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Abstract

In this paper, we study the limit as p goes to infinity of a minimizer
of a variational problem that is a two-phase free boundary problem of
phase transition for the p-Laplacian. Under a geometric compatibility
condition, we prove that this limit is a solution of a free boundary
problem for the co-Laplacian. When the compatibility condition does
not hold, we prove that there still exists a uniform limit that is a solu-
tion of a minimization problem for the Lipschitz constant. Moreover,
we provide, in the latter case, an example that shows that the free
boundary condition can be lost in the limit.
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1 Introduction.

Given a bounded Lipschitz domain €2 in R"™, we consider a two-phase free
boundary problem of phase transition for the p-Laplacian. More precisely,
we minimize the functional

1
To(w) = [ SIVu@)P + Q@) u(z) da, (1.1)
Q
subject to the boundary condition v — o € I/VO1 P(Q)), where an indicator

function
N if s >0,
A(s) =
)\g if s <0,



with A\; > A2 > 0, a continuous weight function @Q(z) > 0, and boundary
data o € W1°(Q) are given. We denote by Lip(c) the Lipschitz constant
of o and we assume without the loss of generality that Lip(c) = Lip(c |sq),
as we can just take o as the absolute minimizing Lipschitz extension of
its boundary data (see [1] for the existence of such an absolute minimizing
Lipchitz extension).

There is a minimizer of (1.1), which is proved in Lemma 2.1 in the next
section. A minimizer is a weak solution to the p-Laplace equation in the
positive and negative domains, namely

—Apuy = —div(|Vuy,[P~2Vu,) = 0, in {u, >0} U{u, <0},

satisfying the Dirichlet boundary condition u |so= o, and, under the as-
sumption that the “flat region” where u, = 0 is of measure zero, the mini-
mizer satisfies the free boundary condition
() = () = —F= O] = X)
p—1

at every regular point in a weak sense, as stated in Lemma 2.4. For study
on free boundary problems involving quasilinear equations like the one con-
sidered here, there is a long list of references, among which we would like to
refer the reader to [2], [4], [5], [6], [7], [9], [10], [11], [12], and [13].

Our main concern in this paper is to study the limit as p — oo of the
minimizers.

First, to clarify the statements and the discussion, we assume that
Q(x) = 1. Let us consider the three terms that appear in (1.1),

1
p/ﬂyvu\p, M{us0} and  A{u<o0}. (12

As A1 > )Xo, the third term is not the leading one as p — oo. Between the
first two, the one that dominates as p — oo depends on the relation between
Lip(c) and A\;. When \; > Lip(0o), it is the second term that dominates,
and this implies that when we take p — oo we get a limit function whose
gradient, or equivalently its Lipschitz constant, is not greater than \;, and
that minimizes the measure of its positive set. Therefore, we are led to
consider the following two-phase minimization problem:

Minimize |[{u(z) > 0}|  subject to Lip(u) < A1, u = o on Jf2, with
Noou =0 in {u>0}U{u <0},

u=0, ul =X\ on 0{u >0} NQ,
(1.3)



where v is the normal to the free boundary 9{u > 0} N pointing inward
of the positive set {u > 0}.

That the ruling equation for the limit configuration is the infinity Laplace
equation —Asu = —(D?uDu, Du) = 0 is due to the fact that infinity har-
monic functions, the viscosity solutions to the equation —A, u = 0, appear
naturally as the limit of p-harmonic functions, the viscosity solutions to the
p-Laplace equation Ayu = div(|Vu|P~2Vu) = 0 (see [3] and the survey [1]).

This discussion leads us to believe that when Lip(c) < A; the limit as
p — oo of the minimizers of (1.1) is a solution to (1.3), which constitutes
the first part of the next theorem.

The case Lip(o) > A is different, since in this case the leading term
of the three in (1.2) is the first one. Here we can also prove that there
is a uniform limit, but it could happen that this limit is just the absolute
minimizing Lipschitz extension of ¢ to the inside of 2 and hence there is no
free boundary that survives in the limit. This is exactly what happens in a
one-dimensional example, Example 2.14.

We summarize the results mentioned above in the following theorem.

Theorem 1.1 Assume that Q = 1. Let u, be a minimizer of (1.1), then
there exists a continuous function us, such that, for a subsequence denoted
still by {up},

plg{)lo Up = Uoo,
uniformly in Q. In addition,
(i) if Lip(0) < M, let

P = U By(z)/a (2),
2€08Q,0(2)>0

then the limit us, is a solution to (1.3) and its positive set verifies
P C {us > 0}, |P| = {tco > 0}], and 0{uce >0} NQCIPN. (1.4)

Moreover, in this case, the limit us satisfies the free boundary condition
ul = M\ along the free boundary O{us > 0} N Q in the sense that, if

v

xo € O{use > 0} NQ is a reqular free boundary point, then

lim Uso (o — €V) — uno(T0)
el0 €

= A1

where v is a external normal vector to the set {us > 0} at xg.



(i) if Lip(c) > A1, then ueo is a minimal Lipschitz extension of o. That
18, it minimizes the Lipschitz constant in €} subject to the boundary data o,
or equivalently,

Lip(us) = v:(fmoi% 0 Lip(v).

Moreover, in this case, it can happen that the free boundary condition is lost
in the limit, that is, the limit us, may be independent of A1 and Ao as shown
by the one-dimensional example (2.14).

In both cases, the limit us is also a wiscosity solution to the infinity
Laplace equation Noou =0 in {u >0} U{u < 0}.

Remark 1.2 The properties of the positive set for the limit given in (1.4)
are given in terms of the set P that is exactly the positive set of the function
Voo () = max (o(z) — M| — 2z|)+. 1.5

o) = _max (o(2) = Mo = 2|)+ (15)

Also note that we have that {usx > 0} = {vee > 0} U Z for a set Z of

measure zero, and the free boundary of u., is included in the boundary of
the positive set of V.

Remark 1.3 If we consider the same problem with A1, Ay instead of A}, A}
in the definition of A(u), our arguments show that u, converges uniformly
to a limit, us, that is a solution of

. A >0 A < 0}, i Li <1,

Lip(u)<Lu=o on 90 1Hu > 0} + Ao {u < 0} if Lip(o) <
oo if Li 1.

u:an%)lIrll 13)9] Zp(u)’ 1 zp(o-) >

The case Q # 1 is different since we have again three terms that in this
case are the following

1/ |VulP, )\ﬁ’/ Q(z)dxr  and )\’2’/ QP (z) du.
pJa {u>0} {u<0}

Note that now the third term can be dominant depending on the size of ()
even if A1 > Aa.

In this case we can also show uniform convergence and that the limit is
a solution to a minimization problem as stated below.

Theorem 1.4 Let u, be a minimizer of (1.1), then, for a subsequence {uy, }
of {up}, it holds that

lim w,, = us
k—o00 P



uniformly in Q. In addition, the limit uso is a solution to the minimization
problem

min  max { Lip(u), M [|Qll (us0) A2 Ql <z |

uEA, u|8§2 =0

where A= {u : Lip(u) < max{Lip(0), At[[Qll (o0, [ Q1 (r<0)} |-
As in Theorem 1.1, the free boundary may be lost in the limit.

2 Proof of the main theorems.

2.1 The two-phase problem for the p-Laplacian for finite p.
First we prove the existence of a minimizer of (1.1) for a fixed p in [1, c0).
Lemma 2.1 There ezists a minimizer of the variational problem (1.1).

Proof. Without the loss of generality, one may assume the domain  is
bounded. Take a minimizing sequence {u*} of J,. Then

Jim_ Jp(uF) < Jy(0).
So {u"} is a bounded sequence in WP(Q), since [, |[Vu*[P < pJ,(u). As a
result, one may conclude that, for a subsequence denoted still by {u*},
uF — v weakly in W1P(Q)

ubF = va. e in and

QP (z)M\P(u*) — g(x) weakly star in L9° (Q),

loc

where
> QP(x)NP(v) ifv=0.
Then Fatou’s Lemma implies that

Jy() =; /Q VP + Q@) (v)

1
< lim inf —
k—oo D

o(2) { =QP(z)N(v) ifv#0

[ v+ @@t
Q
= lim inf .J, (u).

k—oo

So v is a minimizer of .J, since clearly v — o € W) ?(€). O



Remark 2.2 The previous proof also works if € is unbounded, one may
simply replace 2 by 2 N Bpr for all large balls Br in the above argument
and send R to oc.

Remark 2.3 The uniqueness of a minimizer of the variational problem does
not hold. In fact, one may take 2 = B, the unit ball of R”, and take the
simplest boundary data ¢ = 1 on 9f).

Next, we take ugp = 1 on Q. Then J,(ug) = %)\gwn, where w,, is the
volume of the unit ball.

Suppose there is a unique minimizer u; of the functional J,. Then u; is
radially symmetric. So there is an s € (0,1) such that u; = 0 on By, and
Apuy =0 in B\B,. A simple computation gives that

p=n .
ulz) = alz|P=T + b, ¥f s<l|z| <1
0, if |z| < s,

where a and b satisfy a + b =1 and asr1 4+ b=0. Then

pp—l p—n

p—n - n(l — sP=1 ) nwy,.

p—1

1 1
Jp(uo) = Jp(ur) = ];(X‘z’ — A)wns" — el

If one carefully chooses the values of A\; and A2, one can make this difference
equal to 0. The details are very similar to those in the computation contained
in [8] and hence we omit the details. So one ends up with two distinct
minimizers ug and u.

Lemma 2.4 Let QQ = 1. Suppose that u, is a minimizer of Jp,, and that

{z : wp(e) =0} =0.

Then u, satisfies the free boundary condition

— p
(u;r,u)p - (up,u)p = E(Allj - A12))

in the weak sense, that is,

. p—1
lim ——|Vupl? = NX)np-v
i [ w0
+lim (p;l|Vu P—XN)n-v=0
N0 Jofup,<—6y P b 2

for any smooth function n € Cg(Q; R™). Here v always denotes the external
normal to a given domain.



Proof. Take z = 7.(z) =  + en for z € Q, and define u.(x.) = uy(z). So
ue(x) = up(Tglcc),

Vue(z) = (D1 () V(77 @),

and

(DY) (2) = (D7)~ (7 2) = (T+eVn) ™ (77 '2) = I —eDn(r.'2) +O(e?).
We will also use the following identities

|(I — eDn+ O(e%))Vup P = [Vuy|P — ep|Vu,|P~? < DnVuy,, Vu, > +0(€?)

and
det(I + eDn) = 1 + € tr(Dn) 4+ O(€%),

where tr(Dn) =V - 1.
The minimality of J,(u,) then implies

0 < Jp(ue) — Jp(up)
- P _ (1 ulP u
/Qp‘DT )V (7 12) P+ Ay (7)) /pr P+ Aw)
—|(Dr, 7 )V, (17 ) P up (1.1 2))de — E ul? u
/ (D) (7 ) Vg (7 L) + Ay (7)) d /pr P+ Auw)
1
/ (D7) (@) Vup (@) + Alup(2))} det(Dre)da: — /Q LIVul + A(w)
= /Q E\([ — €D+ O(€%))Vuy, P det(I + €Vn) + A(up(z)) det(I + eDn)dx
1
- /Q LIvul + A(w)
:/Q;{\Vup]p —ep]Vup\p_Q < DnVuy,, Vu, > +O(62)}
{1+ € tr(Dn) + O(*) }dx + /Q AMup)(1 + € tr(Dn) + O(€?))dz

1
—/ —|Vup|? + Auyp)dz.
Qb



Hence, we get
0 < Jp(ue) — Jp(up)
— /Q ;|vup|p tr(Dn) — [V P~ 2(Dn Vi, V)
+A(up) tr(Dn)dx + O(€?)

1
= e/{p\Vupp + Aup)} tr(Dn) — \Vup]p_2<D77Vup, Vuy)dz + 0(62).
Q

As € could be any small number, positive as well as negative, the linear term
in € must be zero in the preceding inequality. Hence

1 _
L5190 4 M)} 5= [V, 2 D1V V) =

The left-hand-side of the preceding equation is given by, on account of the
assumption that |[{u, = 0}| =0,

1
lim S|V P 4 Muy) ¢V -0 — |V, |P~2(DnVu,, Vu,).
R AN 01\ R ) S e T

If u, is of class C?, then the preceding left-hand-side is equal to

1
lim V -A(=|Vu,? + Au — 1 - Vu,|Vu,|P"2Vu
10010 Jon (—gcu <c) {(p‘ pl (up))n —n p| Vp| )
1
= lim (=|Vupl? + X)) - v —n - V|V, P2V, - vdH"
&0 Jo{up>er P
1
+ lim (=|VupP + M) - v — 1 - Vuy|Vup[P2Vu, - vdH"
0 Jo{u,<—8} P
. p—1 -1
= —lim ——|Vuy|? — X)n - vdH"
i [ T
. b= 1 P n—1
— lim (——|Vu,? = X5)n - vdH" ™7,

N0 Jofu,<—6y P

the second equation being the application of the divergence theorem.

If u,, is not of class C?, one may replace uy, by any mollified approximation
up*&y, for a sequence of compactly supported C'*° functions £, approximating
the identity in the above computation, and then take limit as &,, approaches



the Dirac measure. Therefore, one obtains

1
/ {Z;!Vuplp + Mup)}V - n = |Vup[P7% < DpVuy, Vu, >
Q

. p—1 -1
= —lim (——|Vupl? — \))n - vdH"
0 Jofup>e} P b !
. b= 1 p n—1
—lim (——|Vupl? = X5)n - vdH" .

MO Jofu,<—6} P

The proof is finished. O

Remark 2.5 The above lemma does not imply that the conditions

1 1
p P - p P
U;:V = (p-l) )\1 and up,I/ = (p-l) )\2

hold along the free boundary d{u, > 0} in any sense. In fact, if one defines
a new functional

3 1 s
J () = /Q LIVl + M,

p .
- wy if s> 0;
OER S

o if s <0,

where

and pf — ph = A — X\b. Then Jy(u) = J,(u) + (1f — \})|Q, and hence a

~ 1
. . . . . . . + _ p —
minimizer of J, is also a minimizer of J,. Clearly, v}, = (;57)? A1 and

1
u, = (;%7)7 1 cannot both hold at the same time unless Ay = p1.

Remark 2.6 Note that the assumption

{up(z) = 0} =0

is needed here. As the one-dimensional example, namely Example 2.14,
shows, there are configurations of data, €2, o, Ay and Ao, such that a zero
flat region occurs.

Remark 2.7 In symbol, if one takes limit of the the free boundary con-
dition (u;}, )P — (up,)P = ;25 (X} — A5) as p tends to infinity, one gets the
free boundary condition u = \; for a possible limit function wus. It is sur-

prising that the limiting free boundary condition is essentially a one-phase



condition, and whether this free boundary condition holds depends on the
Lipschitz constant of the boundary data. Omn the other hand, the limit
function us, verifies more than just the infinity Laplace equation and the
free boundary condition. It is a solution of a minimization problem on the
measure of the positive set, which will be stated in the proof of Theorem 1.1.

Remark 2.8 This problem can be scaled as follows: if u is a minimizer
of J, with constants A, Ay and boundary data o, then ui(z) = u(x)/k,
for £ > 0, is a minimizer for J, with constants \i/k, A2/k and boundary
data o (z) = o(x)/k. Moreover if 0 € Q and if we let ug(x) = u(z/k) then
we obtain a minimizer for J, in the domain Q) = kQ with constants A /k,
A2 /k and boundary data op(z) = o(x/k). Note that in the latter case, the
Lipschitz constant of oy, is equal to the Lipschitz constant of o over k.

2.2 The limit as p — oo for Q) = 1.

Our next result shows that there is a precise bound for the LP-norm of the
gradient of a minimizer.

Lemma 2.9 Assume that Q = 1. Let u, be a minimizer of J,. Then

1
</ ‘Vup|p>p S C(p,O’,Q,)\l),
Q

)\1 if Lz'p(a) < )\1;
Lip(o) if Lip(o) > 1.

where

lim C(p,o,Q, A1) = {

p—0o0

Proof. One easily gets from Jy,(u,) < Jp(o) that

/ Vil < / Vol +p / Ao) < (Lip(0)|2] + pA |9,
Q Q Q

The result follows from this inequality by taking the constant to be

=

Clp, 0,2, M) = [(Lip(0))’ |2 + pAT|Q]>.

Lemma 2.10 Assume that Q = 1. There is a uniform limit us of a sub-
sequence of {up}p, as p — co. Moreover, the limit u~ satisfies

Uso = 0 0N 0f2,

10



and us, € WH2(Q) with

IVus| _ { A if Lip(o) < M\
00 [|L°(Q) =

Lip(o) if Lip(o) > ;.

Proof. Fix ¢ and let p > ¢. Using Holder’s inequality and Lemma 2.9, one

gets
1 1
(/ |vu,,q>q < |0 (/ |vu,,p>” < Cp o N, (2.1)
Q Q

Hence {up}p>q is bounded in W4(Q) and hence there is a weakly convergent
subsequence, still denoted by {u,}, such that

Up — Uoo weakly in W4(Q) and uniformly on Q.

Using a diagonal procedure one can assume that this convergence is verified
for all integer q.

Clearly, us = o on 0f2. In addition, if one sends p to oo in the estimate
(2.1), one gets

1
([ 19l7)" < 100 tin Coov2 ),
Q p—o0

The result follows from here by sending ¢ to oo. O

Lemma 2.11 The limit us is a viscosity solution to — Ny Use = 0 in the
set {tuoe > 0} U{uss < 0}.

Proof. In a ball B C {us > 0}, u, > 0 for all sufficiently large p thanks to
the uniform convergence of the subsequence. So — A, u, = 0 in B, which
implies, by passing to limit uniformly, — A use = 0 in the viscosity sense
in B. The case in {us < 0} follows similarly. O

Now we are ready to prove our result concerning the limit as p — oo
when Q = 1.

Proof of Theorem 1.1. First, we assume that Lip(c) < A\;. Our goal is
to show that u is a solution to (1.3) and that its positive set is given by

{uce >0} = U BU(Z)/)\l(Z) Uz,
2€0Q,0(2)>0

11



for a set Z of measure zero.
Let us consider

Voo(w) = jmax  (0(z) = Mfz = 2])+

Note that we have that

Voo [l Lo (@ v >0}) = At

It follows that us > voo in the set {ve, > 0}, since [[Vug|lpe@) < M
and Use = Voo on I If this is not the case, there is a point z¢ € {vo, > 0}
such that uso () < Voo(zg). Then, from the definition of v, we conclude
the existence of a point zg € 9 with o(zp) > 0 such that

Uoo(w0) = max  (0(2) = Ailzo — 2[)+ = (0(20) — A1lwo — 20)+-
z€0Q,0(2)>0
Without the loss of generality, we may take zg € 02 to be the closest point to
xo on the segment [z, zg]. In fact, suppose there is a point z; € 9QN[xg, 2p).
Then
0'(2:1) —)\1|.CC()—Z1’ 20(20)—)\1’1'0—20‘ (2.2)

or equivalently
o(z1) — 0(20) = —A1]z1 — 20 (2.3)

as a result of the assumption Lip(c) < A1, and hence one can take the closest
point on 9 N [z, zo] to replace zp.
Note that, as te = Voo = 0 on IS we get

Uoo(20) — Uoo(T0) > Voo(20) — Voo (o) = A1]|T0 — 20|,

a contradiction to the fact ||Vucol[) < A1. Therefore we conclude that
Uso = Voo 1N the set {voo > 0} and hence

U Boya(2) = {vee > 0} € {us > 0}.
2€0Q,0(2)>0

In the following, we characterize the limit function u., through a varia-
tional problem.

As before, u, is a minimizer of the functional J,. Take any Lipschitz
continuous function 6., with Lipschitz constant less than or equal to Aq,
which verifies 65, = o on 9€2. Note that o is such a function. The function

12



s can be taken as a competitor for u, for the functional J,, and hence we

obtain ) )
/ |Vup|p+/ Aup) < / ]V900|p+/ AOs0)-
P Ja Q P Ja Q
Hence .
/ NP < A{QH/ A{’+/ X2,
up>0 p {0s0>0} {0o0<0}
Therefore . \P
[{up > 0} S;IQIH{'%O >0}!+IQI/\%' (2.4)
1

Now we observe that

{uco >0} = U{uoo > n}t.

n>0

Hence,
{uoe > 0] = lim {uoo >},

and then, given any € > 0, one can find an 1 > 0 such that
{uoe > 0} = Huoe >} <e.
Now we observe that, from the uniform convergence of u, to us, one gets
{tuso >n} C {up >0}
for every p > po, and hence
{uco > 0} < {uoo > n}| + € < [{up > 0} + €
We conclude that, since € is arbitrary,

[{uco > 0} < liminf [{u, > 0}].

With this in mind we can take limit in (2.4) as p — oo and we get
{uco > 0} < [{f0 > 0},

for any Lipschitz continuous function 6., with Lipschitz constant less than
or equal to Ay that verifies 6., = o on 9.

Therefore we have that any uniform limit of u, is a solution of the min-
imization problem of

minimizing [{u > 0}|, subject to Lip(u) < A1, ul|oq = o (2.5)

13



We observe that v, satisfies the hypothesis imposed on 6.,. Therefore,
we conclude that
{veo > 0} = {uco > 0}].

As a result, both v and wus, are solutions to the minimization problem
(2.5), and
{thoo > 0} = {v0o >0} U Z

for a set Z of measure zero, due to the fact that {vy > 0} C {us > 0}.

Next, we assume that A\; < Lip(c). Take any Lipschitz continuous func-
tion f4 such that ., = o on 9. Note that o is such a function, and that
Lip(0~) > Lip(o) for any such 0. This function 0 can be viewed as a
competitor for u, in the minimization problem for the functional .J, and
hence

1
p

|

p

1
= <p/ [VOool” + A [{0c > 0} + A {00 < O}I)
Q

Therefore

|=

p

1 v /1
/ VP ) < / |VOoso|? + M[{00 > 0} + M5|{0ss < O}
b Jo b Jo

On account of the reason stated in the proof of Lemma 2.10, one may con-
clude that

1
) 1
Lip(us) < liminf </ |Vup|p> ’ ,

In addition, since 6, is Lipschitz, one gets

1
1 1
lim ( / yveoo|P> " = Lip(00).
Using the above two inequalities and one equation and the fact that Lip(6~) >
Lip(c) > A1 > A2, one gets

Lip(ueo) < Lip(Oso).

Therefore we conclude that us, is a minimizer of the Lipschitz norm Lip(u)
over the region (2 in the set of Lipschitz functions that take on the boundary
value o on 0f).

14



To finish the proof, we show that, when Lip(c) < A1, there is a boundary
condition on the boundary of the set {us, > 0} N Q. In fact, we show that
the limit uo, satisfies uf = A on d{us > 0} N Q in the sense that, if
zo € 0{ux > 0} N then

lim Uoo (T0 — €V) — Uso(Tp)

=A
€l0 € b

where v is a external normal vector to the set {us > 0} at xg.
We have the explicit form for the positive set of the limit

{uw >0} 2P = |J Byuym(2) = {vee >0}
2€9Q,0(2)>0

Hence, given xp € 0{uss > 0} NQ C PN, there exists a zp € 9NN {z :
o(z) > 0} such that

0=1us(xg) = max (o(z) = M|z —z|)+ = 0(z0) — M|zo — 20|
2€9Q,0(2)>0
Take
. Tro — 20
|0 — 20|

We have that v is a normal exterior vector to the set {us, > 0} (in fact we
have that {x € Q : o(20) — M|z — 20| > 0} C {ux > 0}).

By the same arguments used before we have that for any ¢ > 0 small
enough,

Uso (o — ) > 0(20) — Ai|xo — 20 — ev| = 0(20) — M (Jzo — 20| — €)

and, from the fact that Lip(us) < A1 and the explicit formulas we obtain

Uoo (Lo — €EV) — Uso (X A€
Mymww ) szlich
el0 € el0 €
as we wanted to show. O

Remark 2.12 Note that if we have that us is co-harmonic in Q\{u, > 0}
since it has boundary data ¢ on 9QNI(2\{us > 0}) and 0 on QN H{ue >
0}, we get that the limit is unique.

Also note that up to this point we only had uniform convergence of a
subsequence of u, but if we have uniqueness of the limit (and this holds us
is oo-harmonic in Q\{us > 0}), we have convergence of the whole family
Up as p — 0.

15



Remark 2.13 If we call z, the p-harmonic function, —Apz, = 0, with
boundary conditions 2z, = o then we have that

up<zp

and passing to the limit we conclude that
Uso < Zoo
where zo, is the AMLE of ¢ |sq. This implies that
{ttoo > 0} C {200 > 0}.

And in fact, when A; > Lip(c) we have obtained this property in the previ-
ous proof, but this inclusion holds also for the case A\ < Lip(o).

The explicit formula that we have for the limit in the positive set in the
case Lip(o) < A1 is monotone decreasing with A\;. Therefore the positive
set of the limit decreases as \; increases in this case.

In general we do not have a two-sided free boundary condition as the
following example shows (in fact in this simple 1 — d example one can see
all the features described in the general case in Theorem 1.1).

Example 2.14 The 1 — d example. Let us solve the problem in Q = (0,1)
with boundary conditions u,(0) = g9 > 0 and u,(1) = 01 < 0.
Recall that the functional that we want to minimize is given by

1 1
Jp(u) = p/o '[P+ X {u > 0} + Aj[{u < O}].

First, let us tackle the case in which we have a flat zero region. That is,
there are two points

+ —
0< z, <z, < 1
such that
up =0, in (), z,).

In this case the energy is minimized by a function of the form

a0
_.%'T(x —.CE;), LS (Oax;)a
p
up(az) = 07 T € [x;r,x;],
01 — _
T —x, ), x € (x,,1),
e —ap) (#71)



and is given by
1 _ 1 - _
Ip(up) = ];ag(x;)l P4 2;|01|p(1 -, 2P 4 )\[1)1'; + AB(1 — z,).
Since J,, attains its minimum at u, we get that
1\ 1\* Jo|
— P — P
x; = (p) 70 and l—z, = <p > 2.
P A1 p A2

As we have assumed that 0 < a:;{ <z, < 1 we conclude that a solution

with a zero region exists if and only if

In this case the limit as p — oo of w; and x, are given by

x;ro = i—? and o = |§;|
and hence the limit of u, is
~Ai(z — L), z € (0,z1),
Uoo(z) = ¢ 05 € [23, 25,
—Xa(z —2), x € (r3,1),

Now, assume that there is no flat zero region, that is, x; =z, . We have
that w, vanishes at only one point, that we call x,, € (0, 1), that must verify

P P
e (AT = X5). (2.6)

0o o1

p ‘

Tp 11—z,

Once this point is fixed then u, is given by

oo — ?:v, xz € (0,zp)
up(x) = po'l
Ul_l_xp(l_x)a $€(1‘p,1).

Since x,, is bounded we can extract a converging subsequence z, — Too.
Now, we just take the limit in (2.6),

"

(o) 01%p

oo(1 —zp)

p
p

Tp p—1
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to obtain

90\,
Loo
this can be done provided that
—01Tx0
— < 1,
00(1 — :COO)
that is,
—0y
— <1,
Ar(1—%2)
that holds if and only if
—01
— <1,
A — 09

that is,
oo — 01 < A1,

and hence us (the uniform limit of the wu,) is uniquely determined and is

given by

oo — ﬁaz, z € (0,75)
Lo
01—179300(1—33), T € (oo, 1).

In the case o9 — 01 > A1 we get from our previous results that us is a
Lipschitz function with boundary values og and o; and Lipschitz constants
less or equal to og — o1 so the only possibility is the strait line,

Uso () = 00 + (01 — 0p).

Note that in this case we lost the free boundary condition since the limit

does not depends on A1 and Ag.
Summarizing, we have:

o If P
)\71 - )\72 <1
then there is a zero flat region for large p (and also for p = o0).
o If 0 o1 )
)\71_)\72_ and 0’0—01</\1

there is no flat region for p large and the limit problem shows a free
boundary condition governed by ;.

18



o If
00— 01 >\

there is no flat region for large p and in the limit the free boundary
condition is lost (the limit is just the AMLE (in this simple 1—d case
the strait line)).

2.3 The limit as p — oo for @ # 1.

Proof of Theorem 1.4. First, we obtain the analogous to Lemma 2.9.
We observe that using o as a competitor for u, we get J,(u,) < Jp(o) and
hence

/ Vil < / Vol +p / QP \(o

< (Lip(@)PI2 + PN QI e iy o > O} + PASIQIL oy o < O

Then )
( / |Vup\p)" < C(p,o),
(9]

Jim. C(p, o) = max{Lip(c); M[|Q|| o ({o>01); A2l|Qll Lo ({o<0}) }-

where

From this fact we can (arguing as in Lemma 2.10) obtain that there is
a uniform limit, us, of a subsequence of {uy},, as p — co. Moreover, the
limit us, satisfies
Uso = 0 On 0f2,

and us, € WH(Q) with

Vool Loo (@) < max{Lip(o); Ail|Q|| Lo ({o>0}) A2l|Qll Lo ({o<0}) }-

Now let us look for a variational problem verified by us. To this end,
let us consider

A={u: Lip(u) < max{Lip(); M]|Qll (50 A2l|Qll (<0} |

We have that u, is a minimizer of the functional .J,. Take any ., € A
such that 6., = o on 9 (note that o verifies this, so the set of such functions
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is not empty). This function 6 can be viewed as a competitor for u, and
we obtain

1
p/ﬂWup\p /Qp/\ up /]VGOOV’ /Qp)\(éoo).
Hence

1
(p/ qup|P+/\€/ QP+/\§/ QP>
0 {up>0) {up=0} ) @7)
1 P
<o [iwoalext [ e[
pJa {000>0} {00 <0}

3=

Since

1 1 1 1
limsup(a, + b, + ¢p)? < max { lim sup(ap)?; limsup(by)?; lim sup(cp)ﬁ}
P—00 P—00 pP—00 pP—00

we have that the limsup of the right hand side in (2.7) is bounded by

max{LZp( 0); AL QI oo (0.0 50); A2l @l oo (9o <o)}

Therefore, from (2.7), we obtain

) 1
1 » P
max 4 lim inf / Vu p) ; lim inf )\p/ P
{ p—0 (p Q| 4 p—00 ( ! {u,,>0}Q } (2.8)
< max { Lip(0o0); A QU1 (90503 A2/|Qll v 900 |-

From our previous discussion we have that

1

) 1

Lip(us) < liminf < / |Vup|p> !
p—oo \ P

and hence we get

Lip(uioe) < masx { Lip(8c); M[1Qll (0. 50): 22| Q1 00 }-

Now, using that @ is continuous, given € > 0, one fixes 1 > 0 such that

@l oo (fuce o) — 1QN oo (fussnp) | < €
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We observe that, from the uniform convergence of u, to ux, one gets
{uoo >0} C {up > 0}

for every p > pg, and hence

hSA

3 D
Q] Lo (fuoe>0}) < QI Lo (fuoe>ny) + € < plggo (/{uwm} Q > +€

1
< lim inf / QP | +e
p=ree {up>0}

We conclude that, since € is arbitrary,

B =

M|Qll Los (fume>01) < liminf X"/ o’ |
L ({uee>0}) p—oo ! {up>0}

and hence from (2.8) we get

ALQl 1w (s >0p) < max { Lip(0a0); A Qo 95003 A2 [ QU 15 000 §-
To finish the proof we need a bound for

2| Q] Lo ({use<0})-

This task is different from the previous one since we can not assert that the
sets {uoo < 0} and {u, < 0} are similar from the uniform convergence.
From (2.7) we get

1
p
(A’i/ QPH’;/ Qp>
{up>0} {up<0}
1
<o [woaran [ @en [
D Ja {80>0} {000<0}

Using that A\; < Ay and that Q = {u, > 0} N {u, < 0} we get
1 1
p p
(of @) <(xf  owxf o)
{ucs <0} {up>0} {up<0}

21

(2.9)

B =



Taking p — oo, using (2.9) and our previous argument, we obtain

Ao Ql = Ap/ p
QHQHL ({uee<0}) pggo< 2 {UOOSO}Q )

1 13
< lim sup / |V000|p+)\119/ Q’W—Ag/ QP
p—00 PJa {000>0} {000<0}
< max { Lip(0oe); M11Q %50 50)3 A2 |Qll L 00 |-

Therefore, collecting all these bounds, we have obtained that any uniform
limit of u,, is a solution of the minimization problem

min maX{Lip(u)Q)\IHQHLOO(U>O);)\QHQHL"O(uSO)}‘ (2.10)

u€A, 'M|DQ:CT

O

Remark 2.15 Remark that the limit problem be scaled as follows: if u is a
solution to the limit problem with constants A1, Ay and boundary datum o,
then ug(x) = ku(z), for k > 0, is a also a solution with constants \1/k, \2/k
and boundary datum oy (x) = o(x)/k. Moreover if we let ug(x) = u(z/k)
then we obtain a solution in the domain Qj = k£ with constants A1 /k, \a/k
and boundary datum oy(z) = o(x/k). Note that the Lipschitz constant of
o is the Lipschitz constant of o over k. These facts are easy consequences
of Remark 2.8 or can be obtained directly by scaling the limit minimization
problem (2.10) as described above.
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