LIMITS AS p(z) — oo OF p(z)-HARMONIC FUNCTIONS
WITH NON-HOMOGENEOUS NEUMANN BOUNDARY
CONDITIONS

M. PEREZ-LLANOS AND J. D. ROSSI

ABSTRACT. In this paper we study the limit as p(z) — oo of solutions to
—Apzu = 0 in a domain €, with non-homogeneous Neumann bound-
ary conditions, \Vu|p<”>g—;‘ = g(z). Our approach consists on consid-
ering sequences of variable exponents converging uniformly to +oco and
then determining the equation satisfied by a limit of the corresponding
solutions.
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1. INTRODUCTION

Let © C RY be a bounded smooth domain. Our goal is to study the limit,
as the exponent p(x) — oo, of solutions to the following problem

—Ap@u(r) =0, reQCRY,
VuP@ () = g(a),  ©e o0,

(1.1)

where Apyu(r) = div (|Vu(x)|p(”")_2Vu(x)) is the p(x)-Laplacian operator
with a variable exponent p(z) and the boundary datum g is assumed to be
continuous and verifies the compatibility assumption

/mg:(), (1.2)

otherwise there is no solution to (1.1). To obtain uniqueness of the solution
we impose the additional condition

/Qu =0. (1.3)

When p is constant in €2, the limit of p—harmonic functions as p — oo
has been extensively studied in the literature (see [5] and the survey [3]) and
leads naturally to the infinity Laplacian given by Asu = (D2u Vu) - Vu.
Infinity harmonic functions (solutions to —Asu = 0) are related to the
optimal Lipschitz extension problem (see [2] and the survey paper [3]) and
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find applications in optimal transportation, image processing and tug-of-
war games (see, e.g., [10], [13], [6], [21], [22] and the references therein).
Also limits of the eigenvalue problem related to the p-laplacian has been
exhaustively studied, see [7], [15], [16], [23].

On the other hand, problems related to PDEs involving variable expo-
nents are used in elasticity and electrorheological fluids. Meanwhile, the
underlying functional analytical tools have been extensively developed (cf.
[17] and [9]) and new applications to image processing have kept the subject
as the focus of an intensive research activity. Although a natural extension
of the theory, the problem addressed here is a continuation of recent papers
[19] (where the case of a variable exponent that equals infinity in a subdo-
main of 2 is considered) and [20] (where the Dirichlet case was treated).
Closely related to this work is [18], where the authors prove existence and
uniqueness (via a comparison principle), as well as the validity of a Har-
nack inequality, for solutions of our limit PDE in €. Concerning the limit
as p — oo for the Neumann problem we mention [13] where the limit as
p — oo without dependence on x € Q is studied.

The approach in this paper is based on considering sequences p,(z) of
variable exponents converging uniformly to +oo, analyzing how the corre-
sponding solutions of the problem converge and identifying the equation
satisfied by the limit. Before introducing our main result, let us state the
assumptions on the sequence p,, (x) that will be assumed from now on: p,(x)
is a sequence of C'! functions in 2 such that

pn(z) — 400, uniformly in Q, (1.4)
hence we may assume that,
pn(z) > a> N, forall zeQ, (1.5)
in addition we impose
Vinp,(x) — &(z) € C(2), uniformly in €, (1.6)
Py = q(x) >0, g€ C(Q), uniformly in Q, (1.7)
n
and
p+
limsup = < k; (1.8)
n—oo  Pn
where
p, =minp,(z),  pi = maxp,(z). (1.9)
€S e

The following is the main result of this paper. We prove, under the
above assumptions, that the limit (along subsequences) of solutions of (1.1)
with p(z) = p,(z) exists and is a viscosity solution of a limit PDE with the
oo—Laplacian and an extra term in which the vector field £(z) = lim,, V Inp, ()
appears, together with a boundary condition involving the normal derivative
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and the function ¢(z) = lim,, 2*(z), in which only the sign of the datum g
is relevant.

Theorem 1.1. Let u,, be the solution of (1.1) normalized according to (1.3)
with p(x) = pn(x) satisfying (1.4)—(1.8). Then, along a subsequence,

Up — Uso, uniformly in €, (1.10)

where us 1S a solution of the problem

~Agou — |Vul? In |Vul (£, Vu) =0, in (L.11)
B(z,u,Vu) =0, on 0f), .
in the viscosity sense. Here
min{|Vulf -1, G if g >0,
B(z,u,Vu) = ¢ max{l —|Vul?, %:; if g <0,
H(|Vul|?) if g =0,
with H(a) given by
(1 ifa>1,
H(“)_{o ifo<a<l.
Moreover, the limit us belong to Wh(Q) and verifies
Vool Loo (@) < 1, (1.12)
and is a mazimizer of the following variational problem
max/ guvdsS, K = {U c Wh>(Q), /v =0, |Vu| < 1}. (1.13)
K Joa Q

Remark 1.2. Notice that we are taking G(0) = 0 for G(s) = s*In(s),
hence the term |Vu|?In|Vu| in (1.11) makes sense when evaluated at a test
function with vanishing gradient.

Remark 1.3. Note that hypothesis (1.7) can be replaced by py(x)/an — q(x)
for a given sequence a, — oo as n — oo. The corresponding statements
can be rewritten in terms of a, (instead of n) but we prefer to simplify the
notation.

Remark 1.4. In the limit problem we note the dependence in x of the
sequence py. In fact, two limits play a role here, Vinp,(z) — &(x) and
Er(z) — q(x).

Remark 1.5. The mazimization problem (1.13) is also obtained by apply-
ing the Kantorovich optimality principle to a mass transfer problem for the
measures pt = gt HN 1L OQ and pm = g HNTIL 00 that are concentrated
on 9. The mass transfer compatibility condition p*(9Q) = u=(9Q) holds
since g fulfils the compatibility condition (1.2). See [1] and [10].

Let us end the introduction presenting some examples of sequences p;, ()
that fulfill the required conditions.
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pn(x) =n; we have £ =0,¢=1and k = 1.

pn(x) = p(x) +n; we get £ =0, ¢=1and k = 1.

pn(z) = np(x); this is a model case. We obtain a nontrivial vector
field £(z) = V(In(p(z))), a nontrivial scalar ¢(x) = p(z) and k =

minzeﬁp
pn(z) = np(z/n) [scaling in z|; in this case, we have
Vp 1
Inp, = — —
V(In pp(z)) ) (z/n)——0
and so £ = 0. Moreover, we have also k = 1. However,
n\L a—
Pol®) _ =ty fm)

that does not converge to any nontrivial ¢(z), unless @ = 1 in which
case ¢(x) = p(0). The conclusion also hold for p,(z) = n® + p(z/n),
we have £ =0 and k = 1.
Pu(x) = np(nz); we get

V(lnp,(z)) = nzp(na:),

which does not have a limit as n — oco. The same happens with
pn(x) = n + p(nx), for which

nVp(nx)

V(lnpn(r)) = m,

that does not have a uniform limit (although it is bounded).

We can modify the previous example to get a nontrivial limit. As-
sume that r = r(f) is a function of the angular variable and that
0 & ; then consider p,(z) = n + r(nz) to obtain

nVr(nz)
Inp, =—= — ).
V(Inpa(a)) = ;= A — Vr(0)
Concerning ¢ we obtain
Pn () g r(nx) L
n n

In this case we get £ = 1.
Finally, we can combine examples (3) and (6). Let p,(z) = np(z) +
r(nz), with Q as in (6). We get

nVp(z) + nVr(nz)  Vp(x)+ Vr(0)

V(lnpy,(z)) = np(x) + r(nx) - p(z)
and
pny(lx) — p(aﬁ) + T(Zx) — p(l‘)

In this case k = —=&%—,
min, co P
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The rest of the paper is organized as follows: in Section 2 we collect some
properties of the approximate problems and prove that there is a uniform
limit (along subsequences) that is a maximizer in (1.13) and in Section 3 we
deal with the limit PDE.

2. ANALYSIS OF PROBLEM (1.1)

First of all, let us give some brief introduction to variable exponent
Sobolev and Lebesgue spaces, and some of their main properties, that we
will use in the sequel. See [9], [11], [12], [17] and the survey [14] for more
details. The variable exponent Lebesgue space LP(*)(Q) is defined as follows

LP(I)(Q) = {U such that / ‘u(x)‘p(x) < +OO},
Q

p(z)
<153.

The variable exponent Sobolev space W1P(#)(Q) is given by

and is endowed with the norm

|u]p(z) = inf {T > 0 such that /
Q

u(x)
T

Wle@ () = {u € LP@(Q) such that |Vu| € LW)(Q)} ,

p(z)
<1;.

i) The spaces (Lp(’”)(Q), |- ]p(ac)) and (Wl’p(x)(Q), Il - ||) are separable,
reflexive and uniformly convexr Banach spaces.
ii) Holder inequality holds, namely

with the norm

p(z)

Vu(x) n

T

|lu|| = inf {T > (0 such that /
Q

The following result holds.

Proposition 2.1.

/ uv| < 20ulp@)|vlg@),  Yu € LPE(Q), Yo € LI@(Q),
Q

where ﬁ + ﬁ =1

iii) When p(z) > a > N the embedding from WhP@)(Q) to CH(Q) is
compact and continuous. In particular, WHP®)(Q) — C(Q).

iv) There exists a constant C' > 0 such that

‘u|p(ac) < C|Vu|p(x)a

for every u € WHP@(Q) such that [,u = 0. Therefore, IVulp ()
and ||lu|| are equivalent norms on WP () N {Jqu=0}.
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Let us introduce now the definition of a weak solution to (1.1). From now
on we assume that we deal with a sequence p,(z) verifying (1.4)—(1.8), but
we drop the subscript n when we can simplify the notation.

Definition 2.2. We say that u € WP(*)(Q) is a weak solution to problem
(1.1) if

/|Vu\p(x)_2Vqu :/ gv, Yo € WHP@(Q).
Q 09

We have the following existence result.

Lemma 2.3. There exists a unique weak solution u to (1.1), which is the
unique minimizer of the functional

B |Vu/P®) B y
v = [ S0 L (21)

S = {u e wrh(Q) . /Qu = o} : (2.2)

mn the set

Proof. Functions in the variable exponent Sobolev space Wl’p(')(Q) are nec-
essarily continuous thanks to the assumption p,(z) > o > N. Indeed, the
continuous embedding in

whrO(Q) — whe(Q) c O (Q) (2.3)
follows from [17, Theorem 2.8].

It is standard to show that the functional attains a minimum in S since
for every r such that 1 <r < a(N—1)/(N —«), the embedding S < L"(9%2)
is compact.

It is also standard to show that the minimizer of L in S is the unique
weak solution of (1.1). O

Let us now recall the definition of viscosity solution (cf. [8]) for a problem
like (1.1) or (1.11). Assume we are given continuous functions

F:QOxRY x SVN LR,
and
B:0Q xR xRY SR,

Following [4] let us recall the definition of viscosity solution taking into
account general boundary conditions.

Definition 2.4. Consider the boundary value problem

F(x,Vu,D?*u) =0 in €,
B(z,u,Vu) =0 on 0f.
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(1) A lower semi-continuous function u is a viscosity supersolution if for
every ¢ € C%(Q) such that u — ¢ has a strict minimum at the point
xo € Q with u(xzg) = ¢(xg) we have: If xg € I the inequality

max{B(zo, ¢(z0), Vé(x0)), F(z0,Vp(x0), D*¢(x0))} >0
holds, and if xg € Q then we require
F (9, V$(wo), D*¢(x0)) = 0.

(2) An upper semi-continuous function u is a viscosity subsolution if for
every ¢ € C?(Q) such that u — 1) has a strict mazimum at the point
xo € Q with u(zg) = P(xg) we have: If zg € I the inequality

min{B (o, (0), V) (20)), F(zo, Vip(xo), D*¢(x0))} <0
holds, and if xo € Q then we require
F(z0, Vi (0), D*¢(w0)) < 0.
(8) Finally, u is a viscosity solution if it is a super and a subsolution.
In the sequel, we will use the notation as in the definition: ¢ will always

stand for a test function touching the graph of u from below and % for a
test function touching the graph of u from above.

Proposition 2.5. Let u be a continuous weak solution of (1.1). Then u is
a viscosity solution of (1.1) in the sense of Definition 2.4.

Proof. Let z9 € 2 and a let ¢ be a test function such that u(xg) = ¢(z0)
and u — ¢ has a strict minimum at xg. We want to show that

~Npaoyd(z0) = —|V(x0) P "2A¢(x0)
—(p(xo) — 2)| V(o) [P A (o)
— |V (o) [P0 2 In(|V 8| ) (o) (Véb(x0), V(o))
> 0.

Assume, ad contrarium, that this is not the case; then there exists a radius
r > 0 such that B(zg,r) C Q and

—Apyd(z) = —|Vo(x)['W2Ag(x)
—(p(z) — 2)|V(2) PO A b ()

— V()P n(|V ) (@) (V(), Vp(w))
< 0,

for every x € B(xo, 7). Set

m= inf (u—¢)(x)

|z—z0|=r
and let ®(x) = ¢(x) + m/2. This function ® verifies ®(z¢) > u(xp) and
—Apy® = —div(|VO[P®)2Vd) <0 in B(w,7). (2.5)
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Multiplying (2.5) by (® —u)*, which vanishes on the boundary of B(zg,r),
we get

/ IVOPE2Yd . V(D — u) < 0.
B(zo,r)N{®>u}

On the other hand, taking (® — u)", extended by zero outside B(zg,r), as
test function in the weak formulation of (1.1), we obtain

/ IVuP@ =29y . V(& — u) = 0.
B(zo,r)N{P>u}

Upon subtraction and using a well know inequality, we conclude

0 > (|V<I>\p<m>*2vq> - yvu|P($>*2vu) V(@ — )

\/B(xo,r)ﬂ{<l>>u}

> c/ IV® — VuP®),
B(zo,r)N{®>u}

a contradiction.

If g € 02 we want to prove

max { V6(a0) 0252 () — g(z0), —Ap(m(m} >0,

Assume that this is not the case. We proceed as before and we obtain

/ VOP-2VOV( — ) < / (@ — ),
{®>u} OQN{d>u}
and
/ IVulP2VuV(® — u) > / g(® —u).
{®>u} oQN{d>u}

From where we can reach again again a contradiction.

This proves that u is a viscosity supersolution. The proof that u is a
viscosity subsolution runs as above and we omit the details. ([l

Remark 2.6. If B is monotone in the variable g—g (this is indeed the case
for solutions to (1.1)) Definition 2.4 takes a simpler form, see [4]. More
precisely, if u is a supersolution and ¢ € C?(Q) is such that u — ¢ has a
strict minimum at xo with u(xg) = ¢(xg), then

(1) if xo € Q, then

—Apyp(x) = —|Vo() P2 A¢(x)
—(p(x) = 2)|V(2) PO * A ()
—|Vo(2) P2 In(|V o) (2)(Vé(x), Vp(x)) > 0
and
(2) if zo € O, then
d¢

p(x0)—2
V(o) an

(z0) > g(x0)-
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Theorem 2.7. There exists a subsequence {up,_} of solutions that converge

to some nontrivial function us, in Cﬁ(Q), for some 0 < B < 1. Moreover,
the limit us belongs to WH>°(Q), verifies

Vs || e o) < 1, (2.6)

and is a mazimizer of the following problem
Imm/ qv, sz{uewmwm,/v:04vm§1}. (2.7)
K o0 Q

Proof. If we consider the trivial function in the variational problem verified

by u,, we get
1
/Qpn(x)’ Pl o

1
fom P < [ o

Then,

20
< llgllzr o0 lup, | Lo 00
< C(, 9)[|Vup, | La(q)

where p,(z) > g > N. Now we claim that
IVup, [[La@) < C(EL 9)[Vup, |y, )- (2.8)

Indeed, if we apply Holder inequality for variable exponent Sobolev spaces,
see Proposition 2.1, we get

Hvupn”%q(g) < 2’1|a;1(x)|’vupn‘q’an(:1:) < QmaX{LM(Q)}‘vuPn’Zn(m)? (2'9)

where qa,(z) = p,(x) and ﬁ(z) + %(m) = 1. Hence, from the above estimate
(2.8) straight follows. Summing up we have shown that
1
| S T < C@)I Vo (2.10)
n
Next, we take 7y such that
pn(z)
Vip, <1 (2.11)
70

<),
)

Taking into account (2.10) and (2.11) we deduce that

f(IliIl{Tpi Té); } 1 ( )
i < YV, [P®) < (9, g)m0, 2.12

with p;t, p;, defined in (1.9). Now we claim that
IVup, lp, @) < C(n), with C(n) — 1, asn — ooc. (2.13)
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If [Vuy,lp, 2y < 1, then (2.13) is immediate. Then let us assume that
|Vtup, |p,(x) > 1 and let 79 > 1 such that (2.11) holds. Note that, from (1.8),
we get
lo
lim sup g(p,))

n—oo pn -1

Therefore, by (2.12) and (2.14) we obtain that

= 0. (2.14)

1
T0 S (C(f,Q7q)p:’;)P;*1 — 17 as n — OO,

and then (2.13) follows. By Proposition 2.1 it follows that w,, is uniformly
bounded in W1Pn(Q). Since p, > a > N we have that WP=(Q) embeds
compactly into C?(Q), for some 0 < 3 < 1. Then, from (2.13) we get for
a subsequence {u, (;)} such that w,, ;) — e, weakly in Wh4(Q) and
Up,, () = Uoos strongly in C#(2). Moreover, by the lower semicontinuity of
the norm, we have that

|VUOO|Lq(Q) < liminf |Vupn |Lq(Q)
n—oo
Passing to the limit as ¢ — oo using (2.9) and (2.13) in the previous estimate
we obtain (2.6).

It just remains to see that u., maximizes (2.7), (thus ue is nontrivial
when g # 0). Note that for n fixed we have that

1 1
vu n pn(m) - / gu n S / - / gv7
/Q Pn(z) | b | 0 P o Pa(x) 0

for any v € K. Neglecting the first positive term on the left hand side and
rearranging we obtain

1
gu S/ Jup,, +/ —.
/89 o0 o Pn(T)

Now, passing to the limit as n — oo in the previous expression we get

/ gu < / JUco,
oN o0

for any function v € K, thus (2.7) holds. O

3. PASSING TO THE LIMIT IN THE VISCOSITY SENSE

From the results introduced in the previous section we know that, ex-
tracting a subsequence if necessary,

Uy — U,  Uuniformly in €2,
for a certain continuous function .

To prove that ue is a viscosity supersolution of (1.11), let ¢ be such that
u — ¢ has a strict local minimum at z¢ € Q, with ¢(z¢) = u(zp). We want
to prove that

~Ascd(0) = [V(xo)* In [V (2o)[(€(20), Vo(z0)) = 0. (3.1)
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Since u,, — u uniformly, there is a sequence (z,,), such that =, — xy and
U, — ¢ has a local minimum at x,,. As u, is a viscosity solution of (1.1) (cf.
Proposition 2.5), we have

[Vo(zn)[?Ad(xn)
Pn (SUn) -2
V()
—|Vo(zn)|* In|V(zy <V(;5 Tn ,> > 0.
V()10 V()] ( Vo), —21 0
Using the fact that =, — xo and the assumptions (1.4) and (1.6), we obtain
the following convergences

‘V¢($n)]2A¢(xn)
pn(xn) -2
Am¢(xn) - Aw¢<x0)a
IV (2n)* In(|V(2n)|) — [Vé(x0)|* In(| V(o))

(Volan), - TPHD ) — (F(a0), ().

Hence (3.1) follows. This proves that u is a viscosity supersolution; the fact
that it is also a viscosity subsolution follows analogously.

— 0,

and

Let us check the boundary condition. There are six cases to be considered.
Assume that us, — ¢ has a strict minimum at z¢ € 9 with g(z¢) > 0. Using
the uniform convergence of u,, to us we obtain that u,, —¢ has a minimum
at some point x; € Q with x; — x¢. If 2; € Q for infinitely many i, we can
argue as before and obtain

—Aood(0) = [V(wo)[* In [V (o) (€ (o), V(o)) > 0.
On the other hand if x; € 992 we have

2 0¢

P2 0¢
(G (@) —5) () 22
Vol @5

(z:) = \V¢!pi(xi)_2(xi)%(xi) > g(xi).

Since g(z0) > 0, we have V(zg) # 0, and we obtain, using that & (z;) —
q(zo),

V3|90 () > 1.
Moreover, we also have

gj(m‘o) Z 0.

Hence, if us — ¢ has a strict minimum at xo € 92 with g(zg) > 0, we get

max { min{ -1+ |V¢lq(x°)($0)7 gj(ﬂfo)} ,

(3.2)
~Aocd(a0) — [Vo(@o)* In [V (w0) (€ (o), V(o)) | = 0.

Next assume that us,—1 has a strict maximum at z¢ € 92 with g(xg) > 0.
Using the uniform convergence of u,, to us we obtain that u,, — 1 has a
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maximum at some point z; € Q with x; — xg. If 2; € Q for infinitely many
i, we can argue as before and obtain

—Aoth(z0) — [V (20)|* In [V (20)[ (€ (o), Vib(0)) < 0.
On the other hand if z; € 92 we have

oY

|vwri<%<“>-%><:ci>87<xi> = |VIP 2 (2) 5o (23) < gl(as).

If 1 < |V (x0)|9%0) we obtain

oy
an
Hence, the following inequality holds

min { min{ -1+ ]Vi/}\qmo)(l’o), Z:Z;(l“o)} )

—~Aoth(@o) = V(o) In [V (w0)| (€ (w0), Vo)) | < 0.

(.7}0) < 0.

(3.3)

For the following case assume that us, — % has a strict maximum at xg
with g(zo) < 0. Using the uniform convergence of u,, to u. we obtain that
up, — ¥ has a maximum at some point z; € Q with z; — zg. If z; € Q for
infinitely many ¢, we can argue as before and obtain

—Acotp(w0) — |[Vp(20)|* In [V (o) (€ (o), V¢($0)>} <0.

On the other hand if x; € 99 we have
i @)-2) (V9% o o200 2P N < ol

|V (1) an (z:) = |V (1) an (z:) < g(z:).

As g(z0) <0, Vio(zp) # 0 and we obtain, using that 2 (x;) — q(zo),
|V|270) (z0) > 1,
and
oY

Hence, the following inequality holds
min { max {1 | Vp[9@0) (), ?’s(aco)} ,

(3.4)
—~Aoctp(w0) — [Vih(a0) * In [V ()| (€ (w0), Vb (o)) } < 0.

Now assume that us —¢ has a strict minimum at o € 052 with g(zo) < 0.
Using the uniform convergence of u,, to us we obtain that u,, — ¢ has a
minimum at some point z; € Q with x; — xg. If z; €  for infinitely many
i, we can argue as before and obtain

~Ascd(0) — [V(xo)* In [V (2o)[(€(20), V(20)) = 0.
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On the other hand if x; € 99 we have

¢
an
If 1 < |V¢|2®0) (0) we obtain

(z1) = [V 2(2) 22 (2) > glas).

i(% @)=
Vo) (2) o

¢

- > 0.

an (z0) >
Hence, the following inequality holds.

max { max{ -1+ |V¢\q<$°)(xo), gf;(xo)} ,

(3.5)
—~Aoed(a0) = Vo (o) In [V (o) (€(0), V(o)) | = 0.

For the next case assume that u., — ¢ has a strict minimum at zg € 02
with g(zg) = 0. Using the uniform convergence of u,, to v we obtain that
up, — ¢ has a minimum at some point x; € Q with z; — z¢. If 2; € Q for
infinitely many 4, we can argue as before and obtain

—~Aocd(0) = Vo (o) In [V (w0) | (€(0), V(o)) | = 0.
On the other hand if x; € 992 we have

i(%(20)-2) 9P\ _ g api@)-20, 09PN s o
V| (i) an (zi) = |V (i) an (zi) = g(@i).
If Vé(zp) = 0, then we have
99
P (20) =0
an (o)
If [V (x0)|90) > 1 then, as before, we obtain
0
8(5(330) > 0.

Therefore, the following inequality holds

max {H(|V¢]q(x°) (xo))g?(l’o)} y

(3.6)
~Aced(wo) — [V(wo)|* In !V¢($o)l(£(wo)7v¢(wo)>} > 0.
Finally, assume that us — % has a strict maximum at xg with g(z¢) = 0
Using the uniform convergence of u,, to us we obtain that u,, — 1 has a
maximum at some point x; € Q with x; — xo. If 2; € Q for infinitely many
i, we can argue as before and obtain

—Doctp(w0) — [Vib(w0) [ In [V (w0)| (€ (w0), Vb (o)) } < 0.
On the other hand if z; € 9Q we have

oy

i (2)-2) (. o
V| (1) o

(z;) = |V¢|pi($")_2($z)afn(fﬂi) < g(z:).
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If Vi)(zo) = 0, then we have

If |Vah(0)|9(*0) > 1 we obtain

Hence, the following inequality holds
. . 0
win {1V 11 a0) G (a0) }

—~Aotb(@o) = V(o) In [V ()| (€ (w0), V(o)) | < 0.
This ends the proof. U

(3.7)

3.1. Examples. In 1 —d we find that the limit can be easily computed and,
surprisingly, does not depend on the sequence p,(z) — co.

Assume that Q = (—1,1) and that g(1) = —g(—1) > 0. We get as the
limit variational problem

1
max ¢g(1)(v(1) —v(—1)), with / v=0, || <1
v -1
It is immediate that the unique solution to this problem is
Uoo(T) = .
Note that us () = z is also a solution to the limit ODE that in this case
reads as
u(x) + Infu' ()] (¢ (2), v () =0, z e (=1,1),
min {|u’(1)|Q(1) -1, u’(l)} =0,
max {1 — |u/(=1)[7D | —/(-1)} = 0.
This example can be easily generalized to the case where € is an annulus,

Q= {r < |z| <r2} and the function g is a positive constant g; on |z| = r;
and a negative constant go on |z| = r9 with the constraint

Lo~ f o
oQ |z|=r1 |z|=r2

The solutions u, of (1.1) in the annulus converge uniformly as n — oo to a
cone

Uso(z) = C — ||

that is the unique maximizer in (1.13).

Remark 3.1. Note that in general there is non uniqueness of solutions the
limit PDE, (1.11), even when & = 0 and ¢ = 1, see [13] for a counterexample.
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