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ABSTRACT. In this paper we study the nonlocal p—Laplacian type diffusion equation,

wi(t, z) = /Q J(& — gt g) — ult, 2) P~ (ult,y) — u(t, 2)) dy.

If p > 1, this is the nonlocal analogous problem to the well known local p—Laplacian evo-
lution equation u; = div(|Vu|P~2Vu) with homogeneous Neumann boundary conditions.
We prove existence and uniqueness of a strong solution, and if the kernel J is rescaled in
an appropriate way, we show that the solutions to the corresponding nonlocal problems
converge strongly in L>(0,T; LP(€2)) to the solution of the p—laplacian with homogeneous
Neumann boundary conditions. The extreme case p = 1, that is, the nonlocal analogous
to the total variation flow, is also analyzed. Finally, we study the asymptotic behaviour
of the solutions as ¢ goes to infinity, showing the convergence to the mean value of the
initial condition.

1. INTRODUCTION

Our main goal in this paper is to study the following nonlocal nonlinear diffusion problem,
which we call the nonlocal p-Laplacian problem (with homogeneous Neumann boundary
conditions),

J (t.3) / I = ylult,y) = ult. o) ult,y) - ult, ) dy
Pp (Uo)
u(z,0) = ug(x
Here J : RN — R is a nonnegative continuous radial function with compact support,

J(0) > 0 and [,y J(2)dx = 1 (this last condition is not necessary to prove our results, it
is imposed to simplify the exposition), 1 < p < 4+o00 and 2 C RY is a bounded domain.

Nonlocal evolution equations of the form
(1.1) w(t, ) =J*u—u(t,z) = / J(z —y) (u(t,y) — u(t,x)) dy,
RN
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and variations of it, have been recently widely used to model diffusion processes, see [7],
(8], [10], [17], [18], [19], [21], [25], [26], [29], [31] and [34]. Moreover, nonlocal problems of
type Pp‘] (up) have been used recently in the study of deblurring and denoising of images
(see [27]).

As stated in [25], if u(t, z) is thought of as the density of a single population at the point
x at time ¢, and J(x — y) is thought of as the probability distribution of jumping from
location y to location z, then the convolution (J * u)(t,z) = [on J( Ju(t,y) dy is the
rate at Wthh individuals are arriving to position x from all other places and —u(t,z) =
— f]RN —x)u(t, z) dy is the rate at which they are leaving location x to travel to all other
sites. ThlS c0n81derat10n, in the absence of external or internal sources, leads immediately
to the fact that the density u satisfies equation (1.1).

Equation (1.1) is called a nonlocal diffusion equation since the diffusion of the density
u at a point x and time ¢ does not only depend on w(t,x), but on all the values of u
in a neighborhood of x through the convolution term J * w. This equation shares many
properties with the classical heat equation, u; = Awu, such as bounded stationary solutions
are constant, a maximum principle holds for both of them and perturbations propagate
with infinite speed, [25]. However, there is no regularizing effect in general (see [18]).

When dealing with local evolution equations, two models of nonlinear diffusion has been
extensively studied in the literature, the porous medium equation, u; = Au™, and the
p—Laplacian evolution, u; = div(|Vu[P">Vu). In the first case (for the porous medium
equation) a nonlocal analogous equation was studied in [7] (see also [20]). Our main
objective in this paper is to study the nonlocal equation Pp‘] , that is, the nonlocal analogous
to the p—Laplacian evolution.

Concerning boundary conditions for nonlocal problems, if, instead of (1.1), we look at

ui(t, ) = / J(x ) (ult,y) — ult,2)) dy,

the right hand side takes into account the diffusion inside the domain €2. In fact, as we have
explained, the integral [J(z — y)(u(t,y) — u(t,z))dy takes into account the individuals
arriving or leaving position x from or to other places. Since we are integrating in €2, we
are imposing that diffusion takes place only in €). There is no flux of individuals across
the boundary. This is the analogous of what is called homogeneous Neumann boundary
conditions in the literature. In this sense, problem Pp‘] (up) has to be seen as a problem with
homogeneous Neumann boundary condition. For p = 2, in [22] (see also [21]) it is proved
that solutions to the linear problem Py (ug) converge to the solution of the classical heat
equation with Neumann boundary conditions when the convolution kernel .J is rescaled in
a suitable way. We will see in Section 3 that solutions to problem P;(ug) converge to the
solution of the classical p—Laplacian if p > 1 and to the total variation flow when p = 1
with Neumann boundary conditions when the convolution kernel J is also rescaled in a
suitable way.
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First, let us state the precise definition of solution. Solutions to Pp‘] (ug) will be under-
stood in the following sense.

Definition 1.1. Let 1 < p < +o0. A solution of P;)(ug) in [0,T] is a function u €
C([0,T]; L () n WE(0, T[; LY(Q)) which satisfies u(0,z) = uo(z) a.e. z € Q and

u(t, x) = /Q J(z —y)|uly,t) — ulz, )P 2(uly,t) — u(x,t)dy  a.ein ]0,T[x.

Let us note that, with this definition of solution, the evolution problem P;(uo) is the
gradient flow associated to the functional

1
i) = oo [ [ 9= 9)luty) - @) dy .
P JaJa
which is the nonlocal analogous to the energy functional associated to the p—Laplacian

Fy(u) = }9 / Vuly)P dy.

Our first result shows existence and uniqueness of a global solution for this problem.

Moreover, a contraction principle holds.

Theorem 1.2. Assume p > 1 and let ug € LP(Q2). Then, there exists a unique solution to
PpJ(uo) in the sense of Definition 1.1.

Moreover, if uig € L'(Q), i = 1,2, and u; is a solution in [0,T] of P/ (uy). Then

/(ul(t) —uy(t))* < /(um —ugg)t  for every t €]0,T.
0 0
If ujg € LP(QY), i = 1,2, then

|1 (t) — ua(t)|| o) < ||uio — uaollr(y  for every t €]0,T7.

Let us now deal with existence and uniqueness for the extreme case p = 1. We have that
the formal evolution problem

w(t,z) = /ﬂ J(@—y) lu(t,y) — u(t, x)|

is the gradient flow associated to the functional

Tiw) = 5 / / Iz — y)luly) — u(z)| dy dz,

which is the nonlocal analogous to the energy functional associated to the total variation

Fi(w = [ [Vut)]dy.

dy,

For p = 1 we give the following definition of what we understand as a solution.
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Definition 1.3. A solution of P} (z) in [0,T] is a function
u € C([0,T]; L1 () N WH(J0, T[; L'())

which satisfies u(0, z) = up(z) a.e. x € Q and
u(t,x) = / J(x—y)g(t,z,y)dy a.e in ]0,T[x€Q,
0

for some g € L>(0,T; L®(2 x Q)) with ||g|lc <1 such that g(t,z,y) = —g(t,y,z) and
(@ —y)g(t, z,y) € J(x —y)sign(u(t,y) — u(t,x)).

To get existence and uniqueness of these kind of solutions, the idea is to take the limit
as p \, 1 of solutions to P, with p > 1.

Theorem 1.4. Assume p =1 and let ug € L (Q). Then, there exists a unique solution to
P/ (ug) in the sense of Definition 1.3.

Moreover, fori=1,2, let u;o € L*(Q) and u; be a solution in [0,T] of P{(ui). Then

/(ul(t) —uy(t))T < /(um —gg)T  for almost every t €]0,T.
Q Q

Our next step is to rescale the kernel .J appropriately and take the limit as the scal-
ing parameter goes to zero. To be more precise, for every p > 1, we consider the local
p—Laplace evolution equation with homogeneous Neumann boundary conditions

u = Apu in |0, T[x€,
Ny (up) |VulP2Vu-n=0 on]0,T[x0%Q,
u(z,0) = ug(x) in

where 7 is the unit outward normal on 9Q, Ayu = div(|Vu[P~?Vu) is the p-laplacian of
u. We obtain that the solutions of this local problem, N,(ug), can be approximated by
solutions of a sequence of nonlocal p-Laplacian problems of the form PpJ :

Problem Ny (ug), that is, the Neumann problem for the total variation flow, was studied in
[2] (see also [3]), motivated by problems in image processing. This PDE appears when one
uses the steepest descent method to minimize the total variation, a method introduced by
L. Rudin, S. Osher and E. Fatemi [28] in the context of image denoising and reconstruction.
Then, solving Nj(ug) amounts to regularize or, in other words, to filter the initial datum
ug. This filtering process has less destructive effect on the edges than filtering with a
Gaussian, i.e., than solving the heat equation with initial condition ug. In this context
the given image ug is a function defined on a bounded, smooth or piecewise smooth open
subset Q of RY, typically,  will be a rectangle in R2.

S. Kindermann, S. Osher and P. W. Jones in [27] have studied deblurring and denoising
of images by nonlocal functionals, motivated by the use of neighborhood filters [16]. Such
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filters have originally been proposed by Yaroslavsky, [32], [33], and further generalized by
C. Tomasi and R. Manduchi, [30], as bilateral filter. The main aim of [27] is to relate the
neighborhood filter to an energy minimization. Now in this case the Euler-Lagrange equa-
tions are not partial differential equations but include integrals. The functional considered
in [27] takes the general form

12) i) = [ g (MDY e -yl oy

with w € L*(Q), g € C*(R") and h > 0 is a parameter. The Fréchet derivative of J, as a
functional from L?*(€) into R is given by

s = [ o (M50 ) = e - ) dy

Note that the nonlocal functional J, is of the form (1.2) with g(¢) = %p\t]%, w = J and

h = 1. Then, problem Pp‘] (ug) appears when one uses the steepest descent method to
minimize this particular nonlocal functional.

For given p > 1 and J we consider the rescaled kernels

Jpole) = S (1),

where .
C}; = §/RN J(2)|zn|P dz

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple
of it.
Associated with these rescaled kernels we have solutions u. to the equation in Pp‘] with

J replaced by J,. and the same initial condition u, (we shall call this problem PJ»). The
next result states that these functions u. converge strongly in LP(2) to the solution of the
local p—Laplacian problem N, (uo).

Theorem 1.5. Let Q be a smooth bounded domain in RY andp > 1. Assume J(z) > J(y)
if || <|y|l. Let T >0, ug € LP(Q) and u. the unique solution of Py (ug). Then, if u is
the unique solution of Ny(uy),

lim sup |juc(t,.) —u(t,.)||zr@) = 0.
EHOtG[O,T]

Observe that the above result states that Pp‘] is a nonlocal analogous to the p—Laplacian.

In the linear case, p = 2, under additional regularity hypothesis on the involved data, the
convergence of the solutions of rescaled nonlocal problems of the form Ps to the solution
of the heat equation is proved in [22].
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In order to study the asymptotic behaviour as ¢t — oo of the solutions of the nonlocal
problems, we first prove a Poincaré’s type inequality (Proposition 4.1). This inequality
permits to show the solutions of the nonlocal problems converge to the mean value of the
initial condition.

Theorem 1.6. Let p > 1 and ug € L>(Q). Let u be the solution to P (ug), then
1/p
[|uo |
|u(t) — ol L) < (% — 0, as t — oo,

where g is the mean value of the initial condition,

1
Uy = — | up(x)dx.
= ] o)

Let us finish the introduction by collecting some preliminaries and notations that will
be used in the sequel.

We denote by Jy and P, the following sets of functions,
Jo={j : R —[0,+00], convex and lower semi-continuos with j(0) = 0},
Py={qe C®R):0<¢q <1,supp(¢) is compact, and 0 ¢ supp(q)}.
In [12] the following relation for u,v € L*(f2) is defined,
u < v if and only if /j(u) dzx < /j(v) dx  for all j € Jy,
Q Q

and the following facts are proved.

Proposition 1.7. Let Q be a bounded domain in RV .

(i) For any u,v € L*(Q), if [, uq(u) < [yvq(u) for all g € Py, then u < v.

(ii) If u,v € L*(Q) and u < v, then ||ul, < ||v||, for any r € [1,+00].

(iii) If v € LY (), then {u € L*(Q) : u < v} is a weakly compact subset of L'(Q).
Organization of the paper. The rest of the paper is organized as follows. In Section 2

we prove the existence and uniqueness of strong solutions for the nonlocal problems for

p > 1and p = 1. In Section 3 we show that our model approaches the p—Laplacian for

p > 1 and the total variation for p = 1. Finally, in Section 4 we study the asymptotic
behaviour of the solutions.

2. EXISTENCE OF SOLUTIONS FOR THE NONLOCAL PROBLEMS

2.1. The case p > 1.

We first study the problem Py (ug) from the point of view of Nonlinear Semigroup Theory.
For this we introduce in L'(£2) the following operator associated with our problem.
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Definition 2.1. For 1 < p < +oo we define in L'(Q) the operator B; by

Byu(r) = — /Q J(@ = y)luly) — w@)"*(uly) —u(z))dy, 2 €Q.
Remark 2.2. [t is easy to see that,
1. Bg 18 positively homogeneous of degree p — 1,
2. LP~1(Q) € Dom(By), if p > 2,
3. for 1 <p <2, Dom(B;) = L'(Q) and B; is closed in L'(Q) x L*().
We have the following monotonicity lemma, whose proof is straightforward.

Lemma 2.3. Let 1 <p < 400, and T : R — R a nondecreasing function. Then,

(i) for every u, v € LP(2) such that T'(u —v) € LP(Q2), it holds
[ (Blute) = Blu@)Tu(e) — o(w)de =

>y / / I = ) (Tuly) = o) = T(ula) — v(2) x
— u(x)[" 2(U(y) —u(x)) = [v(y) = v(@)["*(v(y) —v(2))) dyda.
(ii) Moreover, ZfT is bounded, (2.1) holds for u, v € Dom(B;]).
In the next result we prove that BZ;I is completely accretive and verifies a range condition.

In short, this means that for any ¢ € LP(2) there is a unique solution of the problem
u+ BJu = ¢ and the resolvent (I + B;/)~! is a contraction in L(£2) for all 1 < ¢ < 4oo0.

Theorem 2.4. For 1 < p < +o0, the operator BZ{ 1s completely accretive and verifies the
range condition

(2.2) LP(Q) C Ran(I + BY).
Proof. Given u; € Dom(B;D]), i =1,2 and ¢ € Py, by the monotonicity Lemma 2.3, we have

[ (Biu(@)  Bu(a)gu (@) - o) do =
Q
from where it follows that B; is a completely accretive operator (see [12]).

To show that B;D] satisfies the range condition we have to prove that for any ¢ € LP(Q)
there exists v € Dom(B;]) such that u = (I + B;)"'¢. Let us first take ¢ € L>®(€2). Let
Apm s LP(Q) — LP(Q) the continuous monotone operator defined by

1 1
Apn(u) = T(u) + BJu + ﬁ,u|p72u+ _ E|u’p72u7'
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We have that A, ,, is coercive in LP(2). In fact,

/ Apm(u)u
lim J0 00000

lull p (@) —+o0 ”UHLP(Q)
Then, by Corollary 30 in [15], there exists u, ., € LP(Q2), such that
1

1 _ o _
Tc(umm) + B{D’un,m + E’un,m p=2,t E‘un’m‘P 2un7m = (;5

n,m

= +o0.

Using the monotonicity of Byt m 4= [tnm [P~ 20!, — = |tnm [P~ 2u,, ,,, from Proposition 1.7,
we obtain that T, (un,m) < ¢ and therefore, taking ¢ > ||¢|| (), Unm < ¢. Consequently,

1 _ 9 _
Up,m + B{D]un,m + E]unym]p ut — E\un,m|p 2w = ¢.

n,m nm

Moreover, since u,, ,, is increasing in n and decreasing in m. As u,,,, < ¢, we can pass to
the limit as n — oo (using the monotone convergence to handle the term Bg Up,m) Obtaining
U,, 18 a solution to

1
U, + Bt — E|um|p_2ufn = ¢.

Using u,, is decreasing in m we can pass again to the limit and to obtain
u+ Bg u = ¢.
Let now ¢ € LP(Q)). Take ¢, € L*(Q), ¢, — ¢ in LP(2). Then, by our previous step,

there exists u, = (I + BZ{ ) Y, up < ¢p. Since BI‘J] is completely accretive, v, — u in
LP(Q), also BJu, — B;Ju in L” () and we conclude that u + B;u = ¢. O

If B/ denotes the closure of B; in L'(£2), by Theorem 2.4, we obtain B; is m-completely
accretive in L'().
Next we get the following theorem, from which Theorem 1.2 can be derived.

Theorem 2.5. Assume p > 1. Let T > 0 and ug € L'(Q). Then, there exists a unique
mild solution u of

{ w'(t) + Bju(t) =0, te(0,7),
(2.3)
u(0) = uo.

Moreover,

(1) if up € LP(Q), the unique mild solution u of (2.3) is a solution of Py (ug) in the
sense of Definition 1.1. If 1 < p < 2, this is true for any ug € L'(Q).



A NONLOCAL p—LAPLACIAN EVOLUTION EQUATION 9

(2) Let uyg € L'(Q), i = 1,2, and u; a solution in [0,T] of B)(ui), i =1,2. Then

Jn® = @) < [ (o =)™ for every ¢ €lo. 1.
Q

Q
Moreover, for q € [1,+00]|, if ujg € L4(QY), i = 1,2, then

|1 (t) — ua(t)||La) < [Juro — uoollraqy  for every t €]0,T7.

Proof. As a consequence of Theorem 2.4 we get the existence of mild solution of (2.3) (see
[13] and [12]). On the other hand, u(t) is a solution of P;(uo) if and only if u(t) is a strong

solution of the abstract Cauchy problem (2.3). Now, due to the complete accretivity of B;D]
and the range condition (2.2), u(t) is a strong solution (see [12]). Moreover, in the case
1 < p <2, since Dom(B;) = L'(Q) and By is closed in L'(Q) x L'(2), the result holds
for L'-data. Finally, the contraction principle is a consequence of the general Nonlinear
Semigroup Theory. O

Remark 2.6. Observe that our results can be extended (with minor modifications) to obtain
existence and uniqueness for

ut(tv {23') = / J(l’, y)|U(t, y) - u(t7 x)|p_2(u(t, y) - U(t, ,I)) dy7
Q
u(z,0) = uo(),
with J symmetric, that is, J(z,y) = J(y,x), bounded and nonnegative.

2.2. The case p = 1.

This section deals with the existence and uniqueness of solutions for the nonlocal 1-Lapla-
cian problem with homogeneous Neumann boundary conditions,

wilt,z) = / J(o—y) b Zulbir)

u(t, y) — u(t, v)]

P/ (up)
u(z,0) = up(x).

As in the case p > 1, to prove the existence and uniqueness of solutions of P{(ug) we use

the Nonlinear Semigroup Theory, so we start introducing the following operator in L().

Definition 2.7. We define the operator Bf in L*(Q) x LY(Q) by @ € B{u if and only if
u, i € LY(Q), there exists g € L®(Q x Q), g(z,y) = —g(y, ) for almost all (z,y) € Q x Q,
l9llee <1,

u(x) = —/ J(z—y)g(z,y)dy, a.e x€Q
Q
and

(2.4) J(x —y)g(z,y) € J(x —y)sign(u(y) —u(z)) a.e. (z,y) € Q2 x Q.
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Remark 2.8.
1. It is not difficult to see that (2.4) is equivalent to

// x—y)g(z,y) dyu(z // x —y)|u(y) —u(z)|dy dz,

2. LY () = Dom(BY{) and Bi is closed in L*(2) x LY(Q).

3. By is positively homogeneous of degree zero, that is, if 4 € Bju and X > 0 then
o € B (A\u).

Theorem 2.9. The operator By is completely accretive and satisfies the range condition
L*() C Ran(I + BY).

Proof. Let 1; € Bju;, i = 1,2. Then there exists g; € L®(Q X Q), [|gilloe < 1, gi(z,y) =
—g:(y,x), J(x—vy)gi(z,y) € J(x —y)sign(u;(y) — u;(z)) for almost all (x,y) € Q x Q, such
that

w;(x) = —/ J(x—9)gi(x,y)dy, ae x€)
Q

for i = 1,2. Given q € Fy, we have
/Q (02(2) — (2} (e (2) — ua(x)) di
=5 [ I = 0)@n(.9) — o) (s () = walo) = () = wale))

Now, by the mean value Theorem
J(z—y)9i(z,y) — g2(2,9)) la(ur(y) — va(y)) — q(ua () — ua(z))]
= J(z = y)(g1(z,y) — g2(2,¥))q'(€) [(ur(y) — u2(y)) — (wr(x) — ua2(2))]
= J(z = y)d (&) lor(z, y) (ur(y) — ur(2)) — g1 (2, y)(u2(y) — u2())]
—J(z =) (€) [g2(2, y)(ur(y) — ua(x)) — g1(x,y)(u2(y) — uz(2))] = 0,

J(x —y)gi(z,y)(wiy) — ui(z)) = J(z — y)|wiy) —wi(z)], i=1,2,
and
—J(x = y)gi(z,y)(w;(y) —w;(x)) > —J(x — y)|u;(y) — ui(x)], i# .
Hence

[ (@) = ia(e)atun(2) = ) do >0,
from where it follows that B{ is a completely accretive operator.
To show that Bj satisfies the range condition, let us see that for any ¢ € L*>°(),
plirﬂ(f +B) ' =(+B{)"'¢ weakly in L'(Q).
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Let ¢ € L>*(Q2). For 1 < p < 400, by Theorem 2.4, there is u, such that u, =
(I+ Bg)_l ¢, that is,

up() = /QJ (@ = y) [up(y) — up(@) P2 (up(y) — up(w)) dy = $(z) ae. x €.

Thus, for every v € L*®(£2), we can write

) Ju= [ TG =0 l0) = @) — ) dyote)de = [ o

Since u, < ¢, by Proposition 1.7, we have that there exists a sequence p,, — 1 such that
u,, —u weakly in L'(Q), u < ¢.
Observe that ||u,, || L), [|t]|L=@) < [|@llLe@)-

Now, since
- / 7= 00 00 = P, 0) = () d o)
=5 [ I = 01 5) = 0 O (00 = ) (000) = o)) dy
taking v = u,,, in the above expression, by (2.5), we get that

1
—//J<x—y>|upn<y>—upn<x>|p" dydxs/qbupnsm, VneN.
2 QJO Q

Therefore, for any measurable subset £ C €2 x €2, we have

’ / /E J(z — Py, () — up, ()72 (up, () — up, () ’

</ / Iz = )i, () — tpy (2)

Hence, by the Dunford-Pettis Theorem we may assume that there exists g(z,y) such that

J(@ = y)lup, () = wp, (@) (U, (y) =y, (2)) = J (@ = y)g(z,y),
weakly in L'(Q x Q), g(x,y) = —g(y, z) for almost all (z,y) € 2 x Q, and ||g|le < 1.

pn_l L
S M2|E|p” .

Therefore, passing to the limit in (2.5) for p = p,,, we get

(2.6) Jwr= [ [ 3= nate)dyow)de = [ o0

for every v € L>(£2), and consequently we get

u(x) — /Q J(x—y)g(z,y)dy = ¢(z) ae. x€Q.
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Then, to finish the proof we have to show that

(2.7) //  — y)g(z,y) dyulx // = ) uly) — u(z)| dy dz.
In fact, by (2.6) with v = «,
3 [ 7@ =0 ) = @) dyda
:/Qqsupn—/gupnupn:/chﬁu—/guu—/gcb(u—upn)
[ 2t =) = [ =)= up)
// © — y)g(z,y) dyu(z dg;_/¢ —u,) /Qu(u—upn),

lim sup = // x—y) |up, (y) — up, (2)|"" dyde < — // r—y)g(z,y) dyu(z) dx.
n—-+0oo

Now, by the monotonicity Lemma 2.3, for all p € L*>®(Q
~ [ 3= 0lotw) = p@)P o) = pla)) d () = pla) o
- / / T (@ = )t (5) — 1 () P2t (1) — 1, () ly (1t () — ()

Therefore, taking limits,

- /Q /Q J(z —y)signg(p(y) — p(x)) dy (u(z) — p(x)) dz

N /Q /Q J(x = y)g(z,y) dy (u(z) — p(z)) da.

Taking now, p = u £ Au, A > 0, and letting A — 0, we get (2.7), and the proof is
finished. O

Proof of Theorem 1.4. As a consequence of the above results, we have that the abstract
Cauchy problem

(2.8) { “'((t) +Bju(t)30, te(0,T),

O)ZUO

has a unique mild solution u for every initial datum uy € L'(Q) and T > 0 (see [13]).
Moreover, due to the complete accretivity of the operator B{, the mild solution of (2.8) is
a strong solution. Consequently, the result is obtained.
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3. CONVERGENCE TO THE p-LAPLACIAN

3.1. Convergence to the p-laplacian for p > 1.

Our main goal in this section is to show that the Neumann problem for the p-Laplacian
equation N, (ug) can be approximated by suitable nonlocal Neumann problems Py (up).

Let us start recalling some results about the p-Laplacian equation
w = Apu in |0, T[x€,
N, (up) |VulP=>Vu-n=0 on]0,T[x0Q,
u(z,0) = ug(x) in €,
obtained in [5], [6] and [4]. We have the two following concepts of solutions.
A weak solution of N,(up) in the time interval [0, 7] is a function
u € C([0,T): LY(Q)) N LP(0, T; WH2(Q)) n W0, T; L*(Q))
with u(0) = ug, satisfying

/ u' ()€ +/ IVu(t)|P2Vu(t) - VE=0  for almost all t €]0,T]
0 Q

for any & € WHP(Q) N L>(Q).
An entropy solution of N,(up) in the time interval [0,7] is a function
u e C([0,T]: LY(Q) n W0, T; L'(Q)),
such that Ty (u) € LP(0, T; WhP(Q)) for all & > 0, u(0) = uy and

/Qu’(t)Tk(u(t) —-&)+ /Q IVu(t)[P2Vu(t) - VI (u(t) — &) =0  for almost all ¢ €]0, T

for any & € WHP(Q) N L>=(Q).
Here the truncature functions T}, are defined by Ty(r) =k A (r VvV (=k)), k > 0, r € R.

Theorem 3.1 ([6], [4]). Let T > 0. For any ug € L'(Q) there exists a unique entropy
solution u(t) of N,(ug). Moreover, if ug € LP (2) N L*(Q) the entropy solution u(t) is a
weak solution.

Let us perform a formal calculation just to convince the reader that the convergence
result, Theorem 1.5, is correct. Let N = 1. Let u(z) be a smooth function and consider

A = o [ (552 ) - wa)P ) = ate)

3
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Changing variables, y = x — £z, we get
1
(3.1) A (u) = —/ J(2)|u(x — 2) — u(z) P2 (u(z — e2) — u(w)) dz.
R

cb

Now, we expand in powers of € to obtain

lu(z — e2) — u(z)|P2 = "2 |/ (z)z + “i8e2? + O(e?)

= 2 )2 4 7 p — D)l ()bl ()2 L 4 O(e),
and
u(x —ez) —u(z) = e (x)z + UT(I)5222 + O(e%).

Hence, (3.1) becomes

Au(u) = é /R ()| 2722 da ol ()2 (z)

+%AJ(2)|z’pdz ((p_gﬂu/(x)’pru//(x) + ‘u/(x)|p72u//($)) +0(),

Using that J is radially symmetric, the first integral vanishes and therefore,
lim A (u) = C(Ju'(2)"*' (@),

where
1

C:—/J(z)|z|pdz.
2 Jr

To do this formal calculation rigorous we need to obtain the following result which is a
variant of [14, Theorem 4].

Proposition 3.2. Let 1 < q < +o0o. Let p: RY — R be a nonnegative continuous radial
function with compact support, non-identically zero, and p,(x) = n™p(nz). Let {f,} be a
sequence of functions in L1()) such that

(3.2) | [ 15200 = fa@)ltpaly = a) dody < M-

1. If {fn} is weakly convergent in L1(SY) to f then
(i) if ¢ > 1, f € WH(Q), and moreover

R N R CIR Y

weakly in L9(Q) x LI(RN).
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(i) If g =1, f € BV(Q2), and moreover

o2\ (x+ )““12 ACNNERY

weakly as measures.

2. Assume ) is a smooth bounded domain in RY and p(z) > p(y) if |x| < |y|. Then {f.}
is relatively compact in L1(S2), and consequently, there exists a subsequence { f,, } such that

(i) if ¢ > 1, fn, — f in LYQ) with f € W(Q),
(ii) if g =1, fo, — f in LY(Q) with f € BV(RQ).

Proof. We suppose f,, — f weakly in L?(§2) and write (3.2) as

(3.3) //” e fn( )1/nfn<) e g
/RN/ XQ(J}—f— )fn<$+1j31 Jn (2) drdz < M.

On the other hand, if p € C°(Q) and ¢ € C°(RY), taking n large enough,
1
[ [ xa (o4 2e) BEFE L g0
RN

(3.4) —/ l/q/ fn v 1jn fn(x)gp(x)dxz/}(z)dz

= —/ 1/q/fn /(x 2?) daip(z)dz

Let start with the case 1.(7). By (3.3), up to a subsequence,

a1 (i 22) SRRV gy

weakly in L9(Q2) x LI(RY). Therefore, passing to the limit in (3.4), we get

L0 [ gept@ydeoeds == [ (o))" [ )z Vol)dzu(es

Consequently,
/g(x,z)gp(x)dx = —/ f(x)z-Ve(z)de Vz € int(supp(J)).
Q Q

From here, for s small,

[ stasepwits == [ fa)sypta)ds
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which implies f € W4(Q) and (p(2))" g(z, 2) = (p(2))"? 2 - V f ().

Let now prove 1.(7). By (3.3), there exists a bounded Radon measure u € M(Q x RY)
such that, up to a subsequence,

et (o 12) 220 RS

weakly in M(Q x RY). Hence, passing to the limit in (3.4), we get
85 [ e@iEdue ) == [ i) - Viele) fa) dad
xRN «RN

Now, applying the disintegration theorem (Theorem 2.28 in [1]) to the measure p, we
get that if 7: O x RY — R is the projection on the first factor and v = m4|u/, then there
exists a Radon measures p, in RY such that o +— ju, is v-measurable,

le|(RY) < 1 v—ae. in
and, for any h € L'(Q2 x RY | |ul),
h(x,-) € LYRY |1u.]) v—ae. in x€Q,

T /Qh(x,z)d,ux(z) € L'(Q,v)

and

(3.6) /ﬂ s 2)dn(az) = /ﬂ ( /R iz, Z)d,ux(z)) dv ().

From (3.5) and (3.6), we get, for ¢ € C>°(Q) and ¢ € C=®(RY),

L ([ o)) etwvte —<Z [ w35 o).

Hence, as measures,

1

> [ szt = [ o)

Let now ¢ € C°(RN) a radial function such that ¢ = 1 in supp(p). Taking 1(z) = 1(2)z;
in the above expression and having in mind that

/ p(2)zizb(2)dz = 0 if i # 7,
RN

we get

/RN p(2)27 (2 )dzg—jj = [ d(2)zdpa(2) v.

RN



A NONLOCAL p—LAPLACIAN EVOLUTION EQUATION 17

Since v € My(Q) and @ +— [, ¥(2)2jdp.(2) € L*(Q, 1), we obtain that f € BV (Q). Going
back to (3.6), we get

As in the proof of [14, Theorem 4], to prove 2 it is enough to show that for any § > 0
there exists ns € N such that

5
(3.7) 5—N/ tNTIE, () dt < 8T for n > g
0
for some constant C' independent of n and ¢, being F}, the function defined for ¢t > 0 as

ro= [ [ e - p@prdd
1 q
— tN__l/|h|_t/RN |fu((z + h) — fu(x)]|? dx do.

In terms of F},, assumption (3.2) can be expressed as

! F,(t 1
(3.8) / tNJrql#pn(t) dt < M—.
0 n

On the other hand, applying [14, Lemma 2] with g(t) = F,(t)/t? and h(t) = p,(t), there
exists a constant K = K(N + ¢) > 0 such that
5
E,(t
/ o Bl )
0

tq

| et
[|z]<d]

Now, since p is a function with compact support, given § > 0, we can find ns € N such
that

/ 2lipn(e) de = / 2|t p(nz) da
[|z|<0] [|z|<0]

_ 1
= [ ey = o [ o)y, orn > ns
llyl<nd] Y

Hence, by (3.8) and (3.9), (3.7) follows. O

6
(3.9) 5N / tN+q1Ft—§t)dt <K
0

For given p > 1 and J, we consider the rescaled kernels

ot = S (2).

where
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is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple
of it. Observe, that, using spherical coordinates,

+oo
C’jp = Wy-_ 1/ / p)|pcosd|Pp™N " sinV 20 df dp.

In [5], associated to the p-Laplacian with homogeneous boundary condition, we define
the operator B, C L*(Q) x L*(Q) as (u,a) € B, if and only if & € L'(Q), u € WP(Q) and

/ |VulP~2Vu - Vo = / tv  for every v € WHP(Q) N L=(9).
Q Q

Moreover, since B, is a completely accretive operator in L'(Q) with dense domain satisfying
the range condition (see [5]), its closure B, in L'(Q) is an m-completely accretive operator
in L'(Q) with dense domain. In [6], it is proved that for any ug € L'(Q), the unique entropy
solution wu(t) of problem N,(ug) (see Theorem 3.1) coincides with the unique mild-solution
etBryg given by the Crandall-Liggett’s exponential formula.

Proposition 3.3. For any ¢ € L*(Q2), we have that
(I+ B]‘)]P*S)fl o= (I+B,) "¢ weakly in LP(Q) as e — 0.

Proof. For ¢ > 0, let u. = (I + B‘]”*s)f1 ¢. Then,

(3.10) / g(iifpv / / ( >!ue(y)—us<x)|p—2><

<(uey) = we(o) dy o) do = | o0
for every v € L>*(Q).

Q

Changing variables, we get

S [ () ) = P o) — e o) d

(3:11) :/RN/Q%J(Z)XQ(!E-Fsz) =

us(x +ez) — u(x)

v(@) dr dz.

ue(2 +e2) — u.(x)

X

X’U(:L‘ +ez) —
£

So we can rewrite (3.10) as

/¢> dx—/ﬂug(x)v(x) dx

(3.12) — /N/ %J(Z)XQ<I’ e2) Ue (2 + £2) — uc(x)

€

P72 ue(z + e2) — ue(x) y
€

v(@) drdz.

XU(J;—I—&?Z) -
£
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We shall see there exists a sequence &, — 0 such that u., — u weakly in LP(Q),
uwe W'(Q) and u = (I + B,)™" ¢, that is,

/ uv +/ |VulP*Vu - Vo = / ¢v  for every v € WHP(Q) N L™=(Q).
Q Q Q

Since u. < ¢, there exists a sequence &, — 0 such that

u., — u, weakly in LP(Q), u < ¢.

n

Observe that ||u., ||z @), [[u]lz=@) < |¢]|L=(). Taking e = ¢, and v = u,, in (3.12), w
get
/ / ;CJP ( y) u€n<y) - uen(x) P dl' dy
£ £
(3.13) " "
/ /ij‘] oz +e,2) e (T ¥ En) — ey () pdmdz<M.
RN 5n -

Therefore, by Proposition 3.2, u € WH?(Q2) and

(3.14) (%J(z)) " Yo + epz)tenl? £ En2) = Ue (@) (Cé”p J(z)) v Vau(z)

En

weakly in LP(Q) x LP(R”Y). Moreover, we can also assume that

p—2

Xa(z + 2) Ue, (T + €p2) — ue, ()

€n

uan (w _I_ gnz) - uan <:L')
En

— x(w, 2)

weakly in LP' (Q) x L (RY). Therefore, passing to the limit in (3.12) for € = ¢,,, we get

(3.15) /uv+/RN/CJpJ x(z,2) z- Vou(z dxdz-/(bv

for every v smooth and by approximation for every v € W1»(Q).

Let us see now that
(3.16) / / %J(z)x(ac, 2)z - Vou(z)drdz = / \Vul""? Vu - Vo.
RV Jo 2 0

In fact, taking v = u in (3.15), we have

/RN/Q%J(Z)XQ(CC‘FF:nZ)
- /Q P, — /Q e,
= [ou= [ [ote-u)+ [ 200~ [@-w)0-u,)

S/RN/Q%J(z)x(x,z)z-Vu(:c)dxdz—/ng(u—usn)jL/QhL(u—usn).

p

Ue, (T + €,2) — ug, () dr do

En




20 F. ANDREU, J. M. MAZON, J. D. ROSSI AND J. TOLEDO

Consequently,

C
lim sup/ / %J(Z')XQ(-% + £,2)
(3.17) no IRV JO o
< / / =22 J(2)x(x, 2) z - Vu(z) dz dz.
RV Jo 2
Now, by the monotonicity Lemma 2.3, for every p smooth,

Cpipzv / / < ) (y) — p(2)P~*(p(y) — p(2)) dy (uc, () — p(z)) dx
f;ipzv / / ( )|uan(y) — g, (2P (ue, (y) — ue, (2)) dy (ue, (z) — p(x)) da.

Using the change of variable (3.11) and taking limits, on account of (3.14) and (3.17), we
obtain for every p smooth,

/ / %J(z’ﬂz VplP22-Vpz- (Vu— Vp)
Ry Jo 2

< / ) / 92 1) (,2) 2 - (Vula) — Vp(a)) di dz,

and then, by approximation, for every p € WHP(Q). Taking now, p = u & Av, A > 0 and
vE Wl’p(Q and letting A — 0, we get

/ / CJpJ X(x,z)z - Vo(z)drdz
RN

/RN C’Jp J(z )/ 1z - Vu(z)[P% (2 - Vu(x)) (z - Vo(z)) dzdz.

p

Ue, (T + e,2) — ug, () dr do

En

2
Consequently,
C
[ [ Szt 2z Vo) dedz = Cuy [ a(Va) - To - tor every v e W@,
RN Q@
where

1
a;(§) = C’JJ,/RN §J(z) ]2-5\”_2 z-&zjdz.

Then, if we prove that
(3.18) a(é) = [€"7%,

then (3.16) is true and u = (I 4+ B,) ™" ¢. So, to finish the proof we only need to show that
(3.18) holds. Obviously, a is positively homogeneous of degree p — 1, that is,

a(té) = P ta(¢) for all ¢ € RY and all ¢t > 0.
Therefore, in order to prove (3.18) it is enough to see that

a,(&)=¢ forall ¢ cRY|¢|=1, i=1,...,N.



A NONLOCAL p—LAPLACIAN EVOLUTION EQUATION 21

Now, let R¢; be the rotation such that Rgi(f ) = e;, where e; is the vector with components
(e)): =1, (€;); = 0 for j # i, being Rf ; is the transpose of R¢;. Observe that

G=§ e = Ré,i(ﬁ) : Ré,i(ei) =€ Ré,i<ei)'
On the other hand, since .J is radial, C'; ) = § [ J(2)|2]? dz and
a(e;) =e; for every i.
Making the change of variables z = R¢;(y), since J is a radial function, we obtain
1
a;(§) = C’va/ —J(2)|z- P2 E2-edz
RN 2
1 _
= CJ,p/ 57Oy - ey - eiy - Re () dy
RN
=a(e;) - Re,(e;) = e - Re,(e;) = &,
and the proof finishes. O

Theorem 3.4. Let Q a smooth bounded domain in RY. Assume J(z) > J(y) if |z| < |y|.
For any ¢ € L*(Q),

(3.19) (I+Br) "¢ —(I+B) ¢ inL’(Q) ase— 0.
Proof. The proof is a consequence of Proposition 3.3, (3.13), and Proposition 3.2. O

From the above theorem, by standard results of the Nonlinear Semigroup Theory (see
[24], [12] and [13]), we obtain the following result, which gives Theorem 1.5 in the case
p > 1.

Theorem 3.5. Let Q be a smooth bounded domain in RN . Assume J(x) > J(y) if |z| < |y|.

Let T >0 and ug € LI(QY), p < q < +00. Let u. the unique solution of Pp‘]’”’g (uo) and u the
unique solution of N,(ug). Then

(3.20) lim sup [Juc(t,.) — u(t, )] La@) = 0.
=0 e(0,17]

Moreover, if 1 < p < 2, (3.20) holds for any ug € L1(R2), 1 < ¢ < +o0.
Proof. Since B is completely accretive and satisfies the range condition (2.2), to get (3.20)
it is enough to see

(I+Br) " ¢—(I+B) ¢ inLQ)ase—0

-1
for any ¢ € L>°(£2). Taking into account that (I + B{D]”’6> ¢ < ¢, the above convergence
follows by (3.19). O
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3.2. Convergence to the total variation flow for p = 1.

As it was mentioned in the introduction, motivated by problems in image processing,
the problem Nj(ug), that is, the Neumann problem for the total variation flow, was studied
in [2] (see also [3]).

Definition 3.6. A measurable function u : (0,7) x Q — R is a weak solution of Nj(ug)

in (0,7) x Qif u € C([0,T], LY(Q)) N WE(0,T; LY(Q)), Ti(u) € LL(0,T; BV(Q)) for all

loc
k > 0 and there exists z € L>®((0,7) x Q) with ||z]|c < 1, uy = div(2) in D'((0,7T) x Q)
such that

/Q(Tk(u(t)) — w)u(t) de < /Qz(t) -Vwdx — | DTy (u(t))](Q)
for every w € WH1(Q) N L>°(Q)) and a.e. on [0, 7.

The main result of [2] is the following.

Theorem 3.7. Let ug € L'(Q)). Then there exists a unique weak solution of Ni(ug) in
(0, T) x Q for every T > 0 such that u(0) = ug. Moreover, if u(t),u(t) are weak solutions
corresponding to initial data ug, tg, respectively, then

ICu() = a(®) "l < ll(uo — @) [l and  Ju(t) = @)l < [luo — doll1,
for allt > 0.
Theorem 3.7 is proved using the techniques of completely accretive operators ([12]) and

the Crandall-Liggett’s semigroup generation Theorem. To this end, the following operator
B; in L'(Q) was defined in [2] by the following rule

(u,v) € By if and only if u,v € L (), Ty.(u) € BV(Q) for all £ > 0 and
there exists 2 € L®(Q,RY) with ||2]| < 1, v = —div(z) in D'(2) such that
/(w — Tr(u))vde < / z - Vwdz — | DTy (u)| (),
Yw e WHHQ) N L°°(§?), VEk > 0. )
Theorem 3.7 follows from the following result given in [2].

Theorem 3.8. The operator By is m-completely accretive in L*(Q2) with dense domain.

For any ug € L'(Q) the semigroup solution u(t) = etBry, is a strong solution of

du

—+ B 0
dt+ 1u >0,
u(0) = wp.

Set
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Theorem 3.9. Assume € is a smooth bounded domain in RN and J(x) > J(y) if |z| < |y|.
For any ¢ € L>(2), we have

-1
(I + Bi]“) ¢p— (I+B) "¢ inLYQ) ase — 0.

-1
Proof. Given ¢ > 0, we set u, = (I—i—Bih’E) ¢. Then, there exists g. € L>®(Q2 x Q),
9=(z,y) = —g:(y, x) for almost all x,y € Q, ||g||c < 1,

7 (S oo € 7 (T2 ) signlun) - o)) ae. oy

£
and
C r—y
(3.21) —gli’]lv/ﬂj ( . ) ge(z,y)dy = ¢(x) —u(x) ae x €.

Observe that

i
- S () et) - oy
By (3.21), we can write
o [ [ (522) aeot) = ot oy
(3.23) = gj}v// ( )ge z, y)dyo(z) du

- / (6(z) — ue(2)olz) d, Vo € L%(Q).

Since u, < ¢, there exists a sequence ¢,, — 0 such that
u., —u weakly in L'(Q), u< ¢.

Observe that ||uc, || L), ||t o) < ||@]|Le). Hence taking ¢ = ¢, and v = u., in (3.23),
changing variables and having in mind (3.22), we get

/ /CJl :E—i—é‘n ) Ue, (T + €n2) — U, (T)
RN

e (o iz

U, (y) — ue, ()
/Q 6(x) — e, (1)) () dz < M, VnenN.

dx dz

dx dy

€n
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Therefore, by Proposition 3.2, u € BV (),

(3.24) @J( Xa(z + 5nz)u8” (2 + 8:‘:) — U, (r) | C;],l

J(z)z - Du

weakly as measures and
Ue, — U, strongly in L'(€).
Moreover, we also can assume that
(3.25) J(2)Xa(x + €n2) g, (X, + €42) = A(z, 2)
weakly* in L°(Q) x L=(R"), and A(z, 2) < J(z) almost every where in Q x RY. Changing
variables and having in mind (3.23), we can write

le/ / XQ x+€n )QEn(x x+€n )d (.’,C—f—gnz) _U(I‘) da:
RN

En
CJl

(3.26) =

(2)Xa(z + €n2)ge, (z, T + €,2) dzv(x) do
RN

- / <¢<x>—u5n<x>>v<x> da o € L¥(Q).

By (3.25), passing to the limit in (3.26), we get

C‘”/ / x,2)z - Vou(zr)dr dz
(3.27) RY

/‘( — u(@))o(e) de o € L(Q) N ().
Q
We set ¢ = (1, .- .,(n), the vector field defined by
Gi(x) == % ANz, 2)z;dz, 1=1,...,N.
RN

Then, ¢ € L>=(Q,RY), and from (3.27),
—div({) =¢—u in D'(Q).

Let us see that [|(]l < 1. Given £ € RY \ {0}, let R be the rotation such that Rg() =
e1/¢]. If we make the change of variables z = R¢(y), we obtain

)6 = P [ Moz s =G [ A Bty Relw) - dy
C
=% | Al Re()nlé] dy.
RN

On the other hand, since J is a radial function and A(x, z) < J(z) almost every where,

1
oﬂ*zi/ ()| d
RN
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and .
)¢l <=5 | J@lnldylel = ¢l ae. zeQ.

Therefore, |||l < 1.
Since u € L>(£), to finish the proof we only need to show that

(3.28) /(w —u)(é—w)dr < / C-Vwds — |Dul(Q),  Vw e WH(Q) N Lo (Q).
Q Q
Given w € WH(Q) N L>(Q), taking v = w — u., in (3.26), we get
6@ = v, @)w) — v ) do

)
C‘”/RN/ 2)Xa(x + en2)ge, (T, + £,2) dzX
" ( (x—l—an ) w(@) e, (x + En2) —usn(x)) ”

(3.29)

€n

CJl/ / XQ T+ Epz )gen(l' T4 e,z )d ($—|—5n2) _U)($) i
RN

En
C’
‘”/ / 2Xa(x + €,2)

RN

Having in mind (3.24) and (3.25) and taking limit in (3.29) as n — 0o, we obtain that

/(w—u)(¢—ud <@// (x,2)z - Vw(x) dxdz—@ |J(2)z - Dul
Q RN

RN
:/Q-dex—c‘”/ |J(2)z - Dul.
Q RN

Now, for every z € ) such that the Radon-Nikodym derivative |g—z|(x) # 0, let R, be

the rotation such that R! [@Z‘(:U)] = e 2% D] % (x)]. Then, since J is a radial function and

\|Du|( z)| =1 |Dul-a.e. in Q, if we make the change of variables y = R,(z), we have

usn(:r+£n) e, () .

C“/ J(2)2 - Du |_C“// Du oy dz djpu) ()
RN RN |D |
C
S Tl ayaipad@) = [ D
Consequently, (3.28) holds and the proof concludes. O

From the above theorem, arguing as in Theorem 3.5, by standard results of the Nonlinear
Semigroup Theory ([24], [13]), we obtain the following result, from which Theorem 1.5 holds
in the case p = 1.
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Theorem 3.10. Let Q a smooth bounded domain in RN . Assume J(x) > J(y) if |z| < |y|.
Let T > 0 and ug € L*(2). Let u. the unique solution in [0, T] of P{(uo) and u the unique
weak solution of Ny(ug). Then

lir% sup [Juc(-t) — u(.,?)|[L1 @) = 0.
€~Y¢e0,7)

4. ASYMPTOTIC BEHAVIOUR

In this section we prove Theorem 1.6. We start by showing the following Poincaré’s type
inequality. In the linear case, that is, for p = 2, Poincaré’s type inequality has been proved
using spectral theory in [18].

Proposition 4.1. Giwen p > 1, J and €2, the quantity
1
3 | [ @ = wluts) ) dy s
Bp1 = Bp1(J, 2, p) = inf
! ! uELP(hfg =0 /\U(:c)’p da
Q

is strictly positive. Consequently
1 |
(4.1) ﬁp_l/ u——/u §—//J(a:—y)|u(y)—u(x)|pdyda: Yu € LP(Q).
Q 2] Jq 2 JaJa

Proof. 1t is enough to prove that there exists a constant ¢ such that

(42) Hquéc(( L[ J(x—y>|u<y>—u(x)\ﬁdydx)l/ﬁ [

Let 7 > 0 such that J(z) > a > 0 in B(0,7). Since Q C U,ecqB(x,7/2), there exists
{z;}", C Q such that Q C U™, B(x;,7/2). Let 0 < § < r/2 such that B(x;,0) C Q for all
i =1,...m. Then, for any z; € B(z;,0),1=1,...,m,

) Vu € LP(Q).

(4.3) Q= U(B(i:i,r) NnQ).

Let us argue by contradiction. Suppose that (4.2) is false. Then, there exists u,, € LP(12),

|unll, = 1, satistying
1>n ((/Q/QJ(IL’ —Y)|un(y) — un(:c)]pdyda:)l/p + /Qun ) Vn € N.
(4.4) lim /Q /Q T = ) |un(y) — un(@)Pdydz = 0

Consequently,
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and
(4.5) lim/ Uy, = 0.
noJa
Let
Fo(z,y) = J(z — )" "|un(y) — ua(2)]
and

fla) = [ e = lun(s) = uala) Py
From (4.4), it follows that
fn—0 in LY(9).
Passing to a subsequence, if necessary, we can assume that
(4.6) folr) =0 Ve Q\ By, Bjnull
On the other hand, by (4.4), we also have that
F, —0 en LP(Q2 x Q).

So we can suppose, passing to a subsequence if necessary,

(4.7) Fo(r,y) =0 VY(z,y) e QxQ\C, C null
Let By C Q2 a null set satisfying that,
(4.8) for all x € Q\ By, the section C, of C'is null.

Let &, € B(x1,9) \ (B U By), then there exists a subsequence, denoted equal, such that
Un (1) — A € [—00, +00].
Consider now &5 € B(x2,d) \ (B; U By), then up to a subsequence, we can assume
Un(Z2) — Ay € [—00, +00.
So, successively (up to m), for &, € B(x,,0)\ (B1U Bz), there exists a subsequence, again
denoted equal, such that
Un () — A € [—00, +00].
By (4.7) and (4.8),
un(y) — A Yy € (B(&:,r) NQ)\ C,.
Now, by (4.3),
Q= (B(&1,7) N Q) U (UL, (B(&,7) NQ)).
Hence, since ) is a domain, there exists iy € {2,..,m} such that
(B(&1,r)NQ) N (B(Zi,,7) N Q) # 0.

Therefore, \y = \;,. Let us call 7; :== 1. Again, since

77777
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there exists i3 € {1,...,m} \ {i1,i2} such that
((B(Z:,,m) N Q) U ((B(&i,,7) N Q) N (B(&s5,7) N Q) # 0.
Consequently
iy = iy = iy

Using the same argument we arrive at

If |A\| = 400, we have shown that
|un(y)|P — +oo  for almost every y € Q,

which contradicts ||u, |, = 1 for all n € N. Hence A is finite.

On the other hand, by (4.6), f.(%;) — 0,4 =1,...,m, hence,

F.(#1,.) — 0 in LP(Q).
Since u,(21) — A, from the above we conclude that
Up, — A in LP(B(&;,7) N Q).
Using again the compactness argument we get
up, — A in LP(Q).

Now, by (4.5), A =0, and
u, — 0 in LP(Q),

which contradicts [|u,||, = 1. O

Remark 4.2. The above Poincaré’s type inequality fails to be true in general if 0 & supp(J),
as the following example shows. Let Q) = (0,3) and J be such that

supp(J) C (=3,-2) U (2,3).
Then, if

1 if 0<z<lor2<az<3,
2 1<z<2,

we have that s g
| [ = wluto) = w)P dzdy o
0 Jo

but clearly

u(z) — %/0 u(y) dy # 0.

Therefore there 1s no Poincaré’s type inequality available for this J.

This example can be easily extended for any domain in any dimension just by considering
functions u that are constant on an annuli intersected with 2.
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Next we prove Theorem 1.6.

Proof of Theorem 1.6. First we observe that a simple integration in space of the equation
gives that the total mass is preserved, that is,

v v

— [ u(t,z)dr = — | wup(x)dx.
o Jo "0 T Jy )
Let

w(t,z) = u(t,z) — ﬁ/gug(x) dx.

Then,

d P — p—2 p—2
G [ards=p [ ol uteo) [ a—plg—ut.op > wi ) —.) dyds

= —g /Q /Q J(z—y)|w(t, y)—w(t, z) P2 (wt, y)—w(t, ) (JwP2w(t, y)—|wP>w(t, ) dyda.

Therefore the LP(2)-norm of w is decreasing with ¢.

Moreover, as the solution preserves the total mass, using Poincaré’s type inequality (4.1),
we have,

/Q lw(t,z)|P de < C’/Q/QJ(Q: —y)|u(t,y) — u(t,z)|P dy dx.

Consequently,

t/g[w(t,x)]pdxg/Ot/ﬂlw(s,x)\pdwdsﬁC/Ot/Q/QJ(at—y)IU(S,y)—u(s,:c)]pdydxds.

On the other hand, multiplying the equation by u(z,t) and integrating in space and time,
we get

t
/ fut, ) — / g ()2 die = — / / / J(x — y)luls, y) — uls, )P dy de ds,
Q Q 0 QJQ
which implies

t
/ / / J(@ = y)luls,y) — ul(s, 2)[" dy dw ds < HUOH%?(Q),
o JaJa
and therefore

2
[t ey ar < M0
Q o t
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Remark 4.3. Observe that using Poincaré’s type inequality (4.1), we can obtain
(4.9) u+ Blu=¢,

for p > 2 in the following manner: let

K;:{ueL%m:!Au:o}

and A : IC — L (Q) the continuous monotone operator defined by A(u) = u + BJu. By

(4.1), we have
/A(u)u
lim JQ

lull, — 400 1l
uek

Then, by Corollary 30 in [15], for ¢ € L™(Q), [, ¢ =0, there exists u € K, such that

/uv+/BJuv—/¢v Yo € K.

Since [ou=0, [,¢=0 and [, BJu=0, we have that

AW+A%W}:A“@_éT )+A@h@_%T )
:/gf(“‘ﬁfg“):/ﬂ

for any v € LP(QY), and consequently (4.9) holds.

= +00.
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