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ABSTRACT. This paper deals with the problem,

{—Au = \y?®) €N

u=0 x € 012, (P)

where Q ¢ R” is a bounded smooth domain, A > 0 is a parameter and
the reaction order ¢(z) is a Holder continuous positive function satisfying
q(z) > 1 for all z € Q. The relevant feature here is that ¢ is assumed to
achieve the value one on 092. Assuming that ¢ is subcritical our main
result states the existence of a positive solution for all A > 0. We also
study its asymptotic behavior as A — 0 and as A — oo. It should be
noticed that the fact that ¢ = 1 somewhere in 92 gives rise to serious
difficulties when looking for critical points of the functional associated
with (P). This work is a continuation of [13] where ¢ is assumed to
take values both greater and smaller than one in 2 but is constrained
to satisfy g(z) > 1 on 9.

1. INTRODUCTION

This work is devoted to the analysis of positive solutions to the semilinear
boundary value problem:

—Au = \ui® z e

1.1
u=0 x € 010, (1.1)

where Q@ C RY is a bounded smooth domain and A > 0 is a bifurcation
parameter. The exponent ¢(z) is assumed to be a positive function g €

C*(Q2), 0 < a < 1, such that
q(z) > 1 x €. (1.2)

Thus, the reaction term in problem (1.2) exhibits a variable order and a con-
vex profile (since g is greater than one in 2). However, we are also assuming
that g achieves the value one somewhere on the boundary. Specifically, and
to simplify the exposition we will assume that

q(x)=1 x € 0. (1.3)

As will be seen later, this behavior of ¢ turns out to be critical with respect
to several technical points (for instance, the applicability of the method of
sub and supersolutions, checking Palais—Smale type conditions, the moving
planes method or Pohozaev-type relations). More importantly, the standard
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rescaling technique in [14] can not be employed to obtain a priori estimates
for (1.1). Indeed, a critical case arises when the points where a possible
blowing-up sequence of solutions attain their maxima, accumulates at a
point zp of the boundary 9 where g(xo) = 1 (see [13]).

The study of problem (1.1) under the limiting case (1.3) of the exponent
g remained open in [13] where g was allowed to take values both greater and
smaller than one, but ¢ was restricted to satisfy ¢(z) > 1 in those common
components (if any) of 9Q and 0, where Q4 = {x € Q : ¢(x) > 1}. In

N_2.We

are also relaxing this seemingly “technical” restriction to permit the more
natural subcritical growth

addition, the growth of ¢ was constrained in [13] to fulfill ¢(z) <

N +2
< —. 1.4
() < 3 (14)
In fact we are assuming henceforth that N > 3. An analysis similar as the
one developed here can be used to handle the case N = 2 without further
restriction in the size of q.

The subject of reaction—diffusion equations with constant order reactions
has been widely studied (see [9], [17], [26], [22] and [21], to quote some
few standards in the topic). However, the variable exponent case is not
yet completely understood. We refer to [10], [11] on large solutions, [12],
[18] dealing with population dynamics models, [7], [19] on diffusion through
a porous medium and the already mentioned [13] on a variable exponent
problem of concave—convex nature. Problem (1.1) under the more restrictive
assumption ¢(r) > go > 1 in Q was analyzed in [19] (see further comments
in Section 2). Finally, see [25] for an updated review on problems in the
spirit of [13]. This is just a minimal sample of references rather than an
exhaustive account on the subject.

Our main result is the following:

Theorem 1. Let Q C RY be a bounded smooth domain, ¢ € C*(Q) satis-
fying q(xz) > 1 in Q, ¢ =1 on IQ and the growth condition (1.4). Assume
moreover that there exist a small n > 0 and a constant Cy > 0 such that

q(z) =2 1+ Cod(x)  if d(x) <, (1.5)

where d(x) = dist(z, 0S2). Then the boundary value problem

—Au = \|u|?®) 1y x €
u=20 x € 010,

exhibits the following features:

i) For each A > 0, (1.6) possesses a positive solution uy € C>P(Q).

ii) If Q = B is an open ball and q is a radially symmetric function then
for every XA > 0 the positive solution given by i) can be chosen to be
radially symmetric.
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iii) Any family uy of positive solutions satisfies ||uy||co — 00 as A — 0+.
Moreover,
1
lim A%~ luy [l > 0, (L.7)
A—0+
where ¢+ = maxgq q.

iv) Let uy be either of the families of positive solutions to (1.6) intro-
duced in i) and ii). Then,

HU/\H()ZB@) =0. (1.8)

lim

A—00
Moreover, |[u||¢25q) decays exponentially to zero as A — oo. More
precisely, there exist Cp,Ca, A\g > 0 such that

3
lullcze @) < Che™® ﬁ, for A > Xo.

Remarks 1.

a) When ¢(z) = ¢4+ > 1 is a constant, a scaling argument shows that any
family wuy of nontrivial solutions can be written as

1

Uy = )\7‘1+7IU1, (19)

u1 being a solution corresponding to A = 1. Thus the limit in (1.7) achieves
a finite value in this case. This may be false when dealing with variable
exponents (see Remark 2).

b) Relation (1.9) shows that in the case ¢(x) = g4, all families of positive
solutions uy to (1.6) decay to zero as a negative power of X\ as A — oo. This
has to be contrasted with the variable exponent case where the convergence
to zero is exponential, as shown in part iv) of Theorem 1 (see Section 4 for
details).

The rest of the paper is organized as follows: Section 2 introduces the
proper variational tools required to handle our problem, i. e. in the critical
framework where ¢ = 1 on 99 (here the results in [16] deserve a special
mention). The proof of Theorem 1 is contained in Section 3 while some key
uniform estimates are postponed to Section 4.

2. BACKGROUND RESULTS

By a solution to problem (1.6) it will be understood a function u € Hg ()
solving (1.6) in the weak sense. Since the growth condition (1.4) leads to
the estimate

[u 7 < C(1+[ul ™), (2.1)
which holds for every u € R, z € Q, with ¢, = maxg g satisfying
N +2
g+ < N9’

then, every weak solution u € H&((l) is indeed a classical solution (see [13]
and [27]). Moreover, since ¢ € C*() then such solution lies in C%#(Q) for
some 3 € (0,1).
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Solutions u € HE(Q) to (1.6) are characterized as the critical points of
the functional

1 1

I =5 [ 1Vul? do = XP(w) = Fully o = AP (22)
with
P(u) fu (2.3)
u) = | —— dxz, .
aq(z)+1

P referring to “potential”. Here we are following a variational approach to
get the existence of nontrivial solutions to (1.6).

At this point, it is worth to mention that it is not possible to find a
positive solution u to (1.6) by the method of sub and supersolutions (as in
the case where ¢ is constant). Otherwise this approach would imply the
existence of a minimal positive solution u; € H} () satisfying

0<ug <.

However, if 0 = o1(—A — Aquy971) stands for the first eigenvalue of the
linearization of problem (1.6) at u,, i. e.,

—Au — =1, = 9)
{ U — Aquy? u = ou T € (2.4)

u=20 x € 092,

then it is well-known that o;(—A — Aqu;97') > 0. We refer to [13] and
[1] for a proof of this fact and further properties of the eigenvalue problem
(2.4).

On the other hand, that uy solves (1.6) means that the principal eigen-

value 01(—A — Mg 971) = 0 (here and above o1(—A + V(x)) stands for the
first eigenvalue of the operator —A + V(x) in H}(£2)). Since

o1(—A = Aqui T < o1(—A = M T =0,
we get a contradiction. So, the sub and supersolutions method does not

provide positive solutions to (1.6).

Let us check now some variational properties of Jy. First, J) : H& Q) =R
is a C! functional. Moreover, P : H}(Q) — R is C! and its derivative

DP: H}(Q) — H (),
(H~1(2) stands for the dual space of Hg(Q)) defines a completely continuous
operator. In fact, for n > 0 satisfying

2* —n 2N

2 —1) 2=
o ( ) N -2’

q+ <

2% —n
the Nemytskii operator N : HE(Q) — L+ (Q), given by

|u‘q(a:)+1

N(U)—W;
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2
and its derivative DN (u) : H{(Q) — L =+ (Q), DN (u)v = |u|?® 1y, are
completely continuous operators. Finally,

DP(u)v = /QDN(U)U dx.

To deal with the existence of nontrivial solutions of (1.6) some further in-
gredients of critical point theory are necessary. Let X be a Banach space
and J : X — R a C! functional. It is said that .J exhibits a Mountain Pass
(MP for short) geometry near u = 0 if there exist R,n > 0, v € X \ {0}
with ||| x > R satisfying

J(u) 2 n > max{J(0), J(¢)}, (2.5)
for all u € X, ||u|x = R. In that case the number

c= 1Illf tren[(f)%,)l(] J ov(t),

with I' = {y € C[0,1] : v(0) = 0, (1) = ¢}, is called a MP level. On the
other hand, a sequence {u,} C X is a Palais-Smale (PS) sequence at level
co if J(u,) — ¢o and the sequence of derivatives DJ(u,) — 0 in X* (the
dual space of X). Finally, J is said to verify the PS condition at level ¢ if
it is possible to extract a convergent subsequence from every PS sequence
{un} at level ¢g. If such condition is satisfied regardless the value of ¢y we
say that J satisfies the PS condition.

The MP theorem ([2],[24],[27]), asserts that every C'! functional J having
a MP geometry near v = 0 and satisfying the PS condition possesses a
critical point u at the MP level ¢ given by (2.5).

However, MP theorem can not be directly applied to problem (1.6) due to
the behavior (1.3) of ¢ on the boundary. While it will be shown in Section
3 that the functional Jy defined in (2.2) has a MP geometry near u = 0,
to check the PS condition is not an easy task. A weaker statement, whose
proof is standard, and therefore omitted (we refer to [24] and [27]), is the
following;:

Lemma 2. Every bounded PS sequence {u,} C HE(Q) of Jy admits a
convergent subsequence in Hg ().

In the case where

gz) > g >1 z€Q, (2.6)
the so-called Ambrosetti-Rabinowitz relation ([2]):
1
—————|u]T@H < 1@y e R, (2.7)
q(z) +1

1
holds for a certain 6 € |0, 5) Based upon (2.7) it can be shown that every PS

sequence is indeed a bounded PS sequence (BPS in the sequel). See Lemma
3.6 in [2] and [24], [27]. Therefore, Jy verifies the PS condition provided
(2.6) is satisfied and problem (1.1) admits, for each A > 0, a positive solution
under this restrictive condition on ¢. This argument provides an alternative
proof of Theorem 2.1 in [19].
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However, (2.7) fails near 02 in our case. To circumvent the problem
we are employing an alternative approach using ideas from [16]. To this
purpose consider a family Jy : X — R, A € I (where [ is a real interval)
of C! functionals. We say that Jy has a MP geometry at u = 0 which is
uniform with respect to A € I, if R,n > 0 and ¢ € X \ {0} can be chosen
independent of A € I in the previous definition. In that case, the reference
MP level will be designated as

cy = i?fmax Jy 07, (2.8)

['={y€C[0,1]:4(0) =0, (1) = ¢}

The next result is a shortened version of Theorem 1.1 and Corollary 1.2 in
[16]. They are stated there under less restrictive hypotheses. However, we
have narrowed the scope of the assertions to confine ourselves to the setting
of problem (1.6).

Theorem 3 ([16]). Let I be a real interval, and Jy : X — R, A € I, be a
family of C' functionals of the form,

Ir(u) = A(u) — AP(u),

where P(u) > 0 for allu € X and A(u) — o0 as ||ul]|x — co. Assume that
Jy\ has a uniform MP geometry at u = 0 when A\ € I. Then the following
features hold.

1) For almost all A € I there exists a BPS at level ¢y, with ¢y defined
by (2.8).

2) Assume that both P and DP keep bounded on bounded sets of X, that
any BPS sequence at the level ¢y admits a convergent subsequence
m X, and let Ao belong to the interior of I. Then there exist an
increasing sequence A, with A\, — Ao, and {u,} C X such that

Iy, (un) =, Cr, = Crg» and DJy, (u,) =0, (2.9)

for all n. Moreover, provided that u, is bounded it becomes a PS
sequence for Jy, at the level cy,.

Theorem 3 is our main tool to establish the existence of nontrivial solu-
tions to problem (1.6).

3. PROOF OF THEOREM 1.

We are first discussing the geometry of Jy near v = 0. A preliminary fact

is
1
g(z)+1 _ 2

as ||“||H5(Q) — 0. In fact, let u, € H}(Q2) be any sequence such that
t, = Hun||H&(Q) — 0. By setting u,, = t,v,, a subsequence v, of v, can be
extracted such that (we write vy, instead v, in what follows) v, — v weakly
in H}(Q2) and strongly in L¢++1(Q). In addition, v, — v a. e. in Q while,
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by the results in [3], there exists h € LI++1(Q) such that |v,(z)| < h(z), a.
e. in Q. By using (2.1) we obtain

I 1 / 1
1mn
n—reo Hun”zé(g) Q Q(:U) +1

tQ(I)_l
= lim / |0, 1@ g = 0.
n—o0 Jq q(z) +1

This proves the assertion. As a consequence, given any bounded interval
I C R there exists € > 0 and C > 0, both independent of A\ € I, such that

W) = Clully (3.10)
for all u € HE(Q) satisfying HUHH(%(Q) <e.

To check that the functional Jy exhibits a MP geometry at u = 0 which is
“uniform” when X varies in bounded intervals I C R™, we look for a function
Y € HE(Q) so that

() <0, (3.11)
for all A € I, where ¢ does not depend on A € I. Set v = t¢1, where ¢1 >0
is an eigenfunction associated to the first Dirichlet eigenvalue A1, and ¢ > 0
is to be determined. Then,

Ia(tpr) < /

d(z)<do

(B(tgb1)2 - E(tqsl)q(@“) dzx

" /d(w)>d0 <B(t¢1)2 B E(tQSl)Q(m)J’_l) dZL‘,

where d(z) = dist(z,09Q), dy > 0 is a suitably small constant,
A
q+ +1

E =

and

B=—.
2
Now choose Z € Q so that ¢(Z) = ¢4 = maxgq, and take a small § with
the property that B(z,d) C {d(z) > dp} and ¢(x) > ¢+ —n > 1 in B(z,9).
We have

J\(to1) < Bt? / ¢3 da— / (E(tg1)" " — B(t$1)?) d, (3.12)
d(z)<do B(z,5)
if £ > 0 is taken so large as to have (t$1)%®)~1 > B/E in d(z) > dy. Since

g+ —n+ 1> 2 it follows from (3.12) that a value of ¢y > 0 can be found
(independent on A € I) so that (3.11) holds for ¢ = ty¢s.

1
Set now A(u) = §Hu||12ql(9)7 P(u) as defined in (2.3) and fix a bounded
0
interval I C RT. Then, Theorem 3-1) can be applied to show the existence,
for almost all A € I, of a BPS sequence v, € H}(Q) of Jy at the MP level

c\. Since Lemma 2 permits to extract a convergent subsequence v, — v
in H}(Q) and ¢y > 0 (after a proper choice of 0 < R < ¢ in (3.10)) then
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we get a nontrivial solution v to (1.6). Moreover, this argument proves the
existence of a nontrivial solution to (1.6) for almost all A > 0.

Let us show next that existence actually holds for all A > 0. First, notice
that (2.1) implies that both
|u|q(ar)

q(z) +1

remain bounded on bounded sets of H}(f2), and so are both P and DP.
On the other hand, Lemma 2 says that every BPS sequence of J) admits
a convergent subsequence in H}(Q2). Thus, by applying Theorem 3-2) at a
fixed A\g > 0 we obtain sequences A, — Ag, A, increasing, and u, € H&(Q)
such that

N(u) = and DN (u) = |u|?® 1y

Iy, (un) =, DJy, (up) =0 and ¢y, — C),-

We will prove in Section 4 that such sequence is bounded in H}(2) (see
Lemma 5). Therefore, Theorem 3-2) allows us to conclude that u, is a
BPS sequence of J), at the level ¢y, and, as above, it furnishes a nontrivial
solution u € HE(9) to (1.6) satisfying Jy,(u) = c),-

Observe also that the entire analysis of this section and the corresponding
one in Section 4, can still be carried out if J) is replaced by the functional
q(z)+1

1 U
T = 3llul e = A [ e (3.13)

where uy = max{u,0}. In fact, it can be checked that a nontrivial critical

point u € H}(S) of J; defines a positive solution to (1.6). This concludes
the proof of 1).

Assertion ii) is readily attained if the full analysis is performed in the
subspace of H}(£2) which consists of radially symmetric functions.

The statement in iii) is a consequence of standard LP estimates. Indeed, if
Up, := uy, is a sequence of positive solutions with A\, — 0 and )\ntgf_l — 0,
(here t,, = ||un||), then v, = uy,/t, solves —Awv,, = )\nt%(x)_lvn. Since the
right hand side converges to zero in L>(£2), a subsequence v, can be found
so that v,y — 0 in C*(€2), what is not possible.

A proof of iv) is postponed until the end of Section 4.

Remark 2. The limit in (1.7) could be infinite. Indeed, let Q@ = B be
a ball centered at x = 0 with radius R > 0 and assume that ¢ > 1 is
radially symmetric and such that {r : ¢(r) = ¢4} is a set of measure zero.
Suppose that u, := uy, is a family of positive radial solutions with A, — 0.
As already shown, t, := ||up|lec = un(0) — oo0. Setting u, = tyv,, a
straightforward computation yields the relation,

A R s\ N-2
n q(s)4q(s)
=N 2/0 s <1 (R) >U”(S) ™ ds.

A t‘]+_1 R s\N-2
— _“ntn _ (= q(s)1—(a+—q(s))
1 N3 /0 s (1 ( ) ) vn ()1t ds,

Thus,
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-1 . .
whence \,th" ~ — oo since the integral goes to zero.

4. UNIFORM BOUNDS.

This section is dedicated to show the a priori bounds required in the proof
of Theorem 1 i) and also the statement in Theorem 1 iv). We will assume
throughout that a “reference” sequence (A, uy) € (0, +00) x H{ () satisfies
the following hypothesis:

(H); The sequence )\, is increasing and A, — A¢ for some positive Ag
while Jy, (upn) = ¢y, with

¢y, = inf max.Jy, o7,
yerl’

where T' = {7 € C([0, 1], H}(®) 5 7(0) = 0, 7(1) = v}, & € HY(®)
does not depend on n and ¢y, > max{0, Jy, (¢)}. In addition,

DJy, (uyn) =0,
for all n € N.

Through a series of steps we will show that under condition (H)s, the se-
quence u, is bounded in H}(€2). Notice that, since J) is non increasing in
A, then ¢y, is bounded.

In what follows C' will designate different constants whose explicit values
are irrelevant for the purposes of the proofs.

Lemma 4. Let {(An,un)} C (0, +00)x H}(Q) be a sequence satisfying (H);.
Then there exists C' > 0 such that

I 1 | 1) < € (4.1)
. N
where dp = dist(x, Q) dx. Furthermore, for every 1 < p < N there
exists another constant C' such that
[tn|Lr () < C. (4.2)

Proof. First observe that Jy, (u,) is bounded from above since ¢y, is non
increasing. On the other hand

1
2 _ @)+ _
HUHHH(}(Q) An/Q q(az) 1 |Un| dr = 0,

for all n. This implies that

q(.ﬁU)—l u q(z)+1 T =
ho [ a1 do = 0(1), (3)

as n — oo. Using hypothesis (1.5) we conclude that
/ d(2)|un| " dz < C,
Q

what proves (4.1). In particular A,|u,|9®) is bounded in L'(£2,du) since
An, remains bounded. We use now the crucial fact that (A, u,) solves (1.6)
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together with the estimates in Lemma 2.1 of [5] (see also [23]) to achieve
(4.2). O

Lemma 5. Assume that {(A\n,u,)} C (0, +00) x HE(Q) satisfies the hypoth-
esis (H)y. Then, the sequence uy, is bounded in H} ().

Proof. Using once again that (A, uy) solves (1.6) we get

/|Vun| de =\ /]u 7@+ g,

that is, to get a bound for HunHHé(Q) we need to obtain a uniform bound for

the integral in the right hand side of the above equality. So set Q5 = {z €
Q:d(z) < d}, with 6 > 0 and suitably small, Qs = Q\ Q5. Writing

/\un\q(”)“ dm:/ |, | 26 F1 dm—i—/ |t |1 i,
Q Qs Qs

we observe that (4.1) entails that the third integral in the equality is uni-
formly bounded. To estimate the second integral we select a value ¢ veri-

fying

1 .
I v

Then we obtain
|u’q(r) <14 |u|®
for all = € Qj, if 6 is chosen small enough.

On the other hand, using Lemma 4, we obtain:

/ |, |9 dg g/ [t | dg;+/ | |2 da < C'-l-/ || da.
Qs Qs Qs Qs

We now borrow ideas from [4] to estimate the last integral. First, observe
that
U, T = Unp, Unp, - u—n‘ dx,
unfo 1 o= [ () )
Q4 Q4 d

2
CN+1
By using Hoélder’s inequality, we get

P 1 1-0
/ ’un’(h+1 dr < (/ d’un’(h da:) </ ‘un‘qlw dx>
Qs Qs Qs di-o
1 1-6
<cC </ I ki da:) (4.4)

where Lemma 4 has been used to estimate the second integral in the first
line, since q; < % We next observe that for arbitrarily small € > 0 a
positive constant C can be chosen so that

ul < eful®®T + C,

where,

<1.
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for all u > 0, where g = % is the well-known Brezis-Turner exponent

(cf. [4]). Thus, the last integral in (4.4) can be estimated as,

1 1-6 2 1-6
1—6 1-0
/ |un|‘h% dx < gl=b / |un|0 dr
Qs Ao Qs dT1-0
-0
= !
+C; / 7 dx
Qs dT-0

2
Un

ds

u
e @

+ C:

. (4.5)

2
L1-0 (Q)

LT ()

where it has been used that
1

q4BT = m

We now recall the next variant of Hardy inequality (Lemma 2.2 in [4]). It
states that for every u € H}(Q) and 0 < s < 1, a positive constant C' exists
so that the inequality

v
|

holds true for every v € H}(Q), provided that
1
p

. < Clloll gy

1 1-—s

2 N

0
Taking into account that p = for s = 3 while the corresponding p

1-6

associated to s = 6 satisfies p > , we conclude from (4.4) and (4.5)

b
(after possibly diminishing ¢) that1 0

/Qé |t | 9@+ d < 5179””“?{&(9) + Cellull g2 @) + C-
Thus,

—0
Hun”iré(g) < el ”UnH?{é(Q) + CEHUnHHg(Q) +C,

which certainly implies that [|un | 1 (q) is bounded if  is properly chosen. [

Proof of assertion iv) in Theorem 1. We first show that the MP level ¢y in-
volved in Section 3 and associated to the solution u) satisfies

lim ¢y, = 0.
A—00
Let vy be the path v)(7) = 7¢, 0 < 7 < 1, which joins u = 0 with the

function 1 = tp¢; computed in Section 3 (notice that now ty depends on A
since A — 00). Set

¢y =max.Jy oy = Jmax In(tor).
]

Since 0 < ¢, < ¢y then it suffices to show that
lim ¢y, = 0. (4.6)

A—00
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Take h(t) = Jx(t¢1). It is clear that h achieves its maximum at a value
t = t) satistying

/ g2 do = A / (A1 aOF g (4.7)
Q Q
Hence, t, — 0 as A — oo. From

y Aity?

ex = Ia(tradr) < 1; /qu% dz, (4.8)

(4.6) follows.

Next, we use both (4.7) and (4.8) to provide a better estimate of ¢,. For
a small § > 0 there exists kg > 0 such that

o1(x) > kod(x),

for all x € 5. For the sake of simplicity we assume that ¢ is Lipschitz in
s and so a constant k; exists so that g satisfies

1 <q(x) <1+ kid(z),

for all x € Qs (the case ¢ € C® can be handled analogously). Denoting
temporarily € = t), we obtain

/gq(x)—1¢z{(z)+1 de/ 6q(a:)—1¢c{(z)+1 de/ 6k1d(k0d)2+k1d dz,
Q Qs Qs

while

19
/ eM1d(kod)> e dg > 109 / M5 (kgs)? TR ds.
Qs 0

On the other hand,

é é
/ k15 (kgs)2 RS ds > (1 — n)/ 15 (kos)? ds,
0 0

where 0 < 1 < 1 provided that d is chosen suitably small. A direct compu-
tation reveals that

° 2 c
/0 £%(kos)” ds = ———(1 +o(1)), (4.9)

as € — 0+, for a certain positive constant C'. Going back to (4.7) and using
(4.9) we arrive at

M6? do > —C——
(¢} In° e

that yields, after restoring ¢, instead of
3
tr=0(e ¥,
as A — 00.

Using (4.8) and taking into account that ¢y < é, we finally get that
ey = 0(6_0%), (4.10)

as A — oo.
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Now we proceed to obtain exponentially small uniform bounds of u) as
A — oo. Just as before the relation

@) =1 —c¥x
A LT T2 9@ g — 0 : 411
| Sl e = () (4.11)
holds as A — oo and so
/ |up | 1@+ = O(G_C\S/X) as A — 00, (4.12)
Q

where dy = d(x) dx.

Some few facts from the theory of LP(*) spaces are now required. For
p € L>®(Q),p>1a. e in Q, the modular functional p, is defined on the set
M(Q2) of measurable functions u in Q as

polw) = [ 1P dp du= d(o) d.
Q

Then the class LP®)(Q) := {u € M(Q) : py(u) < 0o} becomes a Banach
space under the norm

|l p(z) = inf {)\ >0:pp (%) < 1} .

This is, of course, the so—called Luxemburg norm. We refer to [20] for a
comprehensive account on this and further abstract classes of generalized
Orlicz—type spaces. Some well-known features are the following (see for
instance [8] for an expeditious overview):

(a) llullpm) < 1if and only if pp(u) < 1.

(b) [lullpz) < 1 implies H“”ﬁ&) < pp(u) < HUHZ(;) where p_ = ess inf u,
P4 = €ss sup u.

(¢) The embedding L"®) ¢ LP(®) is continuous provided that r € L% ()
fulfills » > p a. e. in .

Hence, according to (a) and (4.12),

1 3
IIUHE(*JH < pgr1(u) =o(e YY) as A = oo,
while (c) implies that
Hu||q(x) = o(e*C%) as A — 00,
since g— = 1. Thus, it follows from (b) that
/ Muy|7®) dy = o(e™® %) as \ — oo. (4.13)
Q

Recall that the constant C' is not the same in each particular appearance.

Using the same argument as in Lemma 4 we conclude that

lurll, = 0(e YA as A — oo, (4.14)

f 1<p< .
or every 1 <p N1
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To estimate [|u||f1(q) we follow the approach in Lemma 5 and arrive at
the estimate

/HVUA\F do < /\/ N dx+)\/ a1 dz + 0(e=CVA). (4.15)
Q Qs Qs

Here, § > 0 and ¢; are the numbers introduced in the proof of Lemma 5 and
(4.13) has been employed to estimate the integral

)\/ | 7@F 4y, where Qs = Q\ Q5.
Qs

The second integral in (4.15) is O(e_C%) thanks to (4.14). By using the
computation in (4.5) we obtain

0
1 —
A N luy |2 da < </Q§ AT fuy [ dﬂﬂ) {51 “NuallZi o +Cs||UAHHg(Q)}-

Thus,
3 3
HUAH]QL[&(Q) < O(e_c\[\){gl_eHUA||12L[3(Q)+CEHU/\HH&(Q)}"'O(e_Cﬁ)a (4.16)

as A — oo. This allows us to conclude first that Hu,\||H&(Q) = O(1) as

A — oo. In a second instance it implies that HUAHH(}(Q) = O(B_C%) as

A — oo (interchange between “O” and “o0” is obtained by modifying C).
Finally, estimate (4.16) leads in a standard way to a corresponding one in
C?8(Q) for a certain 0 < § < 1.

This completes the proof of Theorem 1. O

Remark 3. When studying the asymptotic behavior as A — oo of a family
u)y of solutions through a scaling method (cf. [14]), a critical issue is the
concentration of maxima of solutions on 9€2. In the case where (2 is a convex
domain this possibility can be ruled out in some problems by means of the
moving planes technique as in [6]. However, this approach cannot be used
here since our nonlinearity u?(*) lacks the right monotonicity properties near
the boundary. This is due, of course, to the fact that ¢ = 1 on 0f2.
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