NONLOCAL EVOLUTION PROBLEMS IN THIN DOMAINS

MARCONE C. PEREIRA AND JULIO D. ROSSI

ABSTRACT. In this paper we consider parabolic nonlocal problems in thin domains. Fix Q C
RN x RN2 and consider u€ be the solution to u¢(t, ) = [, Je(z — y)(us(t,y) — us(t,x))dy +
f(t,z) with initial condition u(0,z) = uo(z) and a kernel of the form Jc(z) = J(x1, exa) with
J non-singular. This corresponds (via a simple change of variables) to the usual nonlocal
evolution problem v¢(t, z) = 5%2 fﬂe J(z — w)(v(w) — v(2)) dw + f€(t, z), in the thin domain
Qe = {(z1,ex2) € RV x RN2 : (21,22) € Q}. Our main result says that there is a limit as
€ — 0 of the solutions to our problem and that this limit, when we take its mean value in the
xo-direction, is a solution to a limit nonlocal problem in the projected set Q1 C RV,

1. INTRODUCTION

Our main goal in this paper is to study parabolic nonlocal problems with non-singular kernels
and Neumann conditions in thin domains.

We consider the following nonlocal diffusion equation

wnt,z) = /Q T — y)(u (b y) — (b 2)dy + F(t,),

u(0,x) = ug(x),

(1.1) zeN, teR,

where
Je(x) = J(x1, €xa),
and € > 0 is a parameter. The domain Q C RV = RM x R™ is a bounded domain. We take the

initial condition uy in L?(£2), and the local forcing term f in C(R;L?(€2)). Also, we denote by
x = (z1,22) a point in RM x RN2. Along the whole paper, the function .J satisfies the hypotheses

J € C(RY R) is non-negative with J(0) > 0, J(—z) = J(x) for every z € RY, and

/RN J(x)dz = 1.

Existence and uniqueness of solutions u¢ : R x Q + R with u¢ € C'([a,b], L?(2)) for every
bounded interval [a,b] C R, can be easily obtained (we will include some comments on this in

Section .

Notice that, since the kernel J is smooth, there is no regularizing effect in (1.1)) and therefore
the problem is well posed for ¢ € R and not only for ¢ € R, as happens for local equations like
the heat equation.

(H)

It is worth noting that we are calling (1.1)) as a nonlocal thin domain problem due to its
equivalence with the nonlocal problem

1 €
1.2) vi(t, 2) = ~ /Qe J(z —w)(v(w) —v(z)) dw + f(¢, 2), ceO. teR

v(0,2) = v5(2),
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Here the domain Q. C RY is assumed to be a general thin domain defined as
Qe = {(x1,€ex2) € RM x RN : (z1,15) € 0}
Also, we are taking here the initial condition
v (21, 20) = ug (w1, e tag)  in L3(Q),
and the family of forcing terms
Fe(t, 21, 22) = f(t, 21, 12p)  in C(R; L*(Q)).

Notice that the equivalence between problems (1.1)) and (1.2)) is a direct consequence of the simple
change of variable
(21,22) € Q= (21, €x2) € Q..

Furthermore, it is not difficult to see that (1.1)), and then (1.2)), are nonlocal singular problems
since the bounded domain €2, degenerates to

Oy = 7T1(Q) C RV

when the positive parameter e goes to zero. Here, the open set 71(2) is given by the projection
map onto the N7 first coordinates

WllRN:RNl XRNQ*—)RNI, 7T1(2’1,22):251.

We also note that our model is in agreement with pioneering and recent references on thin
domain problems, see [10, 22, 24} 26], which use the factor 1/e™2 as in to preserve the
relative size of the open set {).. The convenience of using this approach is clear since the solutions
of are defined in the fixed domain 2 which allows us to analyze its asymptotic behavior as
€ — 0 in a fixed space of functions.

Now let us state our main result. It says that there is a limit as € — 0 of the solutions to our
problem and that this limit, when we take its mean value in the xs-direction, is a solution to a
limit nonlocal problem in the projected set ; = m;(Q) C RN,

Theorem 1.1. Let {u}esq be the family of solutions given by problem (1.1). Then, there exists
u* R x Q= R, u* € C([a,b], L3()) for any closed interval [a,b] C R, such that we have

sup |lu(t,-) —u*(t, )l z2) — 0,
t€la,b]

and

S (U@, ) = U () Oz, — 0
cla,

as € — 0. Here the functions U¢ and U* are given by the mean value of u¢ and u* in the xo-
direction, that is,

1
IT(z1)| Jrn

1
U(t,x :7/ u*(t,x1,22) dxe, a.e. in Q,
B8 = )] Jog,, 0 02 1

U(t,z1) = u®(t, x1,22) dxe, and

where I'(x1) denotes the transversal section of Q0 for each x1 € Q1, that is,

[(z1) ={(z1,22) € Q : 1 € A}
Furthermore, we have that U* satisfies the following nonlocal equation in €y

L Lnw) U () — U (b)) di + m / | [y

(13) Ut*(t,l’l) = ‘F(l‘l)‘ o

with initial condition )

U*(0,21) = ———
20 = Tl fren

ug(x) dzo
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where the limit kernel J, is given by

Ju(@1,91) = J(@1 — y1,0) [T(21)] [T(y1)]-

Remark 1.1. As we have already mentioned, since the kernel J is smooth, there is no reg-
ularizing effect for this problem and therefore to obtain strong convergence in L?—norm is not
straightforward. Notice that we have strong convergence in L? even when we consider the averages
of solutions on the transversal sections of €2. These convergences are uniform in bounded intervals
of time. In addition we remark that, with the same arguments used to prove Theorem [1.1] one
can obtain weak convergence in L>—norm (or in C¥—norm) when we take initial conditions in

L> (C*) and forcing terms f € C(R; L>=(2)) (f € C(R; C*())).

Also, we get at the limit a kernel J, which is symmetric and non-negative, but the limit nonlocal
problem is not of convolution type. We call equation as the limit equation of problem .
Let us point its dependence with respect on the geometry of open set 2 given by the term |I'(+)],
the Lebesgue measure of the transversal section of 2. In some sense, we see here how the geometry
of the thin domain €, affects the original problem as it becomes thinner and thinner in the
vertical direction xs.

The study of equations in thin domains occurs in applications as they can be found in mathemat-
ical models for ocean dynamics (where one is dealing with fluid regions which are thin compared to
the horizontal length scales), lubrication, nanotechnology, blood circulation, material engineering,
meteorology, etc. Many techniques and methods have been developed in order to understand the
effect of the geometry and thickness of the domain on the solutions of such singular problems.
From pioneering works to recent ones we can mention [27) 19, [I4] [l [B] concerned with elliptic
and parabolic equations, as well as [2, 12, [4 15, 18] where the authors considered Stokes and
Navier-Stokes equations from fluid mechanics.

Concerning references for nonlocal evolution problems with smooth kernels we refer to [6, [7, [8]
13| 25], the book [1] and references therein. This kind of equations have been considered recently
in connection with real applications (for example to peridynamics, a recent model for elasticity,
biology, etc.), we quote for instance [9, [I6] 17, 20, 28] 29]. Let us point out that since we are
integrating in €2 the nonlocal problem considered here is a nonlocal analogous to the classical
elliptic problem for the Laplacian with homogeneous Neumann boundary conditions, that is,

{ ut:AU+f7
ou
%—O.

In fact, in [7] it is proved that solutions to the nonlocal problem (1.1)) converge, as a rescaling
parameter that controls the size of the support of J goes to zero, to the solution to the local
problem.

This paper can be viewed as a natural continuation of [2I] where the authors deal with the
elliptic nonlocal problem in a product domain, that is, when the thin domain €2, is of the form
Q. = Q1 x Q5. Notice that in the case of a product domain we have that the measure of the
transversal section is constant |I'(-)| = |Q2] and hence the effect in the operator that appears in
the limit equation is just the multiplication by a constant. Our results here apply also to the
elliptic case, extending the previous results to general domains.

The paper is organized as follows: in Section [2| we include some preliminary results (we discuss
existence and uniqueness of the solutions to and obtain a crucial estimate that is uniform in
€ > 0); while in Section [3| we deal with the proof of our main result concerning the limit as € — 0
for the Neumann problem, Theorem [T1]
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2. PRELIMINARY RESULTS

In this section we discuss existence and uniqueness of the solutions of the nonlocal Neumann
problem (1.1)). We also get a uniform in € > 0 estimate.

Proposition 2.1. Let us assume hypotheses (H) and take f € C(R;L?*(Q)). Then, for each
up € L?(Q), the nonlocal problem ([1.1)) possesses a unique global solution u¢ : R x Q +— R such
that, for all bounded interval [a,b] C R, we have

u® € C*([a,b], L*(Q))

and satisfies the equation in an integral sense, that is,

t
u(t,z) = e A@tyg(z) 4 / e~ Ac@)(t=9) / Je(z — y) us(s,y) dyds
(2.4) 0 @ ,
+/ e A@E=3) (5 1) ds
0
for (t,x) € R x Q, where A, € L*°(Q) is the positive function

Aé<x>:/QJ5<x—y>dy, req.

Moreover, there exist positive constants a and C, independent of €, and ey such that

1
<e | |lug — ﬁ/ uo(z) dx
12(0) 1920 Jo 12(0)

t
0 [ 176l ds}

() — — uo(x) dz
W)= g [ wo(o)d

(2.5)

for any € € (0, €].

If we also assume that ug € L>=(Q) and
(2.6) / 167 £ (5, )| o=@y ds < 00
0
Jor v = ||J|| Loy 2], then

S C efmt

(2.7)

“(t,) — — up(x) dx
W)= g [ wola)a

L= ()

for some constant m > 0 and any t > 0.

Proof. First we note that the solutions of (|1.1)) can be written in the integral form as in (2.4). In
fact, for each € > 0, the solution can be obtained as the fixed point of the map

t
Fu)(t,z) = e~ 4@ hug(z) + / A=) / Jo(x — y)u (s, y) dyds
0 Q

¢
+/ e~ A@=3) (5 1) ds.
0

The proof that F' possesses a fixed point globally defined with ¢t € R is analogous to that one
given, for instance, in [25] Section 4]. See also [Il, Section 3.2.1]. We omit the details here.

Thus, let us prove estimate ([2.5). Consider

Ht) = % /Q (ue(t,-)—;” Quo(x)dx>2dx.
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Then, due to Young’s inequality, for any § > 0 we have

H'(t) = /( t,x) |Q|/u0 dx)/J (x —y)(u(t,y) — u(t,z))*dydz
+/ ( (t,z) — |Q|/u0 dx)f(t x)dx

(2.8) :_7// (@ — y)(ult,y) — ult, 2))2dyda

# [ (uttn) - o [ ol o) sty o
<282 = A)H(t) + 52| £(t, )220

where A{ is the first nontrivial eigenvalue of the nonlocal Neumann problem given by

/ / (x —y)(u(y) — u(z))?dy dx

in the space
W = {u € L*(Q) : / u(zx) dx 0}.
Q
For the positivity of A{ we refer to [1].
Note that here we are using the identity
1
[ #@) [ e =)o) - s@yduds = =5 [ [ J@ - 5)(ew) - p@)(@) - o)) dyda
Q Q aJa

that holds since Je(—z) = Je(z).
Hence, we can integrate (2.8)) obtaining

t
H(t) < 20301 [H<o>+6—2 / 15, ) [2cyds] -

Also, we know from [21] Lemma 2.1] that the family of eigenvalues \§ satisfies \{ — A; ase — 0
with \; the first non trial eigenvalue of the Neumann Laplacian that is strictly positive. Thus, we
conclude the proof of taking some ¢y > 0, and § small enough, in order to guarantee that
§2 = X§ < 0 for all € € (0, ).

Now, let us show (2.7). If we let

w(t,z) = u(t,x) — |(12|/Quo(x) dx

it is not difficult to see that w* satisfies (1.1]) with initial datum wo(z) = ug(z) — ﬁ Jo uo(x) de,
and then, it is given by ([2.4)

t
wtya) = A un(a) 4 [ e A f5,1)ds
0
t
+/ e—Ae(w)(t—S)/Je(;g—y)w(&x)dyds.
0 Q

Next, since J is continuous with J(0) > 0, and 2 is a bounded domain, there exists a positive
constant m such that

0<m < Ado) = [ Julo—y)dy < [Tl =,
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whenever € € (0, ¢1] for any fixed €; > 0. Hence, we obtain

oo
e« Otwe (t, )| Lo @) < llwollz=(0) +/o €7 f (s, )| oo ) ds
t
+7/ e w(s, )| L= () ds.
0

Therefore, from [I1, Gronwall’s inequality] and (2.6)), there exists a positive constant C, inde-
pendent of € and ¢, such that

leOtwe(t, )| L) < C, V¢ >0 and € € (0,€1].

From this, we conclude the result. O

3. PROOF OF THEOREM [L.1

In this section we prove our main result, Theorem

Proof of Theorem[I.1] First we note that the existence of the family of solutions u® of (L.1)) is
guaranteed by Proposition Also, for any bounded interval [a,b] C R, we get that there exists
a positive constant K, independent of ¢, such that

(3.9) sup [[u(t, )] L20) < K-
t€(a,b]

That is, the family u° is uniformly bounded in L* ([a, b]; L*(2)). Thus, since L' ([a, b]; L*(2)) is
a separable Banach space, we can extract a subsequence, still denoted by u¢, such that

(3.10) u® — u* weakly* in L>([a, b]; L*(Q)),

for some u* € L ([a,b]; L*(2)). In order to simplify the notation, we assume, from now on that
[a,b] = [0,T] with T > 0. Now we pass to the limit in the variational formulation of the expression
[2.4). For any ¢ € L?*(Q), we have to pass to the limit in

[e@utaris= [ ple)e O ug(e) ds
Q Q
+/Q<p(a:)/o e A@)(t=3) (5 2) dsda

t

+/<p(x)/ e*AE(z)(t*S)/ Je(x — y) us(s,y) dydsdx
Q 0 Q
=17+ 5+ I5.

(3.11)

First, let us see that for any compact set K C RY, we have
(3.12) Je(x1,22) = J(21, €x2) — J(21,0) uniformly in K

as € — 0. In fact, since J is a continuous function in RY, given any 6§ > 0, we have that there
exists €g > 0 such that

|J (21, exe) — J(21,0)|dz < §
whenever €|zz| < € and (x1,22) € K.
Let
Ac(x) = / Je(z —y)dy, =z €
It follows from that ’
(3.13) A. — Ap  strongly in L>(9)
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with Ag strictly positive in €. Indeed, since we assume J(0) > 0, there exit ¢, > 0 and m > 0
such that

(3.14) 1] ]| 0o > / Je(z —y)dy > m > 0, whenever € € [0, €1].
Q
Hence, we can argue as in (3.12)) to obtain
[Ade) = Aola)| < [ 171 = etz = o)) = JCar = ,0)| d= < 5
Q

whenever €|xo — 32| < ¢p and (v — y) € K where K is any comapact in RY fixed. Thus, we get

(3.13) with
|QU T |loo = Ag(z) >m >0 Yz € Q.

Now, since the exponential function is uniformly continuous in any bounded closed interval in
R, it follows from (3.13)) that

(3.15) e A@t _ o=A0@)  ypiformly in (¢, 2) € [0,T] x Q
as € — 0.

Thus, for all ¢ € [0, T], we obtain from (3.15)) that

t
Ifz/ap(w) e 4@ty (z) dx and Iéz/w(x)/ e A@=3) (5 1) dsda
Q Q 0

verify

t
(3.16) If — [ o(z)e @ty () dx and Is —>/<p(ac)/ e~ A0@=5) £ 1) dsda
Q Q 0

for any test function ¢ € L?(Q).

Next, let us consider the following sequence

t
L[E(t,x):/ e_Ae(l')(t_s)/ Je(z — y)u(s,y)dyds
0 Q

defined for any (¢t,2) € R x . Thus, since the sequences u¢ and J. satisfy (3.10) and (3.12)
respectively, we obtain from (3.15))

t
Uc(t,x) = Up(t,z) = / e_AO(”)(t_S)/ J(x1 —y1,0) u*(s,y)dyds
0 Q

for any (¢,z) € R x Q. Furthermore, for all ¢ € [0,T], we have from (3.9) and (3.14) that

t
Ue(t, )| < /0 el 22 (@ l[u(s, V2o ds < T K [Qf'2.

Therefore, due to Convergence Dominated Theorem, it follows from (3.9) and (3.12)) that

(3.17) U(t,-) — Up(t,-) weakly in L*(Q)
for each t € [0,7]. Indeed, we have

(3.18) U(t,-) — Up(t,-) strongly in L*()
since

Ue(t,2)? < 72K,
and hence, we can take limit again, due to Dominated Convergence Theorem, to obtain
(3.19) [Ue(t, )2 ) = [Uo(E )2

for all ¢ € [0,T]. Therefore, the strong convergence (3.18) follows from (3.17) and (3.19) since we
are working here in a Hilbert space.
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Now, we are ready to analyze the term
t
5= [ ota) [0 [ ey (s.y) dydsd
Q 0 Q
From (3.18) we have
I3 = / p(z)U(t, z) dx
Q

— /ng(x)uo(t,x)dx

¢
= / o(x) / e o= / (@1 = y1,0) u'(s,y) dydads
Q 0 Q
for any ¢ € L?(€2). Thus, we can pass to the limit in (3.11)). Using (3.16)) and (3.20)), we obtain

t
/go(x) u*(t,x) dx:/ap(x) [e‘AO(“’)t uo(x)+/ e~ @ =9 f(s 1) ds| dx
Q Q

0
t
+ [ ota) [ @D [ 3wy 00 () dydsde.
Q 0 Q
which implies

t
w*(t,x) = e @ty () + / e A0@=3) £ 1) ds
(3.21) 0

t
+/ e—Ao(xxt—s)/ J(z1 — y1,0)u* (s, y) dyds
0 Q

for all t € [0,T] and a.e. x in Q.
Hence, it follows from Theorem [2.1|that u* € C1([0,T]; L*(Q)) is unique and satisfies

ui(t,z) = /Q J(y — 1, 0)(u* (t,) — u* (b 2))dy + £(t,)
u*(0,z) = up(x).

(3.22)

That is, the sequence u° is weak convergent, and converges to a function u* solution of the nonlocal
equation (3.22). Notice that, in despite of J(-,0) does not satisfy the condition [, J(x1,0)dx =1,
we have that Theorem [2.1] can still be applied here.

We can also obtain the limit equation (1.3). Taking test functions ¢(z1, z2) = ¢(x1) in (3.22)),
(that is, test functions only depending on the first variable z; € 1), we get

/ gp(xl)/ uy (t, ) deodx; :/ <p(a:1)/ f(t,x) deodr
Q1 F(Il) Qq F(ml)

+ / pla) / = 3,0) [|r<w1>| [ s )

u*(t,x) dxgl dy1dxy.
I(z1)

Consequently, we have

/ uj (t, ) dee = / ft,x) dxs
I'(z1) I(w1)

[ T =0 |00l [ ) dye = ) u*(tmdwz} iy
0

T(y1) [(z1)

for all t € R and a.e. 1 € Q;. Hence, we obtain the limit problem (|1.3)) observing that
IT(z1)| #0 ae. z1 € Q4.
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Next, let us prove that we have strong convergence, that is,

(3.23) sup [[u(t, ) —u*(t,)|lr2(@) = 0, ase—0.
t€[0,T]
We first observe that, due to (2.4)) and (3.21]), we have
|7_l,6(t,:L') ot (t,ZL’)|2 _ ‘(eng(w)t . eon(a:)t) Uo(x)

o

—|—/ (e Ac(@)(t=s) _ 67A0(I)<t75)> / Je(x —y)us(s,y) dyds
0 Q

t
/ e~ Ao(@)(t=5) / (Je(z —y) — J(x1 — y1,0)) us(s,y) dyds

0 Q

—Ac(z)(t—s) _ e—Ao(ﬂf)(t—s)) f(&!l?) ds

+

2

+/ e_AO(””)(t_s)/ J(x1 —y1,0) (u(s,y) — u”(s,y)) dyds
0 Q

Thus,
t
(b, ) — u (@) < 16 [%( ) <|Uo( )Pt / (F(s x>>2ds)

+C2.0() el = 22 // (s,9))? dyds + ME(c // (5,))? dyds

PACESITHY >// (5,9) — u*(5,))? dyds]
where

Crale) = sup ‘e’Ae(w)t — ¢~ Ao(2)t
(t,2)€[0,T1xQ2

and

Mpg(e) = sup |J(x) — J(x1,0)].
zeB

Here, the set B denotes a ball in RV with radius bigger than twice the diameter of the bounded
set 2. We also have from ([3.12)) and ( - ) that

(3.27) Cral(e) =0 and Mp(e) — 0
as € — 0.

Hence, we can integrate in €2 the previous inequality obtaining

t
(0. =00y <16 |Chal) (ol + [ 1705, ey )

+CTQ (// (x—y dyd:v)// (s,y))? dyds
M3 19 / [ s, s
T ( / / (w1 — yl,owydx) / e 5,) = 0 (5, ey ds} :

Consequently, we get (3.23]) from (3.9), (3.27) and [II, Gronwall’s inequality].

Finally, we conclude the proof obtaining

sup || (US(t, ) =U"(t, ) ITC)l2) =0, ase—0.

te[0,T]

)
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In fact, this limit is due to (3.23)) and the following estimate
2

/ T (21)]? (Uf(t,xl)—U*(t,xl))zdxl:/ / (u(t, z1, x2) —u*(t, 21, 22)) dxy | day
951 T(z1)

(921

S/ T(z1)] (u(t, w1, w2) — U (t, 21, 2))? dwada:
Q0 I'(z1)

< sup |T(@)| /Q (W (t,2) — u* (1, 2))° da.

1€

The proof is now complete. O

Acknowledgements.

The first author (MCP) is partially supported by CNPq 302960/2014-7 and FAPESP 2015/17702-
3 (Brazil) and the second author (JDR) by MINCYT grant MTM2016-68210 (Spain).

REFERENCES

[1] F. Andreu-Vaillo, J. M. Mazén, J. D. Rossi and J. Toledo, Nonlocal Diffusion Problems. Mathematical Surveys
and Monographs, vol. 165. AMS, 2010.
[2] R. Aris, On the dispersion of a solute in a fluid flowing through a tube. Proc. Roy. Soc. London Sect. A 235
(1956) 67-77.
[3] J. M. Arrieta and M. Villanueva-Pesqueira, Unfolding operator method for thin domains with a locally periodic
highly oscillatory boundary. SIAM J. of Math. Analysis 48-3 (2016) 1634-1671.
[4] P. Bella, E. Feireisl and A. Novotny, Dimension reduction for compressible viscous fluids. Acta Appl. Math.
134 (2014) 111-121.
[5] S. R. M. Barros and M. C. Pereira, Semilinear elliptic equations in thin domains with reaction terms con-
centrating on boundary. J. of Math. Analysis and Appl. 441 (1) (2016) 375-392.
[6] E. Chasseigne, M. Chaves and J. D. Rossi, Asymptotic behavior for nonlocal diffusion equations. J. Math.
Pures Appl. (9) 86 (2006), no. 3, 271-291.
[7] C. Cortazar, M. Elgueta, J. D. Rossi and N. Wolanski. How to approzimate the heat equation with neumann
boundary conditions by nonlocal diffusion problems. Arch. Rational Mech. Anal. 187 (2007) 137-156.
[8] C. Cortazar, M. Elgueta and J. D. Rossi. Nonlocal diffusion problems that approzimate the heat equation with
Dirichlet boundary conditions. Israel J. Math. 170(1), (2009), 53-60.
[9] J. Coville, L. Dupaigne, On a nonlocal equation arising in population dynamics, Proc. Roy. Soc. Edinburgh,
137, (2007), 1-29.
[10] J. K. Hale and G. Raugel, Reaction-diffusion equations on thin domains. J. Math. Pures et Appl. 9 (71)
(1992) 33-95.
[11] D. B. Henry; Geometric Theory of Semilinear Parabolic Equations; Lecture Notes in Math. 840, Springer-
Verlag (1981).
[12] D. Iftimie, The 8D Navier-Stokes equations seen as a perturbation of the 2D Navier- Stokes equations. Bull.
Soc. Math. France, 127 (1999) 473-518.
[13] L. I. Ignat, T. I. Ignat and D. Stancu-Dumitru, A compactness tool for the analysis of nonlocal evolution
equations. SIAM J. Math. Anal. 47 (2015), no. 2, 1330-1354.
[14] R. Ferreira, M. L. Mascarenhas and A. Piatnitski, Spectral analysis in thin tubes with azial heterogeneities.
Portugal. Math. 72 (2015) 247-266.
[15] J. Fabricius, Y. O. Koroleva, A. Tsandzana and P. Wall, Asymptotic behavior of Stokes flow in a thin domain
with a moving rough boundary. Proceeding R. Soc. A 470 (2014).
[16] P. Fife, Some nonclassical trends in parabolic and parabolic-like evolutions, in “Trends in nonlinear analysis”,
pp- 153-191, Springer-Verlag, Berlin, 2003.
[17] V. Hutson, S. Martinez, K. Mischaikow, G. T. Vickers, The evolution of dispersal, J. Math. Biol. 47 (2003),
483-517.
[18] X. Liao, On the strong solutions of the inhomogeneous incompressible Navier-Stokes equations in a thin
domain. Diff. and Int. Eq. 29 (2016) 167-182.
[19] E. Marusic-Paloka and I. Pazanin, Modelling of heat transfer in a laminar flow through a helical pipe. Math.
Comput. Modelling 50 (2009) 1571-1582.
[20] M. L. Parks, R. B. Lehoucq, S. Plimpton, and S. Silling. Implementing peridynamics within a molecular
dynamics code, Computer Physics Comm., 179, (2008), 777-783.
[21] M. C. Pereira and J. D. Rossi, Nonlocal problems in thin domains, submitted.



(22]
(23]
[24]
25]
[26]
27]
28]

(29]

NONLOCAL EVOLUTION PROBLEMS IN THIN DOMAINS 11

M. C. Pereira and R. P. Silva, Correctors for the Neumann problem in thin domains with locally periodic
oscillatory structure. Quart. Appl. Math. 73 (2015) 537-552.

M. C. Pereira and R. P. Silva, Remarks on the p-Laplacian on thin domains. Progress in Nonlinear Diff. Eq.
and Their Appl. (2015) 389—403.

M. Prizzi and K. P. Rybakowski, Recent results on thin domain problems II. Top. Meth. in Nonlinear Anal.
19 (2002) 199-219.

A. Rodriguez-Bernal and S. Sastre-Gémez, Linear nonlocal diffusion problems in metric measure spaces. The
Royal Society of Edinburgh Proceedings A 146 (2016) 833-863.

G. Raugel, Dynamics of partial differential equations on thin domains. Lecture Notes in Mathematics,
Springer-Verlag, v. 1609 (1995).

J. Shuichi and Y. Morita, Remarks on the behavior of certain Eigenvalues on a Singularly perturbed Domain
with several Thin Channels. Comm. Part. Diff. Eq. 17 (3) (1991) 189-226.

S. A. Silling. Reformulation of Elasticity Theory for Discontinuities and Long-Range Forces. J. Mech. Phys.
Solids, 48, (2000), 175-209.

S. A. Silling and R. B. Lehoucq. Convergence of Peridynamics to Classical Elasticity Theory. J. Elasticity,
93 (2008), 13-37.

MARCONE C. PEREIRA
DPTO. DE MATEMATICA APLICADA, IME, UNIVERSIDADE DE SAO PAULO,
RuA DO MATAO 1010, SA0 PAULO - SP, BRAZIL.

E-mail address: marcone@ime.usp.br

Web page: www.ime.usp.br/~marcone

JuLio D. Rossi
DPTO. DE MATEMATICAS, FCEYN, UNIVERSIDAD DE BUENOS AIRES,
1428, BUENOS AIRES, ARGENTINA.

E-mail address: jrossi@dm.uba.ar
Web page: http://mate.dm.uba.ar/~jrossi/



	1. Introduction
	2. Preliminary results
	3. Proof of Theorem 1.1
	References

