AN OPTIMAL MATCHING PROBLEM FOR THE EUCLIDEAN
DISTANCE
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Abstract. We deal with an optimal matching problem, that is, we want to transport two
measures to a given place, where they will match, minimizing the total transport cost that in our
case is given by the sum of the Euclidean distance that each measure is transported. We show that
such a problem has a solution. Furthermore we perform a method to approximate the solution of
the problem taking limit as p — oo in a system of PDE’s of p—Laplacian type.
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1. Introduction. We are interested in an optimal matching problem (see [6],
[5]) that consists in transporting two commodities (say nuts and screws, we assume
that we have the same total number of nuts and screws) to a prescribed location (say
factories where we ensemble the nuts and the screws) in such a way that they match
there (each factory receive the same number of nuts and of screws) and the total cost
of the operation, measured in terms of the Euclidean distance that the commodities
are transported, is minimized.

Optimal matching problems for uniformly convex cost where analyzed in [3], [5],
[6] and have implications in economic theory (hedonic markets and equilibria), see
[6], [7], [8], [9], [5] and references therein. However, when one considers the Euclidean
distance as cost new difficulties appear since we deal with a non-uniformly convex
cost.

Clearly, the optimal matching problem under consideration is related to the clas-
sical Monge-Kantorovich’s mass transport problem. Using tools from this theory, we
prove the existence of a solution of the optimal matching problem. We show that, in
fact, the existence of solution is true changing the Euclidean norm by any norm in
RY. Next, one of our main contributions in this paper is to perform a method to solve
the problem taking limit as p — oo in a system of PDE’s of p—Laplacian type, which
allows us to give more information about the matching measure and the Kantorovich
potentials for the involved transport. This procedure to solve mass transport prob-
lems (taking limit as p — oo in a p—Laplacian equation) was introduced by Evans and
Gangbo in [12] and reveals quite fruitful, see [1], [16], [13]. We have to remark that
the limit as p — oo in the system requires some care since the system is nontrivially
coupled and therefore the estimates for one component are related to the ones for the
other, and we believe that it is interesting by its own.

1.1. The optimal matching problem. To write the optimal matching prob-
lem in mathematical terms, we fix two non-negative compactly supported functions
ft, f~ € L°, with supports X,, X_, respectively, satisfying the mass balance
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condition

MO::/)(+f+: X_f_-

We also consider a compact set D (the target set). Then we take a large bounded
domain €2 such that it contains all the relevant sets, the supports of f, and f_, X,
X_ and the target set D. For simplicity we will assume that Q is a convex C!:!
bounded open set. We also assume that

XN X_=0, (XyuX_)ND=0 and (XyUX_)UuDcCCQ.

Whenever T is a map from a measure space (X, u) to an arbitrary space Y,
we denote by T#p the pushforward measure of p by T. Explicitly, (T#u)[B] =
u[T~1(B)]. When we write T# f = g, where f and g are nonnegative functions, this
means that the measure having density f is pushed-forward to the measure having
density g.

For Borel functions T : Q@ — Q such that T, #fT = T_#f~, we consider the
functional

FT) = [ o= Te@If @i+ [ =T wls W)

The optimal matching problem can be stated as the minimization problem

min F(Ty,T-), 1.1
(T4, T )EAD(f+.1-) (T T-) (L)

where

Ap(ft,f7) = {(T+,T_) : Ty : Q — Q are Borel functions, Ty (Xy) C D,

/ ft= / f~ for all Borel subset E of Q}
T(E) T-'(E)

If (T5,7*) € Ap(f™, f7) is a minimizer of the optimal matching problem (1.1),
we shall call the measure p* := T} #fT =T*#f~ a matching measure to the problem.
Note that there is no reason why a matching measure should be absolutely continuous
with respect to the Lebesgue measure. In fact we shall see examples of matching
measures that are singular (see Example 4.1).

We have the following existence theorem.

THEOREM 1.1. The optimal matching problem (1.1) has a solution, that is, there
exist Borel functions (T'f,T*) € Ap(f™, f~) such that

F(T:,T*) = inf F(T,.T.).
(T3 12 (T4 T )l (£+.1-) (T, T-)

Moreover, we can obtain a solution (717 T,) of the optimal matching problem (1.1)
with a matching measure supported on the boundary of D.

REMARK 1.2. We note that the fact that there is an optimal matching measure
supported on 0D greatly simplifies the problem, since it allows to reduce the target
set to its boundary.

For the quadratic cost function c(x,y) = |y — z|?, the existence of a matching
measure supported on the boundary of D is not true in general, see [6].
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We provide two different proofs to this existence theorem. The first one is more di-
rect but does not provide a constructive way of getting the optimal matching measure
in D, which is one of the unknowns in this problem; consequently, the construction of
optimal transport maps (that are proved to exist) remains a difficult task. The main
tool in this first proof is the use of ingredients from the classical Monge-Kantorovich
theory. The second proof is by approximation of the associated Kantorovich poten-
tials by a system of p—Laplacian type problems when p goes to oo. This approach
provides an approximation of the potentials but also allows us to obtain the optimal
measure in the limit. In addition we present several examples (that show that, in
general, there is no uniqueness of the optimal configuration) and characterize when
the optimal matching measure is a Dirac delta.

Let us now introduce some notations, concepts and results from the Monge-
Kantorovich Mass Transport Theory (see [1], [11], [17] and [18]) that will be used
in the rest of the paper.

1.2. Monge-Kantorovich’s Mass Transport Theory. Let 2 be an open
bounded domain of RY. We denote by M () the set of all Radon measures on 2 and
by M™(Q) the non-negative elements of M(Q). Given u,v € M (Q) satisfying the
mass balance condition

(@) = () (1.2)

we denote by A(u, v) the set of transport maps pushing p to v, that is, the set of Borel
maps T : Q — Q such that T#pu = v. In the case p = fLYLQ and v = gLV L Q, we
shall write A(f, g).

The Monge problem. Given u,v € M™(Q) satisfying the mass balance condition
(1.2). The Monge problem, associated with the measures p and v, is to find a map
T* € A(u,v) which minimizes the cost functional

F(T) = / & — ()| du(z)

in the set A(u,v). A map T* € A(u,v) satisfying F(T*) = min{F(T) : T € A(u,v)},
is called an optimal transport map of p to v.

In general, the Monge problem is ill-posed. To overcome the difficulties of the
Monge problem, in 1942, L. V. Kantorovich ([14]) proposed to study a relaxed version
of the Monge problem and, what is more relevant here, introduced a dual variational
principle.

Let us define m(z,y) := (1 — t)z + ty. Given a Radon measure « in £ x , its
marginals are defined by proj,(v) := mo#y, proj,(v) := m#~.

The Monge-Kantorovich problem. Fiz u,v € M*(Q) satisfying the mass balance
condition (1.2). The Monge-Kantorovich problem is the minimization problem

| e =nin{ [ je-yiara) 0 e},
QxQ QxQ
where

II(p, v) := {Radon measures v in Q x Q: mo#y = p, m#y =v}.

The elements v € II(u, v) are called transport plans between p and v, and a minimizer
~* an optimal transport plan. These minimizers always exist.
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The Monge-Kantorovich problem has a dual formulation that can be stated in
this case as follows (see for instance [17, Theorem 1.14]).

Kantorovich-Rubinstein Theorem. Let u,v € M(2) be two measures satis-
fying the mass balance condition (1.2). Then,

min{/gm |z —yldy(z,y) : v € H(M,V)}
(1.3)

:sup{/Qud(u—V) : UEKl(X)}7

where K1(Q) == {u: X - R : Ju(z) —u(y)| < |z —y| Y,y € Q} is the set of
1-Lipschitz functions in €.
The maximizers u* of the right hand side of (1.3) are called Kantorovich potentials.

Let us briefly summarize the contents of this paper. Section 2 is devoted to the
proof of Theorem 1.1; in Section 3 we study the limit as p — oo in a p—Laplacian
system obtaining more information about the solution of the matching problem; in
Section 4 we describe some examples and characterize the geometrical configurations
for which the matching measure is a point mass, finally, in Section 5 we collect final
remarks.

2. Proof of Theorem 1.1. Let us denote by
M(D, Mo) = {n € M¥(R) : supp(p) C D, p(%) = Mo}

the set of all possible matching measures. Given y € M(D, My), we can consider the
following minimization problem

inf

i inf F(Ty,T-), (2.1)
HEM(D,Mo) (T4, T-)EA(S*,f~ 1)

where

-A(erafia,u) = {(T+7T—) : T+ € 'A(f+7,u)7 T € A(fihu)}
We have that, in fact,

inf

inf F(Ty,T-)
REM(D,Mo) (T, T-)EA(fT,f~ 1)

_ inf F(T,,T.).
(i e gy B0 T2 (@22

Indeed, observe that given (T'y,T_) € Ap(f™, f7), if we define

o +
peye= [

+

we have that u € M(D, M) and (T, T-) € A(f*, [, ).

Note that in (2.1) we are considering all possible measures supported in D with
total mass My and then we minimize the total transport cost. This is probably the
most natural way of looking at the optimal matching problem and, as shown above,
it is equivalent to our previous formulation.
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We can see the optimal matching problem (2.1) as a kind of Monge’s problem

(recall the results gathered in the previous section). The corresponding Monge-
Kantorovich’s problem is the following

inf inf / x —yldy +/ x —yldvy—
HEM(D,Mo) (v4,7-)EN(f*,f~.1) Jaxa | b QxQ | | ’

where

O f7pm) = {(v,7-) e MT(Q x Q)% iy € I(f, ), v- €T, 1)} -

For this problem, similarly to (2.2), we have that

inf inf / T —y|d +/ T — yldy_
HEM(D,Mo) (v4+,7-)€EN(f*,f~,n) Q><Q| i Q><Q| yldy

= inf / x —y|dy +/ T —yldvy_,
(v4+,7-)ED(fT,f7) ng| e Q><Q| |

where IIp(f*, f7) is the set

(2.3)

{(v4,72) e MT(Q X Q)% s mo#ys = fF, m#yy = m#y—, supp(m#y+) C D}.

Proof. [Proof of Theorem 1.1] For a fixed p € M(D, My), it is well known (see
for instance [1]) that there exist Kantorovich potentials uy , € W'>°(Q), depending
on p, with |Vug ;e < 1, such that

L B + _
AU+,“(f H’) - ueEWL 2 (Q) )TVu\oo<1 /Q U(f ‘u)
B . +
= real fﬂu)/ & ol

= min T —y|d
’YGH(f+,N)/52><9‘ by

and
Juewtr = = o [t
= min /|x— |f~(x)dx
TeA(f~,n)
= min x —yldy.
“/EH(f"u)/Qxﬂl uldy
Therefore,

sup vft —wf™ + (w—v)pu = inf F(T,T-
v,w e whoo @) /Q ( ) (T4, T_)EA(f+,f~ 1) ( * )
Vol 00, [ Vwloo < 1

= inf / T — yldvy Jr/ x —yldvy_ .
(=) (T, 17 ,1) ng‘ o+ QXQ‘ |

(2.4)
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Hence, from (2.2) and (2.3), we get

W .= inf sup /vf+—wf_+(w—v)u
HEM(D,Mo) 4 e whooq) Q
IVoloo, [Vwloo < 1

- inf F(T., T
(T4 T_)eAp (F+.1-) T T-)

|z — yldvs + / |z —yldy-.

QxQ

inf /
(v+vy=)ELD(fF,f7) Jaxa

Now, it is easy to see that there exists po, € M(D, Mp) such that

inf s [ oft =
REM(D,Mo) v ecwheo  Jo
| Vvloos |[VW oo < 1

s /Q of* —wf™ + (w — V).

v,w e Whoo(Q)
|Vvloo, [Vwloo <1

Hence, by (2.4) for ;1 = poo we get that

W= F(T,,T.)

inf
(T4, T-)EA(f T, f~ s 1oo)

= |$*y|d7++/ |z —yldy-.

QxQ

inf /
(V4 7=)EI(f,f 7 1eo) JOxQ

Now, the proof of existence of optimal transport maps for the matching problem
follows by [1, Theorem 6.2] which states the existence of an optimal transport map
T7 transferring f * 10 oo, and an optimal transport map T* transferring f~ to pieo.

Now, let us show that in our optimal matching problem we can restrict ourselves
to measures supported on dD. Let us consider a minimizer (77y,7™) of the matching
problem and ho, = T} # f4 the corresponding matching measure. Let us see that we
can obtain a matching measure supported on dD. For z € supp(f™), let

a(z) :=min{a € [0,1] : (1 —a)z+aT}(x) € D}.
We define

T (@) = (1 - afe))e + a(@)T1 (2),

that is, T (z) is the first point in D of the segment that goes from z to T (x). Then,
[l =Tl @)
= [le=Ty@lft@de + [ 7o) = T @) (@)da (2.5)

- / (& — yld((Id x T )#f+) (@, 9) + / & — yld(Ts x TD#F ) ().
QxQ QxQ

X
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If we define the measure hoo = T+# fT, which is supported on 9D, we have that
(IdxTy)#fT is a transport plan induced by the map T’y between f and the measure

hoo. On the other hand, since
mo# (T x TH#I)B) = (T4 x TH)#f (mg ' (B)
= YT x T) (g ' (B)))
= [HIENB) = T4 #/7(B)
= heo(B).
and
m#(Tp x TH#IB) = (T x T#f (71 (B))
= ST x TE) (N (B)))
= fHTITNB) = Ti#fH(B)
= hoo(B),

we have that 5 (z, y) == (T x T3)#f1)(z,y) is a transport plan between hoo and hoe.
Now, by (2.5), (Id x T, )4 f* is an optimal transport plan between f* and he,
and 7 is an optimal transport plan between hoo and heo.
By [1, Theorem 6.2], there exists an optimal transport map T transferring f—
to heo. Let us see that (71, T,) is a solution, for the matching problem, that is,

F(Ty, T-) = F(T7,T). (2.6)

Indeed, if we consider the gluing transport of (Id x T_)#f_ and 4(z,y) := 3(y, ),
we have that

/ & — yld((Td x T*)#£-)(,y) + / 1z — yldi(z, y)
QxQ QxQ
> / & — yld((Id x T_)#-)(x, y).
QxQ
Therefore,
F(T3.T7) = /Q & — T3 (2) | (2)de + /Q & — T (2))f~ (2)de
- / & — o ()| f* () + / Ty (@) — T ()] f* () + / & — T* ()|~ (2)de
Q Q Q

> /Q & — yld((Id x T )#f+) (2, 9) + /Q
== .F(T+,T7).

0 & —yld((Id x T-)#f-)(z,y)

X

Which implies the equality (2.6). Moreover, we also have that the gluing transport of
(Id x T_)#f_ and 4 is an optimal transport plan between f* and ho.. O
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REMARK 2.1. Let us remark that Theorem 1.1 is also true in the case that we
change in the cost function the Euclidean norm by any norm in RY. In fact, we
only need to have in mind that in this case Kantorovich potentials also exist (e.g.,
[17]), and the result in [4] that shows the existence of optimal transport maps 77}
transferring fT to pieo and T* transferring f~ to fioo.

REMARK 2.2. Since

sup /Q o(f* — 1) +w(f~ — p)

v,w e WO ()
IVvloo, |[Vwleo <1

sup /Qvf+ —wf” 4+ (w—v)u,

v, w € Whoo(Q)
[Vloo, [Vw|eo < 1

and
[ort —ws o+ w= o
Q
= / vft — (w—min(w —v))f~ + (w — min(w — v) —vV)u
Q D D
< s [opteara@-on
B, € whhoo(Q) Q
IV o0, | ViBlog < 1
% < in D
we have
swp [ ot - sl -
v, w e WO (Q) Q
IVvloo, IVwloo < 1
= sup /vf+fwf*+(wfv)p.
v, w e whoo(Q) Q
IV0loo, | Vwloo < 1
v < w in D
Therefore,
W = inf sup /vf+—wf7—|— w—v)p
HEM(D,Mo) e wlo(g) Q ( )

[Vvloo, [Vwloo <1
v < win D

sup /vf+ —wf” + (w—v)peo
v, w € Whoo(Q) Q

IVvloo, [Vwloo <1
v < win D

If we could change inf sup by supinf in the above expression, then we should get

W = inf sup /vf*—wf*—i—(w—v)p
MEM(DvMO) v,w € W1=OO(Q) Q
IV0loo, [Vwlog < 1
v < win D

= sup inf /vf+—wf_+(w—v)u
vow e whow@) HEM(D,Mo) Jo
IVloo, | Vwlog < 1
v < win D

= sup /Uf+—wf7,
v, w e WhHoo() Q

[Vvloo, [Vwloo <1
v < win D
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and hence we expect that

sup / vt —wf T+ (W= 0o = sup / vft —wf.
v, w € WHoo(Q) Q v, w e Whoo(Q) Q
|VV]oo, |[Vw|eo < 1 |Vvloo, [Vwloo <1

v < win D v < win D

We will show that in fact the above equality is true, which is the key of our
approach to the problem. The proof of this equality is based on the approximation
of this problem by a p—Laplacian system (see the next section) and does not use
min-max arguments.

3. The limit as p — o in a p—Laplacian system. In this section we show
that we can follow the ideas of Evans-Gangbo, [12], to get the matching measure, and
the Kantorovich potentials at the same time.

Take p > N in this section and recall that, for simplicity, we assumed that € is a
convex C! bounded open set.

First, we need some preliminary results.

LEMMA 3.1 (A Poincaré’s type inequality). There exists a constant C' > 0 such
that

.ty <0 (19550l + | [+ 0))

for all (f,g) € WHP(Q) x WEP(Q), f < g in D, f(xg) = g(xo) for some xq € D.
Proof. Let us argue by contradiction supposing that there exists (fn,gn) €
WLP(Q) x WEP(Q), fu < gn in D, fn(zs) = gn(x,) for some z,, € D, such that

).

(gl 0 (19 oSl | [ 5+

By homogeneity we can suppose that

1(frs gn)llp = 1. (3.1)

So,
1V fa, Vgu)llp — 0 (3.2)

and
/Q(fn + gn) = 0. (3.3)

Therefore, there exists a subsequence, denoted equal, such that
(fn,gn) — (f,g) uniformly and weakly in W?(Q) x W'?(Q),
and
zn = x €D, f(z)=g(x)

Now, by (3.2), f and g are constants, so equal. And by (3.3), f = g = 0, which
contradicts the fact that they come from the uniform limit of a subsequence satisfying
(3.1). O
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The following consequence is immediate.
COROLLARY 3.2. There exists C > 0 such that

I, 9l < CIUV V)l (34)

for all (f,g) € WHP(Q) x WLP(Q), f < g in D, f(xo) = g(zo) for some xo € D, with

[u+a=o

REMARK 3.3. The constants that appear in Lemma 3.1 and in Corollary 3.2
may depend on p. The method used in the proof does not allow to quantify such
dependence (and it is not our aim in this paper to make this dependence precise),
then we are not allowed to use these results in the passage to the limit as p — oo, they
are used only to show existence and uniqueness of a solution of the elliptic system
under consideration. To pass to the limit we rely on a local Morrey inequality, see
the proof of Theorem 3.5 below.

Let us consider the following variational problem

min /|Dv|p /|Dw|p—/vf++/wf_. (3.5)
(v, w) € W p(Q)XWp(Q) Q Q Q

v < w in

Our next result in this section deals with existence and uniqueness of solutions
for the variational problem (3.5).

THEOREM 3.4. There exists a minimizer (vp,wp) of (3.5). In addition any two
minimizers differ by a constant, that is, if (vp,wp) and (Dp,W,) are minimizers then
there exists a constant ¢ with v, = Uy + ¢ and w, = W, + c.

Proof. Set
== [DvfP+= [ [Dw]’ = [ vf T+ | wf
pJa pJa Q Q

Let us begin by observing that, since the functions in W1P(Q) are continuous, it is
easy to see that

min U(v,w) = min U (v, w). (3.6)
(v, w) € whP(Q) x whP(Q) (v, w) € WhP(Q) x whP(Q)
v < win D v < win D

3zg € D, v(zg) = w(zg)
Moreover, since

U(v,w) = V(v —c,w—c) for any constant c,

1<QI/ QI/ >

we can minimize ¥(v, w) between functions (v, w) with

[+ [w=o

by taking
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Now, by Corollary 3.2,

U (v, w) ::%/Q|Dv|p+]%/9|Dw\p—/ﬂvf++/gwf_

is a finite lower semicontinuous and coercive convex functional for the closed convex

subset of WP(Q) x WLP(Q), B, given by
{(v,w) c WhP(Q) x WHP(Q) : v <w in D, v(xg) = w(wo)
for some xg € D, /(erw) = O}.
Q

Then, by [2, Corollary 3.23], ¥ attains its infimum on B, which is equivalent to say
that

inf U (v, w)
(v, w) € WhP(Q) x whP(Q)
v <win D

is attained.
Finally, let us show uniqueness of the minimizer up to an additive constant.
Equivalently, we prove uniqueness of the minimizer when we impose the constraint

/v+/w:0.
Q Q

Assume that we have two pairs (vp, w)) and (9p, W) of minimizers and that

/QUPJF/pr:/Q@ﬁ/pr:o. (3.7)

By the strict convexity of the function & — ||€]|, (we have 1 < p < 00) we obtain
that Dv, = D9, and Dw, = DwW,. Then there are constants c¢; and cz such that
vp = Up + ¢1 and wy, = W, + ¢2. Hence, from (3.7) we get that

c1+co = 0.
Therefore, we obtain

Wlapey) = Wiy e ([ 17+ [ 1)

Q

and we conclude that
Cl = Cy = 0

from the fact that both pairs are minimizers. O

Now we prove that we can pass to the limit as p — 0o in the sequence of minimizer
functions.

THEOREM 3.5. Let (vp, wp) be minimizer functions of (3.5). Then, up to a
subsequence,

lim (v, wp) = (Voo, Weo)  uniformly,
p—ro0
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where (Voo, Weo ) 18 a solution of the variational problem

max vft —wf. (3.8)
v,w e Whoo () Q
[Vvloo, [Vwleo <1

v < winD

REMARK 3.6. As we will see, the limit (v, woo) gives a pair of Kantorovich po-
tentials for our optimal matching problem. But in fact this limit procedure gives much
more since it allows us to identify the optimal matching measure (see Theorem 3.11
below).

Proof. [Proof of Theorem 3.5] Let us take (vp,w,) € B a minimizer of (3.5). For
(v,w) € WHee(Q) x WL°(Q), with |Vv|s, [Vw|ee <1 and v < w in D, we have that

_/vaf++/wpf_ /\Dvp|p /|pr| /v fr+ /wpf_
< oo [pup— [ [wr 39)
_2p —/Qvf++/ﬂwf’.

Now, by (3.6), we can assume that there exists z, € D such that v,(z,) = wp(z)p).
We can also assume that v,(2s) = 0 for all p, for any z., € Q. Hence, as p > N, we
have:

[vpllee < CrllDoplp, (3.10)
and
[wplloo < C1 ([Dwplp + [[Dvpllp) » (3.11)

with C7 not depending on p. Indeed, for a fixed x € Q, there exists x = xg, z1, ..., Ty, =
Zoo and m balls Q; (i = 1,2, ...,m) of certain fixed diameter r > 0, such that x;, 2,11 €
Qi+1 and r - m is bounded independently of z, zo, and m. Then, local Morrey’s
inequality (see, e.g., the Remark in page 268 of [10] or [2]), implies

|'Up('r)| = va( ) Zoo | < Z |vp xz - xz—&-l)l
< Cor'™ N/pm”VUpHp S Crl[Vupllp,

being C; independent of p. With the same argument, but changing the extreme points
and the function, we obtain

lwp(2)| = |wp(z) — wy(zp)| + |vp(2p)] Z — wp(Yit1)| + [vp(2p)]
< Cor'~ N/pmllvallp + |'Up(zp)| < C1|[Vwpllp + [vp(zp)|-

From (3.9), using Holder’s inequality and having in mind (3.10) and (3.11), we
get

1 1
> 100+ [ 10w, < Callvlznoy + lsllorcoy + 1)
D Ja b Ja

< Cs([| Dvpll () + [[Dwpl| e () + 1),
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with C; independent of p. Hence,
IV0sl125 s [V l25k) <pCy Vp> N, (3.12)

with Cy4 independent of p.
Therefore, ||v,|lw1.r(q) and |lwp|lwir) are bounded uniformly in p, and, by
Morrey’s inequality (e.g. [2] or [10])

|op(2) = vp(y)| < Cslar —y|' ™7,
|wp(:17) - wp(y)| S C5|l’ - y|1_?a

for some constant Cys not depending on p. Then, by Arzela-Ascoli’s compactness
criterion we can extract a sequence p; — oo such that

Up, — Voo uniformly in ©,

Wy, — Wee uniformly in §,
and, s0, Voo < W in D. Moreover, by (3.12), we have
VVso lloos [[VWeolloo < 1.

Finally, passing to the limit in (3.9), we get

/Qvooﬁ—woof— - sw /Qvf+—wf‘-

v, w € Whoo ()
IV0l00s [Vwloo < 1
v < win D

This ends the proof. O

REMARK 3.7. Remark that the convergence as p — oo is only along a subse-
quence. The main content of our result is that there is enough compactness to pass
to the limit along subsequences and moreover that all possible limits are solutions to
the maximization limit problem.

We now prove some properties of the minimizers and their limits that show that
we have found (in the limit) Kantorovich potentials and an optimal matching measure
for our matching problem.

We divide the proof of these properties in a series of lemmas.

LEMMA 3.8. Let (vp, wp) be minimizer functions of problem (3.5). Then, there

exists a positive Radon measure hy, of mass My such that
1.

_Apfup = f+ — hp in Q,
|Vu,[P~2Vu, - n=0 on 09,
—Apw, =h,— f~  in Q

|Vw,[P~2Vw, -n=0 on 9Q.

2. The positive measure h, is supported on {x € D : v,(z) = wy(z)}.
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Proof. Recall that since p > N, we have W1?(Q) C C(Q). For any p,v €
WhP(Q) such that ¢ =9 in D, since (vp, w,) is a minimizer of ¥ in the set

{(v,w) € WHP(Q) x WHP(Q) : v < w in D},
the function
11 (t) = W (vp + tp, wp + 1))

has a minimum at ¢ = 0. Therefore, I1(0) = 0, from where it follows that

/ V0, [P~ 2V0, Vi + / IV P2V, Vip = / fro— / ;. (3.13)
Q Q Q Q
Observe that, taking ¢ = ¢ in (3.13), we get that
—Apvp, — Apw, = fH— f~ in Q,
(3.14)
[V, [P~2Vu, - n+ |Vw,[P~2Vw, -n=0 on 9.
Similarly, for any ¢ € WHP(2), ¢ > 0, and any t > 0, we have
Ir(t) == W(vp — tp,wp) — ¥(vp, wp) 2 0
and
I3(t) = W (vp, wp + 1) — ¥(vp, wp) > 0.
Then, by taking limits in LT(” 1=2,3,ast — 0, we get
—Apu, < fF in ,
—Apwp > —f7 in Q.

Therefore, hy, := Apv, + fT defines a positive measure which, thanks to (3.14), is
equal to f~ — Apw,. The fact that h, is supported on {z € D : v,(z) = wy(z)}
follows from the fact that, for ¢ € D(Q) supported on 2\ {z € D : v,(z) = wy(z)}
and ¢ # 0 small enough,

Ii(t) := U(vp + to, wp) — U(vp, wy) > 0.

Again, by taking limits in L®) a5t 0, we conclude. This gives the proof of (2).
Given ¢ € D(RY), if we take ¢ € D(Q2) such that ¢ = en D, (3.13) says that

/ Vo, P2V, Vg + / VP2V, Vi = / fro- / =
Q Q Q Q

But, since ¢ € D(2) and supp(h,) C D, we have

w2V, vi = [ wan,— [ o= [ oan, - [ 5o,

Then, from the two above expressions, by density we obtain that

/Q|va\p_2VUPV<pz/ﬂf+<p—/ﬂapdhp, Vo € WHP(Q), (3.15)
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which shows the first statement in (1) for the first problem. Similarly, we obtain the
second one. From here, now, it is an easy consequence that (just take ¢ = 1 in (3.15))

/ dh, = Mo,
Q
and the proof concludes. [
LEMMA 3.9. Under the same assumptions of Lemma 3.8, up to a subsequence,

hy = hoo as p — 00, weakly* as measures,

with hoo a positive Radon measure of mass My supported on {x € D : voo(x) =
Woo (2)}. And the limit (voo, Woo) obtained in Theorem 3.5 satisfies:

Voo 15 a Kantorovich potential for the transport of f to heo,
Weo 18 a Kantorovich potential for the transport of hoo to [,

with respect to the Fuclidean distance.
Proof. From the last equality in the proof of the previous lemma,

/ dh, = My,
Q

we can assume that there exists a positive Radon measure hs, of mass My such that,
up to a subsequence,

hp = heo-
Let ¢ € D(Q2) be supported on Q\ {z € D : v (2) = weo(z)}. Then, since

lim(vp, wp) = (Voo, Weo)  uniformly,
P

there exists pg > N such that ¢ is supported on Q\ {z € D : v,(z) = wp(z)} for all
p > po. Therefore,

/ pdho = lim [ @dh, = 0.
Q Q

p—ro0

Consequently, ho, is supported on {z € D : Voo = Weo }-
Since [¢[7 — [nP < pl¢[P72E - (€ — ) for any &, n € RY, we have

1
];/Q|va|p—/g(f+—dhp)vp+/ﬂ|va|p72VUp-(V<p—va)—/Q(f+—dhp)(<p—vp)

< 1ol = [ (= ane

for every ¢ € W1P(Q). Then, having in mind (3.15), we have

[Vl 290, (90 = Vo)~ [ (1 = dhy)o — ) =0,
Q Q
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and we arrive to

/|va\p /f+ dhyp) /|w|P /f+ dhy)p Y€ WHP(Q). (3.16)

Therefore, for any v € WH(Q), |Vv|s < 1,

o 1 .
/Q(f dhp)vp < p/Q|va\p /Q(f dhyp)vp
1 I Lot [+
< p/Q\VUV’ /Q(f dhp)v < p|Q| /Q(f dhy)v.

Taking limit as p — oo in the last inequality, we get

[t =anyos [ (7 = dhcyo,

from where it follows that

/(f"' — dheo ) Voo = sup / v(fT — dhoo),
Q Q

v e whooQ)
[Vvloo <1

and consequently, v, is a Kantorovich potential for the transport of f* to hee, with

respect to the Euclidean distance. The proof for wy, is similar. O
LEMMA 3.10. (oo, Weo) and hs satisfy

/ Uooer — Woo f™
Q
= inf sup /vf+—wf7—|—(w—v)u
Q

REM(D,Mo) v e wloo(a)
[Vv]oo, [Vw|eo <1

v < win D (317)

— min x — yld +/ T —yld }
(o )ElD (4,6 ){/Qx9| vl Q><Q| vldy
T (T )eAD (T | (@) Jr-T-(@ ) ()dx

Proof. From Lemma 3.9 we have

Voo ([T — dhoy) = inf /scfd:/xfd,
/Q (f )= e, e yldp= [ e = ylduo

po € A(fT, hoo) and

oAdhey — f7)=  inf —yldv = — yldwe,
Jwtha =1y = ot [lo—liv = [l =yl

Vo € A(hoo, f7). Then, by adding the above inequalities and since fQ (Woo — Voo ) oo =
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0, we get

/Q Vo — e f

= / 'UoofJr - woofi + (woo - Uoo)dhoo = /‘CU - y|d/140 + / |£E - y|dVO
Q

> inf / x —yl|d +/ x —yld }
(ww)EHD(f*’f){ Q><Q| ylds Q><Q| yldy

= sup /var —wfT 4 (w =)o
v,w e Whoo(Q) Q
[Voloo, [Vwloo <1
v < win D

(3.18)

> sup /vf+—wf_,
Q

v, w € W1oo(Q)
|Vvloo, [Vwloo <1
v < w in D

where [, is the optimal measure given in Section 2. O

THEOREM 3.11. The measure hoo s a matching measure to the optimal matching
problem (1.1).

Proof. From Lemma 3.9, there exists a positive measure h,, and Lipschitz con-
tinuous functions v, W satisfying:

Voo is a Kantorovich potential for the transport of fT to hoo,
Wso 18 a Kantorovich potential for the transport of ho, to f—,

with respect to the Euclidean distance. Moreover, h is supported on {x € D : vy =
Woo}. Then, by [1, Theorem 2.1] and Kantorovich-Rubinstein Theorem (e.g. [17,
Theorem 1.14]), we have

[ o= i@ @)
Q

:min{/ |z —y|dy(z,y) : 76H(f+7hoo)}:/voo(f+_hoo)
QxQ Q
and

/ ly— T* )|/~ (2)de
Q

—min{ [ e yldren) v €M ) = [ - 1)

Therefore, having in mind (3.17), we get

(T+,T7)ei¢ral\€>(f+,f—)/ﬂ o = T4 (@)|f* (2)dz + /Q |z = T_(2)|f~ (z)dz

~ [le-Tt@Ir o+ [ =T @) @),
Q Q
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which finishes the proof. O

Observe that the above result gives an alternative proof for the first statement
in Theorem 1.1. We will see in Theorem 3.14 that in some cases this approach also
selects a matching measure supported on the boundary of the target set, which is the
second statement of Theorem 1.1.

REMARK 3.12. Note that, for the measure u., given in Section 2, it also holds
that

/(woo — Voo ) hoo = 0, (3.19)
Q

which implies that p is, in fact, supported where v, = wo in D. Indeed, by (3.18),

[t —uni = s [t w0 e
Q Q

v, w e whoo(Q)
[Vvloo, [Vw|eo <1
v < win D

> / Uoof+_woof7+(woo_voo)ﬂoo Z/Uoof+_woof7a
Q Q
which implies (3.19).

LEMMA 3.13. If (vp,wp) is a pair solving the equations in Lemma 3.8 for a
positive measure hy,, and

supp(hp) C{zx € D : vy(z) = wp(x)},

then, (vp,wp) is a minimizer in the minimization problem (3.5).
Proof. We have that

1 1
s [1vee = [ =< [ wer— [ = du)e e e wia@),
D Ja Q P Ja Q

nd

a;

1 P _ £ 1 P _ o 1,p
];/wa /th,, f >wpsp/ﬂwvw| /Q<dhp FY Ve Q).

Adding up both expressions, since h,, is supported in D where v, = wy, and v, < w,

in D,
1 1 + _
- V[P + ~ |Vw,|? — fTop+ | fTwp
P Ja P Ja Q Q

<o fivers [ivur [ rror [ fo

for all p, 1 € WHP(Q), ¢ < in D. O

THEOREM 3.14. Assume that D is the closure of a smooth domain ©, then h, is
supported on 0D and hence ho is concentrated on the boundary of D.
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Proof. Let v, W, be minimizers of

min U(v,w),
(v, w) € WhP(Q) x whP(Q)
v < w in 8D

and let h, be a positive measure, supp(h,) C {x € D : ¥,(z) = w,(z)}, such that
—Aybp=fr—h, inQ, —Ayi, =h,—f~  in Q,
|V0,|P~2V0, -n=0 on 8D, |V, [P~2Vi, -n=0 on dD.
Set now T, = ¥p in Q \ D, and define 7, in D as the solution of
—-Apy=0 in0O,
{ v =7, on 0D.
Similarly we define @,. Observe that, by the the Maximum Principle,

Up <Wp in D

/ DB, P < / D, |7, / D, |? < / D, .
C) e (C) e

1 1
wpm) = [ Dol [ pwr - [t @
pJa P Ja Q Q
1 - 1 1 - 1
— > [ wsp o [ipnres [ Do [ Dol
P Jo\p pPJe P Jo\p PJe
_/ z~)17Jc—~_‘f'/7~bz7f_
Q Q
1 1 1 1
< f/ |Dﬁp|p+7/ |Dﬁp\p+7/ \Dﬁ)p\p+f/ | Dwp|P
P Ja\p pJe P Jo\p pJe

*/Q@pf++/ﬂﬁ’pff

= \P(ﬁ‘m@p)'

and also

Then,

In fact, since v, < W, in 9D,
‘I’(@pawp) = \Ii(ﬂpawp)-
Hence, by Theorem 3.4, there exists a constant ¢ such that (T,,@,) = (0, +¢, Wy +¢),
and consequently,
~AT, = ft—h, in Q —AWy, = hy — f~ in Q,
|V,[P~2VD,-n=0 on 99, |Vw,[P~2Vw, -n=0 on Q.

Then, since T, < W, in D, by Lemma 3.13, we have (7,,, W,) is a minimizer of Problem
(3.5). Therefore, by Theorem 3.4, there exists a constant ¢ such that (7,,w,) =
(vp + G, wp + €), and consequently, h, = hp, which implies that ho is supported
on 0D. 0O



20 J. M. Mazén, J. D. Rossi and J. Toledo

4. Examples. Let us first compute some examples that illustrate our results
and next characterize when the optimal matching measure is a delta.
EXAMPLE 4.1. Consider the optimal matching problem for the data: Q =] —4, 4],
ST =bX_5 o+ (1= b)Xjo 51, f~ = Xj_o, 1 and D = [0,1], where 0 < b < 1 is fixed.
Then, any matching measure in D is of the form bdy + u, for any positive Radon
measure u, of mass 1 — b, supported on D. Indeed, it is easy to see that, for
0 if —3<o< -2
Ti(z) = {

t% (z) in other case,
where % is any optimal transport map transporting (1 — b)Xj3 3 to p, and

0 if —2<o<-24+0
T (z) =

t* () in other case,

where t* is any optimal transport map transporting Xj_o44 _1 to g,

F(Ty,Tr) = 4.
Also, for
—x ifz<0
v*(z) =
T if x >0,
and

/ v (z) fT(2) do — w*(z)f (x) do = 4.
Q
Then, our assertion follows from

| v @@ e —w @)y (a) de
< sup /Qvf+ —wf~

v, w € Whoo ()
[Vvloo, [Vw|eo <1
v < win D

- inf F(T,,T.) < F(T*,T").
(T T )eAp (F+.1-) (T, T-) < AT, T0)

Observe also that, in this case, the cost for the usual transport of f¥ to f~ is
(b—2)2.

We distinguish three cases:

1. If b =1, §y is the unique matching measure.

2. If 0 < b < 1, there are infinitely many matching measures but all of them with
singular part.

3. If b = 0, we also have infinitely many matching measures, infinitely many
without singular part and infinitely many with singular part. Moreover, only in this
case, the cost of the matching problem is the same as the cost of the classical transport
problem of f* to f~.
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So we can not expect uniqueness of h., in general, but it may hold for some
special configurations of the masses and the target set. Uniqueness of ho, holds in
one-dimension if and only if the target set D is located to the left or to the right from
the supports of f* and f~, while if there is some mass of f* to the left of D and
some mass of f~ to the right (or viceversa) then there are infinitely many optimal
measures hqg.

Moreover, in one dimension there is necessarily a singular part in the optimal
measure h, if the masses fy and f_ has some part of both of them to the left or to
the right of D, while if f, is completely on the right and f_ completely on the left of
D then there are optimal h,, without singular part.

Now, let us come back to the symmetric situation given in the case b = 0. In this
case we can also compute optimal pairs (vp, wp). Let

-1 1
z(2) = T lo|7Ta.
This antisymmetric function z, is a solution to —(|2/|P=22')(z) = —1 for > 0 with
z'(0) = 0. Note that (z,)(1) =1 and z,(1) = %. Also note that
zp(x) = as p — 00.

With the aid of this z, let us define v, . and w, . as follows. For any ¢ € [0,1] we
consider the functions

0, -4 <z <0,

cx, 0<z <,

vpe(z) =< z+c—1, 1<2 <2,
zp(ac—?))—i—zpp%l—i—q 2 <z <3,

2=+, 3<aw <4,

and

L —4<w< -2,

zp(x +2) — 2pp_l, <z< -1,

wpe(x) =13 2, -1< <0,
cr, 0<x <1,

c, 1<x<4

A simple computation gives

~(|@pe) P2 (vpe)) = [T = (P70 + (1 =)o)
and

~([(wp,e) " (wp,e)) = (1= " 1)do + 1oy — f7.

Hence, taking
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if we define vy, := v, . and w,, := wp, ., we have
e — -
—Apvp,=f"—h, and —Apy,=h,—f",

being h, := %50 + %(51. Moreover v, < w, in D and h), is supported on {z € D :
vp(x) = wp(x)}. Therefore we have obtained a sequence of minimizers (v, w,) that
gives in the limit the matching measure %(50 + %51. In addition it can be checked that
the optimal Kantorovich potentials that appear in this limit procedure are just given
by

0, —-4<z<0,
Voo(Z) = ¢ =, <z <3,
3, x ,
and
9, 4<z< -9,
Woo () = x, —2<x <1,
1 1<x<4.

Note that (vp,w)) is unique, up to a constant, that is, any other minimizer is of
the form (v, + ¢,w, + ¢), ¢ constant. Therefore, this example shows that not every
possible optimal matching measure can be obtained using this procedure.

Let us characterize now, in any space dimension, the set of configurations for
which the matching measure is a delta concentrated at a point zg € D.

THEOREM 4.2. Assume that there is a point zg € D such that for any pair of
points x € Xy and y € X_ we have

min{[z — z| + [y — z[} = |z — 20| + |y — 20l, (4.1)
zeD

then the measure Myd,, is an optimal matching measure.

Conversely, if Mo6, is an optimal matching measure, then for any pair of points
x € Xy andy € X_ we have (4.1).

Proof. Let a(z) := |z — z| for z € X and b(zx) = —|& — 2| for z € X_. Both
are 1-Lipschitz functions.

Let now a(z) := sup,c x, {a(z) — |z —y|} for x € Q, and b(z) := infyex_ {b(z) +
|z — y|} for 2 € €, the lower 1-Lipschitz extension of a to ©Q and the upper 1-
Lipschitz extension of b to €, respectively (in fact these are the McShane and Whitney
extensions, see [15, 19]).

Let us see that a < b on D. By (4.1) we have that, for z € D,

| — 20| — |z — 2| < —ly— 20| + |y — 2| Ve X; and Vye X_;

therefore, taking the supremum in z and the infimum in y we get that a(z) < b(2).
Let us see now that (a, b) is a maximizer of (3.8). Let (v, w) a pair of test functions,
then

v(x) < v(z0) + |z — 20] Vo e X4
and

w(y) > w(z0) — |y — 20 Yy € X_.
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Therefore, using that v < w in D, we get

Jort = [wrm <) =) [ 17+ [ o=l @det [ vzl @i

< [le=zlrt@dr+ [ ly=zolr-ay= [ af* = [ b~

Observe now that, setting T} (z) = 2o for x € X and T*(x) = 2o for x € X_,

Lart= [ b= [le-Ti@rt@da+ [ 1y=Tls Wiy

Therefore, Myd,, is an optimal matching measure.

To see the converse we argue by contradiction. Hence, assume that Myd,, is an
optimal matching measure and that there are two points zy € X and yy € X_ such
that (4.1) does not hold, that is, there exists z; € D such that

|zo — 21| + [yo — 21| < [0 — 20| + |yo — 20]-
By continuity we can find a positive number 7 and two small radii 7; and 75 such that
|z — 21|+ |y — 21| < |z — 20| + |y — 20| =, (4.2)

for every x € B, (x0) and every y € B;,(yo) and such that

[ n@a= [ r@a=k>o (4.3)
B (%0)

BTQ (UD)

Note that, thanks to this mass balance condition (4.3), we have an optimal trans-
port map x = S(y) that sends f,XBT2 (yo) tO erXBT1 (z0)- In particular S satisfies

/ A(2)f4(z) dz = / A(S(9)) () dy
By (z0)

Brz (yD)

for every continuous function A. Hence,

/ @ — %l (@)de = / S(y) — zlf~(y)dy, i=0,1:
By (z0)

Br2 (yO)

and using (4.2), we obtain that

/ & — 2| f+(@)dz + / ly — =1/~ (v)dy
Bry (wo)

BT2 (yO)
- / (IS@) — 21| + 1y — 2D~ (u)dy
BTz(yO)

g/ (1S(9) — 20l + ly — 20])f~ (y)dy —
By (y0)

=/ Iw—Zo|f+(x)dw+/ ly — 2ol f~ (y)dy — kn.
By, (z0)

Brg (?JO)
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Now let us define

~ | =, x € X4 \ By, (z0),
T+(:E) - { 21, S B,«l (Io),

and

T _ 205 yeX—\BT2(y0)7
Ti(y) B { 21, RS B'I’Q(yo)'

This pair corresponds to the transport of f and f_ to the measure (Mo —k)d., +kd,
that is supported in D. We have

/ & — Ty (2) |+ (2)de + / ly—T-@)|f~ (v)dy
Q Q

- / & — zolf* (x)d + / ly— =0l f~ (y)dy
X \Br, (z0)

X_\Br, (o)

+ /B el / ly— 211 f~ (y)dy

Bry, (o)

</X+ Ix—ZO\f+(m)dw+/Xi ly — 2ol (v)dy — kn,

a contradiction with the fact that M6, is an optimal matching measure. O

Let us compute a more geometrical form of the condition (4.1) in case that D is
convex.

Assume that (4.1) holds, then differentiation of |z — z| + |y — 2| with respect to
z gives that zg € D satisfies

<|z_z0| +|?yJ_x0|,z—zo>§0 forallze X\, yeX_andz€ D (4.4)
— 20 — 20

(note that zp may belong to dD). Hence (4.1) implies (4.4).
The converse also holds: if zy € D satisfies (4.4) then (4.1) holds. Indeed, arguing
by contradiction, suppose that for some z € D, we have,

|z — 2|+ |y — 2| < |z — 20| + [y — 20l (4.5)
Now, by convexity of z — |z — 2|+ |y — 2|, for 0 < t < 1,
[z — (tz + (1 = t)z0)| + |y — (tz + (1 = 1) 20)]
St(lz—z[+ly —2) + Q= t)(|z — 20| + |y — 20])
=tz — 2|+ ly — 2| = |z — 20| — |y — 20]) + |2 — 20| + |y — 20|,

that is

S

(lz = (b2 + (1 = )z0)| + [y — (t2 + (1 = D) 20)| — [& — 20 — [y — 20)

<o —zl+ly =2 =z — 20| = ly - 20l.
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Therefore, taking limit as ¢ — 0, and using (4.5),

T — 2z —z
(TR T Y <yl ol <0
|z — 20| |y — 2ol

which gives a contradiction.

REMARK 4.3. Since we know that the target set in this problem can be reduced
to the boundary, it is worth to search for a zg € 9D such that, for any pair of points
reXyandye X_,

min{|z — z —zl}=lr—=z — 203

min {lz — 2|+ |y = 2[} = |2 — 20| + |y — 20l
which also ensures the existence of a matching measure Myd,,, now concentrated on
the boundary of D.

5. Extensions. With the same ideas we can also consider the situation in which
the cost is different for the transport of fT to the set D and for f~ to the set D. In
fact we can consider the following cost functional

| Gl -Ti@lrt@de+ [ Zlo=T- @7 (@)

With the constants A and B we are taking into account that the cost of transporting
nuts and screws can be different (for example due to a difference in the weight).

For this kind of problems we only have to modify the p—Laplacian approximation
replacing the LP-norm of the gradient with

1
f/Ap|Dv|p.
p

In fact, doing this we are lead to consider variational problems of the form
. 1 1 4 _
min — | AP|DvlP +— | BP|Dw|P — [ vfT™+ | wf,

(v, w) € Wi«é(m Zw“’(n) P Ja pJo Q Q

and when we pass to the limit as p — oo we arrive to

max vft —wf.
v, w e Whoo(Q) Q
A|Vv|oo, B|Vw|oo < 1
v < win D

Note that the constraint A|Vv|s, B|Vw|s < 1 is equivalent to

1 1
[o(@) —v(y)] < Fle -yl |wz) —w(y)] < Flz -yl
Hence we find Kantorovich potentials for the optimal matching problem of minimizing
1 1 _
[ Gl - Te@If @+ [ flo - T-@If @)
Q Q

Another possible extension is the following. We can consider a matching problem
with more than two commodities. Let f', f2, ... ,f", be nonnegative functions with
the same total mass, that is,

/ fr= M,
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for every i. Given a target set D we can look at the minimization problem

- dzx.
(Tf;zaDZ/ = [ (@)da

where

Ap = {(T) T; : Q — Q are Borel functions, T;(supp(f*)) C D,

/ fi= / f7 for all Borel subset E of Q}
7 Y(E) T H(E)

To handle this situation, say for three commodities, the minimization problem to
take into account is given by

1 1 1
min 7/ \Dv|p—|—7/ |Dw\p+f/ |Dz|p—/vf1—/wf2—/zf3.
(w,w,2) € WHPE)2 P Jg pJa pJa Q Q Q

v4+w+2z<0in D

Note that this is similar to what we did before since (3.5) can be rewritten as

min / |Dv|P 4+ / |Dw|P — / vft — / wf.
(v, w) € WHP(Q) x Wl P (Q)

v+ w < in

We presented the details for only two masses since this simpler case shows how
to handle the main mathematical difficulties.

REMARK 5.1. One can try to solve the optimal matching problem for the Eu-
clidean distance by taking the optimal matching measures for the cost |x — y|” with
r > 1 (these are uniformly convex costs) and then take the limit as » — 1. This
passage to the limit seems delicate and hence we preferred to perform instead the
p—Laplacian approximation since it gives us not only the optimal matching measure
but also gives the Kantorovich potentials.
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