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Abstract
We study the p-fractional optimal design problem under volume constraint taking special care of the
case when p is large, obtaining in the limit a free boundary problem modeled by the Holder Infinity
Laplacian operator. A necessary and sufficient condition is imposed in order to obtain the uniqueness of
solutions to the limiting problem, and, under such condition, we find precisely the optimal configuration
for the limit problem. We also prove the optimal regularity (locally C%*) for any limiting solution. Fi-
nally, we establish some geometric properties for solutions and their free boundaries.
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1 Introduction

In the modern mathematical theory of optimization an Optimal Design Problem under a volume con-
straint can be described as follows: Let Q C RY be a smooth and bounded domain and 0 < a < £LV(Q) a
fixed quantity. For example, one can think about the quantity of insulating material/substance to be used
in the best insulation configuration for a “body” with prescribed volume. The problem is to find a best
configuration & C Q such that minimizes a cost functional associated to a quantitative process (a mapping
u), under the prescription of the maximum volume to be used, in others words,

min {Jgfuz] | uz: Q- Ry, EC Qsuchthat0 < LY(E) < a},

where in several situations of applied mathematics the variational functional Jq[uz] has an integral rep-
resentation, whose involved functions are linked to the competing configuration Z via a prescribed PDE.
Notice that some examples of such minimization problems come from the calculus of variations and opti-
mal control theory: In elliptic PDEs (eigenvalue problems with geometric constraints, shape optimization
problems with constrained perimeter or volume), optimal design of semiconductor devices and problems
in structural optimization, just to mention a few.

Concerning optimization problems with volume constraints the pioneering work is the paper [1]], where

2dx with prescribed volume of the set Z = {u = 0}. By considering

the authors minimize Jq[vz] = / [Vvz
Ja

the minimization problem

min {/ Audx | 0<u€H'(Q), Au=0in {u>0}NQ, u=gon QQandLN({u>O}ﬂQ)§a},
Q

*Universidad de Buenos Aires. FCEyN, Department of Mathematics. Ciudad Universitaria-Pabellén I-(C1428EGA) - Buenos
Aires, Argentina. E-mail address: jrossi@dm.uba.ar and Jjdasilva@dm.uba.ar



FREE BOUNDARY PROBLEMS WITH FRACTIONAL p—LAPLACIANS 2

in [2] it is studied the shape optimization problem in heat conduction (u is the temperature in Q) with
non-constant prescribed temperature distribution g. The nonlinear counterpart for such optimal design
problems, under non-constant temperature distribution, have been developed in [23] and [24]]. On the
other hand, optimal design problems governed by degenerate/singular quasi-linear operators just have
appeared recently in the literature. Independently, [7] and [18] treated the p-Laplacian case, whose cost

functional is Jo [vz] = / |Vvz|Pdx with prescribed volume of set & = {u > 0} (cf. [25] for other consider-

ations about nonlinear problems in rough inhomogeneous media governed by degenerate elliptic operators
L[u] = div(2(x, Vu)) of p-Laplacian type). The previous overview summarizes the mathematical journey
in the local setting.

Recently, the study of optimal design problems driven by fractional diffusion operators was successfully
developed. The starting point of this research has been the following minimization problem

(1.1)
0P 5.2 (N - N N ¢
mm{/RN/RN = y|N+2S dxdy‘uEW' R, u=¢9inD®CcRYand LY({u>0}ND)=a ;.

Recall that, minimizers to (I.I) satisfy

(1.2) (—A)’u(x) :==Cns.P.V. o Wdy 0 in {u>0}nND,
where (—A)* is the well-known Fractional Laplacian operator, s € (0,1), P.V. means the Cauchy principal
value and Cy ; is a normalizing constant.

In [26] the authors investigated the variational formulation of problem (I.2)) and strongly rely on the ex-
tension formula by Caffarelli-Silvestre (based on the Dirichlet-to-Neumann operator) given in [11]. More-
over, inspired by devices and results that comes from [9]] they were able to obtain optimal regularity of
minimizers (C** regularity estimates), the s-Holder growth away from the free boundary and the positive
density of {u > 0} and {u = 0} along the free boundary. Particularly, this implies that blow-up limits
have non-trivial free boundaries and that free boundaries can not form cusps (cf. [9] for a survey to Alt-
Caffarelli’s theory for one-phase problems in the non-local setting).

Those previous studies are the starting point for the present work in the setting of fractional diffusion
operators with p-Laplacian structure. Thus, let us consider the minimizing problem for the p-fractional en-
ergy with a positive data g prescribed outside Q and a restriction on the maximum volume of the support of
the involved functions inside Q. From a mathematical point of view we consider the optimization problem:

(B3 £la] = min{[v]wy,p(RN) |lvews? (RY),v=ginR¥\Qand L ({v >0} NQ) < Ot} .

Physically speaking, taking into account long-range interactions a model for the problem becomes more
accurate when governed by nonlocal operator such as the p-fractional Laplacian.

Existence of a minimizer follows easily by the direct method in calculus of variations. Moreover, recall
that any minimizer u, is a solution to the following Dirichlet problem driven by fractional p-Laplacian
operator

(1.3) {(ARN);MP(X) = 0 in {u>0}NQ

up(x) = glx) on BV\Q,

where

—up ()72 (up (y) — up (x)) dy.

s |up(y)
(_ARN);“ (%) :=Cn,s,p- PV/ lx — y|N+ps

In the present paper, we are interested in the asymptotic behavior, as p — oo, of optimal shapes to
problem (@) The limiting configurations for p — e have been inspired by the work of the first author in
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the local setting, see [20]] for details. Analytical and geometric features of a limiting free boundary reveals
asymptotic information on the optimal design problem @) Motivated by formal considerations, we are
led to consider the following limiting configuration:

, . v(y) —v(x oo .
(PL) £5[a] =min{ sup |(|y)|()| |lvew™™ (RY),v=¢ginRV\Qand LN ({v>0}NQ) <
X,y RN xX=y
"
We prove here that any sequence of minimizers u, to converges, up to a subsequence, to a solution
Us. of the limiting problemBS] Furthermore, we find the associated equation that u., verifies in its positivity
region, QF := {u., > 0} NQ, that is,

Uoo (V) —Uoo(X) . Uoo(Y) — Uoo(X .
— L, U] (x) :=— | sup (|x)—|“'()+ 1an(|)_s() =0 in QFf,
yeRN y yeR X—=Yy

where L[] is the Holder Infinity Laplacian operator. For this reason, we have the fact that u. is an
extremal for the nonlocal Holder extension problem. We will show that u., is a minimizer for the Holder
norm within its positivity region. This means, it minimizes the Holder quotient in every sub-domain of Q;
when testing against functions with the same boundary data (cf. [12] and [15]]). Therefore, u.. is a Holder-
infinity harmonic function in its positivity region. These information are present in the first theorem in this

paper.

Theorem 1.1. Let u, be a minimizer to (P,). Then, up to a subsequence,
Up —> U AS P —> 00,

uniformly in Q and weakly in W*(Q) for all 1 < q < oo, where u., minimizes (BL). Furthermore, the
extremal values also converge
gla] — £.[a] as p— oo

Finally, the limit u. fulfils
=L [u](x) =0 in {uw >0}NQ,

in the viscosity sense.

We also studied uniqueness of the solution to the limit problem (note that when we have uniqueness of
the limit we have convergence of u, not only along subsequences). Here the key is a geometric compati-
bility condition on the data,

(Comp. Assump.) a< LN U B nnQ

1
yeRM\Q 8(y) )
[g]CO”‘(RN \Q)

We observe that when g is constant, then is satisfied. This condition

turns out to be necessary and sufficient to obtain uniqueness of solutions to the limit problem.

Theorem 1.2. Let v, be given by

vo(x) = sup () =5 —yI')

RM\Q +
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1. Assume that holds. Let $)! be the unique positive number such that
of =
Uz,
YERM\Q ( 9t )

Then v, is the unique minimizer for (B).
2. On the other hand, assume that (Comp. Assump.) does not hold. Then there exists infinitely many

minimizers for (BL). Moreover, v is the least (or minimal) solution, in the following sense ve.(x) <
U (X) in Q for any other minimizer u.. to (B, and verifies

LG)NQ fulfils LN(Qﬁ)za.

{ve>01NQ= ] Byy(NQ fulfils L"({ve>0}NQ)<a.
YERN\Q LY

Now, we state some properties of the limits of u,,. In the next result we don’t assume (Comp. Assump.).
Theorem 1.3. Let ve, a uniform limit as p — oo of u,. Then the following properties hold:
1. C%° regularity for minimizers. v.. is uniformly s-Holder continuous in Q.

2. Strong non-degeneracy for minimizers. v., is strongly non-degenerate of order s, i.e., there exists
a constant ¢ = ¢(N,s) > 0 such that for any fixed point xg € {ve > 0} NQ there holds

SUp Veo(x) > cr'.
Br(x())

3. Uniform lower positive density. Lez xo € {ve. > 0} NQ be an interior point. There exists a constant
¢o = ¢o(N,s) > 0 such that for every r < 1 there holds

LN({VOO >0}NB(xg)) > C()I'N.
4. Harnack inequality for minimizers in a touching ball. Lez xy € {v. > 0} NQ be an interior point
and 0 := dist(xp, d{ve > 0}). Then,

SUP Veo(x) <€ inf veo(x)
Bz (x0) Bra (x0)

for a universal constant € > 0 and for any 0 < T < 1.

5. Uniform non-degeneracy for minimizers v., grows with an s-rate away from the free boundary,
i.e., for a constant ¢ = ¢(N,s) > there holds

Voo (X) > cdist(x,d{ve > 0})° V€ {ve >0} NQ.
Let us also mention that we have convergence of the positivity sets (in the sense that the measure of the

symmetric difference goes to zero as p — o) and also convergence of the null sets. For the proof of this
result we use some of the regularity properties obtained in Theorem|1.3

Theorem 1.4. Let v, be a sequence of minimizers to @) If for some subsequence, denoted by v, yet,
Vp = Veo uniformly in Q and weakly in W*4(Q) for all 1 < g < oo, being ve a solution to (B)), then

lim LN ({v, > 0} A{ve > 0}) =0.
,’) (o<}
Moreover, the null sets verify

int({uo = 0}) C liminf{u, = 0} C limsup{u, =0} C {u. =0}.
p—ree p—roo
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With the same ideas used here one can also deal with the following two optimal design problems:

e . N
() Lla] = min 3, (RY,Q),
LN ((v>01nQ)<a

with 1
—v(x)|? lg(y) —v(x)|” ’
s RN Q) = / Md d / = dxd
Sp[v]( ) ) (Q Q [y—x[Ntsp xay + RM\Q JQ [y — x|Vtsp Ay
and
(%)) Slol= ,min, &;b(@UD.Q),
LN ((v>01nQ)<a
with

1
s lv(y v(x)]” v
v (QUD,Q) (// o x|N+sp dxdy +/ Iy x|N+sp 189) = VO 4ay)” .

Note that in (217)) and in (B7) we do not need to ask that the exterior datum g is in W*” (RM). In fact, it
is enough that there is an extension ug :  — R such that the two integrals that define §), and &, are finite.
We will briefly comment on the limit as p — oo for these minimizations problems in the last section of this
paper.

Let us end this introduction with a brief survey on recent references concerning limits as p — oo in
different p—Laplacian type problems. It has been well established (cf. [5]) that for a non-negative function
g, the corresponding weak solutions (local problem) for the p-Laplacian

(1.4) —Apup(x) = 0 in Q
' up(x) = gx) on 9IQ
converge for a limiting function u.., which fulfils in the viscosity sense the following problem
—Ato(x) = 0 in Q
Uo(x) = g(x) on 9Q,

where Ao, v(x) := Dv! - DvD?v is the well known Infinity-Laplacian operator, which is associated to AMLE,
Absolutely Minimizing Lipschitz Extension, a concept was introduced by G. Aronsson in the end of sixties.
(cf. [3).

The nonlocal counterpart of the problem (I.4)), related to the fractional p-Laplacian operator is given of
the following form

—(~Aa),up(x) = 0 in Q
up(x) = g(x) on 9Q

and has been studied by Chambolle ef al in [12]]. They proved that the limiting problem as p — oo is given
by
=L [us)(x) = 0 in Q
Uo(x) = g(x) on dJQ,

Recall that if g € C%*(9Q) then u.. is said to be the Optimal Hélder extension to Q of the Holder boundary
data g, in the following sense:

s B=0) =] lg0) ()]
xyEQ |x =y xyEIQ |x =
x#y x#y
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For this reason, the operator £, is called the Holder Infinity Laplacian. Moreover, in [6] it is obtained the
best Holder extension of a function g defined in RV \ Q. Such a extension is related to solubility of the
Dirichlet problem driven by the Infinity Fractional Laplacian. Notice that such an operator arises from a
nonlocal and non-variational approach (more precisely from Tug-of-War game theory), different from the
variational treatment, see [12]]. Furthermore, recently the Holder Infinity Laplacian have also appeared in
[L5], where it is studied the behaviour of solutions as p — oo of the following Dirichlet problem

(Al = flow) in @
(15 { pup(x) = gx) on RN\ Q.

Regarding free boundary problems, the strategy of passing the limit as p — oo in p-variational problems
in order to obtain a non-variational limiting configuration (a problem governed by the Infinity-Laplacian
operator) has been successful in many contexts of the current literature: In Bernoulli type problems [17]],
optimal design problems [20], obstacle type problems [21]] (See also [19] for a free boundary problem in
the context of Tug-of-War games and [22] for a limiting free boundary problem in the two-phases setting).
Furthermore, such approach allows us to use several technical features of the corresponding p-sequential
problems to their limiting points, via uniform convergence. Optimal regularity estimates, weak geometric
and measure-theoretic properties are some of these obtained features, just to mention a few. Finally, we
highlight that in this article, such a strategy will also play a key role in our approach in order to study some
properties of minimizers of the limiting minimizing problem [B7}

Finally, for similar free boundary problems in the local case, that is, when we consider the p-energy

P - i . Gl
/Q|Vu| instead of p-fractional energy / /]RN — x|N+51’

nonlocal case treated here some subtle differences appear. For instance, the singular kernel £(x,y) = |x —
y|~(V+Ps) yields a significant obstacle when one looks for a bound for the family (Up)p 7o in the WS4
topology for all 1 < g < e. On the other hand, we will follow ideas from [20] when we obtain the necessary
condition that is used to pass to the limit as p — oo in order to obtain the uniqueness and characterization

——————dxdy we refer to [20]. Remark that in the

of limiting profile. In contrast with the local case, there is no uniform in p estimates for the free boundary.
Hence the properties of the free boundary of the limit problem and the convergence as p — o of the free
boundaries in the non-local case are based in completely different arguments.

The paper is organized as follows: in Section 2] we collect some preliminary results that will be used
latter; in Section 3] we show how to pass to the limit as p — oo and deal with the uniqueness of solutions
to the limit problem (Theorem [I.2)), we also include some examples in which the limit solution can be
computed explicitly; in Section ] we collect the proofs of the properties of the limit problem stated in
Theorem|[I.3|and we include here the proof of the convergence of the positivity and null sets, Theorem [T.4}
finally, in Section [5 we include some remarks on possible extensions of our results.

2 Preliminaries

From now on we establish the functional framework for our problem. For 0 < s < 1 and 1 < p < oo the
fractional Sobolev spaces W*? (RY) is defined as

WP (RY) = {ueLP(RN) |L|‘() |“< all ELP(RNXRN)}
y—x|?

whose corresponding norm is given by

=

e [ A
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where

1
._ x)[P v
[l (RY) == (/RN /RN ly— x|N+SP Ty —aper XAy

is the so-called Gagliardo semi-norm. Furthermore, the fractional Sobolev space W*=(RY) is defined as
follows
W=(RY) = {u e L”(RY): “(|y)”|(’“) € L(RV x RN)} ,
y—x
endorsed with the norm

u(y) —u(x)

l[llyseo ey == llul] o= vy +
Wee=(RY) L=(RY) ly—x[*

L (RN xRN)

For the sake of simplicity in notation, it is convenient to designate s = y — %. Consequently, Y must
satisfy that yp > N and y— % < 1 in order to ensure that s € (0, 1).
Finally, for @ C RY a smooth domain we define

N
\ ._ PNy . o _ N
W;P(Q) = {MEWSP(R ): s_y—;andu—gonR \Q}

Recall that W*?(R") is a Banach space, interpolated between L” (RY) and W'»(RN) (cf. [13]). More-
over, in order to recover LP(RY) and W!'*(R¥) as s — 0 and s — 1 respectively, we must consider the
norm (cf. [8]]):

ey = [ vy 50 =)l )|
For a complete study about Fractional Sobolev spaces (without the use of interpolation theory) we recom-
mend the survey [13]].
In the following we specify the notions of solutions which we will use throughout this article. For a

fixed value of 1 < p < oo we consider weak solutions. On the other hand, in the limiting setting, as p — oo,
we will use the concept of viscosity solutions.

Definition 2.1 (Weak solution). u € W; P(Q) is said a weak subsolution (resp. supersolution) to (T:3)
provided

v ugginRN\Q;
v Forall 0 < ¢ € Wy”(Q) holds

p 2 —u\x
3 o, )2 y) ety <0 (esp. 20)

Finally, we say that u is a weak solution to (I.3)) if it is simultaneously u is a weak supersolution and weak
subsolution.

Definition 2.2 (Viscosity solution). A upper (resp. lower) semi-continuous function u such that u < g in
RV \ Q is said a viscosity subsolution (resp. supersolution) to (T.3) if whenever xp € Q and ¢ € Cé(]RN )
such that

v u(xo) = ¢(x0);
v u(x) < @(x) for x # xp then
_/ [9() — 9 (x0) "> (9(y) — ¢(x0))
RN

|y —x|NFep

dy <0 (resp. >0)
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Finally, a continuous function u is a viscosity solution to (I.3) if it is simultaneously u is a viscosity
supersolution and a viscosity subsolution.

Concerning general theory of viscosity solutions to integro-differential equations with singular kernels
we refer the reader to Barles-Imbert’s survey, [4].

Recall that the fractional Sobolev space W*?(RV) embeds, for sufficiently large exponent p, into the
Holder-continuous functions (cf. [[L3]]). Such a result will play an important role in order to pass to the limit
in our problem.

Theorem 2.3 (Holder embedding). Let 0 <s <1, sp >N and y=s5— %. Then, for any u € WP (RN)
there exists a positive constant ¢ = ¢(N, p,s) such that

||u||CO:V(]RN) < C~H”||WS~P(RN)-

The next result plays a key role in order to deduce the limiting operator as p — oo in our optimization
problem.

Lemma 2.4 ([15) Lemma 6.1]). Let ¢ be a test function and x,, — x as p — oo. Then

Ap(@(xp)) = (£2) " [@l(x0) and B p((xp)) = —(£2) [¢](x0),

where

b

] [90) — 0(,)1"2(9(y) ~ 9(xp))
A (o)) = [, T PR ay

%,,,l(q)(xp)):/ [90) =) I"2 (9 () = @(xp))-

JRN |y—xp|')/17

- o oo (V) — Uoo(X0)

L3)T[0](x0) := sup ———— 22 and L) [0](x) := inf ————7T—=,
(£2) gl = sup == (£2) lgl(ao) = imt =
The next result ensures that continuous weak solutions to (1.5) are also viscosity solutions.

Lemma 2.5 ([15] Lemma 3.9] and [16])). Let f(x,u) be a continuous function such that f(x,-) is nonde-
creasing. Let u € W;’p(Q) be a weak solution to (I.3) and yp > N. If u is continuous then it is a viscosity
solution.

Remark 2.6. Notice that if yp > 2N then we can remove the continuity assumption in Lemma[2.5] because
Theorem [2.3]says that under this hypothesis « is a continuous function.

3 Main results. Proof of Theorems 1.1 and 1.2

Before proving our main result, let us present the notion of Optimal s-Hélder extension which plays an
important role in our studies of optimal design problems in fractional diffusion.

Definition 3.1. We say that v, € W5=(R") is an optimal s-Holder extension to g : R¥ \ Q — R provided
v geCO(RN\Q);
vV ve=ginRV\Q;
V' [elcos@ny < [g]cosriq), Where the previous s-Holder semi-norm is defined as follows

o) — o)
w 5 = Ssup ——
(@lcosio) = sup

xy

for any w € C°(0) with & C RV,
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Now, we can proceed with the proof of Theorem T.1]

Proof of Theorem[I1] Let us consider an s-Holder extension of g, which we will denominate by v,, among
all functions in the class

(3.1) HE={oeWw=[R")| p=4¢, inR¥\Q, LN ({9 >0}NQ) < a}.

Since u,, is a minimizer to @) then

|up(y) —up(x / /
d dy < d d
/RN /RN |y x‘}’ﬂ Y= RN JRN |y x")’l’ Y

for all test functions v in the class
AP ={peW?PR")| p=g, inR"\Q, L"({p>0}NQ)<a}.

Note that v, competes in the minimization problem @) Consequently, by using v, as a test function in
problem (P},) we obtain, the following

/ / |MP Mp d dy / / |Vg Vg )‘ dx dy
RN JRN |y x‘?’l’ RN JRN ‘y leP

Therefore,

1
Jup(y) —up(x)|” ) ( Ve (y) = v (x)|” )p
(3.2) (/IRN /RN ly — x| dxdy /]RN /RN |y —x[?? BT

Furthermore, it holds that

l
Ve (y) —ve(¥)[” ’
(3.3) (/RN/RN g T xf;p dxdy e[vg]co,s(RN) as  p —» oo,

Now our aim is to show that u, — u. in the W*4 weak topology, forall 1 < g <o and s =y — %. To
this end, fix 1 < g < oo such that p > g > 1. Now, let us define

S = sup [up(y) —up(x)].
x,yERN

Such a quantity is well defined, because according to Holder embedding, Theorem 2.3 we obtain for p
large enough that

1 [ve(¥) — v (x)|” P
4 g\ 8
||up||co,o(n,s)(RN) < E(N,s)[14]P (/RN/RN x| s dx dy)

S o(V.s) sup M s pose
x,yeRN |y _x|
x#y

Hence, Arzeld-Ascoli Theorem, as well as the fact that up, =gin RN\ ©Q, ensures us that, up to a subse-
quence,

lgn up(z) = Uo(z) uniformly in RV,
p {=S]

Moreover, as u, = g in RN \ Q, the limit fulfills
oo € CO(RN), with ||tteo]| ;= ®v) < ¢(N,s) sup () = v ()] and 4. =ginRV\ Q.

xyeRN |y - x|s
Xy
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Now, we consider the set
Vy:={yeRY : dist(», Q)" < &}.

Since
A ETAETRNY GO EPE R MU ET N
x,yeRN ‘y_x| xeQ.yeRN |y—x| xyeRN\Q ‘y_x|
XAy XAy XAy

by virtue of (3.2) and (3.3)), we just need to analyze the first supremum. In addiction, by Fatou’s Lemma,

we have 1
() — ()] ( [ [ =t —etor, dy),,
reogerh [y —xP g RV Iy— IW

sup
x#y
Jup () —up ()T N
< lim liminf // 1Y) = 1y O )
g—ro0 p—roo RN |y x|7q

Thus, we can re-write the fractional p-energy functional in the following way

// |up(y) —up(x ddy // |up(y) —up(x ddy+// |up(y) —up(x)[? ) = up T )i,
RN y x| Yq Vy y x| Yq RN\Vy y x| Yq
Applying Holder inequality for the first integral we get
| X)) | DIPWAY:
up(y) —up(x // up(y) —up(x > N r=q
———————dxd ————————dxd LY(QxV,)) P
//Vy ly— xp/q y ( v, by xlyp y | (L%( Y))
q
|Vg Vg )| g N 1-4

Now, analyzing the second integral we obtain

// |#p () = up O 4
BNV, [y x|

IN

IN

IN

1
q
G} / / |yfx|quXdy

Q |x—y|7>6&

N-vq
S v
Yq—N
G%LN(Q)LNA(SNA)

Yq—N '

= &1LV Q) NS

Therefore, the sequence (u,),>0 is uniformly bounded in the W*9-topology, and its weak limit as p — oo,
verifies

‘uoo )l 1 q N G%LN(Q)LNfl(SNfl)
(/ /RN = XIY" ddy) < | Delcosgn) £7(Qx Vi) + Yg—N

Finally, taking ¢ — oo and performing a standard diagonal argument, we obtain a subsequence, which we
will be still labelled as u),, that converges weakly in every W*4 (RM),for1 < g<ooands=7y— %, to a limit
U € WS=(RN) such that

p [=0) =1l ) )]
x,yeRN |.X - y| x,yeRN |y - ‘x‘
x#£y xX#y

for all functions v that belong to the set 7.} given in (3.1).
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Let us now estimate the Lebesgue measure of {ue. > 0} N Q. Fix an € > 0. Thanks to the uniform
convergence, for p large enough, there holds

{too(x) > €} NQ C {up(x) >0} NQ.
Hence
LY ({ue > €} NQ) < LY ({u, >0}NQ) <,
and we conclude that

LV {ue >0} NQ) = lin}]LN({uw >e}lnQ) <a.
E—

Therefore, we have proved that u., is an extremal for the limit problem (3..)).
We proved that there exists a subsequence of solutions i), to @ such that u,, — u. uniformly as
pr — oo. It remains to prove that u.. verifies

—L U] (x) =0 in {1 >0}NQ

in the viscosity sense. To prove this fact, we argue as follows: let xo € {u. >0} NQ and x, — xy be a
sequence of minima for the positive functions u, — ¢ and such that

Y(x) = ttea (x) — @(x) >0

achieves a strictly minimum at xo (for a test function ¢). According to Lemma[2.3] for p sufficiently large,
we have

— [ (9(xp)) = B (9(x))] >0

point-wisely (because u,(x,) > 0 and u), is a viscosity solution to (I.5) in {u, > 0} NQ for f = 0). There-
fore,

B,(0(xp)) > Ap(@(xp))

and by using Lemma 2.4 we obtain after passing the limit as p — oo the following
—(£5) " [0](x0) = (£2)"[9l(x0) = —Li[9](x0) > 0.

The last one says us that u.. is a viscosity supersolution for the Holder Infinity Laplacian. Similarly we can
prove that u.. is a viscosity supersolution. O

Theorem 3.2 (Characterization of minimizers and their optimal sets). Assume that
holds, and let $* be the unique positive number such that

(3.4) Q= (J B

L0)NQ fulfils LN (Qﬁ) —a.
yERNM\Q

8

y
i

Then v, given as

~Live] = 0 in QF
Ve(x) = g(x) on RN\Q
Veo(x) = 0 on 9IQFNQ

is the unique minimizer for . Therefore, if v, minimizes li then v, — Ve as p — oo uniformly in
and weakly in W*4(Q) for all 1 < q < oo and also the extremal values converge £P — £ = $* as p — oo,
Furthermore, v is given explicitly by the formula,

Voo(X) = sup gy—f)ﬁx—y“' .
<>RN\Q(<> —l")
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Proof. First of all, notice that due to assumption [Comp. Assump|
[lcosmr) < 9.

Now, Theorem [T.T] assures the existence of at least one minimizer v., for problem (P%). Next, for each
point z € d{v. > 0} NQ we have due to s-Holder regularity of v that

8() = Voo () = Vo (2) < Vel cos iy ly =2 Vy e R¥\ Q.

Consequently,

(3.5 U B

()N C {ve >0} NQ.
YERN\Q 8(y)
["w]c{),x (RN)

©

In particular, this means that

N _ N
(3.6) Iy U BM%(y)ﬁQ =a>L U B 1()NQ
yERN\Q ( ° ) YERN\Q ( 80) >
"‘X’]CO,S (RN)
Moreover,
(3.7) Vool cos vy > 9.
Now, letting
Q= B nQ
U () 1)
,VERN\Q 9
we observe that V.. given by
~Li[P] = 0 in Qf
w = g on RN\Q
o = 0 on 9dQ'NQ
is a competitor function for the minimization problem EBL). Hence,
[Voo]co,s(RN) < [‘,}\OO]CO.S(RN)-
Now, consider the following barrier function ©, : RN — R, given by
0,(v):= sup (s0)-Hh—l") .

yERM\Q
where we have extended g in an s-Holder way in Q. We affirm that
(O] cosmv) = H.
First of all, let us show that [@g]co.x(RN) < $3f. Without loss of generality select x1,x; € RY and assume that
0 < Oy(x1) < Og(x2).
Now, let £1, %, € RN\ Q such that

O, (xi) = g(&) — HFlx; —&° for i=1,2.
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Notice that from the definition of @y it follows that
O (x1) > g(%2) — H|x) — 2.
For this fact and by using that |- |* is a distance function we get that
Oy (x2) — O (x1) < 5 (It — 2" — 2 — £2f") < 51 — .

Hence, this implies that [@,] Cos () < 9t

Now, let us verify the reverse inequality. Given £ € Q, there exists (x;)reny C RV \ Q such that
O, (£) = lim g(x;) — H|% —xc*.
k—>o0

Consequently,
msup @200 = O) 1 g(w) = O (9)
ko0 B—xil koo [y

:ﬁﬁv

which assures that [O,] COs (BN > 6.
In what follows, we will check that Gg satisfies the boundary conditions. From its definition it is im-

mediate that
©,=0 on 9O

Moreover, we claim that

(3.8) gx) = sup (g(y) —fJ’jlx—yls)

yeRN\Q +

In fact, arguing by contradiction, we assume that (3.8) is not satisfied. This would imply there exist points
z,w € RN\ Q such that
Hlz—w| < g(x) —g(w),
which implies that
9 < [glcos@na)-

However, this contradicts the assumption (Comp. Assump.).

Next, we will check that ®, has the same contour conditions as v... Once we verified it, we know that
3.9 [VOQ]COJ(RN) < [(’Dg]co‘s(]RN) < .V_)ﬁ.

Our next aim is to show that

vo(x) = sup (g(y) —H lx—yl°
(x) yeRN\Q(() =yl)

Indeed, assuming that this does not hold, then there exists £ such that
V' Veo(R) < Oy (%)
By considering quotients involving £ and points in R \ Q, we conclude that
[Voo]co,s(RN) > S’:)j Z [@g]co.s<RN),
which is clearly a contradiction, because ®, competes with v.. in the limit optimization problem.

Therefore, both functions have the same positivity set, because
LV (v >0}NQ) = o = LV ({0, >0} NQ)

and one set is included into the other.
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V' Orve(£) > Og(X).
In this case, by comparing quotients defining the s-Holder constant with £ and points on the boundary
of the positivity set, we obtain

[Veocos (mV) > 9 > [Oglcosmn)
which contradicts the fact that v., is optimal for the limit optimization problem.

Finally, we conclude the proof by combining (3.5), , (3.7), (3.9) and the fact that v, and ®, are
Holder infinity harmonic in QF with the same boundary data. O

Example 3.3. Let us explore the relationship between the ot-volume of the optimal set QF := {ue > 0}NQ
and the corresponding constants 0 < s < 1 and $F.

1. Consider 0 < rp < r <R, Q= B, (0) C R? and g(x) = Byr(0)\5,(0) 1Dus is not to hard to see that

{u.>0}NB.(0)= |J

B gmemwﬂ.
Y€5,(0) [ (5)

Consequently,

1 2
1\* 1\
=L2(Qf) = y |22 TN (1
oao=20 (Q>—£/ (Bro(o)) L (B,_(ﬁl)dl(o)> —7L'|f”0 r +2r<ﬁn> (f)ﬁ) ]
Finally, Hi = ﬁﬁ(ro,r,s, a) = %
(r— nron—a>

2. Now, let us take 0 < r < R, the domain Q = B,(0) C R? and the function g : R*\ B, — R™ given by
g(y) = (R*> — [y|?)*.. Then, it holds that

{ua>0}nB0)= |J |B PENIOLLA0
y€dB,(0) ( = )

Moreover,

o = L2 ({ue >0} NB,(0)) = L*(B,(0)) - L | B <(R2 2)>1(0)
r— ;ﬁr AN
(szrz)s % (szrz)s %
-7 ”( G > ( G )

s
2 2
Therefore, $* = H*(R,r,s,a) = <1f/’27> )

Remark 3.4. Concerning the optimal set Qf an interesting question appears: what should be the (topologi-
cal, geometrical or analytical) condition under g or Q in order to the centers of the balls in (3.4) belong to

0Q, ie.,
Q'=|JB

(y)NnQ.
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To answer this question we argue as follows: Fix z € RV \ Q and let y € dQ such that |z — y| = dist(z, Q).
It

1 1 1
(Geom. Assump.) ’g(z)? —g)5 | < ()5 Jz—y|
then
f— :
Q LJ B(@)%(y)ﬂgc U B(M)%(y)ﬁQCQ.
YERN\Q »E yeaQ f

Example 3.5. Let us present some examples in order to explore how the previous geometric condition

behave.

2

—r

S
1. If Q= B,(0) C R? and g(y) = e~*IF then §? = H(r,5,a) = (u) .

F1/ &

2. If Q = B,(0) C R? and g(y) = |y|* then $f = H(r,5, ) = () .

re/ ﬂrzn—a
3. IfQ=B,(0) C R’ and g: R\ B,(0) — R is a radial s-Holder function fulfilling
then
8(r)

5.
3/4nr3 —3a

Particularly, if g(y) = ¢o-X(g3\, (o)) for some o > 0 then §* = ( ]

B ——
e 3/4anr3—3a
4n

Next we will show that the assumption is a necessary and sufficient condition in
order to obtain uniqueness to (B3). In fact, if is not satisfied, we can find multiple

solutions for (FI..). In spite of this multiplicity result, we are able to prove the existence of a minimal

S{)ﬁ :53u(r,s,(x) =

solution.

Theorem 3.6. Let us assume that does not hold. Then there exists infinitely many min-
imizers for ({B.). Moreover,

vo(x) = sup (g(y) —H lx—yI°
(x) yeRN\Q(m =)

is a minimizer such that

{ve>01NQ= |J Buy()NQ fulfils L"({ve>0}NQ)<a.

{0
yeRM\Q
Finally, v is the least (or minimal) solution, in the following sense

Voo(¥) Soo(x) in Q

for any other minimizer u. to ¢32)).

Proof. Let $f > 0 the unique constant such that

Qf = U

yERM\Q (%))

Since is not satisfied, this means that

(y)NQ and £LN(Q)=a.

“

[8lcosma) > -
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Now, define
E:= U B (y)NQ

1
yERN\Q 8(y) )
Elc0s @M \@)

and notice that LV (Z) < a. As previously proved

O, (x):= sup (g(y) - Sﬁlx—y\s)

)
yERM\Q +

is an extremal for the limiting optimization problem with measure £V (Z).
Next, let ¥, be an extremal function for the limiting problem with N-dimensional Lebesgue measure
a. Thus, since V.. = g on RV \ Q we have

(3.10) [‘,}]COJ(RN) > [g]c(),s(RN\Q) > [®g]C0~S(]RN)'

Remind that ®, competes in the limiting optimization problem with N-dimensional Lebesgue measure o.
For this reason,
[Plcos@yy < [Oglcosmm)-

Therefore, it holds the triple equality in (3.10) and consequently ®, maximizes the limiting optimization
problem. Furthermore, for x € £ we obtain that

®g(x) S ﬁ°°(x)7

otherwise the s-Holder semi-norm of V.. is greater than one for ®,. For the sake of contradiction let us
assume that there exists X € E such that

Voo (£) < Oy (X) = sup (g(y) —[glcosmmoylE—yI") -
i yeRN\Q< COs(RM\Q) ) N

From this fact and using that ¥.. = g on RV \ Q we obtain that

sup Voo () — Vo (X0)

> 810,s(RN I}
o y—xol Blcos@na

which implies
[®g]C0~5(RN) = [g]CO-S(RN\Q) < [ﬁW]CO-S(RN\Q) < [ﬁW]COJ(RN)’

yielding a contradiction with the optimality of V...
Therefore, O, is the minimal/extremal for the limiting optimization problem. Moreover, for any ex-
tremal ¥ the following inclusion there holds for its support

E::UB

1
yeRM\Q 3(y) :
[slc0,s @N\Q)

Hereafter, for 0 < ¢ < 1 (small enough) consider the o-neighborhood of E,

(MNQC {Yu >0} NQ.

2= |J B
yeRM\Q 8(y)
[S']CO,s (RN\Q)

%(y) NQ | +B5(0) suchthat LN (Zs) < .
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Next, consider u.. the viscosity solution to the following boundary value problem

—Lius) = 0 in &g
U = g on RN\Q
U = 0 on 0JEg.

Since = C Es we claim that
[“w]c0~:(RN) = [g]co-s(RN\sz)-

In order to prove this statement, let us define on the E the auxiliary boundary value function

: N
o { &0 i BN\
0 in JdE;NQ.
Notice that such an exterior datum & is an s-Holder function with corresponding s-Holder semi-norm given
by
|6(x) - B(y)|
Bl osgr )= Sup ——————
[ ]CO (auo') x‘yeapEo- |)C _y|S
XFYy

In the following we will estimate the constant [6]@45‘( 9%,)- 10 this end, we must consider three cases:
v Ifx,y € &5 N Q. In this case,

[6(x) —B()|

\x—y|“ [ }CO (RM\Q)

v Ifx,y € RN\ Q. Immediately we obtain

[B(x) —B()|

\x—y|“ [ }CO (RM\Q)

v IfxeR¥\Qandy € dE5NQ In this last case we have

B(x)—&0)| _ |f )]
e —y|* Jx —y|*

< [g]CO"Y(RN\QW

where we have been using that E C Q, and consequently the distance |x — y|* is much bigger than

ﬁ, which is due to the fact that for y € dZ and any x € RV \ Q, we obtain
[H]CO,X(RN\Q)

x
gx) —[glcos@ma X =y <0 & |x—y[*> L
[8lcos@ma)

Therefore, we conclude that
[®]c0~s(aza) = [8]c0-s(RN\Q)~

Moreover, as u.. has the same s-Holder semi-norm that ¢, we obtain that

[“°°]C0~J(RN) = [8]c0=x(RN\Q)-

In other words, u.. is also an extremal function for the limiting optimization problem, which is positive on
JE C int(Es). Finally, we conclude that u.. # @g, as well as the fact that there is no monotonicity with
respect to the measure in the limiting optimization problem. O

An immediate consequence of our previous Theorem [3.6)is the following convergence result:
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Corollary 3.7. If

a:=LN |J B
yeRM\Q 3(y)
[g]CO‘S(]RN\Q)

Nne| <a,

and in (B}), up is an extremal for £,[a] and v, is an extremal for £,[&], then

1
. |up(v) — up(x)” [vp(y) —vp(x)]” ’
plgrgo (/]RN ~/]RN y X‘N—O—sp d dy _I}glolo \/]RN /RN y x|N+sp d dy

Furthermore,
Up S U and v, =20, in RY

with
[Moo}coﬁx(RN) = [g]CO,x(]RN\Q) = [@g]co.s(RN) and ®g(x) < uw(x).

4 Main results. Proof of Theorems 1.3 and 1.4

In this section we study some quantitative regularity and geometric measure properties for the limiting
free boundary, namely d{v.. > 0} NQ, as well as convergence issues of the corresponding free boundaries
d{v, >0}NQ.

Theorem 4.1 (C** regularity for minimizers). Let v, be minimizer to @ and assume that for a subse-
quence (denoted as vy, yet) v, — Vo, uniformly in Q and weakly in W4(Q) for every 1 < q < . Then ve, is
uniformly s-Holder continuous in Q.

Proof. Revisiting the proof of Theorem|1.1} we conclude that any limit point u.., of minimizers u), to
converging uniformly in Q and weakly in W*4(Q) for every 1 < ¢ < oo fulfils:

V Ut € WH(Q)

V e € CO(RN) with

[|tteo] | 1= iy < €(N,s).  sup lsy) = 8] and u. =ginRY\ Q.

xyeRN\Q ly —x[*

x#y
V' Ue € CO5(RY) with
sup o (y) — MT(X)I < sup lg(y) — ggx)l .
x,)'E]RN ‘)C - y| LyeIRN\Q |y - 'x|
xX#y X#y

O

Theorem 4.2 (Strong non-degeneracy for minimizers). Let v.. a uniform limit as p — o to (). Then
Voo is strongly non-degenerate of order s, i.e., there is a constant ¢ = ¢(N,s) > such that for any fixed point
X0 € {Ve > 0} NQ there holds

4.1) SUp Veo(x) > 7.
Br(XO)
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Proof. First of all, notice that by continuity, it suffices to prove (@.I)) for points within the set {ve. > 0} N Q.
Next, fix xo € {ve > 0} and define the scaled function

Voo (X0 + 1) B (0)

vr(x) ==

and the auxiliary barrier function
®(x) = clxf",

for a constant ¢ = ¢(N,s) > 0 to be chosen a posteriori. Thus,
LL[D](x) <0< L2 v](x) in B

Now, if v, < @ in whole R \ B (0), then the Comparison Principle would imply that v, < ® in B;(0).
However, this contradicts the fact that v,(0) > 0. Therefore, there exists a point z € RV \ B;(0) such that

vi(2) >P(z) =clz]° =  Vel(xo+rz) >’
Now, using the s-Holder continuity for minimizers we obtain

2] = Voo (30 4 7X) < Veo (X0 + 72) — Voo (X0 + 1x) < &r¥|x — 2[* < 2°¢r°|2)".

Finally,
SUDP Voo (¥) > Ve (X0 4 7%) > 1¥|2]* (¢ — 2°¢) > ¢*r,
Br(x())
provided we choose ¢! := ¢ —2%¢ > 0. O

Once we have established the asymptotic behaviour for the limiting free boundary problem, it becomes
possible to obtain some weak geometric and measure theoretic properties for the free boundaries.

The next result says that the positivity set of a limiting function has uniform positive density along the
free boundary, which inhibits the development of cusps pointing inwards to the vanishing region.

Corollary 4.3 (Uniform Lower Positive Density). Let xg € {ve > 0} NQ be an interior point. If ve is a
minimizer to (BL)) in Q, then there exists a constant ¢y = ¢o(N,s) > 0 such that for every r < 1 it holds

LN ({ve > 0YNB,(x0)) > cor.
Proof. From the Strong Non-degeneracy, Theorem [4.2] we have that there exists z € B,(xg) such that
Veo(2) > ¢(N,s)r* > 0.
Furthermore, due to s-Holder regularity, Theorem fory € B, (z) we get,
Voo () = €(N,5)(67)" = Vo (2).-
Hence, by the previous estimate, it is possible to choose 0 < ¢ < 1 (small enough) such that
Yy € B (x)NBr(z) and  ve(y) > 0.

Therefore, we conclude that there exists a portion of B,(xq) with volume comparable to ¥ within {ve. >
0}NQ,ie.,
LN (B (x0) N {veo > 0}) > LN (B, (x0) N B¢r(2)) = co(N,5) LN (B, (x0)).
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Definition 4.4. A set G C RY is said porous with porosity § > 0, if 393 > 0 such that
Vxe&, Vre(0,)%), Iy cRY such that Bs,(y) C B,(x)\ S.

A porous set of porosity 8 has Hausdorff dimension not exceeding N — ¢8", where ¢ > 0 is a dimen-
sional constant. Particularly, a porous set has Lebesgue measure zero.

As a consequence of the optimal growth rate, Theorem .| and non-degeneracy property, Theorem [4.2]
we will obtain porosity for the free boundary.

Corollary 4.5. Let v.. be a minimizer to (BL). Then the free boundary d{v. > 0} NQ is a porous set.

Proof. Let R > 0 and xy € Q be such that By (x9) C Q. We will prove that the set d{ve > 0} N Bgz (x0) is
g—porous, for a universal constant 0 < § < 1. To this end, let x € d{ve > 0} N Bgz(xp). For each r € (0,R)

we have B, (x) C Box (x0) C Q. Now, let y € dB,(x) such that ve(y) = sup v... By Non-degeneracy
B, (x)

4.2) Veo(y) > 1,
where ¢ > 0 is a universal constant. On the other hand, near the free boundary

4.3) Veo(y) < €0(y)’,

where € > 0 is a universal constant and d(y) := dist(y, d{ve > 0} N Bagz (x0)). Now, from (@.2) and (4.3)
we get

(4.4) o(y) > or

for a universal positive constant 0 < & < 1. Now, let ¥ € [x,y] be such that |y — J| = % Then, there holds
(4.5) B, (9) C Bsr(y) N By (x).

Indeed, for each z € Bgr()?)

. . or Or
lz—=y[ < |z =9+ ]y =3 < > +t5 =or,

and
. . or or
o=l <le=Sl+ (k=)= < S +(r=75 ) =n
and hence (#.5) follows. Finally, since by @.4) Bs,(y) C By(y)(y) C {ve > 0}, we have
Bs,(y) NB,(x) C {ves >0} NQ,
which together with (#.3)) yields

B;,(5) C Bs(y) N By(x) C B (x) \ 9{vee > 0} C By(x) \ 9 {ves > 0} N Br(x0)-

Therefore, the free boundary is a g-porous set. O

Theorem 4.6 (Harnack inequality for minimizers in a touching ball). Let v be a solution of §B5)),
X0 € {Veo > 0} NQ an interior point and d := dist(xp, d{ve > 0}). Then,

SUP Veo(x) <€ inf veo(x)
Bro (x0) Bra(xo)

for a universal constant € > 0 and for any 0 < T < 1.
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Proof. Letz1,22 € {ve > 0} NQ be points such that

inf Ve(X) =veo(z1) and  SUP Veo(X) = Veo(22)-
Bro(x0) Bra(xg)

Since dist(z1,d{ve > 0}) > 70, by Theorem[4.2]

(4.6) Veo(21) > €1 (70)°.

Moreover, by Theorem 4.1

4.7) Veo(22) < € [(T0)° +veo(x0)] -

Now, by choosing y € d{v. > 0} such that d = [xo — y|, we get as consequence from Theorem {4.1]

(4.8) Voo (X0) < SUP Veo(x) < €5.0°.
Ba(y)

Combining (@.6), @.7) and (@.8), we conclude

SUP Veo(x) < E(N,s,7). inf ve(x).
Bra(xo) Bra(xo)

O

Theorem 4.7 (Uniform non-degeneracy for minimizers). Let v, be minimizer to @) and ve a uniform
limit as p — o to (B.). Then v. has an s-grows rate away from the free boundary, i.e., for a constant
¢ = c(N,s) > there holds

Voo (X) > cdist(x,0{vVe > 0})" Vx € {ve >0} NQ.
Proof. Let xg € {veo >0} NQ and £y € d{ve > 0} NQ such that
dist(xg, d{ve >0} NQ) = |xg — Ko| :=R.

Now, let us define
c.(R*—|x—x0°) in ng(xo)\B%(xg)
@(x) = K in Bs){(xO) s

where we have chosen k > 0 such that

Then, it is easy to check that
L) € 0 < LLO)() in Bu(w)\By,

0
0 < . on RN\(Bm(xo)\B%(xo)).

Therefore, using the Comparison Principle, we get

(49) Voo(Z) > @(Z) in Bm()(()) \B% (XO).

Now, for z € dB 3% (x0), applying the Harnack inequality (Theorem , we obtain the following inequali-
7

ties

(4.10) Veo(2) < SUP Veol?) <€ inf  veo(r) < Eveo(xp).

B ym (x0) B 33 (x0)

T 4
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Finally, by combining (.9) and (¢.10) we obtain
Veo(X0) > € va(2) > €710(2) = €7 R° = (N, 5) dist* (xp, 9 {veo > 0} N Q).
O

Theorem 4.8 (Convergence of the positivity sets). Let v, be a sequence of minimizers to . If for
some subsequence, denoted by v, yet, v, — Ve, uniformly in Q and weakly in W4(Q) for all 1 < q < s,
being v a solution to §BL)), then

lim LN({v, > 0} A{ve > 0}) =0.

fraress

Proof. First of all, given € > 0 there exists p large enough such that
{ve>e}NQ C {v, >0} NQ.

Moreover, since
LV ({vee >0}NQ) = a,

then for such a € > 0 there exists 0 < 6 < 2« such that
6 N
o= <LY{ve >€}NQ) < 0.

Now, by defining
Qf = {v.>€e}NQ,

then Q is increasing as € \, 0. Moreover,

lim LY(QE) = LN ({ve >0} NQ) = .
e—0+

On the other hand,

oc—g <LV({ve > e}NQ) < LY({v, >0}NQ) < a,

which implies that

\SY Y

£ ({up > 01\ {ve > £} NQ) <
Finally,

V(v > 0} A > 0}) < LY({vy > 03\ {ve > ) + &Y ({v > O} \ {v, > 0})
LY ({vp > O]\ {reo > 01) + LY ({vee > 0\ {1 > £})

.06 _
84835

VARVANRVAN

Therefore,
lim LV{v, > 0} A {ve > 0}) =0
p {e'e]

and the theorem is proved. O

Remark 4.9 (Convergence of the free boundaries). The previous theorem gives the convergence in the
sense of symmetric difference of sets. However, by assuming the strong non-degeneracy for family of
p-minimizers v,, i.e., there exists a universal modulus of continuity @ : [0,e0) — [0, ) such that

sup vp(x) > co(r),
Br<x0>
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then
d{v, >0} = d{ve >0} as p— oo,

in the sense of the Hausdorff distance.
In order to show a short proof of this convergence let us introduce the following notation: for 6 > 0 we
will denote the §-neighborhood of a set & C RV as follows

N5(6) = {x e RN : dist(x,&) < §}.
Now, we must show that, given 0 < § < 1 and p = p(J) large enough, one obtains
d{vp >0} C A5(d{ve>0}) and I{ve >0} C A5(d{v, > 0}).

Let us prove the first inclusion. Suppose for sake of contradiction that such an inclusion does not hold. Thus,
should exist a point xg € d{v, > 0} N (RV\ A5(d{ve > 0})). The last sentence implies in particular that

dist(xg, d{ve > 0}) > 5.
Now, if xy € {ve > 0} then by uniform non-degeneracy, Theoremwe get
Veo(X0) > cdist(xg, d{Veo > 0})% > ¢8°.

On the other hand, due to uniform convergence we must have for p large enough
s

)
vp(xo) > % > 0.

However, this contradicts the assumption that xo € d{v, > 0}. Therefore, v.(x9) = 0 and consequently
Veo = 0 in Bg(xp), which contradicts the strong non-degeneracy property for the sequence of p-minimizers.
The second inclusion can be proved similarly.

In what follows, we analyze the behaviour of the coincidence sets for the p-variational problem and its
corresponding limiting problem. We recall the following notion of limits of sets

liminf U, := (] [JUx and limsup U, := J [ Us
p—roo p=1k>p p—yoo p=1k>p

Theorem 4.10. Let U, := {u, = 0} be the null sets of the nonlocal p-variational problems and U., :=
{uwo = 0} be the corresponding null set of the limiting problem. Then,

int(Us) C liminf U, C limsup U, C U.
p—ree p—roo

Proof. Given 0 < € < 1 (small enough), consider ¥; an e-neighbourhood of Ue,. Thus, Q\ ¥z C {u. > 0}
been it a closed set. By using the continuity of limiting u.., there exists a 0 < 6 = 8(¢) such that

Uo(x) >0 VxeQ\ 7.
Moreover, by the uniform convergence (up a subsequence u,, — u..) we obtain that for p large enough
up(x) >0 VxeQ\7.

Therefore,
Q\ 7 C{u, >0} = U,C¥ forevery p>1.
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This implies that
limsup U, C 7%,

p—re
for any e-neighbourhood of U, of of U... Particularly, we obtain that

limsup U, C U

p—ee

since U.., is a compact set.
Let xy € int(U. ). We claim that there exists a p = p(xp) such that

up(xo) =0 Vk>p.

If we suppose the opposite, i.e.,
Up; (x0) >0

for some subsequence p; — oo, then
_(_A)Z_;”Pj (x0) =0.
Passing to the limit we conclude that
— L3 [ue (x9) =0,

which implies xo € {u. > 0} N, a contradiction with xy € int(Us). This proves our claim. Consequently,

X0 € kL>JAUk = int(Us) C hlgglorolf U,.
>p

Finally, we conclude that
int(Us) C liminfU,,

p—yeo

where we have used that liminfU), is a closed set. ]
p—re

Definition 4.11. The reduced free boundary F,u..] is the set of points xq at which the following condition

red

holds: given the half ball B\ (x) := {(x —xp) -1 > 0} N B,(xg) we get

N
@.11) i S (B (x0) AR [u])

M VB

Such a definition says us (cf. [14]) that the vector measure Vyq(B,(xo)) has a density at the point, i.e.,
there exists 11 (xp) (with |1 (x0)| = 1) such that fulfils the following

i VX (Br (%))
r—0 [V xa(B/(x0))|

Recall that from the uniform positive density of Q7 [u.] (Corollary we have, as r — 0, at the free
boundary point xj the following

=1(x0).

By (x0) NFrgaluee] © {I(x—x0) -1 (x0)| < o(r)}.

In fact, if we suppose that ue(x) = 0 for (x —xo) - 17(xo) > €r, there exists co > 0 such that £V (B, (x) N
Qo[us]) > coer?, implying
o £V (B (10) A0 )
r—0 LN(B,(x0))
which yields a contradiction with (@.TT).
Next, we will show that free boundary points at which we have a tangent ball from inside are regular
points. To this end, let us introduce the following definition:

> €&,
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Definition 4.12. A free boundary point y € Folu] := d{u > 0} NQ is said to have a tangent ball from
inside if there exists a ball Z C Q" [u] := {u > 0} NQ such that y € ZN Q" [u]. Finally, we say that a free
boundary point y € Fq[u] is regular if o [u] has a tangent hyperplane at y.

Theorem 4.13. A free boundary point y € Fq[uw| which has a tangent ball from inside is regular.

Proof. The proof is similar to the one in [10, Lemma 11.17], thus we will only write the modifications for
the reader’s convenience. Let us suppose that By (y;) is tangent to Fq[uc] at y. Now, consider the following
function

D(x)=1—|x—y|"

As before, from non-degeneracy, some multiple, say co®, is a lower barrier of u. in By (y1). Now, let ¢, >0
be the supremum of all ¢’s such that

u(x) > c®(x) in By(y1).

Notice that such values ¢, increase with r. For this reason, by optimal regularity, converges to some constant
s as ¥ — 0. Finally, according to [[10], this implies the following asymptotic behaviour near free boundary

Uoo(X) = oo ((x =) M) +0((x—¥) - n())"),

where 1(y) = y1 —y. Therefore, the plane orthogonal to 1 (y) is tangent to §¢ [u«] and, we conclude that y
is a regular point. O

5 Generalizations and comments

In this final section we will present some remarks and extensions for our previous results.
First of all, we highlight that our approach can be applied for weak solutions of possibly degener-
ate/singular non-local equations of the form

(—Agw)5u(x) = Cn p,s-P.V. /R o) —u) P2 (u(x) — u(y)) R, y)dy,

where & : RY x RV — R is a general singular kernel fulfilling the following properties: There exist constants
A > A >0and M, ¢ > 0 such that

v [Symmetry] £(x,y) = &(y,x) for all x,y € RV;

v [Growth condition] A < &(x,y).|x —y[N P < Aforx,y € RV, x #y;

v [Integrability at infinity] 0 < £(x,y) < % forx€Byandy € RV\ B -
v [Translation invariance] £(x+z,y+z) = &(x,y) for all x,y,z € R¥, x # y.
v [Continuity] The map x — £(x,y) is continuous in RV \ {y}.

Clearly this previous class of operators have as prototype the fractional p-Laplacian operator provided
Rlxy) = pe—y|" Ve,
Moreover, any minimizer for

Wl ®) = [ [ ) w7 Rexy)dyds

satisfies in the weak sense
(—Agv)iu(x) =0 in RN,
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Although R is a general kernel, we obtain that any minimizer sequence (up) -0, still converges to a Holder
infinity harmonic function u., as previously.

Another interesting issue which we want to stress is that we can recover, under suitable assumptions, the
corresponding “local counterpart” taking the limit as s — 1~ . More precisely, by studying the minimization
problem with the corrected p-fractional energy

jf;[“](RN) = (N, p)[ulwsr(q);

where the above normalization constant is given explicitly by

Recall that it is proved that for any smooth bounded domain Q@ C R, u € W' with 1 < p < oo there holds

lim (N, p)[ulwsr@) = | Vullr @)

s—1-

(cf. [8] for more derails). Therefore, if 1, = o, in RN then

lim [lim 33 [up) (RY )} = Lip[ues).

P | s—1—
Moreover, the limit satisfies in the viscosity sense

—Astteo(x) = 0 in {u.>0}NQ
uo(x) = g(x) on RN\Q.

On the other hand, notice that the reverse double limit, namely first take p — oo and then s — 1™, does not
yield an infinity-harmonic function in the limit, because we get that the limit verifies

G.D LL[u](x) == sup Un) “Ueol¥) | M7

yerMo =Y yeRM\a  [x—y|

an equation that does not coincide with the infinity-Laplacian operator. In fact, the Aronsson’s function
4 4 ul
u(xy, - xn) ==apx |3+ +ay a3 ZCL,‘ZO
i=1
is an infinity harmonic function, however it does not satisfies (5.1)) in
Q= {xeRN: max |x;]| < 1}.
1<i<N
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