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ABSTRACT. In this paper we study existence and multiplicity of non-
negative solutions to

Au = uf +u? in Q,
% = \u on 0f2.

Here 2 is a smooth bounded domain of RY | v stands for the outward unit
normal and p, g are in the convex-concave case, that is 0 < ¢ < 1 < p.
We prove that there exists A* > 0 such that there are no nonnegative
solutions for A < A*, and there is a maximal nonnegative solution for
A > A*. If X is large enough, then there exist at least two nonnegative
solutions. We also study the asymptotic behavior of solutions when
A — oo and the occurrence of dead cores. In the particular case where
Q is the unit ball of RY we show exact multiplicity of radial nonnegative
solutions when A is large enough, and also the existence of nonradial
nonnegative solutions.

1. INTRODUCTION

In the well-known paper [1], the following elliptic problem
“Au = P q ;
(1.1) { Au=u? + \u in Q,

u=0 on 012,
was considered. Here A > 0 is a parameter and the main point is that the
nonlinearity in the equation is a combination of a convex term and a concave
term, that is, the exponents verify

(1.2) 0<g<1l<p.

Among other results, it was shown in [1] that there exists a value A > 0 such
that problem (1.1) does not have positive solutions when A > A, while it
has at least a positive solution for A = A and at least two positive solutions
if 0 < A < A (provided in addition that p is subcritical). These results
have been subsequently generalized to deal with more general operators
(cf. [11], [12] for the p-Laplacian or [8] for fully nonlinear operators) or
boundary conditions (see [9] for mixed-type boundary conditions and [13]
for a nonlinear boundary condition).

The purpose of this paper is to consider a related problem where the
presence of a convex and a concave term allows to have multiplicity of non-
negative nontrivial solutions. The problem we deal with is the following:

{ Au=u?+u? in Q,

ou
W AU on 012,

(1.3)
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where €2 is a smooth C*® domain or RY, v stands for the outward pointing
unit normal and p and ¢ verify (1.2).

Observe that an important feature in (1.3) is the presence of the parameter
A in the boundary condition. Problems with bifurcation parameters in the
boundary conditions of the form (1.3) appear in a natural way when one
considers the Sobolev trace embedding H' () — L2(9) (see for instance
[10] and the survey [27]), but in spite of this they are not very frequent in
the literature. We quote the works [15], [16], [18] by the authors, which deal
with different elliptic problems with the same boundary condition and [4],
[5], [6], where the boundary conditions are more general.

By a nonnegative solution to (1.3) we mean a nonnegative nontrivial weak
solution in H'(Q), that is, a function u € H(Q2), u > 0, verifying

/www/ up = /upgo+/uq<p,
o0

for every ¢ € H' (), where the last two integrals are assumed to be finite.
However, let us mention that weak solutions are indeed classical (they are
bounded thanks for instance to Lemma 5 in [17] and hence in C?%7(Q2) by
Lemma 7 in [16], where v = min{«, ¢}). Recall that the functional

1 A 1 1
1.4) E(u) == Vu2—/ u2+/ up+1+/uq+1
(14 B =5 [V =F [l = [t g [

defines a natural energy functional for (1.3).
We come next to the statement of our results. Let us begin with the
questions of existence and nonexistence of nonnegative nontrivial solutions.

Theorem 1. Assume Q C RY is a C** bounded domain and p and q verify
(1.2). Then there exists A* > 0 such that the following properties hold.

(a) There are no nonnegative nontrivial solutions to (1.3) for A < A*.

(b) For every A > A*, there exists a mazimal nonnegative nontrivial
solution u = uy to (1.3).

(c) There exists A** > A* such that (1.3) admits a second nontrivial
nonnegative solution u = vy for A > A**. Moreover, vy has nonneg-
ative energy for large A, i.e. E(vy) >0 for A > Ag.

In the literature on convex-concave problems, one actually has A* = A**.
We remark that in those cases the second solution can be obtained directly
by means of the mountain pass theorem because the first solution can actu-
ally be obtained as a local minimum of the functional (1.4). To prove that
this actually happens an important tool is the strong maximum principle: if
w, U are respectively sub and supersolution with u < % in €, then u < % in Q
unless u = u and both are solutions. In our present situation, this property
does not hold, due to the possible appearance of dead cores in the solutions
(see below). Thus in general it is difficult to prove that A* = A**. This
can be shown in the particular case where the maximal solution © = upa+ to
(1.3) corresponding to A = A* is strictly positive on 912, (this occurs, for
instance, when  is a ball, c¢f. Theorem 4 below and Section 5).

Our next concern is the asymptotic behavior of solutions to (1.3) as A —
4+00. We will show that there are essentially two behaviors: the maximal
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solution increases and converges to a boundary blow-up solution, while all
bounded solutions tend to zero at a precise rate.

Theorem 2. Under the assumptions of Theorem 1, the following properties
on the asymptotic behavior of (1.3) as A — oo hold true.

(a) The mazimal solution uy to (1.3) verifies uy — U in C3, (), where
U is the unique nonnegative solution to

AU =U? 4+ U1 in €,

U= on 0L2.

(b) If {va}asn, @s a family of solutions to (1.3) such that supgvy < C
for X > Ao then there exist positive constants Cv, Cs, such that

(1.6) Cl)\i%*q § méix’l))\ S 02/\,137(1,

for A > X.

Remarks 1.

a) Theorem 2 elucidates the behavior for large A of two specific kinds of
solutions. Namely, those which became wuniformly unbounded on 0f) as
A — 00 (the family of maximal solutions u)) and those solutions to (1.3) that
remain uniformly bounded on 912 for large A (notice that solutions to (1.3)
are subharmonic). Indeed, in the case where ) is a ball and solutions are
radially symmetric the full asymptotic behavior of (1.3) is the one described
in Theorem 2. However, in the general case, asymptotic responses that are
a combination of the ones in cases a) and b) are possible (see Section 6).

(1.5)

b) An optimum version of estimate (1.6) on the asymptotic amplitude of
nonnegative solutions that stay bounded as A — oo can be obtained in the
case of radially symmetric solutions (Theorem 4 (b) below).

As we have already mentioned, one of the difficulties that appear when
dealing with nonnegative solutions u to problem (1.3) is the possible ap-
pearance of dead cores, that is, the set O = {x € Q@ : wu(x) = 0} could be
nonempty. We next state some conditions which ensure that nonnegative
solutions do or do not have dead cores.

Theorem 3. Assume that the hypotheses of Theorem 1 hold. Then,
(a) If {vatasn, @s a family of nonnegative solutions with nonnegative

energy, that is E(vy) > 0, then vy exhibits a dead core for large
enough \. Moreover, vy(x) =0 for all x € Q satisfying

(1.7) d(z) N1 s €

with d(z) = dist (z,000) and C > 0 a constant that does not de-
pend on \. In particular, the family {vy} obtained in Theorem 1 (c)
exhibits a dead core for large .

(b) If {ua}asn, s a family of nonnegative solutions with supg vy < C,
then vy has a dead core for large enough A. In this case, vy(x) =0
when

(18) d(x) >

> Q

for large X\, where C > 0 does not depend on .
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(c) There exists Ry > 0 such that if Q contains a ball B with radius
R > Ry then every nonnegative solution to (1.3) has a dead core
inside 2.

(d) If Q lies between parallel hyperplanes my, wo with dist(m, m2) < 2R,
Ry as in (c), then the maximal solution uy is strictly positive when
A is large enough.

Remark 2. Estimates (1.7) and (1.8) implies that in cases a) and b), dead
cores Oy = {vx(x) = 0} progressively fill Q as A — oco. A more precise
version of estimate (1.8) can be obtained when (1.3) is radially symmetric
(Theorem 4 (b)).

Finally, we will concentrate in the particular case where € is a ball in RY.
In this case, we have more precise information, particularly when dealing
with radial solutions. We will show exact multiplicity of radial nonnegative
solutions to (1.3) when A is large enough, and also the existence of nonradial
nonnegative solutions, in the spirit of [16].

Theorem 4. Under the same conditions as in Theorem 1, assume in ad-
dition that Q = Bp, the open ball in RN with radius R and center x = 0.
Then,

(a) There exists A* > 0 such that problem (1.3) has no nonnegative
nontrivial solutions for A < A*, while it has at least a nonnegative
nontrivial radial solution when A = A* and at least two nonnegative
nontrivial radial solutions if A > A*, one of them being the mazximal
solution uy,.

(b) There exists A\g > 0 such that problem (1.3) has exactly two non-
negative nontrivial radial solutions uy and zy when X > X\g, whose
asymptotic behavior is given by parts (a) and (b) in Theorem 2, re-
spectively. Moreover,

(1.9) (R) ()
. z =supwvy ~ | —— —q
A o A P

as A — oo and
2
1.10 DY ——
(1.10) P~ G

as X\ — oo where p(\) stands for the distance from the dead core
{zx = 0} to the boundary |x| = R of Bg.

(c) There exists A\ > 0 such that problem (1.3) admits a nonradial non-
negative solution vy when X > (.

The rest of the paper is organized as follows: in Section 2 we prove The-
orem 1. In Section 3 we study the asymptotic behavior of solutions when
A — oo, while dead core formation is analyzed in Section 4. Section 5 is
devoted to the problem in a ball of RY. Finally, Section 6 collects some
results on multiplicity of solutions.

2. EXISTENCE AND NONEXISTENCE OF SOLUTIONS

In this section we prove Theorem 1, which will be split into a series of
lemmas. We begin by part (a), that is, nonnegative solutions do not exist
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when A is small. We are always assuming that ) is a smooth bounded
domain and that p, g verify (1.2).

Lemma 5. There exists A > 0 such that there are no nonnegative nontrivial
solutions to (1.3) for A < A.

Proof. Assume that v € H'(Q) is a nonnegative nontrivial weak solution,

then we have
/ u —/ |Vul> = / (uP Tt 4 971,
onN
Note that this implies that v # 0 on 0f2. Using that p and ¢ verify (1.2),

we observe that sPT! 4 5971 > max{sP*!, 591} > 52 for s > 0 and hence we

get
)\/ UQZ/]VU\Q—i-/uQ
a0 Q Q

Now we use the continuity of the Sobolev trace embedding H'(Q) — L?(9Q)
to obtain the existence of a positive constant A such that

A u? > A u?.
onN o0
Therefore we conclude that A > A since u # 0 on 0. O

Now we recall that, since p > 1, Theorem 1 in [15] provides with a unique
solution to the problem

Ay = u? in ,
(2.1) u = \u on 09,
v

for every A > 0, which will be denoted by U, (it is also worthy of mention
that Uy > 0 in €, and is increasing and continuous in \). This solution
provides with an upper bound for nonnegative nontrivial solutions to (1.3).
Indeed, it is easy to show that if u is a nonnegative nontrivial solution to
(1.3), then it is a subsolution to (2.1). Since MU, is a supersolution for
large M, we obtain the following result:

Lemma 6. Let u be a nonnegative nontrivial solution to (1.3). Then
u< Uy inQ.

Next let us face the question of existence of solutions. We begin by part
(b) of Theorem 1.

Lemma 7. There exists A* > 0 such that (1.3) has a mazimal nonnegative
nontrivial solution for A > A*, while no nonnegative nontrivial solutions
exist when A < A*.

Proof. Let us first prove that nonnegative nontrivial solutions exist for large
A. To this end, consider the problem

Au = 2u9 in Q,
(2:2) 9u = \u on 0.
ov

It follows from Theorem 1 in [16] that there exists a family of nonnegative
nontrivial solutions {V)}xso to (2.2) verifying V), — 0 uniformly in Q as
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A — o00. Let Ay be such that V), < 1in Q for A > A;. Then V), is a
subsolution to (1.3), since

AVy =2V > VP + V] in €,
% = AV, on 0f).
ov

On the other hand, the unique positive solution U) to (2.1) is a supersolution
to (1.3). Since Uy stays bounded away from zero while V) — 0 uniformly
in Q as A — oo, we also have V), < Uy when \ is large enough, so that a
nonnegative nontrivial solution to (1.3) exists when A is large enough.

Therefore, we may define A* as the infimum of those Ao for which (1.3) has
a nonnegative nontrivial solution for every A > A\g. Thanks to Lemma 5 we
have A* > 0. Let us next show that solutions do exist for every A > A*. To
this aim we momentarily change notation to make explicit the dependence
of (1.3) on A and denote it as (1.3)y.

Take A > A*. Thanks to the definition of A*, there exists a value p
with A* <y < X such that (1.3), admits a nontrivial nonnegative solution,
which will be denoted by u,. Observe that u, is a subsolution to (1.3)
since p < A, while, according to Lemma 2.1, u,, < U, < U,. Observing that
U, is a supersolution to (1.3),, we obtain at least a nonnegative nontrivial
solution to this problem, as we wanted to show.

We now observe that by Lemma 2.1, U}, is a supersolution to (1.3), which
controls every possible nonnegative nontrivial solution. Thus it is standard
to obtain that (1.3)) admits a maximal solution for every A > A*, and the
maximal solution is increasing in A. To conclude the proof, we only need
to show that there exists a nontrivial nonnegative solution when A\ = A* as
well. To this end we just have to take an arbitrary sequence A, | A* and
consider the function

u:= lim uy,,
n—oo

where u) is the maximal solution to (1.3), constructed above. Observe that
by the monotonicity of uy, this limit exists pointwise. Moreover, a standard
compactness argument shows that the limit also holds in H'(2). Thus u
will be a nonnegative solution to (1.3)x+, and we only have to rule out the
possibility u = 0. Arguing by contradiction, assume that u = 0, and define
the functions v, = uy,, /[|ux, || 2(90), which verify

—1 —1 .
Avy, = ‘|U>\n|i2(ag)v£ + ”uAanp(aQ)U?L in §,
0
on _ AnUn, on 0.
ov

Then, we have

-1 -1
= [ 1900 = s Wzl [ o7+ ln 2ty [ o871

This implies that v,, is bounded in H'(2) and therefore we may assume that
v, — v weakly in H'(2) and strongly in L?(2), L9T1(Q) and L?*(0€2). In
particular, ||v][z2(50) = 1. Moreover,

1
An = ||u/\nH%2(aQ)/QU?z+la
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and we obtain that v = 0, which is a contradiction since [|v|[z2(9q) = 1. This
concludes the proof. O

To complete the proof of Theorem 1 we have to prove part (c).

Lemma 8. There exists A** > A* such that for every A > N**, there exist
at least two nonnegative nontrivial solutions to (1.3).

The proof of Lemma 8 is based in the mountain pass theorem (cf. [3], [22],
[25]). But observe first that the natural functional associated to solutions
of (1.3) is given by

1 A 1 1
E(u :/ Vuz—/ u2+/ up+1+/uq+1,
=g [Vl =5 [l g [ g [

and in order to obtain a well-defined and differentiable functional in H'(2)
we should assume that p is subcritical. To get rid of this supplementary
undesirable hypothesis, we take advantage of the fact that every solution
verifies v < Uy and modify the functional accordingly. Introduce the trun-
cated functions

Uf u > Uy,
flz,u)=¢ uP 0 <u<U,,
0 u <0,
and, for technical reasons, also
Uy u > Uy,
glz,u) =< u 0<u<Uy,
0 u < 0.

Let
F(x,u)—/o f(z,s)ds, G(m,u)—/o g(z, s)ds,

and consider the truncated functional

1 1
J(u) :2/Q|Vu|2)\/mG(x,u)Jr/QF(x,u)Jrq_l_l/g|u|q+1.

Notice that the sublinear term |u|?*! has not been truncated, since it is not
necessary.

It is standard that J is a C! functional in H'(£2), whose critical points
are weak solutions to the problem

Au = f(z,u) + JulT u in €,
(2.3) u
5 Ag(z,u) on 0.

As a first step, let us check that weak solutions to (2.3) verify 0 < u < U)
and therefore are also weak solutions to (1.3).

Lemma 9. Let u € H'(Q) be a weak solution to (2.3). Then
0<u<Uy.

In particular, u is a weak solution to (1.3).
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Proof. Take u— = min{u,0} as a test function in the weak formulation of
(2.3) to obtain

/\Vu\2+)\/g:cu /fxuu —i—/]u!q“

Since f(x,u)u— =0 and g(x,u)u_ = 0 we have

/ Vu_|? = / o+

and then we conclude that u_ = 0, that is, v > 0. Similarly, taking (u —
Uy)+ = max{u — Uy, 0} as test function we get,

- / V(u— U + A / (g(,u) — Un)(u — Uy)
u>Uy 0QN{u>Uy}

:/wUA(f(x,u)—Uf)(u—U)\)—l—/ ul(u — Uy).

u>Uy
As g(z,u) — Uy =0 and f(z,u) — U} = 0 when u > Uy we obtain

- / V(= Uy = / W = Uy),
u>U)y u>Uy

and it follows that u < Uy. This concludes the proof. U

The next step is to ensure that J has the desirable compactness properties.
We will use in H'(2) the norm

lullzr = IVull 2@~ + llullz200),

which is equivalent to the usual one. Then we have:
Lemma 10. The functional J verifies the Palais-Smale condition.

Proof. Let u, € H'(Q) be a sequence such that J(u,) < C and J'(u,) — 0.
First, let us see that u, is bounded in H!(Q). Assume, by contradiction,
that HunHH1 — 00. Since f(z,u) > 0 and G(z,u) < u2/2 we obtain

3 v < / 2+,

so that [[unl|L2a0) — oo. Define vn, = upn/||unll2(90). Then [[vnllg1(q) is
bounded and we can extract a subsequence, denoted again by v, such that
vp, — v weakly in H(2) and strongly in L?(99Q) and in L4T1(Q). Observe
that

1 A 1
/ \an\Q—f G(:c,un)—i—Q/F(x,un)
2 Ja HU’VLHLQ((‘)Q) o0 HunHLz(ag) Q
HU"HL2(5(2 /’ |q+1
g+1 o N Hun||L2(aQ .
Since

A 1
W/ G(z,u,) — 0 and 2/ F(z,u,) — 0
“n|L2(aQ) Fol9) HunHL2(aQ) Q

we conclude that
/ ‘Un‘qul — 0
Q
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This implies v = 0, which contradicts [|v||2(90) = 1. This contradiction
proves that u, is bounded in H!(Q), thus we can extract a subsequence,
still denoted by u,, such that u, — u weakly in H*(Q), strongly in L?(99)
and LIt1(Q) and a.e. in Q. Since f and g are bounded, we obtain by
dominated convergence

/ g(x,up)u , / g(x, up)uy — g(a: u)u

/fxun /fxunune/fxu

Finally, as J'(uy) — 0 we have J'(uy,)(u — u,) — 0. Since

J () (u — up) /VunVu—/ Vi, |? — / g(x,up)u

—i—)\/gxunun /fxunu—/fxunn
o)
—I-/ |un|q_1unu—/ |y, |71
Q Q
:/VunVu—/ IV, |* 4 o(1),
Q Q

/|Vun|2e/|Vu|2.
Q Q

Hence, we conclude that u, — u strongly in H'(2), so that J verifies the
Palais-Smale condition. O

and

it follows that

Finally, we need to check that J verifies the geometric conditions of the
mountain pass lemma. Let us prove first that v = 0 is a local minimum

of J.
Lemma 11. The functional J has a strict local minimum at u = 0.

Proof. We have J(0) = 0. Let us assume that there exists a sequence u,, — 0
with J(u,) < 0. Then, taking v, = uy/||unl/12(50) (note that u, # 0 on O
since u, # 0 in Q and J(u,) < 0), we have
/V n!2<A/ M<C w2 =C,
L) HUHHL2 (692) f519)

for some positive constant C'. Hence we can extract a subsequence, still
denoted by vy, such that v, — v weakly in H'(Q), strongly in L?(99) and
LA*1(Q) and a.e. in Q. In particular, we have that [vnllL2a0) = 1, and then
v # 0. On the other hand,

1 A llunll72

3 [Vl o [ G+ =t o [l <o
2 Jo ”unHLz(aQ) o0 q-+ g+l

which implies that [, [v,[7"! — 0, a contradiction. O

We can finally proceed with the proof of Lemma 8. This will also conclude
the proof of Theorem 1.
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Proof of Lemma 8. Since J verifies the Palais-Smale condition we can find a
second solution using the mountain pass theorem. In fact, using Lemma 11,
we only need to check the existence of u € H(2) such that J(u) < 0. This
is easily achieved by simply taking an arbitrary fixed function u € H(£2)
which does not vanish identically on 02 and considering a large enough A.
Thus the mountain pass theorem implies the existence of a critical point u
of J such that J(u) > 0. It follows that w is a nontrivial solution to (2.3)
and by Lemma 9, u is a nontrivial nonnegative solution to (1.3).

Finally, notice that Theorem 3 (a), whose forthcoming proof is indepen-
dent of the present one, implies that the maximal solution has negative
energy for large enough A. Indeed, it will be proven that if for some se-
quence A, — oo we had J(uy,) > 0 then uy, — 0 pointwise in €2, which
is impossible since the maximal solution is increasing in A. In particular,
we can guarantee that the nonnegative nontrivial solution just constructed
does not coincide with the maximal solution.

To summarize, we have shown the existence of A** > 0 such that problem
(1.3) admits at least two nontrivial nonnegative solutions for A > A**. The
proof is finished. O

3. BEHAVIOR AS A\ — 00

In this section we analyze the behavior for large A of nonnegative solutions
to (1.3).

Proof of Theorem 2. (a) First, notice that by comparison we have uy < U,
where U is the unique nonnegative solution to (1.5). The existence of such
solution is implied by the results in [24], while the uniqueness follows by
Theorem 1 in [14] (see also Remark 3 below). Then it is standard to obtain
that for every sequence A\, — 00, there exists a subsequence such that
uy, — V in C2.(€2), where V is a solution to AV = VP + V4 in Q.

Once we show that uy — oo on 92 as A — oo, it will follow that V = U,
as we want to show. Choose m > 0 and let V,,, be the unique solution to

the Dirichlet problem

Av=v"+v? in Q,
v=m on 0f2.

If we denote by A, = supyq |Vum|/vm, it clearly follows that v, is a subso-
lution to (1.3) for A > A,,. Since there exist arbitrarily large supersolutions,
we achieve uy > vy, if A > Ap,. In particular, uy > m on 0Q if A > \,,, as
we wanted to see. This concludes the proof of part (a).

(b) This proof uses a standard blow-up technique, in the same spirit as
Theorem 1-iii) in in [16], thus we do not provide complete details. Let {vy}
be a family of nonnegative solutions to (1.3) with

M)y :=supwvy < C.
Q

2
Assume that for a sequence \,, — 0o we have A\, ¢ M, — oo. For simplicity,
let us denote M, = M), and v, = vy,. Choose a point z,, € 92 such that
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vp(2y,) = M, and introduce the scaled functions

Un (2 + A1
n
which verify

1
Aw, = 5l (Mﬁ_lwg + Mg_lvg) in Qp,
8 n
Wn _ W, on 09y,

ov

where Q,, = {y € RV : =, + A1y € Q}. We may assume with no loss of
generality that x, — xg € 0Q2. Then, a usual straightening of 02 near xg
together with the fact that ||wy,||s = 1, allow us to obtain bounds to pass to

the limit and obtain that, for a subsequence, w, — w in C (@) NC2(RY),
where w solves the problem

Aw =0 in RY,
—a—w =w on 6Rf,
oy

and RY = {y1 > 0}. Moreover, w(0) = 1. According to the discussion in
page 15 of [16], this is impossible. Hence the upper inequality in (1.6) is
proved.

To show the lowerzinequality, we assume that there exists a sequence

An, — o0 such that /\F M, — 0, and consider

Un ("En + Mé/ﬁy)

where § = 2/(1 — q). Since z, solves
{ Azy = MP920 + 21 in (,,

% = Mé/ﬁ)\nzn on 092,
ov

and verifies [|2,//cc = 1, we can, as before, pass to the limit to obtain that
zn, — 2z in C(RY) N C?*(RY), where z is a solution to

Az=29 inRY,
0
~ % _0 on ORJX .
Oy
Now we observe that this is impossible, since by the strong maximum princi-
ple z < z(0) = 1, and Hopf’s principle would imply —(%ZI(O) > 0. Again we
have a contradiction, and therefore we conclude the existence of a constant
¢ such that My > eA=2/(1=9) when X is large enough. This shows the lower
inequality in (1.6). O

Remark 3. It is worth mentioning that the proof of Theorem 1 of [14] should
be clarified in a specific technical step. Such proof deals with uniqueness of
solutions to

(3.1) { Au = f(u) in Q,

U= 00 on 01},
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under the assumption that f is a continuous function which is increasing
and such that f(t)/tP is increasing for large ¢ and some p > 1. At some
point, the strong comparison principle is invoked and this requires f to be
locally Lipschitz (this of course does not hold in our present situation). This
difficulty can be overcomed as follows: assume that u is the minimal solution
to (3.1) and let v be another solution. For small ¢ > 0 let D, = {z € Q :
(14 ¢)u(x) < v(x)} and choose > 0 such that f(¢)/t is increasing in
t > infq, u, where Q, = {z € Q : d(z) := dist(z,0Q) < n}. Notice that
D, N oY =0, since u/v — 1 as d(z) — 0 (see [7]). Then in D., = D, N,
we have A(v — (1 +¢e)u) > (f(v) — f((1+¢)u)) > 0 so that
v—(1+e)u <max(v—(1+e)u) in Dgy.
0D¢ 4
On the other hand, 0D, , = (0D, N Q,) U (D, N 01),), and the maximum
cannot be achieved on 0D,, since this would imply v — (14 ¢)u < 0 in D),
contrary to the definition of D.. Then
3.2 —(1+eu< ma v—(1+¢e)u) in D.,.
(32) v=(+eus max (v—(1+) i D,
Finally, observe that D; is increasing as € | 0, so that denoting Q= Ues0D:
and letting ¢ — 0 in (3.2) we have
(3.3) v—u< max (v—u)< max(v—u)=:0 in (NZW,
en{d=n} {d=n}
where ﬁn =Qn €2,. Taking into account that u = v in Q\ SN), as can be
easily checked, we may ensure that (3.3) holds in €2,,.

On the other hand, A(v—u) = f(v)— f(u) > 01in Q\ €, so that v—u < 6
in 2\ Q, by the maximum principle. Hence v —u < 6 in 2 and the strong
maximum principle implies v — u = 6, which is only possible if § = 0, that
is, v = v. This proves uniqueness.

Remark 4. Observe that if {vy} is a family of solutions to (1.3) with A — oo
such that infouy > ¢ > 0 then Avy = v} + 0] < (14 7)o} in Q, so
that the function (1 + cq_p)ﬁv,\ is a supersolution to (2.1) and uniqueness
implies
1
vy > (14 c7P) =10,
Then vy — oo uniformly on 02 when A\ — oo. It follows that vy — U uni-

formly on compact subsets of 2 where U is the unique nonnegative solution
to (1.5).

4. POSITIVITY VS. DEAD CORES

In this section we prove Theorem 3. That is, we consider conditions
under which nonnegative solutions to (1.3) either are strictly positive or
have a dead core.

Proof of Theorem 3, (a) and (b). (a) Let {vx}a>), be a family of nonnega-
tive solutions with nonnegative energy, that is,

1 A 1 1 1 1
z \VZ3) 2_/ V[ P 1 >,
2/9' d 2 Joo ¥ p+1Jg P g+1Jg * =



A CONVEX-CONCAVE ELLIPTIC PROBLEM 13

Taking vy as a test function in the weak formulation of (1.3) we have

/ Toal? — A / oal? + / pH /Q )

so that
(1 —
for = e
Q (¢+1)(-1) Jo
and then
(4.1) loall () < Clloallfar gy,

with @ = (¢+1)/(p+1) € (0,1) and a positive constant C' which is inde-
pendent of A. Hence,

oAl 121 g < Clo|Pma/ 17

and so
loallze+1(0) < C.

Now, we just observe that from (1.3) we also have

o0

(42) / U < g
o0 A

Next notice that by comparison vy < z), where z) is the harmonic function
in Q which coincides with vy on 0€). Thanks to Green’s representation
formula:

o) = [ )G @S0,

where G(z,y) is the Green function of the domain .
On the other hand
oG I 4
av Y= |z — y| V-1’
for x € Q, y € 0Q with A = A(f2) a positive constant. Hence
nr(@) < Sy N

with d(x) = dist (z,02) and large A. This implies that vy — 0 uniformly in
compacts of 2 as A — oo.

Consider now the auxiliary boundary value problem
{ Aw = w? in BR,

(4.3) w = on 0Bg,

with Br = {|z| < R} and p > 0. It has a unique solution w = wu,BR(T)v
r = |z|, such that

Wy (r) < Bl(r—d)*)’,  0<r<R,
with 8 =2/(1 —¢q), B! = 3(3—1), for p < BR® and d = R — (u/B)"/".
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Given a small dy > 0, for every £ € Q such that d(§) = dy we observe
problem (4.3) in the ball Bg(£) with radius R = dp/2 and value

=52 '

Since p is an upper bound for vy in {d(z) > dy/2} we obtain

oA(7) < wy B, ) (T) x € Br(§),

for every ¢ such that d(§) = dp. In particular,
oA(€) S w,Be)(§) =0

do\”
<B(Z2) .
v ()

vy =0 in d(z) > dy,

on {d(§) = do} when

Therefore,

if
C
P15 C
0 = )\’

for a certain positive constant C'. This proves (1.7).

(b) It follows by Theorem 2 (b) that vy — 0 uniformly in Q. To show both
the existence of a dead core and estimate (1.8) we proceed as in part (a).
Specifically, we take problem (4.3) in Br(£) with R = dp (small enough)
and

n = 02)\7[3
the upper bound of the family according Theorem 2. Then, vy vanishes in
{d(x) > do} provided
CoA~P < BdY,
which is the estimate (1.8). O

Before completing the proof of Theorem 3 it is convenient to state some
basic features on certain radial initial value problems which will be instru-
mental for both the present and the next Section. Consider first the Cauchy
problem

(4.4) {(rN*u’)' =Nt ut) >0,

u(0) = ¢, u'(0) =0,

where ¢ > 0 is a parameter.

Lemma 12. For every ¢ > 0, problem (4.4) admits a unique solution
u=u(r,c),

which is defined for r € [0,w(c)) with w(c) < co. In addition,
a) u(r, c) is increasing with respect to r in [0, w(c)) and lim, ¢y u(r, ) = oo.
b) u(r,c) is increasing and differentiable with respect to c.
c) The function w = w(c) is continuous, decreasing and lim._,.c w(c) = 0.
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Remark 5. In the one-dimensional case u = u(z, ¢) is given by the expression

(4.5) / Ve T00) =z,

w(c) being the value of the ( ﬁnlte) 1ntegral corresponding to u = oo (H is a
primitive of h = u? 4+ u?).

Another initial value problem of a different nature must be analyzed to
properly understand the dead core formation in problem (1.3). Namely,

(TN_lu/)/ _ TN—l(up + ud) r > d,
(4.6) {u(d) — /() =0,

where d > 0 has the status of a parameter. It should be remarked that
such a problem exhibits infinitely many nontrivial nonnegative solutions.
However, it only admits a positive solution in r > d. This fact and related
features concerning (4.6) are stated next.

Lemma 13. Problem (4.6) admits for every d > 0 a unique solution u =
u(r,d) defined in an interval [d,wo(d)), d < wo(d) < oo, when subject to the
property of being positive in r > d. Moreover,
a) u(r,d) is increasing in [d,wo(d)) and lim,_, () u(r,d) = oo
b) For dy < da, u(r,dy) > u(r,ds) forr > ds.
c) u(r,d) is differentiable with respect to d.
d

) The function w = wy(d) is continuous, increasing while
1
4.7 —
o VE
for all d > 0 with L = fo

(wo(d) —d) < L <wp(d) —d

F

Remarks 6.

a) In the one-dimensional case u(x,d) = up(x —d), up(z) being given by (4.5)
after setting ¢ = 0.

b) It should be noticed that, following the notation given in the lemmas,
u(r, ¢)jc=o = u(r,d)4=0 and so w(0) = wp(0). For immediate use we fix the
notation Ry = w(0) and ug(r) = u(r, d)|4—o-

Further auxiliary problems playing an important role in next section are
the radial Dirichlet problem

{Au:up+uq in BR,

4.8
(48) uU=p on 0BR,

for which the existence a unique nonnegative radial solution v = a(r, u) for
all 4 > 0 is well-known, and the associated singular version
{Au:up+uq in Bp,

(4.9)
U = 00 on JBpg.

Problem (4.9) admits a unique nonnegative radial solution U = U(r) (see
the proof of Theorem 2 (a) and Remark 3).
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The main features concerning the Dirichlet problem (4.8) which are rele-
vant for our forthcoming purposes are collected in the following lemma.

Lemma 14. Foru > 0letu=1u
the corresponding solution to (4

A) Assume that R < Ry = w(0). Then, the large solution U is positive in
BR with

i(r, 1) be the solution to (4.8) and U = U(r)
.9). Then, the following properties hold.

inf U = w™(R).
In addition,
i) For pi > o := ug(R) there exists a unique 0 < () < w™(R) such that

a(r, u) = u(r,c(pw)) 0<r<R.

The function c(p) is increasing, differentiable, c(up) = 0 and ¢ — w™1(R)
as p — 00.
i) If 0 < pu < po then a unique d = d(p) exists such that

i(r,p) = u(rd(w)  d(p) <7 <R

The function d(u) is decreasing, differentiable with d(0) = R, d(uo) = 0. In
particular, a(-, p) has By as dead core.

B) If on the contrary R > Ry then the large solution U possesses
B,-1(g) = {lz] <wg ' (R)}

as a dead core. Moreover, each p > 0 has associated a unique wO_I(R) <
d(p) < R such that

a(r,p) = ur,d(p))  d(p) <r <R,

and so (-, u) has By as dead core. Furthermore, d = d(u) is differentiable,
decreasing, d(0) = R while d(p) — wy ' (R) as p — 0.

C) The distance R—d of the dead core of u(r, p) to the boundary OBg satisfies
the asymptotic estimate,

(4.10) R—d~ /(5 -1)p"",
as p— 0 where f=2/(1—q).

Before outlining a proof of Lemmas 12, 13 and 14 let us use them to finish
the proof of Theorem 3.

Proof of Theorem 3, (¢) and (d). (c) Let Ry = w(0) = wp(0) (see Lemmas
12 and 13). If Q D Bpgr(zg) for certain R > Ry and zp € €, then any
nonnegative solution u to (1.3) satisfies u < U in Bg(zg), U the solution
to (4.9) in Bg(zg). Since U possesses a dead core (Lemma 14), the same
happens to u.

(d) No generality is lost by assuming that 71, 79 coincide with 7 = —R
and x1 = R, respectively. Suppose that 0 < R < Ry. Then the solution
U(z1) to (4.9) corresponding to N = 1 is positive in (—R, R) (Lemma 14)
and the same happens to the solution u(z1,c¢) to (4.4), which is defined
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for z; € [R,R] and all 0 < ¢ < U(0). Fix any ¢y in that range, put
u(x1) = u(x1,cp) and define u(z) = u(xy) for z € Q. If

/
No= sup L@V
0<z1<R U(ﬂfl)

then u defines a positive subsolution to (1.3) for A > A\g. This means that
the maximal solution uy to (1.3) is positive in Q for all A > Ay what proves
(d). O

Proof of Lemma 12. We only deal now with ¢ > 0, the more subtle case
¢ = 0 being studied in Lemma 13. By observing that any solution u initially
satisfies

(4.11) u’(r):/or (;)N_lh(u(s)) ds,  h(u) =+,

then u must be increasing wherever defined. Standard theory, see [23], then
implies that a unique solution u(r,c) to (4.4) exists which is defined in a
maximal interval [0,w(c)), u(r,¢) — oo as r — w(c), while it is smooth with
respect to ¢ (a further direct argument then says that u(r, ¢) increases with

c).

Let us show that w is finite (reference to ¢ is now omitted). By observing
that u(s) < u(r) in (4.11) we find that (cf. [24])

W/ (r) < Lh(u(r),
which, together with the equation in (4.4) implies that

1
(4.12) u” > Nh(u) for 0<r<w.

Multiplying by ' and integrating yields
N ds
VN = Je  2(H(s) - H(c))

The finiteness of w then follows by letting » — w in the previous expression.

(4.13)

Continuous dependence of w on ¢ is more delicate. First, the uniqueness
of nonnegative solution to (4.9) implies that w = w(c) is increasing. Since
standard theory states that w is lower semicontinuous in ¢ ([23]) then w(c) =
lime .y w(c’). On the other hand, w(¢') — w(c) as ¢ — ¢—, otherwise

w(c) < wo = infw(cy),

for a certain increasing ¢, — ¢. However, u(r, ¢,) < U(r) for r < wq, U being
in this case the solution to (4.9) in Br with R = wy. This is incompatible
with the fact that u(r,¢,) diverges to oo at r = w(c). Thus, the continuity
of w = w(c) is shown.

Finally, observe that (4.13) implies that

wle) _
Vi C\/i

and hence w(c) — 0 as ¢ — oo. O
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Proof of Lemma 13. As mentioned above, problem (4.6) admits infinitely
nonnegative solutions defined in r > d (see [20]). Existence, uniqueness
and estimates near r = d of a positive local increasing solution u to (4.6) is
provided by Theorem 2.3 in [20] (see also [26] for existence). Ode’s standard
theory then allows us to obtain a global increasing continuation wu(r,d) up
to a maximal interval [d,wy(d)). Now it follows from the equation that

v < h(u),
for r € [d,wo(d)) which together with (4.12) gives

u(r)
(4.14) r—d ds

< ———<7r -
VN ~Jo  2H(s)
This implies both (4.7) and that wo(d) < co. On the other hand that wy
is continuous and increasing in d is shown as in Lemma 12, while (b) is
somehow standard.

The more subtle issue of the differentiability of u(r, d) with respect to d is
solved by Theorem 2.6 in [20]. As a consequence of it, w(t,d) := u(t +d, d),
0 <t < n is differentiable with respect d when d — w(-,d) is regarded as a
mapping with values in C2[0,7] and d > 0 (1 can be taken not depending on
d thanks to (4.7)). Since r — (u(r,d),u'(r,d)) takes values in RT x R for
r > d then standard results on smoothness on initial data hold from r = d+n
ahead. Thus, a continuation argument shows that u(r,d) is globally smooth
with respect to d. It also follows from [20] that z(r) = (Qu/0d)(r,d) solves
the initial value problem

d, r € [d,wo(d)).

N -1
2"+ — 2 = h(u(r,d))z,

z(d) =2'(d) = 0.
The proof is concluded. (]

Proof of Lemma 14. Parts A) and B) are essentially a direct consequence of
Lemmas 12 and 13. As for C) observe that setting » = R in (4.14) gives

Bod_[M_ds  _p 4
VN ~ Jo /2H(s) ~

while

v ds 1
/O T~ VA
as u — 0. This suggests the choice 7 = du=/%, p = (R — d)p~"/? and the
scaling
u(r) = puw(rp %~ 7),
which leads to the initial value problem

t+7
w(0) = w'(0) =0,

w" 4 w = wi + Mp—qu

together with w(p) = 1. It is known that, for every n > 0, the unique positive
solution w = w(t, 7) to such problem converges in C2[0,7] as 7 — 0o to the
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unique positive solution to the problem

(4.15) {w(()) =w'(0) =0,

(see Theorem 2.5 in [20]). Such a solution is explicitly given by w(t,o0) =
BtP with B7! = 3(3 — 1). On the other hand, by our previous discussion,
p = (R—d)p"'% is bounded away from zero and from infinity as p — 0.
Therefore,

lim p= lim (R—d)u~ "% = B71/8,

p—00 p—00

since t = B~'/# is the only point where w(t,00) achieves the value 1. This
finishes the proof. (]

5. PROBLEM (1.3) IN BALLS

This section will be dedicated to the proof of our last result, Theorem
4. Thus we will be mainly dealing with radial solutions. Notice that for
nonnegative radial solutions u we have, according to the maximum principle,

(5.1) u(R) = A U.

Proof of Theorem 4 (a). Since the maximal solution to (1.3) is clearly radial,
only the existence of a second nonnegative radial solution remains to be
proved.

The existence of a second radial nonnegative solution follows by means
of the mountain pass theorem, as in Section 2, applied to the functional J
defined there but in the space of radial functions in H'(Bg), which will be
denoted by H}!(Bpr). We notice that if the maximal solution had nonpositive
energy, we could directly apply the mountain pass theorem as in the proof
of Theorem 1. However, this is not the case in general, so that we still need
to prove a further geometric property of J.

Lemma 15. Let A > A*. Then either problem (1.3) has two nonnegative
nontrivial radial solutions or the mazximal solution uy s a local minimum of

the functional J in H}(BR).

Proof. We may assume that the maximal solution w) is the only nonnegative
radial solution to (1.3). Fix A; such that A* < A\; < A. Let us check that
the function

(5.2) U=1uy —€
is a subsolution to (2.3), where € > 0 is chosen to have uy, > ¢ on 0Bpg
(this is possible thanks to (5.1)). To see this, observe that A(uy, —¢) =
ul))q + ugq = f(x7u)\1) + ’u)\1|q71u)\1 > f('r7u)\1 - 5) =+ ‘u/\1 - E‘qil(u)q - 5)
in Bg. Also, we have,

a(uh - 6)

ov

on 0Bp provided that e < (A—A1)uy, /A on 0Bg, which is certainly possible

if € is small enough. Thus u), —¢ is a subsolution to (2.3). We recall that the
unique positive solution to (2.1), denoted by U, is a radial supersolution,

= /\1U)\1 S )\(U)\l — 6)
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verifying u < Uy. We truncate again the nonlinearities f(x,u) and g(x,u)
as follows:

~ Uy u > Uy,
flz,u) =< |ulP~tu u<u<Uy,
lu[P~ 1y u < u,
and
U, u > Uy,
g(w,u) =19 u u<u<Uy,
U u < u,
and define
. 1 ~ ~ 1
= [ Wl -r | G [ P [,
2 /By OBr Br q+1 /B,

where F' and G are primitives of f and ¢ respectively. Since f and g are
bounded, it follows that J is coercive. Also, J is weakly sequentially lower
semicontinuous, so that there exists a global minimum u € H}'(Bg). Arguing
as in Lemma 9, we can show that u < u < Uy, thus u is a weak solution to

A = |ulP u + |ulT in Bg,
a—z = Au on 0Bp.

Indeed, u is a nonnegative solution to (1.3). To see this fact, assume that
infp, u < 0, then there exists a point xy € Bg such that u(xo) = infp, u
(recall that u > uy, —e > 0 on 0Bg). Then, since Au(zg) > 0, we would
have 0 < |u(wo)|P~ u(xo) +|u(zo)|? tu(zo), which is a contradiction. Thus u
is nonnegative, and by assumption, u = uy, so that uy is a global minimum
of J in H!(Bgr). We claim that u, is also a local minimum of J in the
C(Bg) topology. Indeed, if v is such that [[v — upllec < & < €, then it
follows that v < Uy for small enough 9, while v > uy — 0 > uy, —¢ = u.
A straightforward calculation gives that J(v) = J(v) + C for some constant
C, so that u) is a minimum of J in the ball of center u) and radius  in the
C(BRg) topology. Then uy is also a local minimum of J in H}(Bg) (see for
instance Lemma 6.4 in [13]). This finishes the proof. O

Remark 7. Observe that the radial symmetry of the solutions is only used to
ensure that uy, > 0 on OBRg, since u), assumes its maximum and is constant
there. The above proof is indeed “nonradial”.

We can now conclude the proof of existence of a second nonnegative radial
solution as in the proof of Lemma 8, with the use of the mountain pass
lemma. Observe that, when J(u)y) < 0, we can argue exactly as in that proof
to obtain the second solution. Thus only the case when J(uy) > 0 needs
to be considered. Assume that wu) is the only radial nonnegative solution
for some A > A*. Then, according to Lemma 15, u) is a local minimum of
J. Since J(0) = 0 < J(uy), we can apply again the mountain pass theorem
to obtain a second nonnegative solution, which is a contradiction. This
concludes the proof of existence. O

Before performing the proof of parts (b) and (c¢) in Theorem 4, we need
some further auxiliary facts.
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Lemma 16. Let u = u(r, u) be the solution to (4.8). Then

o 2 p+1
(5.3) E(Ra ) ~ mﬂ z,

as p — oo.

Lemma 17. Assume that 0 < R < Ry, Ry = w(0) and for 0 < ¢ < w (R)
let w = u(r,c) be the solution to (4.4) (Lemma 12). Then,

ue(R, ¢)

1 1
~0A apya
uc(R, ) H

(5.4)

as ¢ — w Y(R) (i. e., as u — o0), where subindex means partial differenti-
ation and

V1 p—1 1
(5.5) 2 A (o), = Yitid .

Sy 2

Similarly, if R > Ry and u = u(r,d) is the solution to (4.6) (Lemma 13)
then also
u,(R,d) 11
5.6 L LA
as d — wy ' (R) (i. e., p — 00), subindex d meaning partial differentiation
with respect to d.

To show the preceding Lemmas we requiere an additional result that we
state next. Its proof is a minor modification of the one of Theorem 1.1 in
[19], and will be omitted.

Lemma 18. Let u = u(u, ) be the nonnegative solution to (4.8). Then, for
every small € > 0 and large ug > 0, there exist positive §, M and pg such
that

A—c¢

(R_H(g)”“)”_

(5.7) uQ S

A-+e

(R_ "t (;g)”“)“

forall R—6 <r <R and p > pg, where o and A are given in (5.5).

IN

+M

Proof of Lemma 16. Given positive and small 7, €, there exist positive ug,
M, 6, po such that

uP < h(u) < (14 n)u?
for all u > ug together with (see (5.7))

i (1+n)(A+e) M AN\
(a(r, ) < QP{HA(M(M) ) } ,

(R —r+ (ﬁ) Ua)
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(i(r, ) > o :i _é))pl ok froay

for all R —r < 6, > po. Now observe that by conveniently diminishing §
and enlarging ug we achieve

(1—n)(A-e)

<R - (;g)”“)“”

provided R —r < 4§ and p > pp. Thus
R N-1
~ _ s _
W (R,p) = /0 (R) h(u) ds

_ </OR6+/RR6> (%)N_lh(a) ds

R s\N—-1 ds
twst0en*@sa) [ (3) o

and

(L+m)?*(A+e)

R—rt (ﬁ)l/a>apv

(5.8) < h(a(r, p)) < <

where

k=4 N-1
s
Ip_s = / = h(@) ds.
0 (R)
On the other hand,

1/«

op dt
/0 (t + Al/a)ap

RI=

[P
r-s \R (R— s+ (A/p)t/)* ~

<Pl pdow,
p+1
for p > pp. Since for fixed § > we have that Ir_s = O(1) as u — oo then
we arrive at

)

lim nwooz

p+1~l 2 p*]. 1
R 1) < A+ eV~ AaP.

Taking € — 04, n — 0+ we then obtain

T— _ptl p—l 1 2
lim R Ry <——Ax = A\ ——-
uﬂooﬂ ( 'u)_p+1 p+1

The complementary estimate

is accomplished in an entirely similar way by employing instead the lower
inequality in (5.8). O

Remark 8. The exact estimate (5.3) obtained in Lemma 16 can be extended
to general smooth domains Q@ C RY. Specifically, if u = @(x,u) is the
positive solution to the Dirichlet problem (4.8) now regarded in §2, then
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it can shown by the blow-up techniques used in [21] (see also the proof of
Theorem 2) that

ot 2 pp1

v ~ ﬁﬂ z,
as u — 00, where v stands for the outward unit normal at 9€2. Moreover,
the same approach permits showing in addition that

ot [ 2 g1
—_—~ 7,LL 2 R
ov qg+1

Proof of Lemma 17. Let us proceed to prove estimate (5.4) (the notation
h(u) = uP + u? will be kept in what follows). According to Lemma 12 the
solution u = u(r, c) to (4.4) can be differentiated with respect to ¢ and

v(r) = ?;CL(T, c)

solves the initial value problem
(rN=1") = NI (a(r, p))v 0<r<R,
v(0) =1, v'(0) =0,

as u — 0+.

where, in view of part A) in Lemma 14 u(r,¢) = a(r,u) for p = p(c) — oo
as ¢ — wH(R). Therefore we are having in mind that v(r) = v(r, ) (very
often, explicit reference either to ¢ or p will be avoided below whenever
possible). In addition, it should be remarked that

v(r,p) = V(r) as  p— oo,
in C?[0, R), where v = V/(r) is the solution to

(rN=1Y = N=LR(U (r))v 0<r<R,
v(0) =1, v/(0) =0,

and U is the positive solution to (4.9).
Fix now 0 < ro < R and set vy = v(rg, u), v = v'(ro, ). By performing

the change
v(r) = w(t),
where
log <R) N =2
r
(5.9) t= 1 1 1
ERSBIS
N—2\sN2 " RNZ ’
we get,
d
CTZ) = —TN_l’U,
and so w = w(t) satisfies the initial value problem
(5.10) w’ = r?N=Dp/ (@) w 0<t<ty,
. w(ty) = vo, W' (tg) = —rd ~tvh,

where the value of tg corresponding to rg will be suitably chosen in the
course of the proof.
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Next, given a positive and small 7, there exists ug > 0 such that
(L= mpuP™ < H'(u) < (1+n)puP™

for u > ug. By proceeding in a similar way as in the proof of Lemma 16 and
by employing Lemma 18 it is possible to ensure that for small € > 0 there
exist a small 6 > 0 and a large po, such that

(1—n)*p(A—e)P! < W () < (1+n)*p(A+e)P?

(R—r+(;‘)1/a>2 <R—r+(‘3>1/a>27

for R—r < § and pu > up.
On the other hand, it follows from (5.9) that

(5.11)

t (R—1),

~ RN-1
as r — R. Thus, by reducing ¢ if necessary we have
(1-nRN "M <R—-r<(1+nRN!

if ro <r < Rwith R—1rg <§.
As a consequence of the preceding assertions we achieve that w(t) satisfies

wt) Swi(t),  w(t) <wi(h)
for 0 <t < tp, where w = w(t) is the solution to the problem
D
w' = 5 W 0<t<ty
(5.12) (t+b)
w(ty) = vo, W (tg) = —révflv(),

and D = D(g,n) and b = b(u) are given by

1

1+7n 2 1 1 A\«

D=(="T) pA+e)p . —
(1—77) plA+e), (L=m)RN=1 \

We now introduce in problem (5.12) the change
w(t) = 2(), T =log(t+),

and so z(7) defines the solution to

2" — 2 =Dz 7 <7 <10,
(5.13) B , o,
z(10) = 20, 2'(T0) = 20,
where,
7% =logb, 70 = log(to + b), 20 = g, zp = —rév_l(to + b)v}.

The solution to (5.13) is explicitly given by

z(7)

where

= 0, + 6 {(2002 + 26)67(92+1)T0691T + (2091 — 26)6(9171)7—067027} ’
1 2

0 1++v1+4D 0 1—-+vV1+4D
2 2
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Therefore, since 7" — —o0 as 4 — 0o we achieve

On the other hand

together with

/ *
RV (R, ) = /(0) < wl (0) = 20
Thus
V' (R, 1) < 1 =Z(r)
v(Ryp) = RN= z(7%)’
and so ,
1 V(R p)

at

where 6 is given in (5.5).
The complementary asymptotic estimate
!/

— R

lim ;fév( 1) < A=w0,

p—oot (R, )

is obtained by using in problem (5.10) the lower estimate for h'(@) given in
(5.11). We find in this way the lower estimate

w(t) > w_(t), w'(t) > w' (1), 0 <t <tp,
where w = w_(t) solves instead
D_
t+o_)2"
w(ty) = vo, w'(tg) = —rd ~uh,

"

w' = 0<t<to,

with,

1-7\? . 1 <A>i
= () pAa—ept, = —— (2.
<1+n> p(4 —e) (1+n)RN=L \ p

The analysis then proceeds in the same lines as in the lower estimate. This
concludes the proof of (5.4).

To show the asymptotic estimate (5.6) first observe that Lemma 14 ensure
us that @(r, u) = u(r,d) with g — 0o as d — wy ' (R). On the other hand,
smoothness of u(r,d) with respect to d provided in Lemma 13 implies that

u(r) = %(r, d)

satisfies the initial value problem

{(TN_lv’)’ = NI (a(r, p))v d<r<R,
v(d) ='(d) = 0.
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Then, the argument in the preceding proof of (5.4) can be repeated to
achieve (5.6). O

We now come to the conclusion of the proof of Theorem 4.

Proof of Theorem 4 (b). According to Theorem 2, there are only two pos-
sibilities for a sequence of nonnegative radial solutions u, to (1.3) corre-
sponding to A, — oo (passing to a subsequence): either u,(1) — oo or
un(1) — 0.

Let us first prove that in the first case we necessarily have u,, = u),,, that
is, the maximal solution is the only family of nonnegative radial solutions
which becomes unbounded as A — o0o. To this aim, we consider the solution

u=a(r,p)
to problem (4.8) and the function

' (R, p ' (R, p
o ) _ TR
(R, ) I
which is C! in g > 0 (Lemmas 12, 13 and 14). We claim that the following
assertions hold:

i) lim, o0 2(p) = o0,
d
ii) d—z > 0 for p > pg and large pg.
1

These facts imply the desired uniqueness, for if u,, and u,, are solutions to
(1.3) with corresponding maxima 1 and pug, respectively, u; > po, i = 1,2,
then
2(pn) = z(p2) = A,

that implies p1 = po and hence uy,, = Up,.

Let us show now claims i) and ii). That z(u) diverges as p — oo is a
consequence of the estimate (5.3)(see Lemma 16):
as [ — oo.

2 p+1
W(Ryp) ~ | —— 'z,
(Bop) ~ /551
As for ii) notice that

de _ pig, (R, p) — @(R, p)

dp I
(the subindex p denotes %). Let us see that
ulL(R,c)
5.14 i, (R, 1) = ==
(5.14) i, (R, 1) w(Roo)

for R < Ry and large p. Indeed, (5.14) is obtained by taking into account
that @' (R, u) = v'(R,c(p)) (Lemma 14), hence @, (R, p) = ug(R, c(p))c’ (1)
Since p = u(R,c(u)), differentiating we obtain 1 = u.(R,c(u))c' (1), and
(5.14) follows. Similarly,

i, (R, p) = wa(R.d)
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when R > Ry and p is large also in virtue of Lemma 14. In either case, (5.4)
and (5.6) in Lemma 17 yield the asymptotic estimate

(5.15) @, (Ry 1) ~ OA™ i

as i — 00, the values of constants a, A and 6 being those given in (5.5).

Since
2 _ Q
p+1 Va+1

then A" > =57 and so, combining (5.3) and (5.15), we have that

pi, (R, p) — @' (R, p) >0

for large p. This proves assertion ii).

Let us consider now the case of a sequence of nonnegative radial solutions
{un} verifying u, (R) — 0. To deal with this situation take a general family
{tx} of radial nonnegative solutions such that 4)(R) — 0 as A — oco. Then
Gy possesses a dead core By, d = dy, for large A\, while Lemma 14 implies
that dy — R as A\ — oco. Moreover,

(5.16) O0<R—-dy< %,
for large A and a certain positive constant C' (see Theorem 3 (b), or alter-
natively, estimate (4.10) together with the fact that u < CoA™7).

On the other hand, if w = wu(r) is an arbitrary nonnegative solution to
(1.3) with a dead core By then it can be written as

u(r) = Mw(t),
with 3 = %ﬂ, t = A(r — d) and where w = w(t) defines a positive solution
in0<t< R\A—d,d=\d, to the initial value problem

t
(5.17) w(0) = w'(0) = 0.

In addition, w = w(t) satisfies the boundary condition

(5.18) w' (RA — d) = w(RA — d).

Let us recall now some basic features of (5.17). For every n > 0 there exists
A = A(n) such that (5.17) exhibits a unique positive solution w = w(r,d, \)
for all d > 0, A > A(n) while the mapping (d,\) — w(-,d,\), observed
as taking values in C2[0,7] is continuous and C! with respect to d (see
Theorems 2.3, 2.5 and 2.6 in [20]). In addition,

ow, -
= —(r,d, A
satisfies the problem
N -1 N -1
1" o — q—1 A~ BPp—a)yp—1 -
v +t+dv (qwi=" +p w )U+(t+d)2w

v(0) =v'(0) =0,
and the decaying estimate
(5.19) lu(t)] < CtP.
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Furthermore, for every n > 0, w(-,d,\) — ws(:) in C?[0,n] as d — oo,
A — 00 where w = weo(t) is the positive solution to problem (4.15). Recall
that such solution is explicitly provided by

Woo(t) = Bt’
with 3 = {2 and B! = B(3 — 1) (Theorem 2.5 in [20]). Notice that in

q
particular, we is defined in the whole of [0, 00). Similarly, for every n > 0,

v(r) = (Ow/dd)(r,d,\) converges in C?[0,n] as d — oo, A — oo to the
solution of the linear problem

v = quis (),

v(0) ='(0) =0,
with satisfies in addition condition (5.19). Therefore,

ow, -

lim —(r,d,\) =0,

in C?[0, 00).
Let us examine now the fulfillment of the boundary condition (5.18). It

can be equivalently expressed as

(5.20) w'(T,d,\) —w(T,d,\) =0,
together with
(5.21) T=R\N—d.

Taking into account that w(t, 00,00) = we(t) = Bt equation (5.20) is
uniquely solved by T'= Ty := 8 as d = A\ = oco. Since w’, (8) — weo(B) =
Woo (B)1(1 — weo(B)179) # 0, then the implicit function theorem implies
that equation (5.20) is uniquely solved in the form T = T(d,\), where
T : [d1,00) x [A1,00) — R is a continuous function which is class C' with

respect to d and satisfies

(5.22) lim T(d,\) = Tp.
d,A\—00
Moreover,
oT
li — =0,
oo Od
since

T wa(T(d,N),d, \) —wiy(T(d,\),d, \)
od — w"(T(d,\),d,\) —w'(T(d,\),d,\)’
where subindex d means partial differentiation with respect d.
Finally, the uniqueness assertion is ensured provided d > dy, A > A\; and
(5.23) T —Tp| <,
for certain small positive e.
Now, solving (5.18) amounts to solving (5.21) with T replaced by T'(d, \).
In other words, to solve
(5.24) RA=d+T(d,\).

with respect to (d,A). Due to (5.22), the function I (d) = d + T(d, )
is one to one in [d2,00) for A > Ay for certain conveniently large da, As.
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Therefore, equation (5.24) is uniquely solved by a continuous function d =
d()\) provided d, A are suitably large.

Let us return to our original setting and assume ) is a family of nonneg-
ative radial solutions to (1.3) with supuy — 0 as A — oo. Thus,

ax(r) = X Pw(Ar — dy, dy, \)
for dy < r < R, with dy = Ad\. Moreover,
T\ = R\ — dj,

solves (5.20) corresponding to d = dy. Now, in view of estimate (5.16), it
follows that T keeps bounded as A — oco. Hence, necessarily

lim Ty = Tp.
A—00

This means that solutions (T}, dx, \) to (5.20) satisfy the uniqueness condi-
tion (5.23) and so

T)\ = T(CZ)\, >\)
for large A\. Therefore dy = d()\) and family @, coincides, for large ), with
z) where

o 0<r<d),
2x(r) = A Bwdr — Ad(A),M(N),\)  d(\) <r <R,

being d(A\) = d(A\)/A. This shows both the announced uniqueness and the
existence of the family of radial nonnegative solutions z) satisfying sup z) —
0 as A — oo.

Observe also for its use below that the constructed solution z) verifies

/ A+ L oABar)-
Br

/ z§+1 — 0()\—B(Q+1)—1)7
Br

for some positive constant C, as can be easily seen from the previous dis-
cussion. U

(5.25) as A — 400

We finally conclude the proof of Theorem 4.

Proof of Theorem /4 (c). Let us see that the solution obtained in part (a) is
not radial. For this aim, choose a function ¥ € C&(BR) with ¢ > 0 in Bg,
and for some v > 0, define

o(x) = AP (Xy (@ — 20))
where xg € 0Bp is fixed. Let us check that J(t¢) < 0 for some positive ¢ if
A is large enough. Notice that t¢ < Uy if A is large, so that

12 A\t2 tpt1 tatl
Heo) =% [ Vel - P [ o T [ e
2 /By 2 JoBg p+1/p, q+1 /g,
~ AR2NR2N\Z2-N2 g 1-Ny23-26-N+2 | Ctp+1,y—N>\—ﬁ(p+1)—N

+Dtat 1y =N \=Blg+1)-N

~ tQ,YfNAfZﬂ*]\H*Q (A,YZfN . B,YlfN + thfl) ,
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where A, B, C and D are positive constants. If v < B/A, we can select a
value of ¢, which we will fix and denote by ¢y, such that J(tp¢) < 0 if X is
large enough. Observe also that
sup J(t¢) < KA“20-N+2
0<t<to
for some positive constant K. Thus, according to Lemmas 10 and 11, we can

use the mountain pass theorem to obtain a nonnegative solution v € H}(Bg)
to (1.3) with

(5.26) 0< J(v) < KA"26-N+2,

This solution is different from the maximal solution wuy since J(uy) < 0 for
large enough .
Finally, for the radial solution z) constructed in part (b) above, we have

1 1 gor1 (1 1 / p+l —B(g+1)—1
(= _= S e ~ O\ Pl
I(22) <q+1 2> /BRZA <2 p+ 1) B ¢

as A — 0o, thanks to (5.25). According to (5.26), the solution v just obtained
cannot be radial. This finishes the proof. O

6. SOME REMARKS ON MULTIPLICITY OF SOLUTIONS

Theorem 1 provides two nonnegative solutions to (1.3), the maximal so-
lution u = wuy, which exits for all A > A*, and an extra nonnegative energy
solution v = vy whose existence is only ensured for large A. As will be
described next, additional solutions can be built from w) and vy when 92
possesses more than a single connected component.

Assume T'; is a component of 92 (thus I'; constitutes a closed submanifold
of Q). Take ¢ > 0 small and A so that A > C6~(#*N=1) (see (1.7)). Then

i i 7Fi )
Ug\)(x) _ () d?st (x,Ty) <o
0 dist (z,T;) >4,

defines a new solution to (1.3) if 9 has more than a single component.

Suppose now that I'; is a component of 92 such that 2 is not too thin
around I';. More precisely, it is said that € has thickness greater than Rg
(the value introduced in (c), (d) of Theorem 2) near the component I'; if
for each x € I'; there exists an inner ball Br(£) C 2 — R and & depending
on z— such that Br(¢) NT; D {x} together with R > Ry for all z € T;.
Associated to such a component I'; a new solution to (1.3) can be obtained
from the maximal solution u). Namely,

. i ) <
ug\@) (z) = uy(x) d?st (z,T;) < Ro,
0 dist (z,I;) > Ryp.

If 99 exhibits more than a single component, and one of them, say I,
satisfies the previous thickness condition then uf\z) furnishes a solution to
(1.3) that does not satisfy (a) nor (b) of Theorem 2 (see Remark 1 (a)).
It would be interesting to ascertain the possible existence of a family of

nonnegative solutions not satisfying (a) and (b) when 9 is connected.
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Finally observe that further solutions to (1.3) can be constructed from
u(;) and vf\l) if 02 has enough components. Specifically, suppose that 92
splits up in two groups {I'; : i = 1,...,M;} and {I‘; cj=1,...,Ms} so

that all the members of the first one satisfy the thickness condition. Then,
(6.27) uf\g’n)(x) = Z ing\l) (x) + Z njvg\])(w),
i=1 j=1

with & € {0,1}M1 5 € {0,1} Mz, wg\i) € {ug\i),vg\i)} constitutes a new family
of solutions to (1.3) for each of the possible choices of &, 7 and wf\l) (of
course, one of them giving the null solution should be ruled out!).

As a further remark, in the case that  is an annulus with radii R; < Ro
and Ry — Ry > Ry the family (6.27) can be enlarged. Indeed choices 0, uy, 2
and vy (see Theorem 4) are now possible on each component |z| = R;,
i = 1,2, of the boundary to construct (6.27).
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