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ABSTRACT. We study the Steklov eigenvalue problem for the oo-
laplacian. To this end we consider the limit as p — oo of solutions
of —Apu, = 0 in a domain Q with |Vu,[P~20u,/0v = Au|P~2u
on 0N). We obtain a limit problem that is satisfied in the viscosity
sense and a geometric characterization of the second eigenvalue.

1. INTRODUCTION.

Let Ayu = div (]Vu[P~?Vu) be the p—laplacian. The limit operator
lim, .. A, = A is the oo-Laplacian given by

N oou 9% Ou
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Ao =
L,j=
in the viscosity sense. This operator appears naturally when one con-

siders absolutely minimizing Lipschitz extensions of a boundary func-
tion f, see [A], [ACJ], and [J].

Our concern in this paper is the study of the Steklov eigenvalue prob-
lem for the co—Laplacian. To this end we consider the co—Laplacian
in a bounded smooth domain as limit of the p—laplacian as p — oo.
Therefore our aim is to analyze the limit as p — oo for the Steklov
eigenvalue problem

(1.1) —Apju=0 in €,
' [Vu[P~28% = X|u[P~2y on 012, .

Here € is a bounded domain in RY with smooth boundary and a% is the
outer normal derivative. Steklov eigenvalues have been introduced in
[S] for p = 2. For the existence of a sequence of variational eigenvalues
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see [S] for p = 2 and [FBRI1] for general p. As happens for the eigenval-
ues for the Dirichlet problem for the p—Laplacian it is not known, in
general, if this sequence constitutes the whole spectrum. Note that the
first eigenvalue of (1.1) is A; , = 0 with eigenfunction u;, = 1. Hence
we can trivially pass to the limit and obtain A\, ., = 0 with eigenfunc-
tion 1 o = 1. Our main result in this paper shows that we can pass
to the limit in the variational eigenvalues defined in [FBR1]. Since the
first eigenvalue is isolated, [MR], there exists a second eigenvalue that
has a variational characterization, [FBR2]. We can pass to the limit in
this second eigenvalue and obtain a geometric characterization of the
second Steklov eigenvalue for the co—Laplacian. Moreover we obtain
a uniform limit of the sequence of eigenfunctions (along subsequences)
and we find a limit eigenvalue problem that is satisfied in a viscos-
ity sense which involves the oo—Laplgcian together with a boundary

condition with the normal derivative B

Theorem 1.1. For the first eigenvalue of (1.1) we have,

Jim A = Ao =0,

with eigenfunction given by uj o = 1.
For the second eigenvalue, it holds

2
li l/p _ .
e Adp = Azoe diam(€2)

Moreover, given us, eigenfunctions of (1.1) of eigenvalues Az, nor-
malized by ||usp||Le@0) = 1, there exits a sequence p; — oo such that

U p, — U, 1 C¥(Q). The limit ug » is a solution of

Asu =10 in §,
(1.2) { A(z,u, Vu) =0, on 0L,
in the viscosity sense, where
min {|Vu| — Aol g—z} if u>0,
Az, u, Vu) = ¢ max{loo|ul — [Vu|, ¢} ifu<O,
Gu if u=0.

For the k-th eigenvalue we have that if A, is the k-th variational eigen-
value of (1.1) with eigenfunction uyy, normalized by ||ugp|| L~ @0) = 1,
then for every sequence p; — oo there exists a subsequence such that

lim A7 = A\

pi—oo

and U p, — Uy oo 0 C(Y), where Uy o, and A, is a solution of (1.2).
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We have a simple geometrical characterization of Ay o, as 2/diam(2).
From this characterization and the convergence of the eigenfunctions
we conclude that the second Steklov eigenfunction in an annulus or a
ball is not radial. Also we have that the domain that maximizes A o
among domains with fixed volume is a ball.

We end the introduction with a brief comment on the Dirichlet
case. Eigenvalues of the p—Laplacian, —A,u = A|u[P~?u, with Dirich-
let boundary conditions, u = 0 on 02, have been extensively studied
since [GAP]. The limit as p — oo was studied in [JL], [JLM]. In these
papers the authors prove results similar to ours. however our proofs
are necessarily different due to the presence of the Neumann boundary
condition. An anisotropic version of the Dirichlet problem was studied
in [BK].

2. THE STEKLOV EIGENVALUE PROBLEM

First, let us recall some well known results concerning the Steklov
eigenvalue problem for the p—laplacian. To this end, we introduce a
topological tool, the genus, see [K].

Definition 2.1. Given a Banach Space X, we consider the class ¥ =
{AC X : Aisclosed, A= —A}. Over this class we define the genus,
7YX — NU{c0}, as

v(A) = min{k € N : there exists p € C(A,R"—{0}), p(z) = —p(—)}.

We have the following result whose proof can be obtained following
[FBR1], we do not provide the details.

Theorem 2.1. There exists a sequence of eigenvalues A, of (1.1) such
that A\, — +00 as n — +00. The so-called variational eigenvalues Ay
can be characterized by

1 , HUHip(aQ)
~— = sup min ;———-—,

(2.1)
Ae cecy ueC ||U||W1ap(§2)

where C), = {C C W'P(Q); C is compact, symmetric and v(C) > k}
and vy is the genus.

There exists a second eigenvalue for (1.1) and it coincides with the
second variational eigenvalue A, ,, see [FBR2]. Moreover, the following
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characterization of the second eigenvalue A, , holds

/|Vu|pdx
Agp = inf ¢ H %
u€A /|u\pda
Q

where A = {C Cc W'?(Q); C is compact, symmetric and (C) > 2}.
Observe that every eigenfunction associated with \; changes sign on
09, see [MR].

Following [B] let us recall the definition of viscosity solution taking
into account general boundary conditions.

Definition 2.2. Consider the boundary value problem

{ F(x,Vu, D*u) =0 in Q,

(2:2) B(z,u,Vu) =0 on OS).

(1) A lower semi-continuous function u is a viscosity supersolution
if for every ¢ € C2(Q) such that w— ¢ has a strict minimum at
the point xo € Q with u(xg) = ¢(xo) we have: If zg € IQ the
imequality

max{B(zo, §(wo), Vé(w0)), F(w0, V(wo), D*¢(20))} > 0
holds, and if x¢ € 2 then we require
F(x0, Vo(xo), D*¢(x0)) > 0.

(2) An upper semi-continuous function u is a subsolution if for
every ¢ € CQ(E) such that v — ¢ has a strict mazimum at
the point xo € Q with u(xg) = ¢(xg) we have: If xg € O the
mequality
min{ B(zo, ¢(0), Vé(0)), F(z0, Vé(0), D*p(w0))} <0

holds, and if xo € Q2 then we require
F(Jlo, V(b(l’o), D2¢(I0)) <0.

(3) Finally, u is a viscosity solution if it is a super and a subsolu-
tion.

In our case for the Steklov problem for the p—Laplacian we have
Fp(n, X) = —Trace(Ap(n)X),

where

& .
Ap(n)zfdJr(p—?)%, itn#0,  A,0) = I,
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and

(2.3) By(z,u,n) = n|P~? < n,v(z) > —Nu[P?u.

With this notation we have,

|V (o) [?Ag(x0)
p—2

Remark 2.1. If B, is monotone in the variable % Definition 2.2 takes

a simpler form, see [B]. This is indeed the case for (2.3). More con-

cretely, if w is a supersolution of (1.1) and ¢ € C?*(Q) is such that
u— ¢ has a strict minimum at xo with u(xg) = ¢(xg), then

(1) if zp € 2, then

_{|V¢(aj0)]2A¢(.ﬂ:0)
p—2

Ayu = F,(Vu, D*u) = — { + Aoogb(xo)} :

Aol 20
and
(2) if g € 09, then
IV (0) P> (V(m0), v(z0)) = Ald(w0) [P (o).

Let us state a lemma that says that weak solutions of (1.1) are
viscosity solutions.

Lemma 2.1. A continuous weak solution of (1.1) is a viscosity solu-
tion.

Proof. Let xy € Q and a test function ¢ such that u(zg) = ¢(xo) and
u — ¢ has a strict minimum at xy. We want to show that

—(p = 2)|VPP*Asd(z0) — |VO[P > Ag(20) > 0.

Assume that this is not the case, then there exists a radius » > 0 such
that

—(p = 2)[Vo[" T Asci() — [Vo[F?Ad(z) <0,
for every @ € B(xo,7). Set m = inf,_, = (v — ¢)(x) and let ¢ (z) =
¢(x) +m/2. This function 1 verifies ¥(zo) > u(zp) and

—div(|Vy[P~2Vy) < 0.
Multiplying by (¢ — u)* extended by zero outside B(xg,r) we get

| v - v <o
{>u}
Taking (1) — u)™ as test function in the weak form we get

/ |VulP~2VuV (¢ — u) = 0.
{¢>u}
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Hence,
C(N.p) / Vi — Vuf?
(W>u}

< [ VoY - VY V(- ) <o,
{p>u}
a contradiction.
If xq € 0X) we want to prove

max { V(o)™ < V(xo), v(x0) > —Ad(20)["~*d(o),
—(p = 2)IVOP Axd(0) — [V ?Ag(0)} > 0.

Assume that this is not the case. We proceed as before and we obtain

/ VPPV (0 — ) < / AP 2u(e) — u),
{p>u}

o0N{>u}
and
/ |VulP2VuV (¢ — u) > / MNulP~?u(h — u).
{¢Y>u} N{yY>u}
Therefore,

C(N,p) / Ve — Vul?
{tb>u}

< [ eV - [Vup Ve V(e - ) <o,
{y>u}

again a contradiction. This proves that u is a viscosity supersolution.

The proof of the fact that u is a viscosity subsolution runs as above,

we omit the details. 0l

With all these preliminaries we are ready to pass to the limit as
p — oo in the eigenvalue problem.

Since uy , = 1 is the first eigenfunction of (1.1) associated to Ay, =0
we can trivially pass to the limit and obtain

lim A7 =0 =\ o
p—oo

and

lim u; ) =1 = Uy eo.
p—oo

Now let us prove a geometrical characterization of the second Steklov
eigenvalue for the co—laplacian, defined by,

(2.4) Ayoo = inf {

We have

v o0
IVl ze @ D u € C CWhe(Q) with v(C) > 2} :
[ull oo (o0
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Lemma 2.2. )\,  has the following geometrical characterization

2
A 0o = T AN
. diam(2)
Proof. Let
QO di Q
R = sup {7" : Jxg, x1 € Q with B(zg,r) N B(xy, 1) = @} _ %()'

We can take as a test function in (2.4) the combination of two cones
centered at zy and x; with radius R, that is, if

i (1-52) (157

we consider

¢(z) = Co(x) — Ci(x).
We obtain
Moo < L_ 2
2 =R~ diam(Q)’
To prove the reverse inequality, let us take a function u in W1 ()
that changes sign and such that
Vul e
o 5 IVl
[ull z 00

Now u' and u~ have disjoint supports and we may normalize with
Hu+HL°°(8§2) = HU_HLoo(aQ) =1 then

|Vu™|| @) > 1/R, or VU™ || oo ) > 1/R.

Therefore,
1 2
Moo > ——E= —— — €.
202 R Gam(Q)
Since this holds for every ¢, the proof is complete. O

Lemma 2.3.
lim sup )\;g) < A2 00-

p—0o0

Proof. As above, let Cy(z) and C1(z) two cones centered at xy and
of radius R as above, that is

G- (1-500) | a—— (1o )
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Let us normalize a function v = aCy —bC} (a,b > 0) by ||v||z=(a0) = 1,

then

(freer)

l/p
(L)
o0
Hence .
lim sup Ay, L/p < 7= = X200,

as we wanted to prove. O

Lemma 2.4. Given uy, eigenfunctions of (1.1) of eigenvalues Az
normalized by ||usp||z=@o) = 1, there exits a sequence p; — oo such
that

U p, — U200, in C*(€2).

The limit us o verifies ||ugollzoa0) = 1 and it changes sign in OS).
Moreover it is a minimizer of (2.4) and

lim Ay = Ao .

p—00

Proof. If ¢ < p,

1/q 1/p
(/Q ‘VUQ,p’q> < |Q|(1/Q)*(1/P) (/Q |Vu2,p\p)
(2.5)

1/p
A;$|Q|(1/q)—(1/p) (/{m |u2,p|p> < /\;g‘mh/q)—(l/p)|aQ|1/p'

Therefore, by Lemma 2.3, we get that there exists a constant C' inde-
pendent of p such that

(2.6) ( /Q |vu27p|q) v <.

Hence, as uy, are uniformly bounded in W(Q)) we can take a subse-
quence such that it converges weakly in W14(Q) (and hence in C%(Q)
if ¢ > N) to a limit ug . Since this can be done for any ¢ we obtain
that ug . € WH*°(Q). Indeed, from (2.5), we get

(/ |Vu2,oo|q) < lim sup (/ |Vu2pl|q) < Aol
Q pi—00

Hence, taking limit as ¢ — oo in (2.7) we get

(2.8) [Vtz | vy < limin AP < Mg
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From the convergence in C*(€2) of the sequence u,,, and the normal-
ization

l[v2,p: | @0y =1

we obtain that

(2.9) [2,00 | Lo (92) = 1.

To end the proof we need to check that wus . changes sign. Assume
that ug . > 0. Hence u,, converges uniformly to zero in 2. From
(2.9) there exists a point zy € 02 such that us o (z9) = 1. At level p

we have,
[ Jupu=o,
0
then
Therefore,
(2.10)

1/r 1/(pi—1)
oo ([ g, 1)< ([ g, )
a0 a0
1/(pi—1)
= </m \uim pil) < ‘3911/(1)1'71)”“2*7]% Lo (09) -

From the uniform convergence of uy,, and (2.8) taking limit as p; — oo
we get that

1/r
(2.11) |8Q|1/T(/ |u;00|7“) <0.
o0

A contradiction. This proves that wus ., changes sign and verifies (2.8)
and (2.9), hence, from the definition of Ay o, we obtain

Ao < liminf \y/P.

p—00
This fact and Lemma 2.3 end the proof. 0
Now let us analyze the equation satisfied by ug . Let
min {|n] — Ao olu| , <n,v(x) >} if u >0,
Az, u,m) = max{looo|u| — |1, <n,v(xr) >} if u >0,
<n,v(r) > if u=0,

Lemma 2.5. The limit ug 1s a viscosity solution of

{ Atz 0o =0 in €2,

(2.12) Az, u, Vu) =0 on 05
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Proof. First, let us check that —Aus . = 0 in the viscosity sense in
Q). Let us recall the standard proof. Let ¢ be a smooth test function
such that v, — ¢ has a strict maximum at xy € 2. Since u,, converges
uniformly to v., we get that w,, — ¢ has a maximum at some point
xz; € Q with z; — x9. Now we use the fact that u,, is a viscosity
solution of

—Apu, =0
and we obtain
(2.13) —(pi = 2)|VOIP T Asep(wi) — VP2 Ap(x:) <0,

If Vo(zg) = 0 we get —Asd(z) < 0. If this is not the case, we have
that Vo(z;) # 0 for large i and then

pi — 2
We conclude that

|Vo|?Ag(x;) — 0, asi— oo.

That is v, is a viscosity subsolution of —A s = 0.
Now we check the boundary condition.

Assume that us o — ¢ has a strict minimum at zy € 02 such that
Us00(T0) = @(x0) > 0. Using the uniform convergence of ug,, t0 Usg o
we obtain that uy,, — ¢ has a minimum at some point z; € Q) with
x; — xo. If x; € Q for infinitely many ¢, we can argue as before and
obtain

On the other hand if z; € 92 we have
- 0 _
VOl () 52 (7) 2 Do 61w ) o).
If Vo(zo) =0, then
0

If Vp(zg) # 0 we obtain

i—2
0¢ -~ )\1/(5%'—1)|¢| p
() 2 MY (*jv—qjlm) o(x).

Using that AN A2.00 @8 p — 00 we conclude that

2,p
)‘2,00 | ¢|

Tvg () =1
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Moreover,
¢
ov
Hence, if uy o — ¢ has a strict minimum at z, € 0Q with ¢(zo) =
Usg00(T0) > 0, we have

214) max {min{—Ag.clol + 960, 52a0)) ,~Bnolon) b 2 0

Now assume that us o, — ¢ has a strict maximum at x, € €2 with
Ug00(T0) = @(x0) > 0. Using the uniform convergence of ug,, t0 Ug o
we obtain that us,, — ¢ has a maximum at some point z; € Q with
x; — xo. If x; € Q for infinitely many ¢, we can argue as before and
obtain

—AOOUQ,OO(QT()) S 0.
On the other hand if z; € 92 we have

0
V012 ) 52 (7)< hag 1P~ ) o).

If Vo(zo) =0, then
d¢

If Vp(zg) # 0 we obtain
AL/ (pi=1) pi=2
8¢<xz) < AV < 2,p; W(x,) ().

v Vol
If Xy oo|®|(20) < |Vo|(20), then
Hence,
. . 1ol0)
(2.15) min {mm{—)\g,oow +|Vo|(xo), 5(%)} ,—AOOQS(:EO)} <0.

Now assume that uy o, — ¢ has a strict maximum at x, such that
Ug,00(T0) = @(x0) < 0 Using the uniform convergence of us,, to ug o
we obtain that us,, — ¢ has a maximum at some point z; € Q with
x; — xg. If x; € Q for infinitely many ¢, we can argue as before and
obtain

— Aotz 0o(z9) < 0.
On the other hand if z; € 092 we have

Vo) 22 (2) < Ao,

oy Ti) = o772 () ().
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If Vp(zo) =0, then
9¢

If Vé(zg) # 0 we obtain
—2
9 O v | |

Using that )\1/ P, A2,00 a8 p — 00 we conclude that

>‘200‘¢|
: To) < 1.
vo )=
Moreover,
0
a—f(xo) <o0.
Hence,

(2.16) min {max{Az,ooygb\ — |V|(20), %(%)} ,—Aooqﬁ(xo)} <0.

Now assume that us . — ¢ has a strict minimum at z, € J€2 with
Ug,00(T0) = ¢(x0) < 0. Using the uniform convergence of uy,, to ug o
we obtain that ug,, — ¢ has a minimum at some point ; € Q with
x; — xo. If x; € Q for infinitely many ¢, we can argue as before and
obtain

—Aoop(z9) > 0.
On the other hand if z; € 092 we have

0
|V¢|pi_2($z‘)8—f($i) > /\Z,pi|¢|pi_2($i)¢($i)-

If Vo(zg) =0, then
d¢

If Vo(zo) # 0 we obtain

a(b( ) > )\1/(;01'—1) é/pfh_l |¢|<ZL‘) 2¢(3§')
a Z;) = 2,p; ‘V(bl 7 1)

If Ap |6l (0) < [V9](0), then

Hence,

(2.17) max {max{)\g,oo|gz5| — |Vé|(z0), %(mo)} ,—Aoogb(mo)} > 0.
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Assume that ug o — ¢ has a strict minimum at zy € 02 such that
Ug,00(T0) = ¢(x0) = 0. Using the uniform convergence of uy,, to ug o
we obtain that uy,, — ¢ has a minimum at some point z; €  with
x; — xo. If x; € Q for infinitely many ¢, we can argue as before and
obtain

—Asop(z9) > 0.
On the other hand if x; € 0€) we have

VO 3 0) > da,

If Vé(xp) =0, then

P () ().

¢

If Vp(zg) # 0 we obtain

a - l/pz —2
%00y = M ”( "%)) o).

Vol
As 0 = Ao0|0|(20) < [V@[(x0), then
9¢
Hence,
(2.18) max {%(mo) ,—AOOQS(xO)} > 0.

Finally, assume that us . — ¢ has a strict maximum at z, with
Us00(T0) = @(x0) = 0 Using the uniform convergence of us,, t0 ug o
we obtain that u,,, — ¢ has a maximum at some point x; € ) with
x; — xg. If x; € Q for infinitely many i, we can argue as before and
obtain

—AOOUQ’OO(ZE()) S 0
On the other hand if z; € 992 we have

0
VOl (0) 52 (7)< Do 61w ) o).

If Vo(xp) =0, then
If Vo(zo) # 0 we obtain

-2
3¢ 1/ ) é/pfh || ‘
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As 0 = Ay oo|d|(x0) < |Vo|(0), then

0
Hence,
9,
(2.19) min {8—(5(;1:0) ,—Aoo(b(ajo)} <0.
Inequalities (2.14)-(2.19) prove the result. O

With the same ideas used to deal with the second eigenvalue we can
prove the following lema.

Lemma 2.6. Let \;,, be the k-th variational eigenvalue of (1.1) with

eigenfunction ugy, normalized by |ugp|lz=@o) = 1. Then for every
sequence p; — oo there exists a subsequence such that
. 1/p
lim A2 = Ao,
pi—00
Uk,p; — Us,o00; i CQ(Q)J

where (Usoo, Aico) 1S @ solution of (1.2).
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