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ABSTRACT. In this paper we study existence and uniqueness for solutions of the nonlocal diffusion
equation with IEIeumann boundary conditions

x+
u(t,z) = J(x—y)g 2 Y
Q

and for solutions of its local counterpart
ug = div g|Vul[P72Vu in ]0, T'[x €2,
g|VulP*Vu -n =0 on ]0, T[x A

We consider 1 < p < oo and g > 0. We pay special attention to the case in which g vanishes
somewhere in (2, even in a set of positive measure.

u(t, y) — ult, )" (u(t,y) —u(t,2))dy  in]0,T[xQ,

1. INTRODUCTION

In this paper we have two main goals. As a first goal, we study the following nonlocal nonlinear
diffusion problem with homogeneous Neumann boundary condition

— _ Tty _ p—2 _
pisgy |t = [ 6= (S5) ) = ule. )P uten) = ult. o))
u(z,0) = uo(),
where g € LOO(]RN)7 g>0ae inRY, 1 <p< oo, QRN is a bounded smooth domain and
the kernel J satisfies
(HJ) J: RN — R is a nonnegative continuous radial function with compact support, J(0) > 0
and [pn J(2)dz = 1.
As a second goal, we also study the local counterpart, that is, the following local diffusion
equation with homogeneous Neumann boundary condition
up = div (g|VulP~2Vu)  in ]0, T[xQ,
NJ (uo) g|VulP2Vu -n =0 on |0, T[x 0%,
u(z,0) = ug(x) in €,
where 7 is the unit outward normal on 0.
As we will show here, these two problems are related in the following way: solutions of the

nonlocal problem converge to solutions of the local one when the kernel J is rescaled in a suitable
way.
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In these two problems we deal with a non-homogeneous diffusion coefficient, given by the
function g, that we assume to be bounded and nonnegative, but we include here the case in
which g vanishes in a subset of {2 that can even have positive measure. In this case we face new
technical difficulties since we lost the coercivity of the associated functional in the usual Sobolev
or Lebesgue spaces. These difficulties are overcome using weighted Sobolev or Lebesgue spaces
with appropriate hypothesis on g that involve weights in Muckenhoupt’s A, classes.

Observe that for homogeneous diffusion, g = 1, the operator in the local problem is given by
div (g|VuP~2Vu) = div(|Vul|P~2Vu) = Apu, that is, the well-known p-Laplacian of u. Also note
that when p = 2 both problems become linear. In the case ¢ = 1 the study of such problems
has been done in [7] for the nonlocal problem while the local problem is a well known classical
problem (see for instance, [47], [48]). Moreover, in this case, it is proved in [7] that under an
appropriate rescaling of the kernel J, the solutions of the rescaled nonlocal problems, when the
scale parameter (that measure the size of the support of .J) tends to zero, converge to the solutions
of the local problem.

One of the main results of this paper is to prove a similar convergence result for Pp‘]’g (up),
where g can vanish in a subset of ) of positive measure. This fact turns the whole issue more
involved since the nonlocal problem, in contrast with what happens in general for the local one,
takes into account the part of the domain where the diffusion coefficient ¢ is null, that is, this
part of the domain plays a role in the nonlocal diffusion case.

The case p = 1 is somehow different from the case p > 1. In fact, for p = 1 we need to
work in weighted BV spaces (that is, weighted bounded variation spaces), an issue that forces
us to introduce some delicate results from measure theory. The local problem for ¢ = 1 with
p = 1, that is, the Neumann problem for the total variation flow, was studied in [3] (see also
[4]), motivated by problems in image processing. This PDE appears when one uses the steepest
descent method to minimize the total variation, a method introduced by L. Rudin, S. Osher
and E. Fatemi [43] in the context of image denoising and reconstruction. The use of weighted
total variational functionals in image processing began with the seminal work of V. Caselles, R.
Kimmel and G. Sapiro ([25], [26]) on geodesic active contours. Also in the the unpublished paper
[46] the weighted total variational functionals in image processing was considered (see also [27]).
Until the recent paper of V. Caselles, G. Facciolo and E. Meinhardt [24], it was always supposed
that the weight g is positive. In [24] it is admitted that g can be null in a set of positive measure.
Here also this possibility is considered.

To finish this introduction, let us briefly introduce some references for the prototype of non-
local problem that will be considered along this work. Nonlocal evolution equations of the form
we(t,z) = (Jru—u)(t,x) = [pn J(@—y)u(t,y) dy—u(t, z), and variations of it, have been recently
widely used to model diffusion processes. More precisely, as stated in [39], if u(t, z) is thought of
as a density at the point x at time ¢ and J(z — y) is thought of as the probability distribution of
jumping from location y to location x, then [pn J(y—z)u(t,y) dy = (J*u)(t, ) is the rate at which
individuals are arriving at position « from all other places and —u(t, z) = — [pn J(y—z)u(t, z) dy
is the rate at which they are leaving location x to travel to all other sites. This consideration,
in the absence of external or internal sources, leads immediately to the fact that the density w
satisfies the equation w; = J * u — u. Nonlocal diffusion equations have been recently widely
studied and have connections with probability theory (for example, Levy processes are related to
the fractional Laplacian), see, [6], [7], [8], [12], [13], [21], [22], [23], [28], [29], [32], [33], [34], [39],
[44], [45] and references therein.



LOCAL AND NONLOCAL WEIGHTED p—LAPLACIAN EVOLUTION EQUATIONS 3

Especially related to the nonlocal problem Pp‘]’g (ug) are references [7], [8] and [9], in fact, this
work can be viewed as a natural continuation of those papers. In [7], from where we borrow some
ideas, the nonlocal problem with g = 1 is studied. In [8] we deal with the limit as p — oo of
solutions to nonlocal problems and in [9] Dirichlet boundary conditions are imposed. All these
previous works deal with g = 1. Concerning inhomogeneous nonlocal diffusion we quote [31] and
[35] where the authors study the nonlocal analogous to the linear equation u; = A(g?u) in the
whole RV,

Organization of the paper. The rest of the paper is organized as follows: in Section 2 we
prove existence and uniqueness for the nonlocal problem with p > 1. Section 3 deal with the local
problem for p > 1 and in Section 4 we show the convergence of the nonlocal problems to the local
problem for p > 1. In sections 5, 6 and 7 we deal with analogous questions for p = 1. We prefer
to present the results for p = 1 in separate sections since, as we have mentioned, in this case the
use of BV functions introduces technical differences that we want to highlight.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR THE NONLOCAL PROBLEM.
THE CASE p > 1

Let us begin this section by collecting some preliminaries and notations that will be used in
the sequel. We denote by Jy and P, the following sets of functions,

Jo={j : R —[0,4+0], convex and lower semi-continuos with j(0) = 0},

Py={qe C®R):0<q <1,supp(q) is compact, and 0 ¢ supp(q)} .
In [15] the following relation for u,v € L'(Q) is defined,

u < v if and only if /j(u) dx < / j(v)dx  for all j € Jy,
Q Q

and the following facts are proved.

Proposition 2.1. Let Q be a bounded domain in RY .
(i) For any u,v € L*(), if [,uq(u) < [ vq(u) for all g € Py, then u < v.
(ii) If u,v € LY(Q) and u < v, then |lu|, < ||v||, for any r € [1,4+0oc].

(iii) If v € LY (), then {u € L' () : u < v} is a weakly compact subset of L'(12).

In this section we deal with existence and uniqueness for solutions of the nonlocal problem
P;9(up) that will be understood according to the following definition.

Definition 2.2. Let p > 1. A solution of the problem P (uo) in [0,T)] is a function u €
W0, T; LY(Q)) which satisfies u(0,x) = ug(x) a.e. x € Q and

u(t, x) = /Q J(x—1y)g (x—;—y) lu(t,y) — u(t, z)|P2(u(t,y) — u(t,z))dy a.e. in ]0,T[xQ.

To study the problem Pp‘]’g (up) we use Nonlinear Semigroup Theory. To this end we introduce
in L' () the following operator associated with our problem.
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Definition 2.3. Let J satisfies (HJ), g € L®(R"Y), g > 0 a.e., and 1 < p < +0c0. We define in
L'(2) the operator B{,]’g by

Bt == [ e =g (5 ) luly) - u(@)P ) w0y, 20

Remark 2.4. It is easy to see that,
1. B;)]’g 1s positively homogeneous of degree p — 1,
2. LP~Y(Q) C Dom(BJ?), if p > 2,
3. for1 <p<2, Dom(B{D]g) = LY(Q) and B}}]’g is closed in L*(Q) x LY(9).

We have the following monotonicity lemma, whose proof is straightforward.

Lemma 2.5. Let T : R — R a nondecreasing function. Then,
(i) for every u, v € LP(Q) such that T'(u —v) € LP(R), it holds

/Q(BJgu( — B9(2))T(u(z) — v(z))dx =
&0 / / e =) (252 (0laty) — o) - T(atz) - o)

—u(@)[P2(uly) — u(x)) — |v(y) —o(@)P(u(y) —v(2))) dyda.
(ii) Moreover, z'fT is bounded, (2.1) holds for u, v € Dom(B];]’g).

Following ideas from [7] we have that Bg’g is completely accretive and verifies the range con-
dition LP(€) C Ran(I + ByJY). In short, this means that for any ¢ € LP() there is a unique

solution of the problem u + Bi,]’gu = ¢ and the resolvent (I + BI‘,]’g)_1 is a contraction in L9(2)
for all 1 < g < +oc0.

Theorem 2.6. The operator B{o]’g is completely accretive and verifies the range condition
(2.2) LP(Q) C Ran(I + B}JY).

Proof. The proof mimics the one given for ¢ = 1 in [7]. We include it here for completeness.
Given u; € Dom(Bg’g), 1 =1,2 and q € Py, by the monotonicity Lemma 2.5, we have

[ B @) ~ B uata))atun @) - @) do > 0

from where it follows that By is a completely accretive operator (see [15]).

To show that B];I’g satisfies the range condition we have to prove that for any ¢ € LP(Q)
there exists u € Dom(Bp‘]’g) such that u = (I + Bg’g)*lqﬁ. Let us first take ¢ € L>(Q2). Let
Apm 2 LP(Q) — LP' () the continuous monotone operator defined by

1 1
Auin0) = Tu0) + Bt P = g

where T¢(s) = sup(—c,inf(s,c)). We have that A, , is coercive in LP(2). In fact,

fQ Apm(u)u

= +o00.
lullLp (@) —+o0 HUHLP(Q)
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Then, by Corollary 30 in [18], there exists wy, , € LP(Q2), such that
1 _ 1 o _
T ) + B+l — P = 6
Using the monotonicity of Bg’gumm + HnmlP 72Ul — = tnm [P~2uy, . from Proposition 2.1,
we obtain that Te(un,m) < ¢ and therefore, taking ¢ > [|¢|| o (), Un,m < ¢. Consequently,

1 9 1 _9 _
Up,m + ngun,m + ﬁ|un,m‘p ujz_,m - E|Un,m b Upm = .

Moreover, uy, , is increasing in n and decreasing in m. As uy,, < ¢, we can pass to the limit
as n — oo (using the monotone convergence to handle the term B{.f’g Up,m) Obtaining a limit, wy,,
that is a solution to
Uy + B]‘Dj’gum - %|um]p*2u;1 = ¢.
Using that u,, is decreasing in m we can pass again to the limit to obtain
u—+ B;D]’g u = ¢.

Now, let us consider the general case ¢ € LP(2). Take ¢, € L>=(Q), ¢, — ¢ in LP(Q). Then,
by our previous step, there exists u, = (I + Bg’g ) Y, un <K ¢n. Since Bg’g is completely
accretive, u, — u in LP(Q), also By%u, — By%u in L” (Q) and we conclude that u+ By u = ¢,
u < Q. O

As a consequence of this result we get the following existence and uniqueness theorem for the
evolution problem.

Theorem 2.7. Assume p > 1. Let T > 0 and ug € L'(Q). Then, there exists a unique mild
solution u of

(2.3) W (t) + Byfu(t) =0,  t€)0,T],
u(0) = up.
Moreover,
(1) if ug € LP(RY), the unique mild solution u of (2.3) is a solution of Pp‘]’g(uo) in the sense
of Definition 2.2. If 1 < p < 2, this is true for any ug € L*(9).
(2) Let uig € L*(Q), i = 1,2, and u; a solution in [0,T) of P (ui), i = 1,2. Then

/(ul(t) —ug(t))t < /(um —ugg)T  for every t €]0,T.
Q

Q
Moreover, for q € [1,+00], if ujg € LY(2), i = 1,2, then

Ju1(t) — w2 ()|l La) < lluro — u2ollpagy  for every t €]0,TT.

Proof. As a consequence of Theorem 2.6 we get the existence of mild solution of (2.3) (see [16]
and [15]). On the other hand, u(t) is a solution of PpJ’g (up) if and only if u(t) is a strong solution
of the abstract Cauchy problem (2.3). Now, due to the complete accretivity of Bg’g and the
range condition (2.2), u(t) is a strong solution (see [15]). Moreover, in the case 1 < p < 2, since
Dom(B;9) = L'() and Bj? is closed in LY(Q) x L'(€2), the result holds for L!-data. Finally,
the contraction principle is a consequence of the general Nonlinear Semigroup Theory. O
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3. THE LOoCAL PROBLEM FOR p > 1
We consider now the local evolution equation with homogeneous Neumann boundary conditions
up = div (9|DuP~?Du) in )0, T[xQ,
NJ (uo) g|DulP~2Du-n =0 on |0, T[x 0%,
u(-,0) = ug € LY(Q) in ©,

where € is a bounded smooth domain, 7 is the unit outward normal on 052 and g verifies

(3.1) g € L>=(9),

' g>0ae inS, g=0ae. in Q\S, being S a smooth domain contained in £2,
and
(3.2) g7 € LY(9).

We will work in the following weighted Sobolev space.

Definition 3.1. Set ng’g((l) the space of functions u € LP(Q2) such that the distributional deriv-

. u .
atives gi- satis fy

A% ), i=12,.. N

al’i

This space ng”g(Q) endowed with the norm

Fellw g = </Q|u(x)|pd$+/s|Du(aj)|pg($) dx)’l’

is a Banach space.

Let us recall that w is a weight in the Muckenhoupt’s A,—class, or an A,-weight, if w is a
nonnegative, locally (Lebesgue) integrable function in RY such that

sup (@/Bw(x) dm) <|;| /Bw(x)lip dx)p_l — Cup < 00,

where the supremum is taken over all ball B in RV.
We also assume that

(3.3) there exists a weight function gy in the Muckenhoupt’s A,—class such that gy = ¢ in S.

This hypothesis implies (3.2) since S is bounded. Moreover, under this hypothesis, functions in
ngg(fl) N L>®(§) can be approximated in the || - ||W1,p(m—norm by smooth functions (see [30],
b gys

[37], [41], [42] and references therein for related topics). Indeed, we have the following result.

Lemma 3.2. For any u € ngg(Q) N L>®(Q) there exists p, € C™(Q) such that ¢, — u in
W, B(9Q).
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Proof. Given u € W;g(Q) N L>(€2), by the results in [30], u|; can be extended to a function u €
1, . _ _
Wt (BRY) 0 L5(RY) with [l 10, < Klullagisy ond [7llsien) < Ilulzqs) where

K is independent of u. Now, by the results of [42], @ can be approximated in the ng(;],gRN (RN)-
norm by C* functions ¢, that are uniformly bounded in L. On the other hand, v o\s Can be
approximated in the LP-norm by smooth functions ¢, uniformly bounded in L°. Therefore, we
can find ¢, such that

| fn in S,
T e in Q\ (S + B0, 1)),
and in such a way that ¢, is smooth and uniformly L°°—bounded. We conclude that ¢, — u in
17
w, 2(Q). O
We use the following concept of solution for problem N3 (ug).

Definition 3.3. A function v € WH1(0,T; LY(Q)) is an entropy solution of problem Nj(ug) in
10, T if u(0) = o, Tx(u(t)) € ngg(ﬂ) for every k >0 and

[ @Tat) = 0)de+ [ g@)Du(o > Dutt) - DIu(t) - 6)) do <0,

Q S

for every ¢ € ngg(ﬂ) N L>®(Q) and all k > 0. Here Ty(r) is the classical truncature function
Ty (r) = sup{inf{r, k}, —k}.

To get the existence of entropy solutions of problem Nj(ug) we use again the Nonlinear Semi-
groups Theory, so we start with the study of the elliptic problem

o) { u — div (g|DufP2Du) = f in Q,

Jor,
g|DulP™2Du-n =0 on 09.

P

Let us now introduce the following operator related to the local problem.
Definition 3.4. For p > 1 and g satisfying (3.1) and (3.3), we define the operator By in L'(Q)
by the following rule: (u,4) € Bj if and only if u € ngg(Q) NL>®(), 4 € LYQ) and

/ g(x)|DuP~2Du - Dvdx = / w(z)v(z)dx VYove ngg(Q) N L (Q).
S Q

Proposition 3.5. Assume g satisfies (3.1) and (3.3). Then the operator By is completely accre-
tive and satisfies the range condition L>°(Q2) C R(I + By).

Proof. Given (u;,v;) € BJ, i = 1,2, for any ¢ € C®(R), 0 < ¢’ < 1, supp(q’) compact, 0 ¢
supp(q), we have that

[ 0@) = vateatun @) = ) dr =
/Sg(x)q/(ul — ug) (\Du1|p_2Du1 - \Du2|p_2Du2) - D(uj —ug)dx >0,

from where it follows that Bj is a completely accretive operator (see [15]).
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For every n € N, let a,(z,£) := (g(z) + 1)[|¢|[P2¢. We define the operator 4, in L'(Q) by the
rule, (u, ) € A, if and only if u € WHP(Q) N L>®(Q), 4 € LY(Q) and

/(an(aﬁ, Du),D(u — ¢)) < / a(u — @) for every ¢ € WIP(Q) N L>®(Q).
Q Q

Then, by the results in [5], we have A,, is a completely accretive operator satisfying the range
condition L>*(Q2) C R(I + A,). Consequently, given f € L*°(Q) there exists a unique u, €
WLHP(Q) N L°°(£2) such that
/ (a2, D), D(un — 6)) < / (f = wn)(un — @) for every ¢ € WP(Q) N L=(9),
Q Q
or equivalently,

1
(3.4) / g(x)| Dy P2 Duy, - Dv + / | Duy|P~2Duy, - Dv = / (f —up)v
Q nJa Q

for every v € WHP(Q) N L°°(£2). Moreover,

(3.5) up, < f  for every n € N.
By (3.5) it follows that
(3.6) llunllg < || fllq for every n € N, and all 1 < ¢ < oo.

Taking v = u, as test function in (3.4), we get

1
(3.7) / g(x)|Duy,|P dx + / | Duy|P dx < /(f — Up)up dx for every n € N.
Q n.Ja Q

From (3.6), taking a subsequence if necessary, we have there exists u € L>°(2) such that
(3.8) u, — u  weakly in LP(Q).
On the other hand, by (3.6) and (3.7), we get

1
(3.9) / g(z)|Duy|P dx + / |Duy,|P de < M for every n € N.
Q nJa

By (3.9) and Hélder’s inequality we have

1

1 M
(3.10) / |DunP~2Du,, - Dv| < =~ | Dv|, Vne€N,

n.Jjq np

1 1
(3.11) 197 |Dunllzry < M VneN
and
% - pud
(3.12) 197 | DtnP2Dutnll vy < M7 Y€ N,
From (3.11), taking a subsequence if necessary, we have that
10

(3.13) gp 28w, weakly in LP(Q), i=1,...,N.

6.%'1'
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Given ¢ € D(5), by (3.2), we have g Pcp € LP(S). Then, havmg in mind (3.13), we obtain

<8xl > aso de=—lim [ wng dx_nlﬂﬂlo/ axz‘pdx
= lim g;aung;godx:/wig;godx.
n—oo Jg 8:1:1 S

Consequently, we get

ou

6:@
Hence, since w; € LP(f2) and gii e LV (S), we obtain that g—; € L'(9), and u € Whi(S).
Moreover, since g € L>®(RY),

= wigfi in D'(S), i=1,...,N.

1 0u .
(3.14) g =w; € LP(S), i=1,...,N.
833‘2'
Therefore u € ngg(ﬂ) Moreover, by (3.13) and (3.14), we have
(3.15) g%Dun - g%Du weakly in LP(S,RY).
By (3.12), taking a subsequence if necessary, there exists z € L (Q, RV) such that
1 /
(3.16) g? |Du,[P"2Du,, — z  weakly in LP (Q,RY).
Given v € WP(Q), taking limit in (3.4) and having in mind (3.8), (3.10) and (3.16), we obtain
(3.17) / g(x)%z'Dvd:U = /(f—u)vd:r.
Q Q
Setting v = u,, in (3.17), using (3.8) and (3.15), and taking limit we get
(3.18) / g(:r)% z- Dudr = /(f —u)udz,
S Q

Let us see that
(3.19) g% z = g|DulP">Du  a.e. in S.
To do that we apply Minty-Browder’s method. Note first that from (3.5) and (3.8), taking limit
in (3.7) we get

(3.20) limsup/gg(x)|Dun|p dx < /Q(f(ac) —u(x))u(z) dx.

n—-+4o0o

On the other hand, by monotonicity, we have
(3.21) [ 9@o=2p- (Du, = p) o < [ 9@ Dol Du - (D — p) s
S S

for all p such that g%p € LP(S,RY). Then, assuming that g%p € LP(S,RY) | from (3.16), (3.15)
and (3.20), taking limit in (3.21), we obtain that

(3.22) La@lor=2p-(Du=pydo < [ (@) = u@)uie)do = [ g@)ia- pie
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Hence, having in mind (3.18), we get
(3.23) L a@lor=2p-(Du=p)do < [ g@)?a-Dude = [ ga)ia-pda.
Then, taking in (3.23) p = Du — A, for A > 0 and ¢ € LP(S,R"Y), we obtain that
/Sg(x)\Du AP (Du— 2) - £da < /Sg(@é 2 €da.
From here, letting A — 0,
/Sg(x)|Du]p_2Du Edr < /Sg(x)iz €dr V€€ LP(S,RY),

from where (3.19) follows. Then, by (3.17) and (3.19), we obtain that
(3.24) /Sg(:v) |DulP~2Du - Dv dx = /Q(f —u)vdr Yo € WHP(Q).

Now, using the fact that g in S is the restriction of a weight of Muckenhoupt’s A,-class, by

Lemma 3.2, any v € ngg(Q) N L>°(€2) can be approximated by smooth functions and then, from
(3.24), we obtain

(3.25) /Sg(x) |Du|P~2Du - Dvdx = /Q(f —uw)vdr Yv € ng”g(ﬂ) N L>(8).
Therefore, (u, f —u) € Bj, and consequently, f € R(I + Bj). O

Working as in [5] we can obtain the following characterization of the closure By of the operator
Bj in LY(Q) x L1(Q). Indeed, as we are considering a weight g that is strictly positive in S and
the corresponding integrals that involve g take place in S we can follows the arguments of [5]
with minor modifications.

Proposition 3.6. The closure of By in L'(Q) x LY(Q) is given by (u,v) € By if u,v € L1(Q),
Ti(u) € ng”g(Q) and

/ g(x)|Du|p72Du - D(Ti(u — ¢)) dx < / VT (u — ¢) dx,
S

Q
for every ¢ € W, 'E(Q) N L=(Q) and all k > 0.

Theorem 3.7. For any up € LY() and any T > 0, the problem NJ(ug) has a unique entropy
solution in 0, T[. Moreover, an L'—contraction principle holds for such solutions.

Proof. As a consequence of Proposition 3.5 the operator By is m-completely accretive in LY(9).

1
On the other hand, it is easy to see that D (BZQ,)L @ _ LY(Q). Therefore, using the Nonlinear
Semigroup Theory (see [36] and [16]), for any uy € L(£2), the abstract Cauchy problem associated
to NZ(ug) has a unique mild solution given by the exponential formula v(t) = e~*Brugy. Moreover,
as the operator is homogeneous of degree p — 1, this solution is the unique strong solution of
such abstract problem (see [15]). Now, by Proposition 3.6, the concept of strong solution and
the concept of entropy solution of Nj(ug) coincide. The contraction principle follows by the
Nonlinear Semigroup Theory. ([
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Observe that, in fact, a solution u of Ejy(f) satisfies
u=f ae inQ\S

and u, is a solution of

u—div (g|DufP~?Du) = f in S,

g|DuP™>Du-n=0 on J8S.
We can think that g is a space-depending diffusion coefficient such that it has broken its diffusivity
to 0 in some parts, so u = f where there is no diffusivity. For the parabolic problem v must be
equal to the initial condition in places where g vanishes. However, if |2\ S| > 0, when dealing
with the nonlocal problem, it is not true that in general v = f in Q\ S, even if supp(J) is very
“small”, there exists O C 2\ S with |O| > 0 where u may differ from f. So, the part where g = 0

plays a role in the nonlocal problem. Nevertheless, in the next section we will see that, under
rescaling, solutions to the nonlocal problems converge to solutions to the local one.

4. CONVERGENCE OF THE NONLOCAL PROBLEMS TO THE LOCAL PROBLEM. THE CASE p>1

Our main goal in this section is to show that the problem Nj(ug) can be approximated by

suitable nonlocal Neumann problems of the form Pp‘]’g (up).
Let us now give the reescaling procedure. For given p > 1 and J, we consider the rescaled

kernels
Cip . (%
Toele) = 5307 ()

where C}; =1 [on J(2)|2n|P d2 is a normalizing constant.

Associated to these kernels we solve P,;’ Y(up) with J,. instead of J with the same initial
condition ug and we obtain a solution wu.(¢, ). Our main concern in this section is to show that
ue converge to u as € — 0, being u a solution of Nj (ug).

First, let us perform a formal calculation in one space dimension just to convince the reader
that the convergence result is correct. Let g(x) and u(z) be smooth functions and consider

1 T —y T +y _
A =i [ (50 o () ulo) — )2 uto) — uta))
Changing variables, y = ¢ — ez, we get

(4.1) Ac(u) = /RJ(Z)g (;U - 8) u(z — e2) — u(@)P2(u(z — e2) — u(x)) d.

ep 2

Now, we expand in powers of ¢ to obtain
ar p—2
L5,272 + O(e?)

—2y,1 —2| |p—2 1 ' 4, u'(z) 5
= (@) PP = e (p — 2) [l () 2P () e 27 4+ O(e7),

lu(z — e2) —u(z)|P~2 = P2 |u/(2)2 —

and

u(z —ez) —u(zr) = —eu/(z)z + 16//2(:16)62,22 + 0(e?),
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on the other hand, since g is smooth,

9(e-5) =9@) —g@)5 +0E.

Hence, (4.1) becomes

Afw)= —= /R TP 22 dz [g(a) (@) P2 ()]

3

+1/ J(2)|2P dz [g(x) ((p = 2) ' (2)P72u" () + [/ ()P~ (2))]

/ J@Pdz [¢(@) (W (@) ()] + Oe).
Using that J is radially symmetric, the first integral vanishes and therefore,
lim A-(u) = C (g(a)|u/ (2) 2 (2)) .
e—

where the constant C' is given by C' = 3 [, J(2)|2|P d=.

To do this formal calculation rigorous we need to obtain the following result which is a variant
of [7, Proposition 3.2(1.i)]. From now on, we denote by f the extension by zero outside Q of a
function f € LP(Q).

Proposition 4.1. Let 1 < ¢ < +00. Let p : RY — R be a nonnegative continuous radial function
with compact support, non-identically zero, and p,(z) := n™p(nx). Let S an open set, S C Q,
and let 1 € L®°(RYN) such that

- o={3"7" s

Let us also assume that | satisfies
(4.3) ™7 € LL ().
Let {fn} be a sequence of functions in L1(Y) such that

(4.4 /Q/Qpn@—x)z(””;y)|fn<y>—fn<x>rqudy3M;

and {fn} is weakly convergent in L9(
Then, 119V f| € LI(S), [Vf| € L}, (

lim [<p<z)>l/"<l<w>>1/% (w+21> (w—1z> GRS )1 /nfn( 27 | _

S) to
S), nd moreover

(p(2))" h(w, 2)
weakly in LY(RN) x LYRN), with
(p(NY T h(w, 2) = (p(z))V (l(w))/ T2 - V f(w) in S xR,

and
(PN h(w,z) =0 in (RN \Q) x RV,
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Proof. Making the change of variables y = x + %Z, T=w— 2nz we rewrite (4.4) as

= - q
1 +5-2) — -
/ / p(2)l(w)Xg (w + z> Tu(w+ 352) = Ju (v = 527) dwdz < M,
RN JRN 2n 1/n
where we use the notation Xé (w:l: ﬁz) = Xo (w+ %z) Xa (w — ﬁz) Therefore, up to a

subsequence,

F (s Lo w_ L
45) (o)t (w5 <) EICRE )l/nf”( 257 . (o) b, )

weakly in LI(RN) x LI(RY), and (p(2))"? h(w, z) = 0 in (R \ Q) x RV,
If p € C(Q), supp(p) C S, taking

2 .
(ﬁ:{ll/q lnS,

0 otherwise,

which is an L7 -function since {77 € L} (9), and v € C(RY), by (4.5), we obtain

/RN/ D)Y/a(1(w)) X <w i 212> fo(w+ £z )1/nfn( ”Z)gﬁ(w)dww(z)dz

H/R/ DY h(w, 2)p(w)duwi(2)dz

/R N /5 (p(2)"xg; ( o2 ) Ju (0t gzz)l;nfn (= 22) ) dunp(2)d2
-~ /RN / N (Uw)) ™Y Th(w, 2)p(w)dwip(z)dz

Now, for n large enough, p(2)'/Ixg (w+52) = p(z)1/7 for all z € RN and all w € supp(y),

therefore
NYaxx (w iz ?n(w+1”) fn(w— "Z) w)dwi(2)dz
L [ (v 50) wil () duni(2)d
o [ (W 552) = Fr(w—552)
:/RN 1// 2 n 2077 p(w)dwip(2)dz

w —o(w— 2z
__/ 1/‘1/f +2n )1/;’0( 2n )dww(z)dz.

That is,

(4.6)

Then, passing to the limit, on account of (4.6), we get
[ oM [ @) ihw,2)ptw) dui(z) ds
RN S
== [ 0" [ sz Vet iz

RN
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Consequently,

/(l(w))_l/qh(w, 2)p(w) dw = —/ fw)z-Ve(w)dw Vz € int(supp(J)).
S S

From here, for s small,

w)) /e w, se;)o(w) dw = — w
/Sw» h(w, se;)p(w) d /Sf()

which implies, since S is open, |V f| € L}, (S) (using that ™ ¢ L} (S) together with Holder’s
inequality), 19|V f| € L(S) and (p(2))"h(w, z) = (p(2))Y9(l(w))/92 - Vf(w) in S x RN, O

Proposition 4.2. Assume p > 1, J satisfies (HJ), and g satisfies (3.1) and (3.3). Then, for any
¢ € L*>(Q), we have that

(w) dwa

-1
(4.7) (I + ng’e’g) o — (I+ Bg)_l ¢  weakly in LP(Q) as e — 0.

-1
Proof. For € > 0, let u. = (I + B{.]P’E’g) ¢. Then,

(4.8) /Q _5P+N // ( ) <$;y> |ue(y) — ue(2)|P~2x

X (ue(y) — ue(x)) dyv(z) de = | v
Q

for every v € L®(Q). Moreover, u. < ¢. Changing variables, we get

gfﬁ/ I (x_ ) (552 ) 00D = )P 2(uc) — uelo)) d o)

Crp « € P2
/]RN/R J(2)g(w)XS (w:i: 2z)

X
U (w + %z) — e (w — %z) v(w + %z) —o(w — %z)
5 €
where X5 (w =+ 52) = Xo (w+ 52) Xo (w — §2). So we can rewrite (4.8) as

/gb dw—/gue(ac)v(ac) dx

(4.10) = /R i /R i %J(z)g(w)xé <w + gz) -

><ﬂg(w +52) —u(w — 52)v(w + 52) —V(w — §2) o d.
€ €

U (w + 52) — U (w — 52)

9

dwdz,

T (w + 52) — Te(w — £2) [P

X

We will see there exists a sequence &, — 0 such that u., — u weakly in LP(Q), u € WyP(Q) N
L*>(Q), a solution of

/ uv + / g|VulP2Vu - Vo = / ¢v  for every v € WHP(Q) N L™®(Q),
Q s Q

that is, u = (I + BJ) " ¢.
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Since u. < ¢, there exists a sequence €, — 0 such that

n

(4.11) ue, — u, weakly in LP(Q), u < ¢.

Observe that also [[uc, || Lo (), [l Lo @) < |@llLe)- Taking ¢ = &, and v = u,, in (4.10), we
get

[ [ 1% (= y>g<x;y> wea0) —ues @

(4.12) - C ﬂ&l(w%—s—"z)—ﬂ(w—s—”z) P
/ / JpJ (W)X <w + 6—"2) n 2 : 2 dwdz < M.
RN JRN 2 En

Therefore, by Proposition 4.1, u € ng P(Q) and

(4.13) , ,

Cy, P €\ Te,(w+ P2)—T, (w— %2) Cy, P
(S26)) " ot (e 52) T ED STl TS (S )] s

weakly in LP(RV) x LP(RY) with (J(2))YPh(w, z) = (J(2))"/P(g(w))"/Pz - Vu(w) in S x RY and
(J(2))YPh(w, z) = 0 in (RN \ Q) x RY. Moreover, we can also assume that

En p_2

e, (W + F2) — U, (W — F2)
En
Xﬂgn (w+ 5 2) = e, (W — F2)
en

J(Z)Up,g(u})l/plxs*2 (w + %z)

= J()"7 X (w, 2)

weakly in LP' (RN) x LY (RN), with J(2)"? x(w, z) = 0 in (RV \ Q) x RY. Therefore, passing to
the limit in (4.10) for € = &, we get

(4.14) /uv+/]RN/CJpJ w) Py (w, 2) z - Vo(w )dwdz_/gm;

for every v smooth and, by approximation, for every v € ng”g (©). Then, also

(4.15) /u +/sz/ 2L J(2)g(w) Px (w, 2) z - Vu(w )dwdz—/qﬁu

1,
Let us see now that, for every v € W, (),

(4.16) / / CJpJ w) Px(w, 2)z - Vo(z) dw dz = / 9|Vl Vu - Vo.
RN S

In fact, taking v = u,, in (4.8), taking limits and considering (4.15), we get
C Ue, (W4 $2) — T, (w— F2)|P
hmsup/ / JpJ )Xé(w + 57%2) En( 2 ) 5n( 2 )
RN JRN 2 En

/¢u—/uu—/RN/ C‘“”J w) Py (z, 2) z - Vu(z) da dz.

(4.17)
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Now, by the monotonicity Lemma 2.5, for every p smooth,

[ L) o () 100) = )20t~ plo)) d (e o) = ple)

2

<= [ (520 o (T3 e )~ e 0 ) 1, (0) (e, 0) — )

Using the change of variable (4.9) and taking limits, on account of (4.13) and (4.17), we obtain
for every p smooth,

C
Lo [ S21Gtw)- Tp)P - Votw) = (Vatw) = V() duds,
RN
/ / CJpJ w) Px(w, 2) z - (Vu(w) — Vp(w)) dw dz.
RN
Now, by approximation, we can take in (4.18), p=u+tAv, A >0, v € W;g(Q) So, letting A — 0,
we get
/ / CJ’pJ w)YP x(w, 2)z - Vo(w) dw dz
RN

/RN/ CJPJ w) |z - Vu(w ),p—2 (z - Vu(w)) (z - Vo(w)) dw dz.

(4.18)

Consequently,
/ / %J(z)g(w)l/px(w,z)z - Vo(w) dw dz
RN JS 2
= Cj,p/ g(w)a(Vu(w)) - Vo(w)dw, for every v € W;’S(Q),
S 2

where )
a;(£) = CJ,p/ 37(2) |2 €P7% 2 €25 dz.
RN
Then, since a(£) = |£]P72¢ (see [7] for the details), (4.16) is true. O

Theorem 4.3. Assume p > 1, J satisfies (HJ) and J(z) > J(y) if |x| < |y|, and g satisfies (3.1)
and (3.3). Assume also g is lower semicontinuous. Then, for any ¢ € L*°(Q2), we have that

-1

(4.19) (I + BngEﬂ)_l ¢— (I+BI) "¢ inLP(Q) ase— 0.

Proof. For each m € N, let the open sets S,, = {z € Q : dist(z,9S) > 1/m}.We have that
S = U S, there exists ay, > 0 such that g(z) > a,, > 0 for every = € S,,, and there exists a
finite number of balls B; covering S,,, with B; C Spy41-

Let &, a subsequence converging to 0. We can suppose that such sequence, or a subsequence
if necessary, satisfies (4.12), then, in each ball B;,

/ / 1CJp -y T+y
2e, N7\ e, )9\ 2
10, T —y

Ue, (y) — ue, () 7
€n

drdy < M,

and also
uf':n (y) - U’En ("’U) P
€n

drdy < M/opmy1.
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Therefore, by [7, Proposition 3.2(2.1)] (see also [17, Theorem 4]), taking into account (4.7),

~1
(14+B=9) o— (1+BY) "¢ aeing
-1
Now, since in fact {(I + B;‘,]p end ) gb} is bounded in L*°(€2) the result follows. O

From the above theorem, by standard results of the Nonlinear Semigroup Theory (see [20] and
[16]), we obtain the following result.

Theorem 4.4. Let p > 1. Assume J satisfies (HJ) and J(z) > J(y) if |x| < |y|, and g satisfies

(3.1) and (3.3). Let T > 0 and ug € LP(Q2). Let u. the unique solution of PZ;]”’E’g(uo) and u the
unique entropy solution of Ny (ug). Then

lim sup |[uc(t,-) —u(t,")||Lr(@) = 0.
5_>Ote[07T]

Proof. Since By and BIN(LP() x LP()) are m-completely accretive in LP(2), to get the result
-1
it is enough to see that (I + ng’a’g> ¢ — (I+BI) " ¢in LP(Q) as e — 0 for any ¢ € L=(),
which follows by Theorem 4.3. U
5. EXISTENCE AND UNIQUENESS OF SOLUTIONS FOR THE NONLOCAL PROBLEM.
THE CASE p=1

This section deals with the existence and uniqueness of solutions for the nonlocal problem

B r+y\ u(t,y) —u(t, )
Ut(t,$) = /Q J(l’ - y)g ( 9 ) |u(t7y) — u(t,x)| d
u(x,0) = ug(z).

First, let us introduce what we will understand by a solution.

P9 (ug)

Definition 5.1. A solution ofPIJ’g(u[)) in [0,T) is a function u € WH(0, T; LY () which satisfies
u(0,z) = up(z) a.e. x € Q and

ut(t,x):/QJ(:E—y)g (”2”/> Wtz,y)dy  ae. in 10, T[xQ,

for some h € L>=(0,T; L (Q x Q)) with ||kl <1 such that h(t,z,y) = —h(t,y,x) and

s =g (5 ) ttn) < 3o =g (252 sion(utt.) — )

Here sign(+) is the multivalued function given by

-1 if r <0,
sign(r) =< [-1,1] ifr=0,
1 if r > 0.

As in the case p > 1, to prove the existence and uniqueness of solutions of P (ug) we use the
Nonlinear Semigroup Theory, so we start introducing the following operator in L!(2).
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Definition 5.2. Let J satisfies (HJ), g € L®(RYN), g > 0 a.e. We define the operator Bi]’g
in LY(Q) x LYQ) by o € Bi]’gu if and only if u,a € LY(Q), there exists h € L>®(Q x Q),
h(z,y) = —h(y,z) for almost all (x,y) € 2 x Q, [|hlloc <1,

i(z) = — /Q J(z —y)g (%“’) h(z,y)dy, ae e
and

5.1 s =g (T3 ) o) € g - g (T3 ) stentut) - u(o),

a.e. (z,y) € QxQ.

Remark 5.3.
1. 1t is not difficult to see that (5.1) is equivalent to

- [ [t e () nedataas = 5 [ [ o= g (S5 o) - o)y,

2. LY( Q) Dom(B{9) and B} is closed in L'(€2) x L'(%).
3. By 79 g positively homogeneous of degree zero, that is, if U € Bi]’gu and A > 0 then Aiu €
Blj’g(/\u).

Theorem 5.4. The operator Bi]’g is completely accretive and satisfies L>°(2) C Ran(I + Bi]’g).

Proof. Let 4; € B‘]’ u;, i = 1,2. Then there exists h; € L®(Q x Q), ||hilloo < 1, hi(z,y) =

—hi(y,x), J(z — y)g (%54) hi (w y) € J(z —y)g (*5¥) sign(ui(y) — ui(x)) for almost all (z,y) €
Q x ), such that

ui(zr) = — /Q J(x —y)g (56—2Fy> hi(z,y)dy, ae. x €,

for i = 1,2. Given q € Py, we have

[ i) = wa(atun(@) = wate) o
= ;/Q/QJ(:C —y)g (x—;—y) (g1(z,y) — g2(z,v)) (q(ui(y) —u2(y)) — q(ui(x) — ua(x))) dedy.

Now, by the mean value Theorem
J(x —y)g (5) (hi(z,y) — ha(z,y)) [a(ur(y) — u2(y)) — q(ui(z) — ua(z))]

(%52) (h(@,y) = ha(z,))d'(€) [(ur(y) — u2(y)) — (ur(2) — uz(2))]
= J(z —y)g (5%) d'(&) [ (2. y) (ur(y) — (@) — ha(z,y) (uz(y) — uz(2))]
g

q
—J(x —y)g (554) ¢' (&) [ha(z,y) (u1(y) — ur(z)) — ha(z, y) (uz(y) — ua(z))] > 0,
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and
—J(z —y)g (

we get

r+y
2

) st w50) = w500 = =36 = g (T2 ) lus) ~ il i £

[ (@)~ ta(a))atur (@)  ua(a)) do > 0,
Q
from where it follows that Bi] 9 is a completely accretive operator.

To show that Bi] Y satisfies the range condition, let us see that for any ¢ € L>(),
lim (I + B)9) ¢ = (I + B}’ ¢ weakly in L'(Q).
p%

-1
Let ¢ € L*>(2). For 1 < p < 400, by Theorem 2.6, there is u, such that u, = (I + Bg’g) o,
that is,

w(@) = [ =98 (52) ) = w@P2ul0) = uy () dy = 0(2) e €0,

Thus, for every v € L*°(Q2), we can write

62 [uw= [ 7609 () 1) - @l ) - w@) dyow) o= [ oo
Since u, < ¢, by Proposition 2.1, we have that there exists a sequence p,, — 1 such that
(5.3) Up
Observe that [luy, || L), |l Lo @) < |¢]l Lo (). Now, since
|l () — Upn(fv)lp” 2 (upn(y) — p, ()] < 2llg]loc)
there exists h(z,y) such that

[tp, (y) = up, ()P 72 (up, (y) = up, (2)) = h(z,y),
weakly in L1(Q x Q), g(x,y) = —g(y, z) for almost all (z,y) € Q x Q, and ||h]|o < 1.
Therefore, passing to the limit in (5.2) for p = p,, we get

(5.4) /uv—// x—y ( —2|—y> h(z,y)dyv(x dm—/qﬁv

for every v € L*°(Q2), and consequently we get

u(z) — /Q J(z —1)g <°””‘2”’> hz,y)dy = d(z)  ace. z €.

Then, to finish the proof we have to show that

(5.5)
5_5/ [ =g () iy dmuterdn =3 [ [ 501 (T2 futo) — u(o) e

In fact, by (5.2),
/ / £ — ) lupn (4) — upy ()P dy iz = / Pt — / .
Q Q

—u weakly in L*(Q), u < ¢.

n
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so, using (5.3) and (5.4) with v = u, we get
imsup s [ [ =g (5 ) i)~ v () dydo
n—+00o

§/Q¢u—/guu:—/9/ﬂj(x—y)g (T) h(w,y) dyu(z) da.

Now, by the monotonicity Lemma 2.5, for all p € L>°(Q),

= =0 () o) @2 0(0) ~ o) () — gl
QJQ
[ =000 () ) (P ()~ 0, 0) i (i 2) — )
QJQ

Therefore, taking limits, we obtain

= [ [t =g (T3 siwnolot) — ple)) di (u(a) = pla) o

—/Q/QJ(UC —Y)g (T) h(z,y) dy (u(z) — p(x)) dz.

Taking now, p = u £+ Au, A > 0, and letting A — 0, we get (5.5), and the proof is finished. O

Theorem 5.5. For every initial datum uy € L'(Q) and ant T > 0 the problem Pl‘]’g(uo) has a
unique solution in (0,T) and, moreover, an L'—contraction principle holds for such solutions.

Proof. As a consequence of the above results, we have that the abstract Cauchy problem

{ W () + BMu(t) 30, t€0,T],
u(

(5.6) 0

has a unique mild solution u for every initial datum ug € L*(2) and T > 0 (see [16]). Moreover,
due to the complete accretivity and the homogeneity of the operator Bi] Y the mild solution of
(5.6) is a strong solution ([15]) and, so, a solution of P;"(uy). O

6. THE LOCAL PROBLEM FOR p =1

Let © € RV a bounded domain and 0 < g € L>(£2). In this section we are interested in the
following local diffusion equation with homogeneous Neumann boundary condition,

Du
d1v< ) in ]0, T'[x€,
Du) I

g D
Ny (uo) ‘Du’ n=20 on |0, T[x 0%,

u(x,0) = up(x) in Q,

where 7 is the unit outward normal on 0f).

Due to the linear growth condition on the Lagrangian, the natural energy space to study prob-
lem N{(up) is the space of functions of bounded variation. Let us recall several facts concerning
functions of bounded variation (for further information concerning functions of bounded variation
we refer to [38], [51] or [2]).
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A function u € L'(2) whose partial derivatives in the sense of distributions are measures with
finite total variation in 2 is called a function of bounded variation. The class of such functions
will be denoted by BV (§2). Thus v € BV () if and only if there are Radon measures p, ..., uyx
defined in € with finite total mass in {2 and

/ uDjpdr = — / pdp;
Q Q

for all ¢ € C§°(Q2), i = 1,..., N. Thus the gradient of u is a vector valued measure with finite
total variation

(6.1) |Du| = sup {/ wdivds : o € CF(Q,RY), |o(x)] <1 for z € Q}
Q

The space BV(Q) is endowed with the norm |ul[py = |[ul|p1(q) + [Du|. For u € BV({2), the
gradient Du is a Radon measure that decomposes into its absolutely continuous and singular
parts Du = D% + D%u. Then D% = Vu LY where Vu is the Radon-Nikodym derivative of the
measure Du with respect to the Lebesgue measure £V,

We shall need several results from [10] (see also [4]). Following [10], let

Xp(Q) ={z e L®(QRY) : div(z) € ()}, 1<p<N.
If z € X,(Q) and w € BV(Q) N LY (Q) we define the functional (z, Dw) : C5°(2) — R by the

formula

(2. Du).0) =~ [

w pdiv(z) dx — / wz - Vedz.
Q

Q
Then (z, Dw) is a Radon measure in €2,

/(Z,Dw):/z'dex Vwe Wh(Q)n Le(Q)
Q Q

‘/B(Z,Dw)‘ S/B\(Z,Dw)]g HZHoo/B!Dw|

for any Borel set B C Q.

In [10], a weak trace on 92 of the normal component of z € X,(Q2) is defined. Concretely, it
is proved that there exists a linear operator ~ : X,(Q2) — L>*(0Q) such that ||7(2)||cc < ||2]oo
and v(z)(x) = z(z) - v(z) for all z € IN if z € C1(Q,RY). We shall denote v(z)(x) by [z, V](x).
Moreover, the following Green’s formula, relating the function [z, v] and the measure (z, Dw), for
z € X,() and w € BV(Q) N LP (), is established:

(6.2) /Qw div(z) dx—l—/Q(z,Dw) :/89[z,1/]w dHN L.

and

To define the differential operator div (glg—uuo we need to recall the concept of total variation

with respect to an anisotropy (see [1], [14] and [24]). We say that a function ¢ : @ x RN — [0, 00)
is a metric integrand if ¢ is a Borel function satisfying the conditions

(6.3) for a.e. z € Q, the map & € RY — ¢(z,€) is convex,
(6.4) b(u,t6) = t|o(x,€) Yz eQ, VEERN, VieR,
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and there exists a constant I' > 0 such that
0<¢(z,6) <TIEll VzeQ, VEeRN
Recall that the polar function ¢° : Q x RV — R of ¢ defined by
¢*(z,&) = sup{(£*,€) = €€ RN, ¢(x,6) <1}.
Let
Kp(Q) = {2z € Xo(Q) : °(z,z(z)) < 1foraex e, [z,v] = 0}.
Definition 6.1 ([24]). Let u € LY(Q). We define the ¢-total variation of u in  as

/|Du|¢ —sup{/udivzdx : ZEIC¢(Q)}.

BVy(Q) == {u c LY(Q) : /Q|Du\¢ < oo}.

From the definition it follows that u € L'(Q) — [, [Duls is a lower-semicontinuous functional
with respect to the Ll—convergence
It is easy to see that if u € BV (Q2), then

/|Du|¢ <r/ |Dul.

Moreover, if ¢ is coercive in €, that is, there exist A > 0 such that A[[{]] < ¢(z, &) for all z €  and
for every ¢ € RY, and continuous in second variable, in [1] it is proved that BV,(2) = BV (1)

and
3 [ 1pul < [ 1Dl <t [ Dul
Q Q Q

In [14] (see also [24]) the following result is proved.

We set

Proposition 6.2. Given a metric integrand ¢, let
~ 1,1
Jo(u) = /ng(x,Vu(:E)) de if we WH'(Q),
+00 if we LY (Q)\ Whi(Q).
Let J75 be the relazed functional, that is,
Jp(u) := inf {hm inf Jy(up) @ up — u in LYQ), up, € Wl’l(Q)} :

n—oo

Then, for every u € BV4(Q2), we have
Totw) = [ 1Duls
Q

Hence, for every u € BV4(Q), there exists a sequence u,, € WHH(Q) such that u, — u in L()

and
/ o(z, Vup(z)) de — / | Dulg.
Q Q
In particular, BV4(Q) is the finiteness domain of J,.
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Moreover, if u € BV4(2) N LI(Q) (1 < g < 00), then we can find a sequence u,, € WH1() N
L1(Q) such that u, — u in LI().

In [24], the generalized Green’s formula of Anzellotti (6.2) (see [10]) is extended to the case in
which the function belongs to BV4(€2). Given u € BV, (2)N LV (Q) and z € X,(Q), we define the
functional (z, Du) : D(2) — R as

((z, Du), ¢) ::—/prdiv(z) da:—/Quz-Vgpdx.

For 1 < p < oo, we denote,
Ap () :={z € X,(Q) : [|¢°(z,2(2))| Lo (o) < o0}
The following result can be proved as in [10] (see also [4]).

Proposition 6.3. Assume ¢ is a metric integrand. If u € BV4(Q) N LY (Q) and z € A, 4(Q),
then (z, Du) is a Radon measure in Q and

‘ /Q (z, Du)

Moreover, if [z,v] =0 on 09, the following Green’s formula holds,

(6.5) /Qudiv(z) dw—l—/(z,Du) = 0.

Q

< 1620 2()) =@y /Q Dul.

As a consequence of Green’s formula (6.5), we have

/Q|DU|¢ = Sup{/ﬁ(z,Du) : ZEK¢(Q)}.

A particular case, interesting for our purposes, is when g : Q2 — [0, 00) is a bounded Borel function
and we consider the metric integrand ¢, : Q x RN — [0, +00] defined by ¢,(z,&) := g(z)||¢].
Then (see [1])

0 if g(l‘):(), =0,
too i gla) =0, & £0,

gf;q if g(z) >0, & € RV,

g, €)=

Consequently,
Kg(Q) := Ky, () ={z € X () : |2(2)| < g(2) for a.e x € Q, [z,v] = 0}.

In this particular case we will use the notation

By ) = {ue 1) : [ |pul, <o},

/Q|Du|g ::sup{/ﬂudivzdx : zeng(Q)} zsup{/Q(z,Du) : ze/cg(m}.

where
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We define the energy functional @, : L?(2) — [0, +00], associated with the problem N7 (ug), by

|Dulg if  we BV, (Q)NL Q)
Dg(u) = Q
+00 if  we L*Q)\ BV,(Q).
We have that ®, is convex and lower semi-continuous. Therefore, the subdifferential 0®, of &4,
i.e. the operator in L?(Q) defined by
(6.6) v € 0Py(u) <= Py(w) — Py(u) > / v(w—u) dez, Y w e L*(Q)
Q

is a maximal monotone operator in L?(Q2). Consequently, the existence and uniqueness of a

solution of the abstract Cauchy problem
6.7) U (t) + 0Pg(u(t)) 30 t €]0, 00[
. u(0) = ug ug € L*(Q)

follows immediately from the Nonlinear Semigroup Theory (see [19]). Now, to get the full strength
of the abstract result derived from Semigroup Theory we need to characterize 0®,.

Lemma 6.4. The following assertions are equivalent:

(a) (u,v) € 0Py;

(b)
(6.8) u € L*(Q) N BV,(Q), v e L*(Q),
(6.9) Jz € X(Q)2, ||z(z)]| < g(x), ae. z € Q such that v = —div(z) in D'(Q),
and
(6.10) /Q(z,DU)z/Q\DUIg,
(6.11) [z,v] =0 HN —ae. on 09
(c) (6.8) and (6.9) hold, and
—u)vde z-Vwdr — u w 11 2(Q);
(6.12) /Q(w Jvd. g/Q Vwd /Q|D lg» Yw € WH(Q) N L*(Q);
(d) (6.8) and (6.9) hold, and
(6.13) /Q(w —u)vdr < /Q(Z,Dw) — /Q |Dul, Yw € L*(Q) N BV,(Q);

Proof. First let us see the equivalence of (a) and (b). This follows working as in the proof of
Proposition 1.10 in [4]. If we denote by

B0 - {

D, (v) = cwe LA
o(0) = sup { FELE e 1))
since @, is positive homogeneous of degree 1, by Theorem 1.8 in [4], we have

(6.14) (u,v) € 9B, = By(v) <1, /Qvud:n = D, (u).
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Let us define for v € L?(Q)
. { inf {690 5()ll=(@ %€ CE)} i C(o) £0
+00 if C(v) =0,
where
Cv) i={z € Ay, (Q) : v=—div(z) in D'(Q), [z,v] =0 H"' —ae. ondQ}.

We claim that
(6.15) U, =D,

Let v € L3(Q). If ¥, (v) = +oo, then Efg(v) < ¥,4(v). Then, we may assume W, (v) < co. Let
z € C(v) such that [|¢)(-,z(:))|| () < oo. By Proposition 6.3, for any u € BV,(€) N L*(Q) we

have
[ wvde = [ @.0w < 1652 e [ 1D

Taking supremums in u we obtain Zﬁ;(v) < H(;SS(-, z(-)) | Lo (@)- Now, taking infimums in z we ob-
tain (/ﬁ;(v) < Wy(v). To prove the opposite inequality, let D := {—div (z) : z € C(v), v € L*(Q)}.
Then, for u € BV, () N L*(), we have

“u — Jo udiv (z) dz . o w ) o
= p{y\¢2(.7z(.))|,m(m + 7€ C(w), EL(Q)}_cpg( ).

Hence, ¥y(u) < ®4(u), and (6.15) holds.

By (6.14) and (6.15), it follows the equivalence between (a) and (b). To obtain (d) from (b) is
sufficient to multiply both terms of the equation v = —div(z) by w — u, for w € L2(Q2) N BV,(f2)
and to use Green’s formula (6.5). It is clear that (d) implies (c). To prove that (b) follows from
(d), we chose w = u in (6.13) and having in mind Proposition 6.3 and (6.9), we obtain that

/Q Dul, < / 2, Du) < 60, 2() | z=(a / Duly < / Dul,,

from where (6.10) follows. To obtain (6.11), we choose w = u £ ¢ in (6.13) with ¢ € BV (Q2) N
C>®(Q) N WH(Q) and we get

:I:/govdxﬁ:t/z-Vgoda:,
Q Q

/godiv(z)dx—l—/z-Vgpdx:O.
Q Q

Then, having in mind the definition of the weak trace on 0f2 of the normal component of z given
n [10], we get

from where it follows that

[z,v] =0 HYT! —ae. on 9Q.
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In order to prove that (c) implies (d), let w € L?(Q)N BV,(f2). By Proposition 6.2, there exists
a sequence w, € WH1(Q) N L2(Q) such that

w, —w in L*(Q) and /g(a:)|an(a:)]dx—>/]Dw|g.
Q Q

Using wy, as test function in ( 6.12), we have

(6.16) /(wn —u)vdr < / z - Vwy, dx — / |Dulg.
Q Q Q

Now, by Lemma 13.2 in [24], we have

/Z'andxﬁ/(z,Dw).
Q Q

Therefore, taking limit as n — +o0 in (6.16), we get (6.13). O

Definition 6.5. We say that u € C([0,7]; L?()) is a solution of problem N7 (ug) in [0,T] x Q
if u € VVli’f(O,T; L*(Q)) u(t) € BV, () for almost all t €]0,T[, u(0) = wug, and there exists
z € L]0, T[xQRN), ||z(t,z)| < g(z), ae. (t,x) €]0,T[xQ such that [z(t),v] = 0 in OQ a.e.
t €]0, T, satisfying

us = div(z) in D'(]0,T[xQ)

/Q (u(t) — w)uy da < /Q (2, Dw) — /Q Du(t)],
for all w € L?(2) N BV, (Q) an a.e. t € [0,T].

and

By Lemma 6.4, the concept of solution for problem N7(ug) coincides with the concept of
strong solution for the abstract Cauchy problem (6.7). Then, since we know that problem (6.7)
has a unique strong solution for any initial data in L?(£2), we have the following existence and
uniqueness result.

Theorem 6.6. Let g : Q2 — [0,00) is a bounded Borel function. For any initial data ug € L*(Q)
there exists a unique solution u of the problem N (ug) in [0,T] x Q for every T > 0. Moreover if
u and v are solutions of N{(ug) corresponding to the initial conditions ug, vy € L?(2), then

[u®) =v®)l[L2(@) < luo —vollL2@)  for any > 0.
7. CONVERGENCE OF THE NONLOCAL PROBLEMS TO THE LOCAL PROBLEM. THE CASE p =1

Similarly to the case p > 1, in order to do the rescaling, we need a variant of [7, Proposition
3.2(1.i1)].

Proposition 7.1. Let p: RN — R be a nonnegative continuous radial function with compact
support, non-identically zero, and pp(x) := an(nac). Let S an open set, S C §, and let | €

L>®(RN) such that
() = { l(x) >0 inS,
0 in RV \ S.
Let us also assume that | satisfies

(7.1) leC(9).
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Let {fn} be a sequence of functions in L*(Q) such that

T+y 1
(72) [ [ onts=an (S50 ) 150 - pu(oldoay < a1
aJa n
and {fn} is weakly convergent in L'(S) to f.
Then, l%fj 1s a bounded Radon measure in S, j =1,..., N, and moreover
: 1 L\ fo(wtspz) = f (w=5:2) | _
117?1 [p(z)l(w)XQ <w + 2n> X <w - an) 1/n = p(w, z)

weakly as measures with
p(w, z) = p(2)l(w)z - Vf(w) inSxRY,

and
pww,z) =0 in (RV\ Q) x RV,

Proof. Making the change of variables y = x + %z, T=w— ﬁz, we rewrite (7.2) as

1\ |Fn(w+22) = Fo(w— L2
[ L et (w52 Fo (0 + 352) = T (w = 5;2)
RARY 2n 1/n
X 1 o 1 "
where X (w + %Z) = Xq (w + %Z) Xa (w — %z) . Therefore, up to a subsequence,

Ff(w+L2)—F (w— Lz
(7.3) p(2)l(w)X¢s <w:i:21nz> fo (Wt 5 )1/nfn( w2 .

dwdz < M,

p(w, 2)

as measures and
pww,z) =0 in (RV\ Q) x RY.
If p € C°(Q), supp(p) C S, taking

R {@ in S,
Q= [

0 otherwise,

and 1 € C°(RY), by (7.3) and [2, Proposition 1.62], we have
T 1 .N_7F _ 1
/]RN /Qp(z)l(w)Xé <w + 21nz> fo (w4 2”2)1/nfn (= 2,2) H(w)dwip(z)dz

. /R ) /Q Blw)i(=) du(w, 2),

That is,

RSN AT EE ISR

(7.4) 2n 1
= [ | et dut.2),
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Now, for n large enough,

/RN/ g (wi 212> falot o Z)l/nfn Ch 71Z>SO(w)dwwz)dz
_/RN /fn w+ 5 Z)l/nfn( — 52) o(w0)dw(2)dz
=~ [ ) [ ) Pt 202) P00 207 g s

1/n
Then, passing to the limit, on account of (7.4), we get
(7.5) / /cp(w) z) dp(w, 2) / / )z - Vp(w)y(z) dwdz.
RN Js L(w) RN

Now, applying the disintegration theorem (Theorem 2.28 in [2]) to the measure p, we get that
if 7:5xRYN — RY is the projection on the first factor and v = 74|, then there exists a Radon
measures [, in RY such that w — f,, is v-measurable,

|| (RY) < 1 v—ae. in S
and, for any h € L*(S x RN |u|),
h(w,-) € L*(RY, |i)) v—ae in weS, w h(w, 2)du,(2) € LY(S,v)
RN
and

(7.6) /SxRN h(w, z)dp(w, z) = /S </]RN h(w,z)duw(z)> dv(w).
From (7.5) and (7.6), we get, for ¢ € C°(S) and ¢ € C®(RYN),

1 O E , of
/S ( o w(z)duw(z)> mgp(w)du(w) = <;/]RN p(2)zih(2)dz Dw ©).

HGDCG, as measures,

Z/ 2)zinh(z dz— /w Vi (2) = in 9,

and therefore

Z/ 2)zip(z)dz 1 or _ Y(2)dpy(2) v in S.

8?11@ RN

Let now ¢ € C2°(RY) be a radial function such that ) = 1 in supp(p). Taking 1(z) = 1)(2)z;
in the above expression and having in mind that

| @z =0 it
RN
we get

/ p(2)z] 2d2?lﬁ P(2)zjdpy(2) v in S.
RN RN

ow;
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Since v € My(S) and w — [pn ﬁ(z)zjduw(z) € L'(S,v), we obtain that Z;Tfj is a bounded Radon
measure in S. Going back to (7.6), we get

N
pl,2) = 1) D2 5L @) )2V (o)
i=1 '

O

For the proof our next results we need the following assumptions: we assume that g € L>(R"Y)
is such that

g(x) >0 ae. in S CK, S an open set,
(7.7) g(x) = N
0 a.e.in RV \ S,
(7.8) g € C(9).
Let us now proceed with the rescaling. Set
] CJ71 T . 1 . 1
Jie(x) = 51+NJ <g> ,  with cn =3 /RN J(2)|zn| dz.

Theorem 7.2. Assume J satisfies (HJ) and J(x) > J(y) if |z| < |y| and that g satisfies (7.7)
and (7.8). For any ¢ € L*>(Q2), we have

-1
(I + B{l’f’g) 6 — (I+00,)" ¢ inLY(Q) ase — 0.

~1
Proof. Given e > 0, we set u. = (I + Bijl‘s’g) ¢. Then, there exists he € L>®(QxQ), he(x,y) =
—he(y, z) for almost all z,y € Q, ||hc|loo < 1,

(522 o () oy € 7 (2 ) (T4 ) sientuct) - 0eo) we my €9

3

and

(7.9) —5_{’;/91] (“7 - y) g (x ; y) he(z,y)dy = d(z) — uc(z)  ae. z € Q.

€

Ci1 x—y x+y
_€1+N/Q/QJ< c )g< 92 he(x,y)dyue(x)dm
_Cnl -y T +y
= Sa [ LI () o () o) - et dy

By (7.9), we can write

2511}/(2/9‘] <x ; y) Y (x ;r y> he(x,y)(v(y) — v(z)) dedy
L e

= /Q(gb(:p) — us(z))v(x) de, Yo € L>(Q).

Observe that

(7.10)
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Since u. < ¢, there exists a sequence €, — 0 such that
ue, —u weakly in L'(Q), u < ¢.

Observe that [[uc, || oo (), [l e @) < [[@llz)- Hence taking ¢ = &, and v = u, in (7.11),
changing variables and having in mind (7.10), we get

C n Ue En o) U, _ &n
/ / —J’IJ(Z)Q(w)Xng(x 1 Sy [Tenlw ¥ 32) ~ e (W 5 Z)’ dw de
RN JRN 2 En
1 _
2 5n 2 €n
= /(¢(x) e, (2))ue, () de < M Vn € N.
Q
Therefore, by Proposition 7.1, g5 ", is a bounded Radon measure in S, j =1,..., N,
C1 . T tn ) _ 7 _&n
weakly as measures with
pu(w, z) = 0‘27’1 (2)g(w)z - Du(w) in S x RY,

and

pww,z) =0 in (RV\ Q) x RY.
And by [7, Proposition 3.2(2.ii)] (see also [17, Theorem 4])

Ue, — U strongly in L(€).

Moreover, we can also assume that

(7.13) J(2)XE (w % %z)g(w)ﬁgn (w— 2w+ %”z) — A(w, 2)

2
weakly* in L%°(RN) x L=(RY), and |A(w, 2)| < g(w)J(z) almost everywhere in R x RY. Chang-
ing variables and having in mind (7.11), we can write

(7.14)

v(w+ F2) —v(w — F2)

C‘ZI’I/RN/RNJ(Z)Xé(w:t %z)g(w)ﬁgn(w ;z w+ % z) - dz dw
- / (6() — 1o, (2))0(x) dz o € L(Q)
By (7.13), passing to the limit in (7.14), we get
(7.15) C;]J/RN/SA(U), 2)z - Vo(w) dwdz = /Q(gi) —u)v Vv smooth,

and, by approximation, Vv € L>(Q) N WH1(Q). We set ¢ = (¢1,...,(n), the vector field defined
by
Cra

G(w) == Aw,z)zjdz, j=1,...,N.
2 JgN
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Then, ¢ € L>®(Q,RY), and from (7.15),
—div(()=¢—u in D'(Q).
Given & € RV \ {0}, let R¢ be the rotation such that Rg(&) = e [¢]. If we make the change of
variables z = R¢(y), we obtain

)€ =4[ Mwyzegde= [ A Rew)Relw) ¢y

2 2
Cy
=5+ | Al Re)ylé|dy.
RN

On the other hand smce J is a radial function and A(w,z) < g(w)J(z) almost everywhere, we
obtain, Cy; ™! = % fRN z)|z1| dz and

ctw)-6 < 2 [ g wlnl el = gwlel e weRY.
RN

Therefore, |[((w)|;2(n) < g(w) a.e. w € RV,
Since u € L>®(9), u € BVy(Q) and [, |Duly < |gDu|(S), by Lemma 6.4, to finish the proof we
only need to show that

(7.16) Lo=we-uw=< /S C-Vp—lgDul(S)  Vpe WH(Q).
Given p € WH1(Q), taking v = p — u.,, in (7.14), we get
| (0(2) = e, (@) (0(0) — e, (@) da

C]l En En
(7.17) /RN/RNJ z)g(w)Xg( w:l: 5 " 2)he,, (w — ?z,qu?z)x

y plw+52) —plw—32) T, (w+ F2) — U, (w0 — F2)
En En

> dz dw.

Having in mind (7.12) and (7.13) and taking limit in (7.17) as n — oo, we obtain that

[o-u6-wd < Co
Q

Jl

A(w, z)z - Vp(w)
RN ]RN

/g Vp C”// )z - Du| dz dw.

Now, for every w € S such that the Radon-Nikodym derivative |ZgZ\ (w) # 0, let R, be

the rotation such that RY, ( gDu (w)) = e |2Bu (w)‘ Then, since J is a radial function and

)J(2)z - Du|dz dw

lgDul lgDul

‘ gDu
lgDul

gDu‘ ‘ 1 |gDul-a.e. in S, if we make the change of variables y = R,,(z), we have
Du

CJl// )z - Du|dz dw = C '
RN RN lgDul

C
1 / / y) ly| dy dlgDul(w) = /S l9Dul.

Therefore (7.16) holds. O

(w >\ dz dlgDul(w)
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As a consequence of Theorem 7.2 and the Nonlinear Semigroup Theory (see [20]), we have the
following convergence result.

Theorem 7.3. Assume J satisfies (HJ) and J(x) > J(y) if |x| < |y|, and g satisfies (7.7) and

(7.8). Let T > 0 and ug € L*(?). Let u. the unique solution of Pljl‘s’g(uo) and u the unique
solution of N (uo). Then

(7.18) lim sup fue(t,-) - u(t, )llpq) = 0.
e=0¢¢l0,7]
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