AN ADAPTIVE NUMERICAL SCHEME FOR A PARABOLIC PROBLEM WITH BLOW-UP

RAÚL FERREIRA, PABLO GROISMAN AND JULIO D. ROSSI

Abstract. In this paper we present an adaptive method for the numerical study of positive solutions of the following problem, u_t = u_{xx} (x, t) ∈ (0, 1) × [0, T ), u_x(0, t) = 0 t ∈ [0, T ), u_x(1, t) = u^p(1, t) t ∈ [0, T ), u(x, 0) = u_0(x) x ∈ (0, 1), with p > 1. We describe an adaptive numerical method that adds mesh points as the solution becomes bigger in a precise way that allows us to recover the blow-up rate and the blow-up set of the continuous problem.

1. Introduction.

In this paper we deal with a numerical approximation for the following problem,

(1.1) u_t = u_{xx} (x, t) ∈ (0, 1) × [0, T ), u_x(0, t) = 0 t ∈ [0, T ), u_x(1, t) = u^p(1, t) t ∈ [0, T ), u(x, 0) = u_0(x) x ∈ (0, 1).

We assume that u_0 is positive and compatible in order to have a regular solution. If p > 1 it is well known that every positive solution becomes unbounded in finite time, a phenomena that is known as blow-up. If T is the maximum time of existence of the solution u then lim_{t↗T} ‖u(·, t)‖_∞ = +∞,

1991 Mathematics Subject Classification. 35B40, 35K20, 65M50, 65N50. Key words and phrases. numerical blow-up, heat equation, nonlinear boundary conditions, adaptive mesh.

RF supported by DGES Project PB94-0153, EU Programme TMR FMRX- CT98-0201 and AECI. PG and JDR supported by ANPCyT PICT No. 03-05009, CONICET (Argentina) and AECI. 1

see [20], [24], [27] and also [13], [19], [23], [26] for general references on blow-up problems. For (1.1) it is proved in [11], [14] that the blow-up rate is given by, - ‖u(·, t)‖_L∞ ∼ (T − t)^{− 12(p−1)} , The blow-up set, B(u), i.e., the set of points x ∈ [0, 1] where u(x, t) becomes unbounded, is given by,

- B(u) = {1}, single point blow-up, see [17].

Here we are interested in numerical approximations of (1.1). Since the solution u develops a singularity in finite time, it is an interesting question what can be said about numerical approximations of this kind of problems. For previous work on numerical approximations of blowing up solutions we refer to [1], [2], [6], [7], [8], [9], [15], [18], [21], [22] the survey [5] and references therein. For approximations of (1.1) we refer to [3], [4] and [12]. Those papers deal with the behaviour of a semidiscrete numerical approximation in a fixed mesh of size h. It is observed there that significant differences appear between the continuous and the discrete problems. First, it is proved that positive solutions of the numerical problem blow up if and only if p > 1, see [12], this is the same blow-up condition that holds for the continuous problem. Next, it is shown in [3] and [4] that the blow-up rate for the numerical approximation, U, is given by

- ‖U(t)‖_∞ ∼ (T_h − t)^{− 1p−1} .

Therefore the blow-up rate does not coincide with the expected for the continuous problem. Concerning the blow-up set it holds, - B(U) = [1 − Kh, 1] if p > 1, see [4], [16]. The constant K depends only on p, K is the only integer that verifies K + 1 K < p ≤ K K − 1 . Hence the numerical blow-up set can be larger than a single point, x = 1, but as K does not depend on h, B(U) → B(u), as h → 0. Collecting all these results, we observe that when computing numerical approximations of a blow-up problem with a fixed mesh significant differences appear concerning the behaviour of the numerical and the continuous solutions. For this problem the blow-up rate and the blowup set can be different.

In this paper we introduce an adaptive method that gives the right blow-up rate and the exact blow-up set. This numerical method is based on a semidiscretization in space and adds points near the boundary, x = 1, when the numerical solution becomes large. This adaptive procedure leads to a non-uniform mesh that concentrates near the singularity and gives the precise blow-up rate and set. Some references that use adaptive numerical methods are [3], [7] and [8].

Our numerical scheme is based on the scale invariance of the heat equation in the half line with the nonlinear boundary condition placed a x = 0, −u_x(0, t) = u^p(0, t). If u(x, t) is a solution then u_λ(x, t) = λ^{12(p−1)} u(λ^12 x, λt) also is a solution. In [14] it is proved that there exists a self-similar blowing up solution in the half-line of the self-similar form

u_S (x, t) = (T − t)^{− 12(p−1)} φ(ξ), ξ = x(T − t)^{− 12} .

For an explicit form of the profile φ, see [14]. This solution u_S(x, t) gives the behaviour near the blow-up time T for solutions of (1.1) in the following sense (1.2) u(x, t) ∼ (T − t)^{− 12(p−1)} φ(ξ), for x = 1 − ξ(T − t)^{1/2}, |ξ| ≤ C. So the behaviour near the blowup point (1, T ) is given by the self-similar solution in the half-line. Our numerical scheme uses this fact to add points near x = 1 trying to reproduce the scaling invariance in the half-line. This produces a method that gives the correct blow-up rate and set. Our result reads as follows.

Theorem 1.1. Let u be an increasing in x, smooth solution of (1.1) and u_h be the numerical solution obtained by the adaptive scheme described in section 2. Then, for every τ > 0, the numerical solution u_h converges to the continuous one uniformly in [0, 1]×[0, T −τ], in fact there exists a constant C = C(τ) such that ‖u − u_h‖_L∞_{([0,1]×[0,T −τ ])} ≤ Ch^{32} . The numerical solution u_h blows up if and only if p > 1 in the sense that there exists a finite time T_h with lim_{t↗Th} u_h(1, t) = +∞. This numerical blow-up time converges to the continuous one when h → 0, in fact there exist α > 0 and C > 0 such that |T_h − T | ≤ Ch^α. Moreover, the numerical blow-up rate is given by

lim_{t↗Th}(T_h − t)^{12(p−1)} ‖u_h(·, t)‖_∞ = Γ = φ(0)

and the numerical blow-up set is B(u_h) = {1}.

Organization of the paper: In section 2 we describe our numerical adaptive procedure. In sections 3 to 6 we develop the proofs of our main result, Theorem 1.1. To begin our analysis we prove in section 3 that numerical approximations converge uniformly in sets of the form [0, 1] × [0, T − τ]. In section 4 we prove that the scheme reproduces the blow-up rate. In section 5 we find the numerical blow-up set that coincides with the continuous one. In section 6 we prove that the numerical blow-up time converges to the continuous one. Finally, in section 7 we present some numerical experiments. We leave for the Appendix the proof of a technical result needed in section 6.

2. The adaptive numerical scheme

In this section we present the numerical method. We discretize using piecewise linear finite elements with mass lumping in a mesh for the space variable.

Consider a partition (that can be non-uniform), x_1, ..., x_{N+1} of (0, 1) of size h (h = max(x_i − x_{i−1})) and its associated standard piecewise linear finite element space V_h. Let {φ_j }_{1≤j≤N} be the usual Lagrange basis of V_h. The semidiscrete approximation u_h(t) ∈ V_h obtained by the finite element method with mass lumping is defined by: ∫_1 0 (u^′_hv)^I dx +

∫_1 0 (u_h)_xv_xdx = u^p(1, t)v(1, t), ∀v ∈ V_h, ∀t ∈ (0, T ) where the superindex I denotes the Lagrange interpolation. We denote with U(t) = (u_1(t), . . . , u_{N+1}(t)) the values of the numerical approximation at the nodes x_k, at time t. Writing,

u_h(t) = N∑ j=1 u_j(t)φ_j , a simple computation shows that U(t) satisfies the system of ordinary differential equations (see [10]): { MU^′(t) = −AU(t) + BU^p(t), U(0) = u^I_0,

where M is the mass matrix obtained with lumping, A is the stiffness matrix and u^I_0 is the Lagrange interpolation of the initial data, u_0.

Let us pay special attention to the numerical solution at the point x = 1 (at this point is where the continuous solution develops the singularity). Writing the equation satisfied by u_{N+1} explicitly we obtain the following ODE,

u^′_{N+1}(t) = 2 h^2_N

(u_N (t) − u_{N+1}(t)) + 2 h_N u^p_{N+1}(t), where h_N = 1 − x_N . Now, let us describe our adaptive procedure. As we want the numerical blow-up rate to be

u_h(1, t) ∼ (T_h − t)^{− 12(p−1)} we impose that the last node u_{N+1}(t) = u_h(1, t) satisfies (2.1) c_1u^{2p−1}_{N+1} (t) ≤ u^′_{N+1}(t) ≤ c_2u^{2p−1}_{N+1} (t). Imposing (2.1) is equivalent to

(2.2) c_1u^{2p−1}_{N+1} (t) ≤ 2 h^2_N

(u_N (t) − u_{N+1}(t)) + 2 h_N u^p_{N+1}(t) ≤ c_2u^{2p−1}_{N+1} (t).

As it is proved in [12] that the scheme with a fixed mesh blows up at the last node, we have that

R(t; h_N ) = 2 h^2_N (uN (t) − uN+1(t)) + 2 h_N u p N+1(t) u^{2p−1}_{N+1} (t)

→ 0 as t increases.

Let t_1 be the first time such that R(t; h_N ) = c_1, that is the first time where R(t; h_N ) meets the tolerance c_1. At that time t_1 we add a point z between x_N and x_{N+1} = 1 to the mesh and give the value of u_h(z, t_1) such that the slope of the line between (z, u_h(z, t_1)) and (1, u_h(1, t_1)) is the same as the slope between (x_N , u_h(x_N , t_1)) and (1, u_h(1, t_1)), see Figure 1.

Figure 1.

Hence we have a new value for the length of the last interval, [z, 1], h_{N,1} = 1 − z < h_N = 1 − x_N .

We remark that u_h(z, t_1) = u_z(t_1) satisfies, 1 h_N (u_N (t_1) − u_{N+1}(t_1)) = 1 h_{N,1} (u_z(t_1) − u_{N+1}(t_1)).

Let us see what happens with R(t_1; h_{N,1}).

R(t_1; h_{N,1}) = 2 h^2_{N,1} (uz(t1) − uN+1(t1)) + 2 h_{N,1} u p N+1(t_1)

u^{2p−1}_{N+1} (t_1)

= 2 h_{N,1} (uz(t1) − uN+1(t1)) + 2u p N+1(t_1) h_{N,1} u^{2p−1}_{N+1} (t_1) = 2 h_N (uN (t1) − uN+1(t1)) + 2u p N+1(t_1) h_{N,1} u^{2p−1}_{N+1} (t_1) = h_N h_{N,1} R(t_1; h_N ) = h_N h_{N,1} c_1 > c_1.

Therefore with this new mesh x_1, ..., x_N , z, x_{N+1} we have that R(t_1; h_{N,1}) > c_1, and we can apply the method with initial data u_h(x, t_1) in the new mesh to continue. This gives us a solution u_h that verifies (2.2) in a time interval [t_1, t_2] where at time t_2, the function R(t_2; h_{N,1}) reaches the tolerance c_1. At that time t_2 we have to add another point in the last interval. As before this increases R(t_2; h_{N,2}) and we can continue with initial data u_h(x, t_2) in a new mesh that is the old one plus the point that we have added near the boundary x = 1. This procedure generates an increasing sequence of times t_i and a decreasing sequence h_i = h_{N,i}, at which the tolerance R(t_i; h_i) = c_1 is reached, a sequence of added points accumulating at x = 1 and a numerical solution u_h(x, t).

It remains to be more concrete on the election of the sequence h_i, c_1 and c_2. In fact if we take, c_1 = Γ^{−2(p−1)}(2(p − 1))^{−1}, and h_i and c_2 such that

(2.3) h_i h_{i+1} → 1 and c_2 = c_2(t) ∼ c_1, integrating (2.1) we get that Γ(T_h − t)^{− 12(p−1)} ≥ u_{N+1}(t) = max u_h(·, t) ≥ ( 2(p − 1) ∫_{Th} t c_2(s) ds )_−^1_{2(p−1)} , Hence, as t ↗ T_h, u_{N+1}(t) = max u_h(·, t) ∼ Γ(T_h − t)^{− 12(p−1)} , and we have recovered the continuous asymptotic behaviour (1.2). So we want that h_i and c_2 verify (2.3). On the other hand, as we have mentioned in the introduction, the continuous problem verifies that u(x, t) ∼ (T − t)^{− 12(p−1)} φ(ξ) for x = 1 − ξ(T − t)^{1/2} ∼ C(u(1, t))^{−(p−1)}. In order to recover this self-similar scaling we choose h_i and c_2 such that

h_{i+1}(u_{N+1}(t_i))^{p−1} = 2 c_1 − A u_{N+1}(t_i) and c_2 = c_1 ( 1 1 −^{c1A}_{2uN+1(ti)} ) . And hence,

1 − x_N = h_{i+1} ∼ 2 c_1

(u_{N+1}(t_i))^{−(p−1)} ∼ C(T_h − t)^{1/2}.

This procedure gives an approximation of the curve x = 1−ξ(T −t)^{1/2}. Notice that if h_{i+1} and c_2 are given as above, relations (2.3) hold. So we recover the self-similar behavior (1.2).

3. Convergence of the numerical scheme In this section we prove a uniform convergence result. We use ideas from [12] and we include the arguments here to make the paper selfcontained. For any τ > 0 we want that u_h → u (when h → 0) uniformly in [0, 1] × [0, T − τ]. This is a natural requirement since on such an interval the exact solution is regular.

In particular, uniform convergence can be obtained by using standard inverse inequalities. In the following Theorem we give a proof of the L^2 convergence for a problem like (1.1) considering mass lumping. As a corollary, we will obtain uniform convergence for problem (1.1). Theorem 3.1. Let u be the solution of (1.1) and let u_h its semidiscrete approximation obtained by the adaptive scheme. If u ∈ C^{2,1}([0, 1] × [0, T − τ]) for some τ > 0 then, there exists a constant C depending on τ such that: ‖u − u_h‖_L∞_{([0,T −τ ],L}2_) ≤ Ch^2.

Proof. We fix our attention on the convergence of the method in a time interval of the form [t_i, t_{i+1}], that is between two consecutive refinement times. Next we will show that this is enough for our purposes. Let us begin by t ∈ (0, t_1).

In this proof we use the notation L^2 = L^2((0, 1)) that refers to the L^2 norm in the x variable for each t (we will use analogous notations for other norms below) and u^′ for the derivative respect to time, u_t.

As u is a solution of (1.1) it satisfies

∫_1 0 u^′v + ∫_1 0 u_xv_x = u^p(1, t)v(1, t) ∀v ∈ H^1. The numerical scheme is equivalent to

∫_1 0 ((u_h)^′v)^I +

∫_1 0 u_xv_x = u^p_h(1, t)v(1, t) ∀v ∈ V_h. Hence we have that e = u − u_h satisfies the following error equation, ∫_1 0 (e^′v)^I dx +

∫_1 0 e_xv_x dx = (u^p − u^p_h)(1, t)v(1, t) +

∫_1 0 ((u^′v)^I − u^′v) dx for all v ∈ V_h. Writing

e = u − u_h + u^I − u^I = u − u^I + η

and using known error estimates for Lagrange interpolation it rest to estimate η = u^I − u_h.

First, it is easy to see that, ∫_1 0 (u − u^I )_xv_x = 0 ∀v ∈ V_h,

and therefore, replacing in the error equation we have an equation for η, ∫_1 0 (η^′v)^I +

∫_1 0 η_xv_x = (u^p(1, t) − u^p_h(1, t))v(1, t)

+ ∫_1 0 ((u^′v)^I − u^′v) −

∫_1 0 ((u^′ − (u^I )^′)v)^I ∀v ∈ V_h.

In particular if we choose v = η ∈ V_h we obtain 1 2 d dt ( ∫_1 0 (η^2)^I ) +

∫_1 0 (η_x)^2 = (u^p − u^p_h)(1, t)η(1, t)

+ ∫_1 0 ((u^′η)^I − u^′η) = I + II.

First, let us estimate I. |I| = |(u^p(1, t) − u^p_h(1, t))η(1, t)| = | |((u^I )^p(1, t) − u^p_h(1, t))η(1, t) | | . Hence we get that |I| ≤ C|η(1, t)|^2. Using the well known inequality, |η(1, t)|^2 ≤ (C + C ε )‖η‖^2_L2_{((0,1))} + ε‖η_x‖^2_L2_{((0,1))}, we have that |I| ≤ C_ε‖η‖^2_L2_{((0,1))} + ε‖η_x‖^2_L2_{((0,1))}.

In order to get a bound for II we decompose it in the following form, II = ∫_1 0 ((u^′η)^I −u^′η) dx = ∫_1 0 ((u^′η)^I −(u^′)^I η) dx+

∫_1 0 ((u^′)^I η−u^′η) dx. We proceed as before, for each subinterval I_j of the partition we know that,

‖((u^′)^I η)^I − (u^′)^I η‖_L1_{(Ij )} ≤ Ch^2‖((u^′)^I η)_{xx}‖_L1_{(Ij )}

≤ Ch^2‖((u^′)^I )_xη_x‖_L1_{(Ij )} because (u^′)^I and η are linear over I_j. Hence, summing over all the elements I_j and using that ‖((u^′)^I )_x‖_L2 ≤ C‖u^′‖_H1 we obtain, ∫_1 0 ((u^′η)^I − (u^′)^I η) dx ≤ Ch^2

∫_1 0 |((u^′)^I )_x||η_x| dx ≤ Ch^2‖((u^′)^I )_x‖_L2_{((0,1))}‖η_x‖_L2 ≤ Ch^4‖u^′‖^2_{H1} +^1_4 ‖η_x‖^2_{L2} .

It rests to estimate the second summand of II. We have, ∫_1 0 ((u^′)^I − u^′)η dx ≤ ‖(u^′)^I − u^′‖_L2 ‖η‖_L2

≤ ‖(u^′)^I − u^′‖^2_L2 + ‖η‖^2_L2 ≤ Ch^4‖u^′‖^2_H2 + ‖η‖^2_L2 . Collecting all the previous bounds we obtain, 1 2 d dt ∫_1 0 (η^2)^I +

∫_1 0 |η_x|^2 ≤ C_ε‖η‖^2_L2_{((0,1))} + Cε‖η_x‖^2_L2_{((0,1))}

+ Ch^4‖u^′‖^2_{H2} + ‖η‖^2_{L2} + Ch^4‖u^′‖^2_{H1} +^1_4 ‖η_x‖^2_{L2} . We choose ε such that Cε = 1/4 and we obtain, 1 2 d dt ∫_1 0 (η^2)^I + 1 2 ∫_1 0 |η_x|^2 ≤ C‖η‖^2_L2_{((0,1))} + Ch^4‖u^′‖^2_H2 .

Since

∫_1 0 (η^2)^I dx ∼ ‖η‖^2_{L2} we can apply Gronwall’s Lemma to obtain for t ∈ [0, T_1], ‖η(t)‖_L2 + (∫_{t1} 0 ‖η_x‖^2_L2 dt )_{1/2} ≤ Ce^{C(t1)}h^2. In particular, ‖η‖_L2 ≤ C(u, t_1)h^2. and hence, ‖e‖_L2 ≤ ‖u − u^I ‖_L2 + ‖η‖_L2 ≤ C(u, t_1)h^2. This proves the result in [0, t_1]. Assume that the result is true in [0, t_i]. The same arguments used before prove that the bound holds up to t_{i+1}. The observation that there exists i_0 such that t_{i0} > T − τ finishes the proof. □

As a corollary of Theorem 3.1 we can prove the following result that gives uniform, L^∞, convergence in an interval of the form [0, T − τ].

Corollary 3.1. Let u be the solution of (1.1) and u_h its numerical approximation. Given τ > 0, there exists a constant C depending on ‖u‖ in C^{2,1}([0, 1] × [0, T − τ]) such that, for h small enough: ‖u − u_h‖_L∞_{([0,1]×[0,T −τ ])} ≤ Ch^{32} . Proof. It is known that before the blow up time u is regular, more precisely, u ∈ C^{2,1}([0, 1] × [0, T − τ]). Let g(u) be a globally Lipschitz function which agrees with f(u) = u^p for u ≤ 2M where M = ‖u‖_L∞_{([0,1]×[0,T −τ ])}. Let u and u_h be the exact and approximate solutions of a problem like (1.1) with f(u) = u^p replaced by g(u). By uniqueness u = u in [0, 1] × [0, T − τ]. A bound for ‖u − u_h‖_L∞ can be obtained from Theorem 3.1. Indeed, it is enough to bound ‖u^I −u_h‖_L∞ , and using a standard inverse inequality (see [10]) we have, ‖u^I − u_h‖_L∞ ≤ Ch^{− 1}2 ‖u^I − u_h‖_L∞_{([0,T −τ ],L}2_) ≤ Ch^{− 1}2 { ‖u^I − u‖_L∞_{([0,T −τ ],L}2_) +C‖u − u_h‖_L∞_{([0,T −τ ],L}2_) } ≤ Ch^32

with C depending on u and the constant in Theorem 3.1 and so on τ.

Consequently, for h small enough |u_h| ≤ 2M. Therefore u^p_h = f(u_h) = g(u_h) and so u_h is the finite element approximation of u and, by uniqueness u_h = u_h which concludes the proof. □

To finish this Section, we state a Lemma that says that the maximum of U(t) is attained at the last node, x_{N+1}.

Lemma 3.1. If U(0) is increasing, then the numerical solution U(t) is increasing for every time t. Hence it satisfies max u_h(·, t) = u_{N+1}(t), for every t.

Proof. As U(0) is increasing then u_{i+1}(0) > u_i(0), let us see that this holds for every t > 0. Assume not, then there exists a first positive time t_0 and an index i such that u_{i+1}(t_0) = u_i(t_0). From the equations satisfied by u_{i+1} and u_i we have that at that time t_0 it holds u^′_{i+1}(t_0) − u^′_i(t_0) > 0 a contradiction that proves the result. □

4. Numerical blow-up.

In this section we prove that solutions of the numerical problem blow up if and only if p > 1 and we find the blow-up rate in this case. Lemma 4.1. If p > 1 then every positive solution of the numerical scheme blows up. Moreover, if U(0) is increasing, then lim_{t↗Th}(T_h − t)^{12(p−1)} ‖U(t)‖_∞ = Γ,

where T_h is the blow-up time of U.

Proof. If U(0) is increasing, by Lemma 3.1 U(t) has its maximum at u_{N+1}(t). At a refinement time t_i we have that R(h_i, t_i) = c_1 and we refine the mesh to get

c_1 < R(h_{i+1}, t_i) = h_i h_{i+1} R(h_i, t_i) = h_i h_{i+1} c_1

We obtain that u^′_{N+1} u^{2p−1}_{N+1} (t) ≥ c_1,

for every t. By integration we get that, as p > 1, u_{N+1} (and hence u_h) cannot be global. Moreover, if we call T_h the blow-up time, using that h_i/h_{i+1} → 1 (i → ∞), we have

(4.1) lim_{t→Th} u^′_{N+1} u^{2p−1}_{N+1} (t) = c_1.

Integrating (4.1), we get

(c_1 − ε_2(t))(T_h − t) ≤ ∫_{Th} t u^′_{N+1} u^{2p−1}_{N+1} (s) ds ≤ (c_1 + ε_1(t))(T_h − t).

where ε_i(t) → 0 as t ↗ T_h. Changing variables we obtain

(c_1 − ε_2(t))(T_h − t) ≤ ∫_{+∞} u_{N+1}(t) 1 s^{2p−1} ds ≤ (c_1 + ε_1(t))(T_h − t).

Hence

lim_{t→Th}(T_h − t)^{12(p−1)} u_{N+1}(t) = (2(p − 1)c_1)^{−12(p−1)} = Γ,

as expected from the description of the method. □

We remark that this rate coincides with the blow-up rate of the continuous problem.

5. Numerical blow-up set.

Now we turn our interest to the blow-up set of the numerical solution. We want to look at the set of points, x, such that u_h(x, t) → +∞ as t ↗ T_h. In [3] and [16] it is proved that for a fixed mesh the numerical blowup set is given by B(U) = [1 − Kh, 1], where K depends only on p. Notice that as K does not depend on h, the blow-up set converges to the continuous blow-up set B(u) = {1}.

We remark that in our method we refine near x = 1, therefore the parameter h_i goes to zero and formally the blow-up set for our method must be B(U) = {1}. In order to prove this, we take a point x̄ < 1 and we claim that the numerical solution is bounded in [0, x̄].

Lemma 5.1. Let x̄ < 1 then for all nodes x_i < x̄ the numerical solution is bounded, i.e., there exists C > 0 such that u_h(x, t) ≤ C, for all x ∈ [0, x̄], t ∈ [0, T_h).

Proof. Let K be the first integer such that K − 1/2(p − 1) > −1, this implies that the function g(t) = t^{−1/2(p−1)} is K times integrable.

From Lemma 4.1 we can suppose that

max u_h(·, t) = u_{N+1}(t) ∼ C(T_h − t)^{− 12(p−1)} .

Since we refine near x = 1 adding points when the solution gets large, we can consider a node x_{iK} > x̄ such that at time t_{ik} there exits K + 1 nodes between x̄ and x_{iK} .

On the other hand, as we refine between x_N and x_{N+1} = 1, we obtain that for the nodes x_i, i = 1, · · · , N − 1 the mesh is fixed. Therefore from the equation satisfied by these nodes we have that for t > t_{ik}

u^′_i(t) ≤ C max (u_{i+1}, u_{i−1}) ≤ C(T_h − t)^{− 12(p−1)} , and then for i = 1, · · · , N − 2 we get u_i(t) ≤ C(T_h − t)^{− 12(p−1) +1}.

This bound implies that

u^′_i(t) ≤ C max (u_{i+1}, u_{i−1}) ≤ C(T_h − t)^{− 12(p−1) +1}, for i = 1, · · · , N − 2. Integrating again we get u_i(t) ≤ C(T_h − t)^{− 12(p−1) +2}, for every i = 1, · · · , N − 3. Repeating the same argument K times we have that u_i(t) is bounded for all i = 1, · · · , N − K − 1.

Hence, as there are K nodes between x̄ and x_K , we get that for all nodes x_i < x̄, u_i(t) is bounded. □ We remark that this result implies that B(U) = {1}.

6. Convergence of the numerical blow-up times. In this section we prove that the numerical blow-up times, T_h, converges to the continuous one, T , when h goes to zero. Lemma 6.1. The numerical blow-up times converge to the continuous one when h → 0, in fact there exist α > 0 and C > 0 such that |T_h − T | ≤ Ch^α. Proof. The idea of the proof is as follows, first we get bounds for the first time t_0 such that the error verifies (6.1) ‖(u_h − u)(t)‖_L∞_{([0,1])} ≤ 1, for all t ∈ [0, t_0], then we use this bound to prove our convergence result.

To get a bound for t_0 let us look at our scheme between two consecutive refinement times, from section 2 we have, (6.2) MU^′ = −AU + BU^p.

If we call z_i(t) = u(x_i, t) we get that Z = (z_1, . . . , z_{N+1}) satisfies (6.3) MZ^′ ≤ −AZ + BZ^p + Ch(T − t)^θ, where θ depends only on p, in fact θ = −2 − 1/2(p − 1). Let us remark that C(T − t)^θ is a bound for the first four spatial derivatives of u(x, t) a regular solution of (1.1).

Subtracting (6.2) from (6.3) we have, for E = U − Z,

(6.4) ME^′ ≤ −AE + B(Z^p − U^p) + Ch(T − t)^θ ≤ −AE + Bpξ^{p−1}E + Ch(T − t)^θ, where ξ is a point between u_{N+1} and z_{N+1}. Using that t ∈ [0, t_0], (6.1), and the blow-up rate we get ξ^{p−1} ≤ C(T − t)^{− 12} . Hence (6.4) gives (6.5) ME^′ ≤ −AE + BC E (T − t)^12 + Ch(T − t)^θ, This inequality is a discretization of the problem

(6.6) E_t ≤ E_{xx} + C(T − t)^θh (x, t) ∈ (0, 1) × [0, T ), E_x(0, t) ≤ 0 t ∈ [0, T ), E_x(1, t) ≤ C(T − t)^{−1/2}E(1, t) t ∈ [0, T ), E(x, 0) ≤ Ch x ∈ (0, 1). In the appendix we construct a supersolution for problem (6.6) such that (6.7) E(x, t) ≤ Ch(T − t)^{−γ} and with the first four spatial derivatives positives in [0, 1].

Now we take e_i(t) = E(x_i, t) and we get a supersolution for (6.5). We use a comparison argument, see [12], between two consecutive refinement times to obtain that e_i(t) ≤ e_i(t). Therefore, using (6.7) we conclude that e_i(t) ≤ C(T − t)^{−γ} h. The same arguments applied to E = Z − U gives the lower bound e_i(t) ≥ C(T − t)^{−γ} h. Therefore |e_i(t)| ≤ C(T − t)^{−γ} h. We get a bound for t_0 as follows, let t_∗ be the first time such that C(T − t_∗)^{−γ} h = 1. That is, T − t_∗ = Ch^{1/γ} . As t_0 ≥ t_∗ we have T − t_0 ≤ Ch^{1/γ} . This means that the first time where the error is of size one is less than a power of the parameter h. With this bound for T − t_0 we can get the desired result as follows |T_h − T | ≤ |T − t_0| + |T_h − t_0| ≤ Ch^{1/γ} + |T_h − t_0|.

Now we observe that the blow-up rate for u_h gives that

|T_h − t_0| ≤ C(u_{N+1}(t_0))^{−2(p−1)} ≤ C(z_{N+1}(t_0) + 1)^{−2(p−1)} ≤ C(T − t_0) ≤ Ch^{1γ} , and the result follows. □

Let us observe that we can obtain a convergence result using these ideas. However, the methods used in Section 3 provided a better estimate.

7. Numerical experiments.

In this section we present a numerical experiments. Our goal is to show that the results presented in the previous sections can be observed when one perform numerical computations. For the numerical experiment we use an adaptive ODE solver to integrate in time. We take as initial datum u_0(x) = (x^2 + 1)/2. In the figures below we compare our adaptive scheme with one with a fixed mesh of the same size h = 1/50, for p = 2 and p = 1.5. We show the graphic of ln(u_h(1, t)) versus ln(T_h − t). The slope of the obtained curves measures the blowup rate. As expected these slopes for p = 2 are 1/2 with our adaptive scheme and 1 with a fixed mesh, while for p=1.5 are 1 and 2 respectively.

Figure 1. Blow-up rates. p = 2.

Figure 2. Blow-up rates. p = 1.5.

8. Appendix.

In this appendix we find a supersolution for E_t = E_{xx} + C(T − t)^θh (x, t) ∈ (0, 1) × [0, T ), E_x(0, t) = 0 t ∈ [0, T ), E_x(1, t) = C(T − t)^{−1/2}E(1, t) t ∈ [0, T ), E(x, 0) = Ch x ∈ (0, 1), such that E(x, t) ≤ Ch(T − t)^{−γ} and with the first four spatial derivatives positives in [0, 1].

Let us look for a supersolution of the form E(x, t) = Ch(T − t)^θa(x, t), with a(x, t) a solution of

(8.1) a_t = a_{xx} (x, t) ∈ (0, 1) × [0, T ), a_x(0, t) = 0 t ∈ [0, T ), a_x(1, t) = C(T − t)^{−1/2}a(1, t) t ∈ [0, T ), a(x, 0) = a_0(x) x ∈ (0, 1).

In order to get a supersolution, E, with the first four spatial derivatives positives, we impose that a_0(x) is a smooth compatible initial datum with the first four spatial derivatives positives. The positivity of the derivatives is preserved for every t ∈ [0, T ).

Now let us see that there exists r such that (8.2) a(x, t) ≤ C (T − t)^r . To this end we want to construct a supersolution to (8.1) such that (8.2) holds. This can be easily done by the following procedure: take v(x, t) a solution of (1.1) with boundary condition given by v_x(1, t) = v^q(1, t), with q small, and initial datum v_0 such that v(x, t) blows up exactly at time T , see [25] for a proof of the fact that for every time T there exist an initial datum such that v(x, t) blows up at time T . The blow-up rate for solutions of (1.1), see [14], [17], gives that v(x, t) verifies v(1, t) ∼ L (T − t)^{12(q−1)} , with L^{q−1} → +∞ as q ↘ 1, see [14] for an explicit formula for L(q). Let us fix q such that L^{q−1}(q) > C. With this choice, v is a supersolution of (8.1). In fact,

v_x(1, t) = v^q(1, t) = v^{q−1}v(1, t) ≥ L^{q−1} (T − t)^12 v(1, t), as we wanted to prove.

Acknowledgements This research was finished during a stay of the second and third authors, (PG) and (JDR), at Universidad Autónoma de Madrid. They are grateful to this institution for its hospitality.

References

[1] L. M. Abia, J. C. Lopez-Marcos, J. Martinez. Blow-up for semidiscretizations of reaction diffusion equations. Appl. Numer. Math. Vol. 20, (1996), 145-156.

[2] L. M. Abia, J. C. Lopez-Marcos, J. Martinez. On the blow-up time convergence of semidiscretizations of reaction diffusion equations. Appl. Numer. Math. Vol. 26, (1998), 399-414.

[3] G. Acosta, R. Duran and J. D. Rossi. An adaptive time step procedure for a parabolic problem with blow-up. Preprint.

[4] G. Acosta, J. Fernandez Bonder, P. Groisman and J.D. Rossi. Numerical approximation of a parabolic problem with a nonlinear boundary condition in several space dimensions. Preprint.

[5] C. Bandle and H. Brunner. Blow-up in diffusion equations: a survey. J.

Comp. Appl. Math. Vol. 97, (1998), 3-22.

[6] C. Bandle and H. Brunner. Numerical analysis of semilinear parabolic problems with blow-up solutions. Rev. Real Acad. Cienc. Exact. Fis. Natur. Madrid. 88, (1994), 203-222.

[7] M. Berger and R. V. Kohn. A rescaling algorithm for the numerical calculation of blowing up solutions. Comm. Pure Appl. Math. Vol. 41, (1988), 841-863.

[8] C. J. Budd, W. Huang and R. D. Russell. Moving mesh methods for problems with blow-up. SIAM Jour. Sci. Comput. Vol. 17(2), (1996), 305- 327.

[9] X. Y. Chen. Asymptotic behaviours of blowing up solutions for finite difference analogue of u_t = u_{xx} + u^{1+α}. J. Fac. Sci. Univ. Tokyo, Sec IA, Math. Vol. 33, (1986), 541-574.

[10] P. Ciarlet. The finite element method for elliptic problems. North Holland, (1978).

[11] M. Chlebík and M. Fila. On the blow-up rate for the heat equation with a nonlinear boundary condition. Math. Methods Appl. Sci., Vol. 23, (2000), 1323–1330.

[12] R. G. Duran, J. I. Etcheverry and J. D. Rossi. Numerical approximation of a parabolic problem with a nonlinear boundary condition. Discr. and Cont. Dyn. Sys. Vol. 4 (3), (1998), 497-506.

[13] M. Fila and J. Filo. Blow-up on the boundary: A survey. Singularities and Differential Equations, Banach Center Publ., Vol. 33 (S.Janeczko el al., eds.), Polish Academy of Science, Inst. of Math., Warsaw, (1996), pp. 67–78.

[14] M. Fila and P. Quittner. The blowup rate for the heat equation with a nonlinear boundary condition. Math. Methods Appl. Sci., Vol. 14, (1991), 197–205.

[15] J. Fernández Bonder and J. D. Rossi. Blow-up vs. spurious steady solutions. Proc. Amer. Math. Soc. Vol. 129 (1), (2001), 139-144.

[16] R. Ferreira, P. Groisman and J. D. Rossi. Numerical blow-up for a nonlinear problem with a nonlinear boundary condition. To appear in Math. Models Methods Appl. Sci.

[17] B. Hu and H. M. Yin. The profile near blowup time for solution of the heat equation with a nonlinear boundary condition. Trans. Amer. Math. Soc., Vol. 346(1), (1994), 117–135.

[18] M. N. Le Roux. Semidiscretizations in time of nonlinear parabolic equations with blow-up of the solutions. SIAM J. Numer. Anal. Vol. 31, (1994), 170-195.

[19] H. A. Levine. The role of critical exponents in blow up theorems. SIAM Rev. Vol. 32, (1990), 262–288.

[20] H. A. Levine and L. E. Payne. Nonexistence theorems for the heat equation with nonlinear boundary conditions and for the porous medium equation backward in time. J. Differential Equations, Vol. 16, (1974), 319–334.

[21] T. Nakagawa. Blowing up of a finite difference solution to u_t = u_{xx} + u^2.

Appl. Math. Optim., 2, (1976), 337-350.

[22] T. Nakagawa and T. Ushijima. Finite element analysis of the semilinear heat equation of blow-up type. Topics in Numerical Analysis III (J.J.H Miller, ed.), Academic Press, London, (1977), 275-291.

[23] C. V. Pao, “Nonlinear parabolic and elliptic equations”. Plenum Press, New York, (1992).

[24] D. F. Rial and J. D. Rossi. Blow-up results and localization of blow-up points in an N−dimensional smooth domain. Duke Math. J., Vol. 88(2), (1997), 391–405.

[25] J. D. Rossi. The blow-up rate for a system of heat equations with nontrivial coupling at the boundary. Math. Methods Appl. Sci., vol 20, (1997), 1-11.

[26] A. A. Samarskii, V. A. Galaktionov, S. P. Kurdyumov and A. P. Mikhailov. “Blow-up in problems for quasilinear parabolic equations”. Nauka, Moscow, (1987) (in Russian). English transl.: Walter de Gruyter, Berlin, (1995).

[27] W. Walter. On existence and nonexistence in the large of solutions of parabolic differential equations with a nonlinear boundary condition. SIAM J. Math. Anal., Vol. 6(1), (1975), 85–90.

Depto. de Matemáticas, U. Autónoma de Madrid, 28049 Madrid, Spain.

E-mail address: raul.ferreira@uam.es

Universidad de San Andrés, Vito Dumas 284 (1644) Victoria, Pcia. de Buenos Aires, Argentina E-mail address: pgroisman@udesa.edu.ar

Depto. de Matemática, FCEyN., UBA, (1428) Buenos Aires, Argentina.

E-mail address: jrossi@dm.uba.ar