Complete blow-up and thermal avalanche for heat equations with nonlinear boundary conditions

Fernando Quirós Departamento de Matemáticas, U. Autónoma de Madrid 28049 Madrid, Spain.

Julio D. Rossi Departamento de Matemática, F.C.E y N., UBA

(1428) Buenos Aires, Argentina.

Juan Luis Vazquez Departamento de Matemáticas, U. Autónoma de Madrid 28049 Madrid, Spain.

Abstract

We study the continuation after blow-up of solutions u(x, t) of the heat equation, u_t = u_{xx}, with a nonlinear flux condition at the boundary, −u_x(0, t) = f(u(0, t)). We prove that such a continuation is trivial (i.e., identically infinite for all t > T , where T is the blow-up time) in the following sense: if we replace f(u) by a sequence of functions f_n(u) that do not cause blow-up and f_n converges to f uniformly on compact sets, then the corresponding solutions u_n satisfy lim_n!1 u_n(x, t) = +∞ for every x > 0 and every t > T . This is called complete blow-up and happens in the present problem for all positive and continuous functions f for which solutions blow up.

An interesting phenomenon related to complete blow-up is the thermal avalanche: in the cases in which there is single-point blow-up as t ↗ T the singularity at the origin propagates instantaneously at time t = T to cover the whole space. We describe the formation of the avalanche in the case f(u) = u^p, p > 1, as a boundary layer which appears in the limit of the approximate problems by choosing a suitable scaling and passing to self-similar variables. We then show that the layer is described by the solution of a limit problem. We also describe the asymptotic behaviour for the approximate problems as t goes to infinity.

We also consider the nonlinear diffusion equation u_t = (u^m)_{xx}, m > 0, with nonlinear boundary condition −(u^m )_x(0, t) = f(u(0, t)). We prove that blow-up solutions have a nontrivial continuation if and only if m < 1, independently of f. The thermal avalanche when m > 1 and f is a power is also described in this case, as well as the asymptotic behaviour for the approximations for all m.

AMS Subject Classification: 35B40, 35K60, 35K65.

Keywords and phrases: blow-up, heat equation, nonlinear boundary condition, avalanche, boundary layer.

1 Introduction

This paper is mainly concerned with the description of the form in which blow-up occurs for the reaction-diffusion problem

u_t = u_{xx} (x, t) ∈ (0, 1) × (0, T ), −u_x(0, t) = f(u(0, t)) t ∈ (0, T ), u_x(1, t) = 0 t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, 1),

(1.1)

where f is positive and continuous. We assume that u_0 is continuous, nonnegative and nontrivial (u_0 ≢ 0). Hence, the solution of problem (1.1) exists for a certain time interval 0 < t < T and is C^1 up to the boundary for all t > 0 as long as it is bounded. The problem can be thought of as a model to describe heat propagation with constant thermal conductivity (also referred to as linear diffusion) in a medium with a nonlinear radiation law at the left boundary, the right one being thermally insulated, [Pa]. Let T be the maximal existence time for the solution. If T < ∞, then u becomes unbounded in finite time and we say that it blows up, while for T = ∞ we say that the solution is global. The study of blow-up solutions of the heat equation with a nonlinear boundary condition was initiated in [LP] and since then it has attracted considerable attention, see the survey papers [FF], [CF2].

An important aspect of blow-up problems is the possibility of having a nontrivial extension of the solution for times t > T . If such a continuation exists we say that blow-up is incomplete; otherwise, it is called complete. Our first aim is to study whether blow-up for problem (1.1) is complete or not. A natural way of obtaining a continuation consists of approximating the reaction nonlinearity f(u) in the boundary condition by a sequence of functions f_n(u) such that

f_n(u) is positive and continuous for every n;

solutions of problem (1.1) with f replaced by f_n are global; f_n(u) → f(u) uniformly on bounded intervals.

(1.2)

Under these assumptions we solve the approximate problems with f replaced by f_n and obtain a sequence of global solutions {u_n}. We want to extend u(x, t) as the limit u(x, t) = lim_{n→∞} u_n(x, t) (1.3)

if this limit (finite or infinite) exists for every (x, t) ∈ [0, 1] × IR^+. It is easy to see that for t < T we recover the standard solution of the problem. The question of complete/incomplete blow-up is then reduced to determining whether the limit (1.3) becomes identically infinite for t > T or not. As in [GV2] we will call the limit (1.3) the proper solution of (1.1), even if it becomes infinite completely or only somewhere after T .

Complete blow-up was first studied for problems where the nonlinearity occurs in the equation as a reaction term, u_t = u_{xx} + f(u), see [BC], [GV1]-[GV3], [LT], [M]. For the present problem (1.1) in the special case of where the flux function is a power, f(u) = u^p, and f_n is a truncation at level n, complete blow-up is proved in [FG].

Our first result states that blow-up for problem (1.1) is complete for any radiation function f as above for which there is blow-up, in the sense that the proper solution is identically infinite for t > T .

Our second aim is to describe how the lack of continuation happens by studying the behaviour of the global solutions of the sequence of approximate problems. When f is a power we will be able to precisely describe how the catastrophic event, so-called avalanche, takes place near t = T in terms of the most natural approximations. More precisely, we will show that for a sequence of truncations f_n of f which are linear at infinity with increasing slope f^′_n(s) ∼ cn^{p−1}, the global solutions u_n undergo at times t ≈ T the transition from an approximation of the blow-up profile of u towards an approximate traveling wave which propagates at speed v = v(n). As n → ∞ we have v(n) → ∞ and complete blow-up occurs. This intermediate profile evolves later towards different asymptotics of parabolic type which we also describe. Numerical results illustrate these stages. Let us remark that the study of the approximate problems for large n is in many cases (combustion, chemistry) more realistic than the blow-up problem, which is a mathematical idealization.

Finally, we consider the effect of a nonlinear diffusion in the equation. For simplicity we take the usual power form u_t = (u^m)_{xx} with diffusion exponent m > 0. For m > 1 this equation is called the porous medium equation, while for m < 1 it is known as the fast-diffusion equation. In any case, we arrive to

u_t = (u^m)_{xx} (x, t) ∈ (0, 1) × (0, T ), −(u^m)_x(0, t) = f(u(0, t)) t ∈ (0, T ), (u^m)_x(1, t) = 0 t ∈ (0, T ), u(x, 0) = u_0(x) x ∈ (0, 1).

(1.4)

We find the same phenomenon of complete blow-up for all f provoking blow-up if and only if m ≥ 1, i.e., for porous medium equations. The thermal avalanche is also described in this case. On the contrary, for the so-called fast diffusion equations, 0 < m < 1, continuation after blow-up is always possible. Moreover, for m < 1 the only blow-up point is the origin x = 0 for all t ≥ T and we are able to describe the form of the isolated singularity after blow-up.

The last results show the fundamental role played by diffusion in the propagation of the ∞-level set. In case m > 1 the infinite level propagates with infinite speed and there is no possible continuation, no matter which is the nonlinearity f that we are considering at the boundary. However, when m < 1 the ∞-level set does not propagate at all and there is an extension beyond t = T that remains finite everywhere except at the boundary, x = 0. Actually, as explained in [ChV], the label fast-diffusion is misleading for blow-up problems since the diffusivity D(u) = mu^{m−1} goes to zero as u → ∞ for m < 1.

There is a certain similarity between these problems and the reaction-diffusion equation u_t = ϕ(u)_{xx} + f(u). (1.5)

However, there is a major difference concerning the occurrence of complete blow-up. It was proved in [GV1] that the Cauchy problem for (1.5) has complete blow-up under a balance condition between diffusivity and reaction rate, which for powers ϕ(u) = u^m and f(u) = u^p, m > 0, p > 1 reads exactly m + p ≥ 2. On the other hand, our results for problem (1.4) show that complete blow-up happens for m ≥ 1 independently of the radiation function f(u). We want to remark that in the cases of incomplete blow-up studied in [GV1] the blow-up set expands after the blow-up time T , while in our case for m < 1 it is stationary, a single point. To our knowledge there are no mathematical results on the formation of avalanches for the reaction-diffusion equation. Travelling waves and their stability are studied in [BLL]. On the other hand, the formation and properties of travelling waves are a main topic in the mathematical theory of combustion, cf. for instance the study of plane deflagration waves in [BL].

To be specific, the problems are first posed in an interval. The length L = 1 is inessential. The same results apply in the half-line x ∈ (0, ∞) to blowing up solutions with radiation data at x = 0 and some reasonable behaviour of u_0 at infinity. Details on the necessary adaptations will be given at the end of each section.

Finally, let us remark that the results can be extended to higher space dimension for radial solutions in the interior or the exterior of a ball. However, the analysis of the nonradial case becomes more delicate. In this respect, complete blow-up with non expanding blow-up set can happen for the reaction-diffusion equation in several space dimensions, [GV2], [LT], but the analysis is difficult and a number of important questions remain open.

The paper is organized as follows: in Section 2 we prove complete blow-up for problem (1.1). In Section 3 we describe the thermal avalanche. In Section 4 we deal with the asymptotic behaviour for a limit function z that describes the avalanche. In Section 5 we study the asymptotics for large times for the approximate problems. In Section 6 we analyze the porous medium equation. Finally in Section 7 we prove incomplete blow-up for the fast diffusion equation.

2 Complete blow-up for linear diffusivity

In this section we prove the complete blow-up result for the heat equation with general flux function f. As additional information, we recall that when f is convex it was shown in [W] that a necessary and sufficient condition for blow-up is ∫_{+∞} 1/ff^′ < +∞. A sufficient condition for blow-up without convexity assumptions on f can be found in [RR].

Theorem 2.1 For any positive and continuous f for which there is blow-up, complete blow-up occurs, i.e., for any approximating sequence f_n that satisfies (1.2) we have that for t ≠ T the limit lim_{n→∞} u_n(x, t) exists and

lim_{n→∞} u_n(x, t) = u(x, t) t < T, ∞ t > T. Proof. We proceed in two steps. First, we prove that the proper solution is identically infinite at the origin for t > T . The second step consists in propagating this property to the whole interval.

To verify the first step let us prove that given M ≫ 1, δ > 0, we have u_n(0, t) ≥ M for all n large enough and all t ∈ [T, T + δ]. To see this, we use the explicit stationary solution ψ_n(x) = M − f_n(M)x. This function ψ_n is a subsolution of our problem with f_n. Recall now that for every fixed M we have f_n(M) → f(M) as n → ∞. Let us observe that, as f is blow-up nonlinearity, f(M)/M goes to infinity at least along a sequence, M_j → ∞. On the other hand by the regularizing effect of the heat equation, u_n(x, t_0) is Lipschitz for any t_0 > 0. Therefore, choosing M = M_j and n large enough, ψ_n(x) and u_n(x, t_0) intersect exactly once (it suffices to choose M > u_n(0, t_0) and f_n(M) > ‖u(·, t_0)‖_W 1,1). Next we observe that since u(0, t) blows up when t ↗ T , there must exist a time t_1 < T such that u_n(0, t_1) > u(0, t_1)−ε > M for every n large enough. Now, we use an intersection comparison (lap number) argument: the number of sign changes of the difference u_n − ψ_n does not increase in time, unless it increases at the boundary. At the boundary x = 1 the ordering u_n(1, t) > ψ_n(1) holds for M = M_j, j large. Let us see that we cannot gain an intersection at the boundary x = 0. Indeed, at the first time t_2 such that u_n(0, t_2) = ψ_n(0), if there is another intersection at the interior of the interval, then the difference ψ_n − u_n attains a minimum at x = 0, t = t_2, while the boundary conditions imply that the normal derivative of the difference is zero at that point. This contradicts Hopf’s lemma. Therefore, we conclude that the intersection has moved to the boundary and we must have u_n(x, t_2) ≥ ψ_n(x). By a comparison argument, u_n(x, t) ≥ ψ_n(x) for every t ≥ t_2 and n large. Therefore

u_n(0, t) ≥ ψ_n(0) = M for all t ≥ t_2, n large.

Observe that this implies that

lim_{n→∞} u_n(0, t) = +∞ for all t > T.

For the second step, the idea is to use the representation formula obtained from the heat kernel. Let Γ(x, t) be the fundamental solution of the heat equation, namely Γ(x, t) = 1 (πt)^{1/2} exp ( − x^2 4t ) . For x ∈ (0, 1) we have u_n(x, t) = ∫_1 0 u_n(y, 0)Γ(x − y, t) dy − ∫_t 0 ∂u_n ∂x (0, τ )Γ(x, t − τ ) dτ

− ∫_t 0 u_n(0, τ ) ∂Γ ∂x (x, t − τ ) dτ + ∫_t 0 u_n(1, τ ) ∂Γ ∂x (x − 1, t − τ ) dτ. Now we observe that Γ satisfies Γ(x, t − τ ) ≥ 0, ∂Γ ∂x (x − 1, t − τ ) ≥ 0 for x ∈ [0, 1].

Hence, using the boundary conditions and the positivity of f_n we get, for x ∈ (0, 1), that u_n(x, t) ≥ − ∫_t 0 u_n(0, τ ) ∂Γ ∂x (x, t − τ ) dτ. For the point x = 1, taking limits as x → 1, we can conclude as in [Fr] that 1 2 u_n(1, t) ≥ − ∫_t 0 u_n(0, τ ) ∂Γ ∂x (1, t − τ ) dτ.

Now we use the first step to get, for every x ∈ (0, 1], that u_n(x, t) ≥ M ∫_{T +δ} T ( − ∂Γ ∂x (x, t − τ ) ) dτ, for t ≥ T + δ. We conclude that lim_{n→∞} u_n(x, t) = +∞ t > T. This completes the proof. 2 Remark 1. The case where f(u) = u^p and f_n(s) = min{s^p, n^p}, n ∈ IN, has already been proved in [FG]. We show here that complete blow-up occurs for the whole class of blow-up nonlinearities f, all the approximations satisfying the natural conditions (1.2) and all initial data as above. In particular, the assumption of monotonicity on f which is usually made in blow-up problems has been eliminated.

Remark 2. The assumptions that we have made on f are natural but can be weakened. Continuity allows us to apply standard existence and regularity theory. Concerning the positivity assumption, we remark that in a blow-up problem f(u) must be eventually positive, f(u) > 0 for large values of u. Indeed, every zero of the function f, say f(c) = 0, produces a constant solution u ≡ c which does not blow-up. It follows that whenever f has arbitrarily large zeros then no solution blows up. The positivity assumption on f can be weakened into the condition that f is eventually positive. In that case not all solutions necessarily blow up, but theorem and its proof hold for blowing up solutions. Remark 3. With the positivity assumption on f blow-up does not depend on the initial data: a comparison argument shows that if there is blow-up for some initial data, then the same is true for every nontrivial initial data since solutions eventually become large. Remark 4. When f is increasing we have a stronger result: the previous argument can be done at all levels M ≫ 1 and not only for a sequence M_j → ∞. It follows that u_t(0, t) ≥ 0 for all t close to T . Hence, blow-up is achieved in a monotone way in this case. Remark 5. For the sake of completeness we briefly sketch the argument which shows that the solutions of our problem are Lipschitz continuous in x for 0 < τ < t < T . By approximation we may always argue on a sequence of regular solutions u_j corresponding to approximating the initial data. The only problem arises near the lateral boundary x = 0. It is clear that the u_j are uniformly bounded for 0 ≤ t ≤ T − ε. Now, since the functions v_j = u_{j,x} are also solutions of the heat equation with uniformly bounded Dirichlet data, they are also uniformly bounded in a neighbourhood of the lateral boundary. This gives a uniform Lipschitz bound in x for u_j away from t = 0.

Behaviour at the blow-up time. In order to study what happens exactly at t = T , we need additional assumptions on the approximation. We assume that the sequence f_n verifies (1.2), f_n is increasing with n with f_n ≤ f and f is such that u has single point blow-up at time t = T . By a blow-up point we mean a point a ∈ [0, 1] such that there are {x_n} ⊂ [0, 1] and t_n ↗ T such that x_n → a and u(x_n, t_n) → ∞ as n → ∞. Under these assumptions we have that the limit lim_{n→∞} u_n(x, T ) exists and

lim_{n→∞} u_n(x, T ) = { finite x ≠ 0, ∞ x = 0.

To see this fact we just observe that if the blow-up set for u is a single point x = 0 then, as f_n(u) ≤ f(u), using a comparison argument, we have u_n(x, t) ≤ u(x, t) ≤ K(x) for x ≠ 0, t < T . To finish the argument we recall that in the course of the proof we have shown that u_n(0, T ) ≥ M for every n large enough, proving that lim_{n→∞} u_n(0, T ) = +∞. The problem in the half-line. In this case there is a difference in the sense that there can be functions f for which some solutions blow up while others do not. When f(u) = u^p this depends on the so-called Fujita exponent, which for linear diffusion is p = 2, see [GL], and for general references [L] and [DL]. Therefore, we have to talk about blow-up solutions u, not only about blow-up radiation functions f. In performing the previous proof, when we need to show that there is blow-up at x = 0 for all t > T we observe that the function ψ_n(x) = M − f_n(M)x used for the case of the bounded domain, is also a subsolution when considered for the whole space. In the intersection argument, only the behaviour of u near x = 0 is used. Then, the propagation of the blow-up to the whole space is done by using a representation formula, exactly as for the case of the bounded domain. This is where some assumption on the behaviour of u_0 for large x is needed.

3 The avalanche at the blow-up time

Next we turn to the question of how complete blow-up takes place at times near t = T . We recall that in combustion problems blow-up appears usually when we perform a limit in equations or systems that have global existence. This means that the real situation in the applications corresponds to nonlinearities like f_n for large n. Hence the interest in understanding the behaviour of the solutions u_n at times t ∼ T when the limit u blows up at t = T . Also the behaviour of u_n at later times is important and will be studied in Section 5.

It is known that the only blow-up point is x = 0 provided that ∫_{+∞} 1/f < +∞, see [LMW], [RR]. We have thus single point blow-up in this case and our first theorem implies that there is an instantaneous propagation of the singularity to the whole interval, what we call a thermal avalanche. For large but finite n this avalanche shows up in the form of a boundary layer, the short time interval around t = T in which the enormous growth of the solution in the whole interval takes place. Our main aim is to study the thermal avalanche, in the particular case f(u) = u^p with p > 1, in which scaling methods can be used to describe the phenomenon in a smooth way. We will see that the particular way in which the avalanche takes places depends strongly on the approximating sequence {f_n}. In order to perform the blow-up analysis we need to impose the following additional conditions on the sequence f_n: { f_n(s) = s^p for s < n, f_n(ns) n^p ↗ g(s) n → ∞, for all s ≥ 1, (3.1)

for some finite function g. A particular choice consists of continuing f beyond s = n in a linear way, that is

f_n(s) = min{s^p, n^p + C_n(s − n)}, C_n ≥ 0, lim_{n→∞} n^{1−p}C_n = α.

(3.2)

In this case g(s) = 1 + α(s − 1), α ≥ 0. As special cases we have two natural extensions of the nonlinearity for big values: (i) C_n = 0, which is a truncation, and (ii) C_n = pn^{p−1}, which is the extension by the tangent line. The suitable scaling turns out to be w_n(y, τ ) = 1 n u_n(n^{(1−p)}y, n^{2(1−p)}τ + T ). (3.3)

With this recipe t = n^{2(1−p)}τ + T , so that the blow-up time, T , is shifted to τ = 0. There is also a zoom in the space variable, x = n^{1−p}y. The new variable w_n verifies

(w_n)_τ = (w_n)_{yy} (y, τ ) ∈ (0, n^{p−1}) × (−T n^{2(p−1)}, ∞),

−(w_n)_y(0, τ ) = { (w_n)^p(0, τ ) if w_n ≤ 1 f_n(nw_n)/n^p if w_n ≥ 1 τ ∈ (−T n^{2(p−1)}, ∞), (w_n)_y(n^{p−1}, τ ) = 0 τ ∈ (−T n^{2(p−1)}, ∞), w_n(y, −T n^{2(p−1)}) = u_0(n^{1−p}y)/n y ∈ (0, n^{p−1}). If we let formally n → ∞, the sequence w_n converges to a function z which is a solution of z_τ = z_{yy} (y, τ ) ∈ IR^+ × IR,

−z_y(0, τ ) = { z^p(0, τ ) if z(0, τ ) ≤ 1 g(z(0, τ )) if z(0, τ ) ≥ 1 τ ∈ IR, lim_{τ →−∞} z(y, τ ) = 0 y ∈ IR^+.

(3.4)

This problem does not have uniqueness because it is invariant under time translations. Hence, in order to characterize completely the behaviour in the boundary layer we need some extra information. This information comes from the behaviour of the solutions u as t ↗ T . Actually, we know that the blow-up rate is given by

c(T − t)^{12(1}�^{p)} ≤ ‖u(·, t)‖_∞ ≤ C(T − t)^{12(1}�^{p)} ,

(3.5)

see [CF1], [HY], [FQ]. This implies that the blow-up profile is self-similar,

lim_{t↗T} (T − t)^{12(p}�^{1)} u(x(T − t)^{1/2}, t) = φ(x),

(3.6)

uniformly on compact intervals |x| ≤ C, where φ(x) is the unique bounded positive solution with bounded derivative to { −φ^{′′}(x) +^1_2 xφ^′(x) +^1_{2(p−1)} φ(x) = 0, −φ^′(0) = φ^p(0).

(3.7)

The explicit form of φ can be found in [FQ].

We will prove through a suitable matching that the particular solution of (3.4) giving the asymptotic behaviour is the only one that coincides for τ < τ_0 with the self-similar function z(y, τ ) = (−τ )^{− 12(p}�^{1)} φ(y(−τ )^{−1/2}),

(3.8) where φ is the unique solution to (3.7). The number τ_0 < 0 is a constant connected with the blow-up rate, see below. Notice that at later times the limit function z depends on the approximating sequence through the function g. The function z gives a description of the thermal avalanche in the following sense. First, we observe that in the cases where f_n is the linear modification of f described above we have g linear at infinity, hence z exists globally in time. The following result holds.

Theorem 3.1 Let w_n be as in (3.3) and z as in (3.4) such that (3.8) holds for τ < τ_0 and z exists globally in time. Then, as n → ∞ we have lim_{n→∞} w_n(y, τ ) = z(y, τ ) uniformly for (y, τ ) on compact sets of IR^+ × IR.

However, we can use different linear truncations producing a function g(z) such that z blows up in finite time. For instance we can take a sequence f̃_n(s) = f_n2 (s) where f_n is the linear truncation (3.2). Then, g(s) = s^p and z is just the self-similar solution which blows up at τ = 0 given in (3.8). We also have a convergence result in this case.

Theorem 3.2 Let w_n be as in (3.3) and z as in (3.4) such that (3.8) holds for τ < τ_0 and z blows up at τ = c. Then, as n → ∞ we have lim_{n→∞} w_n(y, τ ) = z(y, τ ) uniformly for (y, τ ) on compact sets of IR^+ × (−∞, c). For τ > c the limit is infinite everywhere (complete blow-up).

Proof of Theorems 3.1 and 3.2. First, we claim that there exists τ_0 independent of n such that w_n(y, τ ) = 1 n u_n(n^{(1−p)}y, n^{2(1−p)}τ + T ) = 1 n u(n^{(1−p)}y, n^{2(1−p)}τ + T ) for every τ < τ_0. This claim is a consequence of the blow-up rate (3.5). Indeed, if t is such that C(T − t)^{1/(2(1−p))} ≤ n (this is equivalent to t ≤ T − (C/n)^{2(p−1)}) we have u(x, t) ≤ C(T − t)^{12(1}�^{p)} ≤ n, so that u_n equals u and the claim holds if we choose τ_0 ≤ −C^{2(p−1)}. Next, we observe that the w_n are uniformly (in n) bounded in compact subsets, K, of IR^+ × (−∞, c) for a c that we determine independently of n. In fact, our assumptions on f_n imply that w_n ≤ z as long as z is finite, so we can take c as the maximal time of existence of z, maybe c = +∞. Hence by Schauder estimates (see [Li]) we have that ‖w_n‖_C2+α,1+α/2_{(K)} ≤ C. Using that C^{2+α,1+α/2}(K) is compactly included in C^{2+β,1+β/2}(K) we can pass to the limit and obtain a function z that is defined in IR^+ × (−∞, c) and is a solution of (3.4). To see that the limit is unique, we recall that the asymptotic profile near blow-up is self-similar, see (3.6). In terms of w_n the self-similar asymptotic behaviour reads

lim_{n→∞} w_n(y, τ ) = lim_{n→∞} 1 n u(n^{(1−p)}y, n^{2(1−p)}τ + T ) = (−τ )^{− 12(p}�^{1)} φ(y(−τ )^{−1/2})

for every τ ≤ τ_0. We can conclude that

z(y, τ ) = lim_{n→∞} w_n(y, τ ) = (−τ )^{− 12(p}�^{1)} φ(y(−τ )^{−1/2})

for every τ < τ_0. This gives the uniqueness of the limit z. 2

Remark. These results imply that 1 n u_n(x, t) ≈ z(y, τ ), x = y/n^{p−1}, t = T + τ /n^{2(p−1)}, (3.9)

for x ≈ 0 and t ≈ T .

The problem in the half-line. The argument to study the boundary layer is local, hence is also valid for the problem in the half-line.

4 Long-time asymptotics for z

We discuss next the asymptotics as τ goes to infinity for the limit solution z. There exists a first time τ_1 at which z(0, τ ) reaches the reference level 1, i.e., such that z(0, τ ) < 1 for τ ∈ (−∞, τ_1) and z(0, τ_1) = 1. The monotonicity argument in the proof of Theorem 2.1 shows that z(0, τ ) ≥ 1 for every τ ≥ τ_1. Hence, to study the asymptotic behaviour as τ → ∞ we can restrict ourselves to problem { z_τ = z_{yy} (y, τ ) ∈ IR^+ × IR^+, −z_x(0, τ ) = g(z(0, τ )) τ ∈ IR^+,

(4.1)

with initial data given at a time τ_1. To simplify we take τ_1 = 0. As in (3.2) we use approximations f_n which produce a limit flux function of the form g(s) = 1 + α(s − 1). We have to distinguish the cases α = 0 and α > 0.

Flat truncation. We start with the case α = 0, then g(z) ≡ 1. We have a representation formula for z(y, τ ). In fact, multiplying (4.1) by the fundamental solution of the heat equation as in Section 2, we obtain z(y, τ ) = ∫_{+∞} 0 Γ(y − s, τ )z(s, 0) ds − ∫_τ 0 ∂z ∂y (0, t)Γ(x, τ − t) dt (4.2)

− ∫_τ 0 ∂Γ ∂y (y, τ − t)z(0, t) dt. Taking the limit y → 0 we have 1 2 z(0, τ ) = ∫_{+∞} 0 Γ(−s, τ )z(s, 0) ds + 1 √ π ∫_τ 0 1 (τ − t)^{1/2} dt. Therefore, z(0, τ ) ∼ 2 √ π τ^{1/2}.

Using that z(y, τ ) verifies (4.2) and the boundary condition we obtain the following result.

Theorem 4.1 For flat truncations we have the long time behaviour z(y, τ ) ∼ τ^{1/2}ψ ( y τ^{1/2} ) . (4.3)

where ψ solves ψ^{′′}(ξ) +^1_2 ξψ^′(ξ) −^1_2 ψ(ξ) = 0, −ψ^′(0) = 1.

Notice that the function Z(y, τ ) = τ^{1/2}ψ ( y τ^{1/2} ) is a self-similar solution of the problem in the half-line. Using this asymptotic behaviour we see that the level sets of u behave like those of Z, that is,

y = τ^{1/2}ψ^{−1} ( k τ^{1/2} ) . Tangent truncation. Next we deal with the extension of the nonlinearity by the tangent line, α = p, or more generally with any α > 0. Let us define h = z_y +αz −(α −1). It satisfies h_τ = h_{yy} (y, τ ) ∈ IR^+ × IR^+, h(0, τ ) = 0 τ ∈ IR^+, h(y, 0) = h_0(y) y ∈ IR^+.

This problem has a well-known representation formula in terms of h_0 and is known to converge as τ → ∞ to the so-called dipole solution, a space derivative of the gaussian kernel. Using this expression for h we get an ordinary differential equation for z which can be easily solved. From the resulting expression for z we get the following result.

Theorem 4.2 The long time behaviour of the solutions z with α truncation is given in first approximation by a traveling wave z(y, τ ) ≈ K(α) e^{α(ατ −y)}. (4.4)

Thus, the level curves behave like y ≈ ατ + C. (4.5)

This traveling wave, which originates at the end of the avalanche period, can be translated into the behaviour of the approximate problems near x = 0 after the blow-up time, thanks to the convergence result, Theorem 3.1.

Corollary 4.1 Given large constants C > 0 and τ_2 < τ < τ_3 we have the approximate behaviour for n ≫ 1 1 n u_n(x, t) ≈ K(α) e^{α(ατ −y)}, (4.6)

with y = n^{p−1}x ∈ (0, C) and τ = n^{2(p−1)}(t − T ) ∈ (τ_2, τ_3).

It follows that in such regions the level lines are approximately straight lines with slope dx/dt ≈ αn^{p−1}. (4.7)

For the problem in a half-line this behaviour will give the long-time asymptotics of the approximate solutions, but this will not be the case in a bounded interval, see Section 5.

5 Long-time asymptotics for the approximate problems

For t < T the behaviour of the approximate functions u_n is similar to that of u, which is given by a self-similar profile for t close to T . On the other hand, if we translate the convergence of w_n to z to the original variables, we see how the thermal avalanche takes place close to the origin for times near T , cf. (4.6). Our next aim is to describe the asymptotic behaviour of the approximate solutions as t goes to infinity. For simplicity we restrict ourselves to two particular choices, f_n given by (3.2) with C_n = 0 (flat truncation) and C_n = pn^{p−1} (tangent truncation).

Since u_n coincides with u below level n, there exists a first time t_0 such that u_n(0, t) < n for t ∈ [0, t_0) and u_n(0, t_0) = n. The arguments in the proof of Theorem 2.1 show that u_n(0, t) ≥ n for every t ≥ t_0. Hence, to study the asymptotic behaviour as t → ∞ we can restrict ourselves to problem

(u_n)_t = (u_n)_{xx} (x, t) ∈ (0, 1) × IR^+, −(u_n)_x(0, t) = f_n(u_n(0, t)) t ∈ IR^+, (u_n)_x(1, t) = 0 t ∈ IR^+,

(5.1)

with initial data u_n(x, 0) = u(x, t_0), x ∈ (0, 1).

Flat truncation. We start by considering the case C_n = 0, hence f_n(u) = n^p. Let v(x, t) = n^pt + n^p (1 − x)^2 2 . This function v is a solution of (5.1) and it gives the asymptotic behaviour as t → ∞ of u_n. To see this just check that the difference u_n − v satisfies the heat equation with homogeneous Neumann conditions at both boundaries. Hence, u_n − v converges to the mean value of u_n(x, 0) − v(x, 0) ∼ n^p/6.

Theorem 5.1 For flat truncations we have the long time behaviour in an interval u_n(x, t) ≈ n^pt + n^p (1 − x)^2 2 − n^p 6 , t ≫ 1. The k-level curves are then approximately given by the inverted parabolas t = k n^p + 1 6 − (1 − x)^2 2 , t ≫ 1, k ≫ 1. Summing up, there are three different regimes for the approximate solutions u_n: (i) a blow-up self-similar behaviour for t < T , t ≈ T ; (ii) the formation of the thermal avalanche, described by z; and finally (iii) a uniform in x growth of the u_n to infinity with rate n^pt.

Figure 1. Numerical experiments for the heat equation.

In Figure 1 we show some numerical experiments for u_n with p = 1.5, n = 100 and initial data u_0(x) = 10. In the first picture we display u as a function of x and t. For a better understanding, in the second picture we concentrate on u(0, t). We can see the three different stages, the first one (before the truncation takes place) where the behaviour is of the form (T − t)^{−1/(2(p−1))}; the second one (the thermal avalanche) where u(0, t) ∼ t^{1/2}; and the last one, where u(0, t) ∼ t. All numerical computations in the paper have been performed on a PC with Matlab using finite differences in space and ODE45 as time integrator.

Figure 2. Level curves for different values of n.

In Figure 2 we show the behaviour of the level curves for two different values of n, (n = 100 and n = 400). We can appreciate that they become more horizontal as n increases.

Tangent truncation. If we extend the nonlinearity by the tangent, then C_n = pn^{p−1} and f_n(u_n) = pn^{p−1}u_n + (1 − p)n^p. The constant term (1 − p)n^p becomes unimportant as t → ∞ and therefore the asymptotic behaviour is given by the only positive eigenvalue of the simplified problem, that is, u_n(x, t) ≈ e^{ct}θ(x), t ≫ 1, where c ≈ p^2n^{2(p−1)} and θ is the associated eigenfunction. Hence the growth is uniform, and u_n behaves like e^{ct}.

The problem in the half-line. In this case we have to deal with the problem

(u_n)_t = (u_n)_{xx} (x, t) ∈ IR^+ × IR^+, −(u_n)_x(0, t) = f_n(u_n(0, t)) t ∈ IR^+, u_n(x, 0) = u(x, t_0) x ∈ IR^+.

(5.2)

In contrast with the analysis performed in previous sections of the behaviour near T , the asymptotics as t → ∞ in the half-line are different from those on a bounded interval. Rather, it is similar to the behaviour of the limit function z performed in Section 4, since both u_n and z solve similar problems in a half-line. Therefore, we state the results for the approximate problems with only brief details.

Flat truncation. We have C_n = 0, f_n = n^p. Using the representation formula for u_n(x, t), we obtain:

Theorem 5.2 For flat truncations we have the long time behaviour in a half-line u_n(x, t) ∼ n^pt^{1/2}ψ ( x t^{1/2} ) , where ψ solves { ψ^{′′}(ξ) +^1_2 ξψ^′(ξ) −^1_2 ψ(ξ) = 0, −ψ^′(0) = 1.

The function U(x, t) = n^pt^{1/2}ψ ( x t^{1/2} ) is a self-similar solution of the problem in the half-line. Hence the level sets of u_n behave like those of U, that is,

x = t^{1/2}ψ^{−1} ( k n^pt^{1/2} ) . We observe that these level curves become horizontal as n increases to infinity. Tangent truncation. Next we deal with the extension of the nonlinearity by the tangent line, C_n = pn^{p−1}, f_n(u_n) = pn^{p−1}u_n + (1 − p)n^p. The same ideas performed in Section 4 give us next result.

Theorem 5.3 For the problem in a half-line the long time behaviour of the solutions u_n with tangent truncation is given in first approximation by a traveling wave u_n(x, t) ≈ K_ne^{pnp}�^{1(pnp}�^{1t−x)}. Thus, the level curves behave like x ≈ pn^{p−1}t + C. This traveling wave originates at the end of the avalanche period, as we have proved in Section 4. The validity of the traveling wave as a representation of the behaviour of u_n extends from a small region near x = 0 at t ≈ T to wider regions for t ≫ T , always on the condition that n ≫ 1.

6 Porous medium equation: m > 1

In this section we deal with problem (1.4) in the porous medium case, m > 1. For f(u) = u^p it is known that nontrivial solutions blow up if and only if p > 1. Moreover, the blow-up set is a single point if and only if p > m, [Fi]. The behaviour is analogous to the heat equation: we have complete blow-up and we are able to describe the avalanche and the asymptotics for the approximate problems.

Theorem 6.1 Let m > 1. Assume that f is a blow-up nonlinearity and that f_n satisfies (1.2). Then blow-up for (1.4) is complete.

Proof. As for the heat equation, we proceed in two steps. First we prove that the proper solution is identically infinite at the origin, just as is done for the heat equation, but now taking ψ^m_n (x) = M^m − f_n(M)x.

Next we propagate the blow-up to the interior by comparing with a self-similar solution of the PME in the half-line with Dirichlet boundary condition u(0, t) = M. This replaces the argument with the representation formula used in the linear case, m = 1, which does not apply here. Let us be more precise. Let U_A(x, t) be the solution of

u_t = (u^m)_{xx} (x, t) ∈ IR^+ × (T, +∞), u(0, t) = A t ∈ (T, +∞), u(x, T ) = 0 x ∈ IR^+.

The solution of this problem has self-similar form U_A(x, t) = f_A(y), y = x/(t − T )^{1/2}, has compact support, and f_A is monotone decreasing, [AP], [B], [PK]. Moreover, we have the scaling U_A(x, t) = AU_1(x, A^{m−1}t). Let y_∗ be such that f_1(y_∗) = 1/2. Given t̄ > T , let M_0 be such that 1 M^{(m−1)/2} 0 (t̄ − T )^{1/2} < y_∗. When U_A is restricted to the interval (0, 1) it is a subsolution of (1.4). Now, let M > M_0. If n is large enough, then u_n(0, t) ≥ M t ∈ (T, t̄). Comparison with U_M yields u_n(x, t̄) ≥ U_M (x, t̄) = Mf_1 ( x M^{(m−1)/2}(t̄ − T )^{1/2} ) ≥ Mf_1(y_∗) ≥ M/2. This shows that for any t > T , and x ∈ [0, 1] the proper solution becomes identically infinite, that is, lim u_n(x, t) = ∞.

This completes the proof. 2 Avalanche analysis. Next, we consider the thermal avalanche for the nonlinearity f(u) = u^p in the case in which there is single-point blow-up, i.e., when p > m. The suitable scaling turns out to be w_n(y, τ ) = 1 n u_n(n^{m−p}y, n^{−(2p−m−1)}τ + T ). (6.1)

The new variable w_n verifies (w_n)_τ = (w^m_n )_{yy} (y, τ ) ∈ (0, n^{p−m}) × (−T n^{2p−m−1}, ∞), −(w^m_n )_y(0, τ ) = { (w_n)^p(0, τ ) if w_n ≤ 1 f_n(nw_n)/n^p if w_n ≥ 1 τ ∈ (−T n^{2p−m−1}, ∞), (w_n)_y(n^{p−m}, τ ) = 0 τ ∈ (−T n^{2p−m−1}, ∞), w_n(y, −T n^{2p−m−1}) = u_0(n^{m−p}y)/n y ∈ (0, n^{p−m}). If we let formally n → ∞, the w_n converges to a function z which is a solution of

z_τ = (z^m)_{yy} (y, τ ) ∈ IR^+ × IR, −(z^m)_y(0, τ ) = { z^p(0, τ ) if z(0, τ ) ≤ 1 g(z(0, τ )) if z(0, τ ) ≥ 1 τ ∈ IR, lim_{τ →−∞} z(y, τ ) = 0 y ∈ IR^+.

(6.2)

This problem does not have uniqueness. Hence, in order to characterize completely the behaviour in the boundary layer we need some extra information. This information comes from the known behaviour of the solutions u as t ↗ T . What we assume is the blow-up rate, c(T − t)^{− 12p}�^m�^1 ≤ ‖u(·, t)‖_∞ ≤ C(T − t)^{− 12p}�^m�^1

(6.3) (see [Fi] and [QR] for hypotheses that guarantee this fact) and this implies that the blow-up profile is self-similar,

lim_{t↗T} (T − t)^{12p}�^m�^1 u(x(T − t)^p

�m_{2p}�_m�_{1 , t) = φ(x),}

uniformly on compact intervals |x| ≤ C, where φ(x) is the unique bounded positive solution with bounded derivative (see [PQR]) to { −(φ^m)^{′′}(x) +^{p−m}_{2p−m−1} xφ^′(x) +^1_{2p−m−1} φ(x) = 0, −(φ^m)^′(0) = φ^p(0).

(6.4)

As before, the particular solution of (6.2) giving the asymptotic behaviour is the only one that coincides for τ < τ_0 (τ_0 < 0 a fixed constant connected with the blow-up rate), with the self-similar function

z(y, τ ) = (−τ )^{12p}�^m�^1 φ(y(−τ )^{− p}

�m_{2p}�_m�_{1 )}

(6.5)

where φ is the unique solution to (6.4). The existence and uniqueness of the profile φ is given in [GP1], [GP2], [G]. The function z gives a description of the thermal avalanche in the following sense.

Theorem 6.2 Let u satisfy (6.3). Let w_n be as in (6.1) and z as in (6.2) such that (6.5) holds for τ < τ_0. Then, as n → ∞ we have lim_{n→∞} w_n(y, τ ) = z(y, τ ) uniformly for (y, τ ) on compact sets of IR^+ × (−∞, c) where c is the maximal existence time of z.

Proof. The proof is analogous to that of Theorem 3.1. 2 If p < m we have global blow-up. So the avalanche has already taken place before T and is described by the solution u itself, [Fi]. In the case p = m the situation is a bit different because we have regional or global blow-up depending on the length of the interval. Taking the interval [0, L] with L small, blow-up is global and the avalanche already took place before T . For larger L the above scaling can be still used. However it does not change the space variable. Since things depend on L only in this case p = m, for simplicity we have taken L = 1 along the paper.

Asymptotics for the approximate problems. Now we describe the asymptotic behaviour as t → ∞. For the reasons presented when dealing with the heat equation, we just have to look at the asymptotic behaviour of

(u_n)_t = (u^m_n )_{xx} (x, t) ∈ (0, 1) × (0, +∞), −(u^m_n )_x(0, t) = f_n(u_n(0, t)) t ∈ (0, +∞), (u^m_n )_x(1, t) = 0 t ∈ (0, +∞), u_n(x, 0) = u(x, t_0) x ∈ (0, 1).

We start with the analysis of a truncation with C_n = 0, f_n = n^p. This solution obviously goes to infinity. To see how it does so, we first consider u_n(x, 0) such that the corresponding solution verifies (u_n)_t ≥ 0. Therefore (u^m_n )_{xx} ≥ 0 and min_{[0,1]}(u^m_n )_x(·, t) = (u^m_n )_x(0, t) = −n^p. Hence u^m_n (x, t) − u^m_n (0, t) = (u^m_n )_x(ξ, t)x ≥ −n^px, and the solution goes to infinity uniformly, u(x, t) ∼ u(0, t). Integrating the equation in time we get d dt ∫_1 0 u_n(s, t) ds = n^p, and then, using the uniform growth, u(x, t) ≈ n^pt. For a general initial data we compare with solutions that satisfy u_t ≥ 0 with initial data below and above u_n(x, 0). Again, as happens for the heat equation, there are three different regimes for the approximate solutions u_n. The final stage has the same asymptotic behaviour, u_n(x, t) ≈ n^pt, both for m = 1 and for m > 1. However, the first two stages differ because the self-similar exponents and profiles are not the same.

Figure 3. Numerical experiments for the porous medium equation.

The three stages are displayed in Figure 3, where we show some numerical experiments for u_n with m = 2, p = 2.5, n = 100 and initial data u_0(x) = 10. In the first picture we show the evolution of u(x, t) and in the second one the evolution of u(0, t). In comparison with Figure 1 we see on the left a sharper front formation typical of porous medium equations.

The problem on the half-line. Blow-up at x = 0 for all t > T is proved through comparison with the subsolution ψ_n(x) = M − f_n(M)x. Blow-up is propagated to the whole space through comparison with a self-similar solution.

The thermal avalanche can be described exactly as in the case of a bounded interval by means of the same function z.

The asymptotic behaviour for the approximate solutions is given by a self-similar solution of the form U(x, t) = t^αψ(ξ), ξ = x t^β . In the truncation case, α = 1/(m + 1), β = m/(m + 1) and ψ solves { (ψ^m)^{′′}(ξ) = αψ(ξ) − βξψ^′(ξ), −(ψ^m)^′(0) = n^p,

while in the case of extension by the tangent α = 1/(m − 1), β = 1 and ψ solves { (ψ^m)^{′′}(ξ) = αψ(ξ) − βξψ^′(ξ), −(ψ^m)^′(0) = pn^{p−1}ψ(0).

The existence of such profiles ψ is proved in [GP1], [GP2], [G].

Notice that the behaviour is different from that of the heat equation, and also from that of the porous medium equation in a bounded interval. The self-similar profile starts at the end of the avalanche as described by the behaviour of z as τ → +∞.

7 Incomplete blow-up. The case m < 1

In this section we deal with problem (1.4) in the fast diffusion case, m < 1. Solutions with f(u) = u^p blow up if and only if p > (m + 1)/2 and u becomes unbounded only at the origin, see [Fi]. We prove that the solution can be continued for all t > T independently of the radiation function f.

Theorem 7.1 Let m < 1. Blow-up is incomplete in the sense that any proper solution is finite for all (x, t) ∈ (0, 1] × [0, ∞). Moreover, the blow-up set of any proper solution is a single point at the boundary for all t ≥ T .

Proof. First we prove that u(0, t) = ∞ for all t > T . In order to do so we consider ϕ(x) such that ϕ^m_n (x) = M − f_n(M)x. Then ϕ_n is a subsolution of the problem. Hence u_n(0, t) ≥ M for all t ≥ T . In order to control the behaviour of the solutions away from the boundary we will use as barrier U_2(x, t + τ ) with τ > 0 large enough, where U_2 is a singular solution of the form U_R(x, t) = t^{11}�^m g_R(x)

(7.1) such that g_R(0) = g_R(R) = +∞ and (g^m)^{′′} +^1_{1−m} g = 0 for 0 < x < R, cf. [ChV]. Observe that g^′_2(1) = 0 and hence (U_2)_x(1, t) = 0. Therefore u_∞ ≤ U_R(x, t + τ ). This shows that the burnt zone does not move, it is always a single point, x = 0. 2 Remark. This is an example of creation of a singularity that stays in time, a very hot spot in the terminology of [ChV]. Asymptotics for large t. If we define M(t) = ∫_L 0 u(x, t) dx, integrating the equation on x ∈ (0, L) we get d dt M(t) = f(u(0, t)). Integrating in time we obtain

M(t) = M(0) + ∫_t 0 f(u(0, s)) ds. As u(0, s) = ∞ for all s > T we have that M(t) = ∞ for all t > T . We can apply a mass comparison argument [V] to prove that u(x, t) ≥ u_c(x, t − T ), t > T, where u_c is a solution with initial data cδ(x). Passing to the limit c → ∞ we get u(x, t) ≥ (t − T )^{1/(1−m)}g_2(x), see [ChV] for the details. This proves that the singularity created at x = 0, t = T behaves like a very hot spot.

The estimates from above and below provide immediately the asymptotic behaviour of solutions as t → ∞.

Theorem 7.2 Let m < 1 and u be a proper solution to problem (1.4). Then lim_{t→∞} u(x, t) t^{1/(1−m)} = g_2(x) uniformly in x.

Remark. From the blow-up rate which is, for f(u) = u^p, u(0, t) ∼ C(T − t)^{−α}, α = 1/(2p − m − 1), see [FPQR], [Fi], we get that M(t) = M(0) + c ∫_t 0 (T − s)^{−αp}. Therefore, M(T^−) = ∞ if and only if p ≤ m + 1. In the other case, p > m + 1 there is a finite asymptotic mass as t ↗ T . There is in this case a mass jump at t = T since, as we have already shown, M(T +) = ∞.

Figure 4. Numerical experiment for the fast diffusion equation. In Figure 4 we show the picture of the evolution of an approximate problem with m = 0.8, p = 1.2, n = 100 and initial data u_0(x) = 10. We can appreciate that the singularity at the origin does not propagate to the interior of the domain, contrary to Figures 1 and 3.

The problem in the half-line. In order to control the behaviour of the solutions away from the boundary we will use as a barrier the following explicit solution of the fast diffusion equation U(x, t) = C_m ( t x^2

) 1_1�_m

, C_m = ( 2m(m + 1) 1 − m ) 1_1�_m . This solution U(x, t) is called Infinite Point Source Solution because U(x, 0) = 0 for x ≠ 0 and ∫_∞ 0 U(x, t) dx = ∞ for all t > 0.

Now we can compare u_n from above with U(x, t + τ ) with τ > 0 large enough so that U(x, τ ) ≥ u_0(x). This is only valid for solutions with initial data with the proper decay at infinity. If u_0 does not decay we may use as barriers the singular solutions of the form (7.1). In [ChV] it is proved that U_R → U as R → ∞.

Let us investigate the behaviour of the solution for t > T . The same mass analysis performed in a bounded interval holds here, so again we apply a mass comparison argument to prove that u(x, t) ≥ u_c(x, t − T ), t > T, where u_c is a solution with initial data cδ(x). Passing to the limit c → ∞ we get u(x, t) ≥ C_m ( t − T x^2 )_{1/(1−m)} . The estimates from above and below provide the asymptotic behaviour of solutions as t → ∞. Theorem 7.3 Let m < 1 and u be a proper solution to problem (1.4). Then lim_{t→∞} u(x, t) t^{1/(1−m)} = C_mx^{−2/(1−m)} uniformly in x.

Acknowledgments JLV and FQ have been partially supported by DGES grant PB94-0153 (Spain) and TMR Program FMRX-CT 91-0201 (EU). JDR is supported by Universidad de Buenos Aires under grant EX046, CONICET and Fundación Antorchas (Argentina). This research was started while the third author (JDR) was a visitor at Universidad Autónoma de Madrid. He is grateful to this institution for its hospitality. We thank M. Fila for a copy of his unpublished results, E. Chasseigne for useful discussions on the subject of fast diffusion, and R. Ferreira for his help with the numerical computations.

References

[AP] F. V. Atkinson and L. A. Peletier. Similarity profiles of flows through porous media. Arch. Rational Mech. Anal. 42 (1971), 369–379.

[BC] P. Baras and L. Cohen. Complete blow-up after T_{max} for the solution of a semilinear heat equation. J. Funct. Anal. 71 (1987), 142–174.

[B] G. I. Barenblatt. On some unsteady motions of a liquid or a gas in a porous medium. Prikl. Mat. Mekh. 16 (1952), 67–78, (in Russian).

[BLL] J. Bebernes, C.-M. Li and Yi Li. Travelling fronts in cylinders and their stability.

Rocky Mountain J. Math. 27 (1997), 123–150.

[BL] J. D. Buckmaster and G. S. S. Ludford, “Lectures on Mathematical Combustion”, CBMS-NSF Regional Conf. Series Appl. Math. 43 SIAM, Philadelphia, 1983.

[ChV] E. Chasseigne and J. L. Vázquez. Theory of extended solutions for fast diffusion equations in optimal classes of data. Radiation from singularities. Preprint.

[CF1] M. Chlebík and M. Fila. On the blow-up rate for the heat equation with a nonlinear boundary condition. Math. Methods Appl. Sci. 23 (2000), 1323–1330.

[CF2] M. Chlebík and M. Fila. Some recent results on blow-up on the boundary for the heat equation. Banach Center Publ. 52 Polish Academy of Science, Inst. of Math., Warsaw, 2000, pp. 61–71.

[DL] K. Deng and H. Levine. The role of critical exponents in blow-up theorems: the sequel. J. Math. Anal. Appl. 243 (2000), 85–126.

[FPQR] R. Ferreira, A. de Pablo, F. Quirós and J. D. Rossi. The blow-up profile for a fast diffusion equation with a nonlinear boundary condition. Preprint.

[FF] M. Fila and J. Filo. Blow-up on the boundary: A survey. In “Singularities and Differential Equations”. Banach Center Publ. 33 (S.Janeczko el al., eds.), Polish Academy of Science, Inst. of Math., Warsaw, 1996, pp. 67–78.

[FG] M. Fila and J. Guo. Complete blow-up and incomplete quenching for the heat equation with a nonlinear boundary condition. Nonlinear Analysis, to appear.

[FQ] M. Fila and P. Quittner. The blowup rate for the heat equation with a nonlinear boundary condition. Math. Methods Appl. Sci. 14 (1991), 197–205.

[Fi] J. Filo. Diffusivity versus absorption through the boundary. J. Differential Equations 99 no. 2, (1992), 281–305.

[Fr] A. Friedman. “Partial Differential Equations of Parabolic Type”. Prentice-Hall, Englewood Cliffs, NJ, 1964.

[GL] V. A. Galaktionov and H. A. Levine. On critical Fujita exponents for heat equations with nonlinear flux boundary conditions on the boundary. Israel J. Math. 94 (1996), 125–146.

[GV1] V. A. Galaktionov and J. L. Vázquez. Necessary and sufficient conditions for complete blow-up and extinction for one-dimensional quasilinear heat equations. Arch. Rational Mech. Anal. 129 (1995), 225–244.

[GV2] V. A. Galaktionov and J. L. Vázquez. Continuation of blowup solutions of nonlinear heat equations in several space dimensions. Comm. Pure Appl. Math. 50 (1997), 1–67.

[GV3] V. A. Galaktionov and J. L. Vázquez. The problem of blow-up in nonlinear parabolic equations. Proceedings of the Summer Course held in Temuco, Chile, to appear. Cf. http://www.maths.bath.ac.uk/MATHEMATICS/preprints.html.

[G] B. H. Gilding. On a class of similarity solutions of the porous media equation III.

J. Math. Anal. Appl. 77 (1980), 381–402.

[GP1] B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation. J. Math. Anal. Appl. 55 (1976), 351–364.

[GP2] B. H. Gilding and L. A. Peletier. On a class of similarity solutions of the porous media equation II. J. Math. Anal. Appl. 57 (1977), 522–538.

[HY] B. Hu and H. M. Yin. The profile near blowup time for solution of the heat equation with a nonlinear boundary condition. Trans. Amer. Math. Soc. 346 no. 1, (1994), 117–135.

[LT] A. A. Lacey and D. Tzanetis. Complete blow-up for a semilinear diffusion equation with a sufficiently large initial condition. IMA J. Appl. Math. 42 (1988), 207–215.

[L] H. A. Levine. The role of critical exponents in blow up theorems. SIAM Rev. 32 (1990), 262–288.

[LP] H. A. Levine and L. E. Payne. Nonexistence theorems for the heat equation with nonlinear boundary conditions and for the porous medium equation backward in time. J. Differential Equations 16 (1974), 319–334.

[Li] G. M. Lieberman. “Second Order Parabolic Differential Equations”. World Scientific, River Edge, 1996.

[LMW] J. López Gómez, V. Márquez and M. Wolanski. Blow up results and localization of blow up points for the heat equation with a nonlinear boundary condition. J. Differential Equations 92 (1991), 384–401.

[M] Y. Martel. Complete blow up and global behaviour of solutions of u_t −Δu = g(u).

Ann. Inst. H. Poincaré, Anal. Non Linéaire 15 (1998), 687–723.

[PQR] A. de Pablo, F. Quirós and J. D. Rossi. Asymptotic simplification for a reactiondiffusion problem with a nonlinear boundary condition. Preprint.

[Pa] C. V. Pao. “Nonlinear parabolic and elliptic equations”. Plenum Press, New York, 1992.

[PK] P. Ya. Polubarinova-Kochina. On a nonlinear differential equation encountered in the theory of infiltration. Dokl. Akad. Nauk USSR 63 no. 6, (1948), 623–627.

[QR] F. Quirós and J. D. Rossi. Blow-up sets and Fujita type curves for a degenerate parabolic system with nonlinear boundary conditions. To appear in Indiana Univ. Math. J.

[RR] D. F. Rial and J. D. Rossi. Blow-up results and localization of blow-up points in an N-dimensional smooth domain. Duke Math. J. 88 no. 2, (1997), 391–405.

[V] J. L. Vázquez. Symétrisation pour u_t = Δφ(u) et applications. C. R. Acad. Sci.

Paris Sér. I Math. 295 (1982), 71–74.

[W] W. Walter. On existence and nonexistence in the large of solutions of parabolic differential equations with a nonlinear boundary condition. SIAM J. Math. Anal. 6 no. 1, (1975), 85–90.

Email addresses:

fernando.quiros@uam.es
jrossi@dm.uba.ar
juanluis.vazquez@uam.es