ASYMPTOTICS OF THE SPECTRAL FUNCTION FOR THE STEKLOV PROBLEM IN A FAMILY OF SETS WITH FRACTAL BOUNDARIES

JUAN PABLO PINASCO AND JULIO D. ROSSI

Abstract. In this paper we find the asymtotic behaviour of the spectral counting function for the Steklov problem in a family of self similar domains with fractal boundaries. Using renewal theory, we show that the main term in the asymptotics depends on the Minkowski dimension of the boundary. Also, we compute explicitly a three term expansion for a family of self similar sets, and a two term asymptotic expansion for a family of non self similar sets.

1. Introduction.

In this paper we deal with the spectral counting function for the Steklov eigenvalue problem { Δu = 0 in Ω, ∂u ∂η = λu on ∂Ω. (1.1)

Let us define the counting function N (λ, Ω) for problem (1.1) as the number of non zero eigenvalues less than a given λ.

The asymptotic behaviour of N (λ, Ω) was studied by L. Sandgren [14], who showed that for a domain with smooth boundary, N (λ, Ω) = C_N |∂Ω|_{N−1}λ^{N−1} + o(λ^{N−1}) as λ → ∞. Our interest here is to find the asymptotic behaviour for domains Ω with fractal boundary.

This problem is motivated for the similar one for the eigenvalues of the Dirichlet laplacian, extensively studied for almost 100 years. We refer the reader to [5], [7] and the references given there for this problem. The classical result for the Dirichlet laplacian on sufficiently smooth domains with some geometric assumptions is the Weyl’s formula

N (λ, Ω) = C_N λ^{N/2} + C_{N−1}|∂Ω|_{N−1}λ^{(N−1)/2} + o(λ^{(N−1)/2}) as λ → ∞. When the set Ω has a fractal boundary, the best known result is due to Lapidus [7], who proved

N (λ, Ω) = C_N λ^{N/2} + O(λ^{d/2})

(1.2)

Key words and phrases. Eigenvalue problems, fractal boundaries, Steklov. 2000 Mathematics Subject Classification. 35P20, 35P15, 35P05.

The first author is supported by CONICET and Univ. de San Andres. The second author is supported by Univ. de Buenos Aires grant TX047, ANPCyT PICT No. 03-00000-00137, and Fundación Antorchas. 1

where d is the interior Minkowski dimension of ∂Ω (see the definition below). There are many examples where the second term is known, see [4], [9]. For a short proof of (1.2) and other examples see [12].

Here we are interested in domains with fractal boundary. Let us consider a domain Ω of the form Ω = (⋃_∞ n=1 ⋃ {i_1,...,i_n} Gi1,...,in ) ⋃ G, where G is a bounded open set with smooth boundary. Here the indices i_k takes the values 1 to M and G_{i1,...,in} = R_{i1} · · · R_{in} (G), with R_{ij} a similitude with coefficient r_i. We call a mapping R in^n a similitude with coefficient r if it changes the euclidean distances by factor r. In other words, a similitude can be represented as a composition of a homothety, a translation and an orthonormal transformation. As the relative position of the components of Ω is unimportant for our task as long as they are disjoint, we may use different similitudes R_k at different steps, requiring only that all of them has the same coefficient r_k. We must impose the conditions M∑ j=1 (r_j )^N < 1 < M∑ j=1 (r_j)^{N−1}.

(1.3)

The first inequality guarantees that we can place all the sets R_{i1,... ,in} G in^N without overlaps and implies that Ω has a finite volume. We need the second inequality to conclude that the only positive real root d of the equation M∑ j=1 (r_j )^d − 1 = 0

(1.4)

belongs to the interval (N − 1, N ).

Removing the second inequality in equation (1.3), we obtain that the only positive root d of the equation (1.4) belongs to the interval (0, N ). We will denote it D_s, the ”similarity dimension” of ∂Ω.

Next we introduce a geometrical tool to measure the boundary of Ω. We define the interior Minkowski dimension d of ∂Ω as d = inf{h ≥ 0 : lim_{ε→0}+ ε^{−(N−h)}|∂Ω_ε ∩ Ω|_N = 0} = sup{h ≥ 0 : lim_{ε→0}+ ε^{−(N−h)}|∂Ω_ε ∩ Ω|_N = +∞},

where A_ε = {x ∈ : dist(x, A) < ε}. Moreover, we define the interior lower and upper Minkowski content (in dimension d) of ∂Ω as

M_∗(∂Ω, d) = lim inf_{ε→0+} ε^{−(N−h)} |∂Ω_ε ∩ Ω|_N ,

M^∗(∂Ω, d) = lim sup_{ε→0+} ε^{−(N−h)}|∂Ω_ε ∩ Ω|_N .

When M_∗(∂Ω, d) = M^∗(∂Ω, d), we say that ∂Ω is internally measurable with interior Minkowski content M (∂Ω, d). We stress the fact that the N -dimensional Lebesgue measure of ∂Ω can be positive and d < N. In other words, the interior Minkowski dimension can be smaller than the topological dimension. However, it is always greater (or equal) than N − 1.

If ∂Ω is a self similar set and D_s ≥ N − 1, the similarity dimension D_s is the Hausdorff dimension of ∂Ω and agrees with the Minkowski (or box) dimension and with the interior Minkowski dimension, see [3]. However, when D_s < N − 1, it is easy to see that the Hausdorff, interior Minkowski and box dimension are all equal to N − 1. We remark that the interior Minkowski dimension remains unchanged with a rearrangement of the sets, see [2]. For a deeper discussion of the Minkowski dimension we refer the reader to [10] and [11].

We will use the following definition:

Definition 1.1. A finite set of positive real numbers {a_1, · · · , a_M } is called arithmetic if all the ratios a_j /a_k, with j, k = 1, · · · , M are rational numbers. The maximal number a such that a_j/a ∈ is called the span of {a_1, · · · , a_M }. If at least one ratio a_j/a_k is irrational, then the set is called non-arithmetic.

Now we can state our main result.

Theorem 1.1. Let G be an open bounded set in^N with smooth boundary ∂G, and Ω = (⋃_∞ n=1 ⋃ {i_1,...,i_n} Gi1,...,in ) ⋃ G, G_{i1,...,in} = R_{i1} · · · R_{in} (G), with R_{ij} a similitude of coefficients r_i such that (1.3) holds. Let d be the Minkowski dimension of Ω, with N ≥ d > N − 1. Then

1. If the set {ln(r_1), · · · , ln(r_M )} is arithmetic we have the following asymptotic development:

N (λ, Ω) = cλ^d + o(λ^d) where c is a positive constant.

2. If the set {ln(r_1), · · · , ln(r_M )} is non-arithmetic we have the following asymptotic development:

N (λ, Ω) = f(ln(λ))λ^d + o(λ^d), where f is a bounded periodic function. Moreover, f is left continuous and the set of points of discontinuity is dense in .

Now let us look at a concrete example where we can improve the result of Theorem 1.1. If G = [0, 1]^N, Ω is a disjoint union of scaled copies of the unit cube and we have the following result,

Theorem 1.2. Let G = [0, 1]^N, N ≥ 5, and Ω = (⋃_∞ n=1 ⋃ {i_1,...,i_n} Gi1,...,in ) ⋃ G. Let d be the similarity dimension of Ω, with N ≥ d > N − 3. Then 1. If N ≥ d > N − 1, we have N (λ, Ω) = f(ln(λ))λ^d + o(λ^d).

2. If N − 1 ≥ d > N − 2, N (λ, Ω) = c_1λ^{N−1} + f(ln(λ))λ^d + o(λ^d).

3. If N − 2 ≥ d > N − 3, N (λ, Ω) = c_1λ^{N−1} + c_2λ^{N−2} + f(ln(λ))λ^d + o(λ^d).

where f is a constant or a bounded periodic function. When 2 ≤ N ≤ 4, a similar expansion holds changing the lower bound for d. When N = 4 we impose that 4 ≥ d > 3/2, for N = 3, 3 ≥ d > 2/3 and for N = 2, 2 ≥ d > 0.

As long as we know, this is the first example of a three-term asymptotic expansion for the Steklov eigenvalue problem. For the usual Dirichlet eigenvalue problem, a third term asymptotic was known, but only for strong self similar sets, i.e., all the coefficients of the similitudes are equal, see [1]. A similar example for the Dirichlet eigenvalue problem can be found in [13]. We wish to stress the fact that the exponent d yields information about the geometric structure of ∂Ω, but d is not a dimension. When N − 1 > d, an easy computation shows that |∂Ω|_{N−1} < ∞, so the Hausdorff, Minkowski, or any other reasonable definition of dimension agrees with the topological dimension N − 1.

Finally, for strong self similar sets we can formulate Theorem 1.2 as:

Theorem 1.3. Let N ≥ 5. Let G = [0, 1]^N and Ω = (⋃_∞ n=1 ⋃ {1,...,n} G1,...,n ) ⋃ G. Let d be the similarity dimension of Ω, with N ≥ d > N − 3. Then N (λ, Ω) = c_1λ^{N−1} + c_2λ^{N−2} + f(ln(λ))λ^d + O(λ^{N−3}) where f is a constant or a bounded periodic function. A similar statement holds for 4 ≥ N ≥ 2.

However, we omit the proof, which can be obtained with slight changes from [1].

2. Proof of Theorem 1.1.

For this proof we will use the following variant of the Renewal Theorem (see [9]): Theorem 2.1. Let us consider the renewal equation on f(z) = M∑ j=1 b_j f(z − a_j) + g(z), (2.1)

where a_j, b_j are positives, ∑_M j=1 b_j = 1, and g(z) is a piecewise continuous function on satisfying the condition: |g(z)| ≤ Ce^{−τz} ∀ z ∈ . (2.2) Then, there exists a unique solution of (2.1), f(z), which is uniformly bounded on . Moreover, f satisfies, 1. If the set {a_1, · · · , a_M } is arithmetic with span a, then f(z) has the asymptotic expansion:

f(z) = s(z) + o(1) where s(z) is a bounded a-periodic function.

2. If the set {a_1, · · · , a_M } is non-arithmetic, f(z) has the asymptotic expansion: f(z) = c + o(1) where c is a positive constant.

3. If the function g(z) has the additional property of left- or right-continuity, then the functions f(z), s(z) are left- or right-continuous respectively.

Now we begin with the proof of Theorem 1.1. Let N (λ, G) be the spectral counting function of the Steklov eigenvalue problem in G. Combined with the translation invariance and the scaling properties of the Laplacian, we obtain:

N (λ, Ω) = M∑ j=1 N (λ, r_jΩ) + N (λ, G) = M∑ j=1 N (r_jλ, Ω) + N (λ, G). (2.3)

We propose a solution in the form N (λ, Ω) = f(λ)λ^d . (2.4)

Substituting (2.4) into (2.3), and after the change of variable z = ln(λ), we obtain f(z)e^{zd} = M∑ j=1 f(ln(r_j e^z)(r_j e^z)^d + N (e^z , G).

Multiplying both sides by e^{−dz} , and denoting b_j = (r_j )^d, a_j = ln(1/r_j), for 1 ≤ j ≤ M and ψ(z) = N (e^z , G)e^{−zd}, we get the following equation for f, f(z) = M∑ j=1 b_jf(z − a_j ) + ψ(z) (2.5)

As the equation (2.5) has the form (2.1) we only need to show that ψ(z) verifies the condition (2.2) (i.e., that |ψ(z)| ≤ Ce^{−τ|z|}) in order to apply the Renewal Theorem 2.1. We observe that N (λ, G) is zero when λ < λ_1, the first positive Steklov eigenvalue, so the inequality is valid when z → −∞. When z → +∞, is a consequence of the asymptotic behaviour N (λ, G) ∼ C_n|∂Ω|_{n−1}λ^{n−1}.

This completes the proof as we obtain that N (λ, Ω) ∼ f(ln(λ))λ^d where f is a constant or a periodic function, depending on the sets of coefficients r_j.

3. A three-term asymptotic expansion.

We begin by looking at the eigenvalues for the Steklov problem in the unit cube, { Δu = 0 in [0, 1]^N ∂u ∂η = λu on ∂[0, 1]^N (3.1)

Let us look for a solution with separate variables, i.e., u(x_1, . . . , x_N ) = φ_1(x_1) · · · φ_N (x_N )

(3.2) Inserting (3.2) in (3.1) we get φ^{′′}_1 φ_1

(x_1) + · · · + φ^{′′}_N φ_N (x_N ) = 0.

Hence, φ^{′′}_i φ_i (x_i) = β_i with β_1 + · · · + β_N = 0 and the boundary conditions impose that −φ^′_i(0) = λφ(0) φ^′_i(1) = λφ(1)

(3.3) Assume that β_i = 0, then φ_i(x_i) = ax_i + b and the boundary conditions (3.3) impose −a = λb a = λ(a + b) Hence the associated eingenvalue is λ_0 = 0 or λ_2 = 2.

If β_i < 0 then φ_i(x_i) = c_1 sin( √ |β_i|x_i) + c_2 cos( √ |β_i|x_i) and, using the boundary conditions, we get

c_1 √ |β_i| = λc_2, c_1 √ |β_i| cos( √ |β_i|) − c_2 √ |β_i| sin( √ |β_i|) = c_1λ sin( √ |β_i|) + c_2λ cos( √ |β_i|). To have a nontrivial eigenfunction we need to impose

(−|β_i| − λ^2) sin( √ |β_i|) = 0

hence sin( √ |β_i|) = 0. So, β_i is given by

β_i = −4π^2n^2 n ∈ .

(3.4)

Now, if β_i > 0

φ_i(x_i) = c_1 sinh( √ β_ix_i) + c_2 cosh( √ β_ix_i)

and, using the boundary conditions (3.3), we get −c_1 √ β_i = λc_2,

c_1 √ |β_i| cosh( √ β_i) + c_2 √ |β_i| sinh( √ β_i) = c_1λ sinh( √ β_i) + c_2λ cosh( √ β_i). To have a nontrivial eigenfunction we need to impose

−β_i sinh( √ β_i) + 2λ √ β_i cosh( √ β_i) − λ^2 sinh( √ β_i) = 0.

Hence

λ_{+/−} = √ β_i (cosh( √ β_i) + / − 1) sinh( √ β_i) . (3.5)

If we consider λ ≠ 0, 2 we have

β_{k+1} + · · · + β_N = 4π^2(n^2_1 + · · · + n^2_k)

and if n^2_1 + · · · + n^2_k is large then all the β_i must be the same β, that is given by β = 4π^2 N − k (n^2_1 + · · · + n^2_k).

Clearly, we can associate each eigenvalue to a lattice point (n_1, . . . , n_k) ∈^k for 1 ≤ k ≤ N − 1. In fact, when λ is large, equation (3.5) gives the lattice points in the sphere with an exponentially decaying error. Moreover, from equation (3.5), it is easy to see that λ → √ β when λ → ∞, so we can compute N (λ, [0, 1]^N) with the aid of the lattice points problem in spheres. The number of eigenvalues is 2 N−1∑ k=1 c_k# { (n_1, . . . , n_k) ∈^k : (n_1, . . . , n_k) ∈ B_k (√ N − k 2π λ )} , (3.6)

the factor 2 is due to the term +/ − 1 in (3.5), B_k(r) is the k-dimensional ball of

radius r, and c_k = ( N k ) , as a consequence of the election of k variables.

We can rewrite it explicitly:

Lemma 3.1. Let N ≥ 6. Then, N (λ, [0, 1]^N) = C_1λ^{N−1} + C_2λ^{N−2} + O(λ^{N−3})

(3.7) where C_j, j = 1, 2 is a constant depending only on N . When N = 5, we have the same asymptotic expansion with an error term of the form O(λ^2 ln^{2/3}(λ)). For 4 ≥ N ≥ 2 we have N (λ, [0, 1]^4) = C_1λ^3 + C_2λ^2 + O(λ^{3/2} ln(λ)) N (λ, [0, 1]^3) = C_1λ^2 + O(λ^{2/3}) N (λ, [0, 1]^2) = C_1λ + O(1)

(3.8)

Proof. We use the following estimation of the number of lattice points in spheres, which can be found in [6]:

#{(x_1, . . . , x_N ) ∈^N : N∑ j=1 x^2_j ≤ r} = V_N (r) + O(r^{N/2−1}) N ≥ 5 O(r ln^{2/3}(r)) N = 4 O(r^{3/4} ln(r)) N = 3 O(r^{2/3}) N = 2

(3.9)

The number of eigenvalues is obtained counting the lattice points with positive coordinates, so we write the formula for the lattice points in spheres as

V_N (r) + O(r^{N/2−1}) = 2^N #{(x_1, . . . , x_N ) ∈^N } + N∑ j=1 (−1)^{j+1} ( N j ) V_{N−j} (r), (3.10)

where V_k(r) is the volume of the k-dimensional sphere of radius r, which gives: #{(x_1, . . . , x_N ) ∈^N } = 2^{−N} V_N (r) − N V_{N−1}(r) + O(r^{N/2−1}),

(3.11)

collecting the lower order terms and the remainder terms in O(r^{N/2−1}) Now, replacing (3.11) in equation (3.6), and using that V_k(r) = a_kr^k, the lemma is proved.

Let us prove Theorem (1.2). The first part is proved in Theorem (1.1). Now, let us look the functional equation satisfied by N (λ, Ω):

N (λ, Ω) = M∑ j=1 N (λ, r_jΩ) + N (λ, Q) = M∑ j=1 N (r_jλ, Ω) + N (λ, Q). In the right hand side, N (λ, Q) has a term which is a power of λ^{N−1} and another which is a power of λ^{N−2}. The only way to cancel those terms (in N (λ, Ω)) is forcing N (λ, Ω) to have such terms, an absurd. So, we introduce the auxiliary function defined as R(λ, Ω) = c_1λ^{N−1} + c_2λ^{N−2} − N (λ, Ω) for λ ≥ 0, and R(λ, Ω) = 0 for λ < 0. Hence, R(λ, Ω) = M∑ j=1 R(λ, r_jΩ) + R(λ, Q) = M∑ j=1 R(r_jλ, Ω) + R(λ, Q). We propose a solution in the form R(λ, Ω) = f(ln(λ))λ^d.

and the rest of the proof runs as before.

4. Final remarks.

This family of examples shown the existence of many terms in the asymptotic development of N (λ, Ω). It will be interesting to find, for both smooth and nonsmooth boundaries, another cases of a multi-term asymptotic development.

It is natural to wonder if Theorem 1.1 can be extended to other sets with nonsmooth or fractal boundaries. Here we deal exclusively with self similar ones, and we are tempted to conjecture:

Conjecture 4.1. Let Ω be an open set in^N , for which the Steklov’s eigenvalue problem (1.1) has a discrete sequence of eigenvalues λ_1 ≤ λ_2 ≤ . . . . Then,

N (λ, Ω) = C(d, N )λ^d + o(λ^d)

(4.12)

where C(d, N ) is a constant if and only if ∂Ω is (interior) Minkowski measurable and of (interior) Minkowski dimension d.

Or, may be, a weaker version:

Conjecture 4.2. Let Ω be an open set in^N , where ∂Ω has (interior) Minkowski dimension d, for which the Steklov’s eigenvalue problem (1.1) has a discrete sequence of eigenvalues λ_1 ≤ λ_2 ≤ . . . . Then,

c_1λ^d ≤ N (λ, Ω) ≤ C_2λ^d.

(4.13)

As in the Dirichlet eigenvalue problem, those conjectures seems very difficult to prove. The problem here is the exponent d. We conjecture the d is the interior Minkowski dimension. In the previous examples, the self-similarity seems to play a crucial role. However, it is not difficult to find a family of non-self similar sets {Ω_d} ∈^2, with d the Minkowski dimension of ∂Ω, and N (λ, Ω) ∼ Cλ^d, as the following example in^2 shows. Let Ω = ∪_{j≥1}Q_j where Q_j is a translation of [0, j^{−1/d}]^2, with 1 < d < 2. It is easy to see that the interior Minkowski dimension of Ω is d. Moreover, we have

N (λ, Ω) = ∞∑ n=1 [ λ 2πn^{1/d} ] = ζ(d) ( λ 2π )_d + ζ(1/d) λ 2π + O(λ^{d/(1+d)}), where ζ(s) is the zeta function of Riemann. A similar result for the eigenvalues of the Laplace operator was obtained (with rather different methods) in [8]. We prove this in the next lemma: Lemma 4.1._∞ ∑ j=1 [j^{−1/D}x] = ζ(1/D)x + ζ(D)x^D + O(x^{D/(1+D)}) (4.14)

Proof. Let us note that the previous equation is the number of lattice points below the function xt^{−1/D}. Using the well-known summation formula of Euler-MacLaurin, and the Dirichlet’s argument for the lattice points below the hyperbola xt^{−1}, we count the points up to x^{D/(1+D)} below the function xt^{−1/D} and below its inverse x^Dt^{−D}, and we delete the points in the square, which we counted twice: x^{D/(1+D)} ∑ j=1 [xj^{−1/D}] + x^{D/(1+D)} ∑ j=1 [x^Dj^{−D}] − [x^{D/(1+D)}]^2 =

= x( ∫_xD/(1+D) 1 t^{−1/D}dt + A + o(x^{−1/(1+D)}))+ x^D( ∫_xD/(1+D) 1 t^{−D} + B + o(x^{−D2/(1+D)})) − x^{2D/(1+D)} + O(x^{D/(1+D)}).

Integrating, we have: D D − 1 x^{2D/(1+D)} + (A − D D − 1 )x + 1 1 − D x^{2D/(1+D)}+ +(B − 1 1 − D )x^D − x^{2D/(1+D)} + O(x^{D/(1+D)}) = = (A − D D − 1 )x + (B − 1 1 − D )x^D + O(x^{D/(1+D)}).

We are left with the task of determining the constants A y B. We call C(s) the function,

C(s) = lim_{x→∞}( x∑ n=1 [n^{−s}] − ∫_x 1 t^{−s}dt), and we have the following expression for the zeta function of Riemann (when Re(s) > 0) ζ(s) − 1 s − 1 = ∞∑ n=1 [n^{−s}] − ∫_∞ 1 t^{−s}dt, which gives the desired result. The previous identity is immediate for Re(s) > 1, because we can integrate the power of t, and we obtain the value of the constant; when 0 < Re(s) < 1, we use analytic continuation, because we know, using again the Euler-MacLaurin formula, that for each s the limit exist.

We hope that further attempts to prove or disprove these conjectures should lead to address the questions above, which in turn will give new light on the relations between fractal and spectral geometry.

References

[1] M. van der Berg and M. Levitin. Functions of Weierstrass type and spectral asymptotics for iterated sets, Quart. J. Math. Oxford (2), 47 (1996), 493-509.

[2] Besicovitch and J. Taylor, On the Complementary Intervals of a Linear Closed Set of zero Lebesgue Measure, J. London Math. Soc., 29, (1954), 449-459.

[3] K. Falconer. Fractal Geometry, Math. foundations and Appl. J.Wiley & Sons, (1990). [4] J. Fleckinger and D. Vassiliev. An Example of a Two-term Asymptotics for the ”Counting Function” of a Fractal Drum, Trans. A. M. S., Vol. 337, nr. 1 (1993), 99-116.

[5] M. Kac. Can One Hear the Shape of a Drum?, Amer. Math. Monthly (Slaught Mem.

Papers, nr. 11), (4) 73, (1966), 1-23.

[6] E. Kratzel. Lattice Points, Kluwer Academic Publishers (1988).

[7] M. Lapidus. Fractal Drum, Inverse Spectral Problems for Elliptic Operators and a Partial Resolution of the Weyl-Berry Conjecture, Trans. A. M. S., Vol. 325, nr. 2, (1991), 465-528.

[8] Lapidus, M. and Pomerance, C. The Riemann Zeta-function and the One-dimensional Weyl-Berry Conjecture for Fractal Drums, Proc. London Math. Soc. (3) 66 (1993) 41- 69 [9] M. Levitin and D. Vassiliev. Spectral Asymptotics, Renewal Theorem and the Berry Conjecture for a class of Fractals, Proc. London Math. Soc., (3) 72, (1996), 188-214.

[10] O. Martio and M. Vuorinen. Whitney Cubes, p-capacity, and Minkowski content, Expo.

Math., 5, (1987), 17-40.

[11] P. Mattila. Geometry of Sets and Measures in Euclidean Spaces, Cambridge studies in adv.

Math., 44, Cambridge Univ. Press (1995).

[12] J. P. Pinasco. Spectral asymptotics of the Neumann laplacian on open sets with fractal boundaries Preprint, Universidad de San Andres, 2001.

[13] J. P. Pinasco. Some examples of pathological Weyl’s asymptotics Preprint, Universidad de San Andres, 2001.

[14] L. Sandgren. A vibration problem Ph. D. Thesis, Lund (1955) Med. Lund Univ. Mat. Sem.

Band 13, (1955), 1-84.

Juan Pablo Pinasco Universidad de San Andres Vito Dumas 284 (1684), Prov. Buenos Aires, Argentina. e-mail: jpinasco@dm.uba.ar

Julio D. Rossi Departamento de Matemática, FCEyN UBA (1428) Buenos Aires, Argentina. e-mail: jrossi@dm.uba.ar