ELLIPTIC SYSTEMS WITH BOUNDARY BLOW-UP:
EXISTENCE, UNIQUENESS AND APPLICATIONS TO
REMOVABILITY OF SINGULARITIES
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ABSTRACT. In this paper we consider the elliptic system Au = u? — v,
Av = —u" 4+ v® in Q, where the exponents verify p,s > 1, ¢,7 > 0
and ps > ¢r and Q is a smooth bounded domain of RY. First, we
show existence and uniqueness of boundary blow-up solutions, that is,
solutions (u,v) verifying u = v = 400 on 9Q. Then, we use them
to analyze the removability of singularities of positive solutions of the
system in the particular case qr < 1, where comparison is available.

1. INTRODUCTION AND DESCRIPTION OF THE MAIN RESULTS.

The main purpose of the present paper is to perform an analysis of exis-
tence and uniqueness of positive solutions for the nonlinear elliptic system

{ Ay = uP — 1

Av = —ul + 05, in Q, (1.1)

where  is a smooth bounded domain of RY, p,s > 1 and ¢, > 0. We
will be mainly dealing with the so-called “large” or “boundary blow-up”
solutions, that is, functions u,v € C?()) with the property that

U =1 =400 on Of).

This “boundary condition” is understood in the sense that u(z),v(x) — 400
as x approaches the boundary 0f2.

Equations with boundary blow-up have been largely studied in the lit-
erature in the last years. It is not our intention to give a complete list of
references on the subject, but we prefer to refer the reader to the survey
[22]. However, we remark that most of the works in this topic have been
restricted to scalar equations, and, at the best of our knowledge, not very
much is known for elliptic systems. Actually, there is no real understanding
of the general picture for systems of the form

Au = f(u,v) n
{ Av = g(u,v) &

However, we quote [8, 9, 12, 13|, 15} 16} 17, 18] 19] 21], for systems of Lotka-
Volterra type (cooperative, competitive, predator-prey) and for special sys-
tems involving power nonlinearities. We also quote [10] for results on large
solutions for a system with a nonlinearity in the gradient.
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In the present paper, our aim is to understand the features of (|1.1).
Throughout the paper we will always assume a weakly coupling condition,
which in our context is given by the inequality

ps > qr. (1.2)

First, we note that the existence and the boundary behavior of solutions
depend on several relations between the exponents. We begin by assuming
that p, q,r, s verify

s r
P g and

—_— > > .
p—1 s—1 s—1 p-—1

(1.3)

These inequalities ensure that the dominating terms in the right-hand side
of both equations in ((1.1)) near the boundary are uP and v*, respectively.
This makes the existence of large solutions somewhat simpler.

Theorem 1. Let Q be a bounded C? domain of RN and assume p,s > 1 and
q,r > 0 verify (1.2) and (1.3). Then, there exists a positive large solution
of the system (1.1)). Moreover, if gr < 1, then the solution is unique and
verifies,

lim_d(z)%u(z) = (aa + 1))7-T

:c—f@Q L (14)

lim_d(x)%v(z) = (B(8 + 1))+,

z—00

_ 2 _ 2
where o = 701 and 8 = -=.

Next, we note that condition is not necessary for the existence of
large solutions of . When one of the inequalities in does not hold,
it is still possible to have positive large solutions (as long as condition is
not violated). The only difference is that now both terms in the right-hand
side of one of the equations in have the same growth near 0f2.

Thus we assume next that does not hold. It is to be noted that
condition prevents both inequalities in to fail, therefore one of
them will always hold. Due to the symmetry of the problem we can always
assume that

p < q S r

—_— d > .
p—17"s—1 an s—1 p-—1

In this case, our results for system (1.1]) read as follows:

(1.5)

Theorem 2. Let Q be a bounded C? domain of RN and assume p,s > 1 and
q,r > 0 verify (1.2) and (1.5). Then, there exists a positive large solution
of the system (L.1)). Moreover, if qr < 1, then the solution is unique and it
verifies:
lim d(x)” =A
g dla)ule) = o

Jlim d(z)u(x) = (B(8+ 1)1,

(1.6)

where v = ])(3731), b= % and Ag is the unique positive root of the equation
. . _aq
Y1) A = AP — (B(B+1))7T when ;2 = 45 while Ao = (B(5-+1))7D

when the first inequality in (1.5)) is strict.
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The existence proofs in Theorems [l and [2| follow by the use of the method
of sub and supersolutions. We refer to the appendix in [I8] for an instance
of the method when applied to a particular competitive system, which is
however easily extended to deal with . As for the uniqueness, it follows
by means of a sweeping argument, once the boundary behavior of all possible
solutions (equations and ) is obtained. In this regard, it is to be
remarked that the condition qr < 1 is essential in our approach not only to
have uniqueness, but also to obtain the boundary behavior, since comparison
is used there (see in particular Lemma[7] in Section 3).

Let us also mention in passing that with the same ideas it is possible
to study solutions of with different boundary conditions, for instance
u= A, v=ypon 0 where A\, u > 0 or u = 400, v = p on 92, in the same
spirit as in [I§].

Another interesting question regarding system and closely connected
to the existence of large solutions is the analysis of positive solutions with
an isolated singularity, that is, solutions solving the equation in the whole
domain except at one point. There is no loss of generality in assuming that
the equation holds in B\ {0}, where B is the unit ball in RY, and we will
always do so from now on. Then, we consider the system

{ Ay = uP — v4

Av— —ur +o¢ B BA{0} (1.7)

Our interest now is to obtain conditions which ensure that a positive solution
(u,v) of has a removable singularity, in the sense that (u,v) is actually
smooth in B and it solves the problem in the whole B.

The topic of removability of isolated singularities has been largely studied,
beginning with the pioneering work [6]. Numerous works have dealt with
this question for different types of elliptic equations (see for instance [7] for
further references). However, the study of elliptic system is not so developed.
We refer to [2] 3], 4] [5], [14] for systems which are of Hamiltonian type. As far
as we know, the study of removable singularities for general elliptic systems
involving powers but which are not of Hamiltonian type (as ) is still
open.

We state next our results for system which depend on whether the
exponents verify or not. It is to be remarked again that, since com-
parison is needed in our proofs, we will assume that gr < 1.

Theorem 3. Assume p,s > 1 and q,7 > 0 are such that qgr < 1 and (1.3
holds. Let (u,v) be a positive classical solution of (1.7)). Then:

(a) If p> %, s> %, then the singularity at x = 0 is removable, so
that u,v € C°(B) and they are a solution of the system in B;

(b) If p> 25, s < 125 and ¢ < s — 1, then u € LS (B).

(c) Ifp< %, s> % andr <p—1, then v € LY (B).

loc

It is worthy of mention that these results are optimal in the following
sense: when p < %, s < % there are solutions to the system which

have both components unbounded. In the case p > %, 5 < %, qg>s—1

(and similarly in the symmetric situation p < % s> %, r>p-—1),
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there are solutions (u,v) where u is bounded but v is not (see Remark |1} in
Section 4). On the other hand, in all cases, and according to Theorem
there are always solutions where both components are bounded in B.

Theorem 4. Assume p,s > 1 and g, > 0 are such that gr < 1 and
(1.5)) holds. Suppose further that s > % Let (u,v) be a positive classical

solution of (1.7). Then:

(a) If p > %, then the singularity at x = 0 is removable, so that
u,v € C°(B) and they are a solution of the system in B;

(b) If p < 25 and qr < p(s — 1), then v € L% (B).

loc

As in the previous theorem, it is possible to show that, whenever s < %,
solutions which are unbounded in both components can be constructed. As
for case (b), we do not know if the condition gr < p(s — 1) is necessary or
not for the removability of singularities.

The rest of the paper is organized as follows: in Section 2 we will analyze
some scalar equations with power-type nonlinearities which will be useful
when considering the existence of large solutions of . Section 3 will
be devoted to the proof of the existence and uniqueness of large solutions
(Theorems (1| and [2) while in Section 4 we will study the removability of

singularities for system ([1.7)).

2. SOME SCALAR EQUATIONS.

In this section, we consider some scalar equations related to the system
(1.1). Their solutions will be used as instrument when proving existence for
(1.1). We begin by considering the well-known problem

{Au:up in Q

u =400 on 0f), (21)

where p > 1. This problem has been deeply analyzed in several papers,
therefore we only state its most important properties without proofs (see
for instance [I]).

Theorem 5. Assume Q is a C? bounded domain and let p > 1. Then
problem (2.1)) admits a unique positive solution, which in addition verifies

i d(2)u(e) = (a(a+1))77,

where o = —2—.
p—1

Fach of the equations in can be regarded as a perturbation of
with a non-homogeneous singular term. Hence it is natural to consider the
problem

{ Au=uP — Cod(z)™7 in (2.2)

u = +00 on 0f) '

with Cp > 0 and v > 0. Some instances of this problem have been already
studied, actually with more general perturbation terms, but only the case

v < p2_pl seems to have been considered up to now (see [23] and [11]). We

mention in passing that the term Cod(x)~7 can be replaced by a continuous,
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nonnegative function h which has the same behavior near the boundary, and
the same results can be obtained. However, we are sticking to model (2.2)),
since it will be enough for our purposes.

Theorem 6. Assume Q is a C? bounded domain and let p > 1, Co > 0 and
v > 0. Then, problem (2.2) admits a unique positive solution. In addition,
we always have

xl_l}%lg d(x)%u(x) = Ao, (2.3)

where:
(a) If vy < p%pl, then o =

(b) If v = %, then o =
equation a(a+1)A — A

1
p%l and Ag = (a(a+1))»-T.
% and Ag is the unique positive root of the
= —Cy.

=

1
(c) If7>p%p1, then o= 7 and Ay = Cy .

Proof. We can restrict our attention to v > ]% and refer to [23] and [11]

for the case v < ]%. For n € N, consider the problem

n

{ Au=uP —Cy(dz)+ 1) inQ (2.4)

U = 400 on 0.
According to Theorem 1 in [23], problem admits a unique positive
solution, which we will denote by wu,. It is a simple consequence of the
uniqueness that the sequence {u,} is increasing in n. Let us see that {u,}
converges to a solution of (2.2)). Let €' CC Q, and set dy = infgy d(z). Then
Auy, > ub — Cody " in €, so that again by uniqueness we obtain that u, < v

in €, where v is the unique positive solution of

Av =P — Cody " in Y
v = 400 on O€Y.

This implies that the sequence {u,} is locally uniformly bounded. Now
we can use the standard interior estimates in [20] to obtain first that {u,}
is locally bounded in C1® for every a € (0,1) and then in C*¢ for every
a € (0,1). Therefore, with the use of Ascoli-Arzeld’s theorem and a diagonal
procedure, we have u,, — u in C’IQO (), where u is a classical solution to (2.2)).

Next, let us show . It is well known (cf. for instance the Appendix in
Chapter 14 of [20]) that the distance function d(z) is C? in a neighborhood
of the boundary of the form Qs5, = {z € Q : d(z) < o}, where it also
verifies |Vd| = 1. For § € (0,0p), 8 € (0,9) and A, B to be chosen, let
= A(d—0)"“+ B, where a = % (remember that we are assuming ~y >
%). Let us show that @ is a supersolution of Au = P — Cyd™” in the
set 0 < d < § if § < §p is chosen small enough. This is equivalent to the
following inequality:

Aa(a+1)(d—0)*P~D72 _ Aa(d — 0)*P~D1Ad < AP — O

if 0 <d < 4. Since a(p — 1) — 1 > 1, it would be enough to have

Aao+1)(d — 0)*P~D=2 _ Aqsup |Ad| § < AP — (. (2.5)
Qs,
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Next, let v = p%pl, so that a(p — 1) —2 = 0. For £ > 0 small enough, let
A = Ag+e, where Ay is as in part (b) of the statement. Since (Ag+¢)a(a+
1) < (Ap+¢e)? —Cy, we can certainly obtain if § is small enough. When
v > %, it is sufficient to have 0 < (A4¢ + €)? — Cp and then choose ¢ small
enough. Thus, in either case, @ is a supersolution in § < d < § for § small
enough, depending on € but not on 6, and where B > 0 is arbitrary. Now
choose B so that & > uw on d = d. Then since 4 = 400 on d = 6 while u is
finite there, we may apply the comparison principle to deduce that v < @
in @ <d < 9. Letting § — 0, we arrive at d(z)*u(z) < (Ap +¢) + Bd(z)* if
0 < d < 6. Thus we can let x — 02 and then £ go to zero to arrive at
limsup d(z)%u(z) < Ap. (2.6)
z— 00
In a similar way, it can be shown that the function (Ag —¢)(d+0)~* — B is
a subsolution of in 0 < d < § as long as it is nonnegative. Then taking
u = max{(Ap —¢)(d+60)~* — B, 0}, we have a nonnegative subsolution and
we can use a comparison as before to obtain that v > u in 0 < d < 9.
Letting z — 92 and then € — 0, we have

lim inf d(z)“u(z) > Ag.
im inf d(z)*u(z) 2 Ao

which together with (2.6) shows ([2.3)).
To conclude the proof we consider uniqueness. Assume wuq and wuo are
positive solutions of (2.2). Then, according to (2.3)), we have

lim u ()

=1
2—0Q ug ()

uniformly. Hence for every € > 0, there exists 6 > 0 such that u; < (14+¢)uz
in Q5. Now denote Q% = {x € Q: d(x) > §} and consider the problem

Av =P — Cod(z)™7 in QI
v =1 on 99Q°,

whose unique solution is v = uy. It is clear that (14¢)us is a supersolution of
this problem, so that by comparison u; < (1 4+ ¢)us in Q°, and consequently
in Q. Letting ¢ — 0 we have u; < wgo, and reversing the roles of both
solutions we finally achieve uniqueness. This finishes the proof. O

3. EXISTENCE AND UNIQUENESS OF BLOW-UP SOLUTIONS.

The goal of this section is to prove Theorems [I] and The proofs of
existence rely on the method of sub and supersolutions (cf. the appendix in
[18] for a proof of the method for a different system, which is readly extended
to deal with ) Those of uniqueness are based on a sweeping argument,
complemented with the obtention of the boundary rates and .

Proof of T heorem (existence part). Denote by U the unique solution of
(2.1) and V' the unique solution of the same problem when p is replaced by
s. Then there exist positive constants C7, Cy such that

Chd(xz)™* < U(zx) < Cod(z)™@

Crd(@)F < V() < Cod(a)#, " (3.1)
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where a = p%l and 8 = % We claim that the pair (MU, M"V) is a

supersolution of (|1.1)), for some suitable n > 0 and large enough positive M.
To see this, it suffices to check that

MUP < MPUP — M™MV4
MW < -M"U" 4+ MV
which is a consequence of
MM Cod(2)~P1 < (MP — M)Cyd(x)~P
M"Caod(z)™" < (MM — M")Cyrd(x) .

Now, taking into account that ap > Bq and 8s > ar, these inequalities are
possible if we have, for some positive constant C' (depending only on Q):

M7 < C(MP — M)

3.2
M™ < C(M" — MM). (3.2)
The choice
T« n < E, (3.3)
S q

which is possible by assumption (1.2), implies that (3.2]) holds if M is large
enough. Therefore (MU, M"V') is a supersolution of ((1.1)).
On the other hand, (U, V) is easily seen to be a subsolution. Thus the

method of sub and supersolutions implies the existence of a positive solution
(u,v) of ([L.1) which verifies u = v = 400 on 0. O

For the proof of uniqueness, we will use the following comparison lemma,
which is interesting in its own right. We do not know if the condition qr < 1,
which is used in our proofs, is necessary or not.

Lemma 7. Assume p,s > 1 and gr < 1. Let (uy,v1) € C*(Q)? (respectively
(ug,v2)) be a positive subsolution (resp. supersolution) of the system ((1.1)
such that

~—
~—

uy(z vy (z

lim sup <1, limsup
z—o0 u2(z) z—00 V2(T)

Then ui < ug and v1 < vy in .

<1 (3.4)

Proof. We claim first that (tug,t”v9) is a supersolution for ¢ > 1, provided
v > 01is chosen in a suitable way. To see this we need to check the inequalities

{ (179 — tyo < (17 — 1)l

in Q. 3.5
A o T e ) e (3:5)

Observe that p,s > 1 imply that the right-hand side in both equations in
(13.5)) is positive, since ¢t > 1. Thus the inequalities will hold provided vq <1
and r < v, which will make the left-hand sides in negative. This is
possible if

1

q
which can be obtained since gr < 1. Thus (tug,t"vs) is a supersolution of

D).

r<v<
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As we have mentioned, we want to use a sweeping argument. Since uo
and vy are positive, and according to (3.4), we have u; < tug and vy < tYvy
in § for large t. Define:

to = inf{t >1: tug > uq, tYvo > vy In Q}

We claim that g = 1, so that uo > uq and vy > v1, and the proof is finished.
To prove the claim, assume that ¢y > 1. We have tgus > u; and tgva > v1
in Q). Moreover,

—A(touz) + (touz)? > (tgv2)? > v > —Aug +uff

so that the strong maximum principle implies that either tyus = u; in Q or
toug > ug in Q (recall that p > 1). Of course, the first option is ruled out
by , since tg > 1, hence tgus > u1 in .

Similarly —A(tgva) + (tgv2)® > —Awvy + 0], so that again tfvy > v; in
Q. Using again , it follows that for small enough e, (tg — &)ug > uy
and (tp — €)”vy > v, contradicting the minimality of ¢y. Therefore our
assumption that tg > 1 is false, and we deduce tg = 1, as we wanted to
show. O

Proof of Theorem [1] (boundary behavior and uniqueness part). The proof of
follows in a similar way as that of in Theorem @ We begin by
constructing a supersolution in a neighborhood of the boundary 25 for small
enough 4 (such that d € C?(s) and |Vd| = 1 in Q). Choose 6 € (0,5) and
let

N

=Ad—-0)""+K
=Bd-0)"+M

1|

where K, M > 0 are to be chosen. In order that (@, ) is a supersolution in
0 < d < ¢, we need the two inequalities:

Aa(a+1) (d—0)""2 — Aa(d — )" 'Ad
<(A(d—0)"*+ K)? — (B(d—0)"" + M)
and (3.6)
BB(B+1) (d—0)P2—-B3(d—0)"""1Ad
< —(A(d—=0)"*+ K)" + (B(d—0)"% + M).
Since p,s > 1, we have (a + b)? > a? + VP, (a + b)® > a® + b° for every
a,b > 0. Moreover, for every € > 0, there exists a constant C' = C(g) such
that (a+b)? < (14¢)a?+Cbt?, (a+b)" < (1+¢e)a" 4+ CV" for every a,b > 0.
Therefore is implied by
Aa(a+1) (d—0)""2 - Aa(d — 0)"*"*Ad
< AP(d—0)°P + KP — (14 ¢)B(d — §)~P1 — C M1
and
BB(B+1) (d—0)"F2 - Ba(d—0)"F"1Ad
< —(1+¢e)A™(d—0)~°" — CK"™ + B*(d — 0) 7P + M>.
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Taking into account that a+2 = ap > B¢, 5+2 = Bs > ar, these inequalities
can be achieved for 8 < d < § provided that

(Aa (a+1) — AP) — Aad supo;, |Ad]

< —(1 +¢)B5°P=P4  (KP — CM9)(d — )P

and (3.7)
(BB (8+1) - B*) - Bfbssupg, |Ad|

< —(14e)ArPs—ar 4 (M* — CK")(d — 0)7.

If we fix A > (a(a+ 1))1’%1 and B > (B(5 + 1))$, we can then choose §
small enough to ensure that (3.7) holds. It suffices to choose K? > C MY,
M? > CK", which is certainly possible for large K and M, since ps > gr.
Thus (@, v) is a supersolution of ([L.1)) in § < d < §, and we can choose large
enough K and M so that u < @, v < v on d = 9.

Applying Lemma [7]in < d < 4, we see that u < @, v < ¥ there,

1
so that letting 6 — 0, then x — 99, and finally A — (a(a + 1)),
1

B — (B(B+1))s-T we obtain

lim sup d(z)%u(z) < (a(a + 1))71

z—00 L

lim sup d(z) v(z) < (B(8 + 1))+,

z—00
This establishes the upper bound in (1.4). The lower bound is immediate,
since for every solution (u, v) we always have Au < u? in €2, so by comparison
u > U, and from Theorem [f| we get

1
liminf d(z)%u(x) > (a(a+1))r-1.
r—0)
A lower bound for v is obtained in the similar way; thus the proof of the
boundary behavior of solutions when ¢r < 1 is finished.
The proof of uniqueness is immediate, since from (|1.4)) we have that every
two pairs of positive solutions (u1,v1), (ug,vs) verify
w(z) . i)

li =1 —— =1 3.8
000 U () e00 va () (38)

Therefore we can apply Lemma m to obtain that u; = ug, v1 = ve. This
concludes the proof of Theorem O

Proof of Theorem[2. The proof of this theorem runs along the same lines as
the previous one, so we only remark the relevant differences. To begin with
the existence, consider the unique solutions of the problems

Au=uP — d(x)fs%ql in
u = 400 on 0f)

and

Av =10v® — d(ac)_ﬁéqjl) in Q
v = +00 on 0f2
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(cf. Theorem @, which will be denoted by @ and v, respectively. By our
hypotheses, and owing to Theorem [6], there exist two positive constants K7,
K5 such that

2 2
Kid(z) 76D < a(z) < Kod(z) 76D
Kid(z)” 51 < 5(z) < Kod(z) 77,

We claim that, choosing 7 as in (3.3)), the pair (Mu, M"v) is a supersolution
of (1.1) if M > 1 is large enough. Indeed, it suffices to have

z €. (3.9)

M™M59 — Md™ 1 < (MP — M)a?

2gr in Q.
Mram — Mnd 7D < (M7 — M5
Using (3.9)), these inequalities are implied by
(MMEKJ — M) < K{(MP — M) 0
" . in Q.
(MTKE — M")d 7o < K3(M™ — M7)d~ o

Observing that 52%1 > p(2$q_r1) and due to the choice of 7, it follows that the

previous inequality can be achieved in € choosing M large enough. Hence
(Mu, M"v) is a supersolution of (L.1]).

As before, a subsolution is given by (U, V). Moreover, using and
, we have

U(z) < Cad(z) 71 < Cod(x) 76T <

Oy K
1

u < Ma,

2
if M is taken large enough, where K = (supgq d) PD ot Similarly, V' <
M1y if M is large enough, so that we are in a position to apply the method
of sub and supersolutions and obtain a positive solution (u,v) of problem
(1.1) with u = v = 400 on 9.

The boundary behavior (|1.6)) also follows by constructing suitable sub and
supersolutions near the boundary of ). Again, we take them of the form
i =A(d—0)""+K, v=B(d—6)"" + M, where as before 8 = —2;, but now
v = p(j—ﬁl). A simple computation shows that (u,v) will be a supersolution
in § < d < ¢ if we have

Ay(y+1) — Ay(d — 0)Ad < (AP — (1 +¢)BY)(d — )7 F2-P
+(KP — CM9)(d — )7+
and
BB(B+1)— BB(d—0)Ad < B® — (1+¢)A"(d — 0)°P+2r
+(M* — CK")(d — 0)°+2,
where C = C(g) > 0. First of all, we choose M and K verifying K? —
CM9Y M* — CK" > 0, which is possible by the condition ps > ¢r. Also,
we always have 8 4+ 2 — yr > 0, so that the second inequality above will be

verified if we choose ¢ small enough and B > (8(8 + 1))i As for the first
inequality, it depends on whether v+2—~p = 0 or v+2—~p < 0. In the first
case, it suffices to take § small and A verifying Ay(y+1) < A? — (1+¢)BY,
while in the second AP —(1+4¢)B? > 0 would suffice. In either case we obtain
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a supersolution (u,?) and by using Lemma (7| we would arrive at u < @ and
v<vin 6 <d < 9. Letting § — 0, then = — 952, we would obtain
limsup d(z) u(z) < A, limsup d(z)’v(x) < B.
z— 00 x—00
Letting B — (B(8 + 1))ﬁ and then A — A, we obtain the desired upper
bound. The lower bound is shown in a completely similar way.
Finally, uniqueness is obtained exactly as in Theorem since ([1.6) implies

(3.8) for every two pairs of positive solutions (u1,v1), (u2,v2), and Lemma
[7] can be used in the same way. U

4. REMOVABILITY RESULTS.

In this section, we will consider the removability results stated in the
Introduction. Our proofs are based on the classical paper [6], together with
the use of the boundary blow-up solutions of system to obtain suitable
upper bounds for the singularities. Since the proof of both Theorem [3| and
Theorem [4 are very similar, we only give the first one.

We begin with the proof of the upper bounds.

Lemma 8. Assume p,s > 1 and qr < 1. Let (u,v) be a positive classical
solution of

Ay = uP — 1 .
{ Av = —u 4 v in B\ {0}.
Then:

(a) If % > L and 25 > 507, then there exist positive constants Cy
and Cy such that:

2

u(z) < Cl\x]_%, v(x) < Colz|" -1, x € By \ {0}

(b) If ;55 < 5% and %7 > 75, then there exist positive constants C

and Cy such that:
2
u(z) < Cila| 70, w(z) < Colz| 5T, @€ By )\ {0}

Proof. We only show part (a), since part (b) can be accomplished in a com-
pletely similar way. Choose x with 0 < |z| < % and let

Ay =lalule +laly)
w(y) = |z/Pv(z + |z]y) /®

where a = p%l and 8 = % It is easy to see that

{ AZ — Zp — |x’ap_ﬁqwq 2 Zp _ wq . B
m y/9,

Aw = _‘x|ﬂs—ar27‘ +w® > —2" +wh
since ap > Bq and s > ar, according to our hypotheses. Let (Z, W) be the
unique solution of the problem

Az =2 —w?
Aw = —z" +w?
Z=w = 400 on 9By

n B1/2
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given by Theorem [I] Since ¢r < 1, we can compare as in Lemma [7| to obtain
that actually 2 < Z, w < W in By /. In particular, setting y = 0, we have

u(z) < Z(0)|z|~%, v(x) < W(0)|z|~?, as was to be shown. O

The next lemma is a slight generalization of the results in [6], to deal with
right-hand sides which are not bounded. From now on, we will use the letter
C to denote positive constants, which may vary from line to line.

Lemma 9. Assume u € C?(B\ {0}) is positive and verifies
— Au+uP < Cylz|™ in B\ {0}, (4.1)

where p > L, Cop > 0 and w < N. Suppose in addition that u(x) <
/2 \{0}. Then,
u(z) < Clal*™ in By \ {0},
ifw > 2,
u(x) <O —|z[*7)  in By \ {0},
if w < 2, while
u(z) < —C'log |x| in By s\ {0}.
for w=2.
In particular, v € LS. (B) provided that w < 2.

Proof. We only prove the case w # 2 (minor adjustments are needed when
w = 2). We will show first that v € L} (B). For this aim, choose a family
of functions &, € C*°(RY) with the properties that &,(z) = 0 for |z| < 5-,
£(z) =1if |z[ > L and 0 < &, < 1. Then there exists a positive constant C
such that |V&,| < Cn, |AE,| < Cn?.

Taking ¢ € C§°(B) with ¢ > 0 and multiplying the equation in by
p&, we obtain, after integration by parts:

[ween<cn [la e+ [uaigp. (4.2)

For the last integral, we have the inequality:

‘/uA§n¢‘<C’/ nu+C/ nu+ C U.
{gn<lzl<;} {gn<lzl<;} supp ¢

Using that u < C|z|>~", we see that all the above integrals are bounded
by a positive constant independent of n. Taking into account that w < N

implies ||~ € L'(B), we have from ([4.2)

/upsoin <C,
where C' does not depend on n. Letting n — +o0o we see that v € L} (B).
Now, let w = K|z[* ™ ifw > 2, w = K(1—|z[**) ifw < 2. Since w < N,

it is not hard to check that in either case w verifies
—Aw > Cylx|™ in B\ {0},

if K is chosen large enough. Enlarging K if necessary we can also assume
u < won dBy ;.
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Next, we use Lemma 1 in [6] to obtain
Alu—w)t > A(u —w) sign™ (u —w) >0
in D'(B\ {0}), where
t>0

signtt = t=20

1
1
2
0 t<0.

N
Since p > 5 and u € L} (B), we also have u —w € L,Y_>(B). Thus we
can apply Lemma 2 in [6] to obtain that u verifies A(u—w)™ > 0 in D'(B).
Hence, by the maximum principle, (u — w)*™ = 0 in By /2, which completes

the proof. O

We finally consider the proof of our main result concerning removability
of singularities.

Proof of Theorem[3. By Lemma |8 we have u(z) < Clz|™%, v(x)
in 0 < |z| < 1/2, for some positive constant C', where o = 2=, f3

p—1?
Then, using the first equation in ((1.7)), we have
—Au+uP = 0! < Clz| P4 in Bys \ {0}.

< Clz|™?
T
T os—1¢

Obverve that p > % implies on one hand that « < N — 2 therefore

u(z) < Clz|*N in Byjy \ {0} and on the other hand B¢ = 52_—‘71 < z% < N.
Therefore we can apply Lemma [9] to obtain that

Clz|>P1 Bg>2
u(z) <
—Cloglz| fq=2,
while u € L2 (B) if g < 2. The latter case amounts to ¢ < s — 1 and just

loc
proves part (b). In this regard, part (c) is the symmetric statement, thus it
follows in the same way.
. N
To prove part (a) we may assume first that 3¢ > 2. Since s > =,

can use a similar argument as above in the equation involving v to obtain

that
Clz|>~o"  ar >2
v(z) <
—Clog |z| ar=2,
being v € LY (B) if ar < 2. Therefore, using the first equation in (L.7]) we
deduce that —Av+oP < Cin B\ {0}, and we obtain from Theorem 1 in [6]

that u € L} (B). Now it is standard to conclude: since v € L*(B ), the
problem

we

—Az+ 2P =v? in By
z=1u on 0By

admits a unique solution z € Cl’“(?/z). Arguing as in Lemma |§|, since u
solves the same equation in the sense of D'(Byy), we obtain that u = z.
Therefore u € C1(B). The same argument shows that v € C'(B) and by
bootstrapping we obtain u,v € C*°(B). Observe that when ¢ < 2, so that
u € L{° (B), we deduce in the same way that u,v € C*°(B).

loc
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Thus only the case 8q > 2, ar > 2 remains to be proved. Set oy = B¢ —2,
B1 = ar — 2, and suppose that, say, o1 = min{aq, 1} < 2. If ag < 2 and by
using Lemma [J] we obtain that u € L? (B). The previous argument then

shows that u,v € C*°(B). If oy = 2, Lemma [J] implies that
u(z) < —Clnlz| < Cla|™° T € By,
for some § < 2. By the same token we achieve again u,v € C*°(B).

If min{ay, B1} > 2 then u(z) < Clz|~®, v(z) < Clz|™ in By By
iteration we construct sequences {ay} and {S;} given by

{ ag = fBr-1q — 2
Br = ap_1m — 2,

so that u(x) < Clz|~, v(x) < Clz| P in Bj /5 provided that min{ay, 5} >

2 for Il =1,...,k. However, it is easily seen that oy, 8y — —o0 as k — +00
2£"fq?, Br — —2&727{) as k — +oo when qr < 1.
In either case, min{ay, Bx } becomes eventually less than 2 after finitely many

steps. The proof is concluded. O

when qr = 1, while o — —

Remark 1. The results contained in Theorem [3|are optimal. In all remaining
cases a solution of (|1.7)) which is singular at zero can be constructed. For
instance, when p, s < %, the solution is easily found by considering as a

subsolution the pair (g|z|~%, §|z|~?) for small € and §, and as a supersolution
(Alz|~, B|z|™), for large A and B.

When ¢ > s — 1, the exponent « above has to be replaced by 6 = Bq — 2,
while for ¢ = s — 1, the power in the first component of both the sub and
the supersolution has to be substituted by — log|z|.
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