THE HEAT CONTENT FOR NONLOCAL DIFFUSION WITH
NON-SINGULAR KERNELS

J. M. MAZON, J. D. ROSSI, J. TOLEDO

ABSTRACT. We study the behaviour of the heat content for a nonlocal evolution problem.
We obtain an asymptotic expansion for the heat content of a set D, defined as H?,(¢) :=
Jp u(x,t)dz being u the solution to uy; = J * u — u with initial condition ug = Xp. This
expansion is given in terms of geometric values of D. As a consequence, we obtain that
HL(t) = |D| — Py(D)t + o(t) as t | 0. We also recover the usual heat content for the
heat equation when we rescale the kernel J in an appropriate way. Finally, we also find
an asymptotic expansion for the nonlocal analogous to the spectral heat content that is
defined as before but considering u(x,t) a solution to the equation u; = J * u — u inside
D with u = 0 in RY \ D and initial condition up = Xp.

To Ireneo Peral, a great mathematician and friend.

1. INTRODUCTION

Let us start with a brief description of the classical heat content for the heat equation.
In [5] (see also [6]) it is defined the heat content of a Borel measurable set D C RV at
time ¢ as

Hp(t) := /D T()Xp ()da,

being (T'(t));>o the heat semigroup in L*(RY). Therefore, Hp(t) represents the amount
of heat in D at time ¢ if in D the initial temperature is 1 and in RY \ D the initial
temperature is 0. As a consequence of the following characterization for the perimeter of
a set D C RY with finite perimeter, given in [13, Theorem 3.3,

(1.1) tlir0n+ \/§/H§N\D T(t)Xp(x)dr = P(D),
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the following result was presented in [5] for the heat content: for D an open subset in RY
with finite Lebesgue measure and finite perimeter,

(1.2) Hp(t) = |D| — \/gp(p) +o(ViE), tlo.

In [1] and [2] the concept of heat content was extended to more general diffusion pro-

cesses. More precisely, for 0 < a < 2, let pga) : RY — [0,00) be the probability density
such that its Fourier transform verifies

P () = et
If one considers
LY@ = [ Top (@ = y)dy.
then u(z,t) = Tt(a)( f)(z) is the unique weak solution of the initial valued problem
w(z,t) = —(=A)2u(z,t), (x,t) € RN x [0,00),
{ u(z,0) = f(z) r € RV,

And, in this context, the heat content of a Borel measurable set D C RY at time ¢ is
defined as

HY (1) ::/l)ﬂ(a)XD(:v)d:U.

Note that for a = 2, pEZ) is the Gaussian kernel

p(2) = (471’15)_% exp —@
t 4t )

(2) . r(%3+)
and consequently, H};)’(t) = Hp(t). While, for « =1 and ky = —x=*,
T 2
knt
@) = —
(4 [zf) 2

is the Poisson heat kernel.

In recent years nonlocal diffusion problems with non singular kernels, and related prob-
lems, have also been studied, see for example [3] and the references therein. More con-
cretely, for J : RY — [0, +00) a measurable, nonnegative and radially symmetric function
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verifying [, J(z)dz = 1, in [3] the following nonlocal Cauchy problem has been studied:

() = /RN T — )y t) — u@ O)dy,  (2,1) € RY x [0, +00),

u(x,0) = up(x), re RN

(1.3)

This equation appears naturally from the following considerations: If u(x,t) is thought of
as a density at a point = at time t and J(z—y) is thought of as the probability distribution
of jumping from location y to location z, then [,y J(y — x)u(y,t) dy = (J *u)(z,t) is the
rate at which individuals are arriving at position z from all other places and —u(x,t) =
— Jan J(y—z)u(z,t) dy is the rate at which they are leaving location  to travel to all other
sites. This consideration, in the absence of external or internal sources, leads immediately
to the fact that the density u satisfies equation (1.3).

Recall from [3] that a solution of problem (1.3) in the time interval [0, 7] is a function
u € WH(0,T; L*(RY)) which satisfies u(z,0) = uy and

uy(z,t) = /RN J(x—y)(u(y,t) —u(x,t))dy  ae. in (x,t) € RY x (0,T).

A simple integration of the equation in (1.3) in space gives that the total mass is
preserved, that is,

(1.4) /RN u(z,t)de = /RN up(z)dz Yt >0.

Our aim is to study the heat content associated with the above nonlocal diffusion
processes and to relate it with the (local) heat content.

Let us fix the hypothesis on the kernel J that we will assume in this paper:

J € C(RY,R) is non-—negative, radially decreasing

H
(Ha) and compactly supported with J(x)dz = 1.
RN

Now we give the following definition.

Definition 1.1. Given a Lebesgue measurable set D C RY with finite measure, we define
the J-heat content of D in RY at time t by

H (t) ::/Du(x,t)dx,

being u the solution of (1.3) with datum uy = Xp.
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Note that, from (1.4), we have
Hp(0) = | D]

and that no further regularity is required for D besides having finite measure.

We have the following interpretation of the J-heat content, H (¢): if u(z,t) represents
the density of a population at a point € RY at time ¢ with initial condition u(z,0) =
Xp(z), then the J-heat content of D at time ¢ represents the size of the population that
remained inside D at that time when in D the initial density of the population is 1 and
in RV \ D the initial density of population is 0.

Our first result gives an asymptotic expansion of the J-heat content form which a similar
result to (1.2) follows. This expansion, obtained from a classical Taylor’s expansion, is
given for any time and for any order and with the main fact that all the terms involved
in the expansion can be expressed using nonlocal perimeters of the set D with different
kernels. We will use the following notation:

J = (J*)l,
J* J = (J*)?,
and for the convolution of n kernels:
JxJx. ok = (Jx)"

Observe that, for all n, (J*)™ is nonnegative, radially decreasing and compactly supported
with

/RN(J*)”(x)dx =1

One of our main results is the following.

Theorem 1.2. For HY,(t) the J-heat content of D given in Definition 1.1 it holds that

+o0o n n n
(15) mwzw—z@xguwmwm%TW>a

n=1 \k=1

where P(j.x(D) denotes the (J*)*—nonlocal perimeter given by

Py (D) = /D /]R N\D(J*)k(:c — ) dydx.

Moreover, for L > 1,

%@—M+Z<

n=1

n o tn ’D' 2L
(1.6) ;(’;)(1) kP(J*)k(D))a < m#“ vt > 0.
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We also have the followz'ng ELPTESSION,:

(1.7) <// J#)" (2 — ydydw>
where /D/D(J*)O(x—y)dydx: |D].

The J-nonlocal perimeter of a measurable set was studied in [12] for non-singular
kernels in connection with other geometrical properties. Here we obtain, in particular,
the following nonlocal version of (1.1) and (1.2): let u be the solution of (1.3) for datum
up = Xp, D a finite Lebesgue measurable set in RY, then

(1.8) im = [ u(e,t)de = —(HD) (0) = Py(D),

t—0t ¢ RN\D

ttn

vVt > 0,

or equivalently
(1.9) HY(t) = |D| — Py(D)t +o(t)  tl]O.
Remark 1.3.

1. There is a remarkable point concerning (1.9) and (1.2): from the small asymptotic
expansion of H,(t) and Hp(#), it is possible to recover a geometric feature of the set D, in
addition to its volume, namely, we can obtain the J-perimeter and the classical perimeter
respectively.

2. The result given in (1.8) is similar to the one obtained in [2] for Hg) (1), 0 <a<l,
which says that

(H)'(0) = —Aa NPa(D),

where A, n is a positive constant and P, (D) is the a—perimenter

// dxdy
RN\D o — y| Vo

We also show that we can recover the classical heat content from the J-heat content
rescaling the kernel. Let

- o)

Associated with the rescaled kernel J. we can consider the J.-heat content just by taking
u as the solution to (1.3) with J = J, in Definition 1.1.
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Theorem 1.4. For D a subset in RN with finite Lebesque measure, we have
—
e—0+ €2

lim H (CJ ) =Hp(t) forallt>D0.

Here C'y is the normalizing constant given by
2

/ J(x)|zn|dx
RN

Let us now consider the spectral heat content given by

Qp(t) = /D w(w, t)da

for the solution u of the Dirichlet problem

Cjy=

w(x,t) = Au(z,t), (x,t) € D x [0, 00),
u(z,t) =0, (x,t) € 0D x (0, 00),

u(z,0) = Xp(x) r € D.

The following result was given in [7] for smooth bounded domains:

Qb(t) = D] - %P(zx Vi S(N 1) [ Hapla)aH¥ ()t + 08, 110,

where Hyp is the mean curvature of 9D.

In [3] the following nonlocal Dirichlet problem has also been studied
wie.) = [ o= y)(ulot) ~ule )y, (o.0) € D x [0,00),
(1.10) u(z,t) = o,]R (z,t) € (RN \ D) x [0, 00),
u(x,0) = up(x) r e RN,
Therefore, we can also define
Qh(0):= [ ulat)da,
being u the solution of (1.10) for datum ug j Xp. Observe that also

Qp(0) = |DI.

We prove the following result.
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Theorem 1.5. For Q,(t) the J-spectral heat content of D it holds that
1
Qb(0) = D] - PoD)t+ 5 [ Hipla)dot
D

—|—%/D/D/DJ(x—y)J(y—z)dzdydxt2+0(t3) ast 0,

where H}p(x) is the J-mean curvature at x defined by
Hip(a) = [ Itz = 0)(nn(s) ~ Xo(w))dy
R

2. THE J-HEAT CONTENT. PROOFS OF THE RESULTS

We will denote by A; the nonlocal operator of the equation (1.3), i.e., we let

Aju(z) = / J(x —y)(uly) —u(z))dy.
RN
In [3], it is showed that the operator B in L*(Q) with domain D(B) = L?*(2) defined by
B(u) =v <= v(z)=-Aju(z) YVze

is m-completely accretive in L?*(€2). Then, this operator B generates a Cy-semigroup
(T;(t))s>0 in L*(Q) which solves the Cauchy problem (1.3). With this operator we can
describe the J-heat content of a bounded subset D C RY as

B () = /D Ty ()X (x)de.

Proposition 2.1. Given a Lebesgue measurable set D C RY with finite measure, we have

t
5 (3)w

Proof. Tt is enough to prove that the operators T;(t) are selfadjoint, since then

’ T, <%) Xp ; = <TJ (%) Xp, T (%) XD> = (T;(t)Xp, Xp) = HA(t).

So, let us see that Tj(t) is selfadjoint. Let F : L?(RY) — L*(RY) the Fourier-Plancherel
transform. We write f := F(f). If u(t)(z) = u(z,t) := Ty(t) f(x), since us(t) = J *u(t) —
u(t), applying the Fourier-Plancherel transform, we have

2

Hh(0) - |

L2
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from where it follows that

aE,t) = e(j(ﬁ)*l)tf(f)'
Therefore, given f,g € L*(R"), we have

(T5(6)f, 9) = (F(Ty(t) f), Flg)) = (ODF. Gy = (F,eTO-DG) = (f,Ty(t)g),

as we wanted to show. O

Associated with the non—singular kernel J, there is a nonlocal version of the usual
perimeter of a set and a nonlocal concept of mean curvature (see [9], [12]): let E C RY
be a measurable set, the nonlocal J-perimeter of E is given by

PE) = [ ( / NRCS y)dy) dr,

and the J-mean curvature at a point x is defined by

Hip(r) = / T ) Oy () — X))y

Observe that, since [,y J(z)dz =

|E| = / / T —y dydx—// x—y dydx+/ / xr —y)dydzx,
RN RN\E

that is,

(2.2) 2= [ [ = piuds + Po(E)

and also
/”H,@E dx—/<1—2/J( )dy)dx
|E|—2// % —y) dy de,

(2.3) /EHgE(:c)dx =2P(E) — |E|.

from where, on account of (2.2),
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2.1. The asymptotic expansion of the J-heat content.

Proof of Theorem 1.2. From (2.1), we have that, for u(-,t) = T;(t)Xp, the Fourier trans-
form verifies the evolution problem

at(éa t) = (j<€) - 1)ﬂ(§a t))

with the initial condition %(¢,0) = Xp(€). Hence,

(2.4) (&, 1) = VO (),

and, using Taylor expansion of the exponential,

ae, ) =S (JE) -1 XD@Z. (J(&) = DFeOD K¢ (Lt : o

n—=

o

-y (@(6) +3(3) <—1>“J<a>%<£>> n

n=0 k=
HI(E) — )OI L
=S (@(6) +3(3) <—1>“J<£>’“AD<£>> “
n=0 k=1
HUEO = 17006 9)

for 0 < s < t. Taking now the inverse Fourier-Plancheral transform and integrating over
D we get, for n > 1,

-5 (oo S () o | [ )

n=0
tLJrl

/ 71 j )L+1u(£7 3)) (x)dxm;
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Now, for n > 1, using (2.2),
1| +Z (0) o [ [ e - e
_ 1>un+§:( ) G (1] = Py (D)
= —Z ( ) )" P (D).

Also,
/D]:l ((j(é) — 1>L+111(£,5)) (z)dx
(2.5) o
— (~1)2YD| + Z ( ><_1)L+1k/D<J*)k v ule, s)dr.

Using the fact that for this problem we have
0<u<l,

this follows from the maximum principle, we get

0< / ((J*)* s u)(z,t)dz < |D|  Vk€N.

Hence, from (2.5) we have that
L+1
L1~ 1 L+1 oL
~DFa(E ) ) (@)da Sﬁkzo( Y10l = 25|
From where (1.5) and (1.6) follow.
From (2.4) we also have
o0 . n/\ tn
a(6,1) = e Xp(©)e!” O = e Y (J(€)"Xp(6) .
n=0

Taking here the inverse Fourier transform we get that

26 w0 =e L (OITO) (0 =3 [0 v

_ttn

n— D
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where / (J*)°(x — y)dy = Xp(x); then, integrating over D we get
D

= et
=3 [ [0 - pagae” T,
n=0"DJD

and then (1.7) is proved.

Remark 2.2.
1. We can also proceed in the following way: Integrating in (1.3) over D, we get

(HL)'( / NJJJ— y)u(y, )dydx—/ u(zx, t)dr

R
~ [ [ 9 =yt )dyds ~ E (o),
RN
and hence,

(2.7) B (1) + (EI) (1) = / / J{w— y)uly, )dyd

Taking the time derivative in (2.7) and using again (2.7), we get

(HL) () + (Hf)" //RN z —y)u(y, t)dydz

/RN (z =) ( /RN(J (y — 2)ulz,t) — uly, t))da:) dyda

J(z —y)J(y — 2)u(z, t)dzdydzx

/
—/D/R J(x —y)u(y, t)dydx

— / ((J%)? % w) (z, t)dz — HL(¢) — (H) (1),

<

hence

Hp(t) + 2(Hp)'(t) + (Hp)"(t) = / ((J#)* * u) (2, t)dz.

D
By induction, it is easy to see that, for any n > 1,

i(k)(HJ>(k)<> /(U*) u)(z, t)dz,

D

which is equivalent to what was obtained before.

11
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2. In particular, we have
(2.8) H(0) + 2(HZ) (0) + (HL)"( / / / T — — 2)dzdydz.
RN
Then, having in mind (2.3), we get

(2.9) (H)"( //RN/ T —y —z)dzdydw—ir/DHgD(x)dx

Therefore, applying Talor’s expansion we obtain

1
E(t) = D]~ Pi(D)t+ 5 [ Hhpla)dot
D

—l—%/D/RN/DJ(:U—y)J(y—z)dzdyd$t2+0(t3) ast 0.

3. For n > 2, we can express the coeficients (HZ,)™(0) using the nonlocal curvature as
follows:

(Hp)™(0) = (=1)"Ps(D)+

O S (e e ).
Indeed, _
(1)) (0) = - Z () 0+ Puap(o)

S N

and hence, using (2.3), we can write

P(J*)’“(D> - P(J*)(k+1) (/ H J*) x)dz — / H(J* (k+1) )

to get (2.10).

Remark 2.3. Now, let us make a comment on the relation of the semigroup 77 (¢) and
the operator A;Xp.
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Observe that for ¢(z,t) := T;(t)Xp(x) — Xp(x), by (1.4),

¢z, t)de =0 Vit>0,

]RN
hence

o (x,t)de = [ ¢ (x,t)dx Vit > 0.
]RN

RN
Therefore, since
¢" (2,t) = (Ts(t)Xp(2) — Xp(2))Xem p(@),

we have

1T 0Xp — Xpl =2 [ ¢+ t)de =2 / Ty ()X () da.

RN RN\D
Then, by (1.8), we get:
1
2.11 lim — |7 (t — = P;(D
(2.11) Jim I T5()Xp = Xplln = Ps(D),

note that this formula is similar to the one that holds for the calssical heat content,
see [13].

Now, since
1
—/ / J(x—y ’XD y) — XD(:B)‘dydx
2 RN JRN
1
5 L[ @ = 000l ~ Xo(@)dy| do = 518X
RN |JRN
we can write (2.11) as
o1
(2.12) lim —HTJ(t)XD - XDHLl = HAJXD”Ll.
t—0+ t

Moreover, since the operator B = A is the infinitesimal generator of the Cy-semigroup
(T5(t))s>0 in L*(RY), we have

1
(213) AJXD = lim - (TJ(t)XD - XD) in LQ(RN)
t—0t
Hence, (2.12) and (2.13) imply that also:

1
AjXp = lim = (T;(t)Xp — Xp) in LY(RMY).
t—0t+ ¢
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2.2. A probabilistic interpretation. Let us see that the formula given in (1.7), that
is,
ttk

o0 . o
_ }; </D/D(J*) (x—y)dyda:) o

has a probabilistic interpretation.

As mentioned in the Introduction, J(z —y) is thought of as the probability distribution
of jumping from location y to location z, then

/RN J(z — 8)J(s — y)ds

is the probability of jumping from location y to location z in two jumps (passing through
a point s the probability J(x — s)J(s — y) and we integrate for s € RY);

/RN RNJJ:_S)J(S_ w)J(w — y)dsdw

is the probability of jumping from location y to location x in three jumps.

Then, from J(z —y) we obtain the probability of a transition from x to D in k steps as

F¥(@,D) = [ (7" w-p)d.
D
and we can also set
FO(z, D) = Xp(x).

Observe that F®)(z, D) also determines how may matter of D goes to z after k jumps,
even for kK = 0. Also, if we define

:/D/D(J*)O(J:—y)dydx:]D\,
:/D/D(J*)k(x—y)dydx, k=12,

we have that f(k) is the amount of matter of D remaining in D after k jumps, for any
k > 0. Let us call this jumps as J-jumps.

and

From (2.6) we have that u(z,t) is the expected value of the amount of matter of D that
goes to z when this matter moves by J-jumps and the number of J-jumps up to time ¢,
N, follows a Poisson distribution with rate t:

7ttk’

ZFk)xD o
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It is well known that this function is the transition probability of a pseudo-Poisson process
of intensity 1 (see [10, Ch. X]).

Moreover, from (1.7), we have

—ttk:

Zf

is the expected value of the amount of matter of D that remains in D when this matter
moves by J-jumps and the number of J-jumps up to time ¢ follows a Poisson distribution
with rate ¢.

E(f(N:))

2.3. The J-heat loss of D. Using (2.2), from (1.7) we can get the following expansion
for the nonlocal J-heat loss of D in RY at ¢ (see [6]):

7ttk

’D‘ o Z PJ* )
setting P, (D) = 0. Using the above notation,

D] - Hp(t) = E(g(N),

where g(k) := P yox(D).

2.4. The J-heat content and a non-local isoperimetric inequality. The following
isoperimetric inequality was given in [12]:

(2.14) P;(B,) < P;(D) for B, a ball of radius r > 0 such that |B,| = |D|.

The proof of this fact uses the Riesz Rearrangement Inequality, and as a consequence
of [8, Theorem 1], in the case of radially nonincreasing J having compact support Bs(0),
the ball of radius 6 > 0 centered at 0, the equality in (2.14) holds if and only if D is a
ball of radius r, when r > %.

From (2.14) we have the following result.

Corollary 2.4. Let J be radiallly nonincreasing and having compact support Bs(0). For
any bounded subset D C RN with |D| > 2 we have

HY(t) <HY (1) for small t > 0,
where B, is a ball such that |B,| = |D|.
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Proof. The result is true when D is a ball of radius r, so let us suppose that this is not
the case. Then, on account of the comment after (2.4), we have

Hf (0) = |D| = H(0),
and

(Hp,)'(0) = =P;(B,) > —P;(D) = (Hp)'(0).

Then, by (1.9), we get
H(t) < Hf () for small ¢ > 0,
and the result follows. O

As consequence of Corollary 2.4 and Proposition 2.1 we have the following characteri-
zation.

Corollary 2.5. Let J be radially nonincreasing and having compact support Bs(0). The
Isoperimetric Inequality (2.14) is equivalent to the inequality

Ty (t)Xpll2 < | Ty(t)XB, |2 for smallt > 0,
being B, a ball such that |B,| = |D|, when r > $.

A similar result for the local case was proved in [14] (see also [4] and [11]).

2.5. Convergence to the heat content when rescaling the kernel. For D a subset
in RY with finite Lebesgue measure, we will call J-heat content of a-intensity of D to

100 = [ utw.o)
D
where u is the solution of
wie.)=a [ - p)ult) ~ule )y, (20) € RY x [0,50),
RN
u(x,0) = Xp(x), v € RN,
Observe that H}(t) is the J-heat content of 1-intensity of D; also, Hp*(t) = H(at).

Let us consider the rescaled kernel for € > 0:

€

and let
2

/ J(z)|xy|*de
RN

Cy=
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Let v, the solution of

(v )e(z, ) = 612 kv t) — v 8)],  wE€RY, te[0,00),

ve(z,0) = Xp(x), r € RV,
By [3, Theorem 1.30], we have that for every T > 0,
Jim {Jve = vf] poe v x (0,7 = 0,

being v the solution of the heat equation

1
ve(x,t) = C—JAv(x,t), reRYN, t€[0,00),

v(z,0) = Xp(x), r e RN,

Set now u(z,t) = v(x,Cyt). Then u verifies
u(z,t) = Au(z,t), xRN te€l0,00),
u(x,0) = Xp(x), r e RV
Hence for u, the solution of problem

{ (u)e(z,t) = G (Jexuc(z,t) —uc(z,t)), xRN, te[0,00),

ue(z,0) = Xp(), x € RY,

we ha\/e thal}
J Cy
€2

H, - (t):/ue(x,t)dac:/ve(x,cjt)dx,
D D
and

lim | v (z,Cyt)dx = /

e—0 D D

v (z,Cyt)dr = / u(x,t)de = Hp(t).

D

Consequently, we have proved the following result (which is a restatement of Theo-
rem 1.4 with the notation introduced in this section):

Theorem 2.6. For D a subset in RN with finite Lebesque measure, we have

Cy

lim @ () = Hp(t) for allt > 0.

e—0t

That is, if the jumps are rescaled to occur in a ball of radius € and the intensity of the
Poisson process that controls the intensity of the jumps is rescaled to the size % then we
are approaching, for € small, the Gaussian heat content.
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Remark 2.7. In [9] (see also [12]) it is shown that, for £ C RY a bounded set of finite
perimeter,

(2.15) lim %PJE(E) = P(E),
where
2
Cj1=
/ J(z)|zy|dx
RN

Observe that

Then, by Theorem 1.2, for n > 1,

(H5)™(0) = — (Z>(—1)"_kp[(J*>k]e(D),

and consequently, by (2.15),

1
lim E(Hﬁ)‘")(o) = ¢, P(D),
where
u 1
(Dee=3 [ (747 @alds,
k=1 RN
that is,

2 (Z)Pl)ﬂfk AN(J*)k(x)IxN!dx.

3. THE SPECTRAL HEAT CONTENT

Recall from the introduction that in [3] the following nonlocal Dirichlet problem has
been studied

wie,) = [ - gl )~ ule. )y, (o.0) € D x 0,00,
(3.1) u(z,t) =0, (z,t) € (RN \ D) x [0, 00),

u(z,0) = ug(x), reRY,
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and hence we defined
Qh(t) == / u(z, t)dz,
being u the solution of (3.1) for datum ug :DXD.
Now, our task is to obtain the asymptotic expansion of Q% (¢).
First, we observe that

Qp(0) = |DI.

For the second term in the expansion, is is easy to see that again

QL) + QY1) = /D /D J(z — y)uly, t)dydz,
Q2(0) + (QL)(0) = /D /D J(z — y)dyd,

(Qp)'(0) = —P4(D).
Note that the first two terms in the expansion of Q¥,(¢) and of H,(¢) coincide. Now the

expression for the next terms differs from that of the J-heat content. For example, now,
instead of (2.8) we have

Q) (0) +2(QP)'(0) + (@} / / / v — )y — 2)dzdyd,

and hence

Hence,

(QLY"( / / / T — — 2)dzdydx + 2P;(D) — | D|,

that can be written as

@) / / / w —y)J(y — 2)dzdydz + /D H)p (x)dz,

which different from (2.9) in the term with three integrals.

Gathering this information we now have

Qb(t) = |D| - Py(D)t + / HI(2)da t?
2 Jp

1 B B 2 3
+2/D/D/DJ(33 y)J(y — z)dzdydzt* 4+ O(t°) ast | 0.
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This proves Theorem 1.5.
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