SELF-SIMILAR SOLUTIONS OF THE POROUS MEDIUM
EQUATION IN A HALF-SPACE WITH A NONLINEAR
BOUNDARY CONDITION. EXISTENCE AND SYMMETRY.

JUAN DAVILA AND JULIO D. ROSSI

ABSTRACT. We find existence of a nonnegative compactly supported solution
of the problem Au = u® in Rf, % = u on ﬁRf. Moreover, we prove
that every nonnegative solution with finite energy is compactly supported and
radially symmetric in the tangential variables.

1. INTRODUCTION.
We study existence of nonnegative solutions of the following problem
Au=u% in Rf ,
(1.1) ou
o
where a% is the outer unit normal derivative and 0 < o < 1.

This elliptic problem appears naturally when one considers self-similar blowing
up solutions of the porous medium equation (m > 1)

vy = Av™ in RY x (0,7),
(1.2) o™
v

The blow-up problem for the porous medium equation has deserved a great deal
of attention, see for example [3], [10], [11], [19] and [12].

In the study of blow-up problems, self-similar profiles are used to study the fine
asymptotic behavior of a solution of the parabolic equation near its blow-up time,
see, for example, [14], [15]. Tt often happens that the spatial shape of the solution
near blow-up is close to a self-similar profile, [15], [12], [5], [6].

In our case, assume that v(z,t) is a solution of (1.2) with blow-up time 7. Then
the rescaled function z(z,t) = (T — t)"/(m=Yy(x, t) should converge as t /' T to a
stationary profile z(z) satisfying

N
v on ORY,

=v"  ondRY x (0,T).

Azm:m_lz ian,
am
%:zm onaRf,
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as is often the case when dealing with parabolic problems, see [10], [7], [5], [6].
Then u(x) = cz(x)™ is a solution of (1.1) with a = 1/m for a suitable choice of the
constant c.

On the other hand, given a nonnegative solution u(z) of (1.1), z(z) = (u(z)/c)w
gives rise to a special solution to (1.2) (in self-similar form) blowing up at time T,
of the form

(1.3) v(z,t) = (T — )" D(z).

Remark that in our case the self-similar scaling does not change the spatial variable,
and hence the blow-up set of (1.3) is given by the support of z(z).
Therefore there is an interest in studying self-similar profiles, in our case solutions

of (1.1).
In order to motivate our study, let us recall what is known for the problem
(1.4) v = Av™ + o™ in RY x (0,7).

Problem (1.4) admits self-similar solutions of the form (1.3). In this case the profile
z(x) is a solution of

1
m—1 :
One way to look for solutions of (1.5) is to search for radial ones. The existence of a
radial compactly supported nontrivial solution reduces to the study of an ODE and
was done in [17], [7]. Moreover, a symmetry analysis using moving planes implies
that every solution with finite energy has compact support and is composed by a

finite number of radial “bumps” located such that their supports do not intersect,
see [7], [18].

(1.5) 0=Az"42"— in RV,

Concerning the existence of solutions of (1.1), let us observe that in one space
dimension we are facing an ODE that can be solved explicitly and it turns out that
there exists only one compactly supported solution in R :

(L6) u() = e1((ez — 2)1)7/ =),

Unfortunately, for N > 2, an easy inspection of problem (1.1) shows that there is
no hope to look for radial solutions since they can not verify the boundary condition.
Therefore, in the case under study, the elliptic problem remains a PDE that can
not be solved by ODE methods.

However, the problem has still some natural symmetry in the tangential vari-
ables. In fact, if we call a point x € Rf, r = (2',zy) (' € RVN1), we can search
for solutions that are radial in the tangential variables, i.e.,

(1.7) uw(z) = u(|2'|, zN).

It has to be noted that this symmetry assumption does not reduce the problem to
an ODE.

Our first result reads as follows,

Theorem 1.1. There exists a nontrivial, nonnegative compactly supported solution
of (1.1) of the form (1.7).

Next, we use the moving planes device (with a moving plane parallel to the
direction) to prove the following result
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Theorem 1.2. Let u € H'(RY) be a nonnegative solution of (1.1) with connected
support. Then u is compactly supported and radial in the tangential variables, that
is it has the form (1.7).

Remark that this theorem justifies our symmetry assumption in Theorem 1.1.

When this analysis is performed we can obtain some easy corollaries concerning
problem (1.2).

Corollary 1.1. FEvery nonnegative nontrivial solution of (1.2) blows-up in finite
time.

The proof of this fact follows by contradiction. Assume that v is a global non-
trivial solution. As v is a supersolution of the porous medium equation its support
expands, [20], and eventually covers the support of a self-similar profile z. The
proof ends just with the use of a comparison argument using a solution of the form
(1.3) with T large enough as subsolution.

Corollary 1.2. There exists a solution of (1.2) with a blow-up set composed by an
arbitrary number of connected components.

In fact, we may consider a solution of the form (1.3) with a profile z(z) composed
by n disjoint copies of the compactly supported solution provided by Theorem 1.1.

Moreover, we conjecture that the self-similar solutions that we have constructed
give the asymptotic behavior of any solution of (1.2) as it happens in one space
dimension, see [9].

The problem of uniqueness of solutions to (1.1) with compact support remains
open. In the case of equation (1.5) it is known that solutions with compact support
are unique except for translations, see [8], but the argument relies strongly on ODE
techniques.

The rest of the paper is organized as follows, in Section 2 we prove our existence
result, Theorem 1.1, and in Section 3, we prove our symmetry result, Theorem 1.2.

Throughout the paper, by C' we mean a constant that may vary from line to line
but remains independent of the relevant quantities.

2. EXISTENCE OF A SYMMETRIC SOLUTION

In this section we obtain the existence of a nontrivial nonnegative compactly
supported solution of (1.1).

The main idea of the proof is to consider the problem in a large half ball
B(0,R)4+ = {z,||z|]| < R,zy > 0} with mixed boundary conditions, namely,

AuR = (UR)a in B(O’R)Jr’
8uR

(2.1) B, —UR on OB(0,R)+ N{xzy = 0},
up =0 on 0B(0,R)+ N{zx > 0}.

And then obtain the desired solution proving that the support of ug verifies

max |z| < R.
w€supp(ur)

Therefore ug is a solution of (1.1).



4 J. DAVILA & J.D. ROSSI

This approach has already been employed by other authors. For instance in [4]
they prove existence of positive solutions to a nonlinear problem in a half-space
by first solving a related problem in a half ball BE and then letting R — oo.
Our problem is different in that we deal with a non Lipschitz nonlinearity and the
solutions we find have compact support.

For R > 0 let us introduce the notation:
B} =B(0,R);, &Bf =0BiNn{zn =0}, 0.Bf =0Bf N{xn > 0}.
To prove existence of a solution to (2.1) we consider the functional

_ fBg [Vul* - falsg u’

2
a+1 att
(o )

Ig(u)

on the space
H = {ue H'(B}) | such that u = 0 on 9B}, }

Jully = [ 1vul®
BR

This is indeed a norm on H by Poincaré’s inequality, which is valid for functions
in H since they vanish on a nontrivial part of the boundary of BE.

equipped with the norm

Lemma 2.1. For every R large enough Ir attains a minimum and there is a
minimizer u > 0, u Z 0 which is a solution of (2.1).

Proof. First, let us verify that

inf [ —00.
ueg}u7§0 R(U) Z T

This statement is equivalent to establish the following Sobolev inequality:

2/(a+1)
(2.2) / |Vu|? + K(/ |u|a+1) > / u? Yu € H,
BY B} B

where K is a constant (it may depend on R). If (2.2) fails there exists a sequence
u, € H with [, v i = 1 such that
R

2/(a+1)
(2.3) / |V, |2 —|—n(/ \un\“"‘l) <1 ¥n>1
By By

But then, up to a subsequence, we have u,, — u weakly in H, u,, — wu strongly in

LotY(Bf) and Unlp, gz — Ulp, g+ strongly in L%(01B},). Since fOlB;g u? =1 we

must have [, 5+ u? =1 on one hand, but (2.3) implies that u = 0, a contradiction.
R

Let A1 (R) denote the first eigenvalue for the problem
Au=0 in B;g,
Ou

ov
u=0 on B},

(2.4) = Au on & Bf,
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and let ¢1, g > 0 be the eigenfunction associated to A\i(R). Then A (R) > 0 and
fal B}, ‘P%,R

2/(a+1)
a+1
(IB; 901,_]; )

We claim that if R is sufficiently large then the expression above is negative. In
fact, observe that A\ (R) is given by

Ir(p1r) = (Mi(R) = 1)

St IVol?
peH\10} [5, 1 @

and a change of variables shows that
Jog IV6 1 [ IV
falBj; ©? R falB;r ¢?

where ¢(x) = ¢(Rx). Therefore

(1
(25 n(r) = 210
and this establishes that
(2.6) inf Ip(u) < 0,

for R sufficiently large.
Let (u,) be a minimizing sequence for Ir. We can assume that f61B+ u? = 1.
R

Since inf Igr < 0 we can also assume that Tg(u,) < 0. Therefore fB+ [Vu, | <1
R

and hence up to subsequence u,, — u weakly in H, u,, — u strongly in L"‘“(BE)
and un|alB; — u|813; strongly in L?(8;B};). Since Jo, 5t u? = 1 we conclude that
R

u # 0 and by the lower semicontinuity of || - ||z under weak convergence in H we
see that

inf I'p < Ip(u) < liminf I'g(u,) = inf I'.

Thus Ir has minimizer v #Z 0 and we can assume that « > 0. There is a Lagrange
multiplier A such that

J

Using this with ¢ = u we see that A has the same sign as Ig(u), and thus A < 0.
Choosing 6 = (—=\)*~1 > 0 it is easy to verify that fu solves (2.1). Finally note
that fu is also a minimizer of Ig. O

Vchp—/ ugo:)\/ u®p Vo€ H.
o BY IS

+
R BR

Remark 2.1. From the previous proof we may observe that inf I(u) < 0 if and
only if there exists a nontrivial nonnegative solution of (2.1). Moreover this occurs
if and only if M1 (R) < 1.

Lemma 2.2. Let ug be a nonnegative minimizer of Ig. Then for R large enough
there exists C' independent of R such that ||ug]

L(I‘FI(B;) < O; HuRHLOO(B;) < C:
and ||VUR||Loo(B;/2) <C.
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Proof. The first step is to show that
(2.7) / ugtt <O
Bj

with C independent of R.
Indeed, multiplying (2.1) by ug and integrating by parts we obtain

(2.8) /+ |Vug|? —|—u%+1 = / u%.
B 1B},

R
On the other hand we have shown in (2.6) that Ir < 0 for R large enough, but in
fact we have more. Indeed fix Ry so that A1(Rg) — 1 < 0, where A1(Ry) is the first
eigenvalue for (2.4). Let o1 g, be the first eigenfunction associated to A;(Rp) and
extend it by zero to BE. Then for R > Ry

2
fc’)lBEO sOlvRO

iIlfIR S IR(QOLRO) = ()\1(R0) - 1) 2/(atD) =
a+1
fB;‘:’O SOI,EQ)

—Cp.

Thus

2/(a+1)
(2.9) / |Vug|? JrC'g(/ u?'l) S/ u%.
B} B, 1B},

From (2.8) and (2.9) we see that (2.7) follows.

The proof of the uniform estimates ||“R||L<>°(B;) < C and ||VuR/2||L(X,(B§) <C
is standard. For simplicity let us assume first that Bi(vo) C Bj. Since u$ €
LetD/e(By(xq)) by LP regularity theory ug € W+D/(By ,(x0)) and then
by the Sobolev embedding up € L(By/2(xo) with % =5 2 Repeating this
argument a finite number of times we deduce the bound in L*°. The bound for
Vug in L is similar, using Schauder estimates. Finally the same proof works if
Ty € 5‘Rﬂ\_' N Br. The only point that deserves an explanation is the LP regularity
theory for the Laplace equation with the boundary condition % =y on 8]1%1 . This
is well known, but for completeness we present a short proof in the appendix A. [

Remark 2.2. The mountain pass theorem of Ambrosetti and Rabinowitz, [2], can
also be used to prove the existence of a solution to (2.1). Indeed, the functional

1 1 1
F(u):E/B+ |vu|2+1+—a . |u|1+°‘—§/83+u2
R R 12R

satisfies the hypotheses of the theorem. An estimate similar to (2.2):

1 2/(1+0)
f/ \Vu|2+K</ ju[+) 2/ 2, e H,
2 B B B}

shows that if r is small enough and ||u||g = r then

1 1
Fr(u) > 1 /B+ |Vul|* = ZrQ.
R

On the other hand Fr(uy) < %7“2 and ||u1l|g > r, where uy = to1 g with v1,r the
first eigenfunction for (2.4) and ty is large.

Finally, the estimates of Lemma 2.2 can also be obtained for the mountain pass
solution wmp. It suffices to verify that the critical value of the mountain pass solu-
tion F(umyp) is bounded independently of R.
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Remark 2.3. Let us write v € RN as x = (2/,xn) with 2’ € RV~! and 2y € R.
Minimizing Ir in the subspace of H consisting of functions u such that
(210) u(Ilva) = u(|x’|,xN),

that is, functions that are radial with respect to x’, we can find a solution to (2.1)
with this property.

Definition 2.1. From now on we let ug > 0 denote a nontrivial solution of (2.1)
that satisfies (2.10), obtained by minimizing Ir on the space of functions in H
satisfying (2.10).

We need now a result which will be proved in the next section

Lemma 2.3. Let ug be the solution of Definition 2.1. Then u(|2'|,zn) is decreas-
ing in |2'| and zy.

The next result will establish Theorem 1.1.

Lemma 2.4. Let ug denote the solution of Definition 2.1. Then for R large enough
ur has compact support.

Proof. As before we will write z € RY as z = (2/,zy) with 2’ € RV~ and 2y > 0.
First let us show that ug satisfies

c
(2.11) up(r’,aN) £ —x5———
|2/ 7T |y 25T
In fact, by Lemma 2.3
ur(z',xn) <ur(y,yn) VIy'| <2, 0 <yn <an.

Raising to the power a+1 on both sides, integrating in the region { (v/,yn) : |¢/]| <
|2'], 0 < yy <y } and using the estimate of Lemma 2.2 we deduce (2.11).
Let L denote a constant such that [|Vug| g+ < L for all R large. By (2.11)
R/2

there is R; such that for R > R;
up(z’,on) <1/2 V2| > %, Ty > Ry

This together with the Lipschitz bound implies that

ur(e’,Ry) <1 Va'.
Consider
(2.12) wy =a((b—ay)t)0"
where f* denotes the positive part of f, that is fT = max(f,0) and a, b are
determined by

—a)?
(2.13) a® !t = él(1+<i)

Then Aw; = w{ and wi(R;) = 1. We claim that from the maximum principle
it follows that ugp < wy in {xxy > Ry} N BE. In fact first note that w; > u on
9 ({zny > R1} N B}). Then observe that

0=—-A(w; —u) +w§ —u® = =A(w; — u) + c(z)(w; — u),

a(b— Ry)? (=) =1,
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where

wi—u® .
o o =0 ifw # u,
if w1, = Uu.

Thus the maximum principle can be applied and from ug < wy in {znx > Ry }N B}
we deduce that uw(z’,zy) =0if xy > Ry, R > Rs.

Finally, to prove that the support of ug is bounded in the direction of z’ we
need to apply the maximum principle in a region which has part of its boundary
on {zx = 0}. For an arbitrary region as before the maximum principle may not
hold, because of the boundary condition % =wuon {xy = 0}. However if the part

of the boundary on {xx = 0} is small enough the maximum principle is valid.

Lemma 2.5. Let U C Rf be open, bounded with a Lipschitz boundary. Suppose
that w € HY(U) satisfies

Aw < a(x)w inU,

(2.14) w >0 on U N{zn > 0},
%Zw on OU N {zn = 0},

where a(x) > 0. Then there exists 0 such that, if the N — 1 dimensional measure
|OU N {zny =0} < & then we have w >0 in U.

Proof of Lemma 2.4 continued. Let zop € ORY. We shall show that if |zo| and R
are large enough then ur = 0 in a neighborhood of zy3. We utilize Lemma 2.5 with
U= {zy >0}NB(xg,70), with 0 < rg < 1 small enough. We are going to construct
a suitable comparison function ws which satisfies the following properties:

(2.15) Aws <w§ in D,
(2.16) % >wy, ondDN{zy =0},
v
(2.17) wg = 0 in a neighborhood of z(, and
(2.18) inf  wy > 0.

6Dﬁ{wN >0}

Write g = (z(,,0) and define the coordinate r = |z’ — x{|. Set
(2.19) wy = a((r? + (xx — d)® = b)T) >/

where a, b, d > 0 are going to be fixed below depending only on 79, N and « (ws
is just a radial function about the point (xf, d)).
First we deal with (2.16). On 0D N{zxy = 0} we have

Ows Ows dad lta
o Oz - 1—04((712_|—dz_b)+)1 )
so that % > wy is equivalent to
4d
(220) m Z (7‘2 =+ d2 — b)+
We choose d such that
2
(2.21) Noag>h
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and thus

4d
P >r(2).

Then pick b so that
(2.22) d>—b<0.

Therefore for 0 < r < ry (2.20) holds. Note that condition (2.22) also implies that
7?2+ (zn —d)? —b < 0 in a neighborhood of r = 0 and x = 0, so that (2.17) holds.
To verify (2.18) observe that if 72 + 2%, = r¢ then

P4 (any—d)?—b=ri—2zyd+d*>—b
> ’/‘0(7"0 — Qd) +d?—b.
Because of (2.21), 79(r¢ — 2d) > 0 so we restrict b to have ro(ro — 2d) +d*> —b > 0

in addition to (2.22).
To achieve (2.15) let us compute

Awy = (’lUQ)zN:rN + (wg)w + T('L[)Q)T

= a((r2 + (zn — d)? — b)+)12_7a" llzliva(rz + (zn — d)? —b)*
8(1+a), , 2

=a'"ws Légva(?g +(zn —d)> = b)T + é(Sil_—&—ac)yQ) (r? + (zny — d)2)1 .

If we choose a > 0 small enough then Aws < w$ in D.
Let

€:= inf wey > 0.
8D0{£N>0}

By (2.11) we can find R3 such that for all R > Rj

€

up(z’,zn) <e/2 V|2'| > Rs, on > o7

where L is a uniform Lipschitz constant for ur. As argued before, we deduce that
up(z’,zy) <e V|2'| > Rz, znx > 0.

Now let zg € 3Rf be such that |zg| = R3 + 79 and let R > R3 + 2rg. Then we
have the hypotheses of Lemma 2.5 and since —A(ws — ugr) = ¢(x)(w2 — ur) with
¢(z) > 0, we conclude that ug < wq in U = B(zg,ro) N Rf. Since ws vanishes in a
neighborhood of xp and zy was chosen arbitrarily in 0Br,4r, N aRf , we conclude
that ugr vanishes in a neighborhood of that set. By monotonicity of up with respect
to |2'| and xn we reach the desired conclusion. O

Finally we provide a short argument for Lemma 2.5.

Proof of Lemma 2.5. Let us multiply (2.14) by w™ = — min(w, 0) and integrate in

U:
/U|vur| +a(z)(w") —/Bm{m_o}(w) <0
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Then
[ 1ve P+ a@y < | (w )
U AUN{zn=0}
N\ 2/2
<(/ (@) 10U 1 fay = 0/
oUN{zNn=0}
where 2 = 28{,\7_721) is the critical exponent for the Sobolev trace embedding. Using

the Sobolev trace embedding we can bound

-\ 2/2
(/ w)?) " <o [ [wup,
OUN{zn=0} U

where the constant C' can be chosen independent of U. Hence
/ |Vw™|? 4 a(z)(w™)? < ClOU N {zn = 0}|1/(N*1)/ |Vw™|?
U U
and if C|oU N {xx = 0}Y/N=1 < 1 then w™ =0 in U. O

3. SYMMETRY PROPERTIES

In this section we study symmetry properties of solutions of (1.1). In particular
we will show that every solution with finite energy is compactly supported and
radial in the tangential variables.

Lemma 3.1. Let u € HY(RY) be a solution of (1.1). Then the following norms
are finite: ||“||La+1(R{§)7 HUHLw(Rf), and ||VU||L°°(1R$)-

J

and since v € H'(RY) we deduce that [, u*™ < co. From here the estimates for
+

Proof. By the equation
Vul? + uT = / u?,

7 I N
7 ORY

u and Vu in L are obtained as in Lemma 2.2. O

Lemma 3.2. Let u € H'(RY) be a solution of (1.1). Then u is compactly sup-
ported.
Proof. First we remark that

(3.1) lim sup u=

We prove this by contradiction, that is we suppose that (3.1) fails. Then there exists

e > 0 and a sequence of points z,, € RY such that |z,| — oo and u(z,) > € for all n.
But by Lemma 3.1 SUPRN |[Vu| < oo and therefore there exists > 0 independent

of n such that u > ¢/2 on B.(z,) N Rf for all n. By taking a subsequence we
can assume that the balls B,.(x,) are disjoint. But this implies that [oy u*™! >
+

don fBr(wn)ﬂRi’ u®t! = oo, contradicting Lemma 3.1.

We proceed now with an argument similar to the one of Lemma 2.4. First, by
(3.1) we can find R; > 0 such that

u(z’,Ry) <1 for all 2’ € RN71,

Consider now the function w; defined in (2.12). Since wy > w in {zxy = Ry}
and lim inf‘z|_,oo wy —u > 0, by the maximum principle we deduce that v < w;



EXISTENCE AND SYMMETRY 11

in {xxy > R;} and thus there exists Ry > 0 such that u(z’,zy) = 0 for all 2’
and zy > Rs (a direct way of verifying that the maximum principle holds in this
situation is as follows: suppose that sup {zy>Ry} & — w1 > 0. Then this supremum
is attained at a point zo = (x(, zon) With zony > R;. Hence A(u — wy)(zp) < 0
but on the other hand A(u — w1)(zg) = u(xp)® — wi(xo)® > 0, a contradiction).

Let us show now that if 2’ € RV~! with |2/| large enough then u(z’,0) = 0.
Indeed, first choose ry > 0 small so that the comparison principle of Lemma 2.5
holds in B,,(z) NRY for all balls B, (z) with z € RY. Given zy € IR} we
constructed a function wy in (2.19). It satisfies infypnizysoywe = € > 0 (see
(2.18)). Using (3.1) we can find R3 > 0 large so that if zg € ORY and |zo| > Rj then
u < £ on By, (z9) NRY . Using the comparison principle Lemma 2.5 in B, (z¢) NRY
we conclude that u < ws in this domain and hence v = 0 in a neighborhood of x.

Finally, to see that u has compact support we take the same expression of (2.12)
but we consider it as a function of z; for a direction k =1,..., N —1:

w3 = a ((b _ xk)+)2/(1—a)

where the constants a, b are as in (2.13) and R; is large enough so that u(z) < 1 if
x> Ry, zx > 0. We argue as before, using the maximum principle in the region
{zr > Ri}NRY and conclude that u < ws in {z; > R} NRY. Therefore u(z) = 0
for zj, large and zx > 0. Applying the same procedure in the other directions we
reach the conclusion of the lemma. O

To prove radial symmetry in the tangential variables, we will use the moving
planes technique introduced in [13], see also [7]. To this end first we need to
introduce some notation. We will call ¥\ = {z € R | &1 > A}, Ty is the hyperplane
0Y, z* is the reflection of = across the plane Ty, that is 2 = 2(A — z1)e1 + x,
ux(z) = u(x?) and finally wy = uy — u. Also we assume that D = supp(u) is
connected.

Lemma 3.3. If there exists a point oy € X\ N D such that wy(xo) = 0, then
wx(z) =0 for allz € £y N D.

Proof. The proof is almost identical to the one of Lemma 2.1 in [7], with the only
remark that if 2y € 8Rf is such that wy(xz¢) = 0, then we can use Hopf boundary
lemma to deduce that wy = 0. [l

Proof of Theorem 1.2. Let us define Ao as follows,
Ao = inf{\ | wx(z) > 0 for all x € ¥, }.

This value \g is well defined and finite due to the compactness of the support of u
(Lemma 3.2).

Step 1. First, we observe that —oo < A\g < oo and Xy, N D # (.

The first assertion follows from the fact that w is compactly supported. The
second one is a direct consequence of the maximum principle in small domains,
Lemma 2.5. In fact for A large we have that X, N D = ) therefore wy > 0. While
for —X large (RY \£x)ND = @ therefore wy # 0. Moreover, there exists A such that
X5 ﬁDﬁ@Rf has small measure, therefore we can apply Lemma 2.5 in ¥5 ﬁDORf
getting w; > 0.

Step 2. wy, =0in X, NRY.
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We prove this by contradiction. If wy, # 0 then by Lemma 3.3 wy, > 0 in
3, N D. The objective is to show that if A < A\g but very close, then wy > 0 in
¥» N D, which is a contradiction with the definition of A\g. If Xy N DN 8Rf # 0 let
us fix a compact set K C Xy NDN 6Rﬁ such that X, N DN aRf \ K has measure
less than 6/2. Since wy, > 0 in K then wy > 0 in K for A sufficiently close to Ao.
By the definition of Ay for A < Ag,

D™ = {17 € Xy, w)\(l‘) < 0} #* 0,

and, by our previous considerations, we have that the measure of D™ N 8Rf is
small. Therefore we may apply Lemma 2.5 in D™, obtaining that wy > 0in D™, a
contradiction.

Step 3. To end the proof of the Theorem we just observe that, by Step 2, for
any given direction perpendicular to 3Rf there exists a plane T}, such that u is
symmetric with respect to T),. Since this holds for any direction perpendicular to
ORY we conclude that u must be radial in the tangential variables, u = u(|2’|, zx).

|

Proof of Lemma 2.3. The same argument as in the proof of Theorem 1.2, using
the moving plane method with planes parallel to the x direction, shows that if
ur € H'(B}) is a solution to (2.1) then ug is symmetric with respect to the
tangential variables 2’ and that it is decreasing with respect to |2/|.

Next we prove that ug is decreasing with respect to z . For this we consider the
half space ¥ = {# € R | zy > A} and the hyperplane T\ = 0X,. The reflection
across T is given by x +— 2% = 2(\ — 2y )en + 2 and we define uy(x) = u(z*) and
Wy = Uy — U.

For A € (R/2, R) w) satisfies Awy = ¢(z)wy with ¢(x) > 0 in the region )N Bg,
and wy = 0 on Ty N Br, wy > 0 on ¥\ NJBg. Hence wy > 0 in ¥ N Br and we
deduce that up is decreasing with respect to zy in the region {zy > R/2} N Bp.

If X € (0,R/2) wy is defined in {\ < xy < 2A} N Br and satisfies wy > 0
on {A < ay < 2A\} NIBg, wx = 0 on {xnxy = A} N Bgr. Suppose now that
A € (R/4,R/2). Then using that up is decreasing with respect to zy for znx > R/2
we see that Ba% >0 on {zy = 2A} N Bg. By the maximum principle we deduce
that wy > 0 in {A < zy < 2A} N By and therefore up is decreasing in this region.
Repeating this process we obtain the conclusion. ([l

APPENDIX A. AN LP ESTIMATE

Let By := Bj(xp) be a ball with zg € 8Rf and consider the linear elliptic
equation
Au=f in BN Rf
(4.1) o
8—1: =u on BlﬂaRf.
What is needed in the proof of Lemma 2.2 is the following result from LP regu-
larity theory:

Lemma A.1. Let 1 < p < oo and assume that f € LP(BiNRY) and u € W*P(B;N
RY) satisfies (4.1). Then

(4.2) ||U||W2m(Bl/Qme) < C("aP)(Hf”Lﬂ(Bme) + ”uHLP(Blr‘lRﬁ_’))'
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We present a proof using the following LP estimate which can be found in [1]
(see Theorem 14.1 on page 701):

Theorem A.1. Let 1 < p < o0, suppose that g € Wl’l/p’p(aRf) and let v €
W2P(RY) with support in By satisfy

Av=f ian

ov
W= g on 8Rf.
Then
(43)  olwess) < Coup)I iy + gl svmsony) + 10l

Proof of (4.2). (This is an argument adapted from [16, Theorem 9.11].) Let 1/2 <
p<landne C?(RY)besuchthat 0 <n <1,n=1inB,,n=00nR¥\Bg,) 0,
|Vl < C/(1 — p) and |D?n| < C/(1 — p)? with C independent of p. Let v = nu.
Then

Av = fn+2VuVn + uln

and

2= (o +7)e

Applying (4.3)

1
el < C(Iflnsg) + 7 Iullwrogs

& )
—p (1+p)/2

1
" (1—-p)? ”u||Lp(B<+1+p>/2)

+ 1@n/0v + nyullws-smogory) + el s )

(1+p)/2

and by the trace inequality
(4.4)
<C ! !
||u||W2,p(B;r) = (”fHLp(Bl*) + E||UHW1@(B(+HP)/2) + W||UHL;7(B(+HP>/2 )
Define the weighted norm

Hqu,p = sup (1 - p)k”u”Wk,P(B;f)'
1/2<p<1

Then from (4.4) we get
[ull2p < CUf o sy + Mullp + [Tudlop)-
Using the following interpolation inequality (see [16])
C
]l < ellullzp + Zlullop
we get (4.2). O
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