MAXIMAL SOLUTIONS FOR THE oco-EIGENVALUE PROBLEM

JOAO VITOR DA SILVA, JULIO D. ROSSI AND ARIEL M. SALORT

ABSTRACT. In this article we prove that the first eigenvalue of the co—Laplacian

min{—Axv, [Vo| = A1,00(Q)v} = 0 in Q
v = 0 on 09,
has a unique (up to scalar multiplication) maximal solution. This maximal
solution can be obtained as the limit as £ 1 of concave problems of the form
min{—Asvy, |Vug| — /\1700(9)1)5} = 0 in Q
() 0 on 0N
In this way we obtain that the maximal eigenfunction is the unique one that is

the limit of the sub-homogeneous problems as happens for the usual eigenvalue
problem for the p—Laplacian for a fixed 1 < p < oo.
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1. INTRODUCTION

Let Q C R™ be a domain, i.e., a connected, bounded and open set, with smooth
boundary, 1 < p < oo and Ayu := div(|Vu[P~2Vu) (the p-Laplace operator). It is
a well-known fact in the literature (cf. [1] and [24]) that the first eigenvalue of the
following p-homogeneous (nonlinear) eigenvalue problem

—Apu = ANulf™%u in Q
(1.1) { u = 0 on 0f)

can be characterized variationally as the minimizer of the Rayleigh quotient

/ |VulPdz
(p-Eigenvalue) Ap(Q) = inf KL >

0.
weWg T (2)\{0} / lufPde
Q
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Eigenvalue problems have received an increasing amount of attention along of last
decades by many authors (being studied mainly via variational methods) due to
several connections with applied sciences, such as bifurcation theory, resonance
problems, fluid and quantum mechanics, ete, (cf. [13], [21], [24], as well as the book
[20]).

Notice that, without loss of generality, due to the weak maximum principle (or
Harnack inequality) the eigenfunction w, corresponding to A; ,(€2) can be consid-
ered to be positive in Q, as well as, due to the p-homogeneity of (1.1), normalized
such that ||up||rr) =1 (cf. [19]). Recall that the minimum in (p-Eigenvalue) is
achieved by the unique positive solution (up to multiplicative constants) of equa-
tion (1.1) with A(Q) = Ay ,(Q) (cf. [19]). This fact is known as the simplicity of
the principal eigenvalue of (1.1) (cf. [1] and [11]).

When one takes the limit as p — oo in the minimization problem (p-Eigenvalue)
obtains
Vu||p
(co-Eigenvalue) M,oo(2) := lim /A1 ,(Q) = HiL(Q)

p—ro0 wewd>@\{o} llullLe=(q)

This min-max problem presents too many solutions as it was shown in the celebrated
paper [16] (see also [17]). Concerning the limit equation, also in [16] it is proved
that any family of normalized eigenfunctions {u,},~1 to (p-Eigenvalue) fulfills
(up to subsequence)

up(T) = Us(x) uniformly in Q as p — oo,

where us € Wy () satisfies [too || ooy = 1 and the pair (oo, A1,00(2)) is a
nontrivial solution to
(1.2) mln{ — AoVsos |[VUoo| — )\1700((2)1100} = 0 in Q

Voo = 0 on 0ON.

Here solutions are understood in the viscosity sense and

" u 8%u ou
Au(x) =Y BTj(x)axjaxi (I)axi (2)

ij=1

is the well-known oco— Laplace operator. For this reason, (1.2), its (positive) solu-
tions and A1, (€2) are called in the literature the co-eigenvalue problem, co— ground
states and the first co-eigenvalue respectively (cf. [14], [16], [17] and [26]). In ad-
dition, also in [16], it is given a geometrical characterization for A1 o (£2), namely,

1

Aoo() = R

where R > 0 is the radius of the biggest ball contained inside €2. This means that
the “principal frequency” for the oo-eigenvalue problem can be detected from the
geometry of the domain. For more references concerning the first eigenvalue for the

oco—eigenvalue problem we refer to [6], [9], [15], [18], [22], [25] and [26].

In contrast with the first (zero) Dirichlet p-Laplace eigenfunction (cf. [2], [11]
and [13]), problem (1.2) may have many solutions. In fact, the simplicity of A o0 (£2)
has only been established for those domains in which the distance function u(z) =
dist(x, 09) is an eigenfunction, see [26]. Such domains include the ball, the stadium
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(the convex hull of two balls with the same radii) and the torus as particular
examples. Here we mention that from [22] we know that there are convex domains
for which the distance function is not an co—eigenfunction. Nevertheless, in general
domains, one cannot expect a simple first eigenvalue, since in [14] the authors
show an example of a planar domain with a dumbbell shape (two balls of the
same size with a small bridge connecting them) containing (at least) three different
eigenfunctions (all of them normalized by ||teo || () = 1). We also highlight that
such an example solves a conjecture posed by [16] and [17].

Taking into account the fact that, in general, A1 o (£2) is not simple, the main
purpose of this paper is to prove that, in spite of this lack of simplicity, there exists
a unique distinguished eigenfunction ¥ corresponding to Aj () that arises as
the limit of sub-linear (concave) problems associated to the oco-eigenvalue problem.
This distinguished eigenfunction ¥ is characterized as the only one that fulfills a
maximality property: it is normalized with ||v]|z ) = 1, it verifies ¥ > uy for
any other solution to (1.2) with ||uce||pe) = 1.

Now we take a small detour and introduce for 1 < g < p the following family of
eigenvalue problems
{ —Apu = AP,Q(Q)”“HIE;((IQ)WVFQU in Q

1.3
(13) u = 0 on 092,
see [5, 11]. The first eigenvalue for this problem is given by the following quantity

(1.4) Ay 4(Q) :=inf {/Q |VulP dz: u € Wy P() with llull o) = 1} .

As before, we will consider the corresponding eigenfunction u, 4 being positive in €
and normalized such that ||u, ¢||Le() = 1. Notice that with this normalization we
have that u,, , is the unique positive solution to —A,u = A, ,(Q)|u|?"?u (uniqueness
holds due to the fact that g < p).

Our first result shows that the value A\ - (£2) defined in (co-Eigenvalue) can
be also obtained as the limit of the eigenvalues A, 4(2) as p,q — oc.

Theorem 1.1. Let  C R™ be a bounded domain. Then,

(1.5) lim Ap 0(Q) = Ai,oc (),

P,q—0

where A1 o (Q) is the quantity given by (co-Eigenvalue).

In the previous result, the arguments leading to A1 o(©2) do not require any
additional assumption on the divergence rates of p and q. However, if it is imposed

that 4~ ¢ <1 as p,g — oo, then we can obtain more information in this limit

p
procedure. The following result shows that eigenfunctions w, , to (1.3) converge
uniformly to a limit function v, € W, >°(€2). Moreover, Aj oo (Q) is, in fact, an
“eigenvalue” of a certain concave eigenvalue problem.

Theorem 1.2. Let g < p be such that

(= 1m <1
P,q—00 P
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Then, for any sequence of eigenfunctions {up q}pq to (1.3) normalized such that
llup,qllLac) =1, there exists a limit v, (up to a subsequence),

p};linoo Up.qg(x) = ve(z)  wniformly in Q,

which is a viscosity solution to

(1.6) min{—Aoovg, |va|—)\1,oo(Q)vf} = 0 inQ
. vy = 0 on 09,

with ||’Ug||Loo(Q) =1.

After proving this result we turn our attention to the behavior of {v}sec(,1) as
¢ /1. We show that such a family is decreasing with ¢, and then there exists a
limit function ¥ as £ ' 1. As we have anticipated, this limit function v has some
interesting properties:

V' ¥ is a normalized eigenfunction for the co—eigenvalue problem with eigen-
value Ap o0 (€2);

V' 7 is maximal in the sense of being greater or equal than any other normal-
ized solution to (1.2).

Our last and main result reads as follows:

Theorem 1.3. Let vy be an eigenfunction of (1.6) with corresponding “eigenvalue”
A,00 () and |Jve|| Lo () = 1. Then, there exists a limit function v € Wy NnC(9Q),

1. :/\ . . ﬁ
él/r%w(x) v(z) uniformly in Q,

such that U is an eigenfunction for the oco—eigenvalue problem normalized with
0] Loy = 1. Furthermore, v is the mazimal solution to (1.2) in the following

Sense:

U>Us  for any other solution us of (1.2) with ||use||re() = 1.

Conjecture: We conjecture that the maximal solution is the unique variational
eigenfunction for the co—eigenvalue problem, that is, the whole family of normalized
eigenfunctions {u,},>1 to (p-Eigenvalue) converges to v,

up(z) = 0(z) uniformly in Q as p — oo.

Notice that this holds trivially when one has simplicity of the first eigenvalue
M, o0 (£2) (this happens in a ball, a stadium and other domains) but it also holds
for the counterexample to simplicity presented in [14] where the maximal solution
is also the limit of the {u,}p>1 (this is due to symmetry reasons).

Remark 1.4. One could guess the existence of a result similar to Theorem 1.3
regarding minimal solutions to (1.2). Nevertheless, in a general context, such a
minimal solution could not exist as illustrates the example presented in [14].

Remark 1.5. Problem (1.6) also arises as limit when p, ¢ — oo of the sub-homogeneous
problems of p—Laplacian type

—Apu = A=t in Q
(1.7) { u 0 on 0f)
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with ¢ < p, see [7]. This problem has a unique positive solution for every A > 0,
see [2].

In addition, it can be easily checked that the solution u, to (1.7) that verifies
lugllL=(o) = 1 (that exists for some value A = \;) converges as ¢ / p (p fixed)
to an eigenfunction of the p—Laplacian (normalized with [ju[/z-~) = 1), notice
that we have A\; — A1 () as ¢  p. Therefore, our main result, Theorem 1.3,
can be regarded as an extension to this approximation of an eigenvalue problem by
sub-homogeneous problems to the case p = oco.

2. PRELIMINARIES

Throughout this section we will introduce some definitions and auxiliary results
we will use in this paper. The material presented here is well-known to experts but
we include some details for completeness.

First of all, we present the notion of weak solution to
(2.1) —Apu=gyu(u) in Q,
where g, : R — R is the continuous function defined by

9u(8) = Apg(Q)llull72 oy 517 s.

Hereafter, since we are interested in the asymptotic behavior as p, ¢ — oo, without
loss of generality we can assume that p > ¢ > max{2,n}.

Definition 2.1. A function u € W1?(2) N C(Q) is said to be a weak solution to
(1.3) if it fulfills

/ VUl 2Vu - Vo da = / gu(w)pde, Vo€ CE(Q).
Q Q

Since p is large, then (1.3) is not singular at points where the gradient vanishes.
Consequently, the mapping

7 Apd(a) = V() P2 Ab(x) + (p — 2)| V(@) [P Ascip(2)
is well-defined, as well as it is continuous for all ¢ € C2?(Q).

Next, we introduce the notion of viscosity solution to (1.3). We refer the survey
[8] for the general theory of viscosity solutions.

Definition 2.2. An upper (resp. lower) semi-continuous function v :  — R is said
to be a viscosity sub-solution (resp. super-solution) to (1.3) if, whenever xy € Q
and ¢ € C%(2) are such that u — ¢ has a strict local maximum (resp. minimum)
at xg, then

—Apg(z0) < gu(@(xo)) (resp. = gu(dp(x0)))-
Finally, a u € C(Q) is said to be a viscosity solution to (1.3) if it is simultaneously
a viscosity sub-solution and a viscosity super-solution.

Definition 2.3. A non-negative function u € C() is said to be a viscosity solution
o (1.6) if:
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(1) It is a sub-solution, that is, whenever zg € Q and ¢ € C?(Q) are such that
u(zg) = ¢(xo) and u(x) < ¢(z), when = # x, then
—Aod(20) 0 or  |[Vé(20)| — Moo ()@ (z0) < 0.

(2) Tt is a super-solution, that is, whenever zo € Q and ¢ € C?(2) are such
that u(zg) = é(zo) and u(z) > ¢(z), when x # x, then

—Asd(x9) >0 and |Veo(zo)| — )\1700((2)(#(300) > 0.

The following lemmas will be used below.

Lemma 2.4. Assumen < p < oo and let u € W, *(2) be a weak solution to (1.3).
Then u € C%%(Q), where a =1 — %. Moreover, the following holds
(1) L*°-bounds
[ull L0y < €1,
(2) Hoélder estimate
|u(z) — u(y)]

< @,
z—yle =7

where € and €, are constants depending on n, {/A,4() and ||ul|Le ).

Proof. Using the weak form of (1.3) with u as test function we obtain

Vul? d = Ay ()], g,
Q

Next, by Morrey’s estimates and the previous sentence, there exists a positive
constant € = €(n, Q) independent on p such that

[ull Lo (@) < € VullLr(@) = €/ Apo(Q)]ullLa(),
which proves the first statement.

On the other hand, since p > n, combining the Holder’s inequality and Morrey’s
estimates we have

u(z) — u(y)| .
Ty = AVelle@ < A Dllulle@),

where € depends only on n and €. O

The last result gives that any family of weak solutions to (1.3) is pre-compact
provided we have a uniform bound for §/A, ,(2) and |up ¢/l za(0). Therefore, the
existence of a uniform limit for our main theorem is guaranteed.

Lemma 2.5. Let {u,},>1 be a sequence of weak solutions to (1.3). Suppose that
8/ Np,qg (), [[upgllLag) < € for all 1 < p < oo . Then, there exists a subsequence
Di, @i — 00 and a limit function us such that

iy, (7) = (o)
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uniformly in Q). Moreover, us is Lipschitz continuous with

u r)—u . .
| OO( |1), — yix(y” < Clim Sup p\%/ Apmlh' (Q)Huphq'i HL‘“ ()"

Pi,qi—>0

Proof. Existence of 1, as an uniform limit is a direct consequence of the Lemma 2.4
combined with an Arzela-Ascoli compactness criteria. Finally, the last statement
holds by passing to the limit in the Holder’s estimates from Lemma 2.4. O

The following lemma establishes a relation between weak and viscosity sub and
super-solutions to (1.3). We include the details for completeness.

Lemma 2.6. A continuous weak sub-solution (resp. super-solution) u € Wﬁmp(Q)
to (1.3) is a viscosity sub-solution (resp. super-solution) to

— [IVu~22u + (p — 2)[Vu(@) [~ D] = Ay o)l [ul* 20 in €.

Proof. Let us proceed for the case of super-solutions. Fix zg € 2 and ¢ € C?(Q)
such that ¢ touches u by bellow, i.e., u(zg) = ¢(zo) and u(z) > ¢(z) for x # .
Our goal is to establish that

— [IVo(0)[P7*A¢(x0) + (p — 2)[V(0) [P~ * Assb(0)] — gu(e(0)) > 0.

Let us suppose, for sake of contradiction, that the inequality does not hold. Then,
by continuity there exists r > 0 small enough such that

— [IVo(@)[P72Ad(2) + (p — 2)| V(@) [P~ * Acd(2)] — gu(é(2)) <0,
provided that « € B,.(zg). Now, we define the function

1
U(z) = ¢(x) + Too™ where m:= 8153?(5:0)@@) — ¢(x)).
Notice that ¥ verifies ¥ < w on 0B, (xg), ¥(xg) > u(zg) and
(2.2) —ApV(x) < gu(o(z)).
By extending by zero outside B,.(xg), we may use (U — u)4 as a test function in
(1.3). Moreover, since u is a weak super-solution, we obtain

(2.3) / |VulP~2Vu - V(¥ — u)dx > / 9u (W) (¥ — u)dx.
{U>u} {¥>u}
On the other hand, multiplying (2.2) by ¥ — u and integrating by parts we get

(2.4) /‘ |VWW4VWWNW—qu</“ 9u(®) (T — w)da.
{T>u} {p>u}

Next, subtracting (2.4) from (2.3) we obtain
(2.5) / (|VU|P2VT — |[VulP~2Vu) - V(¥ — u)dr < / G(¢,u)(¥ — u)dz,
{(v>u) {>u}

where we have denoted G(¢, u) = g, (¢) — gu(u). Finally, since the left hand side in
(2.5) is bounded from below by

qm/’ VW — VulPdr,
{T>u}
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and the right hand side in (2.5) is negative, we can conclude that ¥ < v in B, (zg).
However, this contradicts the fact that ¥(zg) > u(xp). Such a contradiction proves
that u is a viscosity super-solution.

Analogously we can prove that a continuous weak sub-solution is a viscosity
sub-solution. ]

The next comparison result plays an essential role in our approach.

Theorem 2.7 ([7, Theorem 10]). Let v and u be respectively a super-solution and
a sub-solution to

(2.6) min{ ~ Asw, [Vu| — ALOO(Q)M} —0 nQ

Suppose that both u and v are strictly positive in (2, continuous up to the boundary
and satisfy u < v on 9Q. Then u < v in Q.

3. PROOFS OF THE MAIN RESULTS

We prove Theorem 1.1 following the ideas in [16].

Proof of Theorem 1.1. Fix z € Q and consider §(z) = dist(x, 9Q) the distance
function. Recall that such a function always is a solution to the minimization
problem

V][~
(3.1) Ao () = T,
161 o< (2
However, it is not (always) a genuine eigenfunction corresponding to A1 o (2), be-
cause, in some cases, it is not a solution to the equation (1.2) as mentioned in the
Introduction.

Since §(z) is Lipschitz continuous and satisfies |Vd(z)| = 1 a.e. x € Q, putting
it as a test function in (1.4) we obtain that

(/ |Vupdx) ’
Q 1

Apo(Q) = inf <

weWL P ()\{0} i I
(/ |u|qu) (/ |5(x)|q)
Q Q

which from (3.1) implies that

limsup ¢/ A, 4(2) < A o ().

p,g—0o0

)

Now, we can consider the eigenfunction u,, ; corresponding to A, ,(€2) normalized
such that ||up 4]/za(q) = 1. Consequently,

</Qvup,q|pdx>p <A Aznq(Q)-
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Hence we have an uniform bound in p and ¢. Next, fix m > n and for p > ¢ > m

by Hoélder’s inequality, we obtain
11
m P (/A%q(Q)..

(/ [Vup o™ dx) " <1|Q
Q

Thus, {tp.q }p.q>m is uniformly bounded in W, "™ (€2), for which, up to subsequences,
we have that

Upg — Uso in WH™(Q)

and n
Up g — Uso uniformly in  C**(Q) for a:=1— —.
m

Now, for M, N > m large enough, using the weak lower semi-continuity of the L™
norm and uniform convergence we get that
Voo L

r
</ \Vup,q\M dx)
@) < liminf Q

||UOO||LN(Q) P,q—20 %
(/ ‘up,q|N dx)
Q

Next, multiplying and dividing by ( fQ [tp.q|? dx)% and using Holder’s inequality we
obtain that

U q
IVl Hminf(mw; Ap,q(sn”m'm)
||'LLOO||LN(Q) ,q—00 ”U;D,(IHLN(Q)
1 ||Uoo||Loe
. |Q|M||||L<Q><1iminf Ap,q(Q))
oo || L () \Pra—o0

for fixed values of M, N. Finally, letting M, N — oo and using the variational
characterization of A (£2) we obtain that

M,o0(2) < liminf §/A, 4(Q).

p,q—0o0

This ends the proof. O

Next, we will deduce the limit equation coming from (1.3) as p, ¢ — oo, provided

that ¢ := lim B.
p,q—00 ¢

Proof of Theorem 1.2. First, we will show that v, is a viscosity sub-solution to
(1.6). To this end, fix 7o € Q and a test function ¢ € C?(Q2) such that v,(zg) =
¢(zo) and the inequality ve(x) < ¢(x) holds for x # x.

We want to prove that
(3.2) —Aoed(10) <0 or  [Vo(x0)| — Ao (2)¢(0)" < 0.

Since u,, 4 converges locally uniformly to v, there exists a sequence x, 4 — x¢ such
that u, , — ¢ has a local maximum at x,,. Moreover, since u, 4 is a weak sub-
solution (resp. viscosity sub-solution according to Lemma 2.6) to (1.3), we have
that

1 g—1 —4
IV (2p.0) PAS(,,) 1 (Mg )7 16z, )57
- O LRO) A (s, < 2( o ) .
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If —Asd(xzp) < 0 we have finished, hence we can assume that —A ¢(zg) > 0.
Hence we get that there is a positive constant ¢ such that —Ad(x, ) > ¢ > 0 as
p,q — 0o. Then, we obtain,

c
0<-<
5 =

1 g—1 —4
1 Ap,q(Q)ﬁ(15(3317@)ﬁ '
p—2 IVé(2p,q)l ’

for p, q large. Hence, we get

IV (20)| = Moo (2)p(20)" <0

(otherwise, we have that the right hand side of the previous inequality goes to zero,
yielding a contradiction). Therefore (3.2) holds.

Now, it remains to prove that v, is a viscosity super-solution, i.e. we must show
that, for each o € Q and ¢ € C?(2) such that v, — ¢ achieves a strict local
minimum at xg, then

(3.3) —Aocd(w0) 20 and  [Ve(zo)| — Ao (2)(0)" > 0.

Again, there exists a sequence of points x,, ; — o such that (u, ;—¢)
minimum for each p and ¢. Then, as u, 4 is a weak super-solution (
viscosity super-solution according to Lemma 2.6), we get

- [|v¢(xp,q>|p_2A¢(xp7q) + (p - 2)‘V¢<xp,q)|p_4A00¢(xp>q)]

2 Ap,q(QW(ﬁpyq)q_l'

Now, if ¢(xo) = 0 and |V¢(zg)| = 0 then (3.3) holds. Hence, we can assume that
d(xo) > 0 or |[Vo(xg)| > 0. Notice that when ¢(xg) > 0, taking the 1/(q— 1) power
in (3.4) and then passing to the limit as p,¢ — oo, we obtain that |V¢(zg)| > 0
(if ¢(xo) > 0 and |[V¢(xo)| = 0 we get a contradiction since the left hand side
goes to zero while the right hand side goes to a positive constant). Therefore, we
may divide by (p — 2)|Vé(x,4)|P~* the previous inequality to obtain the following
relation,

1 q—1 —4
Vé(2p.0) PA¢(,,4) 1 (A (7767 (2,0) )
- P;_Q P — Ao(@p,g) > 2( - IVo(p,q)] pq) '

Passing to the limit as p,g — oo in the left hand side of this expression (that
is nonnegative thanks to the previous inequality) we get that —A¢(xg) > 0.
Moreover, as the right hand side is bounded, then we must have

[V (20)| — Moo () (x0)" > 0.
Hence (3.3) holds. 0

(xp.q) is alocal
consequently a

Example 3.1. In order to illustrate Theorem 1.2 let us consider 2 = B1(0) (the
unit ball centered at the origin). In this context, the infinity ground state is precisely

v(z) =1-—|z|.

In fact, we have that —Asv(x) = 0, when x # 0. Moreover, A1 (€2) = 1. Since
there are no test functions ¢ touching v from below at zy = 0, condition (2) in
Definition 2.3 is automatically fulfilled. Now, if the function

¢(z) =1+ a-x+o(z|?)
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touches v from above, then we must have
l+a-z2>1—|z| as z—0.
Hence, |a| < 1 and consequently
[V(0)] = Aroo()¢°(0) = |a| =1 <0,

which assures that condition (1) in Definition 2.3 is satisfied.

Finally, the proof of Theorem 1.3 will be a direct consequence of the following
two lemmas.

Lemma 3.2. Let vy be the unique viscosity solution to (1.6). Then,
Vg > Voo N Q,

for any va wviscosity solution to (1.2) normalized by ||voo|| o) = 1.

Proof. Since £ < 1 then v,, < v’ for any v, normalized viscosity solution to (1.2).
Consequently, being A\ 0(£2) > 0 we obtain (in the viscosity sense) that
min{ —A Voo, | Voo | — Alyw(Q)vﬁo} <0 in 9,

e, Voo is a viscosity sub-solution to (1.6). Recall that both vy, and v, verify
Vg = Voo = 0 on 9. Hence, by the Comparison Principle for sub-linear equations
(Theorem 2.7) we obtain that vy > v in the whole €. This finishes the proof. O

Lemma 3.3. For each £ < 1 let vy be the unique viscosity solution to (1.6). Then,
there exists T € Wy (Q) N C(Q) such that

(3.5) (x) = %1}1} ve(z)  uniformly in Q.

Furthermore, U is a viscosity solution to (1.2).

Proof. Let us see that {v¢}¢e(0,1) is monotone decreasing in /.

Let 0 < 41 < €3 < 1 and vy, be a solution of (1.6) with ¢ = ¢; for i = 1,2
normalized such that [Jvg,||L~(q) = 1. Tt follows that vﬁf < vfi. Moreover, since

Al,00(€2) > 0 it follows (in the viscosity sense) that

min {—Aoowl, Vg, | — Alpo(sz)vgf} > min {—Aoowl, Vg, | — Al,oom)ug;}
= 0
= min {*AOO’U@?, Ve, | — )\1700(9)02} ,

i.e., vy, is a viscosity super-solution to (1.6) with £ = ¢5. Since vy, = 0, i = 1,2
on 99, from the Comparison Principle for sub-linear equations (Theorem 2.7) we
obtain that vy, > vy, in the whole (2.

Finally, since {v¢}oc(0,1) C W (Q)NC() is decreasing in £ and bounded below
by any co—ground state, (3.5) follows from standard uniform convergence results.

Furthermore, the fact that the limit v satisfies (1.2) in the viscosity sense follows
from uniform convergence using the same steps used in the proof of Theorem 1.2
(we leave the details to the reader). ]
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Remark 3.4. Explicit solutions for the limit problem (1.6) for a wide class of do-
mains including the ball and the torus, among others, can be obtained as follows.
Consider the “ridge set” of Q defined as

Ra = Jz€Q:dist(z,Q) is not differentiable at JJ}
= x€Q: 3wy, 10 €9, 11 # x2,8.8 |z —x1| = | — 22| = dist(x,aQ)}7
as well as the set where the distance achieves its maximum

Mq = {x € Q2 : dist(z,00) = meaécdist(m, BQ)} .

Under the previous definition, we have that if Rq = Mg, then

1

0] 1-2
ve(x) = [)\1,00(9) (I;’léié(diSt(.’L‘,@Q)) 1 dist(x, 00)

is the unique positive viscosity solution to (1.6), see [7, Proposition 19].

Since 1 1
Q = o =T
/\l,oo( ) R maxdist(x,39)7

e
we get that in this case all the vy coincide: for any ¢ € (0,1) we have that

1
i—2¢

‘
ve(x) = l)\lm(ﬁ) (meag)lidist(x, 69)) dist(z, 0Q) = %dist(a:,@(l),

being MR the radius of the biggest ball contained inside €.

The last expression is the unique eigenfunction corresponding to the ground state
for the co—eigenvalue problem. See [26] for a proof of the simplicity of A\ o (£2) in
this case.

4. CLOSING REMARKS

We just mention that our approach is flexible enough in order to be applied for
other classes of degenerate operators of p-laplacian type. Some interesting examples
include the following:

(1) Anisotropic p-Laplacian operator
—Quu = —div(FP~H(Vu)Fe(Vu)),

where F is an appropriate (smooth) norm of R™ and 1 < p < oo. The
necessary tools in order to study the anisotropic eigenvalue problem, as
well as its limit as p — oo can be found in [4]. In particular, taking

F(&) =", |£i|p)1/p we include here the operator

. "9 (|oulP? du
_Apu = _; 8:101 ( 89@) ’

3:@-
that is known as the pseudo p—Laplacian in the literature. The associated
eigenvalue problem and its limit as p — oo is studied in [3].




MAXIMAL SOLUTIONS FOR THE oco-EIGENVALUE PROBLEM 13

(2) Degenerate non-local operators of Fractional p-Laplacian type

(~A)u(z) = Cop i PV. [ fula) = ulp)*u(w) = ) Rla )y,
where R : R” x R® — R is a general singular kernel fulfilling the following
properties: there exist constants A > A > 0 and 9,¢ > 0 fulfilling the
following hypothesis

v [Symmetry] &(x,y) = Ry, z) for all z,y € R™;
v [Growth condition] A < &(z,y).|lv—y|" TP < Aforz,y € R", z # y;

v [Integrability at infinity] 0 < R(z,y) < # for x € By and
y e R™\ B% .

v [Translation invariance] R(z+z,y+z) = K(z,y) for all z,y, z € R™,
T #y.

v [Continuity] The map = — £(z,y) is continuous in R™ \ {y}.
Clearly this previous class of operators have as prototype to the fractional
p-Laplacian operator provided that R(z,y) = |z — y|~(»*?%). The mathe-
matical machinery in order to study the eigenvalue problem for this class
of operators can be found in the following articles [10], [12] and [23].

Acknowledgments. This work has been partially supported by Consejo Nacional de
Investigaciones Cientificas y Técnicas (CONICET-Argentina). JVS would like to
thank the Dept. of Math. FCEyN, Universidad de Buenos Aires for providing an
excellent working environment and scientific atmosphere during his Postdoctoral
program.

(1]
2]
(3]
(4]

[5)
(6]

7]

(8]
(9]
[10]

(11]

(12]

REFERENCES

A. Anane, Simplicité et isolation de la premiére valeur propre du p-laplacien avec poids, C.
R. Acad. Sci. Paris Sér. I Math. 305 (1987), no. 16, 725-728.

M. Belloni and B. Kawohl, A direct uniqueness proof for equations involving the p-Laplace
operator, Manuscripta Math., 109 (2002), 229-231.

M. Belloni and B. Kawohl, The pseudo-p-Laplace eigenvalue problem and viscosity solutions
as p — 00, ESAIM Control Optim. Calc. Var. 10 (2004), no. 1, 28-52.

M. Belloni, B. Kawohl and P. Juutinen. The p-Laplace eigenvalue problem as p — oo in a
Finsler metric. J. Eur. Math. Soc. 8 (2006): 123-138.

L. Brasco and G. Franzina A pathological example in nonlinear spectral theory. Preprint.

T. Champion, L. De Pascale, and C. Jimenez, The co-eigenvalue problem and a problem of
optimal transportation, Commun. Appl. Anal. 13 (2009), no. 4, 547-565

F. Charro and 1. Peral, Limit branch of solutions as p — oo for a family of sub-diffusive
problems related to the p-Laplacian. Comm. Partial Differential Equations 32 (2007), no.
10-12, 1965-1981.

M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order
partial differential equations, Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 1, 1-67.

G. Crasta and 1. Fragala, Rigidity results for wvariational infinity ground states, Preprint
arXiv:1702.01043v.

R. Ferreira and M.P. Llanos. Limit problems for a Fractional p-Laplacian as p — co. Non-
linear Differ. Equ. Appl. (2016) 23:14.

G. Franzina and P. D. Lamberti, Ezistence and uniqueness for a p-Laplacian nonlinear
eigenvalue problem. Electronic Journal of Differential Equations, Vol. 2010 (2010), No. 26,
pp. 1-10.

G. Franzina and G. Palatucci, Fractional p-eigenvalues, Riv. Math. Univ. Parma (N.S.) 5
(2014), no. 2, 373-386.



14

J.V. DA SILVA, J.D. ROSSI AND A.M. SALORT

[13] J. P. Garcfa Azorero and I. Peral Alonso, Ezistence and nonuniqueness for the p-Laplacian:

nonlinear eigenvalues, Comm. Partial Differential Equations 12 (1987), no. 12, 1389-1430.

[14] R. Hynd, C. K. Smart and Y. Yu, Nonuniqueness of infinity ground states. Calc. Var. Partial

Differential Equations (2013) 48: 545-554.

[15] P. Juutinen and P. Lindqvist, On the higher eigenvalues for the co-eigenvalue problem, Calc.

Var. Partial Differential Equations 23 (2005), no. 2, 169-192.

[16] P. Juutinen, P. Lindqvist and J. Manfredi The oo-eigenvalue problem. Arch. Ration. Mech.

Anal. 148 (1999), no. 2, 89-105.

[17] P. Juutinen, P. Lindqvist, J. Manfredi, The infinity Laplacian: ezamples and observations.

Papers on analysis, 207217, Rep. Univ. Jyvéaskyla Dep. Math. Stat., 83, Univ. Jyvéaskyla,
Jyvaskylad, 2001.

[18] B. Kawohl and J. Horak, On the geometry of the p— Laplacian operator. To appear in Discr.

Cont. Dynamical Syst. - S.

[19] B. Kawohl, P. Lindqvist, Positive eigenfunctions for the p-Laplace operator revisited, Anal-

ysis, 26 (2006), 539-544.

[20] A. Kristay, V.D. Radulescu and C. Varga. Variational Principles in Mathematical Physics,

Geometry and Economics. Qualitative Analysis of Nonlinear Equations and Unilateral Prob-
lems. Series: Encyclopedia of Mathematics and its Applications (No. 136), Cambridge Uni-
versity Press, 2010.

[21] A. Lé, Eigenvalue problems for the p-Laplacian. Nonlinear Anal. 64 (2006), 1057-1099.
[22] E. Lindgren, The co—harmonic potential is not always an co—eigenfunction. Preprint.
[23] E. Lindgren and P. Lindqvist, Fractional eigenvalues, Calc. Var. Partial Differential Equations

49 (2014), no. 1-2, 795-826.

[24] P. Lindqvist, On the equation div(|Vu|P~2Vu) + A|u|P~2u, Proc. AMS, 109 (1990), 157-164.
[25] J. C. Navarro, J.D. Rossi, A. San Antolin, and N. Saintier, The dependence of the first

eigenvalue of the infinity Laplacian with respect to the domain, Glasg. Math. J. 56 (2014),
no. 2, 241-249.

[26] Y. Yu, Some properties of the ground states of the infinity Laplacian, Indiana Univ. Math.

J. 56 (2007), 947-964.

DEPARTAMENTO DE MATEMATICA, FCEYN - UNIVERSIDAD DE BUENOS AIRES AND
IMAS - CONICET

C1upaD UNIVERSITARIA, PABELLON I (1428) Av. CANTILO S/N.

BUENOS AIRES, ARGENTINA.

E-mail address, J.D. Rossi: jrossi@dm.uba.ar
URL: http://mate.dm.uba.ar/" jrossi

E-mail address, A.M. Salort: asalort@dm.uba.ar
URL: http://mate.dm.uba.ar/ asalort

E-mail address, J. V. da Silva: jdasilva@dm.uba.ar



