THE LIMIT AS p — +oco OF THE FIRST EIGENVALUE FOR
THE p-LAPLACIAN WITH MIXED DIRICHLET AND
ROBIN BOUNDARY CONDITIONS.

JULIO D. ROSSI AND NICOLAS SAINTIER

ABSTRACT. We analyze the behaviour as p — oo of the first eigenvalue
of the p—Laplacian with mixed boundary conditions of Dirichlet-Robin
type. We find a nontrivial limit that we associate to a variational prin-
ciple involving L°°-norms. Moreover, we provide a geometrical charac-
terization of the limit value as well as a description of it using optimal
mass transportation techniques. Owur results interpolate between the
pure Dirichlet case and the mixed Dirichlet-Neumann case.

1. INTRODUCTION AND DESCRIPTION OF THE MAIN RESULTS

Let U C R™ be a smooth, bounded, open and connected set. In order to
consider mixed boundary conditions, we split the boundary of U as OU =
'y UTg, with Ty NTy = () and |T'1| > 0. In this paper we deal with the first
eigenvalue, that we will call A,, of the p-Laplacian with Dirichlet condition
on I'; and Robin condition on I'y namely the smallest A such that there is a
nontrivial solution to the following problem,

—Apu = AuP~2u in U,
(1) u=0 on I'y,
|VuP=20,u + o |ulP~2u = 0 on I'y.

Here « is a non-negative parameter. Notice that when o = 400, the bound-
ary condition become u = 0 in all U (a pure Dirichlet condition) and when
a = 0 we have a mixed Dirichlet-Neumann boundary condition.

Our main goal is to compute the limit as p — oo of this problem and look
at its dependence on the parameter a.

To start our analysis we remark that )\, has the following variational
formulation:

@) A= inf {/ yvu|P+aP/ ul?  u e W), ull ey = 1}
UGXp U Ty

where WI};p(U) = {u € WHP(U), u = 0 on I‘l}. Note that the infimum is

attained since we assumed that |[I';| > 0. Also notice that if we regard A,
as a function of a, o € [0, +00) = Ap(a), then A\,(«) is non-decreasing with
limg— 400 Ap = Ap,p the first Dirichlet eigenvalue for the p—Laplacian in U.
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We expect the limit problem of (2) as p — oo to be

Ao = inf max { |Vl ey, allull oy }
) WEWE (), ull oo ) =1, 420 " "

where WE;OO(U) = {u € WH(U), u = 0 on Fl}. Notice that when we let
a — 400 in (3) with I'1 = QU we obtain

lim Ao(a) =Ao,p = inf |Vull g
a=-too " T wewE W), Jull oo =1 w
that is the first eigenvalue of the infinity Laplacian, Asu = DuD?*uDu with
Dirichlet boundary conditions. This value, A p, turns out to be the limit
of (A\p.p)"/? as p — o0, see [14]. Our first result says that this kind of limit
can be also computed for any nonnegative a.

Theorem 1. There holds that
lim (Ap)YP = Ay

p—r+o00
Moreover the positive, normalized extremals for Ay, u, converge uniformly in

U along subsequences pj — 00 to u € X which is a minimizer for (3) and a
viscosity solution to

min {|Du| — Aoott, —Asou} =0 in U,
u=20 on I'y,
min{|Du| — au,; —0,u} =0 on Ts.

Our next goal is to characterize this limit value Ao. The value of A
results of the interplay between «, the geometry of U and the sets I'1, I's.
We consider the (possibly empty) set

A= {m cU,d(x,Tq) >
Notice that if A # () then the set
_ 1
/ Pp— [ —
A= {x eU,d(z,I'1) = - + d(m,Fg)}

é+d@mg}

is also not empty. Indeed the function f(z) = X + d(z,T'2) — d(z,T) is
continuous, less or equal to 0 on .4, and greater or equal to 0 if d(z,T'1) << 1
(we are using here the fact that U is connected to apply the mean value
theorem). Our next result gives a geometrical characterization of A.
Theorem 2. [t holds that
) 1

min ,
@) o= AT |

min 4————— = min +—————,

e A i d(:c, Fg) ze A 5+ d(a:, Fg)

if A=10,

if A# 0.

Notice that when o = 400, which corresponds to pure Dirichlet boundary
conditions on the whole OU, then A = A’ = () and we recover the result of
[14], A\l = A;D = max, g d(z,0U). In the case of Neumann boundary
conditions i.e. I't = 0 and o = 0 then A = ) and d(z,T'1) = d(z,0) = +o0
for any € U so that A\oc = 0 which is consistent with the fact the 1st
eigenvalue of A, with Neumann boundary conditions is 0.
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We will first give a simple proof in the case where U is convex by using
a test-function argument based proof which we were not able to extend to
the general case. In fact the result for a arbitrary connected domain will be
a consequence of an optimal mass transport formulation of Ay, that we now
introduce.

To continue our analysis we have to recall some notions and notations from
optimal mass transport theory. Recall that the Monge-Kantorovich distance
Wi(u,v) between two probability measures p and v over U is defined by

5 Wilp,v) = max v(du — dv).
2 W)= e Wllooél/U (=)
Recently the authors in [7] relate Ao p with the Monge-Kantorovich distance
Wi. They proved that
6 Aty = max Wi(u, P(OU
(6) p= max Wi P(2U))
where P(U) and P(OU) denotes the set of probability measures over U and
OU. Notice that the maximum is easily seen to be reached at &, where x € U
is a most inner point.

In our case we are also able to give a characterization for A\ in terms of
a maximization problem involving W; but this time we get an extra term
involving the total variation of a measure on I's.

Theorem 3. It holds that

1 1
- inf —v(I'g) ¢.
Q Aoo ag?()(gf) VE}DI%(?U) {Wl (o,v) + ay( 2)}

Moreover, the measures ug_l dx weakly converge (up to a subsequence) as
p — +00 to a probability measure fo which attains the maximum in (7).

Notice that when o = +o00, which corresponds to Dirichlet boundary
conditions, then we recover the result of [7], who showed that (6) holds.

As a corollary of this characterization in terms of optimal transportation,
we can extend the result stated in Theorem 2 for the value of Ay, to the case
where U is not convex. We prefer to present our results in this order (even if
Theorem 2 is not initially proved in its full generality) for readability of the
whole paper (the proof of Theorem 2 in the convex case is much simpler).

Let us end the introduction with a brief description of the previous bibli-
ography and the main ideas and techniques used to prove our results. First,
as by now classical results, we mention that the limit as p — oo of the first
eigenvalue A, p of the p-Laplacian with Dirichlet boundary condition was
studied in [15], [14] (see also [4] for an anisotropic version). For its depen-
dence with respect to the domain we refer to [17]. The limit operator that
appears here, the infinity-Laplacian is given by the limit as p — oo of the
p—Laplacian, in the sense that solutions to A,v, = 0 with a Dirichlet data
vp = f on 0N converge as p — oo to the solution to Agv = 0 with v = f
on 02 in the viscosity sense (see 2], [5] and [8]). This operator appears
naturally when one considers absolutely minimizing Lipschitz extensions in
Q of a boundary data f (see [1], [2], and [13]).
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The case of a Steklov boundary condition (here the eigenvalue appears
in the boundary condition) has also been investigated recently. Indeed in
[11] (see also [16] for a slightly different problem) it is studied the behaviour
as p — 400 of the so-called variational eigenvalues M\, g, k& > 1, of the
p-Laplacian with a Steklov boundary condition. In particular it is proved
that

2
MPg=1 and dpeosi= lim AP

I ~ diam(U, R")
1m p—+o00 2,p,8 dlam(U, Rn) 7

p——+oo
where here diam(U, R") denotes the diameter of U for the usual Euclidean
distance in R™.

For pure Neumann eigenvalues, we quote [10] and [19]. In those references
it is considered the limit for the second eigenvalue (the first one is zero). It is
proved that in this case Ay := limy,_, 4 )\Zlg/p = 2/diam(U), where diam(U)
denotes the diameter of U with respect to the geodesic distance in U. In
addition, the regularity of Ao as a function of the domain U is studied in
[19] and in [10] it is proved that there are no nonzero eigenvalues below Ay,
so that Ao is indeed the first nontrivial eigenvalue for the infinity-Laplacian
with Neumann boundary conditions.

Concerning ideas and methods used in the proofs we use classical varia-
tional ideas to obtain the limit of ()\p)l/ P and viscosity techniques and to
find the limit PDE problem we use viscosity techniques as in [14]| (we re-
fer to [8] for the definition of a viscosity solution). The characterization of
Aso given in Theorem 2 follows using cones as test functions in the varia-
tional formulation. Finally, mass transport techniques (we refer to [20]) and
gamma-convergence of functionals are used to show the more general char-
acterization of Ao given in Theorem 3, see 7] and [19] for similar arguments
in different contexts.

The paper is organized as follows. In Section 2 we deal with the limit
as p — oo and prove Theorem 1. in Section 3 we prove Theorem 2 that
characterizes A\ in geometrical terms in the cases of a convex domain U.
In Section 4 we use optimal transport ideas to obtain Theorem 3. As a
corollary, we eventually prove Theorem 2 for a general connected domain in
the last section.

2. PROOF OF THEOREM 1
For the proof of Theorem 1 we will use the following lemma.

Lemma 1. For any f,g € L*°(U) there holds

1
pE{rﬂoo (HfHLP(U) + ”g”LP(U)>; = maX{||f||L°°(U)7 HQHLOO(U)}'
Proof. The result is a direct consequence of the inequalities
maX{Hszzp(U), HQHZ)(U)}
< ”inp(U) + Hg”ip(U)

< 2max{|\f\|i,,(U), ||9||1£@(U)}'
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In fact, from the previous inequalities, we get

pgffoomax{HfHLp(U)a ||g||LP(U)} 1

< lim_ (HfHLp )+ lglzew))”

< pl{{f 2 max {|| fll o), 19/l o) }-

We conclude using that

lim HfHLP = ”f”L"O(U)

p—+00
and
hm ||9||LP(U) = HQHLOO(U

Now let us proceed with the proof of Theorem 1.

Proof of Theorem 1. Let u € X then u € N,X,. From the variational char-
acterization of A\, we have

1
()\p>1/p§ 1(/ \Vu]p—i—ozp/ ’u‘p> /P.
[ell oy N Ju )

Hence, using the previous Lemma we get
lim sup(%)'/# < max { [ Vull o0, allull oy }
p—00

for any u € X. Therefore, we conclude that

lim sup()\p)l/p < Ao

p—o0

In addition, we get that, for u, an eigenfunction associated to A, in X, it
holds that
lim sup [|Vuy || pr ) < Ao

PpP—00
Therefore, we have that {u,} is uniformly bounded (independently of p) in
WP(U). Then, for any fixed ¢ we obtain
p—q
[Vup|l Loy < IVupllprn U] @ < C

with C independent of p. Hence, by a diagonal procedure, we can extract a
subsequence p; — oo such that

upj—>u

uniformly in U and weakly in every W4(U), ¢ € N. This limit u verifies
that

bp—q 1
IVl oy < hmsup < | Vupll Loy < hmsup |Vupllo@n|U| o < Aoo|U|
p—
and then we get

[Vl oo ) < Aco-

Moreover, we have

» p—q\ 1/P p—q\ 1/p
allupllzars) < (@lupll ey T2l "7 ) < (ATl ")
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then

1
allull ar,) < hmjup a[upl| Lary) < hmjup allupllpary) < AoolT2|
pP—00 pP—00

and we conclude that
allul|Leo(ry) < Aco-
Hence
masc {[|Vull o), allulloers) } < A
Now, we only have to observe that form the uniform convergence we get that

u € X, and then we conclude that u is a minimizer of (3). In addition, our
previous calculations show that

1
< Tim 1
Aoo < ll})Ig})rolf()\p)P.

Now, concerning the equation verified by the limit of u,, u, we have that,
from the fact that u, are viscosity solutions to Ayu = A\,|u[P~2u and that

(Ap) /P converges to A we conclude as in [14] that the limit u is a viscosity
solution to

min {|Du| — Aoott, —Asou} = 0.
That = 0 on I'y is immediate from uniform convergence in U and the
fact that u, verify the same condition.
On I'y we have
|Vu|P~20,u + o [ulP~u = 0,
therefore, passing to the limit in the viscosity sense as done in [12] we obtain
min{|Du| — au,; —d,u} = 0.
This ends the proof. O
3. PROOF OF THEOREM 2 FOR CONVEX DOMAINS.

Along this section we assume that U is convex.

Proof of Theorem 2. Using the variational characterization (3) proved in the
previous section, we estimate A\, from above by using as test-function a
truncated cone of the form

u(z) = <1 —alzr — xo\)+

where @ > 0 and z¢ € U. Then

1
=0onTl iff >
u on I'y i a> (20 T1)
IVull oo 0y = @,
and [ul Loo (ry) = (1 - ad(xo,Fg))+

It follows that

Ao < inf max {a, a[l — ad(zo,'2)]+}
where the infimum is taken over all the 29 € U and a > 0 such that a >
1/d(zp,T'1). Examining the two possibilities for the max, we obtain easily
the upper bound for A\.
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To prove the lower bound we argue as follows: for any xo € U, and any
Lipschitz function v € X with u(xg) = 1, we have

12 [lullzmqey 2 (1~ [ Vullod(eo.T2) ) |
Thus
> i oo — 0
Aoo_lnfmaX{HVuHL (U),a<1 1Vl (U)d(aro,PQ))+}

where the infimum is taken over all u € W1H*°(U) such that v = 0 in Ty,

||UHLOO(U) = 1 and [[Vullpee@) > m for any zp € {u = 1}. From

this point the argument conclude as for the previous case just analyzing the
possibilities for the max. U
4. PROOF OF THEOREM 3

The proof follows the lines of [7] (see also [19] for the pure Neumann
boundary case).

We begin rewriting the variational formulation (2) of A, as

1 = sup {/ ulP : w € WEP(U) st / \vu|1’+ap/ ufP = Ap}.
U U Ty

We are thus lead to consider the functions G, : C(U) x M(U) — R, p > 1,
defined by

—/vda if v e WrP(U), / [VolP +a? [ |ulP < AL,
U T

Gp(v,0) = and o € ¥ (U) e lo]? <1,
400 otherwise
Notice that the pair (u,, ug_l dx) is an extremal for G, so that min G, = —1.

Indeed for any admissible pair (v,0) € Wé;p (U) x LY (U), we have
—1/p PP p\'/?
~Gy(v.0) = | vo < |olpllolly <X 7( [ [Tol+ar [ o)
U U s

glz/ug
U

(we used succesively Holder’s inequality, the definition of A\, and the fact
that v is admissible). In view of Lemma 1, we introduce the formal limit

functional G : C(U) x M(U) — R of the G, by

—/vda ifve Wllioo(U), max{|| V||, V|| oo (ry) } < Moo,

Goo(v,0) = and |o|(0) <1,

+00 otherwise.

The convergence of the functionals G, to G can be justified using the
notion of I'-convergence. Recall that a sequence of functionals F,, : X —
[0, +00] defined over a metric space X is said to I'-converge to a functional
Fo : X — [0, 400] if the following two conditions hold:
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e for every z € X and every sequence (x,), C X converging to x,
F(z) < liminf F(z,),
and
e for any = € X, there exists a sequence (z,), C X converging to x
such that F(z) > limsup F(z,).
An easy but important consequence of the definition, that we will use later,
is the fact that if z, is a minimizer of F;, then every cluster point of the
sequence (x,) is a minimizer of Fy. We refer e.g. to [6] and [9] for a
detailed account on I'-convergence.

Proposition 4.1. The functionals G, I'-converge as p — +00 to Gu.

Proof. The proof is very similar to |7] (see also [19] for the pure Neumann
boundary case). We briefly sketch it for the reader’s convenience.

Assume that (vp, 0,) € C(U)x M (U) converge to (v, ). We have to prove
that
(8) liminf Gp(vp,0p) > G(v,0).

p—+00

We can assume that Gp(vp, o)) < co. Then we have

/Upapdx—/vda:/(vp—v)apd:v+/U(apdx—do)—>0
U U U U

as p — +0o. Indeed the first integral on the right hand side can be bounded
1
by [[vp — v||lsc|lop|lp |U|P = o(1). Independently

[ 1ot = [ lopldz + o1) < loplly|UTF + o(1) < 1+ o(1)
U U

so that [ |o] < 1. Moreover taking limit in allvy| e,y < Ap yields

al[v]| oo (ry) < Ao Eventually, for any ¢ € LP (U,R™) such that o]y <1
we have

/[]¢Vvdx:—/UvdiV¢dm:—/vadiv¢d:c+0(1):/U¢vadac+o(1)

< [Vopllp +0(1) < A +0(1) = A +o(1),

where the o(1) does not depend on ¢. Taking the supremum over all such ¢
we obtain [|[Vv|, < As + 0(1), so that ||Vv||ec < Aso. It follows that (v,0)
is admissible for G.

We now fix a pair (v,0) admissible for Go,. We have to find some pair
(vp, op) admissible for G, which converges to (v, o) and such that

limsup Gp(vp, 0p) < Goo(v, 0).
p——+o00

We define )
P
vy = Ap - 0.
Ao (U] +[T2]) 7
Then v, € WHP(U), v, — v uniformly, and [, [Vu, [P + o Jr, [opP < Ap.
In order to define o, by regularizing o by convolution, we first need to
adjust a little. Let 77 be the unit inner normal vector to U that we extend
in a smooth way to R” with compact support in a neighborhood of OU. We
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consider T. : U — Use := {x € U, dist(z,0U > 2¢} defined by T.(z) = = +
2¢fi. Let 0. = T.fo be the push-forward of o by T: ie. [ fdo. = [ foT.do
for any f € C(Us). Oberve that supp 0. C Us. and also that [|o.| <1

since
/|05| = sup /(]ﬁda6 = sup /qSoTEdU
oMl oo (g, ) <1 ¢l oo () <1
< /d|a| <1
Moreover

Oc = 0 weakly in the sense of measure.
Indeed for any ¢ € C(U),

’/qﬁdag—/qﬁda‘ g/)¢(:c+2gﬁ)—¢(x)’da(a:) — o(1)

since the integrand goes to 0 uniformly in # € U. Denote by p. the usual
mollifying functions (i.e. pe(z) = e "p(x/e) where p is a smooth function
compactly supported in the unit ball of R with [ p =1). Then

pex 0. — 0. —0 weakly in the sense of measure

This follows from the fact that [|¢ % pe — ¢|| (1) — 0 for any ¢ € C(U).
Hence

(9) Pe k0 — 0O weakly in the sense of measure.
We now regularize o, considering
Ge :=0:% pe € C°(U)

with

Pe
[ pe Il ’
Then | pe||,y — 1 since ||pe|y = 5_”/p||p\|p/ — |lpelli = 1. It then follows
that 6. — o. Moreover ¢, is admissible for G, since, by Holder inequality
and recalling (9),

Pe 1= e=1/p.

/ % ’ ’ Ll
oty < ([1oel)™ [ aeta =) dodionlto) = ety ( [ 1) <1

It follows that (o.,vp) is admissible for G}, and converge to (v, o). As before
we have Gp(vp, o) = Goo(v,0). O

Recall that from Theorem 1, u, converge in C(U) up to a subsequence to
some Us, € C(U), ||ulloc = 1. Moreover, up to a subsequence, the measures
uﬁfl dx converge weakly to some probability measure 0. Indeed since U is
compact, it suffices, according to Prokhorov theorem, to show that

lim ug_l dx = 1.
p—~+oo Ji7

This follows from
/U W dr < Jup | U[YP 1
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and, for p > n,

1 :/ug_lupdw < ||up||oo/u§_1 de = (1—1—0(1))/u§_1 dx.
U U U

As a consequence of the I'-convergence of G, to G and the fact that
(up, uﬁ_l dx) is a minimizer of G, we obtain that (us, 0o) is @ minimizer of
Goo With Goo(Uso, 0oc) = limy, 4 oo Gp(up,ug_1 dr) = —1. Since 04, € P(U)
and u is an extremal for Ay, we can thus write

1’
1 = max { vdo;v € W™ (U),

max{[|Volloo, al[vl[ Lo (ry) } = Aco,

oe P(U)}
ie.
At = max { vdojv € Wllfo(U),
(10) max{[|V|[o, al|v]| Loe(ry) } = 1,

o P(U)}

An appoximation argument shows that we can replace W;;OO(U ) by CHU)N

Cr,(U) where Cr,(U) ={ue C{U) :u=0o0nTI4}.

Proposition 4.2. Given v € Wr™(U), max{||Vlos, 0| oy} < 1,
there exist v, € CY(U) N Cr,(U), max{||Vug|so, allvgl poe(ry)} < 1, such
that v, — v uniformly in U.

Proof. The proof uses ideas from [7]. We first extend v in a neighborhood of
OU by antisymmetric reflection across QU so that the extended function v is
Lipschitz with [|[V7|lec = ||[VV|lec < 1. We then apply the same method as
in [7] consisting in introducing the function 0.(t) = (t — sgn(t)e)l}y>. and
then regularizing 6. o ¥ by convolution with the usual mollifying functions.
Observe that [|[V(0: 0 9)]|cc < |[VD|loo < 1 and that 6. o o = 0 in the e-
neighborhood {z € R", dist(x,I'1) < €} of I'y since v is 1-Lipschitz. Note
also that [0(t)| = (|t| — €)1jy>. so that on I'y, |6 0 9| < (o' — ). Hence
|6- o 9| < a~! in the e-neighborhood of T'y. It follows from these three
comments that the regularizing of 0, o v is adequate. (]

Denoting by Res: C(U) — C(I'y) the restriction operator, Au = Vu the
derivation operator with domain C'(U), and B(R) the closed ball of radius

R centered at 0 in C(U), B = B(1), we can rewrite (10) as

| {(0:0) = (xi1j) © Res)(w) = (x 0 A)(w)
o =  max max
0 ceP(U)ueC(U) _XCpl ) (u)}
Recalling the definition of the Legendre transform, we eventually obtain
1 *
(11) p Ugllg%) ((XB(l/a) o Res) + (xp ° A) + Xcr, (U)) ().

The inf-convolution fOg of two proper lower semi-continuous (Isc) convex

functions f,g: E — R (E denotes a normed space - we will take E = C(U)
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here) is defined by (f O g)(z) = infycg f(y) + g(x — y). This operation is
commutative and associative. Moreover f g is a proper lsc convex function
with domain Dom(f) + Dom(g), and its Legendre transform is (f O g)* =
f*+ ¢*. Eventually, if 0 belongs to the interior of Dom(f) — Dom(g) then
(f+9)" = f*Og* (see [18][section3.9 p42]). This last assumption is trivially
satisfied here since any neigborhood of 0 in C(U) is contained in C*(U) +

c(0).
We can thus rewrite (11) as
]' * * *
Sl nglf(%) ((XB(I/a) oRes)"O(xpoA)" O chl(U)> (o)
(12) = max inf (X1/) © Res) (1) + (i © A" (112) + X, 0 (19) )

where the inf is taken over all triple of measures pq,u2, us € M(U) such
that ¢ = p1 + p2 + p3. To pursue further we need to compute the various
Legendre transforms involved in this expression. This is the content of the
next proposition.

Proposition 4.3. There holds for u € M(U),

) o ={S,, Treen
and
(xpoA)(y) = inf {/U|o—| o€ M(UR") st —divo = in D'(R"))
(1) _ {Wl(ﬂ—i_vﬂ_).@‘fﬂ(ﬁ) =0,
+o00 otherwise.
Moreover,

Liul(Ty)  if supp p C Ty
400 otherwise.

(15)  (XB(1/a) © Res)" (1) = {

Proof. These computations are more or less classical. We sketch them here
for the reader’s convenience.

First, the definition of the Legendre transform gives

Xer, () = sup (1,u) = xop, @) (W)
ueC(U)

(16) = sup / udp

uweC(U),u=0 on 'y /U

from which we deduce (13).

We now prove (14). The second equality in (14) is well-known. It remains
to prove the first one. We recall the following result concerning the Legendre
transform: if £ and F are two normed space, L : E — F linear with
domain Dom(L) and f: E — R is convex, consider the function (LF)(y) =
inf{f(z) : ® € Dom(L) s.t. Lv = y}, y € F. Then Lf is convex with
(Lf)* = f* o L* in the domain Dom(L*) of the adjoint L* : F* — E* of L.
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Notice that the adjoint A* : M(U) — M(U) of A is defined by A*u =
—div g in the weak sense (i.e. (A*,u7 u) = (u,Vu) = [Vudp for any
u € Dom(A) = CY(U)) with domain Dom(A*) = {u € M(U), —div pu €
Mp(R™)}.

In a similar way as in (16), it can be seen that x5(c) = [ |a\ so that
the inf in (14) can be written as (A*x})(x). Then takmg f=xp L=A"
and noticing that xp is convex lsc (because B is convex and closed), so
that x37 = xB, we obtain xp o A** = (A*x3)*. Observe that A** = A on
Dom(A) so that xpo A = (A*x3)* on Dom(A).

Observe that A*x7j, which is the r.h.s of (14), is Isc for the weak conver-
gence (and thus also for the strong i.e. total variation convergence) in the
sense that if p,, u € M(U) verify u, — p weakly then

lim inf (A"XB) (1n) = (A"XB) ().

n——+o0o
Indeed we can assume that (A*x%)(un) < Cste. Then taking o, € M(U,R"™)
s.t. —div oy = pp, and A*x%(n) = [ Jon| +0(1), we have [ |o,| < C. Then
applying Prokhorov theorem to o7 and o~, we have, up to a subsequence,
that o, — o weakly. In partlcular —div o = p and liminf, , o [ |0y >
[ o] > (A*x%)(0) from which we deduce the result.

We thus have that A*x} is convex Isc so that A*xj = (A*x3)**. Hence
(xp o A)* = A*x}; which is exactly (14).

The proof of (15) is similar. We have as before that for any p € M(U)
(XB(1/a) © Res)" (1) = (Res" X1 /a)) (1) = Inf{X}(1/a)) (@) : Res™(0) = u}
with Res : C(U) — C(T2) and Res* : C(T2)* = M(T'y) — C(U)* M(U)
is given by

(Res™(0),v) = (0, Res(v)) = (0,vr,) = /F vdo

for any o € C(T'2)*, v € C(U). Moreover xp(1/q) : C(T'2) = R and for any
S C(FQ)*,

XB(1/ay(0) = sup (0,v) = XB(1/a)(v) = sup / vdo
UEC(FQ) UEC(FQ),H’UHLOO(FQ)SI/(X I'y

1
= — sup /vdo
@ veC(Ta),[|v]|Loo(ry) <1 /T2

1
= — [ |of
(6% Iy

Thus
(XB(1/a) © Res)* ()
1 _
= inf{— lo|: 0 € C(T'2)" s.t. / udo = / udp for all u € C(U)}.
@ Jry 'y U

Consider an admissible measure o. Then for any A C U,

U(AﬂFg):/1“21Ad0:/UlAd,u:,u(A).
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It follows that there cannot exists A C U\I'y s.t. u(A) # 0i.e. supp pu C Ta.
and then o = pu. Hence (xp(1/q) © Res)*(n) = L14(T5) if supp p C T
Otherwise there does not exist any admissible o and the inf is +oo. U

Using the previous proposition, we can rewrite (16) as
1

1
™ s in (xm 0 A)"(k2) + —[m|(T2),

where the inf is taken over all triple of measures pu,pg, us € M(U) such
that o = py + 2 + p3, supp p3 C I't, supp p1 C I'a, po(U) = 0. Letting
v = p1+p3 = o — pg, we have [ |[(T2) = [v|(T'2) = v (T2) +v~ (') since
and u3 have disjoint support. Moreover, since pus(U) =01ie. (6 +v~)(U) =
v (U), we have

(xB o A)(n2) = (xpoA)(c—v)
= in ol:o 7. R") st. —divd=(c4+v")—v" in D'(R"
- f{/UH e M(U,R") s.t. —d (0 +v7) D(R)}

= Wilo+v,vt).

We thus obtain

1
— = max

1 1
inf W, T )+ v () + —v(T).
Aoo aeP(U)ueM(Bl}?u(aU):l o +vir )+ozy ( 2)+aV (I2)

To conclude the proof of (7), it suffices to verify that the inf can be taken
over non-negative v. This is a consequence of the following Proposition:

Proposition 4.4. For any o € P(U),

inf Wi(o +vi,v2) = inf  Wi(o,v).
V1,V2€M+(8U),VQ(@U):V1(8U)+1 veP(oU)

The proof of this lemma is based on the following lemma:
Lemma 2. Consider probability measures p., p € P(R™) such that
lim W1 (ME? M) = Oa
e—0
and a subset A C P(R™) compact w.r.t the convergence in distance Wy. Then
lime_,0 W1 (pe, A) = Wi(u, A) where Wi (p, A) = inf,ca Wi(u,v).

Observe that the compactness assumption is satisfied for A = P(K) where
K C R" is compact in view of Prokhorov theorem and the fact that W;
metrizes the weak convergence in P(K) (because K is bounded).

Proof of lemma 2. Consider v5 € A s.t. limg_,o W1 (vs, u) = Wi(u, A). Then
passing to the limit in Wy (ue, A) < Wi (pe, vs) yields limsup,_,o Wi (pe, A) <
Wi (p, vs) for any 0, so that limsup,_,o Wi(pe, A) < Wi(u, A).

To prove the opposite inequality we consider v, € A such that Wi (pe, ve) =
Wi (pee, A) + o(1). Since A is compact, we can assume up to a subsequence
that there exists v € A s.t. Wi(ve,v) — 0. Since Wi (e, p) — 0, we obtain

lim Wi (pe, A) = lim Wi (pe, ve) = Walp,v) = Wi(p, A)
e—0 e—0
which ends the proof of the lemma. O

We now prove Proposition 4.4.
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Proof of Proposition 4.4. The < inequality is clear (take v; = 0). To prove
the opposite inequality, we first assume that supp o C U. Given any vy, 2,

any transfer plan 7 € II(o + v1,1v2) (i.e. 7 € P(U) has marginals o + v and
v9) can be written as

T™T=m+T, T E H(O’, 172), T € H(Vl,ljg)

for some decomposition vy = Uy + Dy with Dy, 9 € M4 (0U), 12(0U) = 1,
2(0U) = v1(0U). It follows that

Witotmm) = it [ iy dnte)
nell(o+v1,v %

_ inf / d(x, y) d7(z, )

vo=bo+o, T€l(0, D), TEl(v1,02) JTx T

+ / d(e,y) dr(z,y)

UxU
inf  Wi(o,m9) + Wi(v1,in)

vo=v2+U2

Vv

Then
inf Wi(o + vi,1vs)
V1,2 6M+(8U), V2(8U)=I/1 (8U)+1

> inf Wl(O', 172) +W1(l/1,172)

y1,uzeM+(aU),lzgizaU)=ul(aU)+1 Vo=Dn+77a
which is clearly greater or equal than infy,c p(srr) Wi(o, 72). This proves the
> inequality when supp ¢ C U.

In the general case we have supp o C U. We consider o, = T.fo the push-
forward of o under T.(x) = = — el where 7 denote some smooth extension
of the unit exterior normal to a neighborhood of QU. Then supp o. C U so
that

inf Wl(UE—I-Vl,VQ) :Wl(UE,P(aU)).
V1 w2 € My (U, v (dU ) =1 (U +1
To pass to the limit as € — 0, we use Lemma 2. Just notice that 0. — o
weakly as measure i.e. Wi(oe,0) — 0 since U is bounded, and A = P(9U)
is compact for the weak convergence. We then have Wi(o., P(OU)) —
Wi(o, P(OU)). Observe also that the first part of the proof of Proposition
4.4, which does not use the compactness assumption, yields

lim sup inf Wi(oe + v1,12)
e—0 1/1,V2€M+(8U),VQ(aU)Zul(aU)+l

< inf Wi (O’ + 1, 1/2).
I/1,IJ2€]\4+((9U)7 VQ(&U)ZVl(aU)+1

The result follows. O

To end the proof of theorem 3, we verifiy that the max in (7) is attained

by foo, the weak limit as p — 400 of the measures f, = uﬁ_l dz (which
exists up to a subsequence). Notice that u, is the unique minimizer of the

functional F, : Wi (U) — R defined by

1 aP
Fu:/Vup—l—/ ul? — (fp,u).
) = [ vur e 5 [ = ()
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Indeed the associated Euler-Lagrange equation, which has a unique solution
since I}, is strictly convex, is the equation Ayu = A, f, with the boundary
conditions of (1), which admits u, as a solution.

Writing F), as

we can prove, as in P_’roposwlon 4.1, that Fp F—converge as p — +oo to the
functionnal Fi, : C(U) — R defined by
~(foorw), if u € WEP(U), [ Vullos < Ao,
Fyo(u) = and a[ul| peory) < Ao
~+00 otherwise.
Since )
inf F, = F(up) = — — 1,
p
we obtain that
Foo(us) = inf Foo = lim inf F), =

p—+oo
Hence
—1= min{ — (foo, ) + XB(1/a) (W, /Aeo) + XB(VU/As0) + XCFI(U)(U)}7

ie.

1 .
= mm{ = (foor u) + XB(1/a) () + XB(VU) + Xop (0) (U)},

Then

>
8 —

N T e {(foo, u) = XB(1/a) (Ur,) — XxB(Vu) — XC(U)}

= <(XB(1/a) o Res) + (xpoA)+ XCFI(U)> (foo)-
Since foo € P(OU), we obtain in view of (11) that f is extremal in (7).

5. PROOF OF THEOREM 2 FOR CONNECTED DOMAINS.

Let ¢(o,v) = Wi(o,v) + 2v(Iy), o,v € P(U). Since W} is convex in
(0,v) (see e.g. [20][thm. 4.8]), we see that ¢ is convex. It easily follows that
the function ®(o) = inf,cpor) ¢(o,v), 0 € P(U) is also convex. Indeed
given 01,09 € P(U) and any vy,vs € P(U), we have

O(tor + (1 —t)oa) < é(tor + (1 —t)oa, tvr + (1 —t)1e)
< tg(on,v1) + (1 —t)o(o2,12).
The result follows taking the infimum in vy, vs.

Since ® is convex, it attains its maximum at an extreme point of the
comvex compact P(U) i.e. at some Dirac mass d,, € U:

1 1
= inf Wi (6, —v(T9).
o~ max inf L Wil0e,v) + Jv(T)

It is well-known that W1 (0., v) = [5d(x,y)dv(y) for any « € U. This
follows from the fact that the unique 7 € P(U x U) with marginals d, and
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vism = d; ®v. Indeed such a 7 must have support in {z} X suppv so that
forany A BCU, m1(AxB)=0=(0,®v)(Ax B)ifz ¢ A, and if z € A,

7(Ax B) = n({z} x B) = (X x B) = v(B) = (8, ® v)(A x B).

Given z € U, we consider 1 € I'; and xo € I'y such that d(z,T;) =
d(r,x;), i = 1,2. We write v € P(OU) as v = v1 + vo where v; = yp,,

i =1,2. Then
Wi(Sav) = /8 e dty) = [ dwyant) + [ dey) )

> d(:]:, Pl)ljl (Fl) + d(a:, FQ)VQ (FQ)

= Wl(5$17552?1 + (1 - 5)5.’172)’
where 8 = v1(I'1). We thus have

1 . 1-p
P rfeagognéfglﬁd(% 1) + (1 = Bd(z,T2) + —.

We deduce theorem 2 noticing that for any z € U, the inf in 3 is

d(z,T2) + 1 if d(z,T1) —d(z,T2) =2 >0 ie z€A
d(xz,T1) otherwise.
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