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ABSTRACT. In this paper we study the asymptotic behaviour as ¢ — oo of solutions to a
nonlocal diffusion problem on a lattice, namely, u;, (t) = 3, za Jn—ju;(t) — un(t) with t > 0
and n € Z*. We assume that J is nonnegative and verifies Y nezd Jn = 1. We find that
solutions decay to zero as t — co and prove an optimal decay rate using, as our main tool,
the discrete Fourier transform.

1. INTRODUCTION

In this paper our main concern is the study of the asymptotic behaviour of the following
nonlocal equation on a lattice
{ un/(t) = (J*u)n(t)_un(t)a tZOa TLGZd,

1.1
(1.1) un(0) = @n, neZ4,

where by (J * u) we denote the discrete convolution,

(J*xu)y = Z In—ju;j.
jEZ

Trough the paper we assume that the kernel J is nonnegative and satisfies,

(1.2) > Ju=1.

nezd

Equation (1.1), is called nonlocal diffusion equation. Continuous analogous to (1.1), like
ug(x,t) = J * u(x,t) — u(x,t), have been recently widely used to model diffusion processes,
see, for example, [2], [3], [5], [6], [8], [9], [10], [16] and [17]. In particular, let us mention
that these equations are also used in models of neuronal activity, see [7], [11], [13] and [14].
Also there is a discrete counterpart for nonlocal models, see [1], [3] and references therein. In
all these models the asymptotic behaviour of the solution (see [4]) is relevant, both from its
pure mathematical and its applied point of view. Concerning (1.1)), as stated in [9] (see also
[3]), if w;(¢) is thought of as the density of a single population at the point i at time ¢, and
Ji—; is thought of as the probability distribution of jumping from location 7 to location j,
then (J % u)(t) is the rate at which individuals are arriving to position i from all other places
and —u;(t) is the rate at which they are leaving location i to travel to all other sites. This
consideration, in the absence of external or internal sources, leads immediately to the fact
that the density u satisfies equation (1.1).

To study the asymptotic beahviour of solutions to (1.1) let us introduce the discrete Lapla-
cian given by

d
(Adu)n - Z(un+ek - 2un + un—ek)7
k=

1
1
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where {ek}gzl is the canonical basis on R?. Note that this is a local diffusion operator.

Our first result says that the asymptotic behaviour as ¢ — oo of solutions to (1.1) is the
same as the one for the evolution equation associated to a fractional power of the discrete
Laplacian.

Theorem 1.1. Let u be a solution of equation (1.1) with o € IY(Z%). If there exist positive
constants o and A such that

J(§) =1 — Al¢]" + o(|¢]), as £ — 0,
then the asymptotic behaviour of u(t) is given by

Jim ¢/ u(t) — o(0) ey = 0.
where v is solution of v/ = —A(—Ag)*?v with initial datum v,(0) = @,, n € Z¢.
In view of this result, we analyze the asymptotic profile of the solutions to v’ = —A(—Ad)a/ 2.
Theorem 1.2. Let us consider ¢ € 1Y(Z%). Then the solution to
V() = —A(=Ag)* %, t >0,
{ v(0) = ¢,
satisfies

lim sup
t—oo jEZ’i

where G2 is defined by

1Yoy ([tY ), 1) — ( > %)GA(J‘)’ =0,

nezd

GA(:U) = /Rd e”ge_Amadf,

and [] is the floor function.

2. PROOFS OF THE RESULTS

In our analysis, we make use of the semidiscrete Fourier transform (SDFT) (we refer to
[12] and [15] for the mains properties of the SDTF). For any v € 12(Z%) we define its SDFT
by:

B(E) => ey, gel-ma

jezd
In view of property (1.2), J belongs to L>([—m,x]) and J(0) = 1.
Proof of Theorem 1.1. Applying the SDFT to the solutions of equation (1.1) we get
a'(t.§) = J(©u(t,§) ~at.e), € l-mal t>0.
Solving this ODE we find that
(2.1) a(t,€) = VONDGe), g€ l-mall t>0.
In the same way, v, the solution to v/ = —A(—A4)*/?v satisfies

(2.2) 0(t,€) = e "Op(),  ¢el-mA’ >0,
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where
d
B o &)1/
p(§) = (425111 ( 5 )) .
k=1
Using the Fourier representation of u and v given by (2.1) and (2.2) we find that

[ut) = v()llee(zay < /[_ ]d!ﬁ(f,t)—@(ﬁt)\dé

~

- /[ |exp(UT(E) = 1) = exp(= At (O)IPE)lds.

By our hypothesis there exists a positive R < 7 such that

Fen<1-E <r

Once R has been fixed, there exists 4 > 0 such that

~

T <1-6  forall{ € Qp = {¢ € [-m 7%, [¢| > R}

Hence, it is easy to see that

| 10D — A O e < Pl ey [ (IO A @)
§€QR 7 §€QR

S P—_— / (¢ 1 exp(— At inf p*(€))d.
¢ £€Qr

€Qr

Tacking into account that the right hand side in the last inequality is exponentially small, it
remains to analyze the term

1(t) = /|§ e (€ Dl

Let us choose a function r(t) — 0 such that 7()t'/® — oo as t — co. The remaining term
1(t) satisfies:

I(t) = / e O — =4O 5(6) | dg < I (1) + D(t)
[§I<R

where
B = [ (O - 150 ) g
|€1<r(t)
and
L) = [ (O - O] 5.
r(t)<|EI<R
Using that, for some positive constant ¢, the following holds

el <p@) <lg|  forall¢ e [-m 7%
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the term I5(t) can be estimated as follows:

tU0L(t) < AYB] oo m ma / (74O 4 O g
r)<|EI<R

< td/a”SDHLl(Zd)/ (e 4P 4 e/ g
r()<lél<R

< td/a||<P||L1(Zd)/ e B gg
r()<[¢I<R

lell L1z e BIEI% ge
Vet e <1/
< ”SOHLl(Zd)td/ae*Bw(t) — 0.

To estimate I7(t) we first observe that there exists a function h(§) with h(§) — 0 as |{| — 0
and such that

~

[J(§) — 1= A[g|*[ < [€[R(8)

for all £ in a sufficiently small ball centered at the origin. Thus for all such &

() = 1= Ap™(&)] < €1*R(&) + [1€]* = p™(©)] S 1EI7R(E) + 11>

In view of this property we get

DO S N Blionn [ A OHTOI A g

|€]<r(t)
< Yol 11 za) e~ AP O1¢1*(h(€) + |€**)de
|€1<r(t)
< Yol 11 za) e~ BUEI% (t]e | n(g) + tlg|* ) de.
|€1<r(t)

The last term in the right hand side verifies
td/a/ e P tetode < 72 / eI pltedy — o.
[€1<r(t) In|<r(t)et/
Hence we have to analyze the first one. In this case, by the same change of variables, we get
e [ eBerygene = [ e B /),
[€]<r(t) In|<r(t)tt/«

Applying Lebesgue convergence theorem we obtain that also this term converges to zero as
t — o0o. This ends the proof. O

Now we prove our second result, Theorem [1.2, that describes the asymptotic profile of
solutions to v/ = —A(—=Aq)*/?v.

Proof of Theorem [1.2. Using the Fourier representation of v we have

me=i4 Fe*w”ﬂéﬁagyw, j ez t>o.



A NONLOCAL PROBLEM ON A LATTICE

Thus
td/o‘v([jtl/o‘],t) = td/o‘/[ ]de—Atpa(f)ei[jtl/“K@(g)dg
l/a
= 7Atpa(£t_l/a [ ] N t*l/a d
/[\Trtl/athl/a]de (Zé- 1/04 )(p(f ) €
and
GA(]'):/ e~ IS i g,
Rd
Denoting
I(5,t) = t%*v([jt"/*],1) — 3(0)G ()
we obtain

(G, t)] < ‘/ e‘f“tpa(&_”")eiﬁ—@(o)/ e—Alﬁ\aeisjdg‘
—mtl/« th/a} R4

+/[ . 6—Atpa(§t—1/a)’€ijf7eig[jtl/a]t—l/aH@(gt—l/a”dg

= Il(jat) +12(j7t)'

Therefore we have to get bounds for I1(j,t) and I(j,t).
Step I. Estimates for I5(t). For I5(t) we have the rough estimate

o1/ tl/a&- Jtl/oz é-
A < 1Bl —Atpe (et~ | 4 (2 ‘
(5, 0) < (@l ([_w,ﬂd)/[_ml/aml/a]de sin ( ol/a dg

oy tl/ag jtl/aé

< o Atp (1) | ‘d

S 4

< —Atp (et~ 1/ @) ’f‘

S 7t

S Nl [ eI gl dg — 0.
[_ﬂ-tl/a ,n-tl/a]d
Step II. Estimates for [;(¢). Observe that I; satisfies:
Li(j,t) < / e~ APN T oA et | de
[ Ttl/« ﬂ.tl/a]d
+ [ e~ G(et1/) — 3(0)de
[ 7.l.tl/oz ﬂ.tl/a]d
+|(0)] e A% ag

£¢[,ﬂ.t1/a7ﬂ.t1/a}d

= I3(t) + Lu(t) + I5(t).

In the case of the last integral, easily follows that || > t'/. Thus

L(t) < / e~ AI" dg — 0.
gzt e
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For I, we have the following estimate:

Luw=1éde“ﬂﬂ@@f*m>—¢«mx[ﬂu%muﬂux

and the Lebesgue dominated convergence theorem guarantees that I4(t) — 0 as t — oo.
Using that p(§) satisfies c[{| < p(€) < |£| for some positive ¢ and the mean value theorem

we get:

-~ — Atp>(gt—1/@ afer—1/a «
It < 18l (o e AT e ey — (g)2| de

[—th/aﬂrtl/o‘}d

S llellize e~ tp* (71 ) — 1] d.

[—th/a,wtl/o‘]d

Applying again the dominated convergence theorem we obtain that I3(t) — 0 as t — oo.
The proof is now complete. U
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