FRACTIONAL p—-LAPLACIAN EVOLUTION EQUATIONS

JOSE M. MAZON, JULIO D. ROSSI AND JULIAN TOLEDO

ABSTRACT. In this paper we study the fractional p—Laplacian evolution equation given by

1 _
ue(t, @) = /A WW(@ y) — u(t, z) P2 (u(t,y) — u(t, z))dy for x € Q, ¢ >0,

0<s<1,p>1. Ina bounded domain Q we deal with the Dirichlet problem by taking A = RY and u = 0 in
RN \ ©, and the Neumann problem by taking A = Q . We include here the limit case p = 1 that has the extra
difficulty of giving a meaning to % when u(y) = u(xz). We also consider the Cauchy problem in the

whole RV by taking A = Q = RY. We find existence and uniqueness of strong solutions for each of the above
mentioned problems. We also study the asymptotic behaviour of these solutions as ¢ — co. Finally, we recover
the local p—Laplacian evolution equation with Dirichlet or Neumann boundary conditions, and for the Cauchy
problem, by taking the limit as s — 1 in the nonlocal problems multiplied by a suitable scaling constant.

1. INTRODUCTION

The interest on the fractional Laplacian operators and nonlocal operators has constantly increased over
the last few years. These operators arise in a number of applications such as: continuum mechanics, phase
transition phenomena, population dynamics, image process, game theory and Lévy processes, see [8], [15], [20],
[21], [25] and the references therein. Recently, motivated by some situations arising in game theory, nonlinear
generalizations of the fractional Laplacian have been introduced, see [9], [15]. Our aim here is to study some
evolution equations associated to a nonlinear version of the fractional Laplacian, the fractional p—Laplacian, for
1 <p < 4o0.

Let © be an open set in RY. For any p € [1,00) and any 0 < s < 1, let us denote by

lu(y) — u(x)[? > v
ulwer() = = — 2 dady |
lelwer @) (/Q o lv—yNter

the (s, p)—Gagliardo seminorm of a measurable function u in Q. We consider the fractional Sobolev space
WP(Q) = {u e LP(Q) : [u]wsr) < o0},
which is a Banach space respect to the norm

lullwe.r(y == [Wlwsr@) + ullLe)-

We denote by WP (2) the closure of C§°(€2) in the norm || - [lyy=» (o). Functions in the space W3"*(Q2) can be
defined in the whole space WP (R"Y) by extending then by zero outside €2, we will consider such extensions. We

refer to [19] where one can find a description of most of the useful properties of the fractional Sobolev spaces
(see also [12]).

We will write, as usual, pf = Nlips 5o to denote the fractional critical exponent for 1 < p < % For Q

bounded and smooth and 1 < r < p* we have the continuous immersion W*?(Q) — L"(12), that is compact for
1 <r<pk.

Recall that a function u € L'(Q2) whose gradient Du in the sense of distributions is a vector valued Radon
measure with finite total variation in € is called a function of bounded variation. The class of such functions will
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be denoted by BV (). For a function u € BV (Q2), we will denote by |Dul|, the total variation of the measure
Du. If Q C RY is an open set with Lipchitz bounday and

B u(x) if zeQ
(@) = 0 if 2 eRV\Q,

by [1, Corollary 3.89], we have w € BV (RY) and

|Da|(RY) = | Du|(Q) +/ |u|dHN L. (1.1)
o0
In [12] it is proved that for every u € BV (RY),
2NwN
[U]stl(RN) < (1 ) [|D |(RN)] H ||L1 (RNY? (1-2)

where wy is the volume of the unit ball of RY. Consequently, BV (R") is contained in W*1(R"). For further
information concerning functions of bounded variation we refer to [1].

Through Calculus of Variations one arrives to the local p-Laplacian operator, div(|Vu[P~2Vu), for 1 < p < oo,
as the Euler-Lagrange equation associated with the LP-norm of the gradient of a function. Using an equivalent
framework one may define the fractional p—Laplacian (or p—s—Laplacian), Aju, by means of the Euler-Lagrange
equation of the LP—norm of the s—derivative of a function, concretely of the energy functional

/ / )lpd dy
2p Jun Jun ‘95— |N+§p ’

that is well defined for v € W*P(R¥). In this way, Aju is given by

1 —2
Apula) = PV [ ) — )P )~ ) dy »
1 p—2 ’
St [ )~ P ) o)y, 2R

This fractional version of the p—Laplacian is studied through energy and test function methods by A. Cham-
bolle, E. Lindgren and R. Monneau in [16]. The viscosity version of this non local operator was given by H. Ishii
and G. Nakamura in [23] and C. Bjorland, L. Caffarelli and A. Figalli in [9]. In [28] on can find results for the
evolution problem with Neumann conditions for the case p > 2 using Galerkin’s method. Here we deal with the
Dirichlet, Neumann and Cauchy problems associated with the fractional p-Laplacian using semigroup theory.
Note that this theory is well suited for the problem under consideration since it gives existence and uniqueness
of strong solutions under very weak conditions.

If we assume that the integral in the definition of Aju exists, then for ¢ € W*P (RM), due to the symmetry
of the kernel, we have the following integration by parts formula

|, s~ [ / T ) — @) uly) — u(w) dy o)
-2 / L T ) — u@) ) = () (e0) — (o) .

which leads to the following definition: Let f € L'(RY), we say that u € W*P(RY) is a weak solution to the
problem

if
3L o ) — )l ul) —ue) o) — o) e = [ fae(arde, (1)
RN JRN |T RN

for all o € W*P(RN) N L>=(RY).
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Now let us turn our attention to the case p = 1. Formally, the fractional 1-Laplacian operator of order s of
a function u € W*1(R¥) is defined as

o L) -u) o
Aju(x) := P.V./RN 7y Tuly) — u(o)] dy, e RY.

Note that in this formula one has to give a meaning to % when u(y) = u(x). Here, to overcome this

difficulty, we follow the same idea that we used in [3] and [4] (see also [5]) to study a similar problem but
with a non-singular kernel, that is, we replace % by an antisymmetric L>—function 7n(z,y) such that

(-, )l Lo @n xryy < 1 and
n(z,y) € sign(u(y) —u(z)) ae. (z,y) € RY x RY,

where sign(r) is the multivalued sign of r. We give the following definition of a weak solution: we say that
u € WSHRYN) is a weak solution to the problem

lu_f7

if there exists 1 as above such that
1 1
5 s M@ ) (e(y) — p(@) dyde = | f(z)p(x)de  for all p € WH(RY) N L*(RY).
rN Jry [z — gV RN

In this paper, we focus our attention on the evolution problems associated with these fractional operators. We
will consider Dirichlet or Neumann boundary conditions for problems posed in €2, being 2 a bounded Lipschitz
domain in RV, and we will also consider the Cauchy problem in the whole space RY. Among other results we
prove:

Theorem 1.1. Assume that 1 < p < co. For every ug € L%(Q) there exists a unique strong solution of the
Dirichlet problem
ui(t,x) = Aju(t, ) in (0,T) x €,
u(t,z) =0 in (0,T) x (RN \ Q), (1.5)
u(0,x) = up(x) in
for any T > 0. Moreover, a contraction principle holds: if u; o € L*(Q) and u; are solutions of the Dirichlet
problem (1.5) in (0,T) with initial data w; 0, 7 = 1,2, respectively, then

/Q(ul(t) —ug(t))t < /(Ul,o —uz0)t  for every t € (0,T).

Q
In addition, for ¢ > p > 1 and for ug € L>°(Q) if ¢ > p and ug € L*() if ¢ = p, we have the decay bound

[|uo] %;p(Q)HUOH%2(Q)

oI t veso,

where C = C(Q, N, s,p).

Similar existence and uniqueness results (we refer to Section 5 for the precise statements) are also obtained
for Neumann boundary conditions, that is, when we consider

{ ui(t,z) = Ag ult, z) in (0,T) x Q,
u(0, ) = uo(x) in Q,

where Ag, ju stands for the fractional p—Laplacian in €2 (this operator is defined as in (1.3) but integrating in
Q). In thls case the asymptotic behaviour is given by the convergence to the mean value of the initial condition,
(ug)q. For instance, we show that for ug € L*(Q) and p = 1 it holds that

HUOHtL2(Q) Vi> 0.

[u(t) = (uo)allprq) < C

With respect to the Cauchy problem for the fractional 1-Laplacian we prove:
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Theorem 1.2. For every ug € L*>(RY) there exists a unique strong solution of the Cauchy problem
ur(t,x) = Aju(t, x) in (0,T) x RN,
{ u(0,2) = up(x) in RY,
for any T > 0. Moreover, if uio € L*(RY) N LY(RYN) and u; are solutions of Cauchy problem (1.6) in (0,T)

with initial data u; o, © = 1,2, respectively, then

/ (uy (t) —ua(t))™ < / (u1,0 —u2,0)" for every t € (0,T).
RN

RN

(1.6)

Here we also consider the limit as s — 1 in these nonlocal fractional p—Laplacian evolution problems. We
show that, after multiplying by an adequate scale factor L, ; ~ (1—s), the solutions to our fractional p-Laplacian
evolution problem (for the Cauchy problem and for Dirichlet or Neumann conditions) converge as s /1 to the
solutions of the corresponding evolution problems for the classical p-Laplacian, u; = Apu = div(|Vul|P~2Vu)
(for the Cauchy problem and for classical Dirichlet boundary conditions, ulgq = 0, or Neumann boundary
conditions, |Vu[P~2Vu - v|gq = 0). First results in this direction are obtained in [23] for a similar problem for
p > 1 in the stationary case (see also [9] and [12]) and [3], [4] and [5] for nonlocal evolution problems with non
degenerate kernels.

Let us finish this introduction with some notations and results from the theory of completely accretive
operators (see [7]) that will be used in what follows. We denote by Jy and Py the following sets of functions:

Jo :={j : R — [0,4+00], convex and lower semi-continuos with j(0) = 0},
Py:={qe C®(R):0<¢ <1,supp(q’) is compact, and 0 ¢ supp(q)} -
In [7] the following relation for u,v € L'(Q) is defined,

u < v if and only if/j(u)dmg/j(v)dm for all j € Jy,
Q Q

and the following facts are proved.

Proposition 1.3. Let © be a bounded domain in RY.

(i) For any u,v € LY(Q), if [, ug(u) < [, vq(u) for all ¢ € Py, then u < v.

(i) If u,v € LY(Q) and u < v, then ||ul|pr(0) < [|v]|r-(q) for any r € [1,+o0].

(iii) If v € LY(Q), then {u € L}(Q) : u < v} is a weakly compact subset of L1(£).

An operator A C L1(Q) x LY(Q) is completely accretive if given (u;,v;) € A, i = 1,2, then

/(Ul —v2)q(ur —uz) >0,
Q

for every q € .

The paper is organized as follows: in Section 2 we consider the Dirichlet problem for the fractional p—Laplacian
for p > 1; in Section 3 we deal with the fractional 1—Laplacian with Dirichlet boundary conditions; in Section 4
we consider the Cauchy problem for the fractional 1-Laplacian; while in Section 5 and Section 6 we deal with the
Neumann problems for the fractional p—Laplacian for p > 1 and for p = 1, respectively. Finally, in Section 7,
we study the convergence of these nonlocal evolution problems, with a rescaling factor of order 1 — s in front of
the fractional p—s—Laplacian, to classical local evolution problems for the p—Laplacian, as the parameter s goes
to 1.

2. THE DIRICHLET PROBLEM FOR THE FRACTIONAL p—LAPLACIAN

As mentioned in the Introduction, Q will be a bounded Lipschitz domain in R"V. We will study in this section
the Dirichlet problem
ug(t, x) = Aju(t, =) in (0,T) x Q,

u(t,z) =0 in (0,7) x (RN \ Q), (2.1)
u(0,2) = up(x) in Q,
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in the case 1 < p < oo. Since our approach to this problem is the Nonlinear Semigroup Theory (see [17]) we
will first deal with the study of the following Dirichlet problem:

u(z) — Aju(z) = f(z) in Q, (22)
u(z) =0 in RV\ Q. .
Therefore, we start our analysis introducing which is the concept of weak solution to
—Aju(r) = f(z) in Q, (23)
u(z) =0 in RV\ Q,

for a given datum f. Notice that the Dirichlet condition v = 0 is posed in the whole complement of {2, as usual
when dealing with nonlocal operators. The integration by part formula (1.4) leads to the following definition:

Definition 2.1. Let f € L*(Q). We say that u € W;"P(Q) is a weak solution of the Dirichlet problem (2.3) for
the datum f if

—2 o
/RN /]RN lz — y|N+Sp [u(y) — uw(@)|P*(u(y) — u(x))(e(y) — ¢(x)) dydx = /Qf(x)gp(x) de, (2.4)
for all p € WSP(Q) N L3(Q).
To study the Dirichlet problem (2.2) (and hence problem (2.1)) we consider the energy functional D; :
L?(Q2) — [0, 00[ given by
Pdxd if SP(Q) N L2(Q
D3 (u) == 2p/]RN/]RN|$U—y|N+SP|() u(@)Pdedy  if u e Wo(©2) N LA(9),
if ue L2(Q) \ WP (Q).

By Fatou’s Lemma we have that Dy is lower semicontinuous in L?(Q). Then, since D, is convex, we have that
the subdifferential 9D, is a maximal monotone operator in L?(2). To characterize the subdifferential oD, we
introduce the following operator:

Definition 2.2. We define in L?*(Q2) x L?(2) the operator D, ; as:
(u,v) € D, s <= u,v € L*(Q) and u is a weak solution of the Dirichlet problem (2.3) for the datum v.

In the following result we prove that operator D, s satisfies adequate conditions to apply the Nonlinear
Semigroup Theory to solve problem (2.1), briefly this theory says that problem (2.2) has an unique solution for
any f € L*(Q) and that there is an Li—contraction principle for any ¢ > 1. See [17] and [7] for definitions and
results from such theory (or the Appendix in [5] for a detailed overview).

Theorem 2.3. The operator D,, s is m—completely accretive in L?() with dense domain. Moreover,
Dy, s = 0D, (2.5)

Proof. Given (u;,v;) € Dom(D, ), i = 1,2, and g € Py, since q € Py and uy, uy € WP (), we have q(uy —uz) €
Wy P(€2) N L>°(§2). Then we can take g(u; — ug) as test function in (2.4) and we get

[ (01(0) = va(o)a(n (@) — (o)
1 1 _2
-2 / ) / Ty ) = @) () = @) s (4) — () — s () = a(0)))
1 1 _2
: / ) / T 11 9) — () ) = ) a0 (9) — a(9) = a0 (2) ()l

1 1
- 5 /]RN /RN W [q(ul(y) - u2(y)) - Q(Ul(nf) - UQ(ZE))] X
(s () — w2 ()P~ (s () = 1 () = Jua ) — wa(@)|P > (wa(y) — wa())] drdly > 0.

Therefore, the operator D, s is completely accretive.
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To see that D, s is m—completely accretive in L?({2), we need to show that it satisfies the range condition

L*(Q) C R(I + D,). (2.6)
Given f € L?(Q), we consider the variational problem
p s 1 2
uerrLl%r(lQ) D, (u) + 3 /Q u /qu (2.7)

The existence of a unique minimizer u of the variational problem (2.7) is proved via a standard application of
the direct method in the Calculus of Variations. Indeed, take a miminizing sequence u,, € W3F(Q) N L(9).
We can assume that

1
’Ds(un)—ﬁ—f-/ui—/funSM, Vn € N.
P 2 Ja Q
Then, by Young’s inequality, we have

1
D;(un)—i—f/ u? §M+4/ r2 Vn e N. (2.8)
4 Jo Q

Therefore,
[unllwer@ < C, vn € N.

Hence, by the compact embedding theorem [19, Theorem 7.1], we can assume, taking a subsequence if necessary,
that w, — u in LP(Q), and by the reflexivity of Wy (Q), we get that u € W5*(2). Moreover, by (2.8), we
have {u,} is bounded in L?(Q), and consequently u € L?(2). By Fatou’s lemma we deduce that u is actually a
minimizer of the variational problem (2.7). The uniqueness follows by the strictly convexity of the functional.
Now, to derive the Euler-Lagrange equation satisfied by u. Fix a function v € W5(Q) N L*(Q), then the
function

o(t) = D;,(u+m)+%/ﬂ(u+tv)2—/Qf(u+w)
has a minimum at ¢ = 0, and consequently
71 ;u 7U"L’p72u — U\xr v — v\ xr — u\xr) — xX))vlx)ax
5 L L e ) — @) ) = ) (0(0) o)) duds — [ (u(e) = fa)o(e)

Then, we have (u, f —u) € D, s and the range condition (2.6) is satisfied.
Let us now see that Dom(D,, 5) is dense in L?(Q2). To this end, is enough to show that

W (Q) N L2(Q2) € Dom(Dy)

So, let us take v € W' (Q) N L2(€). By (2.6) and having in mind that D, , is accretive, there exists u, €
Dom(D, ) such that (u,,n(v —u,) € D, ;. Hence

3 L s )~ i n(0) = w0 l) — ) e = 0 [ (00) = o)

for all ¢ € W5*(Q) N L*(). Then, taking ¢ = v — u,, and applying Young’s inequality, we obtain that
[ 0@ — un@)as
Q
= o [ o ) = P ) — (@) 000) o) dy
_27’l RN JRN |Jj—y|N+SP n\Y n n\Y n Yy Y
1 1
5. ——— [un(y) — un(z)|? dyd
2n /]RN /]RN |$— |N+5P |u (y) u (x)| yax
<o n - pd d Pd d
B 2np /RN/RN Iw— \N+“” [n(y) = un(@)" dy x+2np/RN/RN lz —y |N+ps| v(y) — v(z)|Pdydz
T o = [un(y) — un(z)|? dyd
i o L s ) vl du
< i/ / ;h}( )—’U(m)|pd dr = E[U]P
= 20 Jan Jan [z — y|Ntps Y yar = o wer @y
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from where it follows that u,, — v in L?(Q).
Finally, let us see that (2 5) holds. Given (u,v) € D, s, we have

5 /. / Ty ) — @ ()~ u@) el) — @) duds = [ v@plads (29)

for all o € W5P(Q) N L?(Q2). Then, given w € W3'P(Q) N L3(£2), taking ¢ = w — u in (2.9) and having in mind
the numerical 1nequahty

p|r|P2r(s — 1) < |s|P — |r|P Vs, re€R,
we obtain

/ v(z)(w(z) —u(z)) de

5 [ [ o ) — @) P ) — u(e) ()~ w(@) - (u(y) - u(a) dyds
RN JrN [T | P
< Dp(w) — Dy (u).
Therefore, (u,v) € dD,, and consequently D, ¢ C dD,. Then, since D, s is m-completely accretive in L?(Q),
we get (2.5). O
Now, let us introduce our definition of solution to the evolution problem (2.1).

Definition 2.4. Given uy € L?(Q), we say that u is a solution of the Dirichlet problem (2.1) in [0,7], if
u € WH(0,T; L3(Q)), u(0,-) = ug(-), and for almost all ¢ € (0,T)

ug(t, ) = Ajult, ) in Q,
u(t,") =0 in RV \ Q,
in the sense of Definition 2.1. In other words, u(t,-) € W;*(2) and

1 1 -2
3 [ [ e ) = w0 ) = ult ) (o) — o)) duds = — [ wta)ola)dz, (2:10)
for all p € W5P(Q) N L2(Q).
We have the following result about existence and uniqueness of solution of the Dirichlet problem (2.1).

Theorem 2.5. For every ug € L*(2) there exists a unique solution of the Dirichlet problem (2.1) in (0,T) for
any T > 0. Moreover, if u;o € L*(Q) and u; are solutions of the Dirichlet problem (2.1) in (0,T) with initial
data w; 0, i = 1,2, respectively, then

/(ul(t) —ug(t))t < /(ULO —ug0)t for every t € (0,T). (2.11)
Q Q

Proof. By the theory of maximal monotone operators (see [13]), and having in mind the characterization of the
subdifferential of D, obtained in Theorem 2.3, for every ug € L?(f2) there exists a unique strong solution of the

abstract Cauchy problem
u'(t) + Dy s(u(t)) 30, t e (0,7),
u(0) = up.
Now, the concept of solution of the Dirichlet problem (2.1) coincides with the concept of strong solution of

(2.12), and the proof of the existence and uniqueness concludes. The contraction principle (2.11) holds since
the operator D 4 is completely accretive. |

(2.12)

With respect to the asymptotic behaviour of the solutions of the Dirichlet problem (2.1) we have the following
result.

Theorem 2.6. Let ¢ > p. Let u(t) be the solution of the Dirichlet problem (2.1) for the initial datum ug €
L*(Q), if ¢ > p and ug € L?>(Q) if ¢ = p. Then the Li-norm of the solution goes to zero as t — oo since we
have the following estimate:

ol uoll 7o lluollZ2 q)
t

%20y < V>0,
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where C = C(Q, N, s,p).

Proof. By the complete accretiveness of the operator D), and since 0 € D, 5 (0), the L(2)-norm of u(-, 1) is
decreasing with t.
Now, we use the following Sobolev-Poincaré inequality:

u(t, )P
(t,z)|P dz < C dy d,
ez // |x—y|N+sp v

that holds for any 1 < p < 0o, that is valid since the first eigenvalue of this operator is positive, see [24].
Using this Sobolev-Poincaré inequality, we get

u(t, )[”
q <
/ |u(t, z)|? dx C||U0HL00(Q)/ /RN |$_y|N+Sp dy dx,

where C' = C(Q, N, s,p). Consequently,

t/ |u(t,a:)|qdm§/t/ |u(s, z)|? dx ds

(s,
< Clluol|t? Q)//RN/RN LI oy deas.

On the other hand, taking u(t, z) as test function in (2.10), and integrating in space and time, we get

lu(s,y) —u(s,x)|? / 2 / 2 2
dydx ds = dr — t < 2007 - 2.14
/0 /RN /RN o g Wdvds Q\uO(x)l T QIu( 2 2)|° < Hluoll 720 (2.14)

Therefore, putting together (2.13) and (2.14), we get

(2.13)

[|uo] qL;p(Q) HUOH%Z(Q)
t b)

/ |u(t,z)|?dx < C
Q

as we wanted to prove. |

3. THE DIRICHLET PROBLEM FOR THE FRACTIONAL 1-LAPLACIAN

Let Q be a bounded Lipschitz domain in RY. Formally, as mentioned in the Introduction, the fractional
1-Laplacian operator of order s of a function u € W*1(Q) is defined as

Lo Ll u@)
Ajuta) =PV [ o i e e

Solutions to the homogeneous Dirichlet problem associated with this operator A§ will be in a larger space
than Wos’l(Q), they live in the space

W Q) = {ue L) : [u]ps1(myy < 0o and u = 0 a.e. in RV \ Q}.
Definition 3.1. Given v € L?(2), we say that u € Wi (Q) is a weak solution to the Dirichlet problem

{ —Afu(z) = v(x) in Q

u(z) =0 in RV \ Q. (3.1)

if there exists n € L>®(RY x RY), n(z,y) = —n(y, x) for almost all (z,y) € RY x RN, ||n|| 1o r xzyy < 1, such
that

n(z,y) € sign(u(y) —u(z)) ae. (z,y) € RN xRV,

and

1 1 s,1 2
3 L L e e — e dyds = [ o@ela)ds tor il ¢ € Wy (@) 1 12(@),
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Consider now the Dirichlet problem for the fractional 1-Laplacian

ue(t, x) = Aju(t, ) in (0,7) x €,
u(t,z) =0 in (0,7) x (RN \Q), (3.2)
u(0, z) = ug(x) in Q.

Our concept of solution for this problem is the following:

Definition 3.2. Given ug € L?(f2), we say that u is a solution of problem Dirichlet (3.2) in [0,7], if u €
WL(0,7T; L2(£2)), u(0,-) = ug, and for almost all ¢t € (0,T)

ut(t7 ) = A‘iu(ta ) in Qv
u(t,-) =0 in RV\ Q,

in the sense of Definition 3.1. In other words, if there exists n(t,-,-) € L= (RN x RN), n(t,z,y) = —n(t,y, ) for
almost all (z,y) € RNV x RN ||n(t, -, Lo @y xryy < 1, such that

n(t,z,y) € sign(u(t,y) —u(t,z)) ae. (t,z,y) € RY x RN x R"

and

3 [ L ot e o) — @) dude = = [ wtaewde v e Wi @) nIX@)

To study the Dirichlet problem (3.2) we consider the energy functional Dj : L?(Q) — [0, oo[ given by

TN = Uit )n L
- ——— |u(y) — u(x)| dzdy ifue W, (2)N LA (Q),
pity o b 3o L s )~ o) 3@ N L)
+00 if ue L2(Q) \ W' (Q).
By Fatou’s Lemma we have that Dj is lower semi-continuous in L?(£2). Then, since D§ is convex, we have

that the subdifferential D5 is a maximal monotone operator in L?({2). To characterize the subdifferential 0D
we introduce the following operator.

Definition 3.3. We define in L?*(Q) x L?(2) the operator D; 4 as:
(u,v) € D1y <= wu,v € L*(Q) and u is a weak solution to problem (3.1).
Theorem 3.4. The operator Dy s is m—completely accretive in L*(Q2) with dense domain. Moreover,
D, s = 0Dj. (3.3)

Proof. Given (u;,v;) € Dom(D1 ), i = 1,2, there exists n; € L= (RN x RN), n;(x,y) = —n;(y, z) for almost all
(z,y) € RN xRN, ||nill L= (@xa) < 1, such that

ni(z,y) € sign(u;(y) — ui(z)) for ae. (z,y) € RY x RY,

and

5 [ L o o) - @) duds = [ u@g@yds orall p € Wi (@) N I@).
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Given q € Py, taking ¢(z) := q(ui(x) — ua(x)) as test function, we have

/ (01(2) — va(@))q(ur (z) — ua(2)) da
Q

1 1
=5 Lo [ o ) — mae) (e () = wa(w) s () = wa(a) dody

/) 1
e v (@, y) — n2(2,y))
2 ) Sy s @)@y =us @)y 12— yINT

X (q(u1(y) —u2(y)) — q(ur(x) — uz(x))) drdy

/] 1
- s (@) — n2(z,y)
2) Sy )= @) @)tu@) [T =YV

x (q(u1(y) — u2(y)) — q(ui(x) — uz(x))) drdy

1

i
1 s (m(z,y) — na(2,y))
2 ) J{@wyun ) @)@ tua@ 17— YINT

x (q(ur(y) —u2(y)) — q(ur(x) — uz(x))) dz dy.
Note that the last three integrals are nonnegative. Hence

/g (02(0) = vala))a(un(o) ~ wa(w) do > 0,

from where it follows that D; s is a completely accretive operator.
Let us see that the operator D , satisfies the range condition

L*(Q) C R(I + Dy ). (3.4)
From now on C denotes a constant independent of p that may change from one line to another. For 1 < p < %,
take s, = %. We have 0 < s, < Lforalll <p < (N*) = % < & Then, given f € L?(Q2), for

1 < p < (N*), applying Theorem 2.3, there exists u, € W;""(Q) such that (u,, f —u,) € D,.s,. Now, since
N + spp = (N + s)p, we have

3 L L s ) = @) ) — 0y () (o)~ (@) dude = [ (1) =y ()o@, (3.5

Q

for all ¢ € W5»"(Q) N L?(Q). Moreover, since Dy, ;, is completely accretive and 0 € Dy, 5 (0), u, < f and
lupllLa) < flzay  VI<p<(N*), foramyl<g<2. (3.6)
By (3.6), there exists a sequence p,, | 1, such that

Up, — u weakly in L*(Q), and lull2() < I fllz2 -
On the other hand, taking ¢ = u, in (3.5) we have

1 1 P _ *\/
3 /]RN /]RN e lup(y) — up(2)|P dyde = /Q(f(x) —up(x))up(z)de <C  Vi<p<(N¥)'. (3.7)

Now, since

1 1 1/p ,
| s o)~ wildnds < ([ [ ) — w0 dye )

from (3.7) we get
lup|lws1 ) < C V1i<p< (N*Y).
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Hence, by the compact embedding Theorem [19, Theorem 7.1] and [12, Theorem 2.7], we have that for a
subsequence of {p,}, denoted equal,

u,, —u strongly in L'(Q) and u e WSH(Q).

For k > 0 we set

up(y) — up()

. N N .
cp,k.{(x,y)eR x RN . Py

> k} |
Then, by (3.7),
|Cp| < —. (3.8)

On the other hand,

2
up(y) - up(x)
|v —y|N s

up(y) - up(:c) -
|z — y|NFs

X]RNX]RN\CPJC (LE, y) < kp*l V(-T,y) € RN X RN

Therefore, for any k € N there exists a subsequence of {p, },, denoted by {p,« };, such that
J

P, .'_2
“p,%? (y) — Up 1 (2) ) Up (y) — upnf (z) oo
; ~ 5 ;
‘x —y‘N-’rS |[L‘ —y|N+é XRNXRN\CPH;?,k(I’y) nk(x’y)7

weakly* in L= (RN x RY), with 7, antisymmetric such that ||n || 1= &~ xgy) < 1. Now there exist a subsequence
of {nk}x, {mk, }; such that,

Nk, 20 n  weakly* in L>®(RN x RY),
with 7 antisymmetric and

17l oo (mN xrN) < 1

N

Now let us see how to pass to the limit in (3.5): Let us first take ¢ € D(£2). Then, for a fixed 1 < g0 < §7—7,

for the extended ¢ as 0 outside , p € W09 (RN) with rg = W < 1.
Let us fix k£ € N. From (3.5) we have

Up 4 (y)—upnk(x) ; upn,?(y)—upnk (2) (y) — ()
/ : : : AV (2,9) 2D =2 i
RNxEN | o=y o —y[Vre TR kBB Ty N
—/(f—upnk)w (3.9)
Q J
P, k—2

o(y) — () dud

PRI o yPre DU s

1 / up, i (Y) = up o (€) 775 7wy (y) = up ()
J J J J
RN xRN
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Now, for p,,» < qo, using Holder’s inequality, (3.7) and (3.8),

Pk -2 _
/ Upn? (y) “pn;c (z) ™ up”? (y) Up,,L§ (z) o @ y)w(y) — () dydo
BN RN |z — y|N+s |z — y|[N+s P B
Dk (p,,k=1)/pP, K 1/p &
Up (y) — Up ) (z) | ) ) _ P,k g
< / : NTs dydx / #ly) = vlz) ﬂi) " dydx
RN xRN |z —yl Cp ik lz =yl
Pk (P —1)/P,k ! a0-p, k
Up (y) — up ()| " " _ 0 1/q0 S
: / e | dude (/ A dydx) Cp ol
RN xRN |z —y|NH RN xRN | |2 —y[V "
Dok P —=1)/P,k a0-p,
— " 1 i
_ / R e / o) el 4, " Gyl ™
RN xRN |‘T - y|N+S RN xRN |:L’ - y|N+TUq0 pn§7k
< Co
- QO_pn}?
k™ 0 :
Therefore, taking limits as j — oo in (3.9), we get
5 [ o e ew) — e duds — [ (@) - ulo)sorts| < G-
2 Jpy Jpy |z —y[VES Q k
In particular,
1 1 C
5 [ L s ) e0) — o)) dyde — [ ($(a@)  ule))p(e)da| < 2.
2 Jpn Jry |z —y[NEs T Q k;
Therefore, taking now the limit as j — oo, we obtain that
1 1
3 [ [ o e o) — e@) dude = [ (1(0) = ule)s@pi = 0. (310)

Suppose now that ¢ € Wi (Q) N L2(€2). As in [12, Lemma 2.3], there exists ¢, € D(RY) such that
Yn — @ in L*(Q) asn — +oo,
and

[Pnlws1@yy = [Qlws1@y)y asn — 400.

By Fatou’s Lemma and (3.10), we have

%/RN /RN <x;|N+ le(y) — (@)] = mn(%y)(w(y) - w(@)) dydx

1 1 1
< liminf = — on(¥) — on (@) — —————— (2, ¥) (oY) — ©n dyd
< lim in 2/sz /RN <|x—y|N+5 lon(y) — on(z) o g n(w,y)(en(y) — ¢ (I))) ydx

1 1
= - — dydz —
2/R~ /RN |$_y‘N+Slsa(y) p()|dydz /Qv%

which implies

1 1 s 2
3 [ o) — el dyds > [ @ede o all g e Wil@) N 12(@),

and hence we obtain an equality, since the above inequality is also true for —¢.
To finish the proof of (3.4), we only need to show that

n(z,y) € sign(u(y) — u(z)) ae. (z,y) € RY x RV, (3.11)
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By (3.7) for p,, and taking ¢ = u in (3.10), we have

/RN /RN |£U — y‘(N+s | pn( ) Up,, ($)|p” dydx = A(f(x) — Up, (x))upn (:L‘)d.’l,‘

= [ (@)~ u@)ute)ds = [ f@)(u(o) = vy, (@)do
2 / u(@) ((u(x) — up, (2))dz — / (u(@) — up, (2))*de

. ) (uly) — u(@) dydz — | F@)(u(@) — up, (@))de
2 /RN /]RN |z —yl /
2 /Q w(@)((u(@) — uy, (x))dz.

Then, taking limit as n — oo, we get

1 1
li - - - _ Pn dud
im sup /RN /RN P up,, (y) — up, ()P dydz

= %/RN /RN Wn(ﬂf,y)(u(y) — u()) dyda.

On the other hand, given ¢ > 0 we can find A D Q with |A| < 400 such that

1 €
dy < Va e
/]RN\A |z — y|N+s Il

IA

Then,

1 1
§/RN /RN EEEs [up,, (y) — up, (x)] dydax
1 1 1
= /s avia [T — g |up, (y) — tp, (x)] dydz + 2 ) ey [up, (y) — up, (z)| dydz
1
= U ————dy | dr + - //711” up, ()| dydx
[ tunla >|</RN\A|xy|N+S ) T () = 5, 0)
<y [ ] e ) = vy @)l dyd
By the lower semi-continuity in L'(RY) of [-]y .1 (q), we have

1 1
= _— dydx < li f= dyd
5 L L o ) —w@ldyde <timint 5 [y () = 0] du

< li f dud
et 1nrglor<1) 2/[4\x—y|N+5| tp, (y) — up, (z)| dydx

1/pn
Pn 1/pn’
< tmint g ([ / T ) @ e ) A A

1
§€+*/ / I xZ, u — () dudzx.
5 L L e ) ) — u(@)dy
Therefore,

1 1 1 1
5 — - < - - _
5 /RN /RN 7 s U —u(@)ldyde < e+ 5 /RN /RN oy 1) wly) - u(@)) dyda,

from where it follows (3.11), since € is arbitrary.

Let us see that Dom(D; ;) is dense in L?(Q). To see this fact it is enough to show that

2
D(Q)  Dom(Dry)" Y.

13
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In fact, given v € D(Q)NL>®(Q), by (3.4) and having in mind that D ; is accretive, there exists u,, € Dom(B; ;)
such that (un,n(v —u,) € Dy 5. Hence, there exists 1, € L®(RY x RY), n,(z,y) = —n.(y,x) for almost all
(w,y) € Q@ x Q, ||Nn]| Lo my xryy < 1, such that

3 Lo L e o) — @) duds = n [ () — @)@y d tor all g € WiH@) N L2(@),

1 1
2 /RN /]RN W‘u"(y) = un(@)| dydz = ”/Q(”U(l“) — U (@))up (x) dz.
Then,

2 _i # X v — U — ) — uplx X
L@ —um@e =g [ ] @) 000) = unlo) = (00) = o)

1 1 1
= o —ulNTs - dydz = =[v]wen ),
— 2n /]RN /RN |xfy|N+S|v(y) U(l‘)l yax n[U]W )

from where it follows that u, — v in L*(Q).
Finally, let us see that (3.3) holds. Given (u,v) € Dy, there exists n € L®(RY x RN), n(z,y) = —n(y, )
for almost all (z,y) € RN x RV, 71| Loo (™ xrN)y < 1, such that

1 1 s,1
3 L L e o) — e dyds = [ o@el@)ds for il ¢ € Wi (@) 1 12(@),

and

%/}RN /RN ﬁ\u(y) —u(x)| dydx = /Qv(x)u(x) dz.

Then, given w € W5 () N L2(Q), we have

[ o@tw@ —w@yde =5 [ [ (o) (wl) = wle) dyde = i) < Diw) = Difu).

Therefore, (u,v) € D5, and consequently D; s C dD5. Then, since D s is m—accretive in L?(£2), we have
aD; = Dy .

a

Working as in the proof of Theorem 2.5 we get the following result about existence and uniqueness of solutions
to the Dirichlet problem (3.2).

Theorem 3.5. For every ug € L?(S)) there exists a unique solution of the Dirichlet problem (
any T > 0. Moreover, if u;o € L*(Q) and u; are solutions of the Dirichlet problem (3.2) in (
data w; 0, 1 = 1,2, respectively, then

3.2) in (0,T) for
0,T) with initial

/(ul(t) —uy(t))t < /(ULO —ug o)t for everyt € (0,T).
Q

Q

Respect to the asymptotic behaviour of the solutions of the Dirichlet problem for the fractional 1—Laplacian
(3.2) we have the following result, whose proof is similar to the one that we made for the fractional p—Laplacian.

Theorem 3.6. Let ¢ > 1 and u(t) be the solution of the Dirichlet problem (3.2) for the initial datum ug € L ()
if ¢ > 1, and ug € L?(Q) if ¢ = 1. Then the Li-norm of the solution goes to zero as t — oo and the following
estimate holds:

|| uollF o2y 101720

vVt >0,
t

||u(t)||%q(g)
where C = C(Q, N, s).
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4. THE CAUCHY PROBLEM FOR THE FRACTIONAL 1-LAPLACIAN
In this section we consider the Cauchy problem for the fractional p-Laplacian
{ u(t,x) = Aju(t, x) in (0,7) x RV, (1)
uw(0,2) = uo(x) in RV,

We will write down the proofs for the more singular case p = 1. The case p > 1 can be studied in a similar
way, we leave to the reader the details of the definition of solutions and the proof of the existence and uniqueness
result for this simpler case.

Definition 4.1. Given v € L2(RY), we say that u € W*!(R") is a weak solution to the problem
—ASu(z) =v(z) in RY
if there exists n € L®(RN x RY), n(z,y) = —n(y,x) for almost all (z,y) € RY x RN, |In||po @y xrry < 1,

satisfying
77(55,9) € Slgl’l(’u(y) - U(l’)) a.e. (lL’,y) € RN X RN,

1 1
5 [ ] e e - e@)duds = [ @hple)de for all o € WHLRY) 0 2 (R)
2 Jon Jrw |z —y[NFe RN

Our concept of solution for the Cauchy problem (4.1) is the following.

Definition 4.2. Given ug € L?(R"), we say that u is a solution of problem (4.1) in the interval [0,7], if
u € WH(0,T; LA (RY)), u(0,-) = up and satisfies

ug(t,-) = Aju(t,-) inRY, for almost all t € (0,T),

in the sense of Definition 4.1. In other words, if there exists n(t,-,-) € L¥(RYN x RN), (¢, z,y) = —n(t,y, z) for
almost all (z,y) € RN x RN ||n(t, -, )| oo ®~ xryy < 1, satisfying

/RN /RN P |N+s n(t,z,9) (p(y) — e(x)) dy = —/RN uy(t, x)p(x) dz for all o € W*'(RY) N L*(RY),

n(t,z,y) € sign(u(t,y) —u(t,z)) ae. (z,y) € RY x RV x RT.

To study the Cauchy problem (4.1) we consider the energy functional C§ : L?(R") — [0, o0] given by

/RN /RN |gc_y|N+S| w(y) — u(z)|dedy i w e WHLRN) A L2(RV),

if e L2RN)\ W1 (RN).

Ciu) =

By Fatou’s Lemma we have that C§ is lower semi-continuous in L2(RY). Then, since C} is convex, we have
that the subdifferential OC is a maximal monotone operator in L?(R”). To characterize the subdifferential C;
we introduce the following operator in LZ(R™):

Definition 4.3. We define in L?(RY) x L?(R") the operator C; 4 as:
(u,v) € Chs <= w,v€ L*RY) and u € W (RY) is a weak solution of the problem — Aju = v in RY.
Theorem 4.4. The operator C1 5 is m-completely accretive in L*(RN) with dense domain and moreover
oC; =Crs.

Proof. The proof of the completely accretivity of the operator C; s and the density of the domain is the same
than the one given in Theorem 3.4 for the operator D; ;. Also with the same proof of Theorem 3.4, we can
show that C; ¢ C OC{. Then, to finish the proof we only need to show that C , satisfies the range condition

L*(RN) C R(I 4 Cyy). (4.2)



16 J. M. MAZON, J. D. ROSSI AND J. TOLEDO

We take f € LQ(]RN)7 and for every n € N, we set f,, := f|Bn(0). Then, as consequence of Theorem 3.4, we have

there exists u,, € W()S’l(Bn(O)) and 1, € L®RY x RN), n,(x,y) = —nn(y, z) for almost all (z,y) € RN x RN,
11| oo mN xmV) < 1, satisfying

1 1
§/RN /RN W%(az,y)(w(y) — p(2)) dydx = /Bn(o)(fn(g;) —up(2))p(x) da (4.3)

for all o € WS (B, (0)) N L2(B,(0)), and
nn(2,y) € sign(u, (y) — un(z)) ae. (x,y) € RV x RV, (4.4)
Taking a subsequence, if necessary, we can assume that
e =1 in LP(RY),  with |9 Lo @y ey < 1. (4.5)

Moreover, 7 is antisymmetric.
We also have u,, < f,, which implies that

”un”L?(RN) < ||f||L2(RN) Vn eN,
and consequently
u, —u in L2(RY).
Taking u,, as test function in (4.3), we obtain that
unllwsr@yy < C VneN. (4.6)

Then, by (4.6) and the compact embedding theorem [19, Theorem 7.1], using a diagonal procedure, we can
assume that

U, —u ae in RY. (4.7)

y (4.7), (4.6), applylng Fatou’s Lemma, we obtain

1
dd <l inf 77n _7n dd Sca
// e ) — o)l dyde < timint [ [ () )] dyda

from where it follows that u € W*1(RY).
Given ¢ € C°(RY), let ng € N be such that supp(p) C By, (0). Then, by (4.3), for any n > ng, we have

1 1
3 Lo L o) — @ vt = [ () ot d (4.3

Then, taking limit in (4.8) as n — oo, we get

3 | L e 0w — el dyde = [ (7(0) = ule)ota) da.
Finally, by (4.4), (4.5) and (4.7), we have
n(z,y) € sign (u(y) —u(z)) ae. (z,y) € RY x RV,
Therefore, (u, f — u) € Cy.s, and we have proved the range condition (4.2). O

Working as in the proof of Theorem 2.5, we get the following result about existence and uniqueness of solution
of the Cauchy problem (4.1).

Theorem 4.5. For every ug € L2(RY) there ezists a unique solution of the Cauchy problem (4.1) in (0,T) for
any T > 0. Moreover, if u;o € L2(RY) N LY RY) and u; are solutions of Cauchy problem (4.1) in (0, T) with
wmitial data u; 0, © = 1,2, respectively, then

/ (uy () —ua(t))™ < / (u1,0 —u2,0)" for every t € (0,T).
RN

RN
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5. THE NEUMANN PROBLEM FOR THE FRACTIONAL p—LLAPLACIAN

Let © be a bounded Lipschitz domain in RY. For 1 < p < oo, the fractional p-Laplacian operator of order s
with Neumann boundary condition applied on a function u € W*P(Q) is given by

Af))pu(x) =P.V. /Q W lu(y) — u(x)\p_z(u(y) —u(x))dy, =z €.
Integrating by parts, as in the previous cases, we arrive to the following definition.
Definition 5.1. Let f € L*(Q). We say that u € W*P(Q) is a weak solution of the Neumann problem
—Aj,u=f in Q
if
3 | e 1) — u@)P 2 ul) — u@) oto) = o) dud = | fa)ole)is
for all o € W*P(Q) N L?(Q).

Consider now the Neumann evolution problem for the fractional p-Laplacian

u(t, x) = Ag ult, x), in (0,7) xQ
{ u(0, z) = uo(x), in . (5:1)

Definition 5.2. Given uy € L?(Q), we say that u is a solution of problem (5.1) in [0, T, if u € W11(0,T; L?(2)),
u(0, ) = up, and
ug(t, ) = Ag pu(t,-) in €, for almost all ¢ € (0,7),
in the sense of Definition 5.1. In other words, u € C([0,T]; L*(Q)) N WL1(0,T; L?(Q2)), u(0,-) = up and
1 1 o
3 | e ) — ule o)l ) = . 2) (o) — ola) dy -

=— /Q u(t, x)(x) de Y € W5P(Q) N L*(Q).

To study the Neumann problem (5.1) we consider the energy functional N : L?(R2) — [0, 00[ defined as

- 3 L sy w0
if u e L2(Q) \ W*P(Q).
We also consider the following operator.
Definition 5.3. We define in L?(2) x L?(Q) the operator N, s as:
(u,v) € Nps <= w,v € L32(Q), ue WP(Q), and u is a weak solution of the Neumann problem
—Ag yu =0 in Q.
Working as in the proof of Theorem 2.3, we can establish the following result.

Theorem 5.4. The operator N, s is m—completely accretive in L*(Q) with dense domain. Moreover,

Ny = ONG.

Observe that the concept of solution of the Neumann problem (5.1) coincides with the concept of strong
solution of the abstract Cauchy problem associated with the operator N, s. Then, by Theorem 5.4, working as
in the proof of Theorem 2.5, we can establish the following existence and uniqueness result.

Theorem 5.5. For every ug € L?(QQ) there exists a unique solution of the Neumann problem (5.1)in (0,T) for
any T > 0. Moreover, if uio € L*(Q) and u; are solutions of the Neumann problem (5.1) in (0,T) with initial
data w0, i = 1,2, respectively, then

/(ul(t) —uy(t))t < /(ULQ —u20)"  for every t € (0,T).
Q

Q
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To study the asymptotic behaviour of the solutions of the Neumann problem (5.1) we use the following
fractional Poincaré inequality (see [11], [22]): given 1 < p < oo, there exists a constant C' such that,

/Q [v(z) — vo|P < C[v]ﬁvs,p(m Vo e Ws(Q), (5.3)

where vq is the mean value of v in §2, that is,

v,
vg = — [ v(x)de.
al Jy "
Theorem 5.6. Let ug € L*(Q). Let u(t) the solution of the Neumann problem (5.1). Then,

1/p
Ju(0) -~ (wolal ey < (2012022) T ves,

where C 1is the constant in the fractional Poincaré inequality (5.3).

Proof. Taking ¢ =1 as test function in (5.2), we obtain that
/Q ug(t,z)de =0 for evey ¢ > 0,
from where it follows that the function
t— /Qu(t, x)dx is constant,

and consequently we have conservation of mass, i.e,

/ u(t) de = / ugdx  for evey t > 0.
Q Q
On the other hand, taking u(t) as test function in (5.2), we get

ld/ 9 / 1// 1
- u(t,x)|*de = — | u(t,x)u(t,z)dr = = ————|u(t,y) — u(t, z)|? dydzx,
531 [ lu(t.o) [witputayde =5 [ | ey~ u(e)dy

which implies
t
/0 [u(T)]@VS,p(Q)dT < 2||u0||2L2(Q) for evey t > 0.

We set
w(t,z) :=u(t,z) — (uo)q-

Then, as the solution preserve the total mass, using the fractional Poincaré inequality (5.3), we have
/ o(t, @)Pdz < Clu(t, s (e)-
Q
Since N, s is a completely accretive operator and 0 € N, 4(0), we have
/ lw(t, z)Pdx < / |w(r, z)|Pdx ift > 7.
Q Q
Then,

t t
t/ |w(t, z)|Pdx < / / |w(T, x)[Pdxdr < C’/ [U(T)];;VS,I(Q)CZT < QCHuOH%Q(Q),
Q 0 JQ 0

which concludes the proof. |
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6. THE NEUMANN PROBLEM FOR THE FRACTIONAL 1-LAPLACIAN

Let us now consider the case p = 1. Formally, the fractional 1-Laplacian operator of order s with Neumann
boundary condition applied on a function u € W*1(€) is given by

Lo 1wy e,
B, ulr) P'V'/Q|x—y|N+s fu(y) —u(w)] @ TE®

Definition 6.1. Given f € L*(Q), we say that u € W*1() is a weak solution of the Neumann problem
—Aju=f in Q,
if there exists n € L>(Q x Q), n(z,y) = —n(y, x) for almost all (z,y) € Q@ x Q, ||n]|L=@xa) < 1, satisfying
n(z,y) € sign(u(y) —u(z)) ae. (z,y) € N xQ,

and

Consider now the Neumann problem for the fractional lfLapla(;lan
u(t, ) = Ag yult, ), in (0,7) x Q
{ u(0,x) = up(x), in Q.
Definition 6.2. Given ug € L?(2), we say that u is a solution of problem (6.1) in [0, T], if u € C([0,T]; L*(2))N
W0, T; L2(Q)), u(0,-) = ug, and
ue(t,-) = Agqu(t,-) inQ, for almost all t € (0,T),

in the sense of Definition 6.1. In other words, if there exists n(t,-,-) € L>(Q x Q), n(t,z,y) = —n(t,y,z) for
almost all (z,y) € Q x Q, |In(t, -, )|z~ @xo) < 1, satisfying

n(t, z,y) € sign(u(t,y) —u(t,z)) a.e. (r,y) € QxQ,

(6.1)

and

1 1 1 2
5/9/§2W77(t7x,y)(¢(y) —plx))dy = —/Qut(tw)ga(x) de VYo e WHH(Q) N L3(Q).

To study the Neumann problem (6.1) we consider the energy functional N5 : L2(Q) — [0, oo[ defined as

// = |N+s lu(y) — u(x)|dedy  if u € WSL(Q) N L2(Q)
ifue L2(Q) \ stl(Q),
By Fatou’s Lemma we have that J\/f is lower semi-continuous in Lz(Q). Then, since J\/f is convex, we have

that the subdifferential ON7 is a maximal monotone operator in L?(£2). To characterize the subdifferential of
the operator N we introduce the following operator.

Definition 6.3. We define in L*(Q) x L?(2) the operator Ny s as:
(u,v) € N1 s &= u,v € L*(Q), ue W(Q), and u is a weak solution of the Neumann problem
—Adu=v in .
Working as in the proof of Theorem 3.4, we can establish the following result.

Theorem 6.4. The operator Ny s is m—completely accretive in L*(Q) with dense domain. Moreover,

Nl,s = 8./\/19

Observe that the concept of solution of the Neumann problem (6.1) coincides with the concept of strong
solution of the abstract Cauchy problem associated with the operator Ny . Then, by Theorem 6.4, working as
in the proof of Theorem 2.5, we can establish the following existence and uniqueness result.
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Theorem 6.5. For every ug € L*(Q) there exists a unique solution of the Neumann problem (6.1) in (0,T) for
any T > 0.

Finally, with a similar proof of the one of Theorem 5.6, we can obtain the following result concerning the
asymptotic behaviour of the solutions of the the Neumann problem (6.1).

Theorem 6.6. Let ug € L*(Q) and u(t) the solution of the Neumann problem (6.1). Then,
[[uoll2
t

where C' is the constant in the fractional Poincaré inequality (5.3).

”u(t) - (UO)Q”Ll(Q) <2C Vit >0,

7. THE LIMIT AS s — 1.

In this section we show that, with an adequate rescale factor, L, s, the solutions to fractional p-Laplacian
evolution problem converge as s 1 to the solutions of the corresponding evolution problems for the classical
p-Laplacian.

7.1. The Neumann problem. First we consider the Neumann problem,

ug(t, ) = Ly A Jult, ©), (t,z) € (0,T) x Q, )
w(0,z) = ugl(a), req, '
where the scaling factor is given by:
2 1
L,,= 1—3s), Kyn=—o o|PdHN (o). 7.2
=09 Kow =g [l ol a7 (o) (72)

We denote by v the unitary exterior normal vector to 0€2. We have the following result.

Theorem 7.1. Forp > 1. Given s, — 17, let u,, be the solution of (7.1) for s = s,,. Then, if u is the solution
of the Neumann p—Laplacian problem

u(t, ) = Apu(t, x), in (0,T) x Q,
|Vu(t, z)|P~2Vu(t,z) - v(z) = 0, on (0,T) x 09,
U(O, l‘) = UO(LE)’ in ),

we have

lim  sup [Jun(t) — u(t)||r2() = 0.
n=00 40,7

Note that we have full convergence as s — 1 (without the need of considering subsequences) since the solution
to the limit problem is unique.

Proof. Consider the energy functionals W7, WP : L2(€2) — [0, 00] defined as

1-— n — p
78 M dl’dy lf u e WS"’p(Q) N LQ(Q),
\Il?’;p(u) = Lp(sn)./\/';ﬂ (u) = pK N JQJQ |.'I,' — yl np
o it e L)\ W (©)
forp>1,
1
¢ */ [VulP if w e WHr(Q) 0 L*(),
W)= vl
+00 if u e L2(Q) \ WhP(Q),

for p > 1, and
T () |Du|(Q) if u€ BV(2) N L3(Q),
H(u) =
+00 if u e L2(Q)\ BV (),
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for p = 1, where |Du is the total variation of the measure Du. Then, for ug € L%(f2), by Theorems 5.5 and 6.5,
we have that u,, is the strong solution of the abstract Cauchy problem
ul, (t) + OWEEP (uy, () 3 0, a.e. te (0,7),
un(o) = Uo,
and also u is the strong solution of the abstract Cauchy problem
u(t) + 0P (u(t)) 3 0, a.e. t€(0,T),
u(0) = uyg,

(see [2] for p = 1). Consequently, by classical convergence results of the nonlinear semigroup theory due to
Brezis-Pazy ([14]) and Attouch ([6]), to prove the theorem it is enough to show the Mosco convergence (see
[26]) of the functionals WP to WP, That is, we need to check that

Yu € Dom(¥*P) Ju, € Dom(\Il?njp) ‘up = u and WP (w) > limsup \If?"jp(un); (7.3)
n—oo
and
if u, = u then UP(y) < liminf ¥ o P (). (7.4)
n— oo
In [10] and [18] it is proved that, for u € W1P(Q) if p > 1, and for w € BV(Q) if p = 1,
lim TP (u) = TP (u), (7.5)

from where (7.3) follows. To prove (7.4) we can suppose that {¥$:?(u,) : n € N} is bounded. Then, by [10
Theorem 4], we may assume that

u,, converges strongly in LP to a function u € W1P(Q) if p> 1, u € BV(Q) if p=1.
Therefore (7.4) follows by the I'-convergence in L' of these functionals, that was proved in [27, Theorem 8]. O

7.2. The Dirichlet problem. Consider now the Diriclet problem,
uy(t, ) = Ly sAju(t, z), in (0,7) x Q,
u(t,z) = 0, in (0,7) x (RVN\ Q), (7.6)
u(0, ) = up(x), in Q,

with L, s as in (7.2). We have the following result.

Theorem 7.2. Let p > 1. Given s, — 17, let u,, be the solution of (7.6) for s = s,. Then, if u is the solution
of the Dirichlet p—Laplacian problem

w(t, ) = Apu(t, x), in (0,T) x £,
u(t,z) =0, on (0,T) x 09,
(0, x) = up(x), in Q,

we have

lim  sup |lun(t) — u(t)”Lz(Q) =0.
n—oo te[0,T)

Note again that here we have full convergence as s — 1 (without the need of considering subsequences) since
the solution to the limit problem is unique.

Proof. Following the same idea as above, for p > 1 consider now the energy functionals ®7, @7 : L2(Q) —
[0, 00| defined as

1-—s, / / x)[P . s
dedy — if ue WEnP(Q) N L2(9),
PP (u) = Ly s, D" (u) = PEp N Jan Jan |x - |NﬂLS P 0

if w e L2(Q) \ WenP(9),
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and
1 / . 1
= VulP ifue WP(Q) N LA(Q),
R -y A (@) nL2(@)
400 if ue L2(Q) \ WyP(Q),
and for p = 1 consider
17,9”/ / x)| . Syl
dxdy if w e W5 () N L*(Q),
O (u) =Ly, D (u) = { T S S = yIN“” ’
+00 if ue L2(Q) \ Wi (Q),
and
: 2
B (y) = | Du|(£2) + /89 lu| if w e BV(Q2) N L*(Q),

oo if u e L2(Q) \ BV(9Q).

Then, for ug € L*(f2), by Theorems 2.5 and 3.5, we have that w,, is the strong solution of the abstract Cauchy
problem

ul, (t) + 0PLP (uy (1)) 2 0, a.e. te(0,7),
{ un (0) = ug,
and also u is the strong solution of the abstract Cauchy problem
u' () + 0P (u(t)) > 0, a.e. te (0,7T),
{ u(0) = up.

Let us check the Mosco convergence of the functionals @2;” to &P, that is, we have to show that

Vu € Dom(®%?) Ju,, € Dom(®LP) : u, — u and PP (u) > limsup PP (uy,); (7.7)
n—oo
and
if u, —u  then @%P(u) < liminf O (uy,). (7.8)
n—oo
Set Q:=Q+ B(0,1). Observe that, using the notation of the Neumann case,
5 2(1 — sp) 1
PSP (u) = WP (y —&-7”/ / —————dy | |u(x)|Pdz, 7.9
2 =08+ = ([ | ) (7.9)
and that
21— s) / / 1
lim ———= —————dy | |u(x)|Pdz = 0. 7.10
% Ry Ja < e o=y ) 1) (710

Let us first assume that p > 1. Given u € Dom(®??) = W "*(Q) N L3(Q), we consider u, = uXq, then
u, € WHP(Q) N L2(Q). Hence, working as in the proof of (7.5), we have

lim \IJQP / |VulP = / |VaulP = &P (u).

n—oo

Therefore, by (7.9) and (7.10), we get (7.7).

To prove (7.8) we can suppose that {®?(u,) : n € N} is bounded. Therefore, {\I/?np(un) : n € N} is also
bounded, and consequently, as above,

U, — u  strongly in LP(€).

Hence, by the results of [27] on the I'-convergence of \I/?f’, and having in mind (7.10), we get

1 1
= VulP < = [ |VulP < liminf P (u,),
pJo pJa noon

as we wanted to show and we concludes the proof for the case p > 1.
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Let us now do the proof for the singular case p = 1 which is a little different from the previous case since
the boundary values are taken now in a weaker sense, see the expression of @1 above (see [2] for more details
on how the Dirichlet boundary conditions must be considered for the Dirichlet problem for the total variational
flow).

Given u € Dom(®%1) = BV(Q) N L3(Q), we consider u,, = uXg, then by (1.1) and (1.2), u,, € Wi () N
L?(2). Hence, working as in the proof of (7.5), we have

lim \I/Q (up) = |Du|(Q) +/ luldHN ! = o1 (u).
a9

n— oo
Therefore, by (7.9) and (7.10), we get (7.7).

To prove (7.8) we can suppose that {®!(u,) : n € N} is bounded. Therefore, {\I/S;“(un) : n € N} is also
bounded and consequently, as above,

U, — u  strongly in L*(€2).
Hence, by the results of [27] on the I'-convergence of q’?ﬁlv and having in mind (7.10), we get
|Du|() < liminf Qgil(un).
Now, by (1.1),
IDul@) = [Dul(@) + [ Jul.
o0
Then, from (7.9) and (7.10), we get (7.8). O

7.3. The Cauchy problem. Finally, let us deal with the Cauchy problem,
ug(t,x) = Ly s ASu(t, x), in (0,7) x RV,
1(t,x) = Ly sApuft, x) (0,T) (7.11)
u(0,x) = ug(x), in RV,

with L, s as in (7.2). We have the following result.

Theorem 7.3. Let p > 1. Given s,, — 17, let uy,, be the solution of (7.11) for s = s,,. Then, if u is the solution
of the Cauchy p—Laplacian problem

u(t, z) = Apu(t, x), in (0,T) x RN,
u(0,2) = uo(x), in RY,
we have

lim  sup |jun(t) — u(t)| 2@~y = 0.
n=00 +[0,T]

Proof. As above, consider the energy functionals ®? , @7 : L2(R") — [0, 00] defined as

175 |u(y) — u(x)P
L dxd if WP (RVY N L2(RY
// |x_ |N+Sn,, y ifue Wer®RN) N L2(RY),

+00 if w € L2(RN)\ Wen?(RN),

for p > 1, and the usual counterparts associated with the local problems,

1/ |VulP if ue WHP(RY) N L2(RY),
PP (u):=¢ P JrN
+00 if u € L2RN)\ WHP(RY),

for p > 1, and
() |Du|(RY)  if u € BV(RN) N L2(RY),
u) =
+o0 if ue L2(RN)\ BV(RY),
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for p = 1. By Theorem 4.5, for ug € L?(RY), we have that u,, is the strong solution to the abstract Cauchy
problem

{1@@)+8@ixwﬂﬂ)90, ae. te(0,7)
Unp (0) = Uo,

and also u is the strong solution to the abstract Cauchy problem
u'(t) + 0PP(u(t)) >0, a.e. t€(0,7),
u(0) = wuyg,

As in the proof of Theorem 7.1, we only need to check the Mosco convergence of the functionals ®% to @7,
that is, we have to show that

Vu € Dom(®*) Ju, € Dom(®f ) :u, = u and ®P(u) > limsup ®F (uy,); (7.12)
n—oo

and
if u, = u then ®P(u) < lirginf OF (un). (7.13)

Let us begin with the proof of (7.13) for p > 1. Again we can suppose that {®% (u,) : n € N} is bounded,

therefore, for a fixed but arbitrary ball B(0, R), it also bounded {@ﬁf‘)’R)’p (un) : n € N}, and consequently, as
in the previous case, we get that

1
7/ |[Vu|P < liminf @i(O’R)’p(un),
B(0,R)

p n—oo

which implies
1
f/ [Vu|P < liminf ®F (u,)
P JB(,R) n—oo "M

and we conclude using the monotone convergence Theorem.
Let us now prove (7.12). Take u € WHP(RYN) N L2(RY), and consider a sequence v, € C>°(RY) such that

U — v in WHP(RN) N L2(RY).

1 1
f/ Vo, [P — f/ [VulP.
b Jry P Jry

For each m € N, we have v,, € Wy (B(0, R,,)), for some ball B(0, R,,), therefore, by the proof of Theo-
rem 7.2, we have

In particular, we have

1
lim q,f(O,Rm),p(Um) - ,/ |V, |7,
noree P JB(0,Rm)
which implies

1
lim ®F (v,,) = f/ [V U, [P.
P Jry

n—oo

Hence,

1
lim lim ®% (v,,) = 7/ [VulP.
, .

m—00 n—00 p

Therefore, there exists a subsequence {uy} = {vs,, } of {v,,} such that

1
lim &% (u,) = 7/ [VulP,
RN

n— oo p
and the proof of (7.12) concludes.

The proof for the case p = 1 is similar, therefore we omit the details. |
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