UPPER BOUNDS FOR THE DECAY RATE IN A NONLOCAL
p—LAPLACIAN EVOLUTION PROBLEM.
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ABSTRACT. We obtain upper bounds for the decay rate for solutions to the
nonlocal problem dsu(z,t) = [pn J(z,y)|u(y, t) —u(z, t)[P~2(u(y, t) —u(z, t))dy
with an initial condition ug € L' (R?)NL>(R") and a fixed p > 2. We assume
that the kernel J is symmetric, bounded (and therefore there is no regularizing
effect) but with polynomial tails, that is, we assume a lower bounds of the form
J(x,y) > c1]z —y| =29 for |z — y| > c2 and J(z,y) > c1, for |z —y| < ca.

. n (11
We prove that ||u(-,t)||pa@ny < Ct T=Hnr2e 1 7a) for g > 1 and t large.

1. INTRODUCTION.

In this paper we deal with nonlocal Cauchy problems of the form
(1.1) Opu(z,t) = / J(z, ) uly, t) — u(z, t)|P~2(u(y, t) — u(z,t))dy

for t € Ry and x € R™ with n > 2, a fixed p > 2 and an initial condition u(z,0) =
up () satisfying ug € L*(R™)NL>(R™). On the kernel J, we will always assume that
it is a bounded and symmetric function defined for (z,y) € R™ x R™ together with
the integrability condition J(-,y) € L*(R") for all y € R™. Under these hypotheses
existence and uniqueness of a solution follows from a fixed point argument as in [1].

Nonlocal problems have been recently widely used to model diffusion processes
(see [6] and [5] for a general nonlocal vector calculus). Problem (1.1) and its sta-
tionary version have been considered recently in connection with real applications,
for example to peridynamics or a recent model for elasticity. We quote for instance
[2], [11], [12], [13], [14] and the recent book [1].

Our main goal here is to obtain upper bounds for the asymptotic behavior of
the solution of (1.1) as t — 4o00. It is expected that the diffusive nature of the
equation implies that the solution goes to zero when ¢t — +oc.

To obtain our results the key assumptions are the following lower bounds for J:

J(x,y) > cile —y|70F2) 0 for |o —y| > e,
(1.2) and
J(,y) = 1, for [z —y| < co.

for certain constants c¢1,co > 0 and o € (0,1). For simplicity we will assume cg = 1.
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The main result of this paper reads as follows:

Theorem 1.1. Let n > 2, ¢ € [1,400) and o € (0,1). Let J be a kernel sat-
isfying (1.2). Then the solution of (1.1) associated to an initial condition uy €
LY(R™) N L= (R™) decays in LI(R™) with the upper bound

(1.3) (-, )| pogny < Ct*iw—é%ﬁa(lf%),

where the constant C' depends on ug,q,c and n.

Let us end the introduction with some comments on the previous bibliography.
For the linear case, p = 2, and for smooth kernels J with compact support, it is
proven in [8] that the solution u of the equation (1.1) has the decay estimate

[[u(-,1)]
for any ¢ € [1,00). Note that this decay rate is the same as the one that holds for
solutions of the classical Heat equation. In the case of an equation in convolution
form, that is when J(z,y) = K(x — y) with K a nonnegative radial function, not
necessarily compactly supported, it is proven in [3] that the solutions of equations
with the form (1.1) have the decay estimate

_mnoq_1
||u('7t)||Lq(Rn)§Ct 35 (1 q)7

oy < 307D

provided the function K has a Fourier transform satisfying the expansion K &) =
1 — Al€% + 0(|€|%7), where A > 0 is a constant. In this case the decay estimate
is analogous to the one for the o—order fractional heat equation, vy = —(—A)%v,
with o € (0,1). We also note that the convolution form of the equation allows the
use of Fourier analysis to obtain this result. However, the use of Fourier analysis is
not helpful here due to fact that our operator is not in convolution form. Despite
of this difficulty, energy methods can be applied, see [8], [4]. We borrow ideas and
techniques from these references. In particular we use Proposition 3.2 of [4] (whose
proof is included here for completeness). However we have to point out that in [4]
only the linear case, that is, p = 2, was treated, while here we deal with (1.1) for
any p > 2. For examples of kernels with exponential decay bounds we refer to [9]
and [10].

The case 1 < p < 2 remains open as well as the corresponding estimate for the
L*>°-norm.

2. Basic FACTS AND PRELIMINARIES.

First, we need to introduce fractional Sobolev spaces and its seminorms, we refer
to [7] for details. For o € (0,1) and r € [1,00), W?"(R") is the fractional Sobolev
space of all L"(R™) functions with finite fractional seminorm [v],,, given by

|v(x + 2) — v(x)|"
2.1 lor // dzr dz.
( ) R2n ‘Z|n+ra

Under these definitions, we have the following fractional Sobolev-type inequality,
there exists a constant C' > 0 such that for each v € W7 (R") with or < n, it
holds

(2.2) ]

Le@ny < Clulg,,
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where s = nr/(n — or) (see [7]).

First, we consider a positive smooth function ¢ : R® — R with the following
properties

(2.3) supp(v) C By, and Y(z)dr = 1.
]Rn

With the aid of this function, we split a function u into two parts. We will denote
the “smooth” part of u as v and the remaining as w. We let

(2.4) v(x,t) = . Y(x — 2)u(z, t)dz; w(x, t) :=u(z,t) —v(x,t).

Sometimes, for simplicity in the notation and where the context is clear, we will
write u, v and w as functions depending only of z.

As a first property of this decomposition we have that each L™ norm of the
functions v and w is controlled by the corresponding norm of u.

Lemma 2.1. Let v and w be given by (2.4). For each r € (1,+00), there exists
C = C(r,v) such that

lvllzr@ny < Cllullpr@ny, and  |lw|lpr@ey < Cllullpr@ny-

Proof. We start with v. Denoting ' = r/(r — 1) the Holder conjugate of r and
using the definition of v, we have

[ vta = e =) i do

<[ [( R —pan)” ( /}R - yht)rdy) ) e

=) [ )l [ vt~ y)dady

Yz — y)U(y)dy’Tda:
]Rn

<C) [ ful)ldy
RW,
The inequality for w easily follows immediately from the triangular inequality in

L. (]

Now we state a key result to get the desired estimate on the decay rate.

Proposition 2.2. Letn > 2 and let J : R" xR™ — R4 be a kernel satisfying (1.2),
Y satisfying (2.3), 8 € (0,1) and r > max{1,28}. Then, there exists a constant
C > 0 such that for all w € L"(R™) and v,w defined in (2.4), we have

@5) [, ol <C [[ | T p)luta) ) drdy.

The constant C' depends on 1, 5, and n.
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Proof. For the estimate concerning w, we have

[ w@ra = [ ju@ - vl

/n u(z) — . P(x — 2)u(z)dz ’ i
- /
-/

Applying Holder’s inequality, we get

[ w@rds

< [ (Lv-aee) " ([ v 2lute) - ateras)as
< C(r,r',y) /” - Y(x — 2)|u(z) —u(z)|"dz dx,

Yz — 2)(u(x) —u(z))dz "o

Rﬂ.
Wz — ) (e — )Y (u(z) — u(z))dz "da.

R

where 7' = r/(r — 1).

Since 1 is supported in By, we have that ¢(z — z) < J(x,2) for all v — 2| > 1
and since J verifies J(x, z) > ¢ for |z — 2| < 1, there exists a constant C' depending
only on || such that ¢¥(z — z) < CJ(x,z). Then

w7 rny < C// (z,y)|u(z) — u(y)|"dz dy.

Now we deal with the term with v. We split the fractional seminorm as

yl" // — v
i %) = O dady + %) = V9 ddy
2'6 ' //z y|>1 |Z‘— ‘n+2,8 lz—y|<1 |.1?— |n+2[3

=: ITegt + Iins

and look at these integrals separately. For I..;, using the definition of v we have

= [ | [ e =2) =ty 2] e ol

Now, we can look at the measure p(dz) = v(z)dz as a probability measure
(because of (2.3)) and since the function ¢ — [¢|" is convex in R, we can apply
Jensen’s inequality on the dz—integral in right-hand side of the last expression to

obtain
Topt < // | / lu(z — 2) —u(y — 2)|["Y(2)dz|x — y|7(”+25)dxdy,
r—y|>1 n

which, after an application of Fubini’s Theorem, gives

Togt < / ¢(z)(//m_y|>1 lu(z — 2) —u(y — 2)|"|z — y|—("+2[3)dxdy>dZ,
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Then, applying the change & = x — 2z, = y — 2z in the dxdy integral and using (2.3),
we conclude

s [ 6@ f[ @) @l dzag)a:

- / / (@) — u(@)|"|z — g1 dzd
|z—g|>1

Using this last expression, we obtain from the assumption (1.2) that
(2.6) T < C’//2 J(z,y)|u(z) — u(y)|"dz dy.
R n

Now we deal with I;,;. In this case, using the definition of v, we can write

1) L= [ /| | [ ae)wie - 2) - vl - e

Note that by using (2.3), we have for all z,y € R™

y| =20 dady.

[ w@)wte = 2) = ity - i = @) ([ vt =)z [ vty 2)az) <o
and then
[ e =2~ vl - Nds = [ (o) = ule)(wle ~ )~ ly - 2)dz,

Thus, using this equality into (2.7), we get

o= [ | [ 0G) @00 =)~ vty ] 1ol 4y

However, note that if |z — z| > 2 in the dz integral, since |z — y| < 1 necessarily
ly — z| > 1. Then, due to the fact that 1 is supported in the unit ball, the
contribution of the integrand when |x — z| > 2 is null in the dz integral. Taking
this into account, applying Holder’s inequality into the dz—integral, we have

o= [ ym] [ = ua) ot =) = vty = |

—y|” ("+25)dxdy

- /~/|w—u<1 /ac—z|<2 fu=) = u(m)|sz)
g </|z 3|<2 [z = 2) =iy - §)|r/d§)r/r/|$ - y|7(n+2ﬁ)dxdy.

By Fubini’s Theorem we can write
L= | ([ (@)~ u@) ) v
TER™ |z—z|<2

’

;oNT/T
= A — 3" dz _ |~ (n+28)
v - [ il /| LN vy =D dE) eyl dy,
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Using the regularity of ¢, we have

!’ ’ - T/T/ —(n
v <[ ([ pelle—oraz) e -yl 0ay
lz—y|<1 lz—Zz|<2

<DVl Bl [l =gl 0 ay,

le—y|<1

and since r > 2, we conclude that the last integral is convergent, obtaining
V() < Cr gl | DY| | Ba| /T

which leads us to the following estimate for I;,;

Iint < C’/ / lu(z) — u(x)|"dzdz.
z€R™ J|z—z|<2

From this, it is easy to get

Lt < C/ ulz) —w@I” 0,
- lo—z|<2 (

Lot |z — 228
which, by the use of (1.2), let us conclude that

Tt <C [[ I lut) — ut)lr s dy
R n
This last estimate together with (2.6) concludes the proof. O

3. PROOF OF THEOREM 1.1

As mentioned in the introduction, existence and uniqueness of solutions to prob-
lem (1.1) follows as in [1]. In fact, the symmetry, boundedness and integrability
assumptions over J, allows us to perform a fixed point argument to obtain the
following result whose proof is omitted.

Theorem 3.1. Let uy € LY(R™) N L>®(R"), then, there exists a unique solu-
tion u € C([0,+00), LY(R™) N L (R™)) of equation (1.1). This solution satisfies
Hu('7t)||L1(R") S ||U0||L1(Rn) and ||'U,('7t)||Loo(Rn) S ||u0||Loo(]Rn) f07‘ all t 2 0.

Now, let us introduce the main idea behind the energy methods. To clarify the
exposition, let us perform these computations in the local case and next see how we
can adapt them to our nonlocal problem with the help of Proposition 2.2. Let us
describe briefly how the energy method can be applied to obtain decay estimates
for local problems. Let us begin with the simpler case of the estimate for solutions
to the p—Lapacian evolution equation in L?-norm. Let u be a solution to

Oru = Apu.
If we multiply the equation by u and integrate in R™, we obtain

1
8t/ §u2(x,t)dx = —/ [Vu(z,t)|P dz.
n R’n

Now we use Sobolev’s inequality

. p/p*
/ [Vu(z,t)|P de > C </ lu(z, t)P dm)
Rn n
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with p* = pn/(n — p) to obtain

. p/p*
8,5/ u?(z,t)de < —C (/ lu(z, t)P dac) .

If we use interpolation and that |[u(:,t)||z1(rn) < C(uo) for any ¢ > 0, we have

()l La@ey < MluC O @ Il DIl < CluC Ol

with o determined by

1 1- 1 1 *
f:a—i—i*a, that is, 04:(—*>*p.
2 P 2 p*) (-1

Hence we get
8t/ u?(x,t)de < —C (/ u?(x,t) dm) -

from where the decay estimate

||u(-,t)HL2(]Rn) < Cyt_%(n(177n2)+2)7 t>0,
follows. To obtain a decay bound for ||u(-,t)||Lar) We can use the same idea
multiplying by u9~! at the beginning.

Now we are ready to proceed with the proof of our main result.

Proof of Theorem 1.1. The symmetry assumption on J allows us to mimic this
idea and use an energy approach in order to get Theorem 1.1. Roughly speaking,
this assumption allows us to “integrate by parts” equation (1.1). For ¢ = 1 the
proof is finished by Theorem 3.1. For ¢ > 1 we multiply the equation by q|u|?~%u
and integrate, obtaining the identity

qdm——f// (z,y)|u(y) —u(z)[P~2 u(x
Y N [ T@a)lul) = u@)P2uly) — u(a)

* (Ju(y)| " *uly) — |u(z)|*"?u()) dy de,
where we omitted the dependence on t of the function u for simplicity.

Now we recall the following inequality (whose proof is straightforward): let ¢ > 1
and a,b # 0. Then, there exists a constant C' depending only on ¢, such that

(a—=b)(la|"a — [p|"?b) = Cla - b|".

Hence, using this inequality into (3.1), we conclude

(32) Ol < c// Ty luly) — ()P dydr = —CBw),

Note that we get that the L?-norm of w is decreasing in ¢t. At this point we would
like to use Sobolev’s inequality, that is not available due to the lack of regularizing
effect of our nonlocal operator. Instead we will use Proposition 2.2 that involves a
good control of the smooth part v (but we have to take care of the rough part w).

By the definition of v and w in (2.4), we have

(3.3) 1l gy < 27 (1ol gy + 10l % )
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Now we note that v belongs to L? for all p. Hence, we can interpolate, obtaining

1-6
161120y < D112 g 10112552
with
_nlp+q—2)
n— 20

where 6 is given by

1 0 -1

—=—4(1-0), that is ezf@——l

q s q(s —1)

Recalling [|v||z1®ny < [Ju(-, )| @ny < |uol|pr@ny and the Sobolev-type inequal-
ity (2.2), we obtain

(3.4) < Cv]%?

||U||%G(Rﬂ o,p+q—2

where & = 20(p + ¢ — 2) ™! and the constant C' depends on ug, ¢, o and n.

Concerning w we can also interpolate and obtain

(1
10110 @y < 10190 gy [0 F5 50

with v given by
1 Y
—=——+(1—7), that is v =
qg ptqg—2 ( )

Note that we are using that p > 2 here. Now we use that

(p+q-2)(¢g—-1)
ap+q-3)

[lwl|r@ny < [lul)l[zr@ny < [[uollzr@n)
to get
(3.5) 1wl T o gy < Cllwl a2 (mnys
with C depending on ug, g, 0 and n.
From (3.3), (3.4) and (3.5) we obtain
(3.6) ||u||Lq R") < C[ ]o’ pHq—2 + O||w||qu+q—2(Rn) .
Now we use Proposition 2.2, with r = p+ ¢ — 2 and 8 = o, to obtain

_ao _ _qv
R”) < C(E(u ))pﬁq—z and ||w||qLZ,+q72(Rn) < C(E(u))pf;??

and we conclude that

—gf _ay
lullfa(gny < C(E(u)7a=2 + C(E(u)) 72

that is,
_I(HUH%G(RW)) < E(u)
with H(z) = C27i=2 + Cz7i=2. Since ||u||qu (Rn)( ) < [Juo|[¢, g (recall that the

Li-norm of the solution decreases) and

pﬂ 5 < p+q —1LI— we have

ptq—=2

Tl fagny) = Clullagny) o

Then, from (3.2), we obtain

ptq—2

Oullul-, )]|% gy < ~CE(u) < ~CH M ([ullLy ) < ~Cllull?ygny)
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from where it follows that
6
Hu(.’ t) | ‘%q(Rn) < Ct™ p+qf—2—qe ,
that is,
(a=Dn
[l )y < Ct™ TG D77

as we wanted to show.
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