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ABSTRACT. In this paper, we study the nonlocal perimeter associated with a nonnegative radial kernel
J : RN — R, compactly supported, verifying f]RN J(z)dz = 1. The nonlocal perimeter studied here is
given by the interactions (measured in terms of the kernel J) of particles from the outside of a measurable
set E with particles from the inside, that is,

P;(E) ¢=/E </11;<N\E J(xy)dy) dx.

We prove that an isoperimetric inequality holds and that, when the kernel J is appropriately rescaled,
the nonlocal perimeter converges to the classical local perimeter. Associated with the kernel J and the
previous definition of perimeter we can consider minimal surfaces. In connexion with minimal surfaces
we introduce the concept of J-mean curvature at a point x, and we show that again under rescaling we
can recover the usual notion of mean curvature. In addition, we study the analogous to a Cheeger set in
this nonlocal context and show that a set Q is J-calibrable (2 is a J-Cheeger set of itself) if and only if
there exists 7 such that 7(z) =1 if z € Q satisfying —)\gZT S A{XQ, here )\é is the J-Cheeger constant

/\SJ2 = P‘JT(S‘Z) and, A{ is given, formally, by

@) = [ I -y ST,
RN [u(y) — u(z)|
Moreover, we also provide a result on J-calibrable sets and the nonlocal J-mean curvature that says
that a J-calibrable set can not include points with large curvature. Concerning examples, we show that
balls are J-calibrable for kernels J that are radially nonincresing, while stadiums are J-calibrable when
they are small but they are not when they are large.

1. INTRODUCTION

Our main goal in this paper is to define a notion of perimeter, curvature and minimal surfaces for
measurable sets without assuming any regularity condition on the boundary of the set. We also want
our approach to be compatible with the usual notions of perimeter and curvature in the sense that we
recover these usual quantities when we introduce a scaling parameter in our context that goes to zero.

Let J : RV — [0,4+00[ be a measurable, nonnegative and radially symmetric function verifying
Je~ J(2)dz = 1. Associated with this function .J, we introduce a nonlocal version of the usual perimeter
of a set: let £ C RN be a measurable set, the nonlocal J-perimeter of E is defined by

Py(E) = /E /R Ly ey |

Key words and phrases. Sets of finite perimeter, nonlocal operators, Cheeger sets, Calibrable sets.
2010 Mathematics Subject Classification: 45C99, 28 A75, 49Q05.
1



2 J. M. MAZON7 J. D. ROSSI AND J. TOLEDO

It is easy to see that

PiE) = [ [ I = plxet) - Xe(@)dady. (1)
Also, if |E| < 400, we have
Py(E) = |B| - /E /E J(z — y)dyde (1.2)

This definition of perimeter is nonlocal in the sense that it is determined by the behaviour of F in
a neighbourhood of the boundary OF. The quantity P;(FE) measures the interaction between points of
E and RN \ E via the interaction density J(z — y). For J compactly supported in a ball B,.(0), the
interaction is possible when the points € E and y € RY \ E are both close to the boundary JE:

P;(E) = J(x — y)dydz.

/{er sd(z,RN\E)<r} /{yERN\E d(y,E)<r}
Since the kernel is not singular the concept of perimeter is well defined for every measurable set and
is finite for every set with finite measure.
For the nonlocal perimeter there is an isoperimetric inequality when J is radially nonincreasing. For
every set E with finite measure it holds that

PJ(E) > PJ(BT‘)
[El B
where B, is a ball with the same measure as FE, |B,| = |E| (here and in what follows we denote by |E|

the Lebesgue measure of a set F in RY).
Associated with a kernel J we define the space

BV;(RY) := {u : RY — R measurable : / / J(x —y)|u(y) — u(z)|dedy < oo} .
RN JRN
We have that L'(RY) C BV;(RY). For u € BV;(RY), we also define the functional

1
Fatw) =5 [ [ I wluty) - uw)dsdy
RN JRN
This functional is the nonlocal analog of the energy functional associated with the total variation. In
what follows we denote by BV (RY) the set of functions of bounded total variation, i.e.,
BV (RY) := {u e L}RY) : |Du|(RY) < o0},

where | Dul is the total variation of the distributional gradient of u ([5], [27]). If F is the energy functional
associated with the total variation, i.e.,

F(u) = / |Du|, ue€ BV(RY),
RN
then a measurable set E C RY has finite perimeter if Xz € BV (RY). The perimeter of FE is defined as

Per(E) := /N |DXEg|.
R

Note that the nonlocal perimeter Py(E), written in the form (1.1), can be seen as the nonlocal version
of Per(E).
The notion of nonlocal perimeter can be localized to a bounded open set Q C RY by setting

P;(E,Q) := / / J(x —y)dydr — / / J(x — y)dydz.
EJRN\E E\Q JRN\(EUQ)
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If we define the nonlocal interaction between two measurable sets A and B of RV as

L;(A,B) = /A (/B J(x — y)dy) dx (1.3)

(which is equatl to L;(B, A) by the symmetry of J), then we can rewrite the nonlocal perimeter as
PJ(E) = LJ(E7RN \E)7

and the localized nonlocal perimeter as

Py(E,Q) = L;(E,RN\E)~Ly(E\QRY\(EUQ))=L;QNE,RY\E)+ L;(E\Q,Q\ E).
Observe that, if we assume that in B there is an homogeneous population (we assume density 1 of the
population inside B) and J(z —y) is the probability that an individual jumps from y to x, then L;(A, B)
is the total amount of individuals that arrives to A from B. Note that one can think all this the other
way arround, if we assume that in A there is a population with density 1, then L;(A, B) is the amount
of individuals that goes from A to B. Then we can remark that the individuals that go from RY \ E to
E travel across the boundary of the set E, and, therefore, ours is a natural way of defining the perimeter
of this set; we are counting the total flux of individuals that crosses the boundary when they go from

RY\ E to E.
For singular kernels, that is, for kernels of the form J(&) = |£|++s the concept of nonlocal perimeter

was introduced in [18] (see also the pioneering works [35], [36], where some functionals of this type were
analyzed in connection with fractal dimensions). For 0 < s < 1, the s-perimeter of E C R¥ is defined

(formally) as
1
Pery(E ::// ———duxdy.
(&) pJrn\g |z —y[NFs

The usual notion of perimeter is recovered by the limit
lim (1 — s)Pers(E) = Per(E),
s—1

see [20], [6].

Recently, the s-perimeter has inspired a variety of literature in different directions (see [14], [19], [20],
[24], [33], [34] and the references therein). Our aim here is to deal with non—singular kernels. As for the
case of singular kernels, we will prove that the usual notion of perimeter is recovered by a limit rescaling
formula:

C E
lim = P, (E) =1lim C;eN ' P, () = Per(E),
el0 € el0 €

where J, are the rescaled kernels

and the constant C} is given by
Cy=

/RN J(2)|enldz

Let Q an open bounded subset of RY. We say that a measurable set E C RY is J-minimal in Q if
P;(E,Q) < P;(F,Q) for any measurable set F' such that F\ Q= E\ Q.

We will see that such a set verifies the equation (Theorem 3.4)

[ 7= 9) (o) = X)) dy = (14)
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for all z € OF N Q such that |E N Bs(z)| > 0 and |(RYN \ E) N Bs(z)| > 0 for every small 4.

So, by analogy with the classical case, we consider the left hand side of (1.4) as a nonlocal mean
curvature, denoted by Hyy(x) (see Section 3 for the details). For this nonlocal curvature we can also
show an approximation result to recover the usual notion of mean curvature. In fact, when £ C RV a
smooth set with C? boundary, for every x € OF, we have

lim —> Hys,(z) = (N — 1)Hpp(z),

where Hyp(z) is the (local) mean curvature of OF at z.
Note that both the nonlocal perimeter and the nonlocal mean curvature at a point x are continuous
with as functions of E in the following sense: if E, — E in the sense that |E,AE| — 0 then

Py(E,) = Py(E)  and  Hip () - Hju(o).

We also introduce the notion of nonlocal Cheeger constant (we will call it J-Cheeger constant) of a
non-null measurable bounded Q C RV by

h{(Q) := inf { PL|Il(Z‘|E) : E CQ, E measurable with |E| > 0} . (1.5)

A measurable set Eg C Q achieving the infimun in (1.5) is called a J-Cheeger set of 2. Note that, due to
the lack of compactness (that is due to the fact that here we are considering non-singular kernels) we find
examples of convex sets without a J-Cheeger set inside. Associated with this notion of Cheeger set we
have J-calibrable sets (a J-Cheeger set of itself, see Section 6 for details). Concerning examples, we show
that balls are J—calibrable for kernels J that are radially nonincresing. We give a characterization of these
sets by means of a nonlocal version of the 1-Laplacian operator. We show that a set 2 is J-calibrable if
and only if there exists 7 such that 7(z) = 1 if z € Q and

—)\éT S A‘{Xgh

where A}, is the J-Cheeger constant \{, = Pllé?) and, formally,
Au(x) = [ ey M g,
! RN lu(y) — u(z)|

Moreover, J—calibrable sets are related to the nonlocal curvature defined previously. In fact, when a set
Q is J—calibrable then

Hin(w) = - /RN (@ = y)(Xa(y) — Xexa(y)dy < Ag = Ps(9)

Q-

for every = € Q.

The paper is organized as follow: In Section 2 we show some properties (such as a co-area formula
and an isoperimetric inequality) of the nonlocal perimeter and provide some simple examples where it
can be explicitly computed, we also prove here that we recover the usual notion of perimeter when one
rescales the kernel. In Section 3 we deal with nonlocal minimal surfaces, introduce the nonlocal mean
curvature and show that again under rescaling we can recover the usual notion of local mean curvature.
In Section 4 we introduce some nonlocal operators that are used to give a characterization of the nonlocal
perimeter. In Section 5 we study the Cauchy problem for the nonlocal 1—Laplacian. Finally, in Section 6
we analyze the nonlocal Cheeger sets and the nonlocal calibrable sets showing that again we recover the
usual local results when we rescale the kernel. We also include in this last section our characterizations
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of J—calibrability and the proof of the fact that balls and small stadiums are J—calibrable while large
stadiums are not.

2. NONLOCAL PERIMETER

Associated with J we have introduced the nonlocal interaction beteween to sets A and B in (1.3) as
L;(A,B) := / / J(z —y)dydx for measurable sets A, B C RY,
AJB

and a concept of perimeter of a set in that can be written as
P;(E) = L;(E,RV\ E).
Let us now give some properties of this nonlocal perimeter. The first ones are easy to obtain.
Proposition 2.1. It holds that
P;(E) <|E| for all set E of Lebesgue finite measure (2.1)

and
P;(E)=P;(z + E) forall z € RN and all set E of Lebesgue finite measure.

Proposition 2.2. Let A, B C RN be measurable sets with AN B = 1. Then,
P;(AUB) = P;(A)+ P;(B) — 2L (A, B).
In particular, if
d(A; B) :=inf {|x —yl :x€A ye B} > %diam(supp(J)),

then
P;(AUB) = P;(A) + P;(B).

Proof. We have
P;(AUB) = /AuB </]RN\(AUB) J(x — y)dy) dx
= /A (/]RN\(AUB) J(x — y)dy) dx —|—/B </RN\(AUB) J(x — y)dy) dx
:/A (/RN\A J(x —y)dy — /B J(azy)dy) der/B (/]RN\B J(x y)dy[qj(xy)dy) dx

:PJ(A)+PJ(B)—2/A(/BJ(w—y)dy> dr,

as we wanted to show. a
Corollary 2.3. Let A, B, C be pairwise disjoints measurable sets in R™Y. Then
P;(AUBUC)=P;(AUB)+ P;(AUC)+ P;(BUC) — P;(A) — P;(B) — P;(C).

For the nonlocal perimeter there is an isoperimetric inequality when J is radially decreasing.
We will write wy for the Lebesgue measure of the unit ball, wy := | B1].
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Theorem 2.4 (Isoperimetric Inequality). Let J be a nonnegative radially nonincreasing function.
For every measurable set E with finite measure it holds that
Py(E) _ Py(B,)

Bl ~ B

(2.2)

where B, is a ball such that |B,| = |E|.

Proof. The proof uses the symmetric decreasing rearrangement, which replaces a given nonnegative func-
tion f by a radial function f*. Let us recall briefly the definition and some basic properties of this re-
arrangement. Let F be a measurable set of finite measure. Its symmetric rearrangement E* is given by the
open centered ball whose measure agrees with |E|, that is, E* = B, if r is such that |B,| = wyr" = |E]|.
Now for a nonnegative and measurable function f that vanishes at infinity, in the sense that all its
positive level sets have finite measure, we define define the symmetric decreasing rearrangement f* by
symmetrizing its the level sets,

00
f*(x) = /0 X{f(r)>t}* dt.

Note that for a radially nonincreasing function it holds that f* = f and that the previous definitions are
consistent in the sense that

Xax = (Xa)™
We refer to [28] and [30] for details.

For the rearrangement of functions interacting with a convolution we have the Riesz rearrangement
inequality [30, Theorem 3.7], namely,

(@)(g*h)(z)de < [ f*(z)(g" * h")(x) dx.

RN RN

Now, using this inequality, for the nonlocal perimeter defined above, one has

P [ ( / N\EJ<x—y>dy> do =18 - [ ( /| J(x—y)dy) dx

=18l = [ o) xe)@)de > 1Bl = [ () @) s () ) o) de

= 18,1~ [ @) X5,)(a) da = P (B,),
and we conclude (2.2) from the fact that |E| = |B,|. ad
Proposition 2.5. For every u € BV (RY) we have
Filu) < 5 F(w). (23)
In particular, for every set of finite perimeter E C RY,

P,;(FE) < %Per(E).

Proof. Given u € BV (RY) there exists a sequence {uy }nen C C®°(RY) N BV (RY) such that

lim [u, —ulpi@eyy =0 lim / |Vun|dx:/ |Du.
n—o0 n—o0 JpN RN
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Then, in order to prove (2.3) it will be sufficient to prove it for u € C=°(RY) N BV (RY).
Folu) =+ / J(2) / luz + 2) — u(z)| dadz.
B1(0) RN
Observe that we have

lu(z + 2) —u(z)| < (/01 |Vu(z + tz)|dt> |2].

Hence
1

1
Fou) < & / J(2) / ( |Vu(a:+tz)|dt> 12| dwd
2 /B0 &y \Jo
1 1
< 7/ J(z)/ (/ |Vu(x+tz)|dm> dtd=
2 /By (0) 0 \Jrw~

;/Bl(o) 7(2) (/RN Vu(§)|d§> dz = %/RN Vu(€)|de.

Theorem 2.6 (Coarea formula). For any u € L'(RY), let Ey(u) := {z € RN : wu(x) >t}. Then

Fir(u) = /+oo Pjy(E:(u)) dt. (2.4)

Proof. Since
fe'e) 0
u@ = [ Xog@dt— [ (1= Xng@)dt
0 —00

we have
+oo

u(y) — u() = / X5 () — Xy () .

Moreover, since u(y) > u(x) imply Xg, ) () > Xg, () (), we obtain that

+oo
fu(y) — u(z)] = / Xy () — Xy ) ()] .

— 00

Therefore, by Tonelli-Hobson’s Theorem, we get

Fawy =3 [ [ 7@ =luls) —u(w)ldsdy

- /R ) /}R I -y) ( [ +: X,y () = X (x)dt) dwdy

- /:c (; /RN /RN @ = y)Xe (W) = Xe.w (x)ldwdy> at= [ Pyt

—00

We now consider the rescaled kernel
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Observe that if supp(J) = B,.(0) then J, is supported in B,..(0), has the same total mass as J, and verifies

1
(E) = —PJ for all set F of Lebesgue finite measure. (2.5)
€

Let also
2

/RN J(2)|enldz

In [11] it is proved that the solutions u. of equations of the form

t y)—u( 7:L')
/J |uty>—u<t,x>\dy

Cy=

converge (up to a subsequence) to the solution of
= Al'l.b,

for different boundary conditions, being Aju := div (%). Our aim is to study which is the behaviour
of the nonlocal J—perimeter under rescaling.

Example 2.7. Take J := %X[_Ll}. Then, a simple calculation gives
1

2 - if b—a>1,
Py([a,b]) = ;<1— <<1—(b—a))+> ) ]2 X (2.6)

(bfa)(lfi(bfa)> if b—a<l.

Let us compute lim,_,q %PJE (E). Observe that for this particular kernel we have C; = 4. On account
of (2.5) and (2.6), for € small, we have

4 1
=Py (la,b]) = 4P; ([a’ b]) =4 x = =2 = Per([a,b]).
€ €€

Example 2.8. Let now J(z) := w(||z|)Xp,0)(x). If w(r) = Crr® then

R R
/ J(z)dz = CR/ ]| da = CR/ / redo | dr = CRNOJN/ rotN=1gy
RN Br(0) 0 dB,.(0) 0

CRNCUN N+ N‘BR(O”RQ
= LR RNte = ot
N+« r N+«

[\V]

Then, if « > —N and Cg = %, we have [,y J(z)dz = 1. Consider the case N =1, R =1 and

a= —%7 which corresponds to

1
J(.I') 4\/mx[—1,1]($)'
Then, a simple calculation gives
2 3 .
b—a—g(b—a)2 if b—a<1
Pr(a.bl) =9 (2.7)
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Now C; = 6 and, on account of (2.5) and (2.7), for ¢ small, we have

@P, ([a,b]) = gPJe([a, b)) = 6P; ({Z IZD — 6.2 =2 = Per((a, ]).

w

Therefore, in these two above examples we have obtained that

lelﬁjl %PJ (E) = Per(E). (2.8)

We will now see that (2.8) is always true as a consequence of the following result by J. Dévila (see also [17]
and [31]).

Theorem 2.9 (D4vila [21]). Let B C RY be open, bounded with a Lipschitz boundary, and let 0 < p,
radial functions satisfying

/ pe(z)dr =1, lim pe(r)rNtdr =0, Vé >0, (2.9)
RN

e—0 5

where pe(r) = pe(x) for |x| =r. Then

iy [ [ =0 0 sty = Ko [ |l
=0 |x—y| ~JB

where

K —;L/ e-oldo = —2) |21 (2.10)
I’N_NLUN SN1eUJ_\/>F(N7) - :

With this result at hand we can prove the following convergence result as we rescale the kernel J.
Theorem 2.10. Let J be compactly supported. If u € BV (RYN) has compact support then
C
1m;#ﬂw:/|m¢
RN

In particular, if E C RN is a bounded set of finite perimeter then
p s

E
lim C—PJ (E) =limC;eN 1Py () = Per(E).
el0 € €l0 €

Proof. Since u has compact support, for a large ball B containing supp(u) we can rewrite

=5 [ [ =) ~v@layde and [ Dul = [ Dul

CJ |u
= g [ e e v

Now,

being

1
pe(z) = iCJKLN%JE(Z).
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Then, denoting J(r) = J(z) if |z| = r,

|, oty

N o0
/ / rJ(r)dodr
0o JoB,(0)

/ / J(r)|o - ey|dod
o JoB.,.(0)

.
len - o|do NwN/ N J(r)dr
SN-1 0
= . 9 = 1;
Noy / j(r)rN/ len - oldodr
0 SN-—1

oo oo

li ~ N-1 — N 7T —
lim i pe(r)r™ ~ dr lig [ 7 J(r)dr =0

=K n

and, for § > 0,

since J has compact support. Therefore, we can apply Theorem 2.9 to get the result. O

3. NONLOCAL MINIMAL SURFACES

Let  an open bounded subset of RY. We say that a measurable set £ C RY is J-minimal in § if
P;(E,Q) < P;(F,Q) for any measurable set F' such that FF'\ Q = E\ Q.
Proposition 3.1. Let Q an open bounded subset of R™V. Then, E C RN is J-minimal in Q if and only if
P;(E) < Py(F) for any measurable set F such that F\ Q = E\ .
Proof. If E\ Q = F\ Q then RN \ (QU E) = RY¥ \ (QU F). Therefore, since
Py(A,Q) = Ly(ARY \ 4) — Ly(A\ ,RY \ (AUQ))
we get the result. O

This is a nonlocal version of a set with minimal perimeter. Recall that if a set F' has minimal (local)
perimeter in a bounded set , then it has zero mean curvature at each point of OE N Q (see [27]), and
the curvature is the Euler-Lagrange equation associated to the minimization of the perimeter of a set.
In order to give a nonlocal version of this result we introduce the following nonlocal concept of mean
curvature.

Definition 3.2. Assume N > 2 and let £ € RY be measurable. For a point x € RN we define its
J-mean curvature as

ip(a) == [ I = )(Xp) = Xars(0)) . (31)

Note that Hjg(z) makes perfect sense for every # € RY, not necessary for points in F. This fact
will be used later in the paper.

Like the usual mean curvature, if 9F is a smooth boundary, for x € E, Hyy(x) measures in some
average sense the deviation of OF from its tangent hyperplane at x. Let us point out that with our choice,
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the curvature of a ball is positive as is common in geometry texts. Some authors define the curvature
with the reverse sign, see for example, [1] and [18].

Definition 3.3. We say that OF is a J-minimal surface in a bounded open set § if the set OF N )
satisfies the monlocal minimal surface equation

Hyp(x) =0 Ve € 0ENQ : |[EN Bs(x)] >0 and |(RY \ E) N Bs(x)| > 0 for every small §.

As examples of nonlocal minimal surfaces we have the following: By symmetry and (3.1) any hyper-
plane, E = {z € RV : 2 > 0}, is a J-minimal surface in R". Similarly, the classical cone in the plane,
E = {(z,y) € R? : xy > 0}, is a J-minimal surface in R?.

Theorem 3.4. Let Q an open bounded subset of RN. If E C RN a J-minimal set in Q then OF is a
J-minimal surface in 2.

Proof. Let E C RY a J-minimal set in Q. Given xo € dENQ, there is § > 0 such that Bs(xg) C 2. Now
consider
As = Bs(z0) N (RN \ E)
and
Fs=As UE.
Since, Fs \ 1 = E'\ Q, we have
P;(E) < Py(Fs),

/ / J(x —y)dydr < / / J(x — y)dydz.
E JRN\E Fs JRN\Fs
Now, since As N E = {),

/ / J(z —y)dydr = / / J(x — y)dydz — / / J(x — y)dydz.
EJRN\E Fs JRN\E A5 JRN\E

/Aé /RN\E J(z —y)dydr > /F5 </RN\E J(x—y)dy—/RN\FS J(x_y)dy) d
:/Es (/A J@f—y)dy) dw=/A§ /A J(x—y)dydx+/E/Aa J(x — y)dyda.

/Aé N J(x—y)dyd;v</A§ </RN\EJ(x—y)dy—/EJ(x_y)dy> de.

Now, since z € JE, we have |As| > 0. Then, dividing by |As| and letting § — 0, we conclude that

</]RN\E J(@o ~y)dy - /E J (o — y)dy> > 0.

With a similar procedure, but taking now As := Bs(zp) N E and Fs:=E \ Ag, we arrive to

/A <AN\EJ($—y)dy—/EJ(x—y)dy> de—/AJ /;15 J(z —y)dydz.

that is

Therefore

Hence
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Then, dividing by |As| > 0 and letting § — 0, we get

</ J(xg —y)dy — / J(zo — y)dy) <0.
RN\ E E

Therefore, as we wanted to show,

ip(a) == [ 30 =)(Xe(s) = Xem s (0))dy =0,

O

Remark 3.5. Let us point out that for the singular case, a similar result to Theorem 3.4 has been
obtained in [1] and [18] for singular kernels, where the nonlocal curvature at « € F is defined as

/ Xe(Yy) — Xgv\g(Y)
RN

|z —y| Nt

dy.

Our definition of curvature differs from the above one, besides of the kernel, in the sign, but makes the
curvature of the ball positive.

Example 3.6. If J(z) = I (0)|XBI( ), then for any x € B,.(zo), we have

Hyp, (a) () = = /R T =) (X5, (00) (4) — X\, (a) (1)) Y
- \Bll(o)| /Bl(x (X8, (20) (4) = XBN\B, (a0) (¥))dY
=" ‘311(0” (IB1(z) N By (wo)| — |Ba(a) N (RN \ By(x0))])
— oy A N B (el - B @)
_2|Bl(glf201)3r(zo)| 1

And for the rescaled kernel,

1 r—y
Hyt (@) = N /]RN J ( . ) (XB,.(20) (U) = XRN\ B, (20) () Ay
1

~1B0)] /5 (XBMO)(?J)—XRN\BT(xU)(y))dy
- |B€1(0 ( 2) N By(wo)| — | Be(x) N (RN \ By (20))])
B |Bl(0)| (21 Be(w) N By(wo)| = | Be()])

2|B(2) 1 By ()
[B.(0)

+ 1
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Now, for N = 2, a simple calculus gives, for € B,.(x¢) and ¢ small,

2
|B(x) N By(0)| = €2 f% 1- (2—67“) + arcsin (7%) +g

2 T 2r? — €2 1 22 — 22 o 2r2 — &2
r |l = - Y— — | =——— ) —arcsin | ———
2 272 272 272

Hence
J. € €2 2 . [ €
HBBT(IO)(x) = 1-— (?) + p arcsin (g)
2r2 | 2r2 — €2 1 22 — 2\ ? (22 — 2
e [ — | ——— ) —arcsin [ ———
me2 | 2 272 272 22
Now,
2 2 3
C.] = = 1 = 77[-.
J(2)|z2ldz —— |22|dz
/R2 |B1(0)| /B, (0)
Therefore,

Cy .. 3 €eN2 3 . [ €
7H8B‘(;c0)($) =—1/1- (§> + - arcsin (?)

3r2 |m 2r2 — €2 1 22 — €22 (22— ¢
_ |- — — | ——— ) —arcsin| ———
e |2 2r2 2r2 212

Then, since

li arcsi ( ‘ ) 5
im —arcsin ([ — ) = —
e—0 € 2r 2r
and
| 3?2 |m 2r? — €2 22 — 22 arcsi 2 ¢
im— | = — arcsin ==
e—0 €3 |2 272 272 r2 r’
we get
. Cyo 33 2 1
Ay e b, () = gy T3 — 7 = 5 = Honsten
Consider now E as the square E := {(z,y) € R? : |(z,¥)||oo < 1}. Then, for 0 < € < 1 we have
CJ J 3 2 3
IS (1,1) = =2 (JEN B.(1,1)| = |(R2\ EN B.(1,1)]) = °X.
(1) = 2 (B0 B D)~ (B2 B0 B.(1L1)) = 2
Therefore,

. Cy o B
Theorem 3.7. Let E C RN a smooth set such that OF is of class C2. Then, for every x € OE, we have
. C
lim =% Hyjjp(r) = (N = 1) Hop(2), (3.2)

where Hyg(x) is the (local) mean curvature of OF at x.
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Proof. We can assume that x = 0 € 0F. It is well-known that curvature may be easily computed in
normal coordinates. Namely, suppose OF is described as a graph in normal coordinates, meaning that,
in an open ball B,,, OF coincides with the graph of a C? function ¢ : B,, "RY~1 — R with »(0) = 0
and V¢(0) = 0 such that EN By, = {(y1,---,y~) : ynv < ©(y1,...,yn_1)}. Since D?p(0) is a real
symmetric matrix, it will admit N — 1 real eigenvalues A1, ..., Ay_1. Minus the arithmetic mean of the
eigenvalues is called the mean curvature and we denote it by Hgg(0), namely

A+ AN

Hsp(0) == —
o£(0) N-1
We can assume that » = 1 and rg < 1, then

Cy . Gy
— Hop(0) = —— -

Cy Y Yy
O (/ (Y- [ 7(L)ay).
€ {yn<e(y1,-- yn—1)}NB(0) € {yn>e(y1,--yn—1)}NB(0) ¢

Hence, changing variables as z = £ we get
€

F0Ew) ~ ey =~ ety [T (1) 0p0) —Xams0)dy

C

g )= -2 / J(2)dz — / J(2)dz |
€ € {an<Lp(ez1,....,ezan—1)}NB1(0) {zn>1p(ez1,....,can—-1)}NB1(0)

Now, by Taylor’s expansion, we have

1Nl

1
o(ez1,...,ezn_1) = §D2<p(0)(ezl, ce,€ZN_1) Z Nie?z? + O(e%).

=1

Therefore,

lim ﬁHé]iE(O) = —lim < / J(z)dz — / J(z)dz
e—0 € e—0 € {ZN<€2 ZN L i Z2}0B1( ) {ZN>€% ZN ! Ai ZZ}OBI( )

11 i=1

CJ e% Zl 1 DY z /1= (22+ +ZN71)
= — lim —= / / J(z)dzf/ / J(z)dz | .
0 € RN=11B;(0) J —/1—(22++25,_,) RN=1AB; (0) Jed N1 A, 22

Since the term between brackets goes to zero as ¢ — 0 we can use L’Hopital’s rule to obtain

c PNl N-1
lim — /7 (0)=—-1lmCy / Jz1,..., 2y 1, €= )\Z-zf )\iz?dzl o.odzy_1 |-
dE e—0 RN_lﬂBl(O) 2 ; ;

e—0 €
N-1
Z—CJZ)\Z'/ J(Zl,...,ZN_hO)Z?dzl...dZN_l
i=1 RN-1NnB1(0)
:_C]Z)\i/ J(Zl7...7ZN,1,O)Z]2V71d21...dZN,h
: RN-1NBy(0)

where in the last equality we have used that J is a radial function.
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On the other hand, if we made the change of variables z; = z;,i = 1,...,N — 2, z2y_1 = rcos#,
zn = rsinf, we have

/RN J(2)|zn|dz = /|Z|<1 J(2)|zn|dz

1=(Z3 425 ,) 27
= / / J(zl,...72N,2,rcosg,rsin0)r2|sin0|dzl...dzN,gdrdG
2i+-+2%_,<1J0 0
:4/ / J(zl,...,zN,g,nO)erzl...dzN,er
zf—i—w-ﬁ-z]zv_le 0
= 2/ J(z1, ... 2n—0,7,0)r2d2y . .. dzn _odr.
234422 ,+1r2<1
Hence
2 1
Cjy= = .
/ J(2)|zn|dz / J(21,. .., 2n-1,0)2% _1dz1 ... dzn_1
RN RN-10B,(0)
Therefore,
G oy
lim TH8E<O) = (N = 1)Hsp(0)
O

In the next example we will see that the assumption OF is of class C? in the above result is necessary.

Example 3.8. Assume that J(z) = mXBl(O), with B1(0) C R2. Let ¢ : R — R the function defined
by
(@) 22 if z >0,
x) =
4 —2? if x <0,

and consider the set
E:={(z,y) eR* : y < p(x)}.
Then by symmetry we have H anE(Ov 0) = 0, and consequently
. Cr_.J
lim — H ¢ =0.
lim == Hj5(0,0) =0

Now, Hyr(0,0) = 2 (here the curvature is understood as one over the largest radius of a tangent ball).
Therefore, (3.2) is not true in this case.

4. NONLOCAL OPERATORS. A CHARACTERIZATION OF NONLOCAL PERIMETER

Following Gilboa-Osher [26] (see also [12]) we introduce the following nonlocal operators. For a function
u: RY — R, we define its nonlocal gradient as the function V ju : RN x RY — R defined by

(Vou)(z,y) = J(x —y)(u(y) —u(z)),  z,yeRY.
And for a function z : RY x RNV — R, its nonlocal divergence divyz : RY — R is defined as
1

(ivya)(o) = 5 [ (alo.9) ol = iy
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Remark 4.1. A possible interpretation of div sz is the following. Suppose that RY represents a continu-
ous network, with a source uniformly distributed in @ C RY and being RV \Q a sink. If the transportation
activity is described by z, in such a way that at each point = € Q, z(x, y)J(x —y) is the incoming quantity
of flow from y € RN and z(y,z)J(z — y) is the outcoming flow at y € RY, then

2(div,z)(z) == / (a(z,y) — 2y, )T (@ — y)dy,

RN
represents the total flow at x.
For p > 1, we define the space
XORY) :={z € L®(RY xR"Y) : divyz € LP(R")}.

Observe that X5°(RN) = L®°(RY x RY). For u € BV;(RN)N LY (RN) and z € XB(RYN), 1 <p < oo, we
have the following Green formula

1

/RN u(x)(divyz)(z)dr = ~5 /RNXRN(VJU)(x,y)Z(x,y)da:dy. (4.1)

In the next result we characterize F; and the nonlocal perimeter using the nonlocal divergence operator.
Let us denote by sign,(r) the usual sign function and by sign(r) the multivalued sign function for which
sign(0) = [—-1,1].

Proposition 4.2. Let 1 < p < oco. Foru € BV;(RY)N )i (RN), we have
Fy(u) = sup {/ u(z)(divyz)(z)dr : z € XH(RY), ||z]o < 1}. (4.2)
RN

If u & BV;(RY) then sup{/ u(x)(divyz)(z)dr : z € X5RY), ||z]o < 1} = +4o00.
RN

In particular, for any measurable set E C RN, we have
P;(FE) = sup {/ (divyz)(z)dz : z € XTRY), ||z]e < 1}.
E

Proof. Let u € LY(RN)N LV (RY). Given z € X%(RN) with ||z]|s < 1, applying Green formula (4.1), we
have

/RN u(z)(divyz)(x)de = %/]RNXRN (Vyu)(z,y)z(x, y)dedy

<5 [ )~ @)~ g)dedy = Fw).
RN xRN
Therefore,

o {/RN u(e)(divyz)(@)dr : 2 € XGRY), |zl < 1} < F(u).
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On the other hand, if we define z,(z,y) := signy(u(y) — u(x))Xg, 0,0)(,y), then z, € XJ(RY) with
|Znlloo <1 and

Fi(u) =5 / u(y) — u(z)|J(z — y)drdy = lim H /B 00 u(y) — u(x)|J(x —y)dedy

RN xRN n—oo

= lim f/ (Vyu)(z,9)zn(x, y)dedy = lim u(z)(divyz,)(z)dx
RN xRN

n—oo RN

< sup {/RN (@) (div,z)(@)de : 2 € XBRY), ||z < 1} .

O
Remark 4.3. Observe that for u € L'(RY) we are saying that
Fi(u) = sup{/RN u(x)(divyz)(z)dr : z € LP(RY x RY), ||z]le < 1} .
In particular, for any measurable set £ C RY with finite measure, we have
P;(E) = sup{/E(disz)(:U)da: sz L°RY xRY), [|2]e0 < 1}. (4.3)

5. THE NONLOCAL 1-LAPLACIAN

Nonlocal evolution equations of the form
wle) = [ = plult) = P (0l t) - uleO)y. p21

and variations of it, have been recently widely used to model diffusion processes (see [11] and the references
therein).
For p = 1, using the nonlocal calculus from Section 4, we have formally

divs ()@= 3 [, 700 (o)~ o @)

() u(@) I ) () — u(w) I~ y)
ST y>( Tz~ y)luly) — u(@) >dy

ey i) =)
= [ D uly) — (@) "

that we have called nonlocal 1-Laplacian operator in [8] and [9]:

J ,_ r— u(y) — u(z) _— LRNY. 4 N
Alu(x).—/RNJ( Dy forue I'RY), 2 e RY,

Also, if p > 1, we have
v (9 a2 ) (@) = [T = 9)luty) = ) P2 uto) = )y,

that we have called nonlocal p—Laplacian operator. In [8] and [9] we have studied these nonlocal operators
with different boundary conditions, from these works we take the following definition.
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Definition 5.1. Given v € L}(RY) we say that u € L*(RY) is a solution of
~Afusv in RY
if there exists g € L°(RY x RY) with |g|lcc < 1 verifying

g(r,y) = —g(y,z) for (z,y) a.e in RN x RV,
J(z —y)g(z,y) € J(x —y)sign(u(y) — u(z)) a.e (z,y) € RN x RV,

and
—/ J(x—y)g(z,y)dy =v(z) aexecRY,
RN

We point out that, in general, the operator A{ is multivalued (see Remark 6.8).

In order to study the Cauchy problem associated with the nonlocal 1-Laplacian, we will see that
we can consider it as the gradient flow in L%(RY) of the functional F;. For that we consider now the
functional F{ : L2(RY) —] — 0o, +-oc] defined by

F(u) if w e L2RN) N BV, (RY),
Fi ) 1=
400 if ue L2(RN)\ BV;(RY),

which is convex and lower semi-continuous. Following the method used in [7] to get the characterization
of the subdifferential of the total variation, we get the following characterization of the subdifferential of
the functional Fy.

Given a functional ® : L2(RY) — [0, o0], we define ® : L2(RY) — [0, o0] as

®(v) :=sup :w e LA(RY)

with the convention that % =202 —q. Obviously, if ®; < ®5, then 62 < E)l.

Theorem 5.2. Let u € L*(RY) N L2(RY) and v € L(RY). The following assertions are equivalent:
(i) v € dF{ (u);

(ii) there exists z € X2(RY), ||z] < 1 such that
v=—div;z (5.1)

and

/ u(z)v(z)dx = ]—'i](u);
RN

(iii) there exists z € X2(RY), ||z]joc <1 such that (5.1) hold and
1

J—“{(u):i/R . Vyu(z,y)z(z, y)dedy;
N>< N
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(iv) —A{usv in RV;

(v) there exists g € L°(RY x RN) antisymmetric with ||g|lec < 1 such that
f/ J(x —y)g(z,y)dy =v(z) aexecRY, (5.2)
RN

and
— / / J(x —y)g(z,y)dy u(z)dx = ]-'{(u)
RN JRN

Proof. Since Fi is convex, lower semi-continuous and positive homogeneous of degree 1, by [7, Theorem
1.8], we have

J u) = v 2 N . /\‘/] v u\xr)v(xr)ar = J u . .
or () = {ve PEY) : Fw <1 [ s = 7] (5.9
We define, for v € L2(RY),
TU(v) :=inf{||z| : z € XFRY), v=—div,z}. (5.4)

Observe that U is convex, lower semi-continuous and positive homogeneous of degree 1. Moreover, it
is easy to see that, if U(v) < oo, the infimum in (5.4) is attained i.e., there exists some z € X3(RY),
v = —divyz and ¥(v) = ||z]|cc-

Let us see that

v =7y

If ¥(v) = oo, then we have .%vi](v) < ¥(v). Thus, we may assume that ¥(v) < co. Let z € L>®(RY x RY)
such that v = —divz. Then, for w € L?(RY), we have

1

/RN w(z)v(x)dr = 3 /RNXRN(VJU))(%y)Z(l‘ay)dxdy < |zl oo Fi (w).

Taking supremun in w we obtain that i (v) < ||z|lc. Now, taking infimun in z, we get F; (v) < ¥(v).
To prove the opposite inequality, let us denote

D :={divyz : z € X3(RY)}.

Then, by (4.2), we have, for v € L%(RY),

_ [, v [ v

U(v) = sup W:wELQ(RN) > sup NWIU)ED

/]RN divyz(z)v(z)dx

(K|S

= sup cz€ XA(RY) 3 = F{ (v).
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Observe that the last term is equal to +oo if v € L*(RY) \ BV;(R"). Thus, Fi < ¥, which implies by

[7, Proposition 1.6], that ¥ = U< .7?? Therefore, ¥ = F/, and consequently from (5.3), we get
OF] (u) = {U e L2RY) : ¥(v) <1, / u(x)v(x)de = ]-"i](u)}
RN
= {v € L*(RY) : Jz € X4RY), v=—divsz, |z].o <1, / u(z)v(z)der = ]—'i](u)} ,
RN

from where it follows the equivalence between (i) and (ii).

To get the equivalence between (ii) and (iii) we only need to apply the Green formula (4.1).

By the antisimetry of g it is easy to see that (iv) and (v) are equivalent. On the other hand, to see
that (iii) imply (v), it is enough to take g(z,y) = 3(z(z,y) — z(y,z)). Finally, to see that (v) imply (ii),
it is enough to take z(x,y) = g(z,y) (observe that, from (5.2), —div,(g) = v, so g € X3(R")). m

Remark 5.3. Observe that if v € 9F(u), then any function z satisfying the characterization of
Theorem 5.2 also satisfies

J(x —y)z(z,y) € J(x — y)sign((u(y) — u(z)) ae. in RN x RV,
But, moreover, we can choose one being antisymmetric.
By Theorem 5.2 and following [11, Theorem 7.5] it is easy to prove the following result.
Lemma 5.4. OF] is a m-completely accretive operator in L?(RY).

As consequence of Theorem 5.2 and Lemma 5.4 we can give the following existence and uniqueness
result for the Cauchy problem

u — A{u >0 in (0,7) x RN
(5.5)

u(0, z) = ugp(x) r € RN,
Theorem 5.5. For every ug € L?(RY) there exists a unique solution of the Cauchy problem (5.5) in

(0,T) for any T > 0, in the following sense: u € WH(0,T; L2(RYN)), u(0,-) = ug, and for almost all
te (0,T)

ug(t,-) — Afu(t) 0.
Moreover, we have the following contraction principle in any LY (RN )-space, 1 < q < oo:
[u(t) —v(E)llq < lluo —volly VO <t<T,
for any pair of solutions, u, v, of problem (5.5) with initial data ug, vo respectively.

Proof. By the theory of maximal monotone operators (see [15]), and having in mind the characterization
of the subdifferential of Fy, for every uy € L?(f2) there exists a unique strong solution of the abstract
Cauchy problem

{ u'(t) + 0F] (u(t) 30, te(0,T),
u(0) = uo,

that is exactly the concept of solution given. The contraction principle is consequence of being the
operator completely accretive. O
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6. NONLOCAL CHEEGER AND CALIBRABLE SETS

For any measurable set E C RY with |E| > 0, we define

)\J — PJ<E)
r |E|

As a consequence of (2.1), we have that A7 < 1.
Given a non-null, measurable and bounded set 2 C RY we define its .J-Cheeger constant by
h{(Q) :=inf {\}, : E C Q, E measurable with |E| > 0}. (6.1)

We have that h{(Q) < 1. A measurable set Eq C € achieving the infimun in (6.1) is said to be a
J-Cheeger set of Q). Also we say that € is J-calibrable if it is a J-Cheeger set of itself, that is, if  is a

non-null measurable bounded set and @)
Py
h () =~

As a consequence of the Poincaré type inequality given in [11, Proposition 6.25], in the case that J is
continuous (the continuity of J is not needed in what follows but only at this point) and radial and € is
a bounded domain, we have that there exists a positive constant 0 < A = A(J, Q) such that

s @l < [ [ 3@ =) - ue)ldady

for all u € LY(RY) such that u = 0 in RY \ Q. Then,

ME| <2P;(E) for all measurable E C €,
A
5

and consequently h{(Q) >
Let us now define

X{(Q) = inf {]-'J(u) T u€e BVJ(RN), uw =0 in RN\Q, lully = 1}

inf{?(u) :u € BVy(RY), u=0in RV \ Q, u;«é()}.
ul|1

Note that by the lack of compactness it is not clear if we can change inf by min.
Tt is well known (see [23]) that the classical Cheeger constant

hi(Q) = inf{Per(E) . ECQ, |E| >0},

for 2 a bounded smooth domain, is an optimal Poincaré constant, namely, it coincides with the first

eigenvalue of the 1-Laplacian:
[1pal+ [ juda
[ S o0

hi(2) =X\ () :=1in
() =M (9) Tl o

cueBV(Q), u#0

It is also characterized (see [25]) as

hi(Q) = sup {h ER : AV e LO(QRY), |[V]w < 1, divV > h},

which is usually referred to as a continuous version of the Min Cut Max Flow Theorem. In the next result
we obtain nonlocal versions of these two characterizations of the J—Cheeger constant given in (6.1).
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Theorem 6.1. Let Q be a non-null, measurable and bounded set of RN, then

hi () = M (), (6.2)
and
Rl (Q) = {h €RT : Jze XFRY), ||z]lw < 1, divyz > hin Q}
= sup { Hzﬁm : divyz = XQ} (6.3)

zsup{ zl : diVJz:linQ}.

Proof. Given a measurable subset E C § with |E| > 0, we have

Fi(Xg) _ P;(E)
IXell |E|

Therefore, A{(Q) < h{(2). On the other hand, by the coarea formula (2.4) and Cavalieri formula, given
u € BVy(RY), with u = 0 in RV \ Q and u # 0, we have

+o00o
£t J PO
+0o0 ="
M

and taking infimum we get A\{(Q) > h{(Q2). Therefore (6.2) holds true.
Let

and a :=sup A (observe that 0 <« < 1). Given h € A and F C Q with |E| > 0, applying (4.3), we get

A={heR" : 3z XR"Y), |z]|x <1, divyz > h in Q}

h|E| =/ hdx < / divyz(z)dz < Py (E).
E E

Hence,

P;(E)
- Bl

and, taking supremum in h and infimum in E, we obtain that a < h{ ().
By (6.2), we have

h <

1 [[wlly N : N }
=su cu € BV (RY), u=0inRY\Q, u#0
p{fj(u) 7(R™) \ #

[l

= sup :ueBVJ( Ny, u >0, uinnRN\Q,u;éO}

{7t
bup{ Fy(u) <1, ue BVy(R ),u:OinRN\Q}
{t

sup § (u, Xq) — Z(L(u)) : ueLl(RN)},
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being L : L}(RY) — LY(RY x RY) the linear map

L(w)(z,) = 5 (u(e) = uly)) (=~ ).

and Z: LY(RY x RY) — [0, +-00] the convex function
0 if [l L@y xryy <1,
{ 400 otherwise.
By the Frenchel-Rockafeller duality Theorem ([16, Th. 1.12]) and having in mind [22, Prop. 5], we have
sup {(u, Xo) — E(L(v)) : uwe L'RY)} =inf{=*(z) : L*(2z) = Xa}.
Now,
E*(z) = sup {/ z(z, y)w(z,y)drdy — E(w) : w e L*(RY x RN)} = |2/l co-
RN xRN
On the other hand,

(L*(z), u) = (2 L(w)) = / 2z, y) = (u(z) — u(y))J(z — y)drdy

RN xRN 2

— %/RNxRN (z(z,y) — 2(y,x))J (x — y)u(z)drdy = (divyz, u),

that is, L*(z) = divz. Consequently,

1
=inf{||z||lx : divyz = Xq},
h{(©)

from where it follows that
h‘](Q):sup{ : diVJz:XQ}Ssup{
! 1zl o 1z o

and we finish the proof of (6.3). O

: disz:linQ}ga,

Remark 6.2. It is well know that every bounded domain @ € R with Lipschitz boundary contains a
classical Cheeger set F, that is, a set E C Q such that

hi(Q2) = Pegf)

Furthermore, in [3] it is proved that there is a unique Cheeger set inside any non—trivial convex body in
RY, being this Cheeger set convex.

On the other hand, in [14] it is proved that for any s € (0,1), every open and bounded set Q C RY
admits and s-Cheeger set, that is, a set F C €2 such that

P(E P,(F
s(B) _ o { s (F)
|E| ||

But we will show in Remark 6.11 that there are convex sets without a J-Cheeger set. This is due to
the lack of compactness which is consequence to the fact that we are considering non-singular kernels.

: FcCQ, |F|>0}.

As a consequence of the Isoperimetric Inequality (Theorem 2.4), we show that any ball is J-calibrable.

Proposition 6.3. Let J be a nonnegative radially nonincreasing function. Then, any ball Br(xg) C RY
1s J-calibrable.
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Proof. We can take xy = 0 as the center of the ball. First we prove that a ball B(0) C R¥ is J-calibrable
if and only if the function

P;(B,.(0
00)=¥4.0= 5 o)
verifies that
O(r) > O(R), Vr € (0, R). (6.4)

Obviously, the condition is necessary. On the other hand, given E C Bgr(zg), by the isoperimetric
inequality we have that
Pi(E) _ Py(B.(0)
El— 1B:(0)]
where B,(0) is a ball such that |B,(0)] = |E|. Hence, since we are assuming that the function ©(r)
verifies (6.4), we have

=0(r)

P;(Br(0))
|Br(0)]

P;(E)
‘|’E| > 0(r)

and consequently Br(0) is J-calibrable.
By the above characterization we need to show that (6.4) holds. In fact, from (1.2),

P;(B,(0)) = |—/ 0>/B<0 (x — y)dydz.

Hence (6.4) is true if and only if

O(R) =

F(r) < F(R) forevery 0<r <R,

1
F(r) = B0 ) (/Br(o) J(x — y)dy) dz.

Take 0 < r < R. Then, changing variables z = %@ we have

I5:(0) / </B © A y)dy> " m /BR(O) </Br<o) ! (%Z ) y) dy) "

1
< ‘BR( I o) (/BR(O) J(zy)dy) dz = F(R),

since, for any z € Bg(0), B,(%2) C Br(z), which implies

,
/ J (EZ - y) dy = / J(y)dy < / J(y)dy = / J(z —y)dy.
B, (0) By (% 2) Br(z) Br(0)

R

where

O

Remark 6.4. For J radially nonincreasing we have that © is indeed continuously differentiable in |0, +o00].
A simple calculation shows that

S Py(B0) = Hp, 0)(s)Per(B,(0)),
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with y € 0B,(0). Then,
Hyip o)) Per(B:(0))|B,(0)] — Per(B,(0))P;(B,(0))
B (0)[? ’

e'(r) =

with y € 9B,.(0) arbitrary.

Therefore, by the characterization given in the proof of Proposition 6.3 and having in mind that clearly
ess supHaB (0)( x) is attained on any point of the boundary of B,.(0), we get
z€B,.(0)

B, (0) is J-calibrable < esssupHaB o (@) < Py B,.(0)-
z€B,(0)

The next result shows that any measurable and non null set inside a ball of radius % is J-calibrable

when J := B (o)\XBl( )-

Proposition 6.5. Let J = Xp,(0)- If 2 C B1(0) with [ > 0, then Q is J-calibrable.

1B1(0)] (O)I
Proof. Let E C 2 non null. For z € F,
Then,
/ / y) dydx = / / X, (0)(x — y)dydx
R\E |B1 )l RN\E
X5, (o) (y)dyd Bi(z)\ E|d
B10|//]RN\E o) (9) e = |B /l1 )\ Elde
|E]
— g L0B@I - B0 B = 18] (1 ,
Bl<o>|/E ' ' |B1(0)]
and

Py(E) _ (1 __|E] )
|E| [B1(0)] )
that is decreasing with |E|. Hence the Cheeger constant of  is given by
Q P ()
B (Q) = (1 _ ) _ 7
' [ B1(0)] 1€

as we wanted to show. O

Remark 6.6. For the local usual perimeter, when € is the union of two intervals in R, 2 = (a,b) U(c, d),
then the set is calibrable if and only if the two intervals have the same length (otherwise the Cheeger set
inside 2 is the bigger interval). For the nonlocal perimeter with J = %X [—1,1] We have the following facts.
Assume ¢ — b > 1.

We want to compare P“’é?) with the quotient of £Z (| ) for E C (a,b) U (¢,d). We decompose E as
E = E1 U Ey with By = EN(a,b) and E5 = EN (¢, d). For the case in which the two intervals that
compose {2 have the same length we have

P (Q)
€2

P;(E)
|E|

<

if
Pj((a,b)) < Py(Ey) + P;(E>)
b—a ~  |Ei|+ B
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which is true since, if |E;| # 0 then, by the Isoperimetric Inequality,
Py((a.h)) _ Py(E)
b—a ~— |E]|
On the other hand, if b —a > d — ¢ then
Py((a,h) _ Py(9)
b—al €2

and therefore we have that €2 is not J—calibrable.

Let us recall that that, in the local case, a set Q C R¥ is called calibrable if
Per(©2) . {Per(E)
= inf

1€ |E|

In [2] it is proved the following characterization of convex calibrable set.

: ECQ, F with finite perimeter, |E| > 0} )

Theorem 6.7. ([2]) Given a bounded convex set Q@ C RN of class C*', the following facts are equivalent:
(a) Q is calibrable.

(b) Xq satisfies —A1Xq = P%ﬁm X, being Aju := div (\g3|)'

When Q is convex these statements are also equivalent to
Per(Q)
(¢) (N —1)esssupHpq(z) < er( )
€0 |Q‘

We are going to study the validity of a similar result to the above theorem for the nonlocal case. In
the following remark we will introduce the main idea that is behind the proof for the nonlocal case.

Remark 6.8. Let Q@ C RN be a Borel set and assume there exists a constant A > 0 and a function 7
with 7(x) =1 in Q such that

—A € A{Xq inRY.
Then, there exists g € L® (RN x RY), g(x,y) = —g(y,z) for almost all (z,y) € RY x RV ||g|le < 1,
satisfying
/ J(x —y)g(z,y)dy = —Ar(z) aezecRY.
RN
with
J(z —y)g(z,y) € J(z — y)sign(Xa(y) — Xa(z)) ae. (z,y) € RY xRV
Then,

w0l = [ artapateds == [ ([ - e dn) xatode = Fi(xe) = Pt

and consequently

Py(Q
A=) = If(ll)

On the other hand, we observe again that the operator A{Xq is multivalued. Let us take, for example,
J = %X[—l,l]‘ We have that

—f € A{Xj_11 <= 3g antisymmetric, [|g] <1
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satisfying
[ =gy =—1@) accex
R

and
J(x —y)g(z,y) € J(x —y)sign(X—111(y) — Xj—11((2)) ae. (z,y) € R xR.
Then, by taking for instance g(z,y) = signg(Xj—1,1{(y) — Xj—1,1;(x)) we have, if 2 € [-1,1],

and, if x ¢ [-1,1],

1
—§(m+2) if —2<ox<-1,
— 1
fla) = —S@-a)  fl<z<2
0 fx<—-2o0raz>2.
But, by taking
1 lfye [_1u1]7x¢[_171]u
-1 ifre [*131]7y¢[7171]a
1
g(r,y) = 3 n{0<y<z<lju{-l<z<y<0ju{l<y<zlUl{y<az<-1},
1
—3 n{0<z<y<liu{-l<y<z<0iu{l<z<ylU{z<y<-1},
0 otherwise,

we get a different but interesting representation for A{ Xj—1,1- We get that

*)\]‘7_171[7' € A{X]—l,l[ in RN

1 if © —-1,1},
T(x):{ €l ]

—(Jz| —2)~, otherwhise,

with

being the value of /\]‘]_1 1[» @s seen above, equal to %. Note that this function 7 verifies that

=1 in |—1,1],
and this gives, as we will see in the next theorem, that | — 1, 1[ is J—calibrable. Of course, in this simple
case, this was obtained previously by more elementary methods.

The next result is the nonlocal version of the fact that (a) is equivalent to (b) in Theorem 6.7.

Theorem 6.9. Let Q C RY be a non-null measurable bounded set.

(i) Assume that [, J(x —y)dy >0 for all x € Q. If Q is J-calibrable then there exists a function T

equal to 1 in Q such that
N7 eAlxq  in RN, (6.5)
(ii) If there exists a function T equal to 1 in Q and satisfying (6.5) then Q is J-calibrable.
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Proof. We first prove (ii): By hypothesis, there exists, g(z, y) = —g(y, ) for almost all (z,y) € RY xRV,
Iglloo < 1, satisfying
/ J(x —y)g(x,y)dy = —Nyr(x) aexcRY,
RN

with
J(z —y)g(z,y) € J(z — y)sign(Xa(y) — Xa(z)) ae. (z,y) € RN x RY,

and 7 is a function such that
7=1 in Q.
Then, if F'is a bounded measurable set, F' C €2, we have

WIFI =8 [ re@te == [ ] T e dds

RN
= %/RN /RN J(z —y)g(z,y)(Xp(y) — Xp(2)) dyde < P;(F),

Therefore, h{ (Q) = A}, and consequently (2 is J-calibrable.
Let us now prove (i): Let g € L>®(RY x RY) be defined as

0 ifz e RV\Q, y e RV \ Q,
(2.0) -1 ifzeQ, ycRV\Q,
x,y) =
sy 1 ife e RV\Q, yeQ,

g(x) if x,y € Q,

being § a function to be determined. We define

T(z) := —/\lgl - J(x —y)g(z,y)dy, zcRN.
For z € 2, we have
=5y [ =iy [
Then, taking
[ Iy
g(x) := RT\G , x e,
/ J(z —y)dy
Q
we have that 7(z) = 1 for all z € . Moreover, for z € RV \ Q,
o) =—37 [ I pdy <o
o Jo
We claim now that
My € 0F](0). (6.6)

Take w € L?(RY) with F;(w) < +oc. Since

0o 0
U}(’I) = /0 XEt(w) (:L’)dt — / (1 — XEt(w))(l’)dt,

—00
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we have

/R N N7 (x)w(x)dr = /}R N N7 () ( [ O:O XE, (w) (as)dt) da

—+00
:)\é/ / 7(2)X g, (w) (z)dzdt.
—o0o JRN

Now, using that 2 is J-calibrable we have that

400 “+o0 +oo
YA / / T(2)X g, () (z)dzdt = N} / |E;(w) N Q|dt + N, / / 7(z)dadt
—oco JRN —00 —oco JE (w)\Q
+o0 +oo
< Py (Ey(w) N Q)dt + N, / / 7(z)dxdt.
—oco JE (w)\Q

— 00

By Proposition 2.2 and the coarea formula given in Theorem 2.6 we get

+oo +oo
/ Py(Ey(w) NQ)dt + A\, / / 7(x)dzdt
—oo JE (w)\Q

- +o0 +oo +oo
— [ e i+ [ Py (Ew)\ Q) — / 2L (Ey(w) \ 9, By(w) N Q)dt
“+00 +oo +oo
— Pi(E(w)\ Q)d 2L (Ey(w) \ Q, Ey(w) N Q)dt + A 7(z)dzdt
[ pEw\ows [ onwenos@nows [ o
+oo
:/ PJ(Et(w))dt+I:fJ(w)+I,

with

+o0 +o0 o0
= 7/7 PJ(Et(w)\Q)dt+[ 2LJ(Et(w)\Q,Et(w)ﬂQ)dtJr)\é[ /E( )\QT(x)dxdt.

Hence, if we prove that I <0, we get
/ NoT(z)w(x)de < Fy(w). (6.7)
RN

Now, since

Py(Ee(w) \ Q) = Ly(E(w) \ Q,RY\ (Be(w) \ Q) = Ly (Be(w) \ , (Be(w) N Q) U (RN \ Ey(w))),
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we have
+00 +oo +oo
=_ w t(w) \ Q, Ey(w 5 7(x)dx
1= [ pae )\Q)dt+[m oLy (Ey(w) \ O, By( )ﬂQ)dt+AQ[m /Et(w)\ﬂ () dadt
+oo +oo
—— [ LB QR B+ [ Li(Ew)\ 9 Edw) n e

+A4 /_ :o /E o (x)dzdt
B /—:O </Et<w>\g (/RN\Et(w) ~Je—y)dy /E I C Af’w(m)) dx> dt
B /:o ( /Et(wm ( /RN\Et oy B ) = DTG y)dy> dx) dt

T e sa)a)

[ ( Lo ( JRCE y)dy> dx) "

Now, the first integral is negative since g(x,y) > —1 for x € RV \ Q, the second is zero since g(x,y) = 1
for v € RN\ Q and y € Q, and the last integral is zero since g§ = 0 in (RY \ ) x (RY \ ). Therefore,
I <0, and consequently (6.7) holds. Now (6.7) implies that (6.6) is true. Then, by Theorem 5.4, we have
—AJ7 € A{(0). Thus, there exists g € L (RY xRY), g(z,y) = —g(y, z) for almost all (z,y) € RV xRV,
|gllos < 1, satisfying

/ (@ — )l y) dy = —\or(@) ae xRV,
RN

and
J(x —y)g(z,y) € J(z —y)sign(0) a.e. (z,y) € RY x RV,
Now, multiplying by Xq and integrating by parts we get

310 = ¥ [ repate == [ [ I yeteo)xale)day

1
= 5/ / J(x —y)g(z,y) Xa(y) — Xa(z))dzdy < P;(Q) = )\SJ)|Q|’
RN JRN
from where it follows that
J(z —y)glz,y) € J(z — y)sign(Xa(y) — Xa(z)) ae. (z,y) € RY x RY,

and consequently,
M e Alxq in RV,

We now give a result that says that J-calibrability is related to the nonlocal curvature function H, 5] o
which is the nonlocal version of one implication in the equivalence between (a) and (c) in Theorem 6.7.
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Theorem 6.10. Let Q C RY be a bounded set and assume fQ —y)dy >0 for all x € Q. Then,

Q is J-calibrable = ess 5upH89( ) <A
e
Proof. By Theorem 6.9, there exists g € L>®(RY x RY) antisymmetric with ||g|lcc < 1 and a function 7,
equal to 1 in €, such that

- J(x —y)g(x,y)dy = \ym(x) aexcRY, (6.8)
RN
and
J(z —y)g(z,y) € J(x —y)sign((Xa(y) — Xa(z)) ae. in RY x RV, (6.9)
Then, by (6.8), (6.9) and since 7 =1 in €, we have

Hyg(z) = /RN J(z = y)(Xera(y) — Xo(y))dy < — /RN J(z —y)glx,y)dy <N, forae z €.
O

The reverse of Thyeorem 6.10 is not true in general, that is, condition (6.10) does not imply J-
calibrability in general. We don’t know if for convex sets it is sufficient. In the next remark we provide
some examples of non—J—calibrable sets and its interplay with (6.10).

Remark 6.11. 1. Observe that ess supHag( z) < A, if and only if

|Q‘//Jx— dydx<2essmf J(;v— y)dy. (6.10)

€N

2. In general,

esssupHyg (z) < A, does not imply Q is J-calibrable.
€

In fact. Assume that supp(J) C Bgr(0). Let Ry = Ry + ¢, and x1,20 € RY such that ||z; — 22 >
Ry + R2 + 2R. Consider Q := Bpg,(x1) U Br,(x2). Then, by Proposition 2.2 and the Isoperimetrical
Inequality, we have
Ps(Br, (#1)) + Pr(Br,(22)) _ Ps(Br, (z1)

|Br, (21)] + | Br, (2)| |Br, (z1)]
Therefore, €2 is not J-calibrable. Now,

My =

PJ(BR (332))
esssupHZ, = esssupH; < el
o % aQ( ) e p OBr, (.262)( )_ |B 2<$2)|

<\
if € is small enough.

Note that in this example € is not connected. However, this fact is not relevant. We have that
the nonlocal perimeter and the nonlocal curvature are continuous with respect to the set in terms of
convergence in measure (if £, — E in the sense that |E,AE| — 0 then P;(E,) — P;(E) and Hjy (z) —
Hp(x)). Then we only have to connect the two balls with a thin bridge to obtain an example of a
connected domain such that

esssupHyg(z) < A but Q is not J-calibrable.
z€Q

3. Let © € RY be a bounded set and assume [, J(z — y)dy > 0 for all z € Q. One can ask if
sup Hyg(z) < Y. (6.11)
€N
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implies J-calibrability. The following example shows that, in general, this is not the case. For N =1,
and for J(z) = $X(_1,1)(2) and

Qc=(-33\[-L1)U —eef, 0<e<1/2
one can check that

sup Hyq (z) = (1 —3€)" < Hgg (0) = 1 — 2¢ = sup Hi_(2),

€N, z€Q
and that
Vo 1+ 2¢ — 3€?
Q. 44 2¢
Then, for for € < V19 — 4,
1—2e> M\

and consequently €2 is not calibrable. Now, for 0.236 ~ /5 — 2 < € < v/19 — 4 ~ 0.359 it holds that,

sup Hng (x) < )\SJ)E,
€N,

and consequently condition (6.11) is not enough for J-calibrability.

4. Let J be a nonnegative radially nonincreasing function. It is easy to see that a large cube | — L, L[¥
is not J—calibrable, this is also true in the local case for any cube.
On the other hand, in the local case, the stadium given by the convex hull of two circles (N = 2),

L

Lo

Ok .= CO(BT(—%,O) U Br(é70)>7

with L,r > 0, is calibrable. Indeed,

1 2nr+2L  Per(Q)
esssupHpqr (z) = — 5 = ,
cco0L r r ar2+2rL 1Y)

and Theorem 6.7 gives the result. But QF is not J—calibrable for J = Wloo)\XBl(O,O)% r>1land L >2
large enough. Let us prove this fact. To this end, by Theorem 6.10 and the statement 1 of this remark,
it is enough to show that, for L large enough,

1
o T — y)dyds > 2essind | J(@— y)dy.
|QTL|/95 /szg (@ = y)dyde oot /Qg (z —y)dy

Now this condition reads as follows:

1
oL /QL 1QF N By(2)|dz > 2 |Bi(% +7,0)N B.(%,0)], (6.12)
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since

essinf/ J(x —y)dy = / J(xo — y)dy
QL Qr

zeQk
for zo = (% +7,0). Let us call a(r) := 2 |Bl(% +7,0)N B, (%,0)],

1 1 1
a(r) =2 <arccos (27’) + 72 arccos (1 - W) — —V4r2 — 1) .

2

— 1[x]r — 1, [ we have, by symmetry,

7

Now, if CF =] — L L[x]0,r — 1[ and DL =]1 - £

1 1 9
TOL1 QLN By(z)|de = ———— QL N By (z)|d >7/ QL A By (2)ld
‘Q%l /QT{J| r 1(93)‘ x 7T7‘2+2TL /Qf r 1($)| T = 7T’I“2+2’I“L CTLUD£| r 1($)| X

= Tl (’ﬂ'L(T 1) +/DrL |2 ﬂBl(x)|dx> .

L
2

Moreover,
/ QL N By (x)|dx = (L — 2)/ (m — Bs)ds,
DE r—1
where f; is the circular segment of height h = 1 — (r — s) of the circle of radius 1, that is,
Bs = arccos(r — s) — (r — s)y/1 — (r — s)2.

Hence,

/ |Q£QB1(I)|dx:(L—2)/ (ﬂ—arccos(r—5)+(r—s) 1_(T_5)2>d5:(L—2)(7T—%).
D’I: r—1
Therefore, we obtain
1 L 2 ,
> 9 | o7 - - PR——
|2 /Qg [ N Bi(a)lde > ———= (wL(r = 1) + (L =2)(m - 3))

T a2 4+ 2orL

(mr — 2)L — (7 — 2)2) > a(r)
if
La(r)mr + T— £
(r—%—a r))
since 7 — 2 > a(r). That is, we get that (6.12) holds true for L large enough. Consequently, QF is not
J—calibrable.
5. Let us see that the non J-calibrable set QX does not contain a J-Cheeger set. Arguing by contra-

diction, assume that there exists E a J-Cheeger set of Q. Then, since E is J—calibrable and having in
mind the calculation made in 4, we have

2 1
a(r) = = |Bu(% +7,0) 0 By(%,0)] < W/Q /QL (& — ) dydz
1 2
1 B Y S |
<|E|/E/E‘I(x y)dyde <2 inf /EJ@ y)dy =~ inf |Bi(z) N E|

On the other hand, consider a ball B, such that |Bs| = |E|. By the Isoperimetric Inequality and since

By is J-calibrable, we have
(z — y)dydx < a(s),
<wil, f,”

<18,

L>

b

<
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from where it follows that s > r, and consequently E ¢ B,«(—é7 0). Hence, if we define

L L
It .= sup{le [—2,2} : |Br(1,0) N E] >0}7

we have [T > —%. Therefore, for —% <l <1t we have
2 2

a(r) < fessei]?f |Bi(z)NE| < fessinf{ |Bi(z)NE| : x € EN(B,.(I",0) \BT(Z,O))} <a(r)+o(lt —1).
™ oz m

Then, letting [ — I we arive to a contradiction.

Our last aim is to relate local and nonlocal Cheeger constants and local and nonlocal calibrable sets
under rescaling. We will use the following result by A. Ponce (see also [17]) in the line of Theorem 2.9,
by J. Davila, given above.

Theorem 6.12 (Ponce [32]). Let B C RN be open, bounded with a Lipschitz boundary, and let 0 < p,
radial functions satisfying (2.9). Let €, L 0 as n — +o0. If {un}n C LY (Q) is a bounded sequence such

that
/ / [ent@) )l ) o dwdy < Ky M,
BJB |z~ ]

where K y is given in (2.10) and M is a constant, then {u,}, is relatively compact in L*(B). Moreover,
if Un, — u in L'(B) then u € BV(B) and

/ |Du| < M.
B

Proposition 6.13. Let  be an open bounded set of RY, then

- Crrion
lim —=hy* () = h ().

Proof. Given § > 0, there exists Es C {2 such that
hi(Q) + 5 > LB

Then, by Theorem 2.10, we have

. Cy Py (Es5) _ . Cy,
hy(Q) + 6 > lim =L =7e >1 ZIhIeQ).
1(2) + zlm===E 2 IHElfoup - 1°(Q)

By the arbitrariness of §, we get

lim sup @h{e (Q) < h(Q).

el0 €
Let us now suppose that
lim inf @h{e(g) < hi (). (6.13)
€ €

By (6.2), given € > 0, there exists u. € BV, (Q), uc = 0 in RV \ Q, |lu.|| = 1, such that
B (Q) < F,(ue) < () + €.
Then, by (6.13),
Cy
liminf <L, (u.) < hy(9).
im inf = Fi.(ue) < hi(Q)



NONLOCAL PERIMETER, CURVATURE AND MINIMAL SURFACES 35

Therefore, there exists a sequence ¢,, decreasing ot 0 such that
C
—LF,, (ue,) < ().
Then, for a large ball B containing (2,

Cy 1 // |ue, (€) = ue, ()]
F Ue = n -~ en (T — dxdy < hq(Q 5
677, an( n) KLN BB |x_y‘ p ( y) y 1( )

where
1 z
pe(z) = §CJK1,N%J€(Z).

Consequently, by Theorem 6.12 (in the proof of Theorem 2.10 we see that p. satisty the hypothesis in
the theorem), we have that there exists a subsequence of €, denoted equal, such that

ue, —u in L'(B),

u € BV(B) and, since moreover u = uXgq,

/|Du|:/ |Du|+/ uldHN T < by (Q).
B Q o

But we also get that ||u||;1(q) = 1 and consequently, from the above inequality, we get A1(Q2) < h1(€2),
which is a contradiction. Therefore, what we supposed in (6.13) is false and then

lim inf @hfe(g) > hy (),
€

el0
and the proof concludes. O

Corollary 6.14. Let Q2 be an open bounded set of RYN. If Q is J., —calibrable for a sequence €, — 0 as
n — 400 then Q) is calibrable.

Proof. Since € is J,, —calibrable we have

Cy, C; Py, ()
—J en Q _ 74 en
€n h’l ( ) €n Q|
Hence, by Theorem 2.10,
C Per(Q
—JhlJ” Q) — er() as n — +oo.
€n ||

Then, by Proposition 6.13, we conclude that

Per ()

W = hl(Q)7

and consequently €2 is calibrable ]
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