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ABSTRACT. In this paper we consider existence, asymptotic behavior
near the boundary and uniqueness for solutions to Au = e?®* in a
bounded smooth domain © with the boundary condition u(z) — +oo
as dist(z,0Q) — 0. The exponent ¢(z) is assumed to be a Holder
continuous function which is either positive on 02 or is positive in a
neighborhood of 92 maybe vanishing on 9€2. When dealing with non-
negative exponents ¢ we are allowing nonempty interior regions ¢ C €2
where ¢ vanishes. Changing sign exponents ¢ will be also considered.

1. INTRODUCTION

We will be concerned in this paper with the study of solutions to

Au(z) = et®@)u) in ©,
(1.1) { U = 400 on 01,

where € is a smooth bounded domain in RY and the boundary condition is
to be interpreted in the sense that u(z) — 400 as d(x) := dist(z,9Q2) — 0.
The exponent ¢(z) will be assumed to be a Holder continuous function which
is either nonnegative or exhibits both signs.

Problems like (1.1) are usually known in the literature as boundary blow-
up problems, and their solutions are also named “large solutions”. A great
amount of work has been dedicated to study such problems, see [1], [2], [3],
[4], 6], 7], (8], [9], [10], [11], [12], [13], [18], [19], [20], [21], [22], [24], [25], [26],
[27] and [28]. We refer the reader to [12] and [27] for a more complete list
of references. In most of these references, the nonlinearities considered are
generalizations of the two model ones: f(u) = uP with p > 1 and f(u) = e*.
Up to our knowledge, this is the first time where a variable exponent ¢(x) is
studied in an exponential (see also [23] and specially [14] for further results
concerning a power nonlinearity with variable exponent f(u) = u9(®).

In the case where ¢(z) is a constant ¢ = go > 0, problem (1.1) was first
considered by Bieberbach in [4], who proved existence of a solution and
later by Rademacher in [26], who showed uniqueness of solutions with the
additional requirement that |u + 2logd| is bounded in Q. It was finally
shown by Lazer and McKenna in [20] that the solution is unique with no
further restriction. On the other hand, if ¢(z) = 0 then it is easily seen that
there is no solution to (1.1).

One of the main novelties of the present work is that ¢(x) is going to be a
general nonconstant exponent. In a first group of results ¢ will restricted to
be nonnegative but allowing that ¢ vanishes inside 2. To precisely describe
our hypotheses concerning nonnegative exponents, we assume the existence
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of a smooth open subset Qy C Q such that Qy = {z € Q : ¢(z) = 0}
(of course, 2y may be empty). Smooth is understood in the usual sense,
i. e., g is located at one side of its boundary 9€)g which is a closed smooth
submanifold of RY. This means that €y possesses finitely many connected
pieces which are in turn smooth subdomains of 2. We will designate by
0,1 the union of those connected components of {)g whose boundaries have
common points with the boundary of Q. Similarly, we set Q92 = Qo \ Q0,1
and thus Qo2 C Q. Finally we are naming Q4 :=Q\ Qo ={z € Q: ¢(z) >
0} and setting I'y = 99y N 0N, Ty = Iy N Q.

To avoid unnecessary technicalities we are supposing that I'y and I'; are
“far away” from each other, that is, 'y Ny = (). This means that whenever
09y and 0N touch, the tangency is along a whole closed submanifold of
0 (or, to be more precise, a submanifold of 92y 1). On the other hand,
observe that the set Q4 U 5072 =0\ 5071 and so is an smooth open part of
Q. Moreover d(Q4 UQp2) = 004 \ 02 = {094 NN} U{T2 \ 002}

The main idea to show both existence and nonexistence of solutions in
most of the previous works is to prove existence of solutions to (1.1) replacing
the boundary condition u = +o00 by u = M for finite M, and then take the
limit as M — oo. Here we perform a similar approximation procedure and
consider (1.1) with v = M as boundary condition. Our first result describes
exactly what happens with these approximations.

For immediate use we fix the following notation:

Qs ={zr e :dx)<d}.
Recall that we are designating by d(z) the distance dist(z,092).

Theorem 1. Assume q € C"(Q)) is nonnegative and verifies the previous
hypotheses. Then for every M > 0 there exists a unique solution ups to

Au(z) = e?@)ul@) in Q,
u(z) =M on Of.

Moreover, the family {un}ar=o is increasing in M, the limit uso of ups as
M — oo exists and verifies

Uoo () = 400, z € Qo, B
Uso () < +00, z €0y UQpo.

In addition, us is a finite solution to Au(z) = e9@) jn QO U Q. Fur-
thermore, if the exponent q(x) verifies
(1.2) sup q(z) = o(9) as 0 —0
{diSt(m,@Qoyl) < (5}
then
lim wps(x) = 400, for x € 004 \ 02,

M —oc0

and hence us is a solution to (1.1) in Q4 U Q2.

As a conclusion that can be drawn at once from Theorem 1 we have:
on the one hand, if u is a solution to (1.1) it follows by comparison that
u > upr, and hence no solutions to (1.1) can exist when Q1 # (. On the
other hand, when Qy; = (), use < 0o in £, and then it is a solution to (1.1)
(observe that condition (1.2) is not needed here). Thus we have:
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Corollary 2. Assume g € C"(S2) is nonnegative. Then problem (1.1) has a
positive solution if and only if {x € Q@ : q(x) =0} NIA =0, i.e., Qo1 = 0.

We remark that ¢ = 0 on 9 is compatible with Qg1 = (), as long as ¢ > 0
in a region of the form U N Q with U an open in RY containing 9.

Next, we deal with the asymptotic behavior of the solutions near the
boundary. We consider two illustrative cases: the first one is when ¢ > 0 on
the whole 92, where it is shown that the behavior of the solutions consist
of a sum of a blowing-up term and a term that vanishes when we approach
the boundary. Some extra regularity of ¢ near 912 is needed in this case.

Theorem 3. Assume g € C"(Q)NC?(Qs) for some § > 0 and is nonnegative
in Q with ¢ >0 on 0. Then if u is a solution to (1.1) we have
2 1 1

1.3 lim w(z)+ ——logd(z) + ——logq(z) — ——
U9 0 gy o gy ) o

With the natural hypothesis ¢ > 0 on 02 imposed in Theorem 3 we
obtain uniqueness of solutions. This uniqueness is a consequence of the
asymptotic behavior (1.3). Nevertheless, regarding uniqueness it suffices
with obtaining a not so sharp estimate as (1.3) (compare with (3.3) in the
proof of Theorem 3 and see Remark 1 after the proof of Theorem 4).

log2 = 0.

Theorem 4. Let ¢ € C"(Q) N C?(Qys) for some § > 0 be a nonnegative
function with ¢ > 0 on 0. Then there exists a unique solution to (1.1).

Note that ¢(x) may vanish in some interior region of Q and we still get
existence and uniqueness of solutions to (1.1) as long as ¢(z) > 0 on 0f.

The second boundary behavior that we are considering is when ¢ = 0 on
012, but it essentially behaves as a power of the distance d(z) near 9.

Theorem 5. Assume q € C"()) is nonnegative and there exist Q,y > 0
such that

(1.4) im 22 _ o

im0 d(z)7

Then for every solution u to (1.1) we have

(1.5) lim J@)u@) v 42
d(z)—0 — log d(x) Q
Notice that estimate (1.5) is weaker than (1.3). The limit (1.5), does
not give information about the presence of other explosive terms in the
asymptotic expansion of solutions u near 0f2. However, it is still sufficient
to guarantee uniqueness of solutions.

Theorem 6. Let ¢ € C"(Q)) with ¢ > 0 in 2, and assume that condition
(1.4) holds. Then problem (1.1) admits a unique solution.

A second main feature of this work is the handling of changing sign expo-
nents ¢(z) in problem (1.1). In order to properly fix our assumptions on ¢
we first present a negative result. It is the natural extension of Corollary 2
for general exponents q.
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Theorem 7. Assume that g € C"(2) satisfies ¢ < 0 in a ball relative to €,
B(zp,0) = {x € Q : |z —xo| < 6} for certain § > 0 and xo € IQ. Then
problem (1.1) does not admit any solution.

Thus as in the case of nonnegative exponents, problem (1.1) can only be
solved if ¢ > 0 near the boundary, i. e., in a open region U N 2 with U an
open neighborhood of 99 in RY. Such requirement is thus implicit in our
next hypotheses on q. We are assuming that ¢ € C"(Q) behaves so that
Q_:={x € Q:q(xr) <0} is a smooth subdomain of € strongly contained in
Q,1i. e. Q_ C Q. Moreover, ¢ will satisfy in addition ¢ > 0 in Q\ Q_. This
means in particular that {z € Q: ¢ =0} = 0Q_. Actually, the forthcoming
statements allow more general configurations on the nodal regions for ¢, in
particular the presence of a larger null set {¢ = 0}. However, and for the
benefit of the presentation, we are pointing out those possible extensions in
Remark 4.

Our main existence result shows the solvability of (1.1) under conditions
that involve the amplitude of the positive part ¢, of ¢ or the corresponding
amplitude of its negative part g_ or the size of Q. If for A C RN we set x4
its characteristic function (i. e. xa(z) =1if x € A, xa(x) = 0 otherwise)
then we are using the notation ¢_(z) = —q(z)xo_(2), ¢+ () = q(x)x, (z)
so that ¢ = ¢+ — q—.

Theorem 8. Assume q € C"(Q2) achieves negative values in Q according to
the structure conditions introduced above and let q—(x), q4(x) be its negative
and positive parts, respectively. Then,
i) Problem (1.1) possesses a solution provided that
8N
(1.6) diam(Q)?supgq_ < —,
e
where diam(2) = sup{|z —y| : z,y € Q}.
ii) If Lo stands for the minimum distance between parallel hyperplanes in RN
enclosing Q, then (1.1) admits a positive solution provided

(1.7) Lisupq, < 272

As a consequence of Theorem 8 a second existence result for problem (1.1)
holds in any domain €2 when scaling the problem in a suitable way.

Corollary 9. Let Q ¢ RN be a smooth domain and for X > 0 set Q) =
{Az : x € Q}. Assume that ¢ € C"(QQ) achieves negative values according
to the preceding conditions while gy € C"(Qy) designates the scaled version
ax(z) = q(x/N\) of q. Then there exists a (possibly small) positive value \g

such that the problem

Ay = e (@)u x €y,
U = 00 x € 0Ny,

admits a positive solution for all X < Ag.

It will be also shown in Section 5 by means of a class of one-dimensional
examples that the existence of solutions to (1.1) may be lost if either ¢_ or
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q+, or alternatively the size of €, become large in amplitude. Thus, condi-
tions (1.6) or (1.7) for existence in Theorem 8 can not be unconditionally
suppressed.

Finally, we remark that our examples also show that a second solution to
(1.1) exists say, whenever the size of ¢_, ¢4, a or 2 becomes small. Moreover,
in all cases, a bifurcation from infinity occurs. See Section 5 for details.

The rest of the paper is organized as follows. Nonnegative coeflicients ¢
are treated in Sections 2 and 3. In the former we consider the existence
of solutions and prove Theorem 1, while in the latter we are dealing with
the boundary behavior of solutions stated in Theorems 3 and 5 and with
the uniqueness of solutions to (1.1), Theorems 4 and 6. The proofs corre-
sponding to changing-sign coefficients ¢ are contained in Section 4. Finally,
section 5 is devoted to present some one-dimensional examples.

2. BEHAVIOR OF THE APPROXIMATIONS. EXISTENCE OF
SOLUTIONS TO (1.1)

This section is devoted to the proof of Theorem 1.

Proof of Theorem 1. First, we prove that for any M > 0 there exists a
unique solution uys to

Au(z) = e2@)u(@) in Q,
u(z) =M on 0f).

To this end we observe that a subsolution can be obtained considering u(z) =
(|Jz|? — R%)/2N, where R is taken so that |x| < R in . Indeed, notice that
u < 01in Q, and thus Au =1 2> e% in ). Since w = M is a supersolution, a
standard monotonicity argument shows that there exists a solution u,; that
verifies (|z|? — R?)/2N < upr(x) < M in Q. Uniqueness of the solution is
a consequence of the maximum principle. Moreover, if My > Ms then, by
comparison we get upr, > upg, in €. Therefore ups(x) is increasing in M
and hence the limit
Uso() = lm wups(x)
— 00

exists.

Now we make an important remark: notice that solutions to (1.1) need
not be positive. However, since ug = up|p/—o is bounded from below, we
may choose K > 0 such that v = ug+ K > 0 in Q, and v will solve the
equation

Av(z) = a(z)e?@®v (@)

where a(x) = e K9®) is bounded and strictly positive. Hence, with no loss

of generality we may assume in what follows that ug > 0 in €2, and this will
imply ups > 0 in 2 for every M > 0.

Our next aim is to prove that w is finite in Q4 U ﬁo,g. To this end, let
xo be such that g(xg) > 0. Since g(z) is continuous there exists ¢o > 0 and
d > 0 such that B(xg,d) C © and

q(x) > qo, in B(zo,9).



6 J. GARCIA-MELIAN, J. D. ROSSI AND J. C. SABINA DE LIS

Now, recall that there exists a unique solution to

{ Av(z) = e®?(®) in B(zo, 9),

(2.1) v = 400 on 0B(xg,9),

(cf. [20]). By comparison, uys < v in B(z,d), and it follows that
Uso () < v(x) < 00, x € B(xo,9),

and hence the limit u, is finite in Q.

To see that it is also finite in 5072, we take a small § and consider the set
Vs = {z € Q: dist(z,Qy2) < d}. Since Qpo does not touch the boundary
of €, it follows that 0Vsy C Q.. Notice that for every M > 0, ups is a
subharmonic function, and hence

upr S supupys < Sup Ueo
Vs Vs
in V. This last supremum is finite since uy, < 400 in Q4. This shows that
actually vy, < 400 in Q4 U 6072.
Now, let us show that us, = +o00 in €91. Let vys be the solution to

A’I)M(x) =1 in 9071,
op(z) =M on I'y,
vy (x) =0 on I's \ 09 2,

which is easily seen to be vy = M@ + v, where ¢ is the harmonic function
which equals 1 on I'y and 0 on I'y \ 9€ 2 and 7 is the solution to Ay =1 in
Qo1 with ¢ = 0 on 08 ;. By comparison we obtain ups > var in Qo1 (recall
that ¢ = 0 in Q,1), and since ¢ > 0 this implies up; — oo in Qg 1, as we
wanted to prove. Note that this divergence is uniform in compact subsets
of 9071 U (Fz \ 89072).

To conclude the proof of the theorem, we have to show that, under the
additional hypothesis (1.2), ups — oo on the boundary of Q4 U Qpo. We
have to show that up; — oo on I'y \ 2. To this end, fix a small § >
0, consider the set Us = {z € Q: dist(z,Q0,1) <} (an open part of 2
containing I'y \ 0§ 2) and let

q(0) = sup q(x).
{z € Q4 ¢ dist(x,Q0,1) < I}

Let vs be the solution to

Av(z) = ea()v(@) in Us,
v(z) =M on I'y,
v(x) =0 on OUs N €2,

for some M = M (J) to be chosen which will verify M — oo as § — 0. Now,
we scale out the factor M: it turns out that ws = vs/M verifies

A eMa(S)w(z) ‘

w(z) = —r in Us,

w(z) =1 on I'y,

w(x) =0 on OUs N Q.

If we choose M = 1/¢(6), it will follow that e™4®)w /M < Cq(6) — 0 as
0 — 0, and then it is standard to deduce that ws — wgy as 6 — 0, where wq
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is the harmonic function in €y ; which equals 1 on I'y = 9 1 N 92 and 0 on
00,1 N Q. Notice in particular that wg > 0 in g and dwy/Iv < 0 on 0.
Now let xg € 90 N2, and denote by Z s the closest point to =g lying on
0Us N Q. Thanks to the mean value theorem,
owg
=—0— >cd
ws(a) = =652 (65) > ¢

for some positive constant ¢ not depending on 9, where v is the outward
unit normal to 9 at zo and & is a point in the segment [z, Z¢ ]
We now notice that uys > vs in Us by comparison. Therefore
1 o
up (o) > vs(wo) = —ws(x0) > € —5 — +00
q(0) q(6) ’

thanks to condition (1.2). The proof concludes by recalling that wups is
increasing in M. O

3. ASYMPTOTIC BEHAVIOR AND UNIQUENESS

In this section, we find the asymptotic behavior of solutions to (1.1) and,
as a consequence, we prove uniqueness of such solutions both when ¢ > 0
on 02 and when ¢ verifies condition (1.4).

Proof of Theorem 3. Fix a small ¢ > 0, and let us see that, for 8 € (0,1)
and K > 0, the function

2 1 2+¢
u(x) = ——— log(d(x —i—log(
e R ey
is a supersolution to (1.1) in a neighborhood of 92 of the form
Qs={zeQ: 0<d(x)<d}.

We assume that d is chosen small enough to have d € C?(€s) and |Vd| = 1
there (cf. [16]). We have

) + Kd(x)?

2 2 4
AU =—— =—Ad—-Vq'Vd-1 Ag~!
u o2 qd d qu Vd —logd Aq
1 24+¢ G—2
+A{q "log . Y+ Kp{(6—1)+dAd}d’=.

More briefly,
1 (2
as d — 0, where the terms grouped in O(d) do not depend on K.
From this expression, it is easy to see that @ is a supersolution in 4
provided that
2 + € equﬁ .
q

Since 3 € (0,1), we can diminish § so that 8 — 1+ dAd < 0, and thus (3.1)
will hold for K > 1 if

(3.1) 2+Kﬂ(ﬁ— 1+ dAd)d® + O(d) <

< 2+¢

2
-+0() <
q (@) q
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in 2s. For an arbitrarily chosen € > 0 such inequality is certainly true in (s
(regardless the size of K) if ¢ is small enough.
It can be similarly checked that a subsolution is provided by

um:—io x L0 2-¢e) x)P
u(a) = — ol >>+q(x)1g<q($)) Kd(z)P.

Now let u be a solution to (1.1). If K is large enough, we can achieve
u<u<win d=4. We now claim that the problem

Aw = ed@w T € Qg
(3.2) w=1u d=9
w = 00 x € 01,

possesses a unique solution. Therefore by using the method of sub and
supersolutions (see [13]) we conclude that

u(z) < u(z) < u(z)
in Q4. This means
1

e log (1 - g) — Kd°(x)

2 1 1
<wu(x) + ——logd(z) + ——logq(z) — ——log 2
O G O @y 1

b
q()
for every x in Q5. We take the limits d(z) — 0 and € — 0 to prove (1.3).

To achieve the uniqueness of solutions to (3.2) it suffices with showing that
every solution u € C%(Qs) N C(Qs U {d = &}) has the first-term asymptotic
behavior on the boundary predicted by (1.3). Namely, that the limit
(3.3) m @)y

d—0 TQQ?) log d(xz)~!

< ——log 1+ %) + Kd%(x)

holds true. In fact, once it has been shown that every solution u to (3.2)
satisfies (3.3) then uniqueness follows from the general argument provided
in the proof of Theorem 6 to be given later (it will be omitted here for the
sake of brevity).

We begin showing that

3.4 lim —————— < 1.
(34) 40 % logd(z)~t —

Thus assume that § > 0 is chosen so that g(z) > go > 0 in Q. For z € Qs
let By = B(z,0d(x)) be the ball centered at x with radius ¢ and 0 < o < 1
fixed. Now, for an arbitrary solution u to (1.1) set

v(y) = u(z + od(x)y) + qllog(ad(:v))2 y € B(0,1),

T

where g, := ming_ ¢q. Then a direct computation shows that

S (w<y> +log1x) y e B(0,1),
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where w = w(y) is the unique solution to

Aw = e¥ y € B(0,1)
w = 00 y € 0B(0,1).

By setting y = 0 in the latter expression we obtain

u(z) < ; log d(x) ™% + ; log(0q,) " + ;w(O).
Then, to arrive at (3.4) notice that lim, .90 ¢(z)/q, = 1.

To check the complementary limit estimate leading to (3.3) we are using a
sweeping approach from [8] (see also [13]). In fact, computations similar to
those at the beginning of the proof show the existence of positive numbers
4, 7o such that

2
U, (x) := ———log(d(x) +7) — K,
(@) 1= 5 load(a) +7)
defines a subsolution to Au = 4@ in Qs for every 0 < 7 < 79 and K > 0

an arbitrary constant. Moreover, a fixed K > 0 can be found so that u, is
a subsolution to the problem

{Av:eQ(I)“ re{reQs:d>e},

(3:5) v—u rel{d=c)u{d=3d),

forall 0 < 7 < 79 and 0 < € < g¢. Since (3.5) has arbitrarily large superso-
lutions and v = wu is its unique solution we conclude that u.(x) < u(z) for
all = such that € < d(x) < 0. Letting ¢ — 0 and then 7 — 0 we obtain

2
u(x) > ———logd(x) — K,
(@) 2 ~ 5 log d(x)
x € Q5. This readily implies that

u@) >1

lim
a—0 ¢(x)~ ! logd(x)~2
and the proof of (3.3) is concluded. O

Now we are ready to prove the uniqueness of solutions to (1.1) stated in
Theorem 4.

Proof of Theorem 4. Let u and v be solutions to (1.1). According to Theo-
rem 3 we have that

u(z) —v(x) — 0, as x — Of).

Assume that the set G := {u < v} is nonempty. Then since Au < Av in
G and u(x) —v(z) — 0 as x — OG, the strong maximum principle implies
u > v in G, which is clearly impossible. Thus G is empty and this means
u > v. The symmetric argument shows © = v, and uniqueness is proved. [

Remark 1. In base of the weaker asymptotic estimate (3.3) an alternative
proof to show uniqueness can be produced following the argument of the
forthcoming Theorem 6.

Next we determine the boundary behavior of solutions in the case where
g vanishes on 052, subject to condition (1.4).
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Proof of Theorem 5. We will construct sub and supersolutions with a precise
growth near 92 and then we will proceed with a sweeping approach. Fixing
e > 0 there exists § > 0 such that ¢(z) > (Q —¢) d(z)” in Q5. Next we check
that the function

_ y+2+¢

u(r) = ——————1logd(x) + K,

N B I C

is a supersolution in Qg for every K > 0 if § is small enough. Indeed, it can
be easily seen that
_Yt+2+e¢
= 0-¢

and thus w will be a supersolution provided that

Au (d7722y +1 — (v + 1) logd) +d7 " (ylogd — 1)),

+2+e
Too e (v 190+ logd) + d(ylogd 1)
<2 o~ (v +2+¢e)logd + (Q —e)d"K

Since K > 0, this will be achieved if
Y+2+e¢
Q—c¢
which is clearly true by diminishing § if necessary. It follows that u is a
supersolution to (1.1) in 0 < d < § for every K > 0. Note that the choice of
0 does not depend on K.

The previous computations ensure the existence of 0 < 75 < §, not de-
pending on K, such that

d°((2y+1—=~(y+1)logd) + d(ylogd — 1)) <1,

AT, < @-9)d-7)T-

in {x € Qs:7<d<d} for every 0 < 7 < 19 where,
Y+2+¢€
(Q —e)(d(z) —7)7
Since (d — 7)Y < d” a conveniently large K > 0 can be found so that @,
defines a supersolution to
Avy = a(®)v re{reQs:T+e1 <d<}
{v:u ze{d=1+e}U{d=19},

ur(z) =u(d(z) —7) = — log(d(x) — 1) + K.

for all £ > 0 smaller than some critical size ¢* > 0 and every 0 < 7 < 7p.
However, v = u is the unique solution to such problem which in turn has
sufficiently small subsolutions. Thus we obtain:

u(z) < ur(x) T+e <d(z) <.
Now by letting first € — 0 and then 7 — 0 we achieve
(3.6) u(x) <u(z) x € Q.
It can be proved by the symmetric reasoning that

2_
g(x):— v+ 15

—(Q o) logd(z) — K,
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is a subsolution in 0 < d < § for every K > 0. Proceeding now exactly in
the same way as in the proof of Theorem 3 we arrive at the complementary
estimate,
u(z) < u(x) for all z € Q5.
Summing up the conclusions, the inequalities
u() < ul) < ()

hold true in €25. Therefore, we have,

y+2—¢ . . .d(x)u(z) (x)u(z) ~v+2+c¢
—— <1 f———= <1 <
Q+e — gy —logd(x) — rcrllj(l)lp—logd(x) - Q-c
and (1.5) is obtained by letting £ — 0. O

Remark 2. Estimate (3.6) can be also obtained by means of the scaling
approach leading to (3.4).

Our last uniqueness proof differs from that of Theorem 4 in an important
issue: we are not using the monotonicity of e?*. What is really needed here
is that e?"/u is increasing when qu > 1.

Proof of Theorem 6. Let u and v be solutions to (1.1). Thanks to Theorem 5
we have

u(z) _

(3.7) d(az)n—lm v(x)

We also observe that the boundary behavior of solutions given by (1.5)
implies
lim g(x)u(x) = 400,
. (I)Hoq( Ju(z)
and, as ¢ > 0, we can choose K > 0 such that g(u+ K) > 1 in . We notice
that & = u + K verifies

(3.8) Ati(z) = a(x)el ™) in Q,

where a(x) = e™M 4(%) ig a strictly positive and bounded weight. By enlarging

K if necessary we can also assume that g(v+ K) > 1in Q, and 9 = v+ K
is also a solution to (3.8). We also observe that 4/0 — 1 as d — 0 thanks
to (3.7). This means that for every € > 0 there exists § > 0 such that

I-e)p<a<(14¢e)v in Q5.
Next we consider the problem
Aw(z) = a(z)ed@w(®) in Q\ Qy,
w=1u on (2 )\ Qs).

Thanks to the monotonicity of the right-hand side, this problem has a unique
solution, which is exactly u. Moreover, since qv > 1, it is easily seen that
(1 —¢)v and (1 +¢)v are respectively a sub and a supersolution to (3.9) and
thus by uniqueness

(l—ep<a<(l+e)p,  nQ\Qy.

(3.9)

It follows that the inequality is valid throughout €2, and letting ¢ — 0 we
obtain @ = ¥, that is, v = v in 2. This concludes the proof. O
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4. CHANGING-SIGN EXPONENTS

We begin this section with a proof of Theorem 7 with an argument entirely
similar to the one considered when we proved Theorem 1.

Proof of Theorem 7. Suppose that (1.1) admits a solution v € C?(Q2) and
let ¢ <0in W := B(xg,)NQ for certain zy € 0N and positive 6. A smooth
function 1 supported on B(z,20/3) N9 can be found such that 0 < ¢ <1
and ¢ = 1 on B(zp,d/3) N 9Q. Then, for K > 0 the solution vk to the
auxiliary problem,

Au =1 xeW
u= Ky x € OW,

can be written as vxg = —¢1 + K¢ with v = ¢1 solving —Av = 1 in W,
vjgw = 0 and ¢ is harmonic in W and achieves the value ¢ on OW.

On the other hand, for small fixed € > 0 set W, = {x € W : dist(z, 00Q) >
e}. Due to the singular boundary value of u on 9 one finds by simple
comparison that u > vg in We. Letting € — 0 leads to u > vk in W which
is not possible since K can be chosen arbitrarily large. O

As a preliminary result for the remaining proofs in this section it is conve-
nient to introduce a lemma whose basic assertions are essentially well-known.
However an “ad hoc” proof is included for later use.

Lemma 10. Let Q C RY be a smooth domain, ¢ € C"(Q) such that q(x) > 0
for x € Q (but possibly g = 0 on 02). Then there exists a value m* > —oo
such that the problem

Ay = e—2(@)u QO
(4.10) { u=e T e

u=m x € 09,

exhibits a classical solution u € C*"(Q) if m > m* while it does not ad-
mit solutions when m < m*. Moreover, for every m > m* there exists a
mazimum classical solution u,, which increases in m and satisfies

(4.11) um(z) =m+o(1) m — 00,

that is, uy, “bifurcates” from infinity as m — oco. In addition, u., is smooth
in m and unique for large m.

Proof. Since any possible solution u to (4.10) is subharmonic then u < m
in . Thus, setting v = m — u the solutions to (4.10) correspond to positive
solutions to:

(4.12)

_AU — e—mq(;v)eq(:v)v T G Q
v=20 x € 0f.

Observe now that v = ¢, the solution to —Au =1 in Q, ujpq = 0, defines a
supersolution to (4.12) if m > m, := supg ¢. Since v = 0 is a subsolution
then (4.12) has a solution 0 < v < ¢ for every m > m,.

On the other hand, m* = inf{m € R : (4.12) has a solution} satisfies
—00 < m* < co. Now observe that if v is a positive solution to (4.12)m=m,,
it becomes a supersolution for all problems (4.12),, with m > m;. Since
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v = 0 is a fixed subsolution the existence for m > m* of a minimal solution
U, to (4.12) follows from the method of sub and supersolutions.
To show the finiteness of m* observe that for v solving (4.12) we find

—Av > ge” ™y

in . Setting A(—A + V(x)) the first Dirichlet eigenvalue of —A + V (x)
under Dirichlet conditions we conclude from standard properties,

0 < MY(—A - ge ™) < A?l(—A —qe M) < A?l(—A) —qe M

where Q) C Q) C Q, ¢1 = infg, ¢. This inequality is not possible if m —
—00.
Regarding uniqueness and smoothness for large m (see Remark 3 below)
(4.12) can be read off as a regular perturbation problem as m — oco. In
1
fact, the function f(z,e) = e 11 for ¢ # 0, f(z,0) = 0 is smooth and
increasing in € > 0 while (4.12) can be written as

—Av = f(z,e)et@v x el
v=20 x € oS

with ¢ = 1/m. The linearization of such problem at v = 0, ¢ = 0 has
A(—A) as a first eigenvalue and so the implicit function theorem implies
the existence of a unique positive solution v, close to zero for 0 < & < &*.
Results for (4.10) follow by the simple transcription € — m~!, v — u. In
particular, the maximal solution u,, = m — v, € C%7(Q) to (4.10) satisfies
m — ¢ < Uy, < m for each m > m, > m*. This shows (4.11). O

Remark 3. Equation in (4.12) is qualitatively equivalent to Gelfand’s equa-
tion (see, for instance, [5], [15], [17]) —Av = Xe’, A > 0, with e~9(@)m
replacing A. Following the ideas in [5] it can be shown that the maximal
solution u,, is smooth in the whole range m > m*.

Proof of Theorem 8. First, we find a weak supersolution u,, € H__ ()N
C(€2) which takes the value +oo on 9. In fact, choose a large enough
m >0 and let u = u_,(z) € C"(Q_) be the solution to

Ay = e - (@)u r e
u=m x € 0N_,

which satisfies m — § < v < m for 6 > 0 small and whose existence is
obtained in Lemma 10.

On the other hand, set u = u4 ,, € C*7(Q4 UON_) the minimal solution
to the problem:

Ay = ed+(@)u x e Qy
u=m x € 00_
U = 00 x € 0.

The existence of uy ,, follows by constructing the family v (z) € C*7(Qy.)
where for K > 0, u = vk is the solution to

Ay = e+ (@) x ey

u=m x € 00_

u=K x € oS
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Then, it can be shown as in the proof of Theorem 1 that vg — u4 ., in
C?"(Q, UON_) as K — oo. Furthermore, the same arguments yield

(4.13) m uy o =uy,

m—00

in C*7(Q4 UON_) with uy the minimal solution to

Ay = ed+(@u x €Ny
U = 00 x € 0.

Finally, define
U_ (2 x € Q_
Ug () x € Q.

To check that @, defines a weak supersolution we first notice that 85;;"‘ >0

where v_ stands for the outer unit normal to Q_ at 9Q2_. To conclude that
U, is a supersolution it is only needed to ensure that

0
(4.14) tmos g
87/+
on J€)_ where now v; = —v_ is the outer unit normal to 24 at the compo-

nent J2_ of its boundary. Thus, to show (4.14) choose a small strip Us =
{z € Q4 : dist(z,00_) < 0}, set T's = {x € Q4 : dist(x,00_) = §} C ;s
and notice that, in virtue of (4.13), uy ., keeps finite on I's as m — oc.
Hence, for m conveniently large uy ,, takes its maximum on 9€_ and so
(4.14) follows from Hopf’s maximum principle.

In order to construct a suitable subsolution u to be compared with u,,, we
choose R slightly bigger than diam(€2)/2 and zy € Q so that Q C B(zg, R)
and use again the function ¢(z) = ok (|z — 20| — R?). It can be checked
that u = A¢ defines a subsolution to Au = e4+®)% in Q_ for every A > 1.
In virtue of the maximum principle we have in addition

u(z) <uy(r) ey,

since an exact solution can be placed between u and u4. On the other hand,
u defines a subsolution to Au = e~ % ®)% in Q_ if, for A > 1 fixed,

1 1
< | —| = .
SUpg- < (—infﬂ_ ¢> a8 4

Observe that a positive R satisfying 2 C B(xg, R) and coefficient 1 < A < e
can be found if relation (1.6) holds. Finally, since ¢ < 0 in Q then we also
get u < Up,.

To conclude the proof of i) in Theorem 8 we obtain the minimal solution
o (1.1) from u and @,,. Thus, we construct an increasing sequence u, €
C?1(Q) solving

(4.15)

Au = et(®)u x €,
u=n o1}

and satisfying w, < W, for every n. Then, according to the arguments
in Section 2, u = limu, = supu, defines the minimal solution to (1.1).
Proceeding inductively, to find u,4+1 from u,, we regard u, := u, as a
subsolution. To construct the corresponding supersolution to (4.15),4+1 we
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choose g9 > 0 such that @, >n+1in Q,, = {z € Q : d(x) < go}. For
0 < € < g9 we obtain a solution u = 1,41 to the problem

Au = et(®@)u x € QF,
u=n+1 o00*

in Q° := {z € Q : dist(z,0Q2) > £} by regarding the restrictions of u,, = uy,
U = Upy to ° as sub and supersolutions, respectively. Thus, u = tp41 if
x € QF and uw = n+1 for x € Q\ Q° defines the searched supersolution. Since
u < Uy, we obtain a solution w41 to (4.15),41 satisfying u, < upi1 < Uy,
as desired.
Let us show now part ii) and observe that
Lo= inf Sup k(z —y)| -

We proceed to obtain a suitable positive subsolution v which can be com-
pared to W, for large m. From the expression for Lg it is possible to find
y€Qand k € Sy_; = dB(0,1) such that

Qc{zeRY :|k(z—y)| <L},

while a number L > Lq can be chosen so that

(4.16) gL? < 2n?,
where ¢ = supg ¢ = supg, ¢*. Now we set
u(x) = w(t),
where t = k(z —y) € (-4, %) solves
w” = edw, 0<t<L/2,
w'(0) =0,
w(L/2) = oo.

A direct computation shows that

) 2 log < 2w* ) N 1 <2w* t>
w(t) == Zz ,
q VL q L

where w* = 7/4/2 and z = z(t) is the solution to:

In particular, for each z € Q

mmem%—?%(ii)>o

provided condition (4.16) holds.
On the other hand, the positivity of u implies that it defines a subsolution
to Au = e?®)v in O which is finite in Q. This implies
(@) <ui(@)  wely,

which in turn says that u(z) < @p(z) for x € Q if m is large. As shown
in part i) one obtains a positive solution u to (1.1) lying in the interval
[ Uiy O
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Proof of Corollary 9. 1t is an immediate consequence of inequality (1.7) and
the fact that sup ¢y = sup ¢ while Lo, = ALq for all A > 0. (]

Remark 4. Theorem 8 and Corollary 9 also hold —without changes in their
proofs— under slightly more general conditions on ¢. For instance, the con-
nectedness of {)_ is not necessary provided it remains being a smooth open
subset of 2 (possessing finitely many components). On the other hand, ¢
may also exhibit a null domain g provided Qy C Q and 9y N ON_ = 0.

5. A REFERENCE EXAMPLE

In this section, we analyze a class of prospective examples to estimate the
strength of the conclusions in Theorem 8, regarding the sizes of ¢+ and 2,
and suggesting some multiplicity results.

We will be concerned with the analysis of the one-dimensional problem:

(5.17) {u” = ed(@u —L<x<L,

u(£L) = oo,
where g designates the two-parametric family of symmetric coefficients

q(z) = —qox1,(|2]) + q1xn (|2]),

o, q1 positive parameters, Iy, I; the intervals [0, a], (a,a + b], respectively,
a+ b = L (x; standing for the characteristic function of I). Solutions to
(5.17) will be understood in a weak sense, i. e. u € C*(—L, L)YNC?*{(—L, L)\
{—a,a}} and pointwise solving (5.17) with the sole exception of x = +a.

Notice that every solution u to (5.17) is strictly convex in (—L, L) and
thus possesses a unique critical point xy where it achieves the minimum,
ug = u(xp). It is easily checked that u is symmetric if and only if xg = 0.
On the other hand, and as a general rule, symmetry of solutions if often
obtained as a consequence of a uniqueness result. However, it will be seen
below that our problem (5.17) may exhibit multiple solutions. Nevertheless,
all such solutions must be symmetric.

Lemma 11. Every solution u € C*(—L, L)YNC?*{(—L, L)\{—a,a}} to (5.17)
is symmetric and therefore defines a solution to the boundary value problem

o = et(®)u 0<z<lL
(5.18) u(0) =ug, u'(0)=0
u(L) = oo,

where ug = minu.

We will show the symmetry assertion in the course of the next discussion
of the main features of (5.17).

To analyze the existence of solutions to (5.17) observe that any solution
u to (5.18) separately solves

(5.19) {”” e 0<z<a,

v(0) = ug, '(0) =0,
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in [0, a] and

w” = et® a<z<L=a+b,
(5.20) w(a) =u1, w'(a)=1uj,
w(L) = oo,

in [a,L), where u; = v(a),u} = v'(a) in (5.20). Conversely, if uj,u] are
regarded as parameters in (5.20) and ug is another parameter in (5.19), v
solves (5.19) in Iy, w is a solution of (5.20) in I, then w defined as v in Iy
and as w in I; constitutes a solution to (5.18) (i. e, to (5.17)) if and only if
the relations

(5.21) v(a) = w(a) v'(a) = w'(a),

hold.
In order to discuss equations (5.21) we first characterize separately the
solvability of problems (5.19) and (5.20) in the form,

(5.22) v(a) = f(V'(a),  w(a)=g(w'(a)),
respectively, with functions f, g which depend on the parameters a, gy and
b, q1, respectively. Once f and g have been found, (5.21) simply reduces to

(5.23) f(uy) = g(uy).
After solving (5.23) a solution to (5.17) is obtained by inserting u} and the
common value u; = f(u}) = g(u}) in (5.19), (5.20) (in the case of (5.19),
initial conditions uy,u} are taken on x = a).

Accordingly, we begin with the analysis of (5.18). In order to obtain the
function f in (5.22) we compute the solution v(z) to (5.19) keeping ug as a
parameter. Direct integration shows that:

2
U(:L’) = ug + — log cosh <\/q70€—qouo/2x> ]
4o 2

Setting u; = v(a),u) = v'(a) we find

w — zlog <a\/%cosh§>
(5.24) % 2 ¢

2
u) = —¢Etanh €,
aqo

where & = a4 I%Oe_qou‘)/z. Since u} is increasing in £ > 0 then (5.24) defines

2 cosh H (aqou)y /2
ur = f(u},a,q0) = — log (\@ (agot;/ >>’

Q0 H(agouy/2)
where H(t) is defined through H(t)tanh H(t) = t. The next features of f,
relevant in our discussion, are listed without proof.

i) f is smooth in u}j > 0 and
1 /
) == tog (1) 4 of1) a0,
qo0 a

while
fuh) = avy +o(uy)  uj — oo
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-
—h

. hy

FIGURE 1. Curves of minima of f: u = h;(v’) and u = ha(u')

ii) f has an absolute minimum at v} = u}, with

2 1 a2qo sinh? 0
525 ! = — = / — 71
(6:25) = i ) = o log TG

0 > 1 the positive root of x tanhx —1 =0 (6 = 1.19968). Moreover,

[ decreases when u) € (0,u],) and it increases for u} € (u},,00).

)

iii) fisincreasingin a. Moreover, f = —log(a/u})+o(1) asa — 0 and so

lim,—o f = —oo uniformly in compacts of R, while f = au} + O(1)
as a — oo and lim, .o f = 0o uniformly in compacts of R*.
v) f = —log(;i/) +o(—) as go — 0 and so f — oo uniformly in

1
compacts of (0,a), f — —oo uniformly in compacts of (a, c0) as gy —

0. In addition, limg, . f(u},a, o) = auj uniformly in compacts of
R*.

It is also convenient for our purposes to set w,, = hi(u,,), the curve
(5.25) of minima of f when parameterized by a (qo fixed), u, = ho(ul,)
the corresponding curve when parameterized by ¢gp and a is kept fixed (see
Figure 1). From (5.25),

1 2sinh? 6 au! asinh? 0
hi(ul )= =1 _— ho(u! ) = —21 .
1(tm) 9 Og< qou),” ) ’ 2(tm) Og( U )

Let us consider now problem (5.20). Since solutions to (5.18) are convex
we restrict ourselves to study u} > 0. By setting the change:

u(t) = qu(bt +a) +logqgd®>  0<t<1,
(5.20) is reduced to

u’! = e 0<z<1
(5.26) u(0) = quuy +log q1b?,  /(0) = bqru}
u(1l) = oo.

Introducing the function

w(z y)zl/oo ds
V2D e e 12

it can be checked that solving (5.26) amounts to solving the equation

(5.28) w(z,y) =1,

(5.27)
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with z = u(0),y = «/(0). The next statement summarizes the relevant
features concerning (5.28).

Lemma 12. Fquation (5.28) is uniquely solvable in R x R" in the form

2=0q1 (y)a
where g1 is a smooth decreasing function iny > 0 such that g1(0) = 2log w*

s
(W*=—), ¢1(y) <0 fory >0 and
V2
(5.29) im Y 1 hm g = -1
y—oo Y y—00

Proof. The function w(z,y) is separately decreasing in each variable and for
each fixed y > 0 we find lim, .o w(z,y) = 0, lim,,_ w(z,y) = co. This
provides existence and uniqueness of a solution for every y > 0. Notice
also that since w(z,0) = w*e~*/2 the value ¢1(0) is readily obtained. The
smoothness of g1 follows from the implicit function theorem.

In order to show the first limit in (5.29) observe that it can be directly
shown that g1 — —o0 as y — oo. Computing the integral in (5.27) we obtain

A/ u2 — 2e91
VY2 —2e91 = 2log <y+ ?/i ¢ )—gl,
for large y. Thus,

9L 20g <y+ Vy? —2691> VR = 2em

y oy V2 y

As the first term in the right-hand side is o(1) as y — oo the desired limit
follows. The second limit can be easily obtained by differentiating the last
equality. O

Proof of Lemma 11. Let us show now the symmetry assertion and so let u
be any solution to (5.17) achieving the minimum at xg € (=L, L). If u is not
symmetric we can assume that xg > 0 and consider first the case 0 < zg < a.
By setting ¢ = u(a),(’ = u/(a) we get by integration

b= Vaw(nt, vaic) \f/ T

(IlC =+ ql C
Reasoning by Symmetry we see that u(a’) = u(a), v/(d') = o (a) where
a' = 2xy — a satisfies a’ > —a and thus (; = u(—a) > ¢, { == —u/(—a) > (.

This implies that

wi = /aw(qi, vVaié) < vaw(ad, vaid') =b.

However, it follows from this equality that u(—a —wi1) = oo with —a —w; >
— L which is not possible. The impossibility of zg € [a,a + b) is shown with
a similar argument. Therefore x¢g must be zero, that is, u is symmetric. [

In view of the previous analysis we finally conclude that problem (5.20)
admits a solution —in the regime u} > 0- if and only if

1 1
ur = g(ul, b, q1) == —g1(bqru}) — — log g1 b°.
q1 q1
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u’(b) u(b)

g0 ——

FIGurE 2. Bifurcation diagram for (5.17) with respect a
representing solutions by u/(b) (left) and wu(b) (right). Con-
tinuous drawing in curves means exact number of solutions.

Some relevant properties of g are next listed.
i) The function g is decreasing with respect to u}, and it verifies g(0) =
1
— log(w*?/q1b?) and g(u}) ~ —buy as u} — oo.
a1
ii) g is decreasing with respect to b, limy_og = oo uniformly in com-
pacts of [0, 00) while lim;_,, g = —o0 uniformly in R™.
iii) limg, .0 g = oo uniformly in compacts of [0,00), and g(uf,b,q1) —
PR .=+
—bu uniformly in R* when ¢ — oo.

We proceed now to discuss the main features on existence, multiplicity
and asymptotic profiles of solutions to (5.18) when the parameters a, qo, b
and ¢ are varied. The responses of our problem (5.17) to such variations
will be separately analyzed in turn. To this objective we are using the
notation f(u’), g(u’) instead of the more cumbersome f(u',a, qo), g(u', b, q1)
but will keep in mind the hidden dependence on parameters. In most cases,
a detailed analysis is omitted for the sake of simplicity.

Behavior with respect to a. For fixed ¢g,b,q; and small a, equation (5.23)
has exactly two solutions u; ,, i = 1,2, such that v} , — 0 and uj , — oo as
a — 0. On the contrary, no solutlons exist if @ > 1. This follows from the
fact that the minimum function h; satisfies hi(u’) > g(u') and (respectively,
hi(u') < g(u') when v/ is small (large). In addition, since f increases with a
there exists a. > 0 such that (5.23) has at least two solutions if a < a. and
no solutions if @ > a.. See Figure 2 for a bifurcation diagram.

Corresponding to the values uj = uj,,u1 = g(uj) in problems (5.19),
(5.20), solutions u;(z,a), i = 1,2, to (5.18) exist with the following proper-
ties:

i) ui(z,a) — u(x) in C?[0,L) as a — 0 where u(-) is the solution to
v’ = e®" with u(0) = ¢g(0) and u(L) = co.
ii) ua(x,a) — —oo uniformly on compacts of [0, L) as a — 0.

To show the last assertion notice that for every 0 < x < b the relation

\/QT /w(r)—C ds
91 =z
2 Jo

eq1s —1)en¢ + q1°5 ¢
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u’(a) \ u'(a) \\

Qo.u 9o 9o

FIGURE 3. Bifurcation diagram for (5.17) plotting u'(a) ver-
sus gg. The figure on the left contains a generic configuration
for the case 0 < u < max hs and the one on the right corre-
sponds to the case u > u*. As before, continuous drawing in
curves means exact number of solutions.

holds true, where uz(z) = ua(z,a), ' = uy ,, ¢ = g(¢) and ¢’ — o0, { — —o0
as a — 0. Now, for every K € R it can be proved that

o0
lim ds —0.

('—o00 K—¢ \/(6(118 _ 1)6(]1{ +Q1§

This says that xx — b as a — 0 where * = zg in defined through the
equation K = ug(x,a). Thus uz(z,a) — —oo when a — 0, as desired.

Behavior with respect to qy. Suppose now a, b, q; are fixed. The minimum
function hs becomes smaller than g for large u/. Hence, there exist two
solutions ug,qmo, i = 1,2, to (5.23) for qp lesser than certain amount. In
addition vy , o — 0, uh ., o — 00 as go — 0.

However, for ¢ = O(1) or large gp new features arise with respect to
the preceding discussion. Fix pu = ¢g(0) = ¢g(0,b,¢1). Observe that g(0) =
log(w*2 /bg?) and so p can achieve any real value. Two regimes are now
possible.

a) p < 0. In this case ming f becomes larger than u for ¢y > go,, and
thus (5.23) does not admit solutions for gy > qo .. Figure 3 shows a
possible bifurcation diagram.

b) u > 0. Now, equation (5.23) possesses exactly two solutions u/

4,40,00°
s / / !
1 = 1,2, for g9 > 1. Moreover Uy g0 — 0 and Uy g0 — G @S

go — oo where v’ = ¢’ is defined by the equation g(u') = av’.

On the other hand, the case u > 0 allows two complementary regimes.
A first one in which equation (5.23) supports at least two positive solutions
for all go > 0. This occurs, for instance, when p > p* where p* = inf{u >
0: g(u') > ha(u') for all v’ > 0}. A second regime in which solutions to
(5.23) are only possible for gy < 1 or go > 1 but they cease to exist in an
intermediate interval g1 < go < go,2. This is precisely the situation if, say,
0 < ¢ < max hg, max hy = a?sinh 6/2e¢ (see Figures 3 and 4).

Regarding the limit profiles as go — 0 of the solutions u = wu;(x, qp) to

(5.18) associated to the values u; , ,, the next properties hold:

i) ui(x,qo) — uo +%/2 in C?[0, a] with ug = g(a) — a?/2; ui(z, qo) —
u(z) in C?[a, L) where u is the solution to u” = e®" in [a, L) sub-
jected to the conditions u(a) = g(a), u(L) = oc.
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FIGURE 4. Bifurcation diagram for (5.17) now plotting u(a)
versus ¢p and again the cases 0 < p < maxhsy (left) and
p > p* (right).

u’(a) u(a)

FIGURE 5. Bifurcation diagram for (5.17) plotting sepa-
rately u/(a) and u(a) versus b (left and right, respectively).

ii) ua(x,a) — —oo uniformly on compacts of [0, L) (see the discussion
of ii) in the analysis of the parameter a).

As for the asymptotic behavior of the solutions u = u;(z, qp) associated

to the roots u' = u; , ., to (5.23), we obtain the following features:

i) ui(x,qo) — g(0) in C2[0,al, ui(x,qo) — u(z) in C*[a, L) as g — oo,
u = u(z) solving u” = " in a < x < L and satisfying u(a) = ¢(0),
u(L) = oc.

ii) ua(x,qo) — 'z in C[0,a], us(z,q0) — u(x) in C?a, L) as go — oo
where now u(x) solves u” = e®" in a < x < L and satisfies the
boundary conditions u(a) = g(¢’), u(L) = oo (recall that ¢’ is defined
by the equality g(¢’) = al’).

This completes the study of the parameter gg.

Behavior with respect to b. As in the preceding cases, all parameters other
than b will be now kept fixed. In particular f preserves its form while g varies
in a decreasing way with respect to b. Thus, a positive b. exists such that
(5.23) possesses exactly two solutions u}, for b < 1, at least two solutions
for b < b, and no solutions for b > b.. In addition u’Lb — 0, “/2,b — 00 as
b — 0 (Figure 5).

The limit profiles of the solutions u = u;(x,b) to (5.18) associated to the
values u;b, i = 1,2, are the following.

i) ui(x,b) — oo uniformly in [0, L) as b — 0.
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ii) ua(x,b) — oo uniformly on compacts of (0,L) while minus(-,b) —
—o0 as b — 0. More precisely:

2 2
up(x,b) = ug + 1/ —e 010/ 2 — Zog2 4 o(1),
q0 qo0
2 7
as b — 0,0 <z < a, where ug = ——log | /—u5, | +o(1). In
qo

do0
particular ug — —oo as b — 0.

Behavior with respect to 1. The behavior of problem (5.18) with respect to
q1 is quite similar the one observed with respect to the parameter ¢g. For
q1 < 1 equation (5.23) has exactly two solutions w; , o with v} , o — 0 and
u; . o — 00 as q1 — 0. The associated solutions u;(x,q1), i = 1,2 to (5.18)
satisfy:

i) ui(x,q1) — oo uniformly in [0, L) as ¢g; — 0.

ii) minwusg(-,q1) — —oo while us(z,q1) — oouniformly on compacts of

(0, L) as g1 — 0o. More precisely,

/2 u 2
u2(x7q1) :U0+ 7eiq020x_710g2+0(1) q1 _>07
4d0

q0

2
where 0 < z < a while ug = — log q1 + o(logq1) as g1 — 0.
do

On the other hand, to describe the response of our problem when ¢; — oo
recall that g(u/,b,q1) — —bu' uniformly in «/ > 0 (even in C'[0,0)) as
q1 — o0o. Thus, two options are possible. A first one when

f) > —bu
for all &' > 0. Under such circumstance a ¢ . exists such that (5.23) fails to
have solutions for ¢; > ¢ ..
A second behavior occurs when f(u') < —bu’ at some v’ > 0. In such
case (5.23) admits at least two solutions for ¢; greater certain positive gj.
Moreover, assume for simplicity that the equation

(5.30) fu') = —bu

possesses only two solutions 0 < {] < ¢} (as is just the case provided either
a < 1orgy < 1). Then (5.23) admits exactly two solutions u} oo 1 =1,2,
with wj . — ( as g1 — oo. The associated solutions u;(z,q1) to (5.18)

satisfy the following properties:
a) Fori = 1,2, u;j(r,q1) — ui(x) in C?[0,a] as g1 — oo where the u;(z)
solve u” = e~®% in [0, a] together with the conditions u(0) = wug,
u'(0) = 0 where

uOZ——log< U H aqo > i=1,2.

b) ui(x,q1) — —b(] + (/(x ,i=1,2,in C?[a, L) as q — oo.
Finally, let us describe the general configuration of the set of solutions to
(5.18) for the full range of values of ¢;. To this proposal set

Ginf(u') = qilr;fog(u’, q)-
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FIGURE 6. Bifurcation diagrams u(a) versus ¢; for problem (5.17).

Notice that gy is well defined while gine(0) = —1/qins with gine = ew*? /b2,
In particular,

ginf(ul) < g(ulv ql)lh:(linf u' > 0.
Two regimes are possible provided either of the next conditions is satisfied.
Firstly, if f(u') < gine(u’) holds for some u' > 0 then equation (5.23) admits

at least two solutions for all ¢; > 0 (Figure 6 right). Alternatively if, for
instance,

f(ul) > g(ulv ql)lh:lhnf?
for all v/ > 0 but f(u') < —bu’ at some v’ > 0 (see the previous analysis of
the case g1 > 1 then two solutions to (5.23) exist for both ¢; < 1 and ¢; > 1

but solutions cease to exist in, at least, a finite interval ¢11 < 1 < q12,
q11 < q12 (Figure 6 left).

To summarize the conclusions driven from the analysis of problem (5.17)
we see on one hand that existence of a solution if confirmed —according to
Theorem 8- whenever either of the quantities qo, ¢ and L (corresponding
to ¢, q+ and diam(Q2) or Lq in problem (1.1)) are small enough. We have
also shown that existence might be lost if either of the quantities qq, g1, L
becomes large enough.

Observe also that a second solution to (5.17) exists when one of the pa-
rameters qg, q1, a or b becomes small. In addition, a bifurcation from infinity
appears in all cases.
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