The balance between nonlinear reaction and absorption at the boundary

Raúl Ferreira, Fernando Quirós

Departamento de Matemáticas, U. Autónoma de Madrid 28049 Madrid, Spain.

E-mail: raul.ferreira@uam.es fernando.quiros@uam.es and Julio D. Rossi

Departamento de Matemática, F.C.E y N., UBA (1428) Buenos Aires, Argentina.

E-mail: jrossi@dm.uba.ar

We study nonnegative solutions of a nonlinear diffusion equation with nonlinear boundary conditions. At a portion of the boundary we have reaction, while at another portion we have absorption. Namely, we deal with the following problem

u_t = (u^m)_{xx} (x, t) ∈ (0, L) × (0, T ), −(u^m)_x(0, t) = u^p(0, t) t ∈ (0, T ), (u^m)_x(L, t) = −u^q (L, t) t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, L),

where m, p and q are positive parameters. We describe in terms of p, q, m and L when all solutions exist globally in time, when all solutions blow up in a finite time, and when there are both blowing up and global solutions. For blowing up solutions we find the blow-up rate and the blow-up set. We show that the blow-up rate is discontinuous as a function of the parameters. This is the first known example of this phenomenon in a parabolic problem with blow-up.

1. INTRODUCTION AND MAIN RESULTS

We deal with the following problem

u_t = (u^m)_{xx} (x, t) ∈ (0, L) × (0, T ), −(u^m)_x(0, t) = u^p(0, t) t ∈ (0, T ), (u^m)_x(L, t) = −u^q(L, t) t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, L), (1) 1

where m, p, q, L > 0 are parameters. Local existence in time follows by standard arguments, see [8] for a similar problem. The time T is the maximal existence time for the solution, which may be finite or infinite. If T < ∞, then u becomes unbounded in finite time and we say that it blows up. If T = ∞ we say that the solution is global. We assume that u_0 is continuous and nonnegative. Hence the solution that we are considering is nonnegative for all its time interval of existence, see [6], [8]. If m = 1, we have the well-known heat equation. For m > 1 the equation is called the porous medium equation, while for m < 1 it is known as the fast-diffusion equation. For every m > 0 problem (1) can be thought of as a model for nonlinear heat propagation. In this case u stands for the temperature and −(u^m)_x represents the heat flux. Thus our nonlinear boundary conditions represent heat radiation or absorption through the boundary of the domain. A justification of the appearance of such boundary conditions in a combustion problem appears in [17].

In this article we are interested in the blow-up phenomenon, a subject that has deserved a great deal of attention in recent years, see for example the book [20] and the surveys [15] and [5]. For specific references about blow-up in problems with nonlinear boundary conditions see the survey [7]. In our problem we have a nonlinear source term at the boundary point x = 0 and a nonlinear absorption term at the other boundary point, x = L. The reaction term favors blow-up, while the absorption term tries to preclude it. The actual behaviour of solutions, blow-up or global existence, is determined by which term dominates. This depends on m, p, q and L as is shown in our first theorem. This theorem is restricted to m > 1. This is the most interesting case, as it is in this range of parameters where we have more diversity of behaviours. We state our results for m ≤ 1 later, at the end of the introduction.

Theorem 1.1. Let m > 1.

A) If the parameters lie in any of the sets B_1 = {p > m}, B_2 = {q ≤ p = m} ∪ {q > p = m, L ≥ 2m/(m − 1)}, B_3 = {1 < p < m, p > q}, B_4 = {(m + 1)/2 < p < m, p = q}, then there exist solutions that blow up in finite time. B) If the parameters lie in any of the sets G_1 = {p = q, 1 < p ≤ (m + 1)/2}, G_2 = {p < q, 1 < p < m} ∪ {q > p = m, L < 2m/(m − 1)}, G_3 = {p ≤ 1}, then every positive solution is global in time.

The content of this theorem is summarized in Figure 1.

FIG. 1. Blow-up / Global existence.

In order to better understand Theorem 1.1 we will compare (1) with a related problem. Namely, we consider the porous medium equation (m > 1) in a bounded interval with nonlinear reaction at the origin and zero flux at the other end,

u_t = (u^m)_{xx} (x, t) ∈ (0, L) × (0, T ), −(u^m)_x(0, t) = u^p(0, t) t ∈ (0, T ), (u^m)_x(L, t) = 0 t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, L). (2)

This problem is studied in [8], where it is proved that solutions blow up if and only if p > 1 (similar results for systems are proved in [1]). In problem (1) the end x = L is not insulated, but has an absorption term instead. Hence, our problem has less chances for blow-up than problem (2). Therefore we cannot expect blow-up for it if p ≤ 1. What if p > 1? Then the boundary absorption term may play a role. To understand this role we consider the blow-up set, B(u), of a solution u, which is defined as B(u) = {x ∈ [0, L]; ∃ x_n → x, t_n ↗ T, with u(x_n, t_n) → +∞}. The blow-up set of solutions to problem (2) with m > 1 is known to be the whole interval [0, L] if either p < m or p = m with L ≤ 2m/(m − 1); the interval [0, 2m/(m − 1)] if p = m with L > 2m/(m − 1) and a single point x = 0 if p > m. For problem (1) there is some absorption at x = L. Therefore we expect that the blow-up set will not be bigger than that of problem (2). Thus it will consist at most of the origin if p > m (see Theorem 1.5 below). Hence, absorption at x = L cannot be very big, as u is bounded there; reaction wins the game. If p < m the blow-up set may be the whole interval. If this is the case, absorption at x = L – as well as reaction at x = 0 – becomes enormous. To have blow-up or not depends on which term dominates; hence the condition p > q. If p = m, things depend on the relation between L and 2m/(m − 1). If L ≥ 2m/(m − 1), then blow-up will be regional and the absorption term will play no role. On the other hand, if L < 2m/(m − 1), blow-up will not be truly regional, but will happen in the whole interval [0, L] instead. Then the alternative blow-up/global existence will depend again on the condition p > q.

We still have to consider the segment p = q, 1 < p < m. In this range of parameters both boundary conditions are of the same order and the balance becomes more delicate. If 1 < p ≤ (m + 1)/2 there is enough cancellation to abort blow-up. On the contrary, if (m + 1)/2 < p < m we still have blow-up, though cancellation will provoke a diminution of the blow-up rate, i.e., of the speed at which blow-up takes place (see Theorem 1.4 below).

The critical exponent for global existence, p = (m + 1)/2, for the borderline case p = q, reminds us of another related problem, namely

u_t = (u^m)_{xx} (x, t) ∈ (0, +∞) × (0, T ), −(u^m)_x(0, t) = u^p(0, t) t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, +∞). (3)

This problem in the half-line has been studied in [9] and [21], and will be very useful in our analysis. It is known that there are blowing up solutions to (3) if and only if (m + 1)/2 < p. Moreover, the blow-up set of u, B(u), is the whole half line if (m + 1)/2 < p < m; the bounded interval [0, 2m/(m − 1)] if p = m and a single point x = 0 if p > m (see also [18] for similar results for a system). We remark that the blow-up set in the regional case p = m of problem (3) coincides with the critical length 2m/(m − 1) for the case q > p = m for our problem.

Now we look for Fujita type curves, that is, for fixed m and L, curves in the pq-plane separating the regions of parameters where all nontrivial solutions blow up from that regions where there are both blowing up solutions and solutions that are global in time.

Stationary solutions of (1) are global solutions. Hence, the candidates for regions where all solutions blow up are the regions where there are no stationary solutions. The identification of the sets of parameters for which there exist stationary solutions of (1) is the content of our next theorem. Setting w = u^m, we look for nonnegative nontrivial solutions w = w(x) of 0 = w_{xx} x ∈ (0, L), −w_x(0) = w^{p/m}(0), w_x(L) = −w^{q/m}(L). (4)

Theorem 1.2. Let m > 0. A) If the parameters lie in the set E_1 = {p = m ≠ q, L < 1} ∪ {p > q, p > m} ∪ {p < q, p < m} there exists a unique positive solution of (4). B) In the set E_2 = {p = q} ∪ {p = m ≠ q, L ≥ 1} there is no solution of (4). C) In the set E_3 = {q < p < m} ∪ {m < p < q} the existence and uniqueness of solutions of (4) depends on L. Namely, there exists a critical value L^∗ = L^∗(m, p, q) > 0, which is well defined in E_3, given by,

L^∗(m, p, q) = m(q − p) q(p − m) ( q(p − m) p(q − m) )^{p(q−m)} m(q−p) , such that:

a) for L > L^∗ there is no solution of (4);

b) for L = L^∗ there is a unique positive solution of (4); c) for L < L^∗ there exist exactly two different solutions of (4).

Remark 1. 1. The following properties of L^∗ are easy to check. The limits are always understood to be taken from the interior of E_3. (i) lim_{p→m} L^∗(m, p, q) = 1;

(ii) lim_{p→q} L^∗(m, p, q) = lim_{q→p} L^∗(m, p, q) = 0; (iii) lim_{q→0} L^∗(m, p, q) = 1;

(iv)^{∂L∗}_{∂p} < 0 and^{∂L∗}_{∂q} > 0 if m < p < q; (v)^{∂L∗}_{∂p} > 0 and^{∂L∗}_{∂q} < 0 if q < p < m; (vi) L^∗ < 1 in E_3.

Hence, if L < 1 the equation L = L^∗(m, p, q) defines q as a continuous function of p, q = Q(p), for all p > 1. Indeed, Q(p) is the only value that verifies L = L^∗(m, p, Q(p)). On the other hand, if L ≥ 1 there is no q such that L = L^∗(m, p, q). To continue our study of the Fujita type curves, we prove that if the parameters are such that there exist blowing up solutions, but there are no stationary solutions, then every nontrivial solution blows up in finite time.

Theorem 1.3. Let m > 0. Let m, p, q and L be such that there are blowing up solutions and there is no stationary solution. Then all nontrivial solutions of (1) blow up.

Now we can give a complete characterization of the Fujita type curves.

FIG. 2. Fujita type curves. In region A all nontrivial solutions blow up and in region B there exist both global and blowing up solutions.

Corollary 1.1. Let m > 1. The Fujita type curves are given by: (i) {p = m, 0 ≤ q ≤ m} and {p = q, p ≥ m} if L ≥ 1; (ii) {q = Q(p), p ≥ 1} and {p = q, p ≥ m} if L < 1. An example is shown in Figure 2, where it can be seen that the picture becomes more complicated for L < 1.

Next we turn our interest to the asymptotic behaviour of blowing up solutions to problem (1). We first study the blow-up rate. We need an extra monotonicity assumption on u,

(H) u(x, t) blows up in finite time T and verifies u_t > 0 for t near T .

Notice that if u_0 is smooth, compatible and verifies (u^m_0 )_{xx} ≥ 0 then u(x, t) verifies (H).

Next theorem shows the dependence of the blow-up rate on the parameters.

Theorem 1.4. Let u be a solution of (1) with m > 1 satisfying (H). A) In B_3 = {1 < p < m, p > q} the blow-up rate is given by ‖u(·, t)‖_∞ ∼ (T − t)^{− 1p−1} . B) In B_1 ∪ B_2 ∪ B_4 = {(m + 1)/2 < p < m, p = q} ∪ {q ≤ p = m} ∪ {q > p = m, L ≥ 2m/(m − 1)} ∪ {p > m} the blow-up rate is given by ‖u(·, t)‖_∞ ∼ (T − t)^{− 12p−m−1} . This theorem shows that the blow-up rate is discontinuous in the set {p = q, (m + 1)/2 < p < m}. As far as we know, this is the first example of this phenomenon in a parabolic problem with blow-up.

Remark 1. 2. In B_3 the blow-up rate coincides with that of solutions of problem (2). In B_1 ∪ B_2 ∪ B_4 it is the same as that of solutions of problem (3).

Now we study the blow-up set for u(x, t). We can characterize the blow-up set in terms of the parameters as follows,

Theorem 1.5. Let u be a solution of (1) with m > 1 satisfying (H). A) In B_3 ∪ B_4 = {1 < p < m, p > q} ∪ {p = q, (m + 1)/2 < p < m} the blow-up set is B(u) = [0, L]. B) In B_2 = {p = m, p > q} ∪ {q ≥ p = m, L ≥ 2m/(m − 1)} the blow-up set is given by B(u) = { [0, L] if L < 2m/(m − 1), [0, 2m/(m − 1)] if L ≥ 2m/(m − 1). C) In B_1 = {p > m} the blow-up set is given by B(u) = {0}. Therefore in B_3 ∪ B_4 we have global blow-up, in B_2 we have regional or global blow-up depending on L and in B_1 we have single point blow-up.

Finally we state our results for 0 < m ≤ 1. Observe that theorems 1.2 and 1.3 already include this case. In this range of values of m we have single point blow up, and the situation is analogous to the case p > m for m > 1. The proofs are similar to those for the porous medium equation (m > 1). Hence we will only point out the differences in appropriate places.

Theorem 1.6. Let 0 < m ≤ 1.

(i) There exist blowing up solutions for problem (1) if and only if p > (m + 1)/2. (ii) The Fujita type curves are given by {p = q, p ≥ (m + 1)/2} if L ≥ 1 and by {p = q, p ≥ (m + 1)/2} and {q = Q(p), p ≥ (m + 1)/2} if L < 1. (iii) Let u(x, t) be a solution that satisfies (H). Then the blow-up rate is given by ‖u(·, t)‖_∞ ∼ (T − t)^{− 12p−m−1} , and the blow-up set is B(u) = {0}. Organization of the paper. In Section 2 we describe the sets of parameters for which there are stationary solutions, Theorem 1.2. In Section 3 we prove the blow-up results, Theorem 1.1, and we find the Fujita type curves, Theorem

1.3 and Corollary 1.1. In Section 4 we find the blow-up rates, Theorem 1.4. In Section 5 we look for the blow-up sets, Theorem 1.5. Finally, in the Appendix we prove an auxiliary result needed in Section 5.

2. STATIONARY SOLUTIONS

In this section we look for nontrivial nonnegative solutions of (4), that is, nontrivial nonnegative stationary solutions of (1).

Proof of Theorem 1.2. Let w(x) be a solution of (4), then w(x) = ax + b. Since we are looking for nonnegative solutions, we must have b ≥ 0, aL + b ≥ 0. The boundary conditions yield −a = b^{p/m}, a = −(aL + b)^{q/m}. The first equation implies that a = 0 if and only if b = 0. In this case w(x) ≡ 0. Hence, to find nontrivial solutions of (4) we have to find positive parameters b > 0 satisfying P (b) = 0, with P (b) = b − b^{p/q} − Lb^{p/m}. As we are not interested in the root b = 0 of P (b), we factor out b. Finally we are led to study the roots of G(b) = 1 − b^{pq −1} − Lb^{pm −1}. There are several cases. If p = q, then G(b) = −Lb^{(p/m)−1} < 0 and there is no positive root. If p = m, then G(b) = 1 − L − b^{(m/q)−1}; hence there is no root if L ≥ 1 and there is just one root if L < 1.

In order to handle the remaining cases we compute G^′(b),

G^′(b) = − ( p q − 1 ) b^{pq −2} − L ( p m − 1 ) b^{pm −2}. Thus, if p > q and p > m we have G^′(b) < 0, G(0) = 1, G(∞) = −∞, and hence there exists exactly one positive root of G. If p < q and p < m, then G(0) = −∞, G^′(b) > 0, and G(∞) = 1. Again we have just one positive root.

If q < p < m or m < p < q, then G(0) = −∞ and G(∞) = −∞. On the other hand, there exists just one value b̄, given by

b̄ = ( Lq(m − p) m(p − q) )^{qm}_{p(m−q)} , such that G^′(b̄) = 0. Thus, the existence of roots depends on the sign of G(b̄): if G(b̄) > 0 there are two roots, if G(b̄) < 0 there are no roots, and if G(b̄) = 0 there is just one root. The critical value L^∗ is obtained from the last condition.

3. BLOW-UP VERSUS GLOBAL EXISTENCE

In this section we prove Theorem 1.1. The basic idea is to compare from below with blowing up subsolutions or from above with global in time supersolutions.

Therefore we start by defining sub and supersolutions and by stating a comparison lemma.

Definition 3.1. i) We call u a supersolution of (1) if it satisfies u_t ≥ (u^m)_{xx} (x, t) ∈ (0, L) × (0, T ), −(u^m)_x(0, t) ≥ u^p(0, t) t ∈ (0, T ), (u^m)_x(L, t) ≥ −u^q (L, t) t ∈ (0, T ), u(x, 0) > u_0(x) x ∈ (0, L). (5)

ii) We call u a subsolution of (1) if it satisfies (5) with the opposite inequalities.

Lemma 3.1. Let u, u and ube, respectively, a positive supersolution, a solution and a positive subsolution to problem (1). Then u > u > u (x, t) ∈ (0, L) × [0, T ).

Proof. We argue by contradiction (see [18] for a similar argument). Suppose that there exists a time t_0 such that u(x_0, t_0) = u(x_0, t_0) for a certain x_0 ∈ [0, L]. As u(x, 0) > u(x, 0) we have that t_0 > 0, thanks to the continuity of u and u down to t = 0.

If x_0 ∈ (0, L) then we have a solution and a supersolution of the porous medium equation such that the difference attains an interior minimum. This contradicts the strong maximum principle.

Next we show that x_0 cannot be 0 nor L. Indeed, the boundary conditions imply ∂(u − u) ∂η (x_0, t_0) ≥ 0,

where η is the outwards normal. On the other hand, the function (u − u)(·, t_0) is non-negative, so it has a minimum point at x_0. Moreover it satisfies (u − u)_t ≥ (u^m − u^m)_{xx} = m(ϕ^{m−1}(u − u))_{xx} where u ≥ ϕ ≥ u. As u is strictly positive, ϕ(x_0, t_0) cannot vanish. Hence we can apply Hopf’s Lemma to obtain ∂(u − u) ∂η (x_0, t_0) < 0,

which is a contradiction.

Analogous arguments show that u > u.

Next we proceed with the proof of Theorem 1.1. As the arguments that we use depend strongly on the region of parameters under consideration, we organize the proof in several lemmas.

Lemma 3.2. In B_1 = {p > m > 1} there exist blowing up solutions.

Proof. We use an auxiliary problem. For q̃ > q we set

(u_k)_t = (u^m_k )_{xx} (x, t) ∈ (0, L) × (0, T_k), −(u^m_k )_x(0, t) = u^p_k(0, t) t ∈ (0, T_k), (u^m_k )_x(L, t) = −ku^{q̃}_k(L, t) t ∈ (0, T_k), u_k(x, 0) = u_{k0}(x) x ∈ (0, L), (6)

where u_{k0} will be chosen later.

If p > m > 1 it is known that problem (3) admits a self-similar solution w(x, t) = (T − t)^αF (ξ) , ξ = x (T − t)^β , with exponents α = −1/(2p − m − 1) < 0, β = (p − m)/(2p − m − 1) > 0, see [10], [12] and [13]. This solution has support (0, +∞) for all time and blows up in finite time only at the point x = 0, see [18]. Moreover, for all x > 0 the function w_x(x, t) is bounded for t ∈ [0, T ). Therefore, there exists a small positive constant k such that (w^m)_x(L, t) ≤ −kw^{q̃} (L, t). Hence, if we take u_{k0}(x) ≥ w(x, 0) then w is a subsolution of problem (6). So u_k(x, t) blows up in finite time for every u_{k0} large. We can assume that the blow-up time T_k is as small as we want (just take T small). Hence we can assume, by taking u_{k0} large, that given M > 0, then u_k(L, t) ≥ M for all t ∈ [0, T_k). To end the proof, we observe that −ku^{q̃}_k(L, t) ≤ −u^q_k(L, t) holds if kM^{q̃−q} ≥ 1. This implies that u_k is a subsolution of (1) with finite time blow-up. Hence every solution above this u_k has finite time blow-up.

Remark 3. 1. The previous arguments extend to the case 0 < m < 1 with p > (m + 1)/2 if we can show the existence of a solution of (6) with finite time blow-up. To this end we use the results of [8]. In that paper it is proved that solutions of problem (1) in [0, 2L] with boundary condition at x = 2L given by (u^m)_x(2L, t) = 0 blow up in finite time. Moreover, using as a barrier a singular solution of the form U(x, t) = t^{1/(1−m)}f(x), where f(0) = +∞, f^′(2L) = 0 and (f^m)^{′′} + (1/(1 − m))f = 0 for 0 < x < 2L, cf. [2], we can prove that the blow-up set is B(u) = {0}. Now take a decreasing in space solution. As it blows up only at x = 0 we have that u(L, t) and −(u^m)_x(L, t) are bounded and strictly positive. Hence v is a subsolution for problem (6). To show that this implies that (1) has solutions with finite time blow-up we just have to proceed as before.

The case m = 1 can be handled in an analogous way using that the problem in the half line has single point blow-up, [14], [19].

Lemma 3.3. In B_2 = {q ≤ p = m} ∪ {q > p = m, L ≥ 2m/(m − 1)} there exist blowing up solutions.

Proof. For p = m there exists a self-similar solution w of (3), which blows up in finite time and has compact support, see [10], [12], [13] or [21]. It has the explicit form

w(x, t) = (T − t)^{−1/(m−1)} ( m − 1 2m(m + 1) ) 1_{m−1} ( 2m m − 1 − x ) 2_{m−1} + . If L ≥ 2m/(m − 1), this solution is also a solution of our problem.

If q ≤ p = m and L < 2m/(m − 1), a straightforward computation shows that w(x, t) as above is a subsolution of our problem if we take T ≤ ( m − 1 2m(m + 1) ) ( 2m m − 1 − L )_2 .

Lemma 3.4. In B_3 ∪ B_4 = {1 < p < m, p > q} ∪ {p = q, (m + 1)/2 < p < m} there exist positive solutions with finite time blow-up.

Proof. Using ideas from [22], we propose as the desired subsolution a function w(x, t) of the form w(x, t) = φ(σ), σ(x, t) = α(x) + β(t), (7) where φ is a solution of the ODE

φ^′(s) = φ^{p−m+1}(s). (8)

First we deal with the case 1 < p < m. So we have that φ(σ) = (m − p)^{1m−p} (σ + C)^{1m−p} . We will choose α and β such that w is a subsolution of (1), and β blows up at a finite time. The second condition ensures that w blows up in finite time.

We begin by the verification of the boundary condition at x = 0, that is, −(w^m)_x(0, t) ≤ w^p(0, t). This is equivalent to −mφ^{m−1}(σ(0, t))φ^′(σ(0, t))α^′(0) ≤ φ^p(σ(0, t)).

Using that φ is a solution of (8) we arrive to the condition −α^′(0) ≤ 1/m. (9) Next, let us check the inequality w_t ≤ (w^m)_{xx}. In terms of φ, α and β it reads, φ^′(σ)β^′(t) ≤ m(m − 1)φ^{m−2}(σ)(φ^′)^2(σ)(α^′(x))^2+ mφ^{m−1}(σ)φ^{′′}(σ)(α^′(x))^2 + mφ^{m−1}(σ)φ^′(σ)α^{′′}(x). Using again that φ is a solution of (8), this is equivalent to β^′(t) ≤ m(m − 1)φ^{p−1}(σ)(α^′(x))^2+ mφ^{p−1}(σ)(α^′(x))^2 + mφ^{m−1}(σ)α^{′′}(x). If we impose that α^{′′}(x) ≥ c > 0, (10) the last term dominates as σ → ∞. Thus we can take as β a solution of β^′(t) = c(β(t))^{m−1m−p} that blows up in finite time. The necessary and sufficient condition for the blow-up of β is then (m − 1)/(m − p) > 1, which is equivalent to p > 1.

We still have to look at the boundary condition at x = L, (w^m)_x(L, t) ≤ −w^q (L, t). In terms of φ and α this is equivalent to mφ^{m−1}(σ(L, t))φ^′(σ(L, t))α^′(L) ≤ −φ^q (σ(L, t)). Using that φ is a solution of (8) we get α^′(L) ≤ −φ^{q−p}(σ(L, t))/m. (11) To end this part of the proof we take a function α satisfying (9) and (10). Then we take φ(0) such that condition (11) is fulfilled. This is always possible if p > q, as the function φ is increasing and unbounded.

In the case p = q we choose α(x) = ax + b with a = −1/m so that (9) and (11) are satisfied. In this case the condition for β reads

β^′(t) ≤ m(m − 1)φ^{p−1}(σ)(α^′(x))^2 + mφ^{p−1}(σ)(α^′(x))^2, and we can choose β as a solution of β^′(t) = a^2(β(t))^{p−1m−p} that blows up in finite time. The necessary and sufficient condition for the blowup of β is then (p − 1)/(m − p) > 1, which is equivalent to p > (m + 1)/2.

Now we turn our attention to global existence results. In the next lemma we use the same technique as in Lemma 3.4.

Lemma 3.5. In G_1 = {p = q, 1 < p ≤ (m + 1)/2} every solution is global.

Proof. Now we construct supersolutions. Again we choose a function of the form (7) where φ is a solution of (8). Then, proceeding as before, we have that if p = q and 1 < p ≤ (m + 1)/2 we can choose α(x) = ax + b and β in order to have a global supersolution with initial data as large as we want (we only have to observe that we can choose φ(0) large). Indeed, we can take β as a solution of β^′(t) = C(β(t))^{p−1m−p} that exists globally. This is possible if and only if (p−1)/(m−p) ≤ 1, that is, if and only if p ≤ (m + 1)/2. Lemma 3.6. In G_2 = {p < q, 1 < p < m}∪{q > p = m, L < 2m/(m−1)} every solution is global.

Proof. We look for a stationary supersolution of the form u^m(x, t) = w(x) = ax + b with b large enough. From the boundary conditions we obtain that we need −a ≥ b^{p/m} and a ≥ −(aL + b)^{q/m}. We set −a = b^{p/m}. Hence b must satisfy b − b^{p/q} − Lb^{p/m} ≥ 0. (12) If p < q and p < m then (12) is satisfied for b large. We remark that this supersolution is as large as we want. Hence, we can choose b such that w^{1/m}(x) > u_0(x). Therefore u(x, t) must be global.

If p = m and q > p, the inequality (12) reads (1 − L) b − b^{p/q} ≥ 0. Thus, if L < 1 there exists a stationary supersolution as large as we want.

If 1 ≤ L < 2m/(m − 1) we need a more subtle argument. First we note that in this range there are no stationary solutions. Hence, thanks to Theorem 1.3 (see proof below), if there is a nontrivial global solution then all solutions are global.

In order to find a global solution we choose a nontrivial initial data such that u_t ≥ 0. Any smooth and compatible u_0 such that (u^m_0 )_{xx} ≥ 0 will do the job.

Now we prove that in this range of parameters any solution satisfying u_t ≥ 0 is global. Indeed, if it blows up, then the blow-up set is B(u) = [0, L] and, moreover, it blows up with the same rate at all points in the interval [0, L], u(x, t) ∼ c(x)(T − t)^{−α}, c(x) > 0, α = 1/(2p − m − 1), see Section 5. Integrating the equation in [0, L] and using the boundary conditions we get that d dt ∫_L 0 u(x, t) dt = −u^q(L, t)+u^p(0, t) ∼ −c^q(L)(T −t)^{−αq} +c^p(0)(T −t)^{−αp}. As q > p, the right hand side becomes negative for t close to T . But this contradicts the monotonicity of u.

Lemma 3.7. In G_3 = {p ≤ 1} every solution is global.

Proof. If p ≤ 1, every solution of (2) is global in time, [1], [8]. A comparison argument shows that the same is true for solutions of (1).

Remark 3. 2. If 0 < m ≤ 1 with p ≤ (m + 1)/2, every solution of problem (2) is global, [8], [23]. Again a comparison argument shows that the same is true for solutions of (1).

To end this section we prove Theorem 1.3.

Proof of Theorem 1.3. It is enough to prove the result for solutions that are decreasing in x. Then a comparison argument will prove that it holds true for general solutions. In order to arrive to a contradiction, we assume that there exists a global, decreasing in x, nontrivial solution, u(x, t), in a region of parameters where there is blow-up and no nontrivial stationary solution. Comparison with a suitable Barenblatt solution shows that u will eventually become positive in [0, L].

As we are in a blow-up region and we have a comparison principle, if u becomes large enough in all [0, L] it will blow up.

We claim that if u does not become large in all [0, L] then u(0, t) must be bounded. If, on the contrary, u(0, t) is not bounded, then for any M large enough there is a time t_0 such that u(0, t_0) ≥ M. Hence we can use an intersection comparison argument between u and a stationary solution w given by w^m(x) = −M^{p/m}x + M^m to prove that u(0, t) ≥ M for all t ≥ t_0. Indeed, if M is large enough we can assume that w and u_0 have only one intersection. As the number of intersections cannot increase, at time t = t_0 we must have u(x, t_0) ≥ w(x) and therefore u(0, t) ≥ M for all t > t_0. But this would imply (see below) that u(L, t) is as big as we want, a contradiction.

To prove this last assertion, we note that if u(L, t) is bounded, then u(x, t) is a supersolution of

u_t = (u^m)_{xx} (x, t) ∈ (0, L) × (0, +∞), u^m(0, t) = M^m t ∈ (0, +∞), (u^m)_x(L, t) = −C t ∈ (0, +∞), u(x, 0) = u_0(x) x ∈ (0, L).

A standard argument, using a Lyapunov functional, shows that solutions of the latter problem converge to the stationary solution w^m(x, t) = −Cx+M^m. Hence u(L, t) becomes big, a contradiction.

Once we know that u(x, t) is uniformly bounded, we can multiply the equation by (u^m)_t and integrate by parts to arrive to m ∫_L 0 u^{m−1}(u_t)^2 dx = ∫_L 0 (u^m)_tu_t dx = ∫_L 0 (u^m)_t(u^m)_{xx} dx = − d dt ( 1 2 ∫_L 0 (u^m)^2_x dx + m p + m u^{p+m}(0, t) − m q + m u^{q+m}(L, t) ) . That is, we have a Lyapunov functional. As u is uniformly bounded, it must converge as t → ∞ to a stationary state. However, there is only one, w ≡ 0. We just have to discard this possibility. In order to do this, we construct a small enough subsolution, preventing u going to w ≡ 0. The subsolution is u^m(x) = (ax+b)_+, with −a = b^{p/m}. In x = L we need b − b^{p/q} − Lb^{p/m} ≤ 0. This is true for all small b > 0 in the three cases in which there are no stationary solutions, namely, if (i) p = q, or (ii) p = m with L ≥ 1 or (iii) in the region E_3 with L > L^∗. The subsolution u is nontrivial in [0, L] for all small b > 0. Indeed, it is positive for all x < 1/b^{(p/m)−1}.

4. BLOW-UP RATE

In this section, we prove Theorem 1.4. We are assuming that the solution u(x, t) of (1) satisfies hypothesis (H).

A consequence of hypothesis (H) is that (u^m)_{xx} ≥ 0 and u_x ≤ 0. Therefore, we have the following properties u(0, t) = max_{x∈[0,L]} u(x, t), (u^m)_x(L, t) = max_{x∈[0,L]}(u^m)_x(x, t),

(u^m)_x(0, t) = min_{x∈[0,L]}(u^m)_x(x, t).

(13)

Lemma 4.1. In B_3 = {1 < p < m, p > q} there exist constants C_1, C_2 > 0 such that C_1(T − t)^{− 1p−1} ≤ u(x, t) ≤ C_2(T − t)^{− 1p−1} ∀x ∈ [0, L]. (14)

Proof. We start by proving that 1 2 u(0, t) ≤ u(x, t) ≤ u(0, t) ∀x ∈ [0, L]. (15)

The second inequality is an immediate consequence of (13). To prove the first one we apply (13) and the mean value theorem to get that for t near T , u^m(x, t) − u^m(0, t) = x(u^m)_x(ξ, t) ≥ x(u^m)_x(0, t) = −xu^p(0, t). Thus, u^m(x, t) ≥ u^m(0, t) (1 − xu^{p−m}(0, t)). Since p − m < 0 and u(0, t) blows up with u_t(0, t) ≥ 0, we obtain that 1 − Lu^{p−m}(0, t) ≥ 1/2^m for t close to T . Hence (15).

Thanks to (15), in order to prove (14) it is enough to obtain analogous estimates for u(0, t). We start by proving the upper estimate. We have d dt (∫_L 0 u(s, t) ds ) = ∫_L 0 u_t(s, t) ds = ∫_L 0 (u^m)_{xx}(s, t) ds = (u^m)_x(L, t) − (u^m)_x(0, t) = u^p(0, t) − u^q(L, t) ≥ u^p(0, t)(1 − u^{q−p}(0, t)). By (H) we can assume that u(0, t) ≥ 2 (this is valid at least for t near T ). Since q − p < 0 we obtain d dt (∫_L 0 u(s, t) ds ) ≥ δu^p(0, t) ≥ δ L^p (∫_L 0 u(s, t) ds )_p . Integrating this inequality between t and T , we get ∫_L 0 u(s, t) ds ≤ C(T − t)^{− 1p−1} . This inequality implies the upper estimate, as 1 2 u(0, t) ≤ u(L, t) ≤ 1 L ∫_L 0 u(s, t) ds. To prove the lower estimate, we observe that d dt (∫_L 0 u(s, t) ds ) = u^p(0, t) − u^q(L, t) ≤ u^p(0, t) ≤ C (∫_L 0 u(s, t) ds )_p . Integrating this inequality between t and T we get ∫_L 0 u(s, t) ds ≥ C(T − t)^{− 1p−1} .

This inequality implies the lower estimate, because u(0, t) ≥ 1 L ∫_L 0 u(s, t) ds ≥ C_1(T − t)^{1p−1} .

Lemma 4.2. In B_4 = {p = q, (m + 1)/2 < p < m} there exist constants C_1, C_2 > 0 such that C_1(T − t)^{− 12p−m−1} ≤ u(x, t) ≤ C_2(T − t)^{− 12p−m−1} ∀x ∈ [0, L]. (16)

Proof. It is easy to see that the arguments leading to (15) are also valid in this case. Hence, d dt (∫_L 0 u(s, t) ds ) = u^p(0, t) − u^p(L, t) = −Lp u^{p−1}(ξ, t)u_x(ξ, t) = −C u^{p−m}(ξ, t)(u^m)_x(ξ, t) ≥ Cu^{2p−m}(0, t) ≥ C (∫_L 0 u(s, t) ds )_{2p−m} .

Integrating this inequality between t and T , we get ∫_L 0 u(s, t) ds ≤ C(T − t)^{− 12p−m−1} , from where the upper estimate for u(0, t) follows.

In order to prove the lower estimate, we observe that d dt (∫_L 0 u(s, t) ds ) = −Lp u^{p−1}(ξ, t)u_x(ξ, t) ≤ Cu^{p−m}(L, t)u^p(0, t)

≤ Cu^{2p−m}(L, t) ≤ C (∫_L 0 u(s, t) ds )_{2p−m} .

Integrating between t and T we get ∫_L 0 u(s, t) ds ≥ C(T − t)^{− 12p−m−1} , and hence the lower estimate for u(0, t).

Lemma 4.3. In B_1 ∪ B_2 = {p ≥ m > 1} there exist C_1, C_2 > 0 such that C_1(T − t)^{− 12p−m−1} ≤ u(0, t) ≤ C_2(T − t)^{− 12p−m−1} . (17)

Proof. In this proof we follow the techniques given in [14]–[18] (see these papers for details).

We define M(t) = max u(·, t) = u(0, t) and the function ϕ_M (r, s) = 1 M(t) u(ar, bs + t), where a = M^{m−p}, b = M^{m+1−2p}. If p > m then a and b go to zero as t → T ; if p = m, then a = 1 and b goes to zero.

The function ϕ_M is a solution of the following problem:

(ϕ_M )_s = (ϕ^m_M )_{rr} (r, s) ∈ (0,^L_a ) × (−^t_b , 0), −(ϕ^m_M )_r(0, s) = ϕ^p_M (0, s) s ∈ (−^t_b , 0), (ϕ^m_M )_r(^L_a , s) = −M^{q−p}ϕ^q_M (^L_a , s) s ∈ (−^t_b , 0).

Moreover, using that u_t ≥ 0, we get that 0 ≤ ϕ_M ≤ 1 and ϕ_M (0, 0) = 1. Since the functions ϕ_M are uniformly bounded solutions of the porous medium equation, we have that every sequence ϕ_{Mj} (r, s) is equicontinuous, cf. [6]. Then, ϕ_{Mj} (r, s) → Φ(r, s) as M_j → ∞ uniformly on compact sets.

We claim that there exist two positive constants c and C such that

c ≤ (ϕ_M )_s(0, 0) ≤ C.

Now, if we rewrite these inequalities in terms of M(t), we obtain c ≤ M^{m−2p}(t)M^′(t) ≤ C. Integrating and taking into account that M(t) = u(0, t), we get C_1(T − t)^{− 12p−m−1} ≤ u(0, t) ≤ C_2(T − t)^{− 12p−m−1} . In order to finish the proof we have to prove the claim. The upper bound follows by regularity theory, see [16], [18] for details. To obtain the lower estimate we suppose that there exists a sequence such that

(ϕ_{Mj} )_s(0, 0) → 0.

This implies that Φ_s(0, 0) = 0.

On the other hand, since u_t ≥ 0, the function w = Φ_s is non-negative and satisfies

w_s = (mΦ^{m−1}w)_{rr}.

Moreover, at r = 0, −(mΦ^{m−1}w)_r(0, s) = pΦ^{p−1}w(0, s). Observe that Φ(0, 0) > 0 and that w has a minimum at (0, 0). So by Hopf’s Lemma we obtain that w ≡ 0. Then Φ is a stationary solution of the porous medium equation, Φ^m(r) = c_1r + c_2. But Φ(0) = 1, and from the boundary condition at x = 0, −(Φ^m)_r(0) = Φ^p(0) = 1. Therefore, Φ^m(r) = 1 − r. Hence, if p > m we arrive to a contradiction with the fact that Φ is a nonnegative function in all (0, +∞). If p = m, Φ verifies at x = L

−1 = (Φ^m)_r(L, s) = 0 p > q, L − 1 p = q, −∞ p < q, which is a contradiction. Then the claim is proved and the Theorem follows.

Remark 4. 1. The same proof applies if 0 < m ≤ 1 with p > (m + 1)/2.

5. BLOW-UP SETS

In this section we study the blow-up sets for blowing up solutions. As in the previous section we impose that u satisfies hypothesis (H).

Lemma 5.1. In B_3 ∪ B_4 = {1 < p < m, p > q} ∪ {p = q, (m + 1)/2 < p < m} the blow-up set is B(u) = [0, L] (global blow-up).

Proof. It follows immediately from (14) and (16).

Lemma 5.2. In B_1 = {p > m > 1} we have single point blow-up, i.e., B(u) = {0}. Proof. We consider the problem

v_t = (v^m)_{xx} (x, t) ∈ (0, L) × (0, T ), v(0, t) = C_2(T − t)^{− 12p−m−1} t ∈ (0, T ), (v^m)_x(L, t) = 0 t ∈ (0, T ), v(x, 0) ≥ u_0(x) x ∈ [0, L], where C_2 is the constant in the estimate (17). In [11] it is proved that B(v) = {0}. As u is a subsolution of this problem, the result follows.

Remark 5. 1. If 0 < m < 1 we can perform comparison with the supersolution given in [2], see Section 3. This proves that in this case the blow-up set is B(u) = {0}. For the case m = 1 we refer to [14], [19].

We still have to deal with the case p = m. In this case we characterize the blow-up profile and obtain the exact blow-up set as a consequence.

To obtain the asymptotic behaviour we rescale the solutions according to the blow-up rate (17), v(x, τ) = (T − t)^{1m−1} u(x, t), τ = − ln(T − t). We remark that, as u(x, t) ≤ u(0, t) ≤ C_2(T − t)^{−1/(m−1)}, then v(x, τ) ≤ C_2. The function v(x, τ) satisfies the following problem,

v_τ = (v^m)_{xx} −^1_{m−1} v (x, τ) ∈ (0, L) × (− ln T, +∞), −(v^m)_x(0, τ) = v^m(0, τ) τ ∈ (− ln T, +∞), (v^m)_x(L, τ) = −e^{q−mm−1 τ} v^q (L, τ) τ ∈ (− ln T, +∞), v(x, − ln T ) = T^{1m−1} u_0(x) x ∈ (0, L).

(18)

In order to obtain information on the behaviour of u near t = T we will study the behaviour of v(x, τ) as τ → ∞. As expected, stationary solutions related to (18) will play an outstanding role. In the Appendix, we study the corresponding stationary problems.

We will also need to know something about the decay of solutions to (18).

Lemma 5.3. Let v a solution of (18) that goes to zero in an interval of the form [a − δ, b + δ]. Then there exists a constant C such that v(x, τ) ≤ Ce^{− 1m−1 τ} x ∈ [a, b]. and this implies that u(x, t) ≤ C for all x ∈ [a, b].

Proof. We use ideas from [4], [21]. Since v(x, τ) goes to zero in [a − δ, b + δ], we can use a solution of

p_τ = (p^m)_{xx} −^1_{m−1} p (x, τ) ∈ [a − δ, b + δ] × (0, +∞), p(a − δ, τ) = ε τ ∈ (0, +∞), p(b + δ, τ) = ε τ ∈ (0, +∞), v(x, 0) = ε x ∈ (a − δ, b + δ). (19) as a supersolution of our problem.

To finish the proof we only have to observe that solutions p of (19) go exponentially, with speed e^{− 1m−1 τ} , to a stationary solution that has the form

h(x) = C(m)(a − x)^{2m−1} x < a, 0 a ≤ x ≤ b, C(m)(x − b)^{2m−1} x > b. If ε is small, h(x) has a dead core including the interval [a, b]. The result follows.

Now we have all the tools we need to complete our study of the blow-up sets.

Lemma 5.4. In the region B_2 = {q ≤ p = m} ∪ {q > p = m, L ≥ 2m/(m − 1)} the blow-up set is given by B(u) = { [0, L] if L < 2m/(m − 1), [0, 2m/(m − 1)] if L ≥ 2m/(m − 1).

Proof. First, we study the case q < p = m. Multiplying the equation in (18) by (v^m)_τ and integrating in x we obtain ∫_L 0 (v^m)_τ v_τ dx = −v^q (v^m)_τ (L, τ)e^{− m−qm−1 τ} − d dt F (v)(τ), where

F (v)(τ) = ∫_L 0 (v^m)^2_x 2 (x, τ) dx + 1 2 v^{2m}(0, τ). If q < p = m we observe that the exponential term that appears at the boundary condition has a negative exponent and therefore is integrable in time. Hence it is easy to verify that F (v) is a Lyapunov functional for problem (18). Therefore, we have that the ω−limit set of w(x, τ) consists of nontrivial solutions of the following problem,

(w^m)_{xx} −^1_{m−1} w = 0 x ∈ (0, L), −(w^m)_x(0) = w^m(0), (w^m)_x(L) = 0.

(20)

This problem has a unique solution, see Lemma A.1 in the Appendix. Hence we conclude that v(x, τ) → w(x) τ → ∞. In case L < 2m/(m − 1), as the solution of (20) is positive in the whole interval [0, L], we obtain that u(x, t) has global blow-up. If L = 2m/(m − 1) the limit w is explicit and is given by (A.3). Hence we have global blow-up. Finally, if L > 2m/(m − 1), v(x, τ) the limit is again given by (A.3). Hence, [0, 2m/(m − 1)) ⊂ B(u). To prove that in this case B(u) = [0, 2m/(m − 1)] (regional blow-up) we observe that v(x, τ) goes to zero exponentially with the precise rate v(x, τ) ≤ Ce^{− 1m−1 τ} in every compact set included in (2m/(m − 1), L], Lemma 5.3.

The case q = p = m can be handled in an analogous way. The differences that appear are the following. First, in the problem in self-similar variables the exponential term at the boundary does not appear,

v_τ = (v^m)_{xx} −^1_{m−1} v (x, τ) ∈ (0, L) × (− ln T, +∞), −(v^m)_x(0, τ) = v^m(0, τ) τ ∈ (− ln T, +∞), (v^m)_x(L, τ) = −v^m(L, τ) τ ∈ (− ln T, +∞), v(x, − ln T ) = T^{1m−1} u_0(x) x ∈ (0, L).

In this case we define the Lyapunov functional by

F (v)(τ) = ∫_L 0 (v^m)^2_x 2 (x, τ) dx + 1 2 v^{2m}(0, τ) − 1 2 v^{2m}(L, τ), and obtain that ∫_L 0 (v^m)_τ v_τ dx = − d dτ F (v)(τ). The limit stationary problem now becomes

(w^m)_{xx} −^1_{m−1} w = 0 x ∈ (0, L), −(w^m)_x(0) = w^m(0), (w^m)_x(L) = −w^m(L).

Using Lemma A.1 we know that if L ≥ 2m/(m − 1) this problem has a unique compactly supported solution while if L < 2m/(m−1) every solution is positive. Then we can conclude the argument exactly as in the case q < p = m, using Lemma 5.3.

In the case q > p = m with L ≥ 2m/(m − 1), we first prove that (v^m)_x(L, τ) is bounded. To do so we observe that hypothesis (H) implies that (v^m)_x(·, τ) is a non-decreasing function. Moreover it is negative and bounded at x = 0. Then it is bounded for all x ∈ [0, L].

The boundedness of (v^m)_x(L, t) implies that v^q (L, τ)e^{q−mm−1 τ} ≤ C. Though the exponential term that appears in the boundary condition has a positive exponent, the bound v^q (L, τ) ≤ Ce^{− q−mm−1 τ} allows us to proceed as in the case q < p = m to obtain that v(x, τ) → w(x) as τ → ∞. Then we can conclude that the blow-up set B(u) is the interval [0, 2m/(m − 1)].

APPENDIX In this Appendix we study the stationary problems

(w^m)_{xx} −^1_{m−1} w = 0 x ∈ (0, L), −(w^m)_x(0) = w^m(0), (w^m)_x(L) = 0,

(A.1)

(w^m)_{xx} −^1_{m−1} w = 0 x ∈ (0, L), −(w^m)_x(0) = w^m(0), (w^m)_x(L) = w^m(L).

(A.2)

Lemma A.1. Let m > 1. The stationary problems (A.1) and (A.2) have a unique solution, which is compactly supported if L > 2m/(m − 1) and positive if L ≤ 2m/(m − 1). Proof. In both problems the proof follows the same arguments. Therefore we only study problem (A.1).

If L > 2m/(m − 1) the problem has a unique compactly supported solution, [21],

w(x) = ( m − 1 2m(m + 1) ) 1_{m−1} ( 2m m − 1 − x ) 2_{m−1} + . (A.3)

If L = 2m/(m − 1), then (A.3) is also a solution. However, it is not compactly supported, but positive in (0, 2m/(m − 1)). If L < 2m/(m − 1) there is no compactly supported solution.

To study the existence of other solutions of (A.1) we use ideas from [3]. We set w̃ = w^m and use a shooting argument beginning with w̃(L) = k, w̃_x(L) = 0. Integrating the equation we get

w̃^2_x 2 − m m^2 − 1 w̃^{1+mm} = − m m^2 − 1 k^{1+mm} . Evaluating at x = 0 and using the boundary condition, we observe that w̃(0) must be a root of the following function

P (z) = z^2 2 − m m^2 − 1 z^{1+mm} + m m^2 − 1 k^{1+mm} . As, P^′(z) = z − 1 m − 1 z^{1m} ,

P attains a unique minimum at the point

z_0 = ( 1 m − 1 ) m_{m−1} . In order to guarantee that P (z) has a root we need that P (z_0) ≤ 0. This imposes the following restriction on k, k ≤ k_c = ( 1 m − 1 ) m_{m−1} ( 1 − m + 1 2m ) m_{m+1} ≤ 1. If k < k_c we have two roots R_1(k), R_2(k). As P (k) ≥ 0 and P^′(k) ≤ 0 we conclude that k ≤ R_1(k) ≤ R_2(k). On the other hand, if we integrate again the equation we have, using that w̃_x ≤ 0, ∫_{w̃(x)} k ds √ s^{1+m}m − k^{1+m}m = √ 2m m^2 − 1 (L − x). At x = 0 this reads ∫_{w̃(0)} k ds √ s^{1+m}m − k^{1+m}m = √ 2m m^2 − 1 L. Hence for each root R_i(k) we have a solution of (A.1) in an interval [0, L_i(k)] where L_i(k) is given by

L_i(k) = √ m^2 − 1 2m k^{m−12m} ∫^Ri^{(k)}_k 1 ds √ s^{1+m}m − 1 . Now we observe that, as R_1(k) ≤ R_2(k) we have that L_1(k) ≤ L_2(k).

In order to prove the uniqueness of the solution of (A.1) in the interval [0, L] we study the monotonicity of the functions L_i(k).

First we observe that L_1(k) is increasing with k because R_1(k)/k increases with k. Indeed, a direct calculation shows that d dk ( R_i(k) k ) = − ( m − 1 2m ) R^2_i (k)

k^2((m − 1)R_i(k) − R^{1m}_i (k)) ,

while we recall that R_1(k) ≤ (m − 1)^{−m/(m−1)}. To see that L_2(k) is decreasing we just observe, after differentiating and simplifying the resulting expression, that this is equivalent to ψ(x) = − x √ x^{p+1} − 1 ( m − 1 − R^{1−mm}_2 ) + ∫_x 1 dv √ v^{p+1} − 1 ≤ 0 where we have set x = R_2(k)/k. In fact one can check that d dk L_2(k) = √ m − 1 2m(m + 1) k^{− m+12m} ψ(k).

We note that R_2(k) ≥ (m − 1)^{−m/(m−1)} and also x(k) is a decreasing function of k, so x(k) ≥ x(k_c) = (2m/(m − 1))^{m/(m+1)}. In that range of values it is easy to check that ψ^′(k) < 0 for k > 0 and also that ψ(0) = 0. Therefore ψ(k) < 0 and L_2(k) is decreasing.

We want to get a bound for L_2(k), 0 ≤ k ≤ k_c. As

lim_{k→0} R_2(k) = ( 2m m^2 − 1 ) m_{m−1} , a direct computation shows that

lim_{k→0} L_2(k) = 2m m − 1 Therefore L_2 attains a maximum at k = 0 that is L_2(0) = 2m/(m − 1), which is exactly the support of the explicit solution (A.3).

Since R_1(k_c) = R_2(k_c) we have L_1(k_c) = L_2(k_c). Also, as R_1(k) → 0 when k → 0, one can easily check that L_1(0) = 0.

We conclude that we have a unique solution of (A.1) given by (A.3) for L ≥ 2m/(m − 1) and positive for L < 2m/(m − 1).

ACKNOWLEDGMENTS

R. Ferreira and F. Quirós partially supported by DGICYT grant PB94-0153 (Spain). J. D. Rossi supported by Universidad de Buenos Aires under grant EX046, CONICET (Argentina) and Fundación Antorchas (Argentina). This research was started while the third author (JDR) was a visitor at Universidad Autónoma de Madrid and was finished during a stay of the first author (RF) at Universidad de Buenos Aires. They are grateful to these institutions for their hospitality. We would like to thank P. Groisman for useful discussions.

REFERENCES

1. G. Acosta and J. D. Rossi. Blow-up vs. global existence for quasilinear parabolic systems with a nonlinear boundary condition. Z. Angew. Math. Phys., Vol. 48(5), (1997), 711–724.

2. E. Chasseigne and J. L. Vázquez. Theory of extended solutions for fast diffusion equations in optimal classes of data. Radiation from singularities. Preprint (2000).

3. M. Chipot, M. Fila and P. Quittner. Stationary solutions, blow up and convergence to stationary solutions for semilinear parabolic equations with nonlinear boundary conditions. Acta Math. Univ. Comenian. (N.S.), Vol. LX(1), (1991), 35–103.

26 R. FERREIRA, F. QUIR^´OS AND J. D. ROSSI

4. C. Cortázar, M. del Pino and M. Elgueta. On the blow-up set for u_t = Δu^m + u^m, m > 1.

Indiana Univ. Math. J., Vol. 47(2), (1998), 541–561.

5. K. Deng and H. Levine. The role of critical exponents in blow-up theorems: the sequel.

J. Math. Anal. Appl., Vol. 243, (2000), 85–126.

6. E. Dibenedetto. Continuity of weak solutions to a general porous medium equation. Indiana Univ. Math. J., Vol. 32(1), (1983), 83–118.

7. M. Fila and J. Filo. Blow-up on the boundary: A survey. Singularities and Differential Equations, Banach Center Publ., Vol. 33 (S.Janeczko el al., eds.), Polish Academy of Science, Inst. of Math., Warsaw, 1996, pp. 67–78.

8. J. Filo. Diffusivity versus absorption through the boundary. J. Differential Equations, Vol. 99(2), (1992), 281–305.

9. V. A. Galaktionov and H. A. Levine. On critical Fujita exponents for heat equations with nonlinear flux boundary conditions on the boundary. Israel J. Math., Vol. 94, (1996), 125–146.

10. B. H. Gilding. On a class of similarity solutions of the porous media equation III.

J. Math. Anal. Appl., Vol. 77, (1980), 381–402.

11. B. H. Gilding and M. A. Herrero. Localization and blow-up of thermal waves in nonlinear heat conduction with peaking. Math. Ann., Vol. 282, (1988), 223–242.

12. B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation.

J. Math. Anal. Appl., Vol. 55, (1976), 351–364.

13. B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation II. J. Math. Anal. Appl., Vol. 57, (1977), 522–538.

14. B. Hu and H. M. Yin. The profile near blow-up time for solutions of the heat equation with a nonlinear boundary condition. Trans. Amer. Math. Soc., Vol. 346(1), (1994), 117–135.

15. H. A. Levine. The role of critical exponents in blow up theorems. SIAM Rev., Vol. 32, (1990), 262–288.

16. G. M. Liberman. “Second Order Parabolic Differential Equations”. World Scientific, River Edge, 1996.

17. F. J. Mancebo and J. M. Vega. A model of porous catalyst accounting for incipiently non-isothermal effects. J. Differential Equations, Vol. 151(1), (1999), 79–110.

18. F. Quirós and J. D. Rossi. Blow-up sets and Fujita type curves for a degenerate parabolic system with nonlinear boundary conditions. To appear in Indiana Univ. Math. J.

19. D. F. Rial and J. D. Rossi. Blow-up results and localization of blow-up points in an N−dimensional smooth domain. Duke Math. J., Vol. 88 (2), (1997), 391–405.

20. A. A. Samarskii, V. A. Galaktionov, S. P. Kurdyumov and A. P. Mikhailov. “Blow-up in problems for quasilinear parabolic equations”. Nauka, Moscow, 1987 (in Russian). English transl.: Walter de Gruyter, Berlin, 1995.

21. O. Venegas. On the blow-up set for u_t = (u^m)_{xx}, m > 1, with nonlinear boundary conditions.

M. Sc. Thesis, Pontificia Univ. Católica de Chile, (1999) (in Spanish).

22. W. Walter. On existence and nonexistence in the large of solutions of parabolic differential equations with a nonlinear boundary condition. SIAM J. Math. Anal., Vol. 6(1), (1975), 85–90.

23. Y. Wu. and J. Du. Remarks on diffusivity versus absorption through the boundary. Systems Sci.

Math. Sci., Vol. 9(4), (1996), 376–382.