Short time behavior near the boundary for the heat equation with a nonlinear boundary condition

Carmen Cortazar^∗, Manuel Elgueta^∗ Facultad de Matematicas, Universidad Catolica.

Casilla 306 Correo 22 Santiago, Chile

Julio D. Rossi^† Departamento de Matemática, F.C.E y N., UBA (1428) Buenos Aires, Argentina.

Abstract We study the short time behavior near the boundary of solutions of the heat equation, u_t = Δu, in a bounded smooth domain with a nonlinear boundary condition,^{∂u}_{∂η} = φ(u) and constant initial data. We give an asymptotic expansion for u(x, t) in powers of the distance of x to the boundary. As a consequence we obtain that u grows faster, for short times, near points of the boundary where the mean curvature is bigger.

1 Introduction and description of the results.

Let Ω be a bounded smooth domain in R^N and let φ be a smooth positive function. In this article we are concerned with the behavior near the

∗Supported by Fundacion Andes and FONDECYT grant number 1000625. †Supported by Universidad de Buenos Aires under grant EX046, CONICET (Argentina) and Fundacion Andes.

boundary of the solution of the following problem :

u_t = Δu in Ω × (0, T ), ∂u ∂η = φ(u) on ∂Ω × (0, T ), u(x, 0) ≡ M in Ω. (1.1)

Existence and regularity of solutions to a wide class of parabolic problems, that include the case of (1.1), can be found in [A].

In order to state our result more precisely we need some preliminaries. Let x̄ be a point in ∂Ω. We denote by n̂(x̄) the inner unit normal to ∂Ω at the point x̄. Since the boundary is smooth it is well known that there exists δ > 0 such that the mapping Φ : ∂Ω × [0, δ) → R^N , given by Φ(x̄, s) = x̄ + sn̂(x̄), defines new coordinates (x̄, s) in a neighborhood U of ∂Ω in Ω. With this notation we can regard u as a function of (x̄, s, t) in a neighborhood of ∂Ω × [0, T ].

We state now our result.

Theorem 1.1 Let u be the solution of (1.1) then, with the previous notation, there exist universal functions F_i(s, t), i = 1, 2, 3, such that u(x̄, εs, ε^2t) = M + φ(M)F_1(s, t)ε + (1.2) {φ(M)φ^′(M)F_2(s, t) + φ(M)H(x̄)F_3(s, t)}ε^2 + o(ε^2).

Where H(x̄) = ∑_{N−1} j=1 H_j(x̄) and H_j(x̄) denote the principal curvatures of ∂Ω at x̄. Moreover F_i(s, t) > 0 for i = 1, 2, 3.

Expansion (1.2) gives a precise description of the growth of u near the boundary at short times. In particular, for a given φ it shows that u grows fastest, for small times, near points of the boundary where the mean curvature is maximized. This is a quite natural fact because at points of the boundary where the mean curvature is bigger there is less room for diffusion. Moreover it also shows that the dependence on the curvature is ’linear’.

The idea of the proof of expansion (1.2) is to nest, by means of a comparison argument, the solution of (1.1) between a sub and a supersolution that have the same behavior near the boundary for small times. This idea has been also used in [MS1] and [MS2] to characterize the small time behavior near the boundary in a problem with a noncompatibility between a zero Dirichlet boundary condition and the initial data. We note that our method for constructing the sub and supersolutions are completely different from the ones used in [MS1] and [MS2]. We also note that the results in later cited articles were used in [FSW] to develop a theory of heat equations in weighted Lebesge spaces.

We give now a formal idea of the proof of Theorem 1.1. Fix x̄ ∈ ∂Ω. After a rotation and a translation we can assume that x̄ is the origin and that the tangent space to ∂Ω at x̄ is given by the equation x_N = 0. Moreover we can assume that the coordinates (x_1, ..., x_{N−1}) in x_N = 0 point in the principal directions at x̄. We can also assume that, in a neighborhood of x̄, ∂Ω is given by the equation x_N = h(x_1, ..., x_{N−1}) where h ∈ C^4. For j = 1, ..., N − 1 we set p_j =^{∂h}_{∂xj} .

Since we are interested in the behavior of u near the boundary at short times, we re-scale u by defining u_ε(x̄, s, t) = u(x̄, εs, ε^2t). For ε small, u_ε satisfies

(u_ε)_t = Δ_ε(u_ε) (1.3)

in D = ∂Ω×(0, s_0/ε)×(0, 1) where, as a long but straightforward calculation shows that, Δ_ε(u_ε), when computed in these new variables and evaluated at a point of the form (x̄, s, t), is given by

Δ_ε(u_ε)(x̄, s, t) =

∂^2u_ε ∂s^2 (x̄, s, t) − ε N−1∑ j=1 H_j(x̄) (1 − H_j (x̄)εs) ∂u_ε ∂s (x̄, s, t)+

ε^2 N−1∑ j=1 1 (1 − εsH_j(x̄))^2

∂^2u_ε ∂x^2_j (x̄, s, t)+

ε^3 s N−1∑ i,j=1 1 (1 − εsH_j(x̄))(1 − εsH_i(x̄))^2

∂^2p_j ∂x^2_i ∂u_ε ∂x_j (x̄, s, t). We stress the fact that in this calculation we are evaluating at a point (x̄, s, t) and, the coordinates x_1, ....., x_{N−1} point in the tangent directions to

∂Ω at x̄. This implies that p_j(x̄) = 0 for j = 1, ..., N −1, a fact that simplifies a little the resulting formula.

We note that u_ε also satisfies − ∂u_ε ∂s (x̄, 0, t) = εφ(u_ε(x̄, 0, t)) (1.4) and u_ε(x̄, s, 0) = M. (1.5)

Let now w_ε(x̄, s, t) be the solution of (1.3), (1.4) and (1.5) in D with the following boundary condition at s = s_0/ε,

w_ε(x̄, s_0/ε, t) = M. (1.6)

Formally expanding w_ε in powers of ε in the form

w_ε(x̄, s, t) = M + b(s, t)ε + c(x̄, s, t)ε^2 + o(ε^2) (1.7)

one finds that b and c must satisfy b_t = b_{ss}, −b_s(0, t) = φ(M), b(s, 0) = 0, (1.8)

and c_t = c_{ss} − H(x̄)b_s, −c_s(0, t) = φ^′(M)b(0, t), c(s, 0) = 0. (1.9)

The rest of this article is organized as follows. Section 2 of is devoted to find explicit solutions of problems (1.8) and (1.9). In Section 3 we first follow ideas of [CDE] to construct, based in the functions b and c, sub and super solutions of problem (1.3)-(1.6). Then we use these sub and super solutions to give an actual proof of the expansion (1.7) for w_ε. Finally we show that the expansions for w_ε and u_ε coincide up to second order, proving in this fashion our main result.

2 The functions b and c.

We look for self similar solutions of (1.8) and (1.9), so we define ξ = s/ √ t. In order to find a solution of (1.8) we set b(s, t) = √ t f(ξ) and note that b satisfies (1.8) if and only if f satisfies 1 2 f(ξ) − 1 2 f^′(ξ)ξ = f^{′′}(ξ), (2.1) −f^′(0) = φ(M). Let f_1(ξ) = 1 √ π ∫_{+∞} ξ ∫_{+∞} l e^{− w24} dw dl. It can be checked directly, or otherwise one can mimic the argument for finding the function g below, that f(ξ) = φ(M)f_1(ξ) solves (2.1).

We claim that the function c(x̄, s, t) = t φ^′(M)φ(M) √ π g_1(ξ) + tH(x̄) φ(M) √ π [g_2(ξ) − g_1(ξ)]

where g_1(ξ) = ∫_{+∞} ξ ∫_{+∞} l ∫_{+∞} s e^{− w24} dw ds dl and g_2(ξ) = ∫_{+∞} ξ ∫_{+∞} l ∫_{+∞} s w^2 4 e^{− w24} dw ds dl is a solution of (1.9).

To prove the claim we fix x̄ and we look for solutions of the form t g(ξ). We note that such a function is a solution of (1.9) if g satisfies g(ξ) − 1 2 g^′(ξ)ξ = g^{′′}(ξ) − H(x̄)f^′(ξ), (2.2) −g^′(0) = φ^′(M)f(0).

Since f^{′′′}(ξ) = −^{f(0)}_2 e^{− ξ2}4^ξ_2 , differentiating twice the equation in (2.2), we get − 1 2 g^{′′′}(ξ)ξ = g^{(iv)}(ξ) + H(x̄) f(0) 2 e^{− ξ24} ξ 2 . Integrating the last equation we obtain g^{′′′}(ξ) = −H(x̄) f(0) 2 e^{− ξ24} ξ^2 4 + Ce^{− ξ24} . Hence g(ξ) = H(x̄) f(0) 2 ∫_{+∞} ξ ∫_{+∞} l ∫_{+∞} s e^{− w24} w^2 4 dw ds dl− C ∫_{+∞} ξ ∫_{+∞} l ∫_{+∞} s e^{− w24} dw ds dl. Choosing C such that

g^′(0) = −H(x̄) f(0) 2 ∫_{+∞} 0 ∫_{+∞} l e^{− w24} w^2 4 dw dl+ C ∫_{+∞} 0 ∫_{+∞} l e^{− w24} dw dl = −φ^′(M)f(0) the claim follows after disentangling the notation and observing that g^′_1(0) = g^′_2(0) = −2 and f(0) =^{2φ(M)√}_π .

3 Proof of the main result.

We will construct a super-solution and a sub-solution of (1.3)-(1.6) using the functions b and c already found in Section 2.

By a super-solution, of (1.3)–(1.6) in D = ∂Ω × (0, s_0/ε) × (0, 1), we understand a function w_ε such that

(w_ε)_t ≥ Δ_ε(w_ε) in D, (3.1) − ∂w_ε ∂s (x̄, 0, t) ≥ εφ(w_ε(x̄, 0, t)) ∀x̄ ∈ ∂Ω, ∀t ∈ (0, 1) (3.2) w_ε(x̄, s_0/ε, t) > M ∀x̄ ∈ ∂Ω ∀t ∈ (0, 1) (3.3) and w_ε(x̄, s, 0) > M ∀x̄ ∈ ∂Ω ∀s ∈ (0, s_0/ε). (3.4)

A sub-solution is a function w_ε that satisfies (3.1) to (3.4) with the reversed inequalities.

Now we can state a comparison lemma,

Lemma 3.1 Let w_ε be a super-solution of (1.3)-(1.6), w_ε a sub-solution and w a solution then w_ε < w < w_ε in D.

Proof: Assume, for a contradiction, that w_ε ≤ w at some point. Set z = w_ε − w. Then there exists a point (x̄_0, s_0, t_0) in D such that z(x̄_0, s_0, t_0) = 0 and z(x̄, s, t) > 0 for all t < t_0. As z satisfies (3.1), (x̄_0, s_0, t_0) must belong to the parabolic boundary of D. Moreover, by (3.3) and (3.4) we must have s_0 = 0 and t_0 > 0, but at such a point we have − ∂z ∂s (x̄_0, 0, t_0) ≥ 0

a contradiction with Hopf’s lemma. This proves that w ≤ w_ε. The other inequality is proved similarly. □

The following lemma provides the desired super-solution.

Lemma 3.2 Let 1 < β < α < 2 < γ, then there exists ε_0 such that the function

w_ε(x̄, s, t) = M + εb((1 + ε^α)s, (1 + ε^β)t) + ε^2c(x̄, (1 + ε^α)s, (1 + ε^β)t) + ε^γ

is a super-solution of (1.3)-(1.6) for every ε < ε_0.

Proof: To simplify the notation we set s̃ = (1 + ε^α)s. A straightforward calculation shows that

(w_ε)_t − Δ_ε(w_ε) = ε^{β+1}b_{ss} + ε^{β+2}c_t + ε^2 N−1∑ j=1 ( H_j (x̄) (1 − H_j(x̄)εs̃) − H_j(x̄))b_s +ε^3 N−1∑ j=1 H_j (x̄) (1 − H_j(x̄)εs̃) c_s − ε^4 N−1∑ j=1 1 (1 − εs̃H_j (x̄))^2

∂^2c ∂x^2_j − ε^5 s̃ N−1∑ i,j=1 1 (1 − εs̃H_j(x̄))(1 − εs̃H_i(x̄))^2

∂^2p_j ∂x^2_i ∂c ∂x_j = ε^{β+1}b_{ss} + ε^{β+2}c_t + ε^3 N−1∑ j=1 H^2_j (x̄)s̃ 1 − H_j(x̄)εs̃ b_s +

ε^3 ∑ j=1 √ π^{N−1} H_j (x̄) (1 − H_j(x̄)εs̃) c_s − ε^4 N−1∑ j=1 1 (1 − εs̃H_j (x̄))^2

∂^2c ∂x^2_j − ε^5 s̃ N−1∑ i,j=1 1 (1 − εs̃H_j(x̄))(1 − εs̃H_i(x̄))^2

∂^2p_j ∂x^2_i ∂c ∂x_j . Now using that 1 < β < α < 2, that 0 < t < 1, the explicit formulae for b and c and, the fact that the functions f^′(ξ)/f^{′′}(ξ), g^′(ξ)/f^{′′}(ξ),

∂^2c ∂x_j^2 (x̄, ξ)/f ′′(ξ) and^{∂c}_{∂xj} (x̄, ξ)/f^{′′}(ξ) are bounded, one gets that

(w_ε)_t − Δ_ε(w_ε) = ε^{1+β} f^{′′}(ξ) √ (1 + ε^β)t

(1 + o(1)) ≥ 0

for ε small enough.

Next we check the boundary conditions. One has

−(w_ε)_s(x̄, 0, t) = εφ(w_ε)(x̄, 0, t) − ε^3( φ^{′′}(θ) 2 (b + εc)^2 − φ^′(M)c)(x̄, 0, t)+

+ε^{α+1}(φ(M) + εφ^′(M)b)(x̄, 0, t) + ε^{γ+1}φ^′(ξ), for some θ, ξ such that M < θ < M + εb + ε^2c + ε^γ and M + εb + ε^2c < ξ < M + εb + ε^2c + ε^γ .

Since 1 < α < 2 and γ > 2 we get that −ε^3(φ^{′′}(θ)(b + εc)^2 − φ^′(M)c)(x̄, 0, t) + ε^{α+1}(φ(M) + εφ^′(M)b)(x̄, 0, t)+ ε^{γ+1}φ^′(ξ) ≥ 0, and hence −(w_ε)_s(x̄, 0, t) ≥ εφ(w_ε)(x̄, 0, t) for ε small enough.

Moreover, it is clear that w_ε(x̄, s_0/ε, t) > M and w_ε(x̄, s, 0) > M. The lemma is proved. □

The same arguments of the proof of the previous lemma allow us to prove the following result whose proof we omit.

Lemma 3.3 Let 1 < β < α < 2 < γ, then there exists ε_0 such that the function w_ε(l, s, t) = M + εb((1 − ε^α)s, (1 − ε^β)t) + ε^2c(x̄, (1 − ε^α)s, (1 − ε^β)t) − ε^γ is a sub-solution of (1.3)-(1.6) for every ε < ε_0.

With these two lemmas we are ready to prove Theorem 1.1. Proof of Theorem 1.1 :

We note that w_ε and w_ε have the same expansion in powers of ε up to second order, namely M + b(s, t)ε + c(x̄, s, t)ε^2 + o(ε^2). Moreover, by a comparison argument in D (see Lemma 3.1), we have w_ε(x̄, s, t) ≤ w_ε(x̄, s, t) ≤ w_ε(x̄, s, t) if ε is small enough. Consequently w_ε(x̄, s, t) = M + b(s, t)ε + c(x̄, s, t)ε^2 + o(ε^2). So, in order to finish the proof we have to check that the expansions in powers of ε of w_ε and u_ε coincide up to order two. To see this let us define v = u_ε − w_ε ε^2 . We note that v ≥ 0 and satisfies v_t = Δ_εv in ∂Ω × [0, s_0/ε] × (0, 1), (3.5)

− ∂v ∂s (x̄, 0, t) ≤ Kv(x̄, 0, t), v(x̄, s, 0) = 0, (3.6) where K is a constant that depends on the values of φ^′ near M. Moreover we claim that there exists a function A(ε) with A(ε) → 0 as ε → 0 such that 0 ≤ v(x̄, s_0/ε, t) ≤ A(ε) for all x̄ ∈ ∂Ω and all t ∈ (0, 1). (3.7)

To prove the claim let z be the solution of z_t = Δz in Ω × (0, 1), ∂z ∂η = φ(z) on ∂Ω × (0, 1),

with an initial condition, z_0, constructed as follows. Let G : R → R be a C^3 function such that G ≥ M, G(s) = M if s ≥ s_0/2 and −G^′(0) = φ(G(0)). Now we define z_0(x̄, s) = G(s) for s < s_0 and z_0 ≡ M elsewhere in Ω. This z_0 verifies ∂z_0 ∂η = φ(z_0).

Under this compatibility condition it was proved in [A] that z has continuous derivatives up to t = 0. See also [ChFQ] and [LGMW].

Now by a comparison argument, 0 ≤ u(x̄, s_0, ε^2t) − M ε^2 ≤ z(x̄, s_0, ε^2t) − M ε^2 and the claim follows by the continuity of z_t in Ω × [0, 1].

It can be directly checked that the function v(s, t) = e^{4K2t}(1+e^{−2Ks})A(ε) is a super solution of (3.5)-(3.7), therefore, for ε sufficiently small

0 ≤ v(x̄, s, t) ≤ 2e^{4K2} A(ε) in ∂Ω × [0, s_0/ε] × [0, 1].

Therefore w_ε and u_ε have the same expansion in powers of ε up to second order and, consequently, we have proved (1.2) with F_1(s, t) = √ tf_1(s/ √ t), F_2(s, t) = t √ π g_1(s/ √ t), and F_3(s, t) = t √ π [g_2(s/ √ t) − g_1(s/ √ t)]. Finally it is clear that F_1 > 0 and F_2 > 0. Moreover F_3 satisfies (F_3)_t = (F_3)_{ss} − f^′_1, (F_3)_s(0, t) ≡ 0 and F_3(s, 0) ≡ 0. Hence, as f^′_1 < 0, it follows that F_3 > 0. This ends the proof of the theorem. □

References

[A] H. Amann. Parabolic evolution equations ans nonlinera boundary conditions. J. Diff. Equations 72, (1988), 201-269.

[CDE] C. Cortazar, M. del Pino and M. Elgueta. On the short-time behavior of the free boundary of a porous medium equation. Duke Jour. of Math. Vol. 87 No. 1, (1997), 133-149.

[FSW] M. Fila, Ph. Souplet and F. B. Weissler, Linear and nonlinear heat equations in L^q_δ spaces ans universal bounds for global solutions. Preprint Univ. de Versailles - Saint Quentin 40, (2000). To appear in Math. Ann.

[MS1] Y. Martel and Ph. Souplet. Estimations optimales en temps petit et près de la frontière pour les solutions de lèquation de la chaleur aver donnèes non compatibles. C. R. Acad. Sci. Paris, Sèrie I, 327, (1998), 575-580.

[MS2] Y. Martel and Ph. Souplet. Small time boundary behaviour for parabolic equations with noncompatible data. J. Math. Pures et Appliquèes 79, (2000), 603-632.

[ChFQ] M. Chipot, M. Fila and P. Quittner. Stationary solutions, blow up and convergence to stationary solutions for semilinear parabolic equations with nonlinear boundary conditions. Acta Math. Univ. Comenianae. Vol. LX, 1(1991), 35-103.

[LGMW] J. Lopez Gomez, V. Marquez and N. Wolanski. Blow-up results and localization of blow-up points for the heat equation with a nonlinear boundary condition. Jour. Diff. Eq. vol 92(2). (1991) 384–401.