OPTIMAL MASS TRANSPORT ON METRIC GRAPHS
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ABSTRACT. We study an optimal mass transport problem between two equal
masses on a metric graph where the cost is given by the distance in the
graph. To solve this problem we find a Kantorovich potential as the limit
of p—Laplacian type problems in the graph where at the vertices we impose
zero total flux boundary conditions. In addition, the approximation procedure
allows us to find a transport density that encodes how much mass has to be
transported through a given point in the graph, and also provide a simple
formula of convex optimization for the total cost.

November 12, 2014

1. INTRODUCTION

A quantum graph is a metric graph in which we associate a differential law with
each edge that models the interaction between the two vertices (we denote by v
the vertices in what follows) defining each edge (that we denote by e). The use of
quantum graphs (in contrast to more elementary graph models, such as simple un-
weighted or weighted graphs) opens up the possibility of modeling the interactions
between agents identified by the graph’s vertices in a far more detailed manner than
with standard graphs. Quantum graphs are now widely used in physics, chemistry
and engineering (nanotechnology) problems, but can also be used, in principle, in
the analysis of complex phenomena taking place on large complex networks, in-
cluding social and biological networks. Such graphs are characterized by highly
skewed degree distributions, small diameter and high clustering coefficients, and
they have topological and spectral properties that are quite different from those of
the highly regular graphs, or lattices arising in physics and chemistry applications.
Quantum graphs are also used to model thin tubular structures, so-called graph-like
spaces, they are their natural limits, when the radius of a graph-like space tends to
zero. On both, the graph-like spaces and the metric graph, we can naturally define
Laplace-like differential operators, [2, 3, 10, 15].

In this paper we are interested in the Monge-Kantorovich mass transport prob-
lem on metric graphs. That is, we want to transport a certain amount of material in
the graph to a prescribed final distribution minimizing a cost given by the distance
inside the graph. Our approach to this problem is based on an idea by Evans and
Gangbo, [7], that approximates a Kantorovich potential for a transport problem in
the Euclidean space with cost given by the Euclidean distance using the limit as
p goes to infinity of a family of p—Laplacian type problems. This limit procedure
turns out to be quite flexible and allowed us to deal with different transport prob-
lems (like optimal matching problems, problems with taxes, etc) in which the cost
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is given by the Euclidean distance or variants of it. See [8, 11, 12, 13, 14]. Here
we apply these ideas to the optimal transport problem on a metric graph showing
again that this approximation procedure is quite powerful since it provides all the
relevant information for the transport problem.

To put our optimal mass transport in modern mathematical terms we have to
introduce some notation. Let T' be a metric graph (see Section 2 for a precise
definition) and consider two nonnegative measures on the graph p and v with the

same total mass, that is,

The associated optimal transport problem in its relaxed version, also known as
Monge-Kantorovich mass transport problem) reads as follows: find an optimal
transport plan, that is, a measure y(z,y) that solves the minimization problem

min //dpxyd’yxy)
YEI(p,v)

where dr (-, ) is the distance in the metric graph and II(u, v) is the set of measures
that have marginals 4 and v in the first and second variable respectively. A simple
argument using a minimizing sequence shows that there exists an optimal transport
plan ~*.

This minimization problem has a dual formulation: to find a Kantorovich po-
tential u, that is, a function that solves the maximization problem

max /udn
“eKdF(F) T

where
n=p—-v,

and K4 (') is the set of 1—Lipschitz functions on T, that is, functions v : I' — R
such that |u(z) — u(y)| < dr(z,y) for every z,y € I

We can find a Kantorovich potential by an approximation procedure using a
sequence of solutions u, to p—Laplacian type problems and taking the limit as
p — 0.

Let us consider solutions to the variational problem

— p d

i 0 fen

Sp 1= {uEWl’p(F) : /u:O}.
r

Such minimizers u, are, in fact, weak solutions to (see the notation afterwards):

where

—(J|]P~2u) =7 on edges,
du |0
Z 3; 83? (v)=0 on vertices.

e€E, (T")
Our first result reads as follows:
Theorem 1.1. There exists a subsequence p; — oo such that

Up; = Uoo
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uniformly in T'. The limit uso € Kgq is a Kantorovich potential for the optimal mass
transport problem of pu and v.

Next, we observe that our approximation procedure gives much more, it allows
us to construct a transport density and to provide simple formulas for the total
cost. These are the contents of our second result. See Section 2 for notation. Let
us write 7 as a measure supported on the edges, denoted by e, plus a sum of deltas
supported on the vertices, denoted by v, that is,

(1.1) n=p+ Z avdy,
veVv(T)

where where a, € R and p is a Radon measure on I' of the form

it = X [ T forpe o)

ecE(T)

with pe a Radon mesasures in (0,4.). Assume the mass balance, an =0, is

satisfied. This gives,
/ dp + Z ay = 0.
r vev(T)

Theorem 1.2. Along a subsequence p; — oo we have that
[up) ()P~ — a(z) Vael.
This limit function a € L*°(T), is a transport density for our problem and verifies
[[uoo]’] =1 in {a > 0}.
Moreover, we obtain the following simple formula of convex optimization:

W,

Le
4,0, = Min g /
0

ecE(T)

xT
Qe i, —|—/ due(y)‘ dz : {acy} solve (L,q,)
0

for the total cost, W, .., of the optimal transport problem. Here (L, q,) stands for
the following system of linear equations for unknowns ae .,

Le
Zae,v = —/ due  for every edge e,
(La,) § VS ’
Z Qev = Gy Gt every verter v.
ecE, (I")

Remark 1.3. There exists a large amount of literature dealing with optimal trans-
port problems in networks, see for instance the two excellent Lecture Notes [4]
and [5]. We want to point out that the problems studied in these monographs
are different to the one we face here. In fact, in those references the authors try
to find an optimal network that minimize some energy functional associated with
the network. In contrast, here the network is given and our aim is to describe
the Kantorovich potential and the transport density of a Monge-Kantorovich mass
transport problem on the graph represented by the network.

The paper is organized as follows: in Section 2 we collect some preliminaries;
in Section 3 we study the limit as p — oo in our p—Laplacian approximation and
prove Theorem 1.1 and Theorem 1.2. At the end of Section 3 we collect examples
that illustrate our results.
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2. PRELIMINARIES.

2.1. Quantum Graph. We remind here some basic knowledge about quantum
graphs, see for instance [3] and references therein.

A graph T consists of a finite or countable infinite set of vertices V(T') = {v;}
and a set of edges E(I') = {e;} connecting the vertices. A graph T is said a finite
graph if the number of edges and the number of vertices are finite. An edge and a
vertex on that edge are called incident. We will denote v € e when the edge e and
the vertex v are incident. We define E,(I") as the set of all edges incident to v.

We will assume absence of loops, since if these are present, one can break them
into pieces by introducing new intermediate vertices. We also assume absence of
multiple edges.

A walk is a sequence of edges {e1, ez, es,...} in which, for each i (except the
last), the end of e; is the beginning of e;41. A trail is a walk in which no edge is
repeated. A path is a trail in which no vertex is repeated.

From now on we will deal with a connected, compact and metric graph I':

e A graph I is a metric graph if

(1) each edge e is assigned a positive length £, € (0, +o0];

(2) for each edge e, a coordinate is assigned to each point of it included their
vertices. For that purpose each edge e is identified with an ordered pair
(ie, fo) of vertices, being i, and f, the initial and terminal vertex of e respec-
tively, which no has a meaning of sense when travelling along the path but
allows to define coordinates by means of an increasing function

Ce: € — [0,4]
T~ T

such that, letting c.(ic) := 0 and co(f,) := £, is exhaustive; z, is called the
coordinate of the point x € e.

e A graph is said to be connected if a path exists between every pair of vertices,
that is, a graph which is connected in the usual topological sense.
e A compact metric graph is a finite metric graph whose edges have all finite length.

If a sequence of edges {e; 7_; forms a path, its length is defined as 2?21 Lo, .
The length of a metric graph, denoted ¢(T"), is the sum of the length of all its edges.

For two vertices v and ¥, the distance between v and ¥, dr (v, ¥), is defined as the
minimal length of the paths connecting them. Let us be more precise and consider
x, y two points in the graph T.

-if 2,y € e (they belong to the same edge, note that they can be vertices), we
define the distance-in-the-path-e between x and y as

diste(z,Y) 1= |ye — Tel;

-if © € eq, y € e, with e, and e, different edges, let P = {eq,e1,...,en,ep} be
a path (n > 0) connecting them. Let us call ¢y = e, and e,,+1 = e,. Following the
definition given above for a path, set vy the vertex that is the end of ey and the
beginning of e; (note that these vertices need not be the terminal and the initial
vertices of the edges that are taken into account), and v, the vertex that is the
end of e, and the beginning of e, 1. We will say that the distance-in-the-path-P
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between x and y is equal to

diste, (2, vo) + Z Lo, + diste, ., (Vn,y).

1<j<n

We define the distance between = and y, that we will denote by
dr(z,y),

as the infimum of all the distances-in-paths between = and y.

Remark that the distance between two points x and y belonging to the same
edge e can be strictly smaller than |y. — x.|. This happens when there is a path
connecting them (using more edges than e) with length smaller than |y, — 2.

A compact metric graph I" becomes a compact metric measure space with respect
to the distance dr.

A function u on a metric graph T' is a collection of functions [u], defined on
(0,£,) for all e € E(T"), not just at the vertices as in discrete models.

Throughout this work, [, u(z)dz or [ u denotes 3 cpr f(fe [u]e(ze) de.

Let 1 < p < 400. We say that u belongs to LP(T') if [u], belongs to LP(0, £,) for
all e € E(T") and

oy = 32 Mokl < +oo
e€E(T)

The Sobolev space W1P(I') is defined as the space of continuous functions u on T
such that [u]. € W1P(0,£,) for all e € E(I") and

ol = S Nuleloopy + Nl Wnory < +00-
ecE(T)

The space WP (T') is a Banach space for 1 < p < oco. It is reflexive for 1 < p < oo
and separable for 1 < p < oo. Observe that the continuity condition in the definition
of WP(T') means that for each v € V(T'), the function on all edges e € E, (") assume
the same value at v.

Let T be a compact graph and 1 < p < +oo. The injection W1P(T') C C(T) is
compact.

A quantum graph is a metric graph I" equipped with a differential operator acting
on the edges accompanied by vertex conditions. In this work, we will consider the
p—Laplacian differential operators given by

~Apu(e) = —(l @2 @), withp> 1,
on each edge.

The Monge-Kantorovich problem. Fiz p,v € M™(T) satisfying the mass
balance condition

(2.1) w(T) = (D).

The Monge-Kantorovich problem s the minimization problem

min{AXFdF(m7y)d7(x,y) 1y € H(/Ja’/)}a

where (u,v) := {Radon measures v in T' x T' : my#y = p, mo#ty =v}. The ele-
ments v € II(u,v) are called transport plans between p and v, and a minimizer
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v* an optimal transport plan. Since d is lower semicontinuous, there are optimal
plans, that is,

J~* =arg min / dr(z,y) dy(z,y).
YE(p,v) JTxT

The Monge-Kantorovich problem has a dual formulation that can be stated in
this case as follows (see for instance [16, Theorem 1.14]).

Kantorovich-Rubinstein’s Theorem. Let u,v € M™(T) be two measures
satisfying the mass balance condition (2.1). Then,

min{/rxrdp(:r,y)dfy(x,y) ; 'yEH(u,I/)} sup{/rud(ﬂu) : ueKdF(F)},

where Kg.(T') :=={u: T — R : u(y) —u(zx) <dr(y,z)}. Moreover, there exists u €
K 4. (T') such that

/Fud(u—u) :sup{/rvd(u— Vive KdF(F)}.

Such mazimizers are called Kantorovich potentials.

Example. As an example of metric graph in connection with this mass transport
problem we can consider the road network in a country which can be consider as a
metric graph I" in which V(T") corresponds to the set of important cities and E(T")
to the roads connecting these cities. Then, for z € e € E(I'), . € (0,4.), that
represents the cost of transporting a unit mass from the city i, to x on the road e,
could be given by the distance on that road, but we can also take into account
the possible tolls by changing the parametrization of the edges, expanding them
according to the size of the toll in that road.

3. THE p-LAPLACIAN APPROXIMATION.

Theorem 3.1. Let u,v € MH(T) be two measures satisfying the mass balance
condition (2.1). Take n = u—v. Consider the functional F, : WHP(T') — R defined

by
1
Fpu) := f/ \u'\p—/udn.
pJr r

Then, there exists a minimizer u, of the functional F, in the set

Sy = {uEWl’p(F) : /Fu:O}.

Moreover, a minimizer u, is a weak solution of the problem

—([|P~2u) =n on edges
p—2
(3.1) Z 88;: ;)JZ (v)=0 on vertices,

ecE,(T")

in the sense that u, € WHP(I') and
r

/\u;lp’2u;s0’:/<pdn
N

for every o € WhP(T).
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Observe that in the boundary condition in (3.1) the derivatives are taken in the
direction away from the vertex.

Proof. Let {u,} be a minimizing sequence in S,. Since [, u, = 0, there exists
2, € T such that u,(x,) = 0. Suppose z,, € e € E(T"). Then, for z € e,

[un (2)] = [[un]e(we) — [un]((Tr)e)] = ‘/(ze) [Un];

< we — (xn)e‘l/p H[un]ézHLP(O,le) < CHU;L”LP(F)a

being C' independent of p. Now, since u,, is continuous, we can apply the above
argument in the edges that share a vertex with e. Since I' is connected and compact,
doing this at all edges, we get

(3.2) sup [un (2)| < Clluy, || Lo(r)-
zel

Then, as we have

/. Udn’ < Cllull =) < Cllullwaoy,
T

we get that {u,} is bounded in W!»(T') and hence (using that [.u, = 0) we can
extract a subsequence u,; — u, weakly in WLP(T') and uniformly in I'. Then, we
have [ u, =0 and

Fp(up) < limjinf Fp(tn,),

and we conclude that u, is the desired minimizer.

To prove that a minimizer is a weak solution to (3.1) we just observe that when
we differentiate with respect to ¢ at ¢ = 0 the function F,(u, + tp) we obtain
u, € WHP(T) and

/ |up [P = / pdn,  VpeW'(T).
r r
This ends the proof. O

Now, we show that there is a limit as p — oo of the minimizers u,,.

Lemma 3.2. Let u, be a minimizer of the functional F, on Sy, p > 1. There
exists a subsequence p; — oo such that

Up, = Uso
uniformly inT. Moreover, the limit us, is Lipschitz continuous and sl ooy < 1.

Proof. Along this proof we will denote by C' a constant independent of p that may
change from one line to another.

Our first aim is to prove that the LP-norm of the gradient of w, is bounded
independently of p. Since u, is a minimizer of 7, on S, then,

u P
]:p(up)/|p| */updnéfp(O)ZO-
r p r

Jup |
/— g/updn.
r b r

That is,
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Now, from the same arguments leading to (3.2), we obtain

A%msm%mm

Then we get

Ju | ,
/—fsw%mm
r P

From this inequality, and using that (pC)*/ =1 — 1 (since C is independent of p)
we obtain that

(3-3) lupllLer) < C,
with C a constant independent of p. Now, by (3.2) and (3.3), we obtain that
(3.4) sup Juy (@) < C.

zel

with C' a constant independent of p.
Using this uniform bound, we prove uniform convergence of a sequence u,,. In
fact, we take m such that 1 < m < p and obtain the following bound

(AP :</ sl )é bt
()" ()]

<cun s <,

IN

the constants C' being independent of p. We have proved that {u,},>1 is bounded
in WH™(T), so we can obtain a weakly convergent sequence u,, — ts € WH™(T)
with p; — 4o00. Since WP (T') is compactly embedded in C(T) and u,, — us €
WLP(T), we obtain Up, — Us uniformly in T. Using a diagonal procedure we
conclude the existence of sequence u,, that is weakly convergent in Wm(T) for
every m.

Finally, let us show that the limit function u, is Lipschitz. In fact, we have that

1

(frr)” < s (1) o0

Now, we take m — oo to obtain [[uly[|p=ry < 1. So, we have proved that ue €
Whee(T), that is, u is a Lipschitz function and [[ul]|pee(ry < 1. O

E\H

!
upj

Theorem 3.3. Any uniform limit us of a sequence u,; is a Kantorovich potential
for the optimal transport problem of p to v with the cost given dr, that is, it holds
that

min{/rxrdp(x,y) dy(x,y) : v €y, 1/)}

= sup /Fud(u—,u) : uEKdF(F)} :/Fuood(,u—y).
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Proof. By the Kantorovich-Rubinstein’s Theorem, we only need to show the last
equality. To do that, first let us see that
(3.5) Kae (1) = {u e W) & |l ey <1}
It is easy to see that
Kap(T) € Lipg, () = {u € W=(T) [/l ey < 1}
Let us see the reverse inclusion. Let
we fue W) ¢ |l pur) <1}

and z,y € I' with z € e, and y € e,. Suppose that dr(z,y) is attained at the path
{e0,€1,---,en,ent1}, n > —1, where e, = ey and e, = e, 1. Suppose f,, is the
vertex that is the end of ey and the beginning of e;, and i, ,, the vertex that is the
end of e, and the beginning of e,, 1, for other cases the argument is similar. Then,
we have

dr(z,y) = |Yey — Tey| ifn=-1,
dF(I,ZJ) = leo - ‘Teo + Z Eei + yen+1 lf n 2 -1
1<i<n
Now, if n = —1
lu(z) — u(y)| = |[uleq (Teo) = [teo (Yeo)| < [Yeo — Teo| = dr(z,y),
and if n > 0,
\u(x) - u(f€0)| = |[U]e0 (‘Teo) - [u]eo(&fo” < eeo — Legs

|u(161) - u(fcq) = |[U]C1 (0) - [u] 1(£C1) < gCH—l? 1<i<n,
and
|u(ien+1) - u(y)| = Hu]en+1 (0) - [u]en+1 (yevz+1)‘ < Yeni-
Hence,
u(z) — u(y)| < [ul@) —ulfe)| + Y |ulie,) = ulfe,)] + ulic,,,) — uy)|
1<i<n
S geo — T + Z Eei + yen+1 = df(z7y)
1<i<n

Consequently, (3.5) holds.
Due to (3.5), we just need to show that

(3.6) sup{/rvd(uu) HEINS Lipdr} :/Fuoo d(p—v).

Given v € Lip,,.(I'), if we define

We have ¢ € S, then

u! ~
fp(“p)/‘ . */Updnf}—p(v)
r p r
|v
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Therefore,

Jup|” jv'|” 1
*/updné/— */updnﬁ/— f/vdnﬁff(F)*/vdn-
r r P r r P r p r

Taking limits as p — oo we obtain

/Fuood(u—V)Z/rvd(u—V)

and consequently, we get

/Fuood(u—y) Zsup{/rvd(u—u) : veLide(F)},

from where it follows (3.6), since uo € Lipy(T). O

In order to find the transport density we need the following result.

Lemma 3.4. Let p = pt — p~, pu® positive Radon measure in (a,b), and a, B € R
satisfying

(i)

(3.7)

b
/ dp+a+p=0.
For any p > 1 let v, be a weak solution of the problem
— (W) = in (a,),
(Iv'[P~20") (a) = e,
([v'[P=20") (b) = B.
If

Up = Voo
uniformly in [a, b] with ||vl,|| e (ap) < 1, then v is a Kantorovich potential
for the optimal transport problem of n* = u* + (a8, + BT%) ton™ =
u= + (@04 + B~ 0p) with the cost given by the Euclidean distance.

If there exists a monnegative function a € L*(a,b) and a Lipschitz con-
tinuous function u, with ||W'|| e,y < 1, such that u is a weak solution

of
7(au/), =K in (a7 b)a

au'(a) = —a,

in the sense
b b
/ au'y’ —/ pdu = ap(a) + Be(a)
for all o € WH>(0,4,), and verifies

lW'|=1 on {a> 0},

then u is a Kantorovich potential for the optimal transport problem of n™
to n~ with the cost given by the Euclidean distance.
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Proof. (i) Since v, be a weak solution of the problem (3.7), we have

b

b
(3.9) (Jop P20 ) w' = / wdp + aw(a) + Bw(b), Yw € WhP(Ja, b]).

Taking w = v, in (3.9), we obtain

b b
[ 15l = [ opdu+ avyta) + s, <

Given v € W1 (Ja, b]) with ||v'| < 1, taking w = v, — v in (3.9), we get

b b
’U/ P _ ’Ul p72,U/ 'Ul
| p P p
a a

b
= / (vp = v)dp + a(vy(a) — v(a)) + B(up(b) — v(b))-

b b b b
/ vpn —/ oy = / v, [P — / (Jop[P~2vp) '
a a a a

Now, by Young’s inequality, we have

b b b
1 1
/(Iv;lp’%,’,)v’ﬁpi/ Iv;\”+*/ '[P
o P Ja pJa

b
pfl/ , 1
<P [ s Z(b—a)
p a‘p| P

Hence

Therefore, we obtain

/b a /b d>1/b|’|” Lb—a)> -1(b-a)
v - [ v — vp|P —=(b—a) > —=(b—a).
e A P L p

Taking limits as p — co we get

b b
/ Voo dN > / vdn
and consequently

b b
/ Voo AN = sUp {/ vdn @ ve Wh(Ja,b]) with [|[v/]|ee < 1}.

This ends the proof of (i).
(ii) Taking u as test function in (3.8), we get that

/ab udp + au(0) + fu(db) = /ab a.

Take now a Lipschitz continuous function @ , with [|@/]| ;) < 1, as test function
in (3.8). Then

b b
/ adp + ad(a) + Ba(b) = / au’d’

b b
g/ a:/ udp + au(0) + Bu(b),

which gives the assertion. [
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Suppose now that 7 is as in (1.1) and take u, as in Theorem 3.1. Then, u, €
WLP(T') and

forara = 3

ecE, (T

Le
/O [‘p]ed,ue+ Z CLV(,O(V)
)

veV(T)

for every p € WHP(T'). For a fixed edge e € E(T), we define the distribution 7, e
inR as

Lo Lo
st i= [Tl = [ o, forall g € C2(R)
0 0

Theorem 3.5. Foru, as above, measures 1, ¢, and us as in Lemma 3.2, we have:

(1) For each edge e € E(T') the following facts hold:
(a) 7p.e is a Radon measure on R supported on {0,4.}, and consequently

Mp.e = Opei.00 + Apeflte, peic;Upet. €R;
(b) [uple is a weak solution of

— (\u’|p_2u’)/ = Ue in (0, L),

ou P2 ou

(3.10) ‘axe Bg 0 =~
ou |2 ou
‘aw ox (le) = aper;

(¢) for a subsequence p; — 400,
(ap,;,e,ie, a;lmevfe) - (aoo,e,iev aoo,e,fe);

(d) [usole s a Kantorovich potential for the optimal transport problem of
pe + (acoe,in) 700 + (Aos,e,t.) T0e, 10 pg + (aooei.) 00 + (Aos e t.) e
with the cost given by the Fuclidean distance.

(2) Z Goo,ev = Gy for any v € V(I).
ecE,(T")

Proof. (1a) Given ¢ € C°(R) supported on R\ {0, 4.}, we have

Lo Lo
| w2l - |
0 0

pdpe = 0.
Therefore, 1, . defines a Radon measure on R supported on {0,4.}, and conse-
quently there exist a, i, ap¢. € R such that

Mp,e = ap,e,ie(so + ap7e,fe6€e~
(1b) Given ¢ € W1P(0,4,), let ¢, € C>°(R) such that

Pn|(0,6) P
in W1P(0,4.). Then

ee ee
/0 |[up]:e‘p_2[up]le@;z - /0 Pndiie = apet,Pnle) + apei,n(0).
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Hence, taking limits as n — oo, we obtain that

ze ée
Ga) [kl ke = [ e = anus o6 + apep ),
0 0

Therefore, [uy]e is a weak solution of (3.10).

(1c) Let us see that {apec,i, tp>1 and {apc . }p>1 are bounded. Taking in (3.11)
¢ = [up]e, since by (3.4), [uple is uniformly bounded independent of p, we have

Lo Le
(3.12) A MAW§A[MAM+%mmmmema%umga

for every p > 1.
On the other hand, taking ¢(z) =z in (3.11), we get

Lo Lo
%%&:AHmmﬂmmiéxwm»

Then, by (3.12) and using Holder’s inequality, we get that {apc s, }p>1 is bounded.
Finally, taking ¢ = 1 in (3.11) we get {ape,i } is bounded.

(1d) From the compatibility condition of problem (3.10), we have

Le
/ dﬂc + Op,e,ic + Ap.e,fo = 0.
0

Taking limit as p — co we obtain

ee
/ dite + oo i, + Gooye,f, = 0.
0

Then, by Lemma 3.4, we have that [u]e is a Kantorovich potential for the optimal
transport problem of [ut]e 4 (doo.ei.) 00 + (Gooet.) e, t0 [ ]e + (Goo,ei,) 00 +
(Goo,e,f,) " 0p, with the cost given by the Euclidean distance.

(2) Given ¢ € WHP(I), since u,, is a weak solution of (3.1), adding (3.11) for all
ec E(I),

D (petlple(te) + apei[9e(0) = D avp(v).
ecE(T) vev(T)
Letting p — 400 we get
Z (oo et [le(le) + oo e i [¢]e(0)) = Z avp(v).
ecE(T) vev(T)
Then, rearranging the terms,
Z Z aoo,e,v@(v) = Z G,VK,O(V),
veV(T) ecE, (") veVv(T)
from where we get the desired conclusion. O

Observe that ac -~ are solutions of the following system of linear equations for
unknowns aev:

Le
Zam = —/ due Ve e E(T),
0

(Lya) § ¥
Z ey =ay Yve V().

ecE, (I")
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For any solution {ae~} of (L, q,), we define

Cra{aes}) = 3 W ((ue £ 3 laendle) " (e +Z[ae,vav]e)‘> :

ecE(T) vee vEe

where

Z[ae,vév]e = ae,ic50 + ae,fc(5£c7

vee

and W7 is the Wasserstein distance in R respect to the cost ¢(z,y) = |z — y|. In
the next result we shall see how to solve the transport problem in graphs through
the {@oo c,v} and the functional C,, 4, .

Theorem 3.6. Let n be a measure given by (1.1). Under the assumptions of The-
orem 8.5 and for {Gocev}tecrr) given there, we have that

veEe
(313) {aoo,e,v}e € E(IN) € arg min Clhav ({aeN})'

vV Ee {ae,‘,} solve (L“,,,,v)
Moreover

Wyaw = min{ dr(z,y)do(z,y) : ce€ll (n+,n)}
I'xI’
UOO( + a/V v

(3.14) / pt D

veV(D)

= min Clu,,av ({ae,V})

{ae,v} solve (L ay)
=Cua, ({aco,ev})-
Proof. Since aog v are solutions of (L, 4, ), we have
/uoo( Z avév) - Z avuoo(v) = Z ( Z aoo,e,v)uoo(v)»
r vEV(T) vev(r) vEV(T)  e€E, (D)

and, rearranging,

[ 5 w8 5 Srmnas

veV(l ecE(T") vee
Therefore,
/ Uoo (u + Z Gy v)
veV(D)
Lo
= Z (/ [Uoo]ed,ufe + oo, e,ie [uoo]e(o) + oo e, f, [Uoo]e(ge)> .
ecE(r) 70

Now, since [uso]e is a Kantorovich potential for the optimal transport problem of
(1 ]e + (@o0,e,ia) 00 + (Goo,e,8.) T e, t0 [17 ]e + (Aoo,ein) “00 + (oo ,e,t,) 0, With the
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cost given by the Euclidean distance, we have

ée
/ [Uoc]edue + aoo,e,ie [U’OO]G(O) + a‘OO,e,fe [uOC]e(Ee)
0

+ _
=W (,UJe + Z[aoo,e,vdv]e> s (,ue + Z[aoo,e,vdv]e>

vEe vee
Consequently,
[+ ¥
veVv(T)
+ —
Z Wl <(Me + Z[aoo,e,vév]e) ) (Me + Z[aoo,e,vév]e) )
eeE(T) vEe vEe
= Cu,av ({aoo,e,v})-
Hence, for

{de,v}e € E(") € arg min Cﬂyav ({ae,v})

veEe {aeﬁv} solve (Llhav

we have that

/uoo(u+ > ay v)

veV(T)
+
o 3 (et Slennde) " (et el )
ecE(T) vEe vEe
= Ca, ({Ge,v})-
Given e € E(T), let 7, be an optimal transport plan between ([LLG + D vee ?10,\,(5\,)+

and (ule+ > ., Geydy) Wwith respect to the cost given by the metric dr. Then
we have

Wy ((ue + Y laewde) s (pe + Z[ae,vcme)> > [ ey,

vEe vee

Hence, if v := EGGE(F) Ve, We get

Gl = Y Wi ((Mc+z[ac,vav]c)*, (uc+z[ac,v5v]c)-)

ecE(T) veEe vEe

> /FXF dr(z,y)dy(x,y).

Now, given ¢ € C(I'), we have
/s@(w)dm#v(x) =/ p(@)dy(z,y) = Y / x)dve(z,y)
r I'xT’ e€E(T) I‘><F

- Z/ uLe+Zaev >+

ecE(T vEe

) (/0 [Ple(= due+2agv<p(v)).

ecE(T) vee
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Since
> Nt = Y atelv) = [ el 3 ad)
e€E(I") vee vev (D) r vev (D)
we get
+
71'1#’}/:(/1/4— Z avév) .
veV(T)

Similarly, we obtain

772#’)/:(/_;—‘,— Z CLV(SV) .
veV(T)
Consequently,

Therefore,

:min{/rxrdr(x,y)da(x»y) L o€ H(Tﬁﬂl)}

< / dr (2, 9)d (2, 9) < Cpa, ({Ge})
I'xI’

< Cu,a\, ({aoo,e,v})

:/Fuoo(;wr Z av6v>

veV(T)
from where we get (3.13) and (3.14). O

Remark 3.7. Observe that (3.14) imply that each aeoev is the mass that en-
ters/leaves e via the vertex v € e, depending on its positive/negative sign, during
the optimal transport process.

Remark 3.8. In the particular case of ; = 0 we get the even simpler formula

. 1
{@xc,ev}eerr € argmin 3 Z (Z |ae,v|> le : {aeyv} solve (Lo,a,) ¢ s

vee e€E(I') \vee
and

. 1
Wo,a, = min 5 Z (Z |ae,v|> Le : {Ge,y} solve (Log,q,)

eeE(l") \vee
for the optimal total cost of the transport problem. Observe that we can rewrite
this as follows:

Wo.a, = min Z |ae.i. |Ce = {ae,v} solve (Lo q,)
ecE(T)
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Moreover, since
ape,i. T pet. =0,

we have [up]. is a weak solution of

— (|u’\p’2u’)/ =0 in (0, £e),

ou P~ o
“ u(o):—apeie7
0% 0% s
ou P~ o
- “ (le) = —apei.-
0% 0%e s
Therefore, up to a constant,
[uple(x) = —sign(ap,e . )lape |7,

and consequently, up to a constant,

[Uoole(x) = —sign(ado e i, ).

17

A remarkable fact is that our results show that these functions can be glued con-

tinuously on the graph I'.

In the next result we shall see that also in the case p # 0 it is possible to get a
simple formula for the total cost. We also find a transport density for the transport

problem.

Theorem 3.9. Let i be a measure given by (1.1). Under the assumptions of The-
orem 3.5 and for {Gocev}eecmr) given there, there exists a nonnegative function

vEe

a € L*(T) such that [us]e is a weak solution of

—([ale[usc]e)” = pe in (0,Le),
(3.15) [a]e[too]e(0) = —aoo,e,ics

[ale[tco]e(le) = aoo et

in the sense

Lo Lo
/0 [a}e[uooye@l - /0 P dpe = aoo,e,fo‘P(ge) + aoo,e,io‘ao(o)

for all ¢ € WH°°(0,4,). Furthermore,
(3.16) l[uso]tl =1  on {[a]e > 0}.

More precisely, we have

(3.17) [a]e(z) =

i+ | due@)‘ for € (0,60)
0

and

(318)  [uscli(e) = sign <oo -[ due@/)) for a € (0,2,).
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Moreover, it holds that the optimal total cost is given by

le
W,.a, = min E /
0

(3.19) eeE(T)

_ Z Afe

ecE(T)

dzx : {ac~} solve (L,q,)

Qeji. + / dpie(y)
0

dz.

xT
Uooe,ie + / dpie(y)
0

Proof. Fix e € E(T"), and take [u,]e the weak solution obtained above. Then, from
(3.10) we have

— (fuple P2 [upls) = pe  in D'(0, L)
Now, we let

Wpe(2) = 1e((0,)) = / " dpe(y)

for z € (0,4,) and we observe that (wy )" = pe in D’(0,4.). Hence, there exists a

constant o, . € R such that |[u,]L[P~%[u,], = —w,.e + ape. Then, since
—apeic = |[uplel’ 2 [uple(0) = =, (0) + Ape = Ape,
we get
[upleP~*[uple(2) = ~wpe(@) — apei-

Now we observe that —w,, ¢(x) — ap.ci, is bounded in L uniformly in p, and
that, for a subsequence,

|[Up]/e(x)|p_2 = |wp,e(z) + ap,e,ie|§%f = [Wye(T) + ooei| = [ale(z) Va € (0,L).
Moreover, by (3.12), we can assume that
[up]l, — [uso]l, weakly in L*((0,4)).
Therefore, we have that
[uplel""*[uple = [Wpe + aoosei] [uscle i L((0, L)),
but also
[up)elP~2[uple = —Wpe = Goo e i,
Consequently, (3.16), (3.17) and (3.18) are proved.
On the other hand, by (3.11), for any ¢ € W1>°(0, ), we have

ze ée

G200 [kl e = [ die = anus 96 + apep ).
0 0

Then, taking limits in (3.20) when p — oo, we get

le Lo
/0 [a]e[too]e’ — /0 @djte = oo e f,P(le) + Qoo e,i. P(0)

for all o € W1°°(0,£,), and thus (3.15) holds.
Let {ac v} a solution of (L, 4,). Then, if we define

a(z) =

e, +/ d,ue(y)‘ for z € (0,4,),
0

and u by

' (z) = sign <ae7ie f/ due(y)) for z € (0, 4,),
0
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we have, 0 < a € L*(0,() and @ is a Lipschitz function with [|@'[| ;e < 1,
such that @ is a weak solution of

—(aw') = pe in (0,4,),
(3.21) ai'(0) = —ae,,,

atu' (le) = e, ,

and
|a'|=1 on {a>0}.

Then by (ii) in Lemma 3.4, @ is a Kantorovich potential for the transport of

(He 4 ZvEe[a’eyvéV}e)+ to (,ue + Zvee[ae,vav]e)i' Therefore, taking u as test func-
tion in (3.21), we get

Lo Lo
/ alu'|* - / tidpte = e, g, 1(le) + e, T(0),
0 0

and consequently

Lo
/o

z Lo
Qe i, +/ dﬂe(y)’ dr = _/ adpe + ae,fea(ee) + a‘e7ie,&’(0)
0 0

— W, <(u + Z[ae,vév]e)+, (e + D laenile ) ) .

vEe vee

Adding, we obtain

Z /Oée

ecE(T)
from where (3.19) follows having in mind (3.14). d

dz = Cp,a, ({0e,v});

ae7ie + / due(y)
0

Remark 3.10. The first part of the above result is similar to Lemma 7.2 in [1] the
main difference is that here we have to consider fluxes at the ends of the edges.

Finally, let us present some simple examples to illustrate our results.

Example 3.11. Let T" be the metric graph with edges F(T") = {e;, ez, e3,e4} and
vertices V(I') = {v1,va,vs,va} such that (ie,,fe;) = (v1,V2), (leg,fe,) = (va,v3),
(ies, fog) = (V2,v4), (iey,fe,) = (v3,vs) (see FIGURE 1).
Consider the measure
n=p+ Y. ad,

veV (D)

with pf = X(O,a%), all the other pf =0, and ay, = ay, =0, av, = ay, = —
By Theorem 1.2, we have that

N I

2
Wia, = min (/ a11+xdm+/
P8 fai) solve (Lyay) N Jo | | 4

+laga|lz + |agz|ls + |a43|l4),

l
a11+§1 dzx

where a;; = e, v, and [; = le,. Now, a simple calculation shows that
Iy Iy

aip =0, @1z = -7, O3 = —023, O32 = — a2,
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and
Iy Iy ly
a34 = Q3 — =, Q43 = G22 — —, G44 = — — (22.
2’ 4’ 4

Hence, the total cost is given by

I3+

).

We have different values for the minimum depending on the values of 5, [3,l4:

Iy
oy — L
22~ 7

. 3 l
Wia, = min (81% + |aga|ly + |age — 51

az2€

(1) If I > I3 + l4 then the minimum is attained at age = 0. Consequently, as
expected, the route of the optimal transport is given in FIGURE 1. Note that we
are not sending mass trough es, but instead we use ez until we reach v4 where we
deposit half of the mass and then continue trough e4 until reaching vs with the
other half of the mass.

V4

€4

€3

V3

€2
V2

€1

Vi

F1cUrE 1. Optimal transport path for Iy > I3 + 14

In this case, the optimal transport cost is given by
3 1 1 1.3 1 1
Wia, = §l12 + 51112 + 11114 = 511 le + 11113 + 111(53 +14).

(2) If I3 > Il + I4 then the minimum is attained at asy = % Hence a3 = 0 and

consequently, in this case, the best strategy is not to use e3 to transport mass.

(3) In other case, the minimum is attained at ags = %. Hence a43 = aqq = 0,

therefore, here we split the mass in two equal parts when we arrive to vo and send
them to v3 and v4 using e and e3. Now, we are not using ey.

Example 3.12. Let I' be the metric graph with edges E(I') = {e1,e2,e3} and
vertices V(T') = {vi1,va,vs3} such that (ie,,fo,) = (vi,v2), (len,fey) = (va,v3),
(leg,fes) = (vs,v1) (see FIGURE 2). Take le, = 1.
Consider the measure
n=p+ Y ady,

veV(T)
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with p1f = X(0,a), 0 < @ < 1, all the other p= =0, and ay, = ay, = ay, = —%. By
Theorem 1.2, we have that
[0}
W, L= min (/ a1 +x dx
PO aisy sotve (L) N o | |
+ |a11 + a| (]. — a) + |a22|12 + ‘031”3),
where a;; = @e, v; and l; = f.,. Now, a simple calculation shows that
2 1
a2 = —aj;1 —Q, a2 = a11+§a, G23 = —a22, a31 = —a11— 5047 a3z = —asi.

Therefore,

(o3
W, = min (/ la11 + | dx + ’a11+o¢‘(lfoz)
0

a1 €R
2 1
+‘a11 + ga‘lz + ‘all + g&‘lg).

We have different values for the minimum depending on the values of Is, l3 and «.
In fact, preforming a tedious computation we get the following:

HIfa> %(1 + s —I3) then the minimum is attained at ayq = —%a. This implies
that
a2 = —304, a99 — ga, ag3 = —304, az1 = azz — 0.
The path of the optimal transport is given in FIGURE 2 (a).
Note that we are not sending mass trough es, but instead we use e; until we reach
vo where we deposit %a of the mass and then continue trough e; until reaching vs
with the other %oz of the mass.

(2) If 2(1 412 —I3) < a < 3(1 4 I3 — I3) then the minimum is attained at a;; =
%(13 —lh-1)€ (—%oz, —%a). Therefore, all the a;; # 0 and consequently in this
case it is necessary to use all the edges.

(3) It %(l—lg—lg) <a< %(1—&—12 —13) then the minimum is attained at a;; = —%a.
Hence,
0 1 1
a2 = —=q, Gy =a3 =0, a3 =—-a a3 = —a.
12 3 22 23 31 3 8= 3

Consequently, in this case, the best strategy is not to use es to transport mass.

(4) If 3(1 =1y —I3) < o < 3(1 — I — I3) then the minimum is attained at ay; =
%(13 +lb—-1) € (fa,f%a). In this case, the best strategy is not to use eg to
transport mass.

(5) If < 3(1 — I3 — I3) then the minimum is attained at a;; = —a. Then, we get
0 1 1 2 2
a = a = ——Q a = — a = — a = ——.
12 ) 22 3 ’ 23 3 ) 31 3 ) 33 3

In this case we are sending all the mass trough v; and then use es and e5 to deliver
it to its final destination at vs and v (see FIGURE 2 (b)).
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V3
€2
€3
V2
€1
Vi
(a) a > %(1 + 1o —13)
V3
€2
€3
V2
€1
Vi
(b) a < $(1—l2—13)

FIGURE 2. Optimal transport paths for different o
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