Uniqueness and non-uniqueness for a system of heat equations with non-linear coupling at the boundary

Carmen Cortazar^�, Manuel Elgueta^� Facultad de Matematicas, Universidad Catolica.

Casilla 306 Correo 22 Santiago, Chile

Julio D. Rossi^y Departamento de Matemática, F.C.E y N., UBA (1428) Buenos Aires, Argentina.

Abstract

We study the uniqueness problem for non negative solutions of a system of two heat equations, ut = Δu, vt = Δv, in a bounded smooth domain Ω, with nonlinear boundary conditions,^{∂u}_{∂η} = v^p,^{∂v}_{∂η} = u^q .

We prove that for identically zero initial data, (u(x, 0), v(x, 0)) ȷ (0, 0), the zero solution is unique if and only if pq ˘ 1. Moreover, in the case of non-negative non-trivial initial data the solution is always unique.

1 Introduction.

Let Ω be a bounded domain in R^N with smooth boundary and let p and q be two positive real numbers. In this article we are concerned with the uniqueness problem for non-negative solutions of the following system

u_t = Δu, v_t = Δv in Ω × (0, T ) ∂u ∂η = v^p,^{∂v}_{∂η} = u^q on ∂Ω × (0, T ) u(x, 0) = u_0 and v(x, 0) = v_0 in Ω.

(1.1)

with smooth initial data, u_0 ≥ 0 and v_0 ≥ 0.

�Partially supported by Fundacion Andes and FONDECYT under grant 1971126. ySupported by Universidad de Buenos Aires under grant EX071, CONICET (Argentina) and Fundacion Andes.

Parabolic reaction-diffusion systems like (1.1) or of a more general form, allowing coupling through source terms or with different boundary conditions, appear in several branches of applied mathematics. They have been used to model, for example, chemical reactions, heat transfer or population dynamics and have been studied by several authors. See [P] and the references therein.

Local existence in time, regularity and comparison results for solutions of several types of systems, including (1.1), have been obtained among others in [A], [EH1] and [RW]. See also the corresponding references.

Positive solutions of (1.1) blow up in finite time if pq > 1, see [RW], [D]. See also [HY] and the references therein for the scalar equation. Throughout this note, since we are concerned with uniqueness, we can always assume that the solution is defined and bounded in a small interval of time [0, T ].

It has been proved in [A], that under the assumption that the initial data is strictly positive, the solution of (1.1) is unique. The main result of this note deals with the uniqueness problem for (1.1) in the case of identically null initial data. More precisely we prove

Theorem 1.1 Assume (u_0, v_0) ≡ (0, 0). Then

a) If pq ≥ 1, then the unique solution of problem (1.1) is (u, v) ≡ (0, 0).

b) If pq < 1, then there exists exactly one solution, (~u, ~v) of problem (1.1), such that both ~u and ~v are strictly positive for every positive time. Moreover, any other nonnegative nontrivial solution of (1.1) is of the form

(~u((t − τ )_+), ~v((t − τ )_+))

for some fixed τ > 0. Here r_+ = max(r, 0).

Part b) of Theorem 1.1 is a generalization to several space dimensions of a result of [DFL], where non-uniqueness is proved in the case of Ω = (0, +∞). It is also conjectured in that paper that the solution is unique if pq > 1.

In the case of non-trivial initial data we prove the following

Theorem 1.2 If (u_0, v_0) ≢ (0, 0), then the solution of (1.1) is unique.

A related result can be found in [EH1]. In that paper the authors deal with non-negative solutions of the Cauchy problem, in all of R^N , for the system

u_t = Δu + v^p, v_t = Δv + u^q, u(x, 0) = u_0 and v(x, 0) = v_0

with u_0 ≥ 0 and v_0 ≥ 0. They prove that if (u_0, v_0) ≢ (0, 0), then the solution is unique and, that for (u_0, v_0) ≡ (0, 0) the solution is unique if and only if pq ≥ 1. Moreover, if pq < 1 then any non-trivial solution is of the form (f((t − τ )_+), g((t − τ ))_+), where (f(t), g(t)) is the space variable independent solution that can be calculated explicitly. See also [EH2] for the corresponding result for the Dirichlet problem on bounded domains. In the case of the scalar equation with a source term, this type of results were already obtained in [FW].

The rest of this paper is organized as follows. Section 2 is devoted to the proof of Theorem 1.1. The method of the proof of part a), which is standard, relies in a fixed point argument and uses the representation of the solution through a variation of constants formula and, some estimates for the Green’s function that can be found in [F]. The proof of part b) is based upon a classical monotonicity argument. The key step in this proof is the construction of a non trivial sub-solution of (1.1) in the case that pq < 1 and (u_0, v_0) ≡ (0, 0). This construction uses ideas already used in [CDE].

In the last section we prove Theorem 1.2 using ideas from [EH2] and part b) of Theorem 1.1.

2 Proof of Theorem 1.1.

Proof of part a).

Fix T > 0. For any r > 0 define the operator

N_r : C(∂Ω × [0, T ]) → C(∂Ω × [0, T ]) by N_r (h) = w_r |_{∂Ω×[0,T ]}

where w_r is the solution of w_t = Δw ∂w ∂η = (h)^r w(x, 0) = 0. Observe that if (u, v) is a solution of (1.1), then h = v |_{∂Ω×[0,T ]} is a fixed point of the operator N_q ∘ N_p. Also, by continuity, v(x, t) ≤ 1 if t is small. Therefore we will prove the uniqueness of the zero solution as soon as we prove that there exists T > 0 and 0 < k < 1 such that ||N_q ∘ N_p(h)||_∞ ≤ k||h||_∞ (2.1) for any h with ||h||_∞ ≤ 1.

Let Γ be the fundamental solution of the heat equation, that is Γ(x, t) = 1 (4πt)^{n/2} exp[ −‖x‖^2 4t ].

Then, see Theorem 2 chap. 5 of [F], w_r(x, t) can be written in the form w_r(x, t) = ∫_t 0 ∫ ∂Ω (h(y, τ ))^r Γ(x − y, t − τ ) dS_y dτ

− ∫_t 0 ∫ ∂Ω w_r (y, τ ) ∂Γ ∂η (x − y, t − τ ) dS_y dτ. Letting x → ∂Ω, using Theorem 1 chap. 5 of [F], we obtain 1 2 w_r(x, t) = ∫_t 0 ∫ ∂Ω (h(y, τ ))^r Γ(x − y, t − τ ) dS_y dτ (2.2) − ∫_t 0 ∫ ∂Ω w_r(y, τ ) ∂Γ ∂η (x − y, t − τ ) dS_y dτ. Pick 0 < α < 1 and fix μ such that 1 −^α_2 < μ < 1. Using inequalities (1.4) and (2.12) of chapter 5 in [F], one obtains for any x, y ∈ ∂Ω | Γ(x − y, t − τ ) |≤ C (t − τ )^34 | x − y |^{n− 3}2

(2.3) and | ∂Γ ∂η (x − y, t − τ ) |≤ C (t − τ )^μ | x − y |^{n+1−2μ−α} . (2.4) Let M_r = max_{∂Ω×[0,T ]} w_r(x, t). Let (x_0, t_0) ∈ ∂Ω × [0, T ] be a point such that M_r = w_r (x_0, t_0). Then from (2.2) 1 2 M_r ≤ ‖h‖^r_L1 ∫_{t0} 0 ∫ ∂Ω Γ(x_0 − y, t_0 − τ ) dS_y dτ + ∫_{t0} 0 ∫ ∂Ω w_r(y, τ ) | ∂Γ ∂η (x_0 − y, t_0 − τ ) | dS_y dτ. Or, using (2.3) and (2.4), 1 2 M_r ≤ CT^{1/4}‖h‖^r_L1 + CT^{1−μ}M_r where C depends on n, μ and Ω.

So, if CT^{1−μ} <^1_4 , we have ‖N_r (h)‖_L1 ≤ CT^{1/4}‖h‖^r_L1. Consequently

‖N_q(N_p(h))‖_L1 ≤ CT^{1/4}‖N_p(h)‖^q_L1 ≤ CT^{(q+1)/4}‖h‖^{pq}_L1 ≤ CT^{(q+1)/4}‖h‖_L1 as pq ≥ 1 and ‖h‖_L1 ≤ 1.

Finally, if T is such that CT^{(q+1)/4} < k, then (2.1) follows. This ends the proof of part a) of Theorem 1.1.

Proof of part b).

We will construct, in the case pq < 1, a non trivial non negative sub-solution of (1.1). This will imply via a standard monotonicity argument that the zero solution is not unique. For this argument we will need the following comparison lemma that can be found in [A] and [RW].

Lemma 2.1 If (u, v) is a sub-solution and (u, v) a super-solution of (1.1) such that u(x, 0) < u(x, 0) and v(x, 0) < v(x, 0) for all x ∈ Ω, then u < u and v < v in Ω × [0, T ) provided both exist up to time T .

Before we can define the sub-solution we need some previous results.

Lemma 2.2 Given γ > 0 and 0 < ξ_1 < 1, then there exists ξ_0(γ) < ξ_1 and a positive solution, z_γ , of γz(ξ) − 1 2 z^′(ξ)ξ = z^{′′}(ξ) on [0, ξ_0(γ)) (2.5)

with z_γ (ξ_0(γ)) = 0, z_γ (0) = 1 and such that z^′_γ < 0 and z^{′′}_γ > 0 on [0, ξ_0(γ)].

Proof: Set x(ξ) = z(ξ) y(ξ) = z^′(ξ). Now (2.5) reads

x^′(ξ) = y(ξ) y^′(ξ) = γx(ξ) − 1 2 y(ξ)ξ with initial conditions x(0) = 1 and y(0) = y_0 where y_0 is to be determined later.

The lemma will be proved as soon as we find y_0 < 0 such that the first zero, ξ_0 = ξ_0(γ), of x is such that ξ_0 < ξ_1 and, x(ξ) > 0, y(ξ) < 0 whenever 0 < ξ < ξ_0.

To do this we first observe that, since y(ξ) is negative, x(ξ) ≤ 1 and hence y^′(ξ) ≤ γ − 1 2 y(ξ)ξ. By integration we obtain that if 0 < ξ < ξ_1 < 1, then y(ξ) ≤ γ ∫_1 0 e^{s2/4}ds + y_0 < 0

and, therefore x^′(ξ) ≤ γ ∫_1 0 e^{s2/4}ds + y_0. Integrating the last inequality we get

x(ξ_1) ≤ 1 + ξ_1(γ

∫_1 0 e^{s2/4}ds + y_0).

Hence ξ_0 < ξ_1 provided that |y_0| is large enough. This proves the lemma. 2 Let (α, β) be the solution of ( −1 p q −1 )( α β ) = (

−^1_2 −^1_2 ). We observe that since pq < 1 then α and β are both positive. Lemma 2.3 There exist positive constants k_1 and k_2 such that the functions a(s, t) = k_1t^αz_α( s √ t ) and b(s, t) = k_2t^β z_β( s √ t ) satisfy

a_t = a_{ss} on 0 ≤ s ≤ ξ_0(α) √ t b_t = b_{ss} on 0 ≤ s ≤ ξ_0(β) √ t −a_s(0, t) = b^p(0, t) −b_s(0, t) = a^q(0, t) a(ξ_0(α) √ t, t) = 0 a(ξ_0(β) √ t, t) = 0. Proof:

The lemma is an immediate consequence of Lemma 2.2. 2 We can define now the sub-solution. In order to do it consider the following change of variables in a neighborhood of ∂Ω. Let x̄ a point in ∂Ω. We denote by n̂(x̄) the inner unit normal to ∂Ω at the point x̄. Since the boundary is smooth it is well known that there exists δ > 0 such that the mapping φ : ∂Ω×[0, δ) → R^N given by φ(x̄, s) = x̄ + sn̂(x̄) defines new coordinates (x̄, s) in a neighborhood U of ∂Ω in Ω.

Let (μ, ν) be the solution of ( −1 p q −1 )( μ ν ) = ( −1 −1 ). Since pq < 1, then μ and ν are both positive.

Fix δ such that 0 < δ < 1. Define u_ε(x̄, s, t) = { ε^μa(^s_ε , (1 − ε^δ )^t_{ε2} ) if s ≤ ξ_0(α) √ (1 − ε^δ )t 0 if ξ_0(α) √ (1 − ε^δ)t ≤ s v_ε(x̄, s, t) = { ε^ν b(^s_ε , (1 − ε^δ)^t_{ε2} ) if s ≤ ξ_0(β) √ (1 − ε^δ)t 0 if ξ_0(β) √ (1 − ε^δ )t ≤ s in U , and extend u_ε, v_ε as zero to the whole of Ω.

We can state now

Proposition 2.1 There exists ϵ_0 and T_0 > 0 such that the pair of functions (u_{ε0} (x̄, s, t), v_{ε0} (x̄, s, t)) is a sub-solution of (1.1) in Ω × [0, T_0].

Proof:

We claim that the boundary conditions are satisfied. We have − ∂u_ε ∂s (x̄, 0, t) = −ε^{μ−1} ∂a ∂s (0, (1 − ε^δ) t ε^2 ) = ε^{μ−1}(b(0, (1 − ε^δ ) t ε^2

))^p = ε^{μ−1}ε^{−νp}(ε^ν b(0, (1 − ε^δ ) t ε^2

))^p = = ε^{μ−1−νp}(v_ε(x̄, 0, t))^p = (v_ε(x̄, 0, t))^p because of the choice of μ and ν.

Analogously we obtain − ∂v_ε ∂s (x̄, 0, t) = (u_ε(x̄, 0, t))^q

and the claim is proved.

We will see now how to compute the Laplacian in coordinates (x̄, s). Fix x̄ ∈ ∂Ω. After a rotation and a translation we can assume that x̄ is the origin and that the tangent space to ∂Ω at x̄ is given by the equation x_N = 0. Moreover we can assume that the coordinates (x_1, ..., x_{N−1}) in x_N = 0 point in the principal directions at x̄. We can also assume that, in a neighborhood of x̄, ∂Ω is given by the equation x_N = h(x_1, ..., x_{N−1}) where h ∈ C^4. For j = 1, ..., N − 1 we set p_j =^{∂h}_{∂xj} and we denote by H_j(x̄) the principal curvatures of ∂Ω at x̄.

A straightforward computation shows that Δ applied to a function f evaluated at the point (x̄, s) is given by

Δ(f) = L_s(f) + L_{x̄}(f) (2.6)

where L_sf(x̄, s) = ∂^2f ∂s^2 (x̄, s) − N−1∑ j=1 H_j(x̄) (1 − H_j(x̄)s) ∂f ∂s (x̄, s) (2.7) and L_{x̄}f(x̄, s) = N−1∑ j=1 1 (1 − sH_j (x̄))^2

∂^2f ∂x^2_j (x̄, s) +

s N−1∑ i,j=1 1 (1 − sH_j(x̄))(1 − sH_i(x̄))^2

∂^2p_j ∂x^2_i ∂f ∂x_j (x̄, s).

If (s, t) is such that 0 < s ≤ ξ_0(α) √ (1 − ε^δ )t we have

(u_ε)_t(s, t) − Δu_ε(s, t) = −ϵ^{μ+δ−2}a_t( s ε , (1 − ε^δ ) t ε^2

)) + ϵ^{μ−1} N−1∑ j=1 H_j(x̄) (1 − H_j(x̄)s) a_s( s ε , (1 − ε^δ) t ε^2

)) =

−ϵ^{μ+δ−2}a_{ss}( s ε , (1 − ε^δ) t ε^2

)) + ϵ^{μ−1} N−1∑ j=1 H_j(x̄) (1 − H_j(x̄)s) a_s( s ε , (1 − ε^δ ) t ε^2 )). Or, using the definition of a,

(u_ε)_t(s, t) − Δu_ε(s, t) =

−ϵ^{μ+δ−2}((1 − ε^δ ) t ε^2 )^{α−1}k_1z^{′′}_α(s/ √ (1 − ε^δ )t)

× 1 − ϵ^{1−δ}((1 − ε^δ) t ε^2

)^{12} N−1∑ j=1 H_j(x̄) (1 − ϵH_j(x̄)s) z^′_α(s/ √ (1 − ε^δ )t) z^{′′}_α(s/ √ (1 − ε^δ )t) .

Since the function ξ → z^′_α(ξ)/z^{′′}_α(ξ) is bounded and z^{′′}_α(ξ) > 0 for ξ ∈ [0, ξ_0(α)], we obtain that if ϵ is small enough then

(u_ε)_t(s, t) − Δu_ε(s, t) ≤ 0 (2.8) if 0 < s ≤ ξ_0(α) √ (1 − ε^δ )t.

In a similar fashion one proves that for small enough ε

(v_ε)_t(s, t) − Δv_ε(s, t) ≤ 0 (2.9)

if 0 < s ≤ ξ_0(β) √ (1 − ε^δ )t.

After choosing ε = ε_0 small enough such that (2.8) and (2.9) hold, pick s_0 such that {(x̄, s)/0 < s < s_0} is contained in U . Choose T_0 such that for all 0 < t < T_0 one has ξ_0(α) √ (1 − ε^δ)t ≤ s_0 and ξ_0(β) √ (1 − ε^δ )t ≤ s_0.

Since (0, 0) is a solution of (1.1), the proposition follows now by the standard argument that proves that the maximum among sub-solutions is a sub-solution. 2 We can end now the proof of part b) of the theorem.

The argument that follows is classical. Let (u_n, v_n) be the solution of (1.1) in Ω × [0, T_0) with initial data u_0 = v_0 = 1/n. By lemma 2.1, the sequence (u_n, v_n) is decreasing.

We define ~u = lim_{n↗∞} u_n and ~v = lim_{n↗∞} v_n. Passing to the limit in the variation of constant formula we obtain that (~u, ~v) is a solution of (1.1).

Again by comparison, u_n > u_{ε0} and v_n > v_{ε0} for all n, so the same holds for ~u and ~v. Hence we have constructed a non trivial solution of (1.1) with ~u(x, 0) ≡ ~v(x, 0) ≡ 0. It remains to prove the statement about uniqueness. Suppose, for a contradiction, that there exists another solution (w, z) of (1.1) such that is strictly positive for every positive time. By the comparison principle ~u(t) ≤ w(t + τ ) and ~v(t) ≤ z(t + τ ) for every τ > 0. Letting τ → 0 we obtain ~u(t) ≤ w(t) and ~v(t) ≤ z(t). Analogously ~u ≥ w and ~v ≥ z and part b) of Theorem 1.1 is proved.

3 Proof of Theorem 1.2.

We note that if the initial condition is non-negative and non-trivial, then a nonnegative solution of (1.1) is such that u > 0 and v > 0 for all positive times as long as the solution exists. This can be seen by comparison with the solution of the corresponding problem with homogeneous Neumann boundary data.

We use a variation of the ideas in [EH2]. Observe that there exists a maximal solution (u_M , v_M ) of (1.1) in the sense that if (u, v) is any solution of (1.1), then u ≤ u_M and v ≤ v_M . This maximal solution is constructed, in a standard fashion, as the limit as n → ∞ of the unique solutions, (u_n, v_n), of (1.1) with initial condition (u_0 +^1_n , v_0 +^1_n ).

In order to prove uniqueness it suffices to show that if (u, v) is any solution of (1.1), then

u_M ≤ u and v_M ≤ v. (3.1)

We distinguish three cases. Case 1. If p ≥ 1 and q ≥ 1.

In this case uniqueness follows from the results in [A], since the non linearities involved are locally Lipschitz continuous.

Case 2. If p < 1 and q ≤ 1.

Let w = u_M − u and z = v_M − v. Since p < 1 and q ≤ 1 we have that (w, z) satisfies w_t = Δw, z_t = Δz in Ω × (0, T ) ∂w ∂η ≤ z^p,^{∂z}_{∂η} ≤ w^q on ∂Ω × (0, T ) w(x, 0) ≡ 0 and z(x, 0) ≡ 0 in Ω.

As pq < 1, by Theorem 1.1 there exists a unique solution (a, b) of

a_t = Δa, b_t = Δb in Ω × (0, T ) ∂a ∂η = b^p,^{∂b}_{∂η} = a^q on ∂Ω × (0, T ) a(x, 0) ≡ 0 and b(x, 0) ≡ 0 in Ω

such that a > 0 and b > 0 for all t > 0.

We note that a ≥ w and b ≥ z. Now set f = a − w and g = b − z. Then

f_t = Δf, g_t = Δg in Ω × (0, T ) ∂f ∂η ≥ g^p,^{∂g}_{∂η} ≥ f^q on ∂Ω × (0, T ) f(x, 0) ≡ 0 and g(x, 0) ≡ 0 in Ω.

Here we have used the fact that if q ≤ 1 and a, u_M and u are non negative numbers such that a + u ≥ u_M , a ≤ u_M and u ≤ u_M , then

a^q − u^q_M + u^q ≥ (a − u_M + u)^q.

Similarly for p ≤ 1 and b, v_M and v. See [EH2] or [AE].

We claim that f > 0 and g > 0 for all t > 0. Indeed, if not, by the observation at the beginning of this section, there exists t_0 such that f(x, t) ≡ 0 and g(x, t) ≡ 0 for all 0 ≤ t ≤ t_0. But in this case we have for 0 < t < t_0

(b + v)^p = v^p_M = ∂u_M ∂η = ∂a ∂η + ∂u ∂η = b^p + v^p.

This is a contradiction since b > 0, v > 0 and p < 1. The claim is proved.

By comparison it follows that f ≥ a and g ≥ b. This implies (3.1) and the theorem holds under the assumption p < 1 and q ≤ 1.

Case 3. If 0 < p < 1 < q.

As in [EH2] we reduce this case to Case 2. Set

w = α(u_M − u) and z = β(v_M − v)

with α and β to be determined later.

Since p < 1, ∂w ∂η = α(v^p_M − v^p) ≤ α(v_M − v)^p = αβ^{−p}z^p. Also, since q > 1, ∂z ∂η = β(u^q_M − u^q) = α^{−1}β u^q_M − u^q u_M − u w ≤ α^{−1}βKw for some constant K > 0 that depends on the bounds for u_M on Ω × [0, T ]. It is clear that α and β can be chosen to be positive and such that (w, z) satisfies

w_t = Δw, z_t = Δz in Ω × (0, T ) ∂w ∂η ≤ z^p,^{∂z}_{∂η} ≤ w on ∂Ω × (0, T ) w(x, 0) ≡ 0 and z(x, 0) ≡ 0 in Ω.

Now the arguments of Case 2 give (3.1) and the theorem is proved.

Acknowledgments Most of this work was performed during a visit of J.D.Rossi to the Department of Mathematics of Universidad Catolica in Santiago, he wishes to thank for its hospitality and Fundacion Andes for the given financial support.

References

[AE] J. Aguirre and M. Escobedo. A Cauchy problem for u_t−Δu = u^p : Asymptotic behavior of solutions. Ann. Fac. Sci. Toulouse. Vol 8 (1986-87) 175- 203.

[A] H. Amann. Dynamic Theory of Quasi-linear Parabolic Systems III . Global Existence. Math. Z. Vol 202(2). (1989) 219–254

[CDE] C. Cortazar, M. del Pino and M. Elgueta. On the short-time behavior of the free boundary of a porous medium equation. Duke Jour. of Math. Vol 87 No 1 (1997) 133-149.

[D] K. Deng. Global existence and blow-up for a system of heat equations with non-linear boundary condition. Math. Methods Appl. Sci. Vol 18 (1995) 307-315.

[DFL] K. Deng, M. Fila and H. A. Levine. On critical exponents for a system of heat equations coupled in the boundary conditions. Acta Mat. Univ. Comenianae. Vol 63 (1994) 169-192.

[EH1] M. Escobedo and M. A. Herrero. A uniqueness result for a semilinear reaction-diffusion system. Proc. Amer. Math. Soc. Vol 112 No 1 (1991) 175-186.

[EH2] M. Escobedo and M. A. Herrero. A semi-linear Parabolic System in a Bounded Domain. Ann. di Mat. Pura ed Appl. Vol. CLXV (1993) 315- 336.

[F] A. Friedman. Partial differential equations of parabolic type Prentice Hall.

1964

[FW] H. Fujita and S. Watanabe. On the uniqueness and non-uniqueness of solutions of initial value problems for some quasi-linear parabolic equations. Comm. Pure Appl. Math. 21 (1968) 631-652.

[HY] B. Hu and H. M. Yin. The profile near blowup time for solution of the heat equation with a nonlinear boundary condition . Trans. Amer. Math. Soc. 346 1 (1994) 117-135.

[RW] J. D. Rossi and N. Wolanski. Global Existence and Nonexistence for a Parabolic System with Nonlinear Boundary Conditions. Diff. Int. Eq. to appear.

[P] C. V. Pao. Nonlinear parabolic and elliptic equations. Plenum Press 1992.