_0) = v(0, t_0). Let us assume that u(0, t_0) = u(0, t_0). Now the result follows by an application of Hopf’s Lemma. Indeed, u − u satisfies a uniformly parabolic inequality in a neighbourhood of x = 0, attains a minimum at (0, t_0), and the corresponding flux is greater or equal than zero,a contradiction.

Now we proceed with the blow-up part of Theorem 1.1. We organize the proof in two lemmas.

Lemma 3.2. If (8) or (9) hold, then there exist solutions (u, v) of (1)–(3) that blow up in a finite time T .

Proof. Assume that (8) holds. We can assume that v(0, 0) > 0. Therefore there is a value t_0 such that v(0, t) > c for every t ∈ (0, t_0). It follows that u satisfies −(u^m)_x(0, t) ≥ cu^{p11} (0, t). Thus u is a supersolution of

u_t = (u^m)_{xx}, x > 0, t ∈ (0, t_0), −(u^m)_x(0, t) = cu^{p11} (0, t), t ∈ (0, t_0), u(x, 0) = u_0(x), x > 0. (26)

We observe that choosing u_0 large we can obtain T as small as we want. So, we only have to choose u_0 large enough in order to guarantee that u blows up at a time T < t_0. This can be done because solutions of (26) blow up in a finite time if 2p_{11} > m + 1, see [9], [19]. The case in which (9) holds is treated in the same way.

If (10) holds, then we can construct a subsolution of self-similar form with finite time blow-up. We will conclude that we have solutions with finite time blow-up using the comparison lemma (Lemma 3.1). The self-similar exponents are

α_1 = n + 1 − 2p_{22} + 2p_{12} (m + 1 − 2p_{11})(n + 1 − 2p_{22}) − 4p_{21}p_{12}

, β_1 =

1 + (m − 1)α_1 2 ,

α_2 = m + 1 − 2p_{11} + 2p_{21} (m + 1 − 2p_{11})(n + 1 − 2p_{22}) − 4p_{21}p_{12}

, β_2 =

1 + (n − 1)α_2 2 . Lemma 3.3. If (10) holds, then there exists a pair of compactly supported functions θ_1, θ_2, such that

u(x, t) = (T − t)^{α1} θ_1(ξ) ξ = x/(T − t)^{β1} , v(x, t) = (T − t)^{α2} θ_2(ζ) ζ = x/(T − t)^{β2} ,

is a subsolution of (1)–(2).

Proof. To satisfy (24) and (25) we need that { (θ^m_1 )^{′′}(ξ) ≥ −α_1θ_1(ξ) + β_1ξθ^′_1(ξ), (θ^n_2 )^{′′}(ζ) ≥ −α_2θ_2(ζ) + β_2ζθ^′_2(ζ), { −(θ^m_1 )^′(0) ≤ θ^{p11}_1 (0)θ^{p12}_2 (0), −(θ^n_2 )^′(0) ≤ θ^{p21}_1 (0)θ^{p22}_2 (0).

We choose,

θ_1(ξ) = A_1(a_1 − ξ)^{1m−1} .

Inserting this in the first inequality we get m (m − 1)^2

A^{m−1}_1 ≥ −α_1(a_1 − ξ) − β_1 m − 1 ξ for 0 ≤ ξ ≤ a_1.

Hence, it is enough to impose m (m − 1)^2

A^{m−1}_1 ≥ −α_1a_1 + |β_1| m − 1 a_1,

that is C_1A^{m−1}_1 ≥ a_1. (27) Analogously we choose

θ_2(ζ) = A_2(a_2 − ζ)^{1n−1}_+ , and from the second equation we get C_2A^{n−1}_2 ≥ a_2. (28) The boundary conditions impose m m−1 A^m_1 a^{1m−1}_1 ≥ A^{p11}_1 a p11 m−1 1 A^{p12}_2 a p12 n−1 2 , n n−1 A^n_2 a^{1n−1}_2 ≥ A^{p21}_1 a p21 m−1 1 A^{p22}_2 a p22 n−1 2 . (29)

Let b_1 = A_1a^{1m−1}_1 , b_2 = A_2a^{1n−1}_2 .

Then, conditions (29) become m m−1 A^{m−1}_1 b_1 ≥ b^{p11}_1 b^{p12}_2 , n n−1 A^{n−1}_2 b_2 ≥ b^{p21}_1 b^{p22}_2 .

(30)

We fix b_1 = b_2 = 1, and then take A_1, A_2 large enough (and thus a_1 and a_2 small) to satisfy (27), (28) and (30).

Now we only have to observe the following, if (10) holds but (8) and (9) do not then the subsolution that we have constructed blows up because in this case α_1 and α_2 are negative. Hence every solution that has initial data above the subsolution must blow-up in finite time.

This ends the proof of the existence of blowing up solutions if (8), (9) or (10) hold.

In order to prove the global existence part we will use as supersolutions a family of self-similar solutions of exponential form which exist for some specific values of the exponents. To this end we will use the following result of Gilding and Peletier, [10], [13], [14]:

Theorem 3.1. Let a, b, V ∈ IR and U ≥ 0. For fixed a and b, let S_A denote the set of values (U, V ) such that there exists a weak, nonnegative, compactly supported solution f of

(f^m)^{′′}(η) + aηf^′(η) = bf(η) for 0 < η < ∞, (31) f(0) = U, (32) (f^m)^′(0) = V, (33)

and let S_B denote the set of values (U, V ) for which there exists a bounded, positive, classical solution f of (31)–(33).

(a) If b < 0 and 2a + b < 0 then S_A = {(0, 0)} and S_B = ∅. (b) If b < 0 and 2a + b = 0 then S_A = {(0, V ) : 0 ≤ V < ∞} and S_B = ∅. (c) If b ≤ 0 and 2a + b > 0 then there exists a unique V_∗ such that S_A = {(U, U^{(m+1)/2}V_∗) : 0 ≤ U < ∞} and S_B = {(U, V ) : 0 ≤ U < ∞, U^{(m+1)/2}V_∗ < V < ∞}, where V_∗ > 0 if a + b < 0, V_∗ = 0 if a + b = 0 and V_∗ < 0 if a + b > 0. (d) If b > 0 and a ≥ 0 then there exists a unique V_∗ < 0 such that S_A = {(U, U^{(m+1)/2}V_∗) : 0 ≤ U < ∞} and S_B = ∅.

(e) If b > 0 and a < 0, or b = 0 and a ≤ 0, then S_A = {(0, 0)} and there exists a unique V_∗ such that S_B = {(U, U^{(m+1)/2}V_∗) : 0 ≤ U < ∞}, where V_∗ < 0 if b > 0 and V_∗ = 0 if b = 0.

Moreover, for each (U, V ) ∈ S_A ∪ S_B there exists at most one weak solution of (31)–(33).

Remark 3. 2. In the case where a = (m − 1)b/2 > 0 we have V_∗ = −1. This is a consequence of the existence of a self-similar solution of exponential form for a scalar problem, see [9].

The self-similar solutions of exponential form are constructed in next lemma. Lemma 3.4. Let u(x, t) = e^{α1t}f(ξ) ξ = x/e^{β1t}, v(x, t) = e^{α2 t}g(ζ) ζ = x/e^{β2t}. (34)

If 4p_{12}p_{21} = (m + 1 − 2p_{11}) (n + 1 − 2p_{22}) , (35)

with

m + 1 − 2p_{11} > 0 n + 1 − 2p_{22} > 0, (36)

then, for any α_1 > 0 there is a self-similar solution of problem (1)–(2) global in time of the form (34), where

α_2 = ( m + 1 − 2p_{11} 2p_{12} ) α_1, β_1 = ( m − 1 2 ) α_1, β_2 = ( n − 1 2 ) α_2.

(37)

Moreover, the supports of f and g are compact.

Proof. We are considering solutions of the form (34). Equations (1) impose the following relations for the exponents,

α_1 = mα_1 − 2β_1, α_2 = nα_2 − 2β_2. (38)

The boundary conditions (2) imply that

mα_1 − β_1 = p_{11}α_1 + p_{12}α_2, nα_2 − β_2 = p_{21}α_1 + p_{21}α_2. (39)

System (38)–(39) is reduced to ( m + 1 − 2p_{11} −2p_{12} −2p_{21} n + 1 − 2p_{22} ) ( α_1 α_2 ) = ( 0 0 ) . (40)

There is a nontrivial solution (α_1, α_2) of (40) if and only if

4p_{12}p_{21} = (m + 1 − 2p_{11}) (n + 1 − 2p_{22}) .

In this case, α_2, β_1, β_2 are related to α_1 by (37).

On the other hand, the profiles must satisfy

(f^m)^{′′}(ξ) + β_1ξf^′(ξ) = α_1f(ξ), (g^n)^{′′}(ζ) + β_2ζg^′(ζ) = α_2g(ζ), (41) plus the boundary conditions

−(f^m)^′(0) = f^{p11} (0)g^{p12} (0), −(g^n)^′(0) = f^{p21} (0)g^{p22} (0). (42)

As we are assuming (36), if α_1 > 0, then α_2, β_1, β_2 > 0. Moreover, β_1 = (m − 1)α_1/2, β_2 = (n − 1)α_2/2. Hence, using the remark after Theorem 3.1 we have solutions of the equations (42) with V_{∗1} = V_{∗2} = −1. That is, there are two one-parameter families (with parameters U_1, U_2) satisfying

f(0) = U_1, −(f^m)^′(0) = U^{(m+1)/2}_1 , g(0) = U_2, −(g^n)^′(0) = U^{(n+1)/2}_2 .

The boundary conditions impose { U^{(m+1)/2}

1 = U^{p11}_1 U^{p12}_2 , U^{(n+1)/2}

2 = U^{p21}_1 U^{p22}_2 .

Taking logarithms, this is equivalent to ( m + 1 − 2p_{11} −2p_{12} −2p_{21} n + 1 − 2p_{22} ) ( ln U_1 ln U_2 ) = ( 0 0 )

Choosing a solution of this last equation (we are using again (35)) we conclude the proof of the theorem.

Now, with the help of the self-similar solutions that we have just constructed we will prove the global existence part of the theorem.

Lemma 3.5. If none of the conditions (8)–(10) hold, then every nonnegative solution of (1)–(3) is global.

Proof. It is enough to construct global supersolutions with initial data as large as needed. We achieve this with the aid of the self-similar solutions of exponential form that we found in Lemma 3.4.

First we choose p̃_{12} ≥ p_{12} such that 4p̃_{12}p_{21} = (m + 1 − 2p_{11})(n + 1 − 2p_{22}), and we assume that m + 1 > 2p_{11} and n + 1 > 2p_{22}. Let u(x, t) = e^{α1(t+τ )}f ( x/e^{β1(t+τ )} ) , v(x, t) = e^{α2(t+τ )}g ( x/e^{β2(t+τ )} ) , where α_1 > 0 is arbitrary and α_2, β_1 and β_2 are given by (37) with p_{12} = p̃_{12}. Now we observe that this pair (u, v) is a supersolution of (1)–(3) as long as v(0, t) ≥ 1. This can be done by choosing τ large enough. This also allows to assume that u(x, 0) ≥ u_0(x) and v(x, 0) ≥ v_0(x). Then, by the comparison Lemma 3.1, we obtain that every solution is global.

Now assume that m + 1 = 2p_{11}. Then, as 4p_{12}p_{21} ≤ (m + 1 − 2p_{11})(n + 1 − 2p_{22}) = 0 we have p_{12} = 0 or p_{21} = 0. If p_{12} = 0 the equation for u is not coupled with the equation for v. Furthermore, as m + 1 = 2p_{11} every solution, u, is global (see [9]). For v we have that it satisfies a porous medium equation with a boundary condition of the form

−(v^n)_x(0, t) = u^{p21} (0, t)v^{p22} (0, t).

Now we only have to observe that u(0, t) is bounded in every interval, [0, T ], (u is global) and that 2p_{22} ≤ n + 1 to conclude that v is global, see [9]. The case p_{21} = 0 is analogous.

If n + 1 = 2p_{22} we reason in the same way as before.

4. NON-SIMULTANEOUS BLOW-UP

In this section we prove theorems 1.2, 1.3 and 1.4.

Proof of Theorem 1.2. We want to choose initial data such that u blows up but v remains bounded. To do this we first fix v_0 such that v_0(0) > 0 and v_t ≥ 0. Then u satisfies

u_t = (u^m)_{xx} (x, t) ∈ D_T , −(u^m)_x(0, t) = u^{p11} (0, t)v^{p12} (0, t) ≥ Cu^{p11} (0, t) t ∈ (0, T ), u(x, 0) = u_0(x) x > 0.

(43)

As 2p_{11} > m + 1, there are initial data w_0 such that the solution w of problem of

u_t = (u^m)_{xx} (x, t) ∈ D_T , −(u^m)_x(0, t) = Cu^{p11} (0, t) t ∈ (0, T ), u(x, 0) = u_0(x) x > 0,

(44)

is increasing in time and blows up in a finite time, T̃ . Hence, solutions u to (43) with initial data u_0 = w(T̃ − ε) will have blow-up time not greater than ε. That is, there are initial data u_0 such that the corresponding solution u is increasing in time and blows up in a finite time, T , which is as small as we want. Moreover, u(0, t) ≤ C(T − t)^{−γ1} , γ_1 = 1 2p_{11} − (m + 1)

> 0. (45)

To prove this we proceed as follows. First we observe that as u_t ≥ 0 then (u^m)_{xx} ≥ 0 and hence M(t) = ‖u(·, t)‖_∞ = max u(·, t) = u(0, t). Following ideas from

[15], we set φ_M (y, s) = 1 M(t) u(ay, bs + t), y ≥ 0, −t/b ≤ s ≤ 0. The function φ_M satisfies

0 ≤ φ_M ≤ 1, φ_M (0, 0) = 1, (φ_M )_s ≥ 0. (46)

Choosing

a = M^{m−p11} , b = M^{m+1−2p11} , we have that φ_M is a solution of { (φ_M )_s = (φ^m_M )_{yy}, −(φ^m_M )_y(0, s) = φ^{p11} (0, s)v^{p12} (0, bs + t) ≥ Cφ^{p11} (0, s). (47)

We observe that there exists a number s_∗ such that that φ_M is well defined for every (y, s) ∈ A = {y > 0, s_∗ < s < 0}. Indeed, as 2p_{11} > m + 1 we have that b → 0 and hence −t/b → −∞. We claim that there exists a positive constant C such that for every M large enough it holds

(φ_M )_s(0, 0) ≥ C > 0. (48)

As we will see later on, the blow-up rate follows from this inequality. Assume that the claim is false. Then, there is a sequence such that (φ_{Mj} )_s(0, 0) → 0. From the results for bounded solutions of porous medium equations of [6] Section 6, we have that every sequence, {φ_{Mj} } is equicontinuous. Therefore, passing to a subsequence if necessary, we have that φ_{Mj} → φ uniformly on compact sets of {y ≥ 0, s_∗ ≤ s ≤ 0}. This function φ is continuous and satisfies φ(0, 0) = 1. Hence, there exists a neighbourhood of (0, 0), U ⊂ A, such that φ > 1/2 in U. As we have uniform convergence over U (we can assume that U is compact) for j large enough we have that 1/4 ≤ φ_{Mj} ≤ 1. Therefore, φ_{Mj} is a solution of a uniformly parabolic equation in U. Thus, from the fact that it is uniformly bounded we obtain, using well known Schauder estimates, [17], that ‖φ_{Mj} ‖_C2+α,1+α/2 ≤ C in U. Hence φ_s(0, 0) = 0 and, since φ_s ≥ 0 and −(φ_s)_y ≥ 0, we have that φ does not depend on s. Thus φ is a bounded positive solution of the equation (φ^m)_{yy} = 0 with −(φ^m)_y(0) ≥ C, φ(0) = 1. Such a solution does not exist, and therefore we have a contradiction.

Now we will obtain the blow-up rate from the claim. Writing the claim in terms of M, M^{m−2p11} M^′ ≥ C, which, after integration from t to T ,and the change of variables τ = M(t) provides ∫_{+∞} M(t) τ^{m−2p11} dτ ≥ C(T − t). Hence M(t) = u(0, t) ≤ C(T − t)^{1m+1−2p11} . Thus, v satisfies { v_t = (v^n)_{xx} (x, t) ∈ D_T , −(v^n)_x(0, t) ≤ C(T − t)^{p21m+1−2p}11 v^{p22} t ∈ (0, T ).

Hence v is a subsolution of (19) with initial data v_0. As we have chosen u_0 large, T is small and the solution of that problem with v_0 as initial data does not blow up. We conclude that v remains bounded up to time T .

Proof of Theorem 1.3. Assume that (u, v) has finite time blow-up T and that v remains bounded up to time T . Therefore, u must blow-up at time T . As v(x, t) ≤ C for all 0 < t < T , then u is a subsolution of (44). As u has finite time blow-up T , we must have 2p_{11} > m + 1, since solutions of (44) have blow-up only in this case (see [9], [19]).

Next we prove that 2p_{21} < 2p_{11} − (m + 1). We start by showing that, u(0, t) ≥ c(T − t)^{−γ1} , γ_1 = 1 2p_{11} − (m + 1)

> 0. (49)

To prove (49) we define φ_M as in the proof of Theorem 1.2 and obtain that it is a solution of { (φ_M )_s = (φ^m_M )_{yy}, −(φ^m_M )_y(0, s) ≤ Cφ^{p11} (0, s). (50)

The function is well defined for every (y, s) ∈ A = {y > 0, s_∗ < s < 0}, if M is large enough.

We claim that there exists a positive constant such that for every M large enough it holds

(φ_M )_s(0, 0) ≤ C. (51)

Assume that the claim were false. Arguing again as in the proof of Theorem 1.2 we get that φ_{Mj} is a solution of a uniformly parabolic equation in a fixed neighbourhood U of the origin. Since it is uniformly bounded, we get that ‖φ_{Mj} ‖_C2+α,1+α/2 ≤ C in U. This implies (51).

To obtain the blow-up rate we write (51) in terms of M to get M^{m−2p11} (t)M^′(t) ≤ C. Performing an integration from t to T we finally arrive to

M(t) = u(0, t) ≥ C(T − t)^{− 12p}11^{−(m+1)} ,

that is, (49).

Now we turn our attention to v, which is assumed to be bounded and satisfies v_t = (v^n)_{xx}, (x, t) ∈ D_T , −(v^n)_x(0, t) = u^{p21} v^{p22} (0, t) ≥ C(T − t)^{−γ1 p21} v^{p22} (0, t) t ∈ (0, T ), v(x, 0) = v_0(x) x > 0. (52)

By Theorem 1.6, we have γ_1p_{21} < 1/2, which is equivalent to 2p_{21} < 2p_{11} − (m + 1).

Now we prove our continuity result, Theorem 1.4.

Proof of Theorem 1.4. Let (u_1, v_1) be a solution such that u_1 blows up at time T and v_1 remains bounded up to time T , say v_1 ≤ C.

As u_1 blows up at time T it becomes large at time T − ε. We can find a neighbourhood of (u_1(x, 0), v_1(x, 0)) in L^∞ such that, if (u_2, v_2) is an increasing solution with initial data in such neighbourhood it satisfies that u_1 becomes large at time T − ε and v_2 ≤ C + 1 up to T − ε (this follows by continuity with respect to the initial conditions since up to T − ε we are dealing with bounded solutions).

Let us restrict ourselves to increasing solutions and assume that both (11) and (12) hold. From the proof of the previous theorems we know that,given v_0 ≤ C+1, if u_0 is large then u blows up and v remains bounded. From this fact, taking as initial data (u_2(·, T − ε), v_2(·, T − ε)), we can conclude that u_2 blows up and v_2 remains bounded.

Acknowledgements The first author partially supported by DGICYT (Spain), grant PB94-0153. The second author partially supported by Universidad de Buenos Aires, grant TX048, CONICET (Argentina) and by Fundación Antorchas (Argentina). We would like to thank Arturo de Pablo for several interesting discussions.

REFERENCES

1. D. Andreucci, M. A. Herrero and J. J. L. Velázquez. Liouville theorems and blow-up behaviour in a semilinear reaction diffusion systems. Ann. Inst. H. Poincaré Anal. Non Linéaire 14 (1), (1997), 1–53.

2. D. G. Aronson, The porous medium equation. In “Nonlinear Diffusion Problems” (A. Fasano and M. Primicerio, eds.), Lecture Notes in Mathematics # 1224, Springer-Verlag, New York, 1986, pp. 1–46.

3. C. Cortázar, and M. Elgueta. Localization and boundedness of the solutions of the Neumann problem for a filtration equation. Nonlinear Analysis T.M.A. 13(1), (1989), 33–41.

4. K. Deng, M. Fila and H. Levine. On critical exponents for a system of heat equations coupled in the boundary conditions. Acta Math. Univ. Comenian. (N.S.) LXIII (2), (1994), 169–192.

5. K. Deng and H. Levine. The role of critical exponents in blow-up theorems: the sequel. J. Math.

Anal. Appl. 243 (1), (2000), 85–126.

6. E. Dibenedetto. Continuity of weak solutions to a general porous medium equation. Indiana Univ. Math. J. 32 (1), (1983), 83–118.

7. M. Escobedo and M. A. Herrero. Boundedness and blow up for a semilinear reaction-diffusion system. J. Differential Equations 89, (1991), 176–202.

8. M. Escobedo and H. A. Levine. Critical blow-up and global existence numbers for a weakly coupled system of reaction-diffusion equations. Arch. Rational Mech. Anal. 129, (1995), 47–100.

9. V. A. Galaktionov and H. A. Levine. On critical Fujita exponents for heat equations with nonlinear flux boundary conditions on the boundary. Israel J. Math. 94, (1996), 125–146.

10. B. H. Gilding. On a class of similarity solutions of the porous media equation III.

J. Math. Anal. Appl. 77, (1980), 381–402.

11. B. H. Gilding and J. Goncerzewicz. Localization of solutions of exterior domain problems for the porous media equation with radial symmetry. SIAM J. Math. Anal. 31 (4), (2000), 862-893.

12. B. H. Gilding and M. A. Herrero. Localization and blow-up of thermal waves in nonlinear heat conduction with peaking. Math. Ann. 282, (1988), 223–242.

13. B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation.

J. Math. Anal. Appl. 55, (1976), 351–364.

14. B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation II. J. Math. Anal. Appl. 57, (1977), 522–538.

15. B. Hu and H. M. Yin. The profile near blowup time for solution of the heat equation with a nonlinear boundary condition. Trans. Amer. Math. Soc. 346 (1), (1994), 117–135.

16. H. A. Levine. The role of critical exponents in blow up theorems. SIAM Rev. 32, (1990), 262–288.

17. G. M. Liberman, “Second Order Parabolic Differential Equations”. World Scientific, River Edge, 1996.

18. C. V. Pao, “Nonlinear parabolic and elliptic equations”. Plenum Press, New York, 1992.

19. F. Quirós and J. D. Rossi. Blow-up sets and Fujita type curves for a degenerate parabolic system with nonlinear boundary conditions. To appear in Indiana Univ. Math. J.

24 F. QUIR^´OS AND J. D. ROSSI

20. J. D. Rossi and N. Wolanski. Blow-up vs. global existence for a semilinear reaction-diffusion system in a bounded domain. Comm. Partial Differential Equations 20, (1995), 1991–2004.

21. J. D. Rossi and N. Wolanski. Global existence and nonexistence for a parabolic system with nonlinear boundary conditions. Differential Integral Equations 11 (1), (1998), 179–190.

22. A. A. Samarskii, V. A. Galaktionov, S. P. Kurdyumov and A. P. Mikhailov. “Blow-up in problems for quasilinear parabolic equations”. Nauka, Moscow, 1987 (in Russian). English transl.: Walter de Gruyter, Berlin, 1995.

23. J. L. Vázquez, An introduction to the mathematical theory of the porous medium equation. In “Shape Optimization and Free Boundaries” (M. C. Delfour, eds.), Dordrecht, Boston and Leiden, 1992, pp. 347–389.

24. S. Wang, Ch. Xie and M. Wang. Note on critical exponents for a system of heat equations coupled in the boundary conditions. J. Math. Anal. Appl. 218 (1), (1998), 313–324.