OPTIMAL MASS TRANSPORT IN THIN DOMAINS
JOSE C. NAVARRO-CLIMENT, JULIO D. ROSSI AND RAUL C. VOLPE

ABSTRACT. We find the behavior of the solution of the optimal transport problem for the
Euclidean distance (and its approximation by p—Laplacian problems) when the involved
measures are supported in a domain that is contracted in one direction.

1. INTRODUCTION.

In this paper we study the behaviour of the solutions (Kantorovich potentials and mass
transport plans) for the Monge-Kantorovich mass transport problem when the involved
masses (that we assume to be absolutely continuous with respect to the usual Lebesgue
measure) are contained in a domain that is contracted (and therefore thin) in one direction.

Thin domains occur in applications as they can be found in problems in mechanics. For
example, in ocean dynamics, one is dealing with fluid regions which are thin compared
to the horizontal length scales. Other examples include lubrication, meteorology, blood
circulation, etc.; they are a part of a broader study of the behaviour of various PDEs on
thin n—dimensional domains, where n > 2 (for a review see [24]).

In order to formulate precise statements as well as to put this work in context, we first
need to introduce some notations, concepts and results from the Monge-Kantorovich Mass
Transport Theory (we refer to [1], [13], [25] and [26] for details) that will be used in the
rest of the paper.

1.1. Monge-Kantorovich Mass Transport Theory. We denote by M () the set of
Radon measures on €2 and by M™(Q) the non-negative elements of M(Q2). Given p,v €
MT(Q) satisfying the mass balance condition p(2) = v(€2) we denote by A(u,v) the set
of transport maps pushing p to v, that is, the set of Borel maps T : Q — 2 such that
T#up = v, that is, u(T-Y(E)) = v(F) for all E C Q2 Borel.

The Monge problem. The Monge problem, associated with the measures u and v, is
to find a map T* € A(p,v) which minimizes the cost functional

(L1) F(T) = / r — T(@)| dyu(x)

in the set A(u,v). When p and v are absolutely continuous with respect to the Lebesque
measure, jp = fLYLQ and v = gLN_Q, there exists such an optimal map T. A map
T* € A(p,v) satisfying F(T*) = min{F(T) : T € A(u,v)}, is called an optimal transport
map of u to v.

1



2 J. C. NAVARRO-CLIMENT, J. D. ROSSI AND R. C. VOLPE

In general, the Monge problem is ill-posed. To overcome the difficulties of the Monge
problem, in 1942, L. V. Kantorovich in [I7] proposed a relaxed version of the problem
and introduced a dual variational principle. Let m(z,y) := (1 — t)x + ty. Given a Radon
measure 7 in € x €, its marginals are defined by proj,(v) := mo#y, proj,(v) == m#y.

The Monge-Kantorovich problem. The Monge-Kantorovich problem, [17], is the
minimaization problem

min{/ﬂm |z —yldy(z,y) ’YEH(/%V)}»

where I(p, v) := {Radon measures v in 2 X Q : mo#y = p, m#y = v}. The elements v €
I(p, v) are called transport plans between p and v, and a minimizer v* an optimal transport
plan. A minimizer always ezists.

The Monge-Kantorovich problem has a dual formulation that can be stated in this case
as follows (see for instance [25, Theorem 1.14]).

Kantorovich-Rubinstein Theorem. [t holds the following duality result,
(1.2) min {/ |z —yldy(x,y) : v € (p, V)} = max{/ ud(p—v) :ué€ Kl(ﬁ)} :
QxQ Q

where Kl(ﬁ);: {u: Q=R : |u@)—uly)| <|r—y| Vao,y € Q} is the set of 1-Lipschitz
functions in Q. The mazimizers u* of the right hand side of (1.2) are called Kantorovich
potentials.

Kantorovich potentials can be obtained taking the limit as p — oo in a p—Laplacian
problem. Assume that = f£VLQ and v = gLV Q and consider

—Apup,=f—g in €2,
(1.3) ]Vup|p_283% =0 on 052,
u,(0) = 0.

The condition w,(0) = 0 is just a normalization (we assume here that 0 € ). We have the
following result, see [14] and Section |5|in this paper.

Evans-Gangbo Theorem. The solutions to converge, along subsequences, uni-
formly in Q,

i =

where u* is a Kantorovich potential, that is, a maximizer for the right hand side of . In
fact, this limit procedure gives much more since it allows to construct an optimal transport
map.

For later reference, we will call TC(f, g)q the total cost of the transport of fLYLQ to
gLN L Q, that is given by the minimum or the maximum in (1.2)).

1.2. The Monge-Kantorovich problem in a thin domain. We consider a product
domain ©; x Qy = Q C R”, with Q; C R*, Q, C R! and, for simplicity, we assume that
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Q1] = |Q] = 1 and that (0,0) € Q; x Q. We are given two nonnegative L' functions
fi(z,y) and f_(z,y), with z € R¥, y € R!, supported in 2, with the same total mass,

(1.4) /Qf+(x,y) dxdy = /Qf_(x,y) dxdy := M.

Now we take € > 0 small and contract the second variable, y, that is, we consider
Q=0 xey ={(z,ey) : v € Y,y €}

In this set §). we define

fi(f,@:ﬁ(azg)é, and ff(f,g):f_(z,g)l for (2,7) € Q..

gl’

These functions still satisfy the mass balance condition in €., indeed, it holds that,
[z, y)dedy = | fo(z,y) dedy = M.
Qe Qe

We will keep the notation (x,y) for the variables in the reference domain, 2 x 5, and
(z,y) for the variables in the contracted domain, {2y x €2y, along the whole paper.

Now we consider the Monge-Kantorovich problem for the measures f; and f£ in the
thin domain ..

From previous results (see [1], [13], [25] and [26]) we know that there exist fi° an optimal
transport plan and u° a Kantorovich potential for this problem defined in €2.. In addition
if we consider the p—Laplacian approximation given by with f = f and g = f© in
the thin domain (). we know that the solutions @, to the p—Laplacian type problems
in (). provide an approximation to a Kantorovich potential.

Main goal. Our main concern in this paper is to study the behaviour as ¢ — 0 of all
the relevant variables for this problem; the total costs TC(f$, f©)q., the optimal transport
plans, ii°, the Kantorovich potentials, u°, and the p—Laplacian approximations, .

We find that when ¢ — 0 the limit problem that appears is the mass transport problem
in 2; where the involved masses are given by the projections of f, and f_ in the x variable,
that is,

(1.5) ge(z) = [ folz,y)dy and  g_(z)= [ f_(z,y)dy.
Qo Qo

Associated with the mass transport problem for the projections we have optimal trans-
port plans (denoted by 7 in the sequel) and Kantorovich potentials (denoted by u) and
approximating sequences of solutions to p—Laplacians (denoted by w,).

Our main results can be summarized as follows:
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Theorem 1.1. With the above notations we have the following commutative diagram (for
all the involved functions rescaled to the fixed reference domain )

€

u; — U
1 O L (e—=0).
Uy — U

(p — o)

This means that Kantorovich potentials (and their p— Laplacian approximations) for the
problem in the thin domain converge to a Kantorovich potential (and to the p— Laplacian
approzimation) for the problem for the projections of the involved measures.

Concerning optimal plans, it holds that the optimal plans in the thin domain i rescaled
back to Q x Q converge weakly-* in the sense of measures to a measure, v, that allows us
to construct an optimal plan for the projections, .

In addition, we find that the error is of order €, in the sense that the difference of the
total cost of transporting f$ to f2 and the total cost of transporting the projections g, to
g— is less or equal to 2Mdiam(§2s)e.

Remark 1.1. With the same methods and ideas we can handle the case of {2 being a
general domain in R¥ (not necessarily a product domain). In this case we just consider

Q. =A{(z,ey) : (z,y) € 0},

fS are defined as above and the projections are given by gi(z) = [ fe(z,y)dy. All
our results (and their proofs) can be obtained for this more general case. The only place
at which there is a difference is when we take the limit as ¢ — 0 of the approximations
sequence 1, (with fixed p). In this case there appears a weight in the limit PDE (that is
the constant || for a product domain, but that depends on z in the general case). We
include a remark on this point when appropriate (in Section . We prefer to present our
results for a product domain to clarify the arguments involved.

Remark 1.2. The same ideas can be used to handle the situation in which the measures
are contained in a domain that lies between two parallel hyperplanes that are close one to
each other. We don’t include the details for simplicity. Also, the methods used here could
be extended with domains that concentrate along a surface, that is, domains of the form
Q. =S+ B(0,¢) where S is a k-dimensional surface in R”.

Remark 1.3. In general, the transport problem for the projections is simpler than the
original one (since it involves measures in a smaller dimension). This fact together with the
bound for the error allows us to build approximate transport maps when the projections
are one-dimensional, that is, Q; = (a,b) C R. We provide examples in Section []

To finish the introduction we briefly comment on the previous bibliography and the
methods and ideas involved in the proofs. Optimal transport problems is by now a classical
subject that still deserves attention. We refer to [2], [3], [], [6], [21], [22], [23] and the
surveys and books [I], [13], [25] and [26]. It has many applications, for example in economics
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(matching problems), [B], [7], [8], [9], [10], [11], [20]. Closely related to this article is the
case in which the involved measures are concentrated in a small strip around the boundary
of a fixed domain. This has been considered in [I5] (see also [16] for singular measures
supported on the boundary). In [I9] the role of boundary conditions (Dirichlet and/or
Newmann) in the p—Laplacian approximation was clarified (note that in our case we use
Newmann boundary conditions since no mass is to be taken/bringed to/from outside of
the domain). The first paper that uses the approximation by p—Laplacian type problems
is [14] where the authors use Dirichlet boundary conditions in a sufficiently large ball, we
can not use Dirichlet boundary conditions here since, as we want to contract the domain
in one direction, is it likely that some mass will be taken to/from the boundary of the
domain if we impose Dirichlet boundary conditions (we will elaborate more on this issue
in Section [7).

Concerning the methods used in the proofs we have: to pass to the limit in the Kan-
torovich potentials, we first rescale back to {2 and then, using that Kantorovich potentials
are Lipschitz functions to gain compactness and that they are solutions to a variational
formulation we find that any possible uniform limit is a solution to a maximization limit
problem. Then we find that the limit function is independent of the y variable and just ob-
serve that integration in y gives the projections of fi. The proof of the convergence of the
optimal transport plans is similar but we have to work in the space of Borel measures. To
obtain convergence of the p—Laplacian approximations we use mainly the variational char-
acterization of the solutions to the p—Laplacian as minimizers of an adequate functional in
the Sobolev space W'?. We include here the details of the approximation of a Kantorovich
potential with solutions to the p—Laplacian problems as p — oo for completeness.

The paper is organized as follows: In Section [2] we prove the existence of Kantorovich
potentials . and study their limit as € — 0; in Section [3] we study the behaviour of the op-
timal transport plans; in Section 4| we show estimates for the difference of the total costs of
the e—problem and the limit problem; in Section [5| we deal with the p—Laplacian approxi-
mations and their behaviour as e — 0; in Section [6| we collect some examples that show that
we can construct approximate transport maps when the limit problem is one-dimensional;
finally in Section 7] we comment on the possibility of considering other boundary conditions
than homogeneous Neumann ones in the p—Laplacian approximations.

2. BEHAVIOR OF THE KANTOROVICH POTENTIALS.

Lemma 2.1. Given f, f_ and S, for each € there exists a Kantorovich potential, u®, that
18, a solution to

(2.1) oo | o - ) drdy
5(0,0) =0
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Proof. Let K = {v: Q. = R : [Vo] < 1,v(0,0) = 0}, and, for v € K, consider
L) = [ o(@.0)(f5 (@) - £ (@.5))dndy

If we take (Z,7), (Z,w) € Q. we have,
(22)  |o(z,9) —o(z,0)| < [Vo©)ll(z,9) — (z,0)] < (@, ) (2, w)| < diam(SX),
where ¢ lies on the segment between (z, %) and (z,w). Now, (1.4) implies

L@ = [ ol@) (e pdsdy - / o(z, 5) % (z.9) dzdg

<2diam(S%) [ fL(z,y)dxdy = 2Mdiam().),

Qe

for all v € K. Hence L is bounded above in K. Let (7,);en be a sequence in K such that
L(v;) / sup L().
vek

This sequence is equicontinuos and equibounded by ({2.2)), using the condition #(0,0) = 0.
So we can extract a subsequence (7, Jken such that v, = @° in ()., uniformly. We have,
Y [0, (@ 9) (2 (2.9) — £2(@. 9)dody = L(@) = sup L(o).
— 00 QE veK
To conclude we need to check that a* € K. This follows from the fact that v, (0,0) =0
and that, from (2.2)) we get, |0;,(Z,9) — v;,(z,w)| < |(Z,y) — (Z,w)|. When we take the
limit as k& — oo, we obtain, u°(0,0) = 0 and |a°(Z,y) — u°(z,w)| < |(z,9) — (Z,w)|. So
u® € K and then it is the desired maximizer. O

Now we can state the following theorem concerning the behaviour as ¢ — 0 of the
Kantorovich potentials.

Theorem 2.1. Let u® be a mazximizer of (2.1)) defined in Q. and rescale it to 2 as
ut(x,y) = u°(x, ey).

Then

(2.3) u® (z,y) = u(x), when € — 0,

uniformly in Q0 along subsequences. The limit u only depends on x and is a Kantorovich
potential for the projections of fy and f_, that is, u is a maximizer for

(2.4 o / ()01 (1) (o),

v(0) =0
with g4 and g_ given by (L.5)).
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Proof. We have that u® is defined in €2, and we want to rescale it to €2, we let z = z,
iy = ey, and we obtain, using that u® is a Kantorovich potential that
(2.5)

@(@,9)(f (5, 9) — °(z,9)) dedg = & /Q @ (2, e9) (f5 (2 2y) — [ ( ey)) dedy

> <! [ ola)(ileiey) - £, 20)) dady,

0
for any v such that |V, v(x)| < 1and v(0) = 0. The function u® verifies u(0,0) = @°(0,0) =
0 and

Qe

|Vouf (z,y)| = |Vu° (z,ey)] = |Veui(z,y)| <1,

Vyu(z,y)| = |V,u° (z,ey)|e = [Vyui(z,y)| <e.
Hence u® ia a equicontinuos and equibounded family and therefore we can extract a uni-
formly convergent subsequence, that is, there is (g;),en, with €, — 0 such as u% = u,
uniformly in 2. Now we check that v only depends on z. First we have,

u® (z, y1) — u (2, 90)| < |Vyus (2, 8|y — yao| < ediam($2z)
where ¢ lies on the segment between y; and y,. Now if ¢; — 0 we conclude
u@,91) = ulz,y2)] < 0.

Hence, u(z,y) only depends on z. So we write u(z) and next we show that u is a Kan-
torovich potential for the projections of f, and f_. We need to check that u(z) satisfy
|V, u(z)] < 1. We have

[u (21, y) — u (22, y)| < [Vaus (& y)l|vr — o] < far — 22|
where £ lies on the segment between x; and x2. Now taking €; — 0 we conclude that
u(@1) — u(w2)] < |z — 2.

So |V, u(z)| <1 and, therefore the limit u is 1—Lipschitz. To see that u is a Kantorovich
potential for the projections of f, and f_ we argue as follows:

El/uaj(w,sy)(fi(ﬂf,ey) —fi(:v,ey))dxdyz/uaj(ﬂf,y)(elfi(w,ey) — &' f? (2, ey)) dudy.
Q Q
Using we obtain
¢’ / u (z,ey)(f5(z,ey) — f(x,ey)) dody
Q

Z/ngj(ﬂfay)(ﬁ(x,y)—f—(x,y))dxdy Zel/ﬂv(ﬂc)(fi(x,ey)—fi(x,ey))dxdy

- / o(@)(f(2.9) — f-(a,y)) dedy = / o(z) / (fol) — f-(z,9)) dyd,

for all v such that |V,v(z)| <1 and v(0) = 0. Now we take limits as €; — 0, using that
u = u, and ((1.5)), we get,

/Q w(@) (g (x) — g (x)) dudy > / o(@) (g4 (2) — g (2)) d.

951
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for all v such that |V, v(z)] <1 and v(0) = 0. O
Also from the previous proof we obtain the following result:

Corollary 2.1. Under the same hypothesis of Theorem [2.1] we have,
iy [0 (2, 0)(f5 (0.9) ~ 7 (5. 9) dady = | u(e)(gi (o) ~ g-(a) dr

e—0 Q. Q
That is, we have that
}:IL% TC(fj_, fi)ﬂs - TC(Q-H g—)Ql

3. BEHAVIOUR OF THE TRANSPORT PLANS.

We consider measures pi° in €. x (). that are solutions to the minimization problem

) win [ @) - 0.01da(@.0),60.9),

(
Now, for F' C Q we let S.(F) = {(0,¢€) : (6,€) € F} and we define the rescaled measure
as

(3:2) W (E x F) = f#(S.(E) x S.(F)).
Concerning the limit as ¢ — 0 of optimal transport plans we have the following result:

Theorem 3.1. Let pf be the measure in ) x ) given by where i is a minimizer of
(3.1). Then

u—v
weakly-* as e — 0 along a subsequence. If we let

(3.3) nwﬁfAAdem&m,

it holds that n depends only on the first coordinates (x,0) and is an optimal transport plan
for the projections of fy and f_, that is, n is a minimizer of

mln //|x—€|d77x6’)
proj.(n) = g+ JouJou

pmje(n =g-
Proof. First, let us compute the projections of u*. We have

LE(Q X F) = () x e x S.(F)) = /S | 0.6 doa = /Ff_(e,g) dode.

Therefore, we have that projg¢(¢°) = f—. Analogously, we obtain proj, ,(¢°) = f+. Hence,
(° are nonnegative measures with bounded total mass,

p@x = [ o=



OPTIMAL MASS TRANSPORT IN THIN DOMAINS 9

and therefore there exists a sequence €; — 0 such that
ng —\ vV

weakly-* in the sense of measures. It follows that projo¢(v) = f-, and proj,,(v) = fi.
Now we observe that, taking into account (3.2]),

/ / (@, 9) — (8.8)|di™ (7. 9), (0,6)) = / / (@2 259) — (8, &6)1du" (2. 9), (6,€)).
ng ng QJIN

Hence, the limit as €; — 0 is given by

uLLUx_mﬁﬂ%yLW@»

Finally, we easily obtain that the measure n given by (3.3)) is a minimizer for

min /i o — 0ldn(z, 0).
projz(n) = g4 Ju Ju
projo(n) = g-

4. A BOUND FOR THE ERROR.

In this section our main goal is to estimate the error committed in the total cost when we
replace the optimal transport problem in €2, with the transport problem of the projections,

that is, we want to obtain a bound for
[wui-r- [ ue-a)
€ Q1

ITC(f5, f2)0. = TC(g+,9-)ou | =
in terms of €. Our main result in this direction is the following:

Theorem 4.1. There exists a constant C' := 2Mdiam(£2y) independent of & such that
[wti-r- [ w0 <ce
Qe 2

Proof. Changing variables as before £ = z, y = ey and @°(Z,y) = u®(z,y) we get

| w5 = @) dadg = [ (F = £ ) dedy

Qe Q

with u verifying |V, uf|? +e72|V,uf|* < 1. As u depends only on z and verifies |V, u| <1

it competes with u° in the maximization problem, hence we have

LyWﬁﬁang@—m»

W) = | )y

Let
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Now, we observe that, from the fact that |V,u| < 1 we get that this function h® competes
with « in its maximization problem, then,

/91 h(g+ —g-) < /Q u(g+ — g-)-

|u®(z,y) — h°(x)| < diam(Qs)e.
It follows that (recall that we assumed || = 1)

/Ql u(gs —g.) - / w(f2 - )

This ends the proof. U

In addition, we have

< / W — | (o + f) < 2Mdiam(Qy)e.
Q1 JQo

Remark 4.1. The bound depends in a sharp way of the relevant quantities as it can
be seen taken two masses concentrated near points (z1,y;) and (x1,y2) with |y — yo| ~
diam(€22). Note that since both concentration points have the same first coordinate, we
have T'C(g4, g-)a, ~ 0 and for the total cost TC(f$, f)a. ~ €ly1 — yo| M ~ diam(Qy) Me.

We can also characterize when we have equality of the total cost for the original functions
and the projections.

Theorem 4.2. There is a Kantorovich potential for the transport of f5 to f< that depends
only in the x variable, that is, of the form u(z,y) = u(x), if and only if the total cost of
sending f$ to f< is the same as the total cost for the projections g, to g_.

Proof. Using that u(Z) is a Kantorovich potential for the transport of f{ to f¢ and the
previous proof we obtain that

oo @G - D) drdy
v(0) =0
= [ a i - ey = [ a0 g @) s
Q. o
max v(z x))dz
< |V%U(%)m/m ()(g+ (&) — 9 (2))
v(0)=0
< oo [ ) - o),
v(0) =0

and hence we conclude that the total costs for f$ to fZ and for g, to g_ coincide.
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Conversely, if the costs coincide, then take u(x) a Kantorovich potential for the projec-
tions and observe that

/Qa<x><g+<x>—g_<x>>das= max /Qv<x><g+<x>—g_<x>>dx

Vov(2)] <1
v(0) =0
T Vo) <1 | o@ s - e ) de iy
5(0) = 0

and we conclude that u is a Kantorovich potential for f to f¢ that depends only on z. [

5. A p—LAPLACIAN APPROXIMATION AND ITS BEHAVIOUR AS ¢ — 0.

We consider

6.0 min o - [ g
e Whp(
v(0) =
Note that we have normalized the gradient term in the functional with ﬁ This is the right

scale to compensate the fact that |2, ~ e'. This scaling factor is not needed in the second
term since we have normalized f{ in such a way that they have constant total mass M.

Lemma 5.1. There exists a unique minimizer of (5.1)), that we will call us,.

Proof. We just observe that the functional

/|W|p / o(fe - f9)

is bounded below in W'P(Q.). Indeed, for v € W'P(Q.) with #(0,0) = 0, calling f¢ =
I5 — f£ we have,

/ 01%) < ol Nl oy < CrllVOlrieny,

Qe

where (] is a constant that depends on f°. So
11
62 L@ =g [ v [es- gz g0 [ 9 v,
QE €

Using Young’s inequality ab < %,, + % with a = e/2Cy, b = || V|| 1r(a.), We get

11 =1 (C, )W Villr» p V=1, )W
Lp( ) > |VQ_J|p € /( 1) . (H UHlL (Qe)) _ € ,( 1)

elp p ep p
So L »(0) > C forall v € Wlp(QE) with ©(0,0) = 0. Take v,, a minimizing sequence. From
and the fact that 9, (0,0) = 0 we get that v, is bounded in W?(€,.) and extracting a
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subsequence if necessary we can assume that v, — u;, weakly in WiP(Q.). From the lower
semicontinuity of L, we conclude that @ is a minimizer of L.

Uniqueness follows from the strict convexity of L,. g

From the fact that u;, is a minimizer of (5.1)) we have that u; is a weak solution to the
following PDE problem

—hAE = fi-ff i
(5.3) €l|Vu |p 208 = on 9.,
u5(0) = 0.

Theorem 5.1. Let u;, be a minimizer of (5.1)). Then, extracting a subsequence if necessary,
—E —E
U, — U

as p — oo uniformly in . where u® is a Kantorovich potential for the transport problem

of the mass f$ to the mass f<.

Proof. Along this proof ¢ is fixed and C' denotes a constant that is independent of p but may
depend on ¢ and change from one line to another. Let u° be a Kantorovich potential for the
transport of f to f2 (its existence is guaranteed by Lemma . We have |Va©| < 1 and
%°(0) = 0 and hence @ is bounded in Q. and @ € W'?(Q.). Using that @; is a minimizer
of L, we get

1Q€ —&( fE €
S—u—/gau(ﬁ—f_)ﬁ(?

e p
It follows that

1 —€ —E( f€ € 7€ 7€
T v <ot [ a = 1) < €+ Cligllian < €+ CS IV,

(5.4)

here S, is the best Sobolev constant that can be bounded by Cp (see [12]). Therefore, we
get
IV ||zn@.) < (Cp)/P.

Now, fix ¢ with n < ¢ < p and observe that
IVagllzo) < Q7 Vg llrq < |25 (Cp)'”.
Hence, we have that (),~, is bounded in Wh4(€,). Therefore, by a diagonal procedure,

we can extract a subsequence (that we call 5, ) such that

U, — 0 as p, —» 00

weakly in every W14(€),) and, therefore, uniformly in Q. (we are using here the compact
embedding W"4(Q.) — C*(.) when ¢ > n). Since @, (0) = 0 we get ©(0) = 0. From
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the semicontinuity of the norm we get ||V ||rqa.) < [$2|"/4, and hence, taking ¢ — oo, we
obtain

VO] L) < 1.
From (j5.4)) we have

—e € 5 ]- Q€ —& £ €
—/qupn(h—f_)ﬁg'pn' —/gu (s - f).

Now, taking p — co we obtain

- [ <= [ wg-r.

from where we conclude that v, the limit of u;, , as p, — 0o is a Kantorovich potential. [J

Remark 5.1. With the arguments used in the previous proof we can obtain an alternative
proof of the existence of a Kantorovich potential for the transport of f{ to f<.

Now we study the limit as € — 0 of u.

Theorem 5.2. Let
upy(z,y) =, (2,9),  w=1I, ey=7,
where u;, is a minimizer of . Then
U, — Up

as € — 0 uniformly in Q and weakly in WP(Q) where u, depends only on x and is a
solution to the minimization problem

1
(5.5) min - |Vwﬁ—/“w%—g4
veWhr(Q,) PJa o

v(0) = 0.

Proof. We have Vzu:(7,9) = Vus(z,y) and eVyur(7,y) = Vyus(r,y). Hence, ug is a
minimizer of

1/ / (\/va\?—l—a2]Vyv\2>pdxdy—// _)dxdy
p Ql Qg Q2
0

in W?(Q) with v(0) =

By the same arguments used in Lemma [5.1| we obtain the existence of a unique minimizer
of that we call u,. As u, € WP(2;) we can consider it as a function of W?(; x Qs)
and then it competes with u;. We get

/ / \/|V us|? + e~ 2|Vyu6| dxdy / / _)dxdy
Ql QQ Q2

< - / |V pup|Pdz —/ uy(gy — g-) dx
p Q1 Q1

(5.6)
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(we recall that, for simplicity, we have assumed that |Q2s| = 1). Therefore there exists a
constant C' independent of ¢ such that

(5.7) / / |Voug |2 + 72|V yus |2 ) drdy < C+/ / _) dxdy.
Ql QQ Q1 QQ

Taking ¢ < 1 and arguing as in the proof of Theorem [5 . we get that ug, is bounded in
W1P(Q) uniformly in €. Therefore, we can extract a subsequence such that

u," = v, as g, — 0,
weakly in W1?(Q) and (using that p > n) uniformly in Q. In addition we have
Vauy® — Vo and Vyuy — Voo weackly in LP(Q).

Now we observe that from ([5.7)) we obtain that there exists a constant C' independent

of € such that
1/p
(/ |Vyu;”|pdxdy> < Ce,,.
0 J

Vyu," — 0 strongly in LP(2)

Therefore,

and we obtain that the limit v is independent of y.

Now, from (5.6 we get

1
[ ety - [ [ (- g dedy
P Jao, Ja, Q1 JQo

1
< _/ |Vau,[Pdz _/ up(gy — g-) dz.
p Ql Q1

Taking ¢, — 0 and using that v is independent of y we conclude that

1 1
— [ |VulPdyde — / v(gr —g-)dr < — | |Vyu,lPdx — / up(g+ — g—) dx.
Q1 951 P Ja, Q1

Hence the limit v is a minimizer. By uniqueness we must have v = w, and then it holds
that lim. o u;, = . ]

Corollary 5.1. Under the same assumptions of Theorem [5.3 we have that

il g, B [
(0)—0

1
= min —/ \va]p—/ v(g+ —g-).
v E Wl’p(Ql) D Joy 971
v(0) = 0.
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Remark 5.2. The unique minimizer u, of (5.5)) is a weak solution to

—Apup = g — g- in Qy,

Vo, P22z = ( on 08,
P on

u,(0) = 0.

Remark 5.3. When we deal with a general domain €2 (instead of a product domain) and
we take the limit as € — 0 the limit problem that appears involve the weight

wx) =Hy : (z,y) € Q}|.

In fact, with the same arguments used before, we get that the uniform limit of u;, as € — 0
is a weak solution to

—div(w|Vu,[P72Vu,) = g4 — g in Q,
w|Vup|p_2%—lZ’ =0 on 08,
u,(0) = 0.

Theorem 5.3. Let u, be the unique minimizer of (5.5)). Then
U, = U
uniformly in Q where u is Kantorovich potential for the transport of the projections, g,

to g_.

Proof. The proof is analogous to the one of Theorem and hence we omit the details. [

6. EXAMPLES.

In this section we look for a method to define, using an optimal transport map from
the projections, an approximation for the original problem. The construction of such a
transport map is known in the literature as the Knothe map, [I§].

To simplify let us suppose that we are in R?, and we have Q; = (a,b) and Qy = (c, d).
Hence the projections are defined as g, : 0 = (a,b) - Rand g_ : Q; = (a,b) — R. Let us
assume that the support of the projections are also intervals, that is, supp(g4(z)) = |, f]
and supp(g-(y)) = [, 9].

Now in one dimension we are going to see two ways to define an optimal transport map
for the projections T : [o, B] — [v,d]. This optimal transport map must satisfy for all

E € (776)7
/1( )g+( ) /9 (y) Yy

Therefore, assuming that T is differentiable, we get

o= o wi=[ g @@ree



16 J. C. NAVARRO-CLIMENT, J. D. ROSSI AND R. C. VOLPE

Now we have two options, to consider T"(z) > 0 or T'(z) < 0. We will call this
possibilities applications as Tp and T;. First we will take 7"(x) > 0 and look for Tp a
solution to the ODE problem,

{ g+(z) = g-(Tp(z))Tp(z),
Tp(a) = 7.

Observe that we move the mass ”directly”, it means Tp preserves orientation. An alterna-
tive way to define T, for all = € [a, (] is the following:

T(x) Zinf{ye [, 0] : /:g+ z/jg—}-

The other choice to define T' is to consider T"(z) < 0. We call it 7} and have the ODE,
9+(x) = —g-(T1(2)) Ty (x),
T](Oé) = 0.

Observe that this time we move the mass reversing the orientation of the interval. An
alternative way to define 77 for all = € |«, 5] is given by,

T(x) ZSUP{yG [, 4] : /:9+ Z/:g—}'

The two options are optimal.

Now we go back to the original problem and show how we can use this optimal maps in
R? to obtain a transport map S : supp(fi) — supp(f_). Let us suppose further that exist
g11, 912, 921 and gop functions which allow us to write: supp(fy) = {(z,y) € R? : g11(x) <
y < gia(z)} and supp(f_) = {(z,y) € B2 : g (z) < y < gaa(x)}. We will propose S to be
of the form S(z,y) = (T1(x), Ta(x,y)) (with 17 equal to Tp or T7). Hence we want for all
FE e Ql X QQ,

[ et dady = [ g pady = [ £ (S0) 1aet(DS w,0) oy

Since S(z,y) = (T1(z), To(z,y)) with T} independent of y, we have,

, oT:
1) ()
DS =
0 @(x )
y Y
Therefore,
. OT:
det(DS ()] = 1105 ).
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And we obtain,

(6.1) Folay) = F(Th(x), To(e.y) T{(x)aa—j;(x,m\ .

This equation can be seen as an ODE for T; as a function of y (here x plays the role of
a parameter). Now, again, we have two options for T given by consider T3 increasing
or decreasing as a function of y. In each case we choose as initial conditions to comple-

ment (6.1),

To(x, g11(x)) = g (), if %—7;2 > 0,
Ty(x, g12) () = goa(), if G2 <0,

In this way we can construct a transport map S (that is in general not optimal) moving

[+ to f-.
Example 1. To start with, let us consider the simplest situation. In R? consider f,
and f_ two measures supported on two points with mass 1/2, that is

1 1 1 1
— LS00 + =6 d f = =6nn + =60,
f+ = 35000+ 3000  an f- =500 + 50e

So, for the projections we have the optimal transport maps Tp = x+1 and 17 = 2—x, and
then all possible transport maps S are given by all possible assignments of {(0,0), (1,0)} —
{(1,1),(2,1)}. We obtain,

Sl(xay):(x—i_lay—i_l)a and Sg(ﬂc,y):(Z—x,y+1).

Let us compute the total costs corresponding to these maps. We have,

. - 1

F(S1) = V2 =1,4142 < F(S,) = S+ V5) = 1, 6180.
In the contracted domain ; x {25 we get

Si(z,y) = (x+1,e(y + 1)), and So(z,y) = (2 —z,e(y+ 1)),

with approximate costs (up to the first nontrivial order in ¢),
N g2 ) - £
]:(Sl) ~ 1+E+O(€ ) <.F(SQ) ~ 1+§+0(6)

Example 2. As a second example we consider as fy the characteristic functions of the
triangles, C; = conv{(0,0), (1,0),(1,1)} and Cy = conv{(3,0),(3,1),(2,1)}. So, for the
projections we have the optimal transport maps,

Tp =/ —(2% —2x)+ 2, and T =3—ux.
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Then we can obtain four different S(z,y) transport maps given by the construction that
we explained before, these are given by,

(vV—(22 —2z) + 2, yY——— x_zx)—i-?)—x)
— (/=@ = 20) + 2,y¥=2 2y,
SS(may) = (3—$,y+$),

S4([E,y) = (3 —,1- y)

Now, we approximate the total cost in the thin triangles £y = conv{(0,0),(1,0),(1,¢)}
and Ey = conv{(3,0),(3,¢),(2,¢)} with the transport maps

Rie.y) = (3= 2,600 =) = (3 2.5 —y),
Ry(z,y) = (3 —x,y + ex).

We estimate the cost as follows:

:/0 /0 Iz, y) = 3 =z, e =yl f5(z, y)dyde,

1 Ex 1
:// ||(2x—3,2y—5)||gdyd$>
// V(2z —3) + (2y — ¢)? dyd:v-

We take z = g and we obtain

.7}(]_1’1) = /0 /09” V(22 — 3)2 +£2(2y — 1)2 éadydx = A(e?),
and hence
F(Ry) = A(0) + A'(0) 2 + O(e*) = g - %8 (271n (3) — 26) &% + O(e").

We perform the same computations for Rs(x,y) = (3 — 2,y + ex) and we obtain,

- 5 27
F(Ry) ==+ =—=(In(3)—1) 2+ 0(c).
6 32
Since = (271n (3) — 26) < 2T (In(3) — 1), we see that F(Ry) < F(Ry) for ¢ small.
We just note that in this example we obtain that the two possible transport maps,
constructed as explained before, considering 77 increasing or decreasing, may have different
costs.
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7. BOUNDARY CONDITIONS

In this last section we comment briefly on the possibility of using Dirichlet boundary
conditions instead of Neumann. Along this paper we have used Neumann boundary con-
ditions for the p—Laplacian approximations. This choice is due to the fact that we want
to transport the whole mass of f$ to cover the whole mass of fZ inside ).. If we impose
Dirichlet boundary conditions we allow for some mass to be imported (created) at some
point on the boundary or exported (eliminated) at other points on the boundary, paying
in this case an extra import/export tax per unit of mass given by the value of the Dirich-
let datum in addition to the usual transport cost given by the Euclidean distance. This
problem was analyzed in detail in [I9]. Here we contract the domain in one direction.
Therefore, if we impose Dirichlet boundary conditions on the boundary 2; x 0e€)y it will
be more convenient to import/export some part of the mass trough the boundary than
to transport it inside €. (since the distance of our masses to that part of the boundary
is of order ¢ and hence negligible as ¢ — 0 while the distance between masses remains of
order one as ¢ — 0). Hence, the choice of homogeneous Neumann boundary conditions
on €2 x 0e€)y seems natural. However, we can impose Dirichlet boundary conditions on
01 x €€y, but to pass to the limit as ¢ — 0 we need to take a constant as Dirichlet datum.
If we do this we arrive to a limit problem that corresponds to an optimal mass transport
problem between the projections in €; with import/export taxes at the boundary of €
equal to the constant Dirichlet datum.
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