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ABSTRACT. In these notes we review recent results concerning solutions to nonlocal evo-
lution equations with different boundary conditions, Dirichlet or Neumann and even for
the Cauchy problem. We deal with existence/uniqueness of solutions and their asymptotic
behavior. We also review some recent results concerning limits of solutions to nonlocal
equations when a rescaling parameter goes to zero. We recover in these limits some of
the most frequently used diffusion models: the heat equation with Neumann or Dirichlet
boundary conditions, the p—Laplace evolution equation with Neumann boundary condi-
tions and a convection-diffusion equation.
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CHAPTER 1

Introduction

First, let us briefly introduce the prototype of nonlocal problem that will be considered
along this work.

Let J : RN — R be a nonnegative, radial, continuous function with [y J(z)dz = 1.
Nonlocal evolution equations of the form

(1.1) w(z,t) = (Jxu—u)(z,t) = /RN J(x —y)ul(y,t)dy — u(x,t),

and variations of it, have been recently widely used to model diffusion processes. More
precisely, as stated in [59], if u(x,t) is thought of as a density at the point x at time ¢
and J(x — y) is thought of as the probability distribution of jumping from location y to
location x, then [py J(y — x)u(y,t)dy = (J * u)(z, t) is the rate at Which individuals are
arriving at position x from all other places and —u(x,t) = — f]RN — x)u(x,t) dy is the
rate at which they are leaving location x to travel to all other sites. ThlS consideration, in
the absence of external or internal sources, leads immediately to the fact that the density
u satisfies equation (1.1). For recent references on nonlocal diffusion see, [15], [16], [17],
[32], [35], [59], and references therein.

These type of problems have been used to model very different applied situations,
for example in biology ([32], [71]), image processing ([70], [63]), particle systems ([22]),
coagulation models ([61]), etc.

Concerning boundary conditions for nonlocal problems we consider a bounded smooth
domain ©Q C R¥ and look at the nonlocal problem

we.) = [ S puldy—atet),  se >0
RN
(1.2) u(z,t) =0, x g€ Q, t>0,
u(z,0) = up(x), x € Q.

In this model we have that diffusion takes place in the whole RY but we impose that u
vanishes outside 2. This is the analogous of what is called Dirichlet boundary conditions
for the heat equation. However, the boundary data is not understood in the usual sense,
since we are not imposing that u|sq = 0.
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Let us turn our attention to Neumann boundary conditions. We study

w(z, t) = /Q J(z —y)(u(y,t) —u(z,t))dy, xeN, t>0,

u(x,0) = ug(x), x € Q.

(1.3)

In this model we have that the integral terms take into account the diffusion inside 2. In
fact, as we have explained the integral [ J(z — y)(u(y,t) — u(z,t)) dy takes into account
the individuals arriving or leaving position x from other places. Since we are integrating
in €2, we are imposing that diffusion takes place only in 2. The individuals may not enter
nor leave ). This is the analogous of what is called homogeneous Neumann boundary
conditions in the literature.

Here we review some results concerning existence and uniqueness for these models and
their asymptotic behavior as ¢ — oco. These results says that these problems are well
posed in appropriate functional spaces although they do not have a smoothing property.
Moreover, the asymptotic behavior for the linear nonlocal models coincide with the one
that holds for the heat equation.

We will also review some recent results concerning limits of nonlocal problems when a
scaling parameter (that measures the radius of influence of the nonlocal term) goes to zero.
We recover in these limits some well known diffusion problems, namely, the heat equation
with Neumann or Dirichlet boundary conditions, the p—Laplace equation with Neumann
boundary conditions and a convection-diffusion equation.

The content of these notes summarizes the research of the author in the last years and
is contained in [7], [8], [9], [34], [40], [41], [42], [43], [67], [68], [76]. We refer to these
papers for extra details and further references.

There is a huge amount of papers dealing with nonlocal problems. Among them we
quote [14], [17], [38], [35], [44], [45], [47], [48], [81] and [87], devoted to travelling front
type solutions to the parabolic problem in Q = R, and [19], [36], [37], [46], [75], which
dealt with source term of logistic type, bistable or power-like nonlinearity. The particular
instance of the parabolic problem in RY is considered in [34], [68], while the “Neumann”
boundary condition for the same problem is treated in [7], [42] and [43]. See also [67] for
the appearance of convective terms and [39], [40] for interesting features in other related
nonlocal problems. We finally mention the paper [66], where some logistic equations and
systems of Lotka-Volterra type are studied.

There is also an increasing interest in free boundary problems and regularity issues for
nonlocal problems. We refer to [12], [30], [31], [82], but we are not dealing with such
issues in the present work.

The Bibliography of this work does not escape the usual rule of being incomplete. In
general, we have listed those papers which are more close to the topics discussed here. But,
even for those papers, the list is far from being exhaustive and we apologize for omissions.
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These notes are organized as follows:

(1) in Chapter 2 we deal with the linear diffusion equation in the whole RY or in a
bounded domain with Dirichlet or Neumann boundary condition paying special
attention to the asymptotic behavior as t — oo;

(2) in Chapter 3 we find refined asymptotics;
(3) in Chapter 4 we deal with higher order nonlocal problems;

(4) in Chapter 5 we approximate the heat equation with Neumann boundary condi-
tions;

(5) in Chapter 6 we approximate the heat equation with Dirichlet boundary condi-
tions;

(6) in Chapter 7 we deal with approximations of higher order problems;
(7) in Chapter 8 we present a nonlocal convection-diffusion equation;

(8) in Chapter 9 we deal with a nonlinear nonlocal Neumann problem. In this Chapter
we can consider a nonlocal analogous to the porous medium equation;

(9) in Chapter 10 we face a nonlocal diffusion model analogous to the p—Laplacian
with Neumann boundary conditions,

(10) finally, in Chapter 11 we take the limit as p — oo in the previous model.






CHAPTER 2

The linear problem

The aim of this chapter is to study the asymptotic behavior of solutions of a nonlocal
diffusion operator in the whole RV or in a bounded smooth domain with Dirichlet or
Neumann boundary conditions.

0.1. The Cauchy problem. We will consider the linear nonlocal diffusion problem
presented in the Introduction

w(z,t) = J xu—u(zx,t) —/ J(x —y)u(y,t)dy — u(x,t),

(2.1) RN

u(z,0) = ug(x),

We will understand a solution of (2.1) as a function
u € C°([0, +o0); L' (RY))

that verifies (2.1) in the integral sense, see Theorem 3. Our first result states that the
decay rate as t goes to infinity of solutions of this nonlocal problem is determined by the
behavior of the Fourier transform of J near the origin. The asymptotic decays are the same
as the ones that hold for solutions of the evolution problem with right hand side given by
a power of the laplacian.

In the sequel we denote by f the Fourier transform of f. Let us recall our hypotheses
on J that we will assume throughout this chapter,

(H) J € C(RY,R) is a nonnegative, radial function with [,y J(z)dz = 1.

This means that J is a radial density probability which implies obviously that |.J(£)| < 1
with J(0) = 1, and we shall assume that J has an expansion of the form

J(€) =1 Al¢g|* + o(l¢]*)
for £ — 0 (A > 0). Remark that in this case, (H) implies also that 0 < a <2 and a # 1 if
J has a first momentum.

The main result of this chapter reads as follows,

THEOREM 1. Let u be a solution of (2.1) with ug, iy € L*(RY). If there exist A > 0
and 0 < a < 2 such that

(2.2) J(€) =1—AlI"+o(l¢]"), £—0,
9
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then the asymptotic behavior of u(x,t) is given by

tligrn tNe max [u(z, ) — v(z,t)] =0,
where v is the solution of vi(w,t) = —A(—A)*?v(x,t) with initial condition v(x,0) = ug(z).
Moreover, we have
(-, )| oy < C 7N,
and the asymptotic profile is given by

tliin max }tN/au(ytl/aJ) - ||UOHL1GA(«7/)’ =0,
—+00 Yy

where G 4(y) satisfies G4(€) = e A",

In the special case o = 2, the decay rate is t /2 and the asymptotic profile is a gaussian

Galy) = (4mA)N/2 exp(—Aly|2/4) with A-1d = —(1/2)D?J(0). Note that in this case (that
occurs, for example, when J is compactly supported) the asymptotic behavior is the same
as the one for solutions of the heat equation and, as happens for the heat equation, the
asymptotic profile is a gaussian.

The decay in L* of the solutions together with the conservation of mass give the decay
of the LP-norms by interpolation. As a consequence of the previous theorem, we find that
this decay is analogous to the decay of the evolution given by the fractional laplacian, that
is,

[u(, )@y < Ct_%<1_%)’

see Corollary 11. We refer to [38] for the decay of the LP-norms for the fractional laplacian,
see also [33], [52] and [54] for finer decay estimates of LP-norms for solutions of the heat
equation.

We shall make an extensive use of the Fourier transform in order to obtain explicit
solutions in frequency formulation. Let us recall that if f € L*(RY) then f and f are
bounded and continuous, where f is the Fourier transform of f and f its inverse Fourier
transform. Moreover,

lim f(6)=0  and lim f(z) = 0.

|§|—00 || —00
We begin by collecting some properties of the function J.
LEMMA 2. Let J satisfy hypotheses (H). Then,
i) 7€) <1, J(0) = 1.
ii) If [on J(x)]x|de < +oo then

(v§j>i<0) = /RN ziJ(2) dz =0
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and if [on J(x)|z])* dw < 400 then

<D2j> BOES /]R @ d(x) da

therefore (D2j) (0) = 0 when i # j and (DQj) (0) # 0. Hence the Hessian

i i

matrix of J at the origin is given by

D2i(0) = — (% /RN 2 (z) d:zc) 1d.

i) If J(&) = 1 — A|€]* 4 o(|€])* then necessarily a € (0,2], and if J has a first
momentum, then a # 1 . Finally, if o = 2, then

A-1d = —(1/2)(D]). .(0).

ij
PROOF. Points i) and ii) are rather straightforward (recall that J is radially symmetric).

Now we turn to iii). Let us recall a well-known probability lemma that says that if J has
an expansion of the form,

J©) =1+ ila. ) — (6 BE) + olleP),

then J has a second momentum and we have
a; = /xiJ(x)dx, B;; = /xixjj(x)dx < 00.

Thus if iii) holds for some a > 2, it would turn out that the second moment of J is
null, which would imply that J = 0, a contradiction. Finally, when o = 2, then clearly
Bi; = — (DQJ ) ZAj(O) hence the result since by symmetry, the Hessian is diagonal. U

Now, we prove existence and uniqueness of solutions using the Fourier transform.

THEOREM 3. Let ug € L'(RY) such that iy € L*(RY). There erists a unique solution
u € C°([0,00); LY(RY)) of (2.1), and it is given by

a(g, 1) = VO DG (g).
PRrROOF. We have

w(z,t) = Jxu—u(x,t) = . J(z —y)u(y,t) dy — u(z,t).

Applying the Fourier transform to this equation we obtain

w(&,t) = a(&t)(J(€) - 1).
Hence,
(€, 1) = O DG ¢).
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Since 1y € L'(RY) and e©-Dt ig continuous and bounded, the result follows by taking
the inverse of the Fourier transform. U

REMARK 4. One can also understand solutions of (2.1) directly in Fourier variables.
This concept of solution is equivalent to the integral one in the original variables under
our hypotheses on the initial condition.

Now we prove a lemma concerning the fundamental solution of (2.1).

LEMMA 5. Let J € S(RY), the space of rapidly decreasing functions. The fundamen-
tal solution of (2.1), that is the solution of (2.1) with initial condition ug = dg, can be
decomposed as

(2.3) w(z,t) = e oo(x) + v(z, 1),
with v(x,t) smooth. Moreover, if u is a solution of (2.1) it can be written as
u(z,t) = (w*up)(x,t) = / w(x — z,t)up(z) dz.
RN
PRrROOF. By the previous result we have
Hence, as the initial datum verifies uy = o = 1,
W(E ) = O = ot 4 ot O _ 1),

The first part of the lemma follows applying the inverse Fourier transform in S(R™Y).
To finish the proof we just observe that w x ug is a solution of (2.1) (just use Fubini’s
theorem) with (w * ug)(x,0) = ug(z). O

REMARK 6. The above proof together with the fact that J(£) — 0 (since J € L*(RN))
shows that if J € L*(RY) then the same decomposition (2.3) holds and the result also
applies.

Next, we prove the first part of our main result.

THEOREM 7. Let u be a solution of (2.1) with ug, iy € L*(RY). If

A

J(E) = 1= Al +o([g]"),  £—0,
the asymptotic behavior of u(x,t) is given by

tligl tN max [u(z,t) — v(z,t)] =0,

where v is the solution of vi(w,t) = —A(—A)*?v(x,t) with initial condition v(x,0) = ug(z).
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PROOF. As in the proof of the previous lemma we have
(€ 1) = A& t)(J(€) — 1)
Hence
A€, 1) = O D0y ().
On the other hand, let v(x,t) be a solution of

vz, t) = —A(—A)a/2v(a:,t),

with the same initial datum v(z,0) = up(z). Solutions of this equation are understood in
the sense that

B(&,t) = e gy ().

Hence in Fourier variables,
[ aolends= [ (00— et age) ag
< / (et(f@)—l) _ e—Amat) ﬁo(f)‘ de
€[> (t)

)
&l <r(t)

To get a bound for I we proceed as follows, we decompose it in two parts,

I< / e 4™ (&) | d + /
l€|>r(t) l€1>r(t)
First, we deal with I;. We have,

[§1>r(t) |

n|>r(t)tt/o

(e — e ao(g)] de = I +11.

et(J(O_l)ﬁo(f)‘ dé =1, + I,.

as t — oo if we impose that

(2.4) r(t)t* — oo as t — oo.

Now, remark that from our hypotheses on J we have that J verifies

A

J(§) <1 = A[" + [§]"h(&),
where h is bounded and h(§) — 0 as £ — 0. Hence there exists D > 0 such that

A

J(f) <1- D|§|a7 for |§| < a,
and § > 0 such that

S

J(&) <1—4, for |£] > a.
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Therefore, I5 can be bounded by

/5 » IOV de < /

a>[€|>r(t)
iy
l€1>a

et(ﬁ(f)—l)ﬁo(é’)‘ d¢ S/
Using this bound and changing variables, n = &1/,

et@(@—naﬂ(g)‘ de

et(j(g)_l)ﬁg(f)‘ dé + Ce ",

az[€|=r(t)

N, < C’/ ‘e_Dm‘aﬁo(nt_l/o‘ﬂ dn + tN/eCe=0

at/o 2 p|2t1/or(2)

< C’/ e P dn 4 tNe e,
Inlz e/ (2)

and then
tNer, — 0, as t — 00,

if (2.4) holds.

Now we estimate 11 as follows,

(N/a / |eO-THAIIME _ 1) o= A 4 (£)| de
lel<r(t)

< ol / el h(e)e e de,
|gl<r(t)

provided we impose
(2.5) t(r(t)*h(r(t)) — 0 as t — oo.
In this case, we have
errsc [ gl dy
In|<r(t)tt/e

and we use dominated convergence, h(n/t'/®) — 0 as t — oo while the integrand is
dominated by ||A||so|n|® exp(—c|n|*), which belongs to L*(RY).

This shows that
(2.6) tNUT+11) -0 ast — oo,

provided we can find a r(t) — 0 as t — oo which fulfills both conditions (2.4) and (2.5).
This is done in Lemma 8, which is postponed just after the end of the present proof. To
conclude, we only have to observe that from (2.6) we obtain

tN e max [u(z, t) — v(x, t)] gtN/a/ la —v|(&,t)d€ — 0, t — oo,
x RN

which ends the proof of the theorem. O
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The following Lemma shows that there exists a function r(t) satisfying (2.4) and (2.5),
as required in the proof of the previous theorem.

LEMMA 8. Given a function h € C(R,R) such that h(p) — 0 as p — 0 with h(p) > 0
for small p, there exists a function r with r(t) — 0 as t — oo which satisfies

tlim r(t)tH® = 0o
and

lim ¢(r(t))*h(r(t)) = 0.

t—o00
PRrROOF. For fixed ¢ large enough, we choose r(t) as a small solution of
(2.7) r(h(r))Y/ o) = ¢=1/e,

This equation defines a function r = r(t) which, by continuity arguments, goes to zero as
t goes to infinity. Indeed, if there exists t,, — oo with no solution of (2.7) for r € (0,0)
then h(r) =0 in (0,0) a contradiction. O

REMARK 9. In the case when h(t) = t* with s > 0, we can look for a function h of
power-type, r(t) = t’ with 8 < 0 and the two conditions read as follows:

(2.8) B+1/a>0, 1+ pa+sf<0.
This implies that 8 € (=1/a, —1/(a+ s)) which is of course always possible.

As a consequence of Theorem 7, we obtain the following corollary which completes the
results gathered in the main theorem.

COROLLARY 10. If J(£) = 1 — AJ€|* + o(|€]*), € — 0, 0 < a < 2, the asymptotic
behavior of solutions of (2.1) is given by

C

lw(-, )| Loo vy < N
Moreover, the asymptotic profile is given by

lim max }tN/au(ytl/a,t) — |Juo|| 1 Galy)| =0,

t—+oco y

where G 4(y) satisfies G 4(€) = e A",

PROOF. From Theorem 7 we obtain that the asymptotic behavior is the same as the
one for solutions of the evolution given by the fractional laplacian.

It is easy to check that this asymptotic behavior is exactly the one described in the
statement of the corollary. Indeed, in Fourier variables we have for t — oo

B, 1) = e~ AP g (it =/0) — A1 (0) = €A g 1 .

Therefore

tliin max |tN/av(yt1/a,t) - ||u0||L1GA(yM =0,
——+00 Yy



16 2. THE LINEAR PROBLEM

where G 4(y) satisfies G 4(&) = e 411", O

Now we find the decay rate in L? of solutions of (2.1).

COROLLARY 11. Let 1 < p < oo. If J(&) =1 — A|¢]* + o(|€]*), € = 0, 0 < a < 2,
then, the decay of the LP-norm of the solution of (2.1) is given by

(e, 8) | my < C 5 (173).

PROOF. By interpolation, see [27], we have

1 11
HUHLP(RN) < |’UH21(RN)||“HLOOP(RN)‘

As (2.1) preserves the L' norm, the result follows from the previous results that give the
decay in L of the solutions. O

0.2. The Dirichlet problem. Next we consider a bounded smooth domain 2 C
RY and impose boundary conditions to our model. From now on we assume that .J is
continuous.

Consider the nonlocal problem

we.t) = [ S puldy—aten),  se >0,
RN
(2.9) u(z,t) =0, xrg€Q, t>0,
u(z,0) = up(x), x € Q.

In this model we have that diffusion takes place in the whole RY but we impose that u
vanishes outside ). This is the analogous of what is called Dirichlet boundary conditions
for the heat equation. However, the boundary data is not understood in the usual sense,
see Remark 17. As for the Cauchy problem we understand solutions in an integral sense,
see Theorem 14.

In this case we find an exponential decay given by the first eigenvalue of an associated
problem and the asymptotic behavior of solutions is described by the unique (up to a
constant) associated eigenfunction. Let A\; = A1(€2) be given by

%/RN /RN J(z = y)(u(z) — uly))? dx dy
)

/Q (u(x))? dz

and ¢; an associated eigenfunction (a function where the infimum is attained).

(2.10) A = inf

ueL2(Q
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THEOREM 12. For every ug € L'(Q2) there exists a unique solution u of (2.9) such that
u € C([0,00); LY(Q)). Moreover, if uy € L*(Q2), solutions decay to zero as t — oo with an
exponential rate

(2.11) [u(-, )| z2e@) < luoll2ye .

If ugy is continuous, positive and bounded then there exist positive constants C' and C* such
that

(2.12) )l ey < Cem™
and
(2.13) tlim max |eMu(z, t) — C* ¢y (z)| = 0.

A solution of the Dirichlet problem is defined as follows: u € C([0, 00); L'(2)) satisfying

we.t)= [ I puldy—atet),  se >0
RN

u(z,t) =0, x g€ Q, t>0,

u(x,0) = ug(x) x € €.

Before studying the asymptotic behavior, we shall first derive existence and uniqueness of
solutions, which is a consequence of Banach’s fixed point theorem.

Fix ty > 0 and consider the Banach space
X, = {w e C([0,t0]; L'(Q)) }
with the norm

il = s o, )l sy

We will obtain the solution as a fixed point of the operator 7 : X;, — X, defined by

T (W) (2, 1) = wo(x) +/0 /RN J(z—vy) (w(y,s) —w(zx,s))dyds,
Lo (W) (x,t) =0, x & .

LEMMA 13. Let wg, 20 € L*(Q) and w, 2 € X;,, then there exists a constant C' depending
on J and ) such that

17w (w) — T, (2)]]] < Ctol[|w — 2[]] + [[wo — 20l[L1(0)-
Proor. We have

/Q Ty (w) (2, 1) — Too(2) (. £)| di < / jwo — zol(z) dz

AL L= [ = 2090

—(w(z,s) — z(x, s))] dy ds‘ dx.
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Hence, taking into account that w and z vanish outside (2,
7w, (w) = T2, (2)|I] < [Jwo — 20| 11(0) + Colllw — =[],
as we wanted to prove. O
THEOREM 14. For every ug € L'(Q) there exists a unique solution u, such that u €
C([0,00); L'(92)).
PRrROOF. We check first that 7,, maps X;, into X;,. Taking zp, 2 = 0 in Lemma 13 we
get that 7(w) € C([0,to); L*(2)).

Choose ty such that Cty < 1. Now taking zyp = wo = up in Lemma 13 we get that 7,
is a strict contraction in X;, and the existence and uniqueness part of the theorem follows
from Banach’s fixed point theorem in the interval [0, ¢y]. To extend the solution to [0, c0)
we may take as initial data u(z,ty) € L*(2) and obtain a solution up to [0, 2t,]. Iterating
this procedure we get a solution defined in [0, co). U

Next we look for steady states of (2.9).

PROPOSITION 15. u = 0 is the unique stationary solution of (2.9).

PROOF. Let u be a stationary solution of (2.9). Then

0= / = y)uly) ~u@)dy,  we 0,

and u(z) = 0 for z ¢ . Hence, using that [J = 1 we obtain that for every z € RY it
holds,

u(w) = [ e = puty) dy.
RN
This equation, together with u(z) = 0 for z ¢ €2, implies that u = 0. O
Now, let us analyze the asymptotic behavior of the solutions. As there exists a unique

stationary solution, it is expected that solutions converge to zero as t — oo. Our main
concern will be the rate of convergence.

First, let us look the eigenvalue given by (2.10), that is we look for the first eigenvalue

of

(2.14) u(z) — . J(z —y)u(y) dy = \u(x).
This is equivalent to,

(2.15) (1= Mu(z) = [ J(z—y)uly)dy.

RN
Let T : L?(Q) — L?(Q) be the operator given by

T)(e)i= [ Ta =)y
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In this definition we have extended by zero a function in L*(Q) to the whole RY. Hence we
are looking for the largest eigenvalue of 7. Since 7' is compact this eigenvalue is attained at
some function ¢;(z) that turns out to be an eigenfunction for our original problem (2.14).

By taking |¢1| instead of ¢; in (2.10) we may assume that ¢; > 0 in . Indeed, one
simply has to use the fact that (a — 0)? > (|a| — [b])%.

Next, we analyze some properties of the eigenvalue problem (2.14).

PROPOSITION 16. Let A\ the first eigenvalue of (2.14) and denote by ¢1(x) a cor-
responding non-negative eigenfunction. Then ¢1(x) is strictly positive in 0 and A\ is a
positive simple eigenvalue with Ay < 1.

PRrROOF. In what follows, we denote by ¢; the natural continuous extension of ¢; to
Q). We begin with the positivity of the eigenfunction ¢;. Assume for contradiction that
the set B = {z € Q: ¢1(z) = 0} is non-void. Then, from the continuity of ¢; in Q, we
have that B is closed. We next prove that B is also open, and hence, since €2 is connected,
standard topological arguments allows to conclude that {2 = B yielding to a contradiction.
Consider xy € B. Since ¢; > 0, we obtain from (2.15) that QN By(zy) € B. Hence B is
open and the result follows. Analogous arguments apply to prove that ¢ is positive in .

Assume now for contradiction that A\; < 0 and denote by M* the maximum of q_Sl in
and by z* a point where such maximum is attained. Assume for the moment that x* € Q.
From Proposition 15, one can choose z* in such a way that ¢;(z) # M* in QN By (z*). By
using (2.15) we obtain that,

MY < (1 A)éi(a”) = / I = y)nly) < M

and a contradiction follows. If x* € 0f), we obtain a similar contradiction after substituting
and passing to the limit in (2.15) on a sequence {z,} € Q, x, — z* as n — oo. To obtain
the upper bound, assume that A; > 1. Then, from (2.15) we obtain for every = € Q that

0> (1= M)ou(a") = / J(a* — ()

RN
a contradiction with the positivity of ¢;.

Finally, to prove that \; is a simple eigenvalue, let ¢, # ¢ be two different eigenfunc-
tions associated to A; and define

C* =inf{C > 0: ¢y(x) < Coy(x), v € Q}.

The regularity of the eigenfunctions and the previous analysis shows that C* is nontrivial
and bounded. Moreover from its definition, there must exists z* € Q such that ¢o(z*) =
C*¢1(x*). Define ¢(x) = C*¢y(x) — ¢o(z). From the linearity of (2.14), we have that ¢ is
a non-negative eigenfunction associated to A; with ¢(z*) = 0. From he positivity of the
eigenfunctions stated above, it must be ¢ = 0. Therefore, ¢o(z) = C*¢1(x) and the result
follows. This completes the proof. O
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REMARK 17. Note that the first eigenfunction ¢ is strictly positive in 2 (with positive
continuous extension to €2) and vanishes outside €. Therefore a discontinuity occurs on
0 and the boundary value is not taken in the usual ”classical” sense.

ProOOF OoF THEOREM 12. Using the symmetry of J, we have

%(;/ xtdx) /RN/RN v — )y, £) — ulz, O]u(z, ) dy da
_ ! /RN [ @ =)ty t) = u(e. ) dy o

From the definition of Ay, , we get

(2.10)

0

—/ (x,t)dx < 2/\1/ ?(x,t) du.
0 0

/uQ(x,t) dzx < e_zklt/u%(zv) dx
0 Q

and we have obtained (2.11).

We now establish the decay rate and the convergence stated in (2.12) and (2.13) re-
spectively. Consider a nontrivial and non-negative continuous initial data ug(z) and let
u(z,t) be the corresponding solution to (1.1). We first note that u(z,t) is a continuous
function satisfying u(z,t) > 0 for every x € Q and t > 0, and the same holds for u(x,t),
the unique natural continuous extension of u(z,t) to Q. This instantaneous positivity can
be obtained by using analogous topological arguments to those in Proposition 16.

Therefore

In order to deal with the asymptotic analysis, is more convenient to introduce the
rescaled function v(x,t) = eMtu(x,t). By substituting in (1.1), we find that the function
v(x,t) satisfies

(2.16) v(z,t) = J(x —y)v(y,t)dy — (1 — \)v(z,t).

RN
On the other hand, we have that C'¢,(z) is a solution of (2.16) for every C' € R and more-

over, it follows from the eigenfunction analysis above, that the set of stationary solutions
of (2.16) is given by S* = {C¢y, C € R}.

Define now for every ¢ > 0, the function
C*(t) =inf{C > 0:v(z,t) < Copi(x), x € Q}.

By definition and by using the linearity of equation (2.16), we have that C*(¢) is a non-
increasing function. In fact, this is a consequence of the comparison principle applied to
the solutions C*(t;)¢;(x) and v(z,t) for ¢ larger than any fixed t; > 0. It implies that
C*(t1)¢1(z) > v(x,t) for every t > t1, and therefore, C*(t;) > C*(t) for every t > ;. In
an analogous way, one can see that the function

Ci(t) =sup{C > 0:v(z,t) > Coy(x), x € Q},
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is non-decreasing. These properties imply that both limits exist,
tlim C*(t) = K" and tlim Ci(t) = K.,

and also provides the compactness of the orbits necessary in order passing to the limit
(after subsequences if needed) to obtain that v(-,t+t,) — w(-,t) as t,, — oo uniformly on
compact subsets in  x R, and that w(z,t) is a continuous function which satisfies (2.16).
We also have for every g € w(ug) there holds,

Ki(z) < g(x) < K¢y ().

Moreover, C*(t) plays a role of a Lyapunov function and this fact allows to conclude
that w(up) C S* and the uniqueness of the convergence profile. In more detail, assume
that g € w(up) does not belong to S* and consider w(x,t) the solution of (2.16) with initial
data g(z) and define

C*(w)(t) = inf{C > 0 : w(x,t) < Coi(x), v € Q}.

It is clear that W (z,t) = K*¢1(x) — w(x,t) is a non-negative continuous solution of (2.16)
and it becomes strictly positive for every ¢ > 0. This implies that there exists ¢* > 0 such
that C*(w)(t*) < K* and by the convergence, the same holds before passing to the limit.
Hence, C*(t* +t;) < K* if j is large enough and a contradiction with the properties of
C*(t) follows. The same arguments allow to establish the uniqueness of the convergence
profile. O

0.3. The Neumann problem. Let us turn our attention to Neumann boundary
conditions. We study

(2.17) (2, 1) /Jx_ y:t) —u(z, 1)) dy, reQ, t>0,
u(,0) = uo(2), x € €.

Again solutions are to be understood in an integral sense, see Theorem 20. In this model we
have that the integral terms take into account the diffusion inside 2. In fact, as we have
explained the integral [.J(z — y)(u(y,t) — u(x,t)) dy takes into account the individuals
arriving or leaving position x from other places. Since we are integrating in {2, we are
imposing that diffusion takes place only in ). The individuals may not enter nor leave 2.
This is the analogous of what is called homogeneous Neumann boundary conditions in the
literature.

Again in this case we find that the asymptotic behavior is given by an exponential
decay determined by an eigenvalue problem. Let ; be given by

5 [ [ 96— ) - uw)? dy o
(2.18) B = L }Znﬁ B 29 .
He /Q (u(x))? da
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Concerning the asymptotic behavior of solutions of (2.17) our last result reads as fol-
lows:

THEOREM 18. For every ug € L'(Q) there exists a unique solution u of (2.17) such
that u € C([0,00); L*(2)). This solution preserves the total mass in

/QU(@/J) dy—/Quo(y) dy.

Moreover, let p = % f uo, then the asymptotic behavior of solutions of (2.17) is described
as follows: if ug € L*(2),

(2.19) lu(t) = ¢llz2@) < e ™lluo — ¢l o)
and if ug is continuous and bounded there exist a positive constant C' such that

(2.20) lu( 1) = pllz=(@) < Ce ™.

Solutions of the Neumann problem are functions u € C'([0, 00); L'(Q)) which satisfy

u(x,t) = /Q J(x —y)(u(y,t) — u(x,t))dy, reQ t>0,
u(z,0) = up(x) x €.

As in the previous chapter, see also [42], existence and uniqueness will be a consequence of
Banach’s fixed point theorem. The main arguments are basically the same but we repeat
them here to make this chapter self-contained.

Fix ty > 0 and consider the Banach space
Xy = C([0,t0]; L' ()
with the norm
lwl[| = max |lw(:, )]l ).

0<t<to

We will obtain the solution as a fixed point of the operator 7 : X;, — X, defined by
(2.21) T (W) (2, ) = wo(x / / xr— y,s) —w(z,s))dyds.

The following lemma is the main ingredient in the proof of existence.

LEMMA 19. Let wy, 20 € LY(Q) and w, 2 € Xy, then there exists a constant C' depending
only on Q and J such that

7wy (w) = T2 (2)][] < Clol[lw = 2][| + [Jwo = 20| 1)
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Proor. We have

/Q To (@) (2,1) — To(2) (2, )| di < / jwo — zo|(z) dx
+
/Q T () (2, £) — Too(2) (2, 8) i < [0 — 0]l 2y

# [ s) = 2tsplay [ [ s~ 2wl

Therefore, we obtain,

dz.

/t / T (=) [(w(y.9) ~ 200, 9)) — (w(z. ) — =(x.5))] dy ds
0 Q

Hence

17w, (w) = Ly (2)]]] < CoflJw = 2] + [Jwo — 20[| 210,
as we wanted to prove. O

THEOREM 20. For every ug € L'(Q) there exists a unique solution u of (2.17) such
that u € C([0,00); LY(Q)). Moreover, the total mass in 2 verifies,

(2.22) [ utwtydn = [ oo

PrOOF. We check first that 7, maps Xy, into X;,. From (2.21) we see that for 0 <
tr <ty <o,

IT,uf)t2) = Teo) )y <2 [ [ futy o)l ddys

On the other hand, again from (2.21)
17 (w) (t) = woll () < Ctff|wl]].

These two estimates give that 7., (w) € C([0,to]; L*(2)). Hence 7., maps X;, into Xy, .

Choose ty such that Cty < 1. Now taking zp = wy = uo, in Lemma 19 we get that 7,
is a strict contraction in X;, and the existence and uniqueness part of the theorem follows
from Banach’s fixed point theorem in the interval [0, ¢y]. To extend the solution to [0, c0)
we may take as initial data u(z,ty) € L*(Q2) and obtain a solution up to [0, 2¢]. Iterating
this procedure we get a solution defined in [0, 00).

We finally prove that if u is the solution, then the integral in Q of u satisfies (2.22).
Since

u(z,t) —up(z) = /0 /QJ(x — ) (u(y, s) —u(zx,s)) dyds.
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We can integrate in x and apply Fubini’s theorem to obtain

/Qu(x,t) dx — /Quo(x) dr =0

and the theorem is proved. O

Now we study the asymptotic behavior as ¢ — oco. We start by analyzing the corre-
sponding stationary problem so we consider the equation

(2.23) 0= / J(x — y)(y) — o(2)) dy.

The only solutions are constants. In fact, in particular, (2.23) implies that ¢ is a continuous
function. Set

K = max ¢(z)
e

and consider the set

A={z € Q| p) =K}
The set A is clearly closed and non empty. We claim that it is also open in Q. Let zo € A.
We have then

p(x0) = (/QJ(ivo —y)dy) /Q J(xo — y)p(y) dy,

and ¢(y) < (o) this implies p(y) = @(xq) for ally € 2N B(zg,d), and hence A is open
as claimed. Consequently, as € is connected, A = §2 and ¢ is constant.

We have proved the following proposition:

PROPOSITION 21. Every stationary solution of (2.17) is constant in Q.

Now we prove the exponential rate of convergence to steady states of solutions in L2
Let us take 3, as

1
> J(x —y)(uly) — u(x))* dy da
(2.24) Bi= ink 2/9/9 ,
WELA), 10 / (u(2))? da
Q

It is clear that 5, > 0. Let us prove that (3; is in fact strictly positive. To this end we
consider the subspace of L?(Q2) given by the orthogonal to the constants, H = (cts)* and
the symmetric (self-adjoint) operator T': H — H given by

T(u) = /Q J(z —y)(u(z) —uly)) dy = — /Q J(x —y)u(y) dy + A(z)u(x).

Note that 7" is the sum of an inversible operator and a compact operator. Since T' is
symmetric we have that its spectrum verifies o(7") C [m, M], where

m = inf (T'u, u)
ucH, Hu||L2<Q):1
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and

M = sup (Tu,u),

ueH, ||lull p2(qy=1
see [27]. Remark that

m = inf (Tu, u)
u€eH, ”u”LZ(Q):l

= it e - ) - u) dyute) da
UEH, ”u”LQ(Q):l QJO
= .
Then m > 0. Now we just observe that

m > 0.

In fact, if not, as m € o(T) (see [27]), we have that T : H +— H is not inversible. Using
Fredholm’s alternative this implies that there exists a nontrivial w € H such that T'(u) = 0,
but then v must be constant in §2. This is a contradiction with the fact that H is orthogonal
to the constants.

To study the asymptotic behavior of the solutions we need an upper estimate on [;.

LEMMA 22. Let 31 be given by (2.24) then

(2.25) 61 < min/Q J(x —y)dy.

z€Q

PROOF. Let
Ax) = / J(z —y)dy.
Q
Since € is compact and A is continuous there exists a point zq € Q such that

A(xp) = min A(z).

zeQ

For every e small let us choose two disjoint balls of radius e contained in 2, B(z1,¢) and
B(z4,¢) in such a way that x; — zg as € — 0. We use

us(x) = XB(acl,s)(x) - XB(:vg,s)(x)
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as a test function in the definition of 1, (2.24). Then we get that for every ¢ small it holds

3 | = ) - ) ayds
/(
/A da:—//J:c— us(y) us(x) dy dz

(z))*dx

Jj
_/A da:—//J:c— u:(y us()dydx‘

B 2|B(0,¢)|

Using the continuity of A and the explicit form of u. we obtain

/Q A)u(z) da

YT ORS TR
and
9 ) o) dyda
oy 2| B(0, )| =0
Therefore, (2.25) follows. O

Now let us prove the exponential convergence of u(z,t) to the mean value of the initial
datum.

THEOREM 23. For every ug € L*() the solution u(x,t) of (2.17) satisfies
(2.26) () = @llza) < e™luo — ¢l

Moreover, if ug is continuous and bounded, there exists a positive constant C' > 0 such
that,

(2.27) lu(t) = @llz=(@) < Ce™™.
Here 3y is given by (2.24).

PROOF. Let
H(t) = 3 /Q(u(x,t) — o) dz.

Differentiating with respect to ¢ and using (2.24) and the conservation of the total mass,
we obtain

)= —5 / / I — y)(uly,t) - ule, 1))’ dydr < —, / (ule.1) — ¢)? da.

Q
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Hence
H'(t) < —=26,H(t).
Therefore, integrating we obtain,
(2.28) H(t) < e 2P H(0),
and (2.26) follows.
In order to prove (2.27) let w(z,t) denote the difference
w(z,t) = u(z,t) — .

We seek for an exponential estimate in L> of the decay of w(z,t). The linearity of the
equation implies that w(z,t) is a solution of (2.17) and satisfies

w(z,t) = e 4@ty (x / / T — y,s)dyds.

Recall that A(x fQ x — y)dz. By using (2.26) and the Holder inequality it follows
that

t
|w(:1c,t)| S e—A(m)two(m> +C«6—A(x)t/ eA(ac)s—ﬁls ds.
0

Integrating this inequality, we obtain that the solution w(z,t) decays to zero exponentially
fast and moreover, it implies (2.27) thanks to Lemma 22. O






CHAPTER 3

Refined asymptotics

In this chapter we find refined asymptotic expansions for solutions to the nonlocal
evolution equation

3.1
(3.1) u(z,0) = up(x), r € RY
where J : RY — R verifies [5, J(z)dz = 1.

For the heat equation a precise asymptotic expansion in terms of the fundamental so-
lution and its derivatives was found in [52]. In fact, if G; denotes the fundamental solution
of the heat equation, namely, G,(z) = (4nt)~#2e~ 17/ under adequate assumptions on
the initial condition, we have,

(3.2) Hu(w,t) -y (_;3|a (/R uo(x)xo‘>8o‘Gt

lof <k
with 4 = (4)(*5 D) 4 (1— )) As pointed out by the authors in [52], the same asymptotic

expansion can be done in a more general setting, dealing with the equations u;, = —(—A)2w,
s> 0.

{ut(x,t):J*u—u(x,t), t>0,x€RY

<ot
La(R4)

Now we need to introduce some notation. We will say that f ~ g as £ ~ 0 if |f(§) —
9(&)| = o(g(&)) when £ — 0 and, to simplify, f < g if there exists a constant ¢ independent
of the relevant quantities such that f < cg. In the sequel we denote by J the Fourier
transform of J.

Our main objective here is to study if an expansion analogous to (3.2) holds for the
non-local problem (3.1). Concerning the first term, in [34] it is proved that if J verifies
J(€) —1 ~ —|€]* as € ~ 0, then the asymptotic behavior of the solution to (3.1), u(x, t), is
given by

lim ¢ max|u(a: t) —v(z,t)] =0,

t——+o00
where v is the solution of vy(z,t) = —(—A)2v(z,t) with initial condition v(z,0) = ug(z).
As a consequence, the decay rate is given by |[u(-, )| focre) < C =% and the asymptotic

profile is as follows,

=0,
Loo(R9)

lim
t—+00

tru(yts,t) — (/Rd U0> G*(y)

29
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where G*(y) satisfies é\s(f) = eI,

Here we find a complete expansion for u(x,t), a solution to (3.1), in terms of the
derivatives of the regular part of the fundamental solution, K;. As we have mentioned, the
fundamental solution w(z,t) of problem (3.1) satisfies

w(z,t) = e op(x) + Ki(x),
where the function K; (the regular part of the fundamental solution) is given by
Ki(§) = (e — 1),

In contrast with the previous analysis done in [34] where the long time behavior is studied
in the L>°(R%)-norm, here we also consider L4(R?) norms for ¢ > 1. The cases 2 < ¢ < oo
are derived from Hausdorff-Young’s inequality and Plancherel’s identity. The other cases
1 < ¢ < 2 are more tricky. They are reduced to L*-estimates on the momenta of 9*K, and
therefore more restrictive assumptions on .J have to be imposed.

THEOREM 24. Let s and m be positive and such that

~

(3.3) J©) —1~ g, £~0
and
(3.4) 7)) < @ €] — oo,

Then for any 2 < q < oo and k+ 1 < m — d there exists a constant
C = Cq, k)l uo| pr (e
such that

(3.5) (MEHES (_;!)al ( é () )0,

laf<k

<ct 4
L1(R4)

for all ug € LY(RL1 + [2[*1). Here A= #1104 41— 1),

REMARK 25. The condition k£ + 1 < m — d guarantees that all the partial derivatives
0“K; of order |a| = k 4+ 1 make sense. In addition if J decays at infinity faster than any
polynomial,

- c(m)

(3.6) V' m >0, 3 ¢(m) such that |J(&)]| < €

€] = o0,
then the expansion (3.5) holds for all k.

To deal with Li%-norms for 1 < ¢ < 2 we have to impose more restrictive assumptions.
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THEOREM 26. Assume that J satisfies (3.3) with [s] > d/2 and that for any m > 0
and « there exists ¢(m, a) such that
~ c(m, )

(3.7) 0% (§)] < T

Then for any 1 < q < 2, the asymptotic expansion (3.5) holds.

€] = oo

~

Note that, when J has an expansion of the form J(§)—1 ~ —[¢|? as & ~ 0 (this happens
for example if J is compactly supported), then the decay rate in L of the solutions to the
non-local problem (3.1) and the heat equation coincide (in both cases they decay as t~2).

Moreover, the first order term also coincide (in both cases it is a Gaussian). See [34] and
Theorem 24.

0.4. Estimates on K;. To prove our result we need some estimates on the kernel K.
In this subsection we obtain the long time behavior of the kernel K; and its derivatives.

The behavior of L¢(R%)-norms with 2 < ¢ < oo follows by Hausdorff-Young’s inequality
in the case ¢ = oo and Plancherel’s identity for ¢ = 2. However the case 1 < g < 2 is
more tricky. In order to evaluate the L'(R?)-norm of the kernel K, we use the following
inequality

d d

1- 4 "ok
(3.5) 1l gy < 11 el £ g

which holds for n > d/2 and which is frequently attributed to Carlson (see for instance
[13]). The use of the above inequality with f = K, imposes that |z|"0%K; belongs to

L?*(R%). To guarantee that property and to obtain the decay rate for the L?(R?)-norm of
|z|"0* Ky we will impose in Lemma 28 additional hypotheses.

The following lemma gives us the decay rate of the L4(R%)-norms of the kernel K; and
its derivatives for 2 < ¢ < oo .

LEMMA 27. Let 2 < q¢ < oo and J satisfying (3.3) and (3.4). Then for all indexes «
such that |a] < m — d there exists a constant ¢(q, ) such that

o]

HaaKt”Lq(Rd) < c(q, a) t_%(l_%)— S
holds for sufficiently large t.

Moreover, if J satisfies (3.6) then the same result holds with no restriction on c.

Proor or LEMMA 27. We consider the cases ¢ = 2 and ¢ = oo. The other cases
follow by interpolation. We denote by e.s. the exponentially small terms.

First, let us consider the case ¢ = co. Using the definition of K, f(\t(f) = e*t(et‘b@) -1,
we get, for any z € R,

oK) < e [ e — 1) e
R
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Using that |e¥ — 1| < 2Jy| for |y| small, say |y| < ¢, we obtain that

2t
O 1] < 21 J(€)| < HQ

for all |¢| > h(t) = (cot)m. Then

|ex]
o mwwm—u@sw4/ K1t < te~te(m — Jal)
[€[>h(t) |€|>h(t)

) &

provided that |a] < m — d.

Is easy to see that if (3.6) holds no restriction on the indexes a has to be assumed.

/ €]l O _ 1qe.
|€]<h(t)

We observe that the term e~ €| <h(t) |€|leldé is exponentially small, so we concentrate on

ry=c [ jeoliglelag
€I<h(t)
Now, let us choose R > 0 such that

It remains to estimate

(3.9) 7€) <1— % for all €] < R.
Once R is fixed, there exists 0 > 0 with
(3.10) 1J(€)] <1—0 for all |¢| > R.

Then

|1(2)

IN

[l et [ (gl
<R REIEI<h(1)

< / et<|?<s>|1>|§||a|d£+eta/ €]l de
EI<R RE[EI<h(t)

< [ g
<n

o] _d d

L la|
= t_s_S/ gl 4 es. <tF S,
In\SRts

Now, for ¢ = 2, by Plancherel’s identity we have

10° K122 ey < e—2t/d PO 1Pl de.
R
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Putting out the exponentially small terms, it remains to estimate
[ et npgpelag,
lEI<R

where R is given by (3.9). The behavior of J near zero gives

/ yet(ﬁ(g)—l)‘2’5‘2|a|d£ < / et 5’2la|d§ < t‘f‘@)
|¢|<R [EI<R

which finishes the proof. U

Once the case 2 < ¢ < oo has been analyzed the next step is to obtain similar decay
rates for the L9-norms with 1 < ¢ < 2. These estimates follow from an L'-estimate and
interpolation.

LEMMA 28. Assume that J verifies (3.7) and

~

JE) —1~—ff,  £~0
with [s] > d/2. Then for any index o = (v, . .., aq)
_lef
(311) HaaKtHLl(]Rd) St S
Moreover, for 1 < q < 2 we have

—d-1y_lal
q

10° K|l pomey < ™+ :
for large t.
REMARK 29. There is no restriction on s if J is such that
0°J(€)| < min{l¢]* 1}, ¢ <1

This happens if s is a positive integer and J(§) = 1 — |£]® in a neighborhood of the origin.

REMARK 30. The case @ = (0,...,0) can be easily treated when J is nonnegative.
As a consequence of the mass conservation (just integrate the equation and use Fubini’s

theorem, see [34]),
/ w(z,t) =1,
]Rd

JRLZES
Rd

and therefore (3.11) follows with o = (0,...,0).

we obtain

REMARK 31. The condition (3.7) imposed on J is satisfied, for example, for any smooth,
compactly supported function J.
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PrROOF OF LEMMA 28. The estimates for 1 < ¢ < 2 follow from the cases ¢ = 1 and
q = 2 (see Lemma 27) using interpolation.

To deal with ¢ = 1, we use inequality (3.8) with f = 0*K}; and n such that [s] > n >
d/2. We get

0% K| 1 ray < ||3aKt||L2(Rd |||$|naaKt||Lz (RY) -
The condition n < [s] guarantees that 8g]j makes sense near £ = 0 and thus the derivatives
8& K, j=1,...,d, exist. Observe that the moment of order n of K; imposes the existence
of the partial derivatives 8g Ky, j=1,...,d.
In view of Lemma 27 we obtain

4 Lo

16K, 1 gay < t~(FH) 050 200 K, | 25 R

Thus it is sufficient to prove that
n_d_lof
|||x|naaKt||L2(Rd) < ts 25 s

for all sufficiently large t. Observe that by Plancherel’s theorem

/ 2?0 Ky () |Pde < c(n)/ (23 +---+x§”)|@°‘Kt(x)|2d1'
R4 Rd

d —_
= o (£°K,)|*d
C<”>;/Rd' p (e TP

where £ = 7" ... €7, Therefore, it remains to prove that for any j = 1,...,d, it holds
(3.12) / 0F, (€T Pde <t for t large.

We analyze the case j = 1, the others follow by the same arguments. Leibnitz’s rule gives

n

DGR S W ECRL IO

k=0
and guarantees that

0 (RN (P < €. 2%2!8& A EGIE

mln{n ai}

< 2042‘ 2ad Z 61 (a1—k) an k (5)|2
The last inequality reduces (3.12) to the following one:
/ gl | o) gnok g (6)Pde < ¢%0
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for all 0 < k < min{ay,n}. Using the elementary inequality (it follows from the convexity
of the log function)

(01—Fk) 201 « a1 —k+ag++a al—
QTIE™  <(€pg e < el

it remains to prove that for any r nonnegative and any m such that n—min{ay,n} <m <n
the following inequality is valid,

77 —d4 2m_y
(313) I, = [ e IogRipde < v trio,

First we analyze the case m = 0. In this case

0,8 = [ [P0 - e tpag
R

and in view of Lemma 27 we obtain the desired decay property.

Observe that under hypothesis (3.7) no restriction on r is needed.

In what follow we analyze the case m > 1. First we recall the following elementary
identity

7 (e9) = ef > iy, (05, 9) ™ (5,9)™ .. (O g)™™

114+2i0+...4+mipy=m

where a;, ;. are universal constants independent of g. Tacking into account that l/(\t(f ) =
etPEO-1) _ o=t we obtain for any m > 1 that

e = PO N e [T T (o)
=1

i1+2i2+...+Mmim=m

and hence

|ar)11Kt<€)’2 < €2t|p(§)71\ Z 2(i1+++im) ag J 213

i14+2i2+...4+mipm=m 7j=1

Using that all the partial derivatives of J decay, as || — oo, faster than any polinomial in
|€|, we obtain that

/||W%%E@W@ée”ﬂ”
EI>R

where R and ¢ are chosen as in (3.9) and (3.10). Tacking into account that n < [s] and
that |J(&) — 14 [£]°] < o(|€]®) as |£] — 0 we obtain

L TEI< I, j=1,...,n
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for all |{] < R. Then for any m < n and for all |{| < R the following holds

| mKt( )| < e Her Z tQ(il-i-“--i—im)H|€’2(s—j)ij
j=1

11+2i2+...+mim=m

< ot 3 it || 2=

i14+202+...4+Mmim=m

Using that for any [ > 0

/ e lel'de < 55,
Rd

we obtain
r|gm -d i1eeyig)— 20
[ lerepriopa < o 3 e
lEl<r 11+2i2+ - +mim=m
where
(1o rim) = (4ot 1i
yeeoyim) = (1 e (s —
bl 1 S < J
R
- EZMI—
j=1
This ends the proof. O

Now we are ready to prove Theorems 24 and 26.

PROOF OF THEOREMS 24 AND 26. Following [52] we obtain that the initial condition
up € LY(R? 1 + |z|*1) has the following decomposition

—1)lal
Uy = Z ( a!> </ ugx® dx) D% + Z D°F,

|a|=k+1

where
[ Fallzr ey < [Juoll o1 me, jojry

for all multi-indexes a with |a| = k + 1.
In view of (2.3) the solution u of (3.1) satisfies

u(z,t) = e ug(z) + (K * ug)(z).
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The first term being exponentially small it suffices to analyze the long time behavior
of K; *ug. Using the above decomposition, Lemma 27 and Lemma 28 we get

(_1)|a| o o
HKt * U — Z = ( up(z)x dx)@ K, L) <

o<k

< Z 0% Ky Fo || oqray
|a|=k+1

< Z 10 K¢|| Laggay | Fall L1 (re
|a|=k+1

< 0D ol s et e

This ends the proof. O

0.5. Asymptotics for the higher order terms. Our next aim is to study if the
higher order terms of the asymptotic expansion that we have found in Theorem 24 have
some relation with the corresponding ones for the heat equation. Our next results say
that the difference between them is of lower order. Again we have to distinguish between
2<g<ocand1<g<?2.

THEOREM 32. Let J as in Theorem 24 and assume in addition that there exists r > 0
such that

(3.14) T = (L= [) ~ Blg)™r,  &~o,

for some real number B. Then for any 2 < g < oo and |a| < m — d there exists a positive
constant C' = C(q,d, s,r) such that the following holds

_ lal+r
S

(3.15) 10° K, — 0G| pageay < Ct 570t
where G is defined by its Fourier transform é\g(g) = exp(—t[¢|%).

THEOREM 33. Let J be as in the above Theorem with [s] > d/2. We also assume that
all the deriwatives of J decay at infinity faster as any polinomial:

~ c(m, )

0*J
0°J(&)] < g

Then for any 1 < q < 2 and any multi-index o = (o, ..., aq), (3.15) holds.

& — o0.

Note that these results do not imply that the asymptotic expansion

3 <_;!)'a ( / uo(x)xo‘) K,

la|<k
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(N1

coincides with the expansion that holds for the equation u; = —(—A)2u:
(_1)|a\ a oS
Z o up(z)z® ) 0°GY.
| <k

They only say that the corresponding terms agree up to a better order. When J is com-
pactly supported or rapidly decaying at infinity, then s = 2 and we obtain an expansion
analogous to the one that holds for the heat equation.

PrROOF OF THEOREM 32. CASE 2 < ¢ < co. Recall that we have defined G} by its
Fourier transform G§ = exp(—t[£|®).

We consider the case ¢ = oo, the case ¢ = 2 can be handled similarly and the rest of
the cases, 2 < ¢ < oo, follow again by interpolation.

Writing each of the two terms in Fourier variables we obtain

|0°K; — 0°GY | e ray < / |§||a|‘e*t(€t«b(£) —1)— e~ |de.
R4

Let us choose a positive R such that
[J(©) =1+ [EP| < clerts,  for [¢] <R,

satisfying (3.10) for some § > 0. For |{| > R all the terms are exponentially small as
t — 00. Thus the behavior of the difference 0% K; — 0“G, is given by the following integral:

]@%:/ ]|t _ el
lEI<R
In view of the elementary inequality |e¥ — 1| < ¢(R)|y| for all |y| < R we obtain that
1= [ fefeleeer
[EI<R
S/ g[lol el
l§|I<R

< / [l IET e g
|€]I<R

de.

gmwmm_”%

~

t(J(€) =1+ [¢])|dg

This finishes the proof. O

PrROOF oF THEOREM 33. CASE 1 < ¢ < 2. Using the same ideas as in the proof of
Lemma 28 it remains to prove that for some d/2 < n < [s] the following holds

n—(la|+r)

_4d
| (0" Ky = 0G| paray S 7275
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Applying Plancherel’s identity the proof of the last inequality is reduced to the proof of
the following one
n— (\04|+T)

/\angam GPPde < t—5+=5 0y =1, 4,

provided that all the above terms make sense. This means that all the partial derivatives
8ijt and Gng, j=1,...,d, k=0,...,n have to be defined. And thus we need n < [s].

We consider the case j = 1 the other cases being similar. Applying again Leibnitz’s
rule we get

min{n,a1}

DL (K =GP < &g Z &g H I - P

min{n,o }

< D PRI - G
k=0
In the following we prove that

/ P o (R, — G Pde < 2
]Rd

2(m ml T)

for all |o] — min{n, a1} < m; <|a| and n — min{n, a1} < m < n.

Using that the integral outside of a ball of radius R decay exponentially, it remains to
analyze the decay of the following integral

/K g - G

where R is as in the proof of Theorem 32. Using the definition of f(\t and G} we obtain
that

O I (€) = /PO > it | [CIGIE
i14+2i94...Fmim=m j=1

and
m

826?5(5) e'P=(©) Z Wiy i £ H[aglps(f)]ij

i1+2i0+...+mim=m 7=1

where ps(§) = —|¢|°. Then
O5ENE) ORI < N(ED) + L&)

where

(5 t) |€ t(pe)-1) etps(5)|2 Z t2(11+ “+im) H |a]1ps |21]

11+2i0+...4+mim=m 7j=1



40 3. REFINED ASYMPTOTICS

and

11+2i2+...+mim=m
m

N ICRIGIEE | (CHXGIE

j=1 j=1

First, let us analyze I1(&,t).
Tacking into account that |8§1 ps(€)

< |€°77 for all j < m < [s], |¢| < R, and that

HPE-1) _ (&2 _
e e

2
* | P14l _ 1’

1T — 1+ )|

< p2e2lElr

<

£|2(r+s)

the same arguments as in the proof of Lemma 28 give us the right decay.

It remains to analyze I5(£,t). We make use of the following elementary inequality

m m m
TLai =110 <D 1br--bialla = bjllajsa - - anl.
j=1 j=1 j=1

Then by Cauchy’s inequality we also have

m m 2 m

Haj—Hbj SZb?...b?fl(aj—bj)2a§+1...afn.
j=1 j=1 j=1

Applying the last inequality with a; = 8?1 J (€) and b; = 8g ps(§) we obtain

L&ty <e™© N Oy, )

i14+2i0+...4+mip=m

where
m j—1 n
= TT108p (&)1 (08, T — [0 po(O*)* ] 108 T(€)]*"
j=1 k=1 k=j+1

and 1= (i1,...,%mn).

Choosing eventually a smaller R we can guarantee that for |{] < R and k < [s] the
following inequalities hold:

|0F T(€) — 9 ()] < €+ F,
0 J(©)] < €],
10 ps(€)] < \W.
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Hence, we get

[0 T()]™ — [0 ps(&)]™] < |0 T(€) — OF ps(€)] %
ip—1

x D [0k (€)' [ pu(E))
=0
< |£|s+rfk‘€’(ik71)(sfk) — |f|r’£‘ik(sfk)'

This yields to the following estimate on the function g(iy,. .., m,&):

m

P .
g<i17"'7im7€) < |€’2T|€’2 J':l“f(s_k)’
and consequently

/ L(t,€)de < / el
R R4
y Z tz(i1+...+im) ‘€|2r+2 P;’;l ix(s—k) df

11+2i0+...+mim=m
Making a change of variable and using similar arguments as in the proof of Lemma 28 we
obtain the desired result. 0

0.6. A different approach. In this final subsection we obtain the first two terms in
the asymptotic expansion of the solution under less restrictive hypotheses on J.

THEOREM 34. Let ug € L*(RY) with iy € L*(R?) and s < [ be two positive numbers
such that

J©) — (1~ &) ~ Bl €~0,
for some real number B.
Then for any 2 < ¢ < o©

d

. 41y l=s 12
(3.16) Jim 50705 () — v(8) = B[(=A)20](1) | zagaey — 0.

where v is the solution to vy = —(—A)2v with v(z,0) = ug(x).

pirit <u(yt%,t) - v(yt%,t)) — Bh(y) ( /R d uo)

where h is given by ﬁ(f) = e lEP¢).

Moreover

=0,

Lo (R4)

(3.17) lim

t—o0

Let us point out that the asymptotic expansion given by (3.5) involves K; (and its
derivatives) which is not explicit. On the other hand, the two-term asymptotic expansion
(3.16) involves G7, a well known explicit kernel (v is just the convolution of Gf and uy).
However, our ideas and methods allow us to find only two terms in the latter expansion.
The case 1 < ¢ < 2 in (3.16) can be also treated, but additional hypothesis on J have to
be imposed.
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PrROOF OF THEOREM 34. The method that we use here is just to estimate the differ-
ence

1
[u(t) = v(t) — Bt(=A)20(t)]| Lacra)
using Fourier variables.

As before, it is enough to consider the cases ¢ = 2 and ¢ = co. We analyze the case
q = 00, the case ¢ = 2 follows in the same manner by applying Plancherel’s identity.

By Hausdorff-Young’s inequality we get
1
[u(t) = v(t) = tB(=A)70(t)|| Lo (ra)

</
:/Rd

As before, let us choose R > 0 such that

o<1 je<r

Then there exists & > 0 such that

[J(l<1-4, ¢ =R

—

ii(t, §) = 9(t, ) — tB(=A)5u(t, )

D P (14 1B (©)| e

Hence
[ 1O @6 lde < el
€=k
and
/1 |et(ﬁ(£)71)||%(§)|d§§ quo||Loo(Rd)/ | e tEl*/2
tTT<|¢I<R tTT<[¢[<R
gti/ | e g < it
lgl>ts™T
Also

¢l'dg

[ e BTN < (@l [ e
g1zt~ 1 \ i

§l>t™
d l s
gtlss/ ) 1@"’7‘ Wldf
In|>ts~ 7T

d 1 1-2
< it 1/2/
— 1.1
o>t~

Therefore, we have to analyze

1(t) = /|£ 1RO e (1 ) 7 ) e

e 2|t de.



3. REFINED ASYMPTOTICS 43

We write j(f) =1—|¢]* + BJE|" + |€]' f(€) where f(£) — 0 as [£] — 0. Thus
I(t) < L(t) + I(1)

where

ePHITHEIIE) — (14 Be|e]! + tle] £(€)[@(€)] d€

L(t) = / e e
gl<t1
Ig(t):/ e e
gl<tT

L) < Dl [ @)

/ g de < iR
lgl<t™ 7

and

EI'F(€)ldn(8)] .

For I; we have

A\

IN

and then 0 l
st L) <ty — 0, t— oo
It remains to prove that
t5HT L) > 0, t— 0.

Making a change of variable we obtain

d_q141 —~ _lgls _1
t dewsummw@@/l e el (er Y de.
gl<ts 1

The integrand is dominated by || f|| 1o ra)|€|" exp(—|¢]*), which belongs to L!'(R?). Hence,
as f(¢/ts) — 0 when t — oo, this shows that

5T L (8) — 0,

and finishes the proof of (3.16).
Thanks to (3.16), the proof of (3.17) is reduced to show that

i |4+ -yl ) - o) ([ )| =o.
t—oo Rd LOO(Rd)
For any y € R? by making a change of variables we obtain
fmwzﬁﬁeM%m&waﬂewww%@M»
R

Thus, using the dominated convergence theorem we obtain
s ~ 1 N
Hl(y,t) - h(y)/ Ug < / e 1S el @y (€ /) — 1y (0)] dE — 0
Rd LOO(Rd) Rd

as t — oo. O







CHAPTER 4

Higher order problems

Our main concern in this chapter is the study of the asymptotic behavior of solutions
of a nonlocal diffusion operator of higher order in the whole RY, N > 1.

Let us consider the following nonlocal evolution problem:
u(z,t) = (=1)""(J*Id —1)" (u(,1))

(a.) - (-~ (Z (}) <—1>"-'<’<J*>'f<u>) (x.1)
u(z,0) = wo(x), -
for x € RN and t > 0.

Note that in our problem (4.1) we just have the iteration k-times of the nonlocal
operator J * u — u as right hand side of the equation. This can be seen as a nonlocal
generalization of higher order equations of the form

(4.2) vy(,t) = —A"(=A)F v(z, t),

with A and « are positive constants specified later in this section. Note that when a = 2
(4.2) is just v(x,t) = —A"(—A)"v(z,t). Nonlocal higher order problems have been, for
instance, proposed as models for periodic phase separation. Here the nonlocal character
of the problem is associated with long-range interactions of ”particles” in the system. An
example is the nonlocal Cahn-Hilliard equation (cf. e.g. [64], [73], [74]).

Here we propose (4.1) as a model for higher order nonlocal evolution. For this model,
we first prove existence and uniqueness of a solution, but our main aim is to study the
asymptotic behaviour as ¢ — oo of solutions to (4.1).

For a function f we denote by f the Fourier transform of f and by f the inverse
Fourier transform of f. Our hypotheses on the convolution kernel J that we will assume
throughout this chapter are:

The kernel J € C(RN R) is a nonnegative, radial function with total mass equals one,
Jan J(x) d = 1. This means that J is a radial density probability which implies that its

Fourier transform verifies |J(€)] < 1 with J(0) = 1. Moreover, we assume that

A

(4.3) J(€) =1— A" +o(g]*)  for & =0,
for some A >0 and a > 0.
45
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Under these conditions on J we have the following results.

0.7. Existence and uniqueness. First, we show existence and uniqueness of a solu-
tion

THEOREM 35. Let ug € LY(RY) such that iy € L*(RY). There exists a unique solution
u € C°([0,00); LY(R)N) of (4.1) that, in Fourier variables, is given by the explicit formula,
(g, 1) = eTTOD gy 6).
PRrROOF. We have

n

wla,) = (-1 (Z (7) <—1>”-k<J*>k<u>> (2.1).

k=0
Applying the Fourier transform to this equation we obtain

ae.0 = (03 ()t

k=0
= (=" () = D"al&,b).
Hence )
(€ 1) = TIVOT g ¢).
Since 1ip(€) € LYRYN) and " '/©O-D" is continuous and bounded, a(-,t) € L*(RY)
and the result follows by taking the inverse Fourier transform. O

Now we prove a lemma concerning the fundamental solution of (4.1).

LEMMA 36. The fundamental solution w of (4.1), that is the solution of the equation
with initial condition ug = dg, can be decomposed as

(4.4) w(z,t) = e "do(x) + v(w,t),
with v(x,t) smooth. Moreover, if u is a solution of (4.1) it can be written as
u(z,t) = (w*ug)(x,t) = / w(x — z,t)up(z) dz.
RN
PRrROOF. By the previous result we have
dn(&,1) = (=1)"1(J() = )" (&, ).
Hence, as the initial datum verifies wy = o = 1, we get

(€, 1) = VIO Z ot g ot (VIO )

The first part of the lemma follows applying the inverse Fourier transform.

To finish the proof we just observe that w*wug is a solution of (4.1) with (w*ug)(z,0) =
uo(z). O
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0.8. Asymptotic behavior. Proof of Theorem 37. Next, we deal with the as-
ymptotic behavior as t — oo.

THEOREM 37. Let u be a solution of (4.1) with ug,y € L*(RY). Then the asymptotic
behavior of u(x,t) is given by

tli+m tan max lu(z,t) —v(x,t)] =0,

where v is the solution of v,(z,t) = —A™(—A) % v(z, t) with initial condition v(x,0) = uy(x)
and A and o as in (4.3). Moreover, we have that there exists a constant C' > 0 such that
N
[ )] oo vy < CH7
and the asymptotic profile is given by
: N 1
lim max tonu(yten,t) — [[uoll 1 vy Galy)| =0,

t—+00

where G 4(y) satisfies G 4(€) = e A"IE™"

Now we prove the first part of Theorem 37.
THEOREM 38. Let u be a solution of (4.1) with ug, g € L*(RY). Then, the asymptotic

behavior of u(x,t) is given by

lim ¢as max lu(z,t) —v(x,t)] =0,
t——+oo T

where v is the solution of v,(x,t) = —A"(=A)% v(x,t), with initial condition v(x,0) =
ug ().
PROOF. As in the previous section, we have in Fourier variables,
Hence .
i€, t) = eTVTIOT gy (¢,

On the other hand, let v(x,t) be a solution of v;(z,t) = —A"(—A)% v(z,t), with the same
initial datum v(z,0) = ug(z). Solutions of this equation are understood in the sense that

B(& 1) = eI g (€).

Hence in Fourier variables

[ il e de =

RN RN

< / <€(—1>"*1(f<s>—1>”t _ 6—A”|§|a"t> u})(f)) e
120

g/
€] <r ()

— T+ 11,

(IO Ay 6)) g

G e FA SIS
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where [ and 11 denote the first and the second integral respectively. To get a bound for I
we decompose it in two parts,

IS(/ KMWWMA%+/
€[> (t) l¢|>r(t)
= I + I

6(—1)”*1(J(£)—1)"td0(£) d¢

First we consider I;. Setting n = £t'/(®®) and writing ; in the new variable  we get,

B < ol [ e
In|=>r(t)tan
and hence
g 17N / A g 2
[n|>r(t)tan
if we impose that
(4.5) r(t)tar =% oo,

To deal with I, we have to use different arguments for n even and n odd. Let us begin
with the easier case of an even n.

- n even - Using our hypotheses on J we get
[2 S Ce_ta

with 7(£) == 0 and therefore

N t—o0

tan I, < Clettan = 0.

Now consider the case when n is odd.

- n odd - From our hypotheses on J we have that J verifies

A

J(E) S 1= A" + [€]7 h(&),

where h is bounded and h(§) — 0 as £ — 0. Hence there exists D > 0 and a constant a
such that

A

J(E) <1=D[", for [¢{] <a.

Moreover, because ’j (5)‘ <1 and J is a radial function, there exists a § > 0 such that

~

J() <1—0, for [{]>a.
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Therefore I can be bounded by

I, < /
a>|€|>r(t)
v
l€[>a

< ||7~ZO||LOO(RN) />|£> Y e~ DrE" dé + Ce—o"t

e<71>n-1<J(s>71>”t%(5)‘ de

O (FE

io(€)| dg

e(

Changing variables as before, n = £t1/(°")  we get

tanly < H@oHLw(RN)/ \ e~ D"y + Ctam et
a

1
13 > |2 ()t @

< HUTOHLoo(RN)/ 1 efDn\n\rm d77+0t%676nt_>07
[n|>r(t)tan

as t — oo if (4.5) holds.

It remains only to estimate II. We proceed as follows

]I :/ eiAnKI&nt
[€1<r(t)

Applying the binomial formula and taking into account the two different cases when n is
even and odd we can conclude

Il Cim /|£ T ) + (S Be) )

\n—l/3(e_1\n ni¢ean ~
DO A | 14 (€)] de.

where K (|¢]** h(€)%) is a polynomial in |¢|* and h(€) with 0 < k < n and provided we
impose

(4.6) t(r(t))*"h(r(t)) — 0 ast— oo.

In this case we have

1< / A (| e
[n|<r(t)ton
1

£ (|| hn /) s )

To show the convergence of II to zero we use dominated convergence. Because of our
assumption on h we know h(n/t"/(@™) — 0 as t — oo (note that clearly also h(n/t"/(e™)k
converges to zero for every k > 0). Further the integrand is dominated by

||h||L°°(]RN)€_An|n| ™"

9

which belongs to L*'(RY).
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Combining this with our previous results we have that
(4.7) tan/ ol (&, 1) d§<tan(]+ll)—>0 as t — o0,
RN

provided we can find a r(t) — 0 as t — oo which fulfills both conditions (4.5) and (4.6).
This is done in Lemma 39, which is postponed just after the present proof. To conclude we
only have to observe that from the convergence of the Fourier transforms a(-,t)—o(-,t) — 0
in L' the convergence of u — v in L™ follows. Indeed, from (4.7) we obtain

tor max |u(z, t) — v(z, )| < tan / i — 0| (£,8) d€ — 0, t — oo,
T RN

which ends the proof of the theorem. 0

The following Lemma shows that there exists a function r(t) satisfying (4.5) and (4.6),
as required in the proof of the previous theorem.

LEMMA 39. Given a function h € C(R,R) such that h(p) — 0 as p — 0 with h(p) > 0
for small p, there exists a function r with r(t) — 0 as t — oo which satisfies

thm r(t)tan = oo

and

tlim t(r(t))*"h(r(t)) =0.
PRrROOF. For fixed t large enough, we choose r(t) as a solution of

(4.8) r(h(r)) s =t

This equation defines a function r = r(t) which, by continuity arguments goes to zero as ¢
tends to infinity, satisfying also the additional asymptotic conditions in the lemma. Indeed,
if there exists t,, — oo with no solution of (4.8) for r € (0,0) then h(r) = 0 in (0,6), which
is a contradiction to our assumption that h(r) > 0 for r small. u

As a consequence of Theorem 38, we obtain the following corollary which completes
the results gathered in Theorem 37 in the Introduction.

COROLLARY 40. The asymptotic behavior of solutions of (4.1) is given by

C
e Dllpeqary < -

an

Moreover, the asymptotic profile is given by

tl}frﬂoomgX t“”“@“” t) — llwoll 1 gry Galy)| = 0,

where G 4(y) satisfies G 4(€) = e~ A"EI™",
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PrROOF. From Theorem 38 we obtain that the asymptotic behavior is the same as the
one for solutions of the evolution given by a power n of the fractional Laplacian. It is easy
to check that the asymptotic behavior is in fact the one described in the statement of the
corollary. In Fourier variables we have

limy oo Dt 77, 1) = limy—og €411 g (¢ 57
= efA"IW\Mu“O(O)
= A ol L1y -
Therefore N
- N1
lim max [terv(ytan, ) — [luoll 1 gry Galy)| = 0,
t—+oco y
where G 4(y) satisfies G 4(€) = e~ A€, -

With similar arguments as in the proof of Theorem 38 one can prove that also the
asymptotic behavior of the derivatives of solutions u of (4.1) is the same as the one for
derivatives of solutions v of the evolution of a power n of the fractional Laplacian, assuming
sufficient regularity of the solutions u of (4.1).

THEOREM 41. Let u be a solution of (4.1) with ug € WHYRY), k < an and 1y €
LY(RY). Then, the asymptotic behavior of D*u(x,t) is given by

thin t'en max | D*u(x,t) — D*v(z,t)| =0,

where v is the solution of v(x,t) = —A"(—A)2 v(x,t) with initial condition v(zx,0) =
uo(x).

ProOF. We begin again by transforming our problem for « and v in a problem for the
corresponding Fourier transforms 4 and ©. For this we consider

—_—

(DFu(€, t))Y — (DFo(E, 1))
= /R DRu(€ 1) — DR(E1)| de = /R el lae, ) — (g 1) de.

Showing [gx 1 |a(e, t) — 0(€,1)| dE — 0 as t — oo works analogue to the proof of Theo-
rem 38. The additional term |£ |k is always dominated by the exponential terms. 0

max | D*u(z, t) — D*v(z,t)| = max







CHAPTER 5

A linear Neumann problem with a rescale of the kernel

The purpose of this chapter is to show that the solutions of the usual Neumann bound-
ary value problem for the heat equation can be approximated by solutions of a sequence
of nonlocal “Neumann” boundary value problems.

Given a bounded, connected and smooth domain €2, one of the most common boundary
conditions that has been imposed in the literature to the heat equation, u; = Au, is the
Neumann boundary condition, Ou/0n(z,t) = g(x,t), x € 052, which leads to the following
classical problem,

u — Au = in Qx(0,7),
(5.1) g—z =g on 092 x (0,T),

u(z,0) = ug(x) in Q.

Now we propose a nonlocal “Neumann” boundary value problem, namely

(5.2) u(w,t) = /Q J(x —y)(uly,t) —u(z,t)) dy + /RN\Q G(r,x —y)g(y,t) dy,

where G(x,§) is smooth and compactly supported in £ uniformly in z.

Recall that in the previous chapter we have considered homogeneous boundary data,
that is, g = 0.

In this model the first integral takes into account the diffusion inside €2. In fact, as we
have explained, the integral [ J(z—y)(u(y,t)—u(z,t)) dy takes into account the individuals
arriving or leaving position x from or to other places. Since we are integrating in €2, we
are imposing that diffusion takes place only in 2. The last term takes into account the
prescribed flux of individuals that enter or leave the domain.

The nonlocal Neumann model (5.2) and the Neumann problem for the heat equation
(5.1) share many properties. For example, a comparison principle holds for both equations
when G is nonnegative and the asymptotic behavior of their solutions as ¢t — oo is similar,
see [42].

Existence and uniqueness of solutions of (5.2) with general G is proved by a fixed point
argument. Also, we prove a comparison principle when G > 0.

53
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0.9. Existence and uniqueness. In this chapter we deal with existence and unique-
ness of solutions of (5.2). Our result is valid in a general L' setting.

THEOREM 42. Let Q be a bounded domain. Let J € LY(RY) and G € L®(2 x RY).
For every ug € LY(Q) and g € L2 ([0, 00); LY (RN \ Q)) there exists a unique solution u of

loc

(5.2) such that u € C([0,00); LY(Q)) and u(z,0) = ug(x).

As in [40] and [42], existence and uniqueness will be a consequence of Banach’s fixed
point theorem. We follow closely the ideas of those works in our proof, so we will only
outline the main arguments. Fix ¢, > 0 and consider the Banach space

Xto = C([O,to], L1<Q))
with the norm
[[wll] = qhax [w(-, )] 1(@)-

We will obtain the solution as a fixed point of the operator T, 4 : Xy, — Xy, defined by

T o(w)(21) = uo(z) + / / J(x — ) (wly, s) — wz, s)) dy ds

t
T / / G,z — y)gly,t) dy ds.
0 JRM\Q

The following lemma is the main ingredient in the proof of existence.

LEMMA 43. Let J and G as in Theorem 42. Let g, h € L*>((0,ty); LY(RY \ Q)) and
ug, vg € LY(Q). There exists a constant C depending only on 2, J and G such that for
w,z € Xy,

(54) [ITug.g(w) = Top w()II < lluo = vollzr + Cto (|[lw — 2|l + [lg = All L= (0,t0y22 @3 \2))) -

ProOOF. We have

/Q T o () 1) — To (2) () di < / Juo(z) — vo(2)] de

(5.3)

][00 [wt9) =209 = i) 2to. )] dyds| do
e [ ) 66wl ) = .o dy s
Therefore, we obtain (5.4). O

Proor oF THEOREM 42. Let T' = T,,, ,. We check first that 7" maps X, into X,,.
From (5.3) we see that for 0 < ¢; <ty < o,

) s) ) <A [ [ jwrlayds B [7 [ ot ) dyas
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On the other hand, again from (5.3)

1T (w) (t) — uoll 1y < CE{I|w]l] + 9]l oo ((0,00);21 @3\ }-
These two estimates give that T'(w) € C([0,to]; L'(2)). Hence T maps X, into Xj,.

Choose tg such that Cty < 1. From Lemma 43 we get that T is a strict contraction
in X;, and the existence and uniqueness part of the theorem follows from Banach’s fixed
point theorem in the interval [0, to]. To extend the solution to [0, c0) we may take as initial
datum u(z,ty) € L'(Q) and obtain a solution in [0, 2¢,]. Iterating this procedure we get a
solution defined in [0, 00). O

Our next aim is to prove a comparison principle for (5.2) when J, G > 0. To this end
we define what we understand by sub and supersolutions.

DEFINITION 44. A functionu € C([0,T); L*((R)) is a supersolution of (5.2) if u(x,0) >
uo(x) and

wie.)= [ =)yt = e 0) dy+ [ Glaz = () dy

RN\Q
Subsolutions are defined analogously by reversing the inequalities.

LEMMA 45. Let J, G >0, ug >0 and g > 0. Ifu € C(Q x[0,T]) is a supersolution to
(5.2), then u > 0.

PROOF. Assume that u(z,t) is negative somewhere. Let v(x,t) = u(z,t) + et with ¢
so small such that v is still negative somewhere. Then, if we take (z¢,%y) a point where v
attains its negative minimum, there holds that ¢, > 0 and

or(0,to) = (o, to) + & > / J(x — ) (uly, to) — w0, t0)) dy

= [ =)0 t0) ~ vl 1) dy > 0
0
which is a contradiction. Thus, u > 0. O

COROLLARY 46. Let J, G > 0 and bounded. Let ug and vy in L'(Q) with ug > v
and g, h € L>((0,T); LY RN \ Q)) with g > h. Let u be a solution of (5.2) with initial
condition ug and fluz g and v be a solution of (5.2) with initial condition vy and flux h.
Then,

U > a.c.

PROOF. Let w = u—wv. Then, w is a supersolution with initial datum ug — vy > 0 and
boundary datum g — h > 0. Using the continuity of solutions with respect to the initial
and Neumann data (Lemma 43) and the fact that J € L®(RY), G € L>(Q x RY) we may
assume that u, v € C(Q x [0,7]). By Lemma 45 we obtain that w = u — v > 0. So the
corollary is proved. O
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COROLLARY 47. Let J, G > 0 and bounded. Let u € C(Q x [0,T]) (resp. v) be a
supersolution (resp. subsolution) of (5.2). Then, u > v.

PRrROOF. It follows the lines of the proof of the previous corollary. O

0.10. Rescaling the kernel. Our main goal now is to show that the Neumann prob-
lem for the heat equation (5.1), can be approximated by suitable nonlocal Neumann prob-
lems like (5.2) when we rescale them appropriately.

More precisely, for given J and G we consider the rescaled kernels

(5:5) Je(&) = CiJ (g) , Ge(z,6) = ClgiN G (:c g)

with

1
crt= —/ J(2)2% dz,
2 /B0,

which is a normalizing constant in order to obtain the Laplacian in the limit instead of a
multiple of it. Then, we consider the solution u®(x,t) to

wlat) =5 [ =)0~ (o) dy

1
(5.6) +—/ Ge(x, 2 —y)g(y,t)dy,
9 RN \Q

We will show that
ut —u
in different topologies according to two different choices of the kernel G.

Let us give an heuristic idea in one space dimension, with 2 = (0, 1), of why the scaling
involved in (5.5) is the correct one. We assume that

00 0 1
/ G(L1-y)dy = —/ G(0, —y>dy=/ J(y)ydy
1 —00 0

and, as stated above, G(z,-) has compact support independent of z. In this case (5.6)
reads

0

wet) = % [ a9 (ult) = ule )y + = [ Gl =) o(r.0)dy

— 00

1

“+o00
+- / Ge (z,2 —y) g(y, 1) dy = Acu(x,1).
1
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If x € (0,1) a Taylor expansion gives that for any fixed smooth u and e small enough,
the right hand side A.u in (5.6) becomes

Acula) = 5 [ Jea =) (0ls) = u(@) dy =~ @)
and if z = 0 and € small,
Acl0) = % [ ) () = w @)y - [ G0, =) gl dy = P ua(0) = g(0))

Analogously, A.u(l) =~ (Cy/e)(—u.(1) + g(1)). However, the proofs of our results are
much more involved than simple Taylor expansions due to the fact that for each ¢ > 0
there are points x € ) for which the ball in which integration takes place, B(x,de), is not
contained in §2. Moreover, when working in several space dimensions, one has to take into
account the geometry of the domain.

0.11. Uniform convergence in the case g = 0. Our first result deals with homo-
geneous boundary conditions, this is, g = 0.

THEOREM 48. Assume g = 0. Let Q be a bounded C?T domain for some 0 < o < 1.
Let u € C*o1+/2(Qy x [0,T)) be the solution to (5.1) and let uf be the solution to (5.6)
with J. as above. Then,

sup ||lu®(-,t) — u("t)“LOO(Q) — 0
te[0,7

as e — 0.

Note that this result holds for every G since g = 0, and that the assumed regularity in
u is guaranteed if ug € C?T*(Q) and dug/dn = 0. See, for instance, [62].

We will prove Theorem 48 by constructing adequate super and subsolutions and then
using comparison arguments to get bounds for the difference u® — u.

We set w® = u® — u and let @ be a C?t®1+2/2 extension of u to RV x [0,7]. We define

1

Lg(’l}) = ?

[ e = el 0) = vl )
and
L.(v) = E /RN Je(z —y)(v(y, t) —v(z,t))dy.

c2
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Then .
w; = L.(u®) — Au+ - / Ge(x,z —y)g(y,t)dy
9 RN\Q
~ 1
— L)+ L@ - dut 2 [ Gl = (o t)dy
9 RN\Q
1 5 -
9 RM\Q
Or

w; — Le(w®) = Fo(x,t),
where, noting that Au = A4 in ),

Fu(e,t) = Lo(@) — Ad+ - / G.(z,x — y)g(y, £) dy
€ RN\Q
B €_12 - Jo(z — y) iy, t) — iz, 1)) dy.

Our main task in order to prove the uniform convergence result is to get bounds on F..

First, we observe that it is well known that by the choice of C, the fact that J is
radially symmetric and % € C*+*+/2(RN x [0, 7)), we have that

(5.7) sup || Le(@) — At po(y = O(e%).
te[0,7

In fact,

55; /R J (I — y) (i(y,t) — iz, 1)) dy — Aii(, t)

£
becomes, under the change variables z = (z — y) /¢,
C
— [ J(2) (alx —ez,t) — iz, 1) dy — Az, t)
9 RN
and hence (5.7) follows by a simple Taylor expansion.

Next, we will estimate the last integral in F.. We remark that the next lemma is valid
for any smooth function, not only for a solution to the heat equation.

0
LEMMA 49. If 0 is a C***'%/2 function on RN x [0,T] and 9 = h on 0N, then for

an
€. ={z€Q|dist(z,00) < de} and e small,
1 1 -
5[ re—newn-swn =1 [ se—p@ - U
9 RM\Q € RM\Q 9

A -z r—7
v [ =0 S SR - (a0,
RN\Q 3=2 €

‘_2 €
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where T is the orthogonal projection of x on the boundary of Q so that ||z — y|| < 2de.

PROOF. Since § € C?+1+2/2(RN x [0, T]) we have

0(y,t) — 0(x,t) = 0(y,t) — 0(z,t) — (6(z,t) — 0(z,1))

I&}
= V0@ 1) (s - )+ 3 00— 2~ (- )]
15]1=2

+O0(llz = 2[]*"*) + O(||z — yl***).

Therefore,

1

-2
€7 JrRM\Q

Do 1y — 1) (z —7) o
+/RN\Q J-(r —y) Z T(m,t)[( )5 —( . )/B} dy + O(e?).

|81=2

T =) (0.0 00 dy = [ e —yyvaEn- C D ay

00
Fix x € Q.. Let us take a new coordinate system such that n(z) = ex. Since i h

n
on 0, we get

[ ata=yvown- L=,
RN\Q €

- /RN\Q Jo(x —y)n(z) - (y — x)h(z,t) dy + / J.(z —y) ‘ 9xi(i,t)w dy.

We will estimate this last integral. Since 2 is a C?™ domain we can chose vectors e,
€s, ..., ex—1 so that there exists k > 0 and constants f;(z) such that

N-1

Boue(Z) N {yN — (EN + Z fi(@)(y; — xl)Q) > /4;52+a} Cc RV\ Q,

=1

BQdE(.f) N {yN — (Lf‘N + Z_ fz(j)(yl — IZ)Z) < —H€2+a} - Q
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Therefore
N-1

[ o= (S0 ay

i=1

/(RN\Q)ﬂ luw—(an+" N5 1@ (i—0)?) | <o

— (1)

/ Je(z y)( 0., (z, t)—) dy
yN—(iN+P£V:E1 fi(f)(yi_xi)2)>mg+a Z -

= [1 + IQ.

If we take z = (y — )/ as a new variable, recalling that Zy — xy = £s, we obtain
N-1
|| < Cy |9zi(f,t)|/ J(2)|z] dz < C et
izl |ZN—(S+E Pf.V:;l fi(z)(zi)z) |§nal+ﬂ

On the other hand,

N-1
L=C ) Oxi(i’,t)/
=1

Fix 1 <i < N — 1. Then, since J is radially symmetric, J(z) z; is an odd function of the
variable z; and, since the set {ZN — (s+ e Hi(@)(2)?) > H€1+a} is symmetric in that
variable we get

J(2) 2z dz.

P
av—(s+e M5 fi@)(0)2) >relto

I, =0.
Collecting the previous estimates the lemma is proved. O
We will also need the following inequality.
LEMMA 50. There exist K > 0 and € > 0 such that, for e < g,
_ y—x
5.9 [ ek [ sy
RM\Q € RM\Q

PRrROOF. Let us put the origin at the point z and take a coordinate system such that
n(z) = ey. Then, z = (0, —p) with 0 < p < de. Then, arguing as before,

=2 Yn + [
L o = [ ey

£

yn + p YN + 1
_ / J.(x —y) dy + / J.(z —y) dy
{yn>re?} € RM\QN{|yn|<re?} €

z/ J(e—y) 2 gy — e
{yn>re?} €
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Fix ¢; small such that
1

—/ J(2) zy dz > 261/ J(z)dz.
2 Jizns0) {0<zy<2c1}

We divide our arguments into two cases according to whether y < c1e or p > cie.

Case I Assume p < cie. In this case we have,

/ Js(sc—y)yN—i_'udy:Cl/ J(2) zny dz
{yn>re2} € {zn>re+L}

(5.9) =) / J(2)zndz — / J(2) 2y dz
{zn>0} {0<zn <wetL}

> O (/ J(Z)szz—2cl/ J(z)dz) 2—/ J(2) 2y dz.
{zn>0} {(0<zy<2c1} 2 Jinsoy

Then,

/RN\Q Jo(x —y)n(z) - ¥ ; 7) dy — K o Jo(r —y)dy

> (1/ J(z)szz—K)—CSZO,
2 J a0y

if € is small enough and
1

K<—/ J(2) zy dz.
4 {zn>0}

Case II Assume that p > cie. For y in RN \ QN B(z, de) we have

— > —KE€
£
Then,
Jg(m—y)yN—i_Md - K J-(x —y)dy
RN\Q € RN\Q
>(@-ne) [ de-pdy-K [ -y
RN\Q RN\Q
= (g —ke—K Jo(x —y)dy > 0,
RN\Q
if £ is small and
K<
5
This ends the proof of (5.8). O

We now prove Theorem 48.
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PrROOF OF THEOREM 48. We will use a comparison argument. First, let us look for a
supersolution. Let us pick an auxiliary function v as a solution to

v — Av = h(z,t) in Qx(0,7),

— = qi(x, 1) on 00 x (0,7),
v(x,0) = vy (x) in Q.

for some smooth functions h(z,t) > 1, g1(x,t) > 1 and vy(x) > 0 such that the resulting v
has an extension @ that belongs to C2T1T/2(RY x [0,T7]), and let M be an upper bound
for v in Q x [0,7T]. Then,

1

vy = Lov+ (Av — Lo) + = /RN\Q J-(x —y)(0(y,t) — 0(x,t)) dy + h(zx,t).

Since Av = Av in €2, we have that v is a solution to

v — Lov = H(x,t,¢) in Qx(0,7),
v(x,0) = v1(2) in €,

where by (5.7), Lemma 49 and the fact that h > 1,

H(z,t ) =(Ab — L) + 5_12 /RN\Q J(x —y)(0(y,t) — 0(x,t)) dy + h(x,t)
Z(é/RN\QJs(w—y)n(x) ( _x)gl(‘,t)dy
D% 1 (y—7) (z — ) o
—l—/RN\QJE(a:—y)Z @[ - 2 ay) 1 -

L (@620 /\ 1o = o) O gy - p, / M)+ -

for some constant D if € is small so that Ce® < 1/2.

Now, observe that Lemma 50 implies that for every constant Cy > 0 there exists gg
such that,

1

—/ Js<x—y>n<f>-udy—co/ J(x —y)dy > 0,
€ JrRN\Q € RN\Q

if € < gp.
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Now, since g = 0, by (5.7) and Lemma 49 we obtain

b — 7 r—7
|F| < Ce® _|_/ J.(z —y) Z D_(x’t)[((y ))/3’ _ (( ))5]dy

RN\Q B1=2 2 £ g

< Ce* + 02/ Jo(x —y)dy.

RN\Q
Given 0 > 0, let vs = dv. Then v; verifies

(vs) — Levs = 0H (2,1, €) in Qx(0,7),
vs(z,0) = dvy(x) in Q.

By our previous estimates, there exists g = £¢(d) such that for ¢ < e,
|F.| < 0H(z,t,¢).
So, by the comparison principle for any € < g it holds that
Mo < —vy <w, <wvs < M.
Therefore, for every 6 > 0,
—M) < liminfw, < limsupw, < M.

e—0 e—0

and the theorem is proved. O

0.12. The non-homogeneous case. g # 0. Now we will make explicit the functions
G we will deal with in the case g # 0.

To define the first one let us introduce some notation. As before, let {2 be a bounded
C* domain. For z € Q. := {z € Q | dist(z,09) < de} and ¢ small enough we write
r = T — sdn(z) where Z is the orthogonal projection of z on 092, 0 < s < € and 7(z) is
the unit exterior normal to €2 at z. Under these assumptions we define

(5.10) Gi(z,8) =—=J()n(x) - £ for x € Q..

Notice that the last integral in (5.6) only involves points x € (). since when y ¢ €,
xr —y € supp J. implies that x € (2.. Hence the above definition makes sense for € small.

For this choice of the kernel, G = G, we have the following result.

THEOREM 51. Let Q be a bounded C** domain, g € C1HU+I/2(RN\ Q) x [0,7]),

u € C¥rol+a/2(Q) x [0, T)) the solution to (5.1), for some 0 < o < 1. Let J as before and
G(z,&) = Gi(x,€), where Gy is defined by (5.10). Let u® be the solution to (5.6). Then,

sup [u*(+,¢) = u(-, )|l — 0
t€[0,T]

as e — 0.
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Observe that G; may fail to be nonnegative and hence a comparison principle may not
hold. However, in this case our proof of convergence to the solution of the heat equation
does not rely on comparison arguments for (5.2). If we want a nonnegative kernel G, in
order to have a comparison principle, we can modify (G1). by taking

(G1)o(0,8) = (G, €) + e o() = 26 (—n(®) - € + 2?)
instead.

Note that for z € Q and y € RV\Q, (G1):(z,2—y) = L J.(x—y) (—n(T) - (x — y) + ke?)
is nonnegative for e small if we choose the constant « as a bound for the curvature of 02,
since | —y| < de. As will be seen in Remark 53, Theorem 51 remains valid with (G).
replaced by (G1)..

0.13. Convergence in L' in the case G = (. Using the previous notations, first
we prove that F. goes to zero as € goes to zero.
LeEMMA 52. If G = G4 then
F(z,t) =0 in L>([0,T]; L'())
as € — 0.
PROOF. As G =G, = —J(&)n(z) - &, for x € Q, by (5.7) and Lemma 49,

F.(z,t) :é /RN\Q Je(z —y)n(z) - (y;—m)(g(y, t)—g(z,t)) dy

u - T—T
L0 X [ - () i o)

€
18l=2
As g is smooth, we have that F. is bounded in .. Recalling the fact that |Q.| = O(¢) and
F.(z,t) = O(e*) on Q \ Q. we get the convergence result. O

We are now ready to prove Theorem 51.

PROOF OF THEOREM 51. In the case G = (G; we have proven in Lemma 52 that
F. — 0in L'(Q x [0,7]). On the other hand, we have that w® = u® — w is a solution to

wy — Le(w) = Fr

w(z,0) = 0.
Let z¢ be a solution to
Rt — LE(Z) = ‘FE|
z(x,0) = 0.

Then —2z°¢ is a solution to
ct La(z) = _’Fa‘

z(x,0) = 0.
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By comparison we have that

—2f<w* <z and 2 >0.

Integrating the equation for 2 we get

t
|!ze(-7t)||u(m—/zf(:c,t)da:—// |Fu(z, s)| ds da .
Q QJO

Applying Lemma 52 we get

sup [|2°(, )|l L) — 0
te[0,7

as ¢ — 0. So the theorem is proved. O

REMARK 53. Notice that if we consider a kernel G which is a modification of Gy of the
form

GE(‘%f) = (Gl)ﬁ(xaf) + A(a:,f,g)
with

[ G-yl —o0
RN\Q

in LY(Q) as e — 0, then the conclusion of Theorem 51 is still valid. In particular, we can

take A(z, €, ¢) = reJ-(€).

0.14. The case G = (' J. Finally, the other “Neumann” kernel we propose is just a
scalar multiple of J, that is,

G(I’,é) = GQ(xaé) = 02'](5)7

where Cy is such that

(5.11) /Od /{ZN>5} J(2)(Cy — zy) dzds = 0.

This choice of GG is natural since we are considering a flux with a jumping probability that
is a scalar multiple of the same jumping probability that moves things in the interior of
the domain, J.

Several properties of solutions to (5.2) have been recently investigated in [42] in the
case G = (G5 for different choices of g.

For the case of G5 we can still prove convergence but in a weaker sense.
THEOREM 54. Let Q be a bounded C*** domain, g € C'r(H2((RN\ ) x [0, T7),
u € C*rol+a/2(Q) x [0, T)) the solution to (5.1), for some 0 < o < 1. Let J as before and

G(z,€&) = Ga(x, &) = CaJ (), where Cy is defined by (5.11). Let u® be the solution to (5.6).
Then, for each t € [0,T]

us(x,t) = u(z,t) * —weakly in L>=(Q)

as e — 0.
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0.15. Weak convergence in L' in the case G = G,. First, we prove that in this
case F. goes to zero as measures.

LEMMA 55. If G = G4 then there exists a constant C independent of € such that
T
/ / |F.(z,s)|dxds < C.
0o Ja

F.(x,t) =0 as measures

Moreover,

as € — 0. That is, for any continuous function 6, it holds that
T
/ / F.(z,t)0(x,t)dxdt — 0
0 Jo
as e — 0.

PROOF. As G = Gy = (4,J(&) and g and 4 are smooth, taking again the coordinate
system of Lemma 49, we obtain

Rt = [ e =) (o) ()

1 - ~ (yz - xz)
- - /RN\Q J-(z —y) 2 Uy, (T,1) 5 dy
bu(z —Z T —T
_/ : Jg(x—y)zD ( 7t) [((y ))ﬁ_(( )ﬁ]dy+0(€a)
RM\Q = c
1 YN —ITN
=2 [ = (Conte) = g 0)
1 a0 Y@=y 00, +0)
£ RN\Q i1 g

Let
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Proceeding in a similar way as in the proof of Lemma 49 we get for £ small,

L e 0(Cante) = ()

3

— g(i,t)/ J-(z —y) <Cz — —(yN _ IN)) dy
RN\Q)N{Jyn —Zn|<re?} €
+g(7, t)/ J.(z —y) (C’2 _ M) dy
(RN\Q)N{yn—Zn >0} &

—g(z,t) / L) (02 . M) “
RNM\Q)N{0<yn—Z N <re?} €

— Chg(m, 1) /{ DO 4 O

And

=N i, (z,1) / Jo(x — y)wdy
: {lyn —Zn|<re?} €

+Zﬂ$i($’t)/ Ja(I—y)Mdy

3

N—1
=) Z Uy, (T, 1) / J(2)zidz + O(e)xa.
i=1 {

ZN—S>KE}
As in Lemma 49 we have I, = 0. Therefore,

B.(z,t) = C’lg(x,t)/ J(2)(Co — zy) dz + O(e) xq..

{ZN>S}

Now, we observe that B, is bounded and supported in €).. Hence

t 1 t
/ / |F.(z,7)|dzdr < g/ |B:(x, 7)| dx dr 4+ Ct|Q| + Ct|Qe* < C.
0 Jo 0 Jo.

This proves the first assertion of the lemma.

Now, let us write for a point z € €2,

x =272 — un(zx) with 0 < pu < de.

67

For ¢ small and 0 < p < de, let dS,, be the area element of {x € Q|dist (z,0Q) = pu}.

Then, dS,, = dS + O(¢e), where dS is the area element of 0.
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So that, taking now p = se we get for any continuous test function 6,

1 [T
-/ / B.(2,0)0(z, ) du dt
=0(e —I—C’l/ / (z,t)0 xt// CQ_ZN)dZdeSdt
o0 {ZN>S}

)—0 ase—0,

since we have chosen Cy so that

/ / CQ—ZN)dZdS—O
{zN>s}

Now, with all these estimates, we go back to F.. We have

Fu(a,t) = < Bu(w1) + O()xa, + O(=").

T
/ / F.z,t)0(z,t)dedt — 0 as € — 0.
0 <

Now, if o(r) is the modulus of continuity of 6,

// Lz, t)0(x,t) dz dt = // (z,)0(z,t) dz dt
+/O /Q F.(z,t)(0(x,t) — 0(z,t)) dv dt

T T
< / / F.(x,t)0(z,t) dx dt + C’a(e)/ |F.(x,t)|dedt — 0 as € — 0.
o Ja. o Jo.

Thus, we obtain

Finally, the observation that F. = O(¢%) in Q \ Q. gives

T
/ / F.(x,t)0(z,t) dedt — 0 ase — 0
0 JOo\Q.
and this ends the proof.

Now we prove that u® is uniformly bounded when G = Gbs.

LEMMA 56. Let G = Gy. There exists a constant C' independent of € such that

||| oo @x o7y < C-
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PROOF. Again we will use a comparison argument. Let us look for a supersolution.
Pick an auxiliary function v as a solution to

vy — Av = h(z,t) in Qx(0,7),

(5.12) v = g1(z,1) on 00 x (0,7),
an
v(x,0) = vy () in .

for some smooth functions h(z,t) > 1, vi(x) > ug(x) and
(@002 (G 1) ax gl 0] +1 (K asin (53)
gi(@,t) 2 2 (Co G as in (5.

such that the resulting v has an extension @ that belongs to C2T*1T*/2(RY x [0,7T7]) and
let M be an upper bound for v in © x [0,T]. As before v is a solution to

v — Lev=H(x,t,¢) in Qx(0,7),
v(x,0) = v (2) in

where H verifies

Hite) > (220 D) ey M)

So that, by Lemma 50,

for e < 2.
Let us recall that

~ C.
F.(x,t) :LE('&) _Aﬂ+_2 Jg(m—y)g(y,t) dy
g RN\Q

1

- ? Je(x - y) (fL(ya t) - ’ZL(I, t)) dy
RN\Q
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Then, proceeding once again as in Lemma 49 we have,
g fut C g f,t _ Yy—x
) < WO iy MO e i) D)y
9 RM\Q 9 RM\Q 9

+C’5°‘+C’/ J-(z —y)dy
RN\Q

(Cy+1) /
< |7 _ a
< [ L |g(, )] +C] o Je(x —y)dy + Ce
25 RN\Q

if ¢ < &, by our choice of ¢;.

Therefore, for every € small enough, we obtain
|Fe(z,t)] < H(x,t,¢),
and, by a comparison argument, we conclude that
—M < —v(x,t) <u(x,t) <wv(z,t) < M,
for every (z,t) € Q x [0, T]. This ends the proof. O

Finally, we prove our last result, Theorem 54.

PrROOF OF THEOREM 54. By Lemma 55 we have that
F.(x,t) = 0 as measuresin Q x [0,7]
as € — 0.

Assume first that ¢ € C3T*(Q) and let @. be the solution to w; — L.w = 0 with
w(z,0) = P(z).

Let ¢ be a solution to

Then, by Theorem 48 we know that ¢, — ¢ uniformly in Q x [0, T].
For a fixed ¢ > 0 set ¢.(z,s) = ¢-(z,t — s). Then . satisfies

ws+ Lep =0, for s < t,
p(,t) = (x).
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Analogously, set p(z,s) = @(z,t — s). Then ¢ satisfies

ot +Ap =0
dp

9 =0
p(z,t) = P(z).

Then, for w® = u® — u we have

/ “(z, dx—/ 8“’ (z, dxds—i—/ /a% (z, s) dz ds
/ / (2, 8)pe(z, s)d:cds+/ / (z,8) pe(x,8) dr ds
+/0 /Q aie(x,s) w.(w, s) dz ds
_ / t / Lo(0.)(x, s)ur(x, 5) dz ds + /0 t /Q Fu(z, 8) (. 5) da ds
// (2, 5) da ds
:/0 /QFE(:L',S)%(Q:,S)d:cds.

Now we observe that, by the Lemma 55,

¢
//Fg(x,s)cpa(x,s) dx ds| <
0 Jo

t
+ sup [l¢e(z, s) —<P(9578)HL°°(Q)/ /|F€(x, s)|dxds — 0
0 Ja

0<s<t

F.(x,8)p(x,s)dxds

as € — 0. This proves the result when v € C37*(Q).

Now we deal with the general case. Let ¢ € L*(Q). Choose 1, € C2*(2) such that
¥, — ¢ in L'(Q2). We have

[ w @ty v@yds] < | [ w0y valo)de| + 1 = Vol
Q Q

By Lemma 56, {w*®} is uniformly bounded, and hence the result follows. O







CHAPTER 6

A linear Dirichlet problem with a rescale of the kernel

In this chapter we propose the following nonlocal nonhomogeneous “Dirichlet” bound-
ary value problem: Given g(z,t) defined for z € RY \ Q and wug(z) defined for = € Q, find
u(x,t) such that

w(z,t) = /RN J(x —y)(u(y,t) —u(z,t))dy, =€, t>0,
(6.1) u(z,t) = g(x,t), x QO t>0,
u(z,0) = ug(x), x € Q.

In this model we prescribe the values of u outside €2 which is the analogous of prescribing
the so called Dirichlet boundary conditions for the classical heat equation. However, the
boundary data is not understood in the usual sense as we will see in Remark 17 below.
As explained before in this model the right hand side models the diffusion, the integral
[ J(z—y)(u(y,t)—u(x,t)) dy takes into account the individuals arriving or leaving position
x € § from or to other places while we are prescribing the values of u outside the domain
2 by imposing u = g for x € 2. When g = 0 we get that any individuals that leave €2 die,
this is the case when 2 is surrounded by a hostile environment.

Existence and uniqueness of solutions of (6.1) is proved by a fixed point argument.
Also a comparison principle is obtained.

0.16. Existence, uniqueness and a comparison principle.

Existence and uniqueness of solutions is a consequence of Banach’s fixed point theorem.
We look for u € C([0,00); L*(2)) satisfying (6.1). Fix to > 0 and consider the Banach
space Xy, = {w € C([0,to); L'(Q))} with the norm

il = v (-, Ol s

We will obtain the solution as a fixed point of the operator 7 : X;, — X, defined by

T(w)let) = wla)+ [ [ 7o =9) () = wles)) dyds

where we impose
w(z,t) = g(x,t), for = & Q.

73
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LEMMA 57. Let wy, 29 € L*(2), then there exists a constant C depending on J and
such that

17 (w) = Ty (2] < Clof[Jw = 2[[| + [[wo = 2ol| 2@
for allw,z € Xy,.

PrROOF. We have

/ma aw<nm<ém—mwm

J (@ =) [(wly. s) = 2(9.5))
—(w(z,s) — z(x, 3))] dy ds‘ dzx.

RN

Hence, taking into account that w and z vanish outside (2,
70, (w) = Ty (2] < NJwo = 20| 21@) + Clol[|w — 2],
as we wanted to prove. O

THEOREM 58. For every ug € L'(Q) there exists a unique solution u, such that u €
C([0,00); L1($2)).

PRrOOF. We check first that 7,, maps X;, into X;,. Taking zp = 0 and z = 0 in Lemma
57 we get that 7., (w) € C([0,]; L*(Q2)) for any w € Xy, .

Choose ty such that Cty < 1. Now taking zp = wo = 1o in Lemma 57 we get that 7,
is a strict contraction in X;, and the existence and uniqueness part of the theorem follows
from Banach’s fixed point theorem in the interval [0,¢y]. To extend the solution to [0, c0)
we may take as initial data u(z,ty) € L'(Q2) and obtain a solution up to [0, 2¢t,]. Iterating
this procedure we get a solution defined in [0, co). O

REMARK 59. Note that in general a solution u with ug > 0 and g = 0 is strictly positive
in Q (with a positive continuous extension to ) and vanishes outside Q. Therefore a
discontinuity occurs on 9¢2 and the boundary value is not taken in the usual ”classical”
sense, see [34].

We now define what we understand by sub and supersolutions.

DEFINITION 60. A function u € C([0,T); L*((Q)) is a supersolution of (6.1) if

w(z,t) > J(x —y)(u(y,t) —u(z,t))dy, =€ Q,t>0,

RN
(6.2) ul,t) > gla,1), g Q>0
u(z,0) > up(x), x €.

As usual, subsolutions are defined analogously by reversing the inequalities.



6. A LINEAR DIRICHLET PROBLEM WITH A RESCALE OF THE KERNEL 75

LEMMA 61. Let ug € C(Q), ug > 0, and u € C(Q x [0,T]) a supersolution to (6.1) with
g>0. Then, u > 0.

PROOF. Assume for contradiction that u(x,t) is negative somewhere. Let v(z,t) =
u(z,t) + et with € so small such that v is still negative somewhere. Then, if (x¢,to) is a
point where v attains its negative minimum, there holds that ¢, > 0 and

vi(w0, o) = ue(wo,t0) + € > /RN J(x —y)(u(y,to) — u(wo,t0)) dy

— [ 6= )60 10) — vlen ) dy > 0
R
which is a contradiction. Thus, u > 0. OJ
COROLLARY 62. Let J € L>®°(RY). Let ug and vy in L*(Q) with ug > vy and g, h €
L®((0,T); LY(RYN \ Q)) with g > h. Let u be a solution of (6.1) with u(x,0) = uy and

Dirichlet datum g and v be a solution of (6.1) with v(z,0) = vy and datum h. Then, u > v
a.e.

PROOF. Let w = u—wv. Then, w is a supersolution with initial datum ug — vy > 0 and
datum g — h > 0. Using the continuity of solutions with respect to the data and the fact
that J € L>®°(RY), we may assume that u, v € C(Q2x [0,T]). By Lemma 61 we obtain that
w=u—v > 0. So the corollary is proved. 0

COROLLARY 63. Let u € C(Q x [0,T]) (resp. v) be a supersolution (resp. subsolution)
of (6.1). Then, u > v.

Proor. It follows the lines of the proof of the previous corollary. U

0.17. Convergence to the heat equation when rescaling the kernel.

Let us consider the classical Dirichlet problem for the heat equation,

v(x,t) — Av(z,t) =0, x e t>0,
(6.3) v(z,t) = g(z,t), x eI, t>0,
v(z,0) = up(z), x €.
The nonlocal Dirichlet model (6.1) and the classical Dirichlet problem (6.3) share many

properties, among them the asymptotic behavior of their solutions as ¢ — oo is similar as
was proved in [34].
The main goal now is to show that the Dirichlet problem for the heat equation (6.3)
can be approximated by suitable nonlocal problems of the form of (6.1).
More precisely, for a given J and a given € > 0 we consider the rescaled kernel
1

L /(¢ : _
(6.4) J-(§) = Clg_N‘] <g> ,  with C;'= 5/ J(2)2% dz.
B(0,d)
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Here C is a normalizing constant in order to obtain the Laplacian in the limit instead of
a multiple of it. Let u®(z,t) be the solution of

J(x —
ite.t) = [ 0 ) — )y, 2 € >0,

(6.5) u(z,t) = g(x,t), x €Ot >0,
u(z,0) = up(x), z € €.
Our main result now reads as follows.

THEOREM 64. Let Q be a bounded C?*T domain for some 0 < o < 1.

Let v € C?+1%2/2(Q) x [0, T]) be the solution to (6.3) and let u® be the solution to (6.5)
with J. as above. Then, there exists C' = C(T') such that

(6.6) sup ||v — uf||pee(q) < Ce® — 0, as e — 0.
te[0,7]

Related results for the Neumann problem where presented in the previous chapter (see
also [43]).

Note that the assumed regularity of v is a consequence of regularity assumptions on
the boundary data g, the domain  and the initial condition ug, see [62].

In order to prove Theorem 64 let ¥ be a C?T®1+/2 extension of v to RY x [0, 7.

Let us define the operator

£ = 5 [ o= ) () = ()

Then v verifies

Oy(x,t) = Lo(9)(,t) + Fe(x, 1) z e, (0,7T],
(6.7) O(x,t) = g(z,t) + G(x, 1), xz & Q, (0,7T],
0(x,0) = up(x), x € (.

where, since Av = Ao in €2,
F.(x,t) = —L(0)(x,t) + Ad(z,t).
Moreover as G is smooth and G(z,t) = 0 if 2 € I we have

G(z,t) = O(e), for = such that dist(x,09Q) < ed.

We set w® = v — u® and we note that
wi(x,t) = ig(ws)(a:,t) + F.(x,t) x e Q, (0,7,
(6.8) W (2,) = Gla, 1), £ gQ, (0.7)

w(z,0) =0, x €.
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First, we claim that, by the choice of (', the fact that J is radially symmetric and
i € C*rolte/2(RN x [0,T7]), we have that

(6.9) sup [|F||(@) = sup [[AD = Le(0)| (@) = O(").
t€[0,1] t€[0,T]
In fact,
~ Cy =Y\ -~ ~
st = i [ (FY) Glnt) — ot ay
becomes, under the change variables z = (z — y) /¢,
Ais(z,t) — %1/ T (2) (@ — e2,8) — (. 1)) d=
9 RN

and hence (6.9) follows by a simple Taylor expansion. This proves the claim.

We proceed now to prove Theorem 64.

PROOF OF THEOREM 64. In order to prove the theorem by a comparisonwe first look
for a supersolution. Let w be given by

(6.10) w(x,t) = K%t + Kae.

For x € Q we have, if K; is large,

(6.11) Wy(x,t) — L(W)(x, 1) = K1e* > Fo(z,t) = w(z,t) — Le(w®)(z,t).
Since

Ge(z,t) = O(e) for x such that dist(z,00) < e
choosing K, large, we obtain

(6.12) w(x,t) > w(z,t)
for ¢ Q such that dist(x,0) < ed and t € [0,T]. Moreover it is clear that
(6.13) w(z,0) = Kye > w(x,0) = 0.
Thanks to (6.11), (6.12) and (6.13) we can apply the comparison result and conclude that
(6.14) w(x,t) <w(x,t) = K% + Kae.
In a similar fashion we prove that w(z,t) = —K;e% — Kse is a subsolution and hence
(6.15) w(x,t) > w(x,t) = =K% — Kse.
Therefore
(6.16) sup [l — | ey < C(T)E",
te[0,7)

as we wanted to prove. l






CHAPTER 7

Scaling the kernel in a higher order problem

In this short chapter we show that the problem v, (x,t) = —A"(—A)Z v(z,t) can be
approximated by nonlocal problems like the one presented in Chapter 4 when rescaled in
an appropriate way.

Let us recall that we have considered

u(z,t) = (=1)""1(J >:L Id —1)" (u(x,t))
(r.) = (e (Z ;) <—1>"-k<J*>k<u>> (@.1)

u(z,0) = wo(x), =

for x € RY and ¢t > 0, as a nonlocal higher order equation.
THEOREM 65. Let u. be the unique solution to
ot (Jex dd — 1))

(7.2) { (ue)e(z,t) = (=1)"" o (ue(2, 1)),
u(z,0) = wo(x),

where J.(s) = e NJ(2). Then, for every T >0, we have
lim [Jue =] oo @y 0.)) = 0,

where v is the solution to the local problem vy(x,t) = —A"(=A)Z v(x,t) with the same
initial condition v(x,0) = ug(z).

PrROOF OF THEOREM 65. The proof uses once more the explicit formula for the solu-
tions in Fourier variables. We have, arguing exactly as before,

da(6,1) = eV T EET g ),

and

B(& 1) = e Mg (€).
79
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Now, we just observe that J (&) 55 ) and therefore we obtain

/ e — 0] (1) d€ = / e—A"l’i'a"t)zzo(g)) d¢
RN
< ||u0||Loo RN) (/ n 1M . —A"|§‘D‘"t dé"
g=r(e) )
P e e ).
l€l<r(e)
For t € [0,T] we can proceed as in the proof of Theorem 37 (Section 0.8) to obtain that

max |u.(z,t) —v(z,t)| < / |u. — 0| (§,t) d6¢ — 0, € — 0.
x RN

yn—1 (J(Eﬁ) D",

6

We leave the details to the reader.



CHAPTER 8

A Non-local convection diffusion equation

In this chapter we analyze a nonlocal equation that takes into account convective and
diffusive effects. We deal with the nonlocal evolution equation

w(@,t) = (Jxu—u)(2,t) + (G* (f(u) = f(u) (z,t), >0 zeRY,
(8.1) N
u(0, ) = ug(x), x € RY.

In this paper we analyze a nonlocal equation that takes into account convective and
diffusive effects. We deal with the nonlocal evolution equation

62 [ ED=US0 @0+ @) - J@) ), >0 reR
. u(0,x) = ug(x), z € R4

Let us state first our basic assumptions. The functions J and G are nonnegatives and
verify [poJ(2)de = [p. G(x)dz = 1. Moreover, we consider J smooth, J € S(R?), the
space of rapidly decreasing functions, and radially symmetric and G smooth, G € S(R%),
but not necessarily symmetric. To obtain a diffusion operator similar to the Laplacian we
impose in addition that J verifies

1 ~ 1
EagigiJ(O) = 5/ J(2)22dz = 1.
supp(J)

This implies that
j(f) — 14+ ~|¢)7, for £ close to 0.

Here J is the Fourier transform of J and the notation A ~ B means that there exist
constants C; and Cs such that C1A < B < C5A. We can consider more general kernels J
with expansions in Fourier variables of the form J () — 1+ A& ~ |€J3. Since the results
(and the proofs) are almost the same, we do not include the details for this more general
case, but we comment on how the results are modified by the appearance of A.

The nonlinearity f will de assumed nondecreasing with f(0) = 0 and locally Lipschitz
continuous (a typical example that we will consider below is f(u) = |u|9" u with ¢ > 1).

In our case, see the equation in (8.2), we have a diffusion operator J * u — u and a
nonlinear convective part given by G * (f(u)) — f(u). Concerning this last term, if G is
not symmetric then individuals have greater probability of jumping in one direction than
in others, provoking a convective effect.
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We will call equation (8.2), a nonlocal convection-diffusion equation. It is nonlocal since
the diffusion of the density u at a point x and time ¢ does not only depend on u(z,t) and
its derivatives at that point (x,t), but on all the values of u in a fixed spatial neighborhood
of x through the convolution terms J % v and G * (f(u)) (this neighborhood depends on
the supports of J and G).

First, we prove existence, uniqueness and well-possedness of a solution with an initial
condition u(0, ) = ug(x) € L*(RY) N L>®(R?).

THEOREM 66. For any ug € L*(RY) N L>®(R?) there exists a unique global solution
u € C([0,00); L'(R?)) N L*([0, 00); RY).

If u and v are solutions of (8.2) corresponding to initial data ug,vy € L'(R?) N L>(R?)
respectively, then the following contraction property

Ju(t) = v(®)l| L1 ray < lluo — voll 1 (ra)

holds for any t > 0. In addition,
()| oo ray < l[uoll oo ra)-

We have to emphasize that a lack of regularizing effect occurs. This has been already
observed in [34] for the linear problem w; = J*w —w. In [54], the authors prove that the
solutions to the local convection-diffusion problem, u; = Au+b-V f(u), satisfy an estimate
of the form [|u(t)|| oo ey < C(||uo||11(ray) £ for any initial data ug € L'(RY)NL>®(RY). In
our nonlocal model, we cannot prove such type of inequality independently of the L>°(R%)-
norm of the initial data. Moreover, in the one-dimensional case with a suitable bound
on the nonlinearity that appears in the convective part, f, we can prove that such an
inequality does not hold in general, see Chapter 3. In addition, the L!(R?) — L>°(R%)
regularizing effect is not available for the linear equation, w; = J x w — w.

When J is nonnegative and compactly supported, the equation w; = J * w — w shares
many properties with the classical heat equation, w; = Aw, such as: bounded stationary
solutions are constant, a maximum principle holds for both of them and perturbations
propagate with infinite speed, see [59]. However, there is no regularizing effect in general.
Moreover, in [42] and [43] nonlocal Neumann boundary conditions where taken into ac-
count. It is proved there that solutions of the nonlocal problems converge to solutions of
the heat equation with Neumann boundary conditions when a rescaling parameter goes to
zZero.

Concerning (8.2) we can obtain a solution to a standard convection-diffusion equation
(8.3) v (z,t) = Av(z,t) +b- V f(v)(x,t), t>0,r€RY
as the limit of solutions to (8.2) when a scaling parameter goes to zero. In fact, let us
consider

1) =0 (). a=5e(d),

gd” \¢g €
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and the solution u.(z,t) to our convection-diffusion problem rescaled adequately,
1
o) = [ o= g t) ~ ue(o.0) dy
R
1
_'__

(84) : / Gl = ) (uely, 1) — (el 1)) d,

ue(z,0) = up(x).

Remark that the scaling is different for the diffusive part of the equation J x u — u
and for the convective part G * f(u) — f(u). The same different scaling properties can be
observed for the local terms Au and b - V f(u).

THEOREM 67. With the above notations, for any T > 0, we have

lim sup |[ju. — v||p2mey = 0,
=0 4ej0,17

where v(x,t) is the unique solution to the local convection-diffusion problem (8.3) with
initial condition v(z,0) = ug(x) € LY(R?) N L®°(RY) and b = (by, ..., by) given by

b = / z; G(z) dx, j=1,..,d.
Rd

This result justifies the use of the name “nonlocal convection-diffusion problem” when
we refer to (8.2).

From our hypotheses on J and G it follows that they verify |@(§) —1—ib- €& < Ol

and |j(§) — 1+ &% < C|€P for every € € RY. These bounds are exactly what we are using
in the proof of this convergence result.

Remark that when G is symmetric then b = 0 and we obtain the heat equation in the
limit. Of course the most interesting case is when b # 0 (this happens when G is not
symmetric). Also we note that the conclusion of the theorem holds for other LP(R¢)-norms
besides L?(IR?), however the proof is more involved.

We can consider kernels J such that

1
A:—/ J(2)22dz # 1.
2 supp(J)
This gives the expansion T (&) =1+ AE% ~ |€]3, for £ close to 0. In this case we will arrive to
a convection-diffusion equation with a multiple of the Laplacian as the diffusion operator,
v =AAv+b-Vf(v).

Next, we want to study the asymptotic behaviour as t — oo of solutions to (8.2). To
this end we first analyze the decay of solutions taking into account only the diffusive part
(the linear part) of the equation. These solutions have a similar decay rate as the one that
holds for the heat equation, see [34] and [68] where the Fourier transform play a key role.
Using similar techniques we can prove the following result that deals with this asymptotic
decay rate.
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THEOREM 68. Let p € [1,00]. For any ug € L'(R?) N L®(R?) the solution w(x,t) of
the linear problem

we(x,t) = *w—w)(x T d
(8.5) { (z,0) = (J )(z,1), t>0, zeR

u(0,x) = up(x), z € RY,

satisfies the decay estimate

d_1
()o@ < Clluollr ey lluoll @) (874,

Throughout this paper we will use the notation A < (t)~“ to denote A < (14 1¢)~°.

Now we are ready to face the study of the asymptotic behaviour of the complete prob-
lem (8.2). To this end we have to impose some grow condition on f. Therefore, in the
sequel we restrict ourselves to nonlinearities f that are pure powers

(8.6) fu) = |u"u

with ¢ > 1.

The analysis is more involved than the one performed for the linear part and we cannot
use here the Fourier transform directly (of course, by the presence of the nonlinear term).
Our strategy is to write a variation of constants formula for the solution and then prove
estimates that say that the nonlinear part decay faster than the linear one. For the local
convection diffusion equation this analysis was performed by Escobedo and Zuazua in [54].
However, in the previously mentioned reference energy estimates were used together with
Sobolev inequalities to obtain decay bounds. These Sobolev inequalities are not available
for the nonlocal model, since the linear part does not have any regularizing effect, see
Remark 87. Therefore, we have to avoid the use of energy estimates and tackle the problem
using a variant of the Fourier splitting method proposed by Schonbek to deal with local
problems, see [78], [79] and [80].

We state our result concerning the asymptotic behaviour (decay rate) of the complete
nonlocal model as follows:

THEOREM 69. Let f satisfies (8.6) with ¢ > 1 and ug € L*(R?) N L>*(RY). Then, for
every p € [1,00) the solution u of equation (8.2) verifies

_d_1
(87) Hu(t)”Lp(Rd) < C(HuoHLl(Rd)7 HUOHLOO(Rd)) <t> 2(1 p).

Finally, we look at the first order term in the asymptotic expansion of the solution. For
q > (d+1)/d, we find that this leading order term is the same as the one that appears
in the linear local heat equation. This is due to the fact that the nonlinear convection is
of higher order and that the radially symmetric diffusion leads to gaussian kernels in the
asymptotic regime, see [34] and [68].
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THEOREM 70. Let f satisfies (8.6) with ¢ > (d + 1)/d and let the initial condition g
belongs to L*(R4, 1 + |z|) N L°(RY). For any p € [2,00) the following holds

_d_1
20D Ju(t) — MH ()] oy < C(J, G, p,d) ay(t),

where

H(t) is the Gaussian,

H{t) = (27rt)%’
and
. (t):{ (t)~z if q>(d+2)/d,
! (1) = if (d+1)/d<q<(d+2)/d.

Remark that we prove a weak nonlinear behaviour, in fact the decay rate and the first
order term in the expansion are the same that appear in the linear model w; = J x w — w,
see [68].

As before, recall that our hypotheses on J imply that J(£) — (1 — |£|*) ~ BJ¢]?, for &
close to 0. This is the key property of J used in the proof of Theorem 70. We note that
when we have an expansion of the form J(§) — (1 — A[€]?) ~ BI¢J?, for £ ~ 0, we get as
first order term a Gaussian profile of the form H,(t) = H(At).

Also note that ¢ = (d + 1)/d is a critical exponent for the local convection-diffusion
problem, v; = Av+b- V(v?), see [54]. When ¢ is supercritical, ¢ > (d + 1)/d, for the local
equation it also holds an asymptotic simplification to the heat semigroup as ¢t — oo.

The first order term in the asymptotic behaviour for critical or subcritical exponents
1 < q < (d+1)/d is left open. One of the main difficulties that one has to face here is
the absence of a self-similar profile due to the inhomogeneous behaviour of the convolution
kernels.

0.18. The linear semigroup. In this chapter we analyze the asymptotic behavior of
the solutions of the equation
{ w(z,t) = (J*w —w)(x,t), t>0,r€eRY

(8.8) w(0,z) = up(x), z € R

As we have mentioned in the introduction, when J is nonnegative and compactly sup-
ported, this equation shares many properties with the classical heat equation, w; = Aw,
such as: bounded stationary solutions are constant, a maximum principle holds for both
of them and perturbations propagate with infinite speed, see [59]. However, there is no
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regularizing effect in general. In fact, the singularity of the source solution, that is a solu-
tion to (8.8) with initial condition a delta measure, uy = dp, remains with an exponential
decay. In fact, this fundamental solution can be decomposed as S(z,t) = e 'dy + K;(x)
where Ky(x) is smooth, see Lemma 5. In this way we see that there is no regularizing effect
since the solution w of (8.8) can be written as w(t) = S(t) * ug = e ‘ug + K; * uy with
K smooth, which means that w(-,t) is as regular as ug is. This fact makes the analysis of
(8.8) more involved.

LEMMA 71. The fundamental solution of (8.8), that is the solution of (8.8) with initial
condition ug = 0y, can be decomposed as

(8.9) S(z,t) = e 'o(x) + Ki(z),
with K¢(x) = K(x,t) smooth. Moreover, if u is the solution of (8.8) it can be written as

w(z,t) = (S *ugp)(z,t) / (x,t — y)up(y) dy.
R

PROOF. Applying the Fourier transform to (8.8) we obtain that

-~

wy(&,t) = w(&,6)(J(§) — 1).
Hence, as the initial datum verifies g = 5A0 =1,
(& ) = POt = ot 4 ot MO _ 1),
The first part of the lemma follows applying the inverse Fourier transform.
To finish the proof we just observe that S * ug is a solution of (8.8) (just use Fubini’s

theorem) with (S * ug)(0,z) = ug(z). O

In the following we will give estimates on the regular part of the fundamental solution
K; defined by:

Rd

that is, in the Fourier space,
fft(f) — PO _ ot

The behavior of LP(R?)-norms of K; will be obtained by analyzing the cases p = oo and
p = 1. The case p = oo follows by Hausdorff-Young’s inequality. The case p = 1 follows
by using the fact that the L!(R?)-norm of the solutions to (8.8) does not increase.

The analysis of the behaviour of the gradient VK, is more involved. The behavior of
LP(R%)-norms with 2 < p < oo follows by Hausdorff-Young’s inequality in the case p = oo
and Plancherel’s identity for p = 2. However, the case 1 < p < 2 is more tricky. In order to
evaluate the L'(R?)-norm of VK; we will use the Carlson inequality (see for instance [25])

(8.11) lellzimey < C HSDHLQ(W HIxIMSOH
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which holds for m > d/2. The use of the above inequality with ¢ = VK, imposes that
|2|"V K; belongs to L?(R?). To guarantee this property and to obtain the decay rate for
the L?(R%)-norm of |2|"V K, we will use in Lemma 74 that J € S(R?).

The following lemma gives us the decay rate of the LP(R%)-norms of the kernel K; for
I<p<oo.

LEMMA 72. Let J be such that J(€) € LY(R%), 85:7\(5) € L*(RY) and
JO -1+~ aTE)~—¢  asE~0.
For any p > 1 there exists a positive constant c(p,J) such that K, defined in (8.10),

satisfies:
d 1

(8.12) 1K | oy < elp, J) ()20
for any t > 0.

REMARK 73. In fact, when p = oo, a stronger inequality can be proven,
| K| oo (may < Cte_&HjHLl(Rd) +C (),

for some positive § = 0(J).

Moreover, for p =1 we have,

[ K2l 1 ey < 2
and for any p € [1, o]
IS o (wa)— Lo ey < 3

Proor or LEMMA 72. We analyze the cases p = oo and p = 1, the others can be
easily obtained applying Holder’s inequality.

Case p = oo. Using Hausdorff-Young’s inequality we obtain that

HKtHLOO(Rd) S / |€t(p(£)_1) - €_t|d€‘
Rd

Observe that the symmetry of J guarantees that J is a real number. Let us choose
R > 0 such that

R 2
(8.13) 1T <1 - % for all |¢] < R.
Once R is fixed, there exists § = 6(J), 0 < d < 1, with

(8.14) 7(€)] <1—6for all |¢] > R.

Using that for any real numbers a and b the following inequality holds:
le® — €’ < |a — bl max{e?, e’}

we obtain for any |{] > R,

(8.15) M PO-D et < 1] 7(€)| max{e ™, ! PO-DY < te~%| J(¢)).
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Then the following integral decays exponentially,

/ ELGRY —tyd§<e—‘“t/ |7 (€)]de.
EI2R €=k

Using that this term is exponentially small, it remains to prove that

(8.16) I(t) = / |et(‘b(§)_1) — e fd¢ < C’(t>_d/2.
lE|<R

To handle this case we use the following estimates:

(1)) < /5 . PO ge 1 O(R) < / dé + ¢'C(R) < C(R)

€I<R
and
t 2
11(t)] < / POV e 4 e'C(R) < / ~%5= L e'O(R)
€I<R €I<R
= t—d/Q/ R a e 'C(R) < Ct™¥2.
In|<Rt!/?

The last two estimates prove (8.16) and this finishes the analysis of this case.

Case p = 1. First we prove that the L'(R?)-norm of the solutions to equation (8.5)
does not increase. Multiplying equation (8.5) by sgn(w(z,t)) and integrating in space
variable we obtain,

/|th\d:c—// (x — y)w(y, t)sgn(w(z, t))dyds—/ lw(t, z)| dx
s/Rd/wﬂx—y>|w<y,t>|dxdy—4d|w<x7t>|dxso,

which shows that the L!'(R?)-norm does not increase. Hence, for any uy € L'(R?), the
following holds:

le " ug(x) + (K * up) (7)) do < /]Rd |up(z)| dx,

Rd
and as a consequence,

|(Ky % up)(z)| dx < 2/ lug(z)| d.
R4 Rd
Choosing (ug), € L*(RY) such that (ug), — dp in S'(R?) we obtain in the limit that
|Ky(z)|de < 2.
Rd

This ends the proof of the L'-case and finishes the proof. O
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The following lemma will play a key role when analyzing the decay of the complete
problem (8.2). In the sequel we will denote by L!'(R? a(z)) the following space:

PR o) = {o [ alwloits < oo}

LEMMA 74. Let p > 1 and J € S(RY). There exists a positive constant c(p,J) such
that

_d_1y_1
| K * o — K[ zoray < c(p)(t) 2(175) 7 ol 21 (e, ja))
holds for all p € L*(RY, 1+ |z]).

ProoFr. Explicit computations shows that

(Kyx o — Ky)(x) = i Ki(z —y)p(y)dy — e Ki(z) dx

= /}Rd o(y)(Ki(x —y) — Ky(x)) dy
(8.17) = /Rd 90(3/)/0 VEKi(z — sy) - (—y) dsdy.

We will analyze the cases p =1 and p = oo, the others cases follow by interpolation.

For p = oo we have,

(5.15) K% = Killpmisey < VKo [ lollotw)ldy
R

In the case p = 1, by using (8.17) the following holds:

A;Kkg*w—lﬁﬂxﬂdvfébéﬁéﬂymﬂwhAwVKﬂx—swhkdyic

[wlewl [ [ 95t~ splacasay
(8:19) = [ blletwlay [ VR d

In view of (8.18) and (8.19) it is sufficient to prove that

=

_d_
VK| pooray < C(t) 2

and
IV K| gy < C )72,
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In the first case, with R and ¢ as in (8.13) and (8.14), by Hausdorff-Young’s inequality
and (8.15) we obtain:

||VKt||Lw(Rd) < /d |§||6t(ub(§)—1)_€—t|d€
R

= [ el gy [ gl - e tjag
l§I<R

[§I=R

P 2gg et dé+t J(€) e
/m’f'e e /Mle\f /|£ ST de

C(R)(t) 272 + C(R)e " + C(J)te
< C)nE,

IN

IN

v Nl

provided that |¢]J(€) belongs to L!(R%).

In the second case it is enough to prove that the L!(R%)-norm of 9,, K; is controlled by
(t)~1/2. In this case Carlson’s inequality gives us

d

1— m o
Ha:letHLl(Rd) <C |!3x1KtHL2&£§)H|37! alet’|z2(Rd)7

for any m > d/2.

Now our aim is to prove that, for any ¢t > 0, we have

(8.20) 102, Kol p2may < C(I)(E) 52
and
(8.21) 2| By, K| 12y < C(I)(E) "7 5.

By Plancherel’s identity, estimate (8.15) and using that [£|J() belongs to L2(R%) we obtain

0 Kiliasy = [ 6PIEOD - e ag

< 2 20—t g¢ 4 o2 24 + 2,252 7624
= /|§§R|§1| € E+e /§|§R|§1| £ A‘ZRKJ e |J(€)]7dE
< C(R)(t)fg*% + C(R)e™ 4+ C(J)e 2

< C() ()5 s,

This shows (8.20).
To prove (8.21), observe that

H]m\mﬁletHiz(Rd) < ¢(d) /Rd(x%m e 2|0, K () [P da.
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Thus, by symmetry it is sufficient to prove that
K _q_d
/ 08K Pde < C(I) (1)1
R

and

[l Renkas < o L.

Observe that
O (ELK(€))] = |60 Ko(€) + m T Ky (€)] < [€]|08 K (€)] + m|op~ Ky (€)]
and

(6 K)| < |10 KL ().

Hence we just have to prove that

[ erenRopas < oyt ) e {0m =1, (L)}
Choosing m = [d/2] + 1 (the notation [-] stands for the floor function) the above inequality
has to hold for n = [d/2],[d/2] + 1.

First we recall the following elementary identity

O (e9) = e > iy,.in (02,9)(02,9)" . (OF )™

11+2i9+...4+nip=n

where a;, . ;. are universal constants independent of g. Tacking into account that
K, (€) = RO _ ot
we obtain
OLK(¢) = PO KT ay e TR T
i1+2ig+..4nin=n j=1
and hence

n 1 Pe)— P14 tin i i
‘8§1Kt(f)’2 < CHADTD Z Pt )H[%J(ﬁ)]%-
i14+2in+...tnin=n j=1

Using that all the partial derivatives of J decay faster than any polinomial in ||, as
|€] — oo, we obtain that

[ leron R pa < cye iy

l§I>R

where R and § are chosen as in (8.13) and (8.14). Tacking into account that J(€) is smooth
(since J € S(R?)) we obtain that for all |¢| < R the following hold:

~

10, J(€)] < C[¢]
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and
|0j1j(f)|§0, j=2,...,n.
Then for all |£] < R we have
ORE(QP S Cen KT g,
i1+2ig+.Anin=n
Finally, using that for any [ > 0

/ e 1P |eldg < C(R)(t) %2,
[€I<R

we obtain
-4 U1 yeensbd)—T
[ leronrierae <t S e
€<k i1+2ig+-+nin=n
where
plit, ... i) = (21+~~-+zn)—§1
= — oo < = —,
5 + 19 + +1, < 5 5
This ends the proof. l

We now prove a decay estimate that takes into account the linear semigroup applied
to the convolution with a kernel G.

LEMMA 75. Let 1 < p < r < oo, J € S(RY) and G € L*(R%, |x|). There exists a
positive constant C' = C(p, J, G) such that the following estimate
_dl_1y_1
(8.22) 1S(t) * G % = S(t) * @llrey < CEO) 272 (||l oqrey + 19l me)-
holds for all p € LP(R?) N L™ (RY).
REMARK 76. In fact the following stronger inequality holds:
_d(l_l)_l ¢
1S() * G * @ = S(t) % llray < C )22 [0l Loray + C e [0l £ ra).
PRrROOF. We write S(t) as S(t) = e 'y + K; and we get
StyxGxp—St)xp=e"(Gxp—p)+ K xGxp—K;*p.
The first term in the above right hand side verifies:
e7NG* o — ollrwey < e (|Gl niwayl@llzr®ay + 10l r®ay) < 2670 rgay-
For the second one, by Lemma 74 we get that K, satisfies
_dp_1y_1
| Ky G — KtHLa(]Rd) < C(r, J)||G||L1(Rd,|x\)<t> 2(1-2)72

for all £ > 0 where a is such that 1/r = 1/a+ 1/p — 1. Then, using Young’s inequality we
end the proof. O
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0.19. Existence and uniqueness. In this chapter we use the previous results and
estimates on the linear semigroup to prove the existence and uniqueness of the solution to
our nonlinear problem (8.2). The proof is based on the variation of constants formula and
uses the previous properties of the linear diffusion semigroup.

PrROOF OoF THEOREM 66. Recall that we want prove the global existence of solutions
for initial conditions ug € L*(RY) N L>(R?).

Let us consider the following integral equation associated with (8.2):

(8.23) u(t) = S(t) * ug +/0 St —s)*(Gx*(f(u) — f(u)(s)ds,

the functional

and the space
X(T) = €([0, T); L (RY) 0 L=([0, T; RY)

endowed with the norm

[ullxery = sup ([lu()]lLi@e) + )= @) -
te[0,7)

We will prove that ® is a contraction in the ball of radius R, Bg, of X7, if T is small
enough.

Step I. Local Existence. Let M = max{||uo|| 11 (ra), ||t/ poo(ray} and p = 1, 00. Then,
using the results of Lemma 72 we obtain,

B[ (Dlloeey < 11S(E) % ol ocesy
/HSt—s*G*U(D—S@—Q*fwmmm@%
< (et + I K|l £ ray) w0 || Lo (re)
+AE@“swwmsmmmwwmwmwms
< 3 uoll o) + 6 Tf(R) < 3M + 6 Tf(R).

This implies that
1®[u]l[x(ry < 6M + 12T f(R).
Choosing R = 12M and T such that 127 f(R) < 6M we obtain that ®(Bg) C Bg.
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Let us choose v and v in Br. Then for p = 1, co the following hold:

18] (1) — @ (o] (£) Lo g / 1(S(t = 8) % G — S(t — ) % (F(w) — F(0))]1ocae ds
<6 / 1F()(3) — F@)(5) oo d

t
< C(R) [ [u(s) = o) sy ds
0
< CR)T Ju=vlxc).
Choosing T" small we obtain that ®[u| is a contraction in By and then there exists a unique
local solution w of (8.23).

Step II. Global existence. To prove the global well posedness of the solutions we
have to guarantee that both L!(R?) and L>(R?)-norms of the solutions do not blow up in
finite time. We will apply the following lemma to control the L>(R¢)-norm of the solutions.

LEMMA 77. Let § € LY(R?) and K be a nonnegative function with mass one. Then for
any u > 0 the following hold:

(8.24) / K(x —y)0(y)dydx < / 0(x) dx
(z)>p JRE 0(z)>p
and
(8.25) / K(z —v)0(y) dy dz > / 0(x)dz.
z)<—p JRY 0(x)<—p

PrROOF OF LEMMA 77. First of all we point out that we only have to prove (8.24).

Indeed, once it is proved, then (8.25) follows immediately applying (8.24) to the function
—0.

First, we prove estimate (8.24) for ;4 = 0 and then we apply this case to prove the
general case, i # 0.

For ;1 = 0 the following inequalities hold:

/ K(z —y)0(y)dydx < / K(x —y)0(y) dy dx
>0 JR4 z)>0 J6(y)>0

0(y) / Kl drdy

—~

(y)>0

K(x —y)dzdy

(y)>0 R4

0(y) dy.

IA
— T T
S
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Now let us analyze the general case ;> 0. In this case the following inequality
/ O(x)dx < 10(z)| dx
0(z)>n R4
shows that the set {x € R?: §(x) > u} has finite measure. Then we obtain

/(x . RdK(x—yW(y)dydfc—/ . RdK(I—y)(G(y)—u)dyde/(xwudx

< / (0(x) — p)dx +/ pdr = / 0(z) dx.
0(z)>up 0(z)>p 0(z)>p

This completes the proof of (8.24). O
Control of the L'-norm. As in the previous chapter, we multiply equation (8.2) by
sgn(u(x,t)) and integrate in R? to obtain the following estimate
/|umt|dx—// (@ — y)u(y, t)sgn(u(z,t)) dydx—/|utx\dx
Re JRd
s [ [ G- gty )sontute, ) dyds - / F(u(w, £))sgn(u(z, 1)) do
rRe JR

<[/ J(x—y>|u<y,t>\dydw—4d u(a )] da

+ [ [ cle=wlrwoldrde - [ 1760

= [t [ S =pydedy = [ juteplde

+ [ 110l [ 6 —pdzdy— [ 17 0]ds
0

which shows that the L'-norm does not increase.

Control of the L>*-norm. Let us denote m = ||ug||fooray. Multiplying the equation
in (8.2) by sgn(u —m)* and integrating in the z variable we get,

d
3 L, () —m)*de = 1(0) + Bt

where

B /R /R J(w = y)uly, Oysgnule,t) = m)" dydw = /R ule, t)sgn(u(e,t) — m)* dz
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and
= /Rd /RdG(SU —y) f(u)(y, t)sgn(u(z,t) — m)* dy dx
[ 1) son(ute, 1) = m)* do.

We claim that both I; and I, are negative. Thus (u(z,t) —m)* =0 a.e. 2 € R? and then
u(z,t) <mforall t >0 and a.e. x € R%

In the case of I1, applying Lemma 77 with K = J, 6 = u(t) and p = m we obtain

/Rd/RdJ(:c—y)u(y,t)sgn(u(x,t)_m)+dyda: — / >m/Rd z — y)u(y,t) dy dz

< / u(zx,t)dx.
u(z)>m

To handle the second one, Iy, we proceed in a similar manner. Applying Lemma 77
with

() = f(u)(z,t) and  p= f(m)

we obtain

/ Gla — y)f(w)(y,t) dy de < / F(w) (2, 1) d.
f(u(z,t))>f(m) JR? Flu(z,t))>f(m)

Using that f is a nondecreasing function, we rewrite this inequality in an equivalent form
te obtain the desired inequality:

/Rd R4 G(fl} N y)f(u) <y’ t)sgn(u(x, t) - m>+ dy dx

- [ ey
z,t)>m

—/ / Gz —y) f(u)(y,t) dy dx
f(u)(zt)>f(m)
< /u o S

In a similar way, by using inequality (8.25) we get

d

p Rd(u(m,t) +m)” dx <0,

which implies that u(z,t) > —m for all t > 0 and a.e. x € R%

We conclude that |[u(t)|| pec(ray < [[to]] oo (re)-
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Step III. Uniqueness and contraction property. Let us consider u and v two
solutions corresponding to initial data uy and vy respectively. We will prove that for any
t > 0 the following holds:

i ). lu(x,t) —v(x,t)|dx <O0.

To this end, we multiply by sgn(u(z,t) —v(x,t)) the equation satisfied by u — v and using
the symmetry of J, the positivity of J and G and that their mass equals one we obtain,

% Rd'“(‘”’t) — (@, t)[do = /R /R J(@ = y)(uly, t) — v(y,t))sgn(u(z,t) — v(z,t)) dv dy
- / » lu(z,t) —v(z,t)| dx
v [ 6t w00~ 1) )sontate ) i) drdy
- [ 1.0 - f)a b do

// (x — y)|u(y,t) —v(y,t)| dedy — /|uxt v(x,t)|dx
R4 JRA

+/Rd/RdG(a:—y)!f(u)(y,t)—f(v)(y,t)\dxdy—/Rd () (z,t) — f(v)(x,1)| da

Thus we get the uniqueness of the solutions and the contraction property
lu(t) —v(t)]| L1 ey < [|uo — vol L1 way.-
This ends the proof of Theorem 66. U
Now we prove that, due to the lack of regularizing effect, the L>°(R)-norm does not

get bounded for positive times when we consider initial conditions in L'(R). This is in
contrast to what happens for the local convection-diffusion problem, see [54].

PROPOSITION 78. Let d =1 and |f(u)| < Clu|? with 1 < g < 2. Then

1

t2 ||u(t)||Lem@ _
sup Ssup —————
upeL1(R) t€[0,1] ||U0||L1(R)

PROOF. Assume by contradiction that

1
tz||u(t)| Lo
(8.26) sup  sup L el @

= M < 0.
upe L (R) t€[0,1] HUoHLl(R)
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Using the representation formula (8.23) we get:

[u(D) ]| oo @y = 15(1) * wol| oo ) — /0 S —=s)* (G (f(u) = f(u))(s)ds

L (R)

Using Lemma 75 the last term can be bounded as follows:

| [ s0- 9+ @etran - san@as],_ < [ = o) limo ds

Lo (R)

< C/O1 ()[4 ey ds < CM[ugl%s e, /01 s~4ds
< CM|uo |71 g,
provided that ¢ < 2.

This implies that the L>(R)-norm of the solution at time ¢ = 1 satisfies

lu(D)[|ze@) = [1S(1) * uol| e @) — CM|[uo|| T g
> e Hluoll oy — 1K1 |z @yl uol L1y — C M |uol| T g
> e Hluoll Ly — Clluollzr @) — CM|uol|F1 gy
Choosing now a sequence g with ||ug.|[L1) = 1 and [[ug e[|z ®) — 0o we obtain that
[, (1) Low () — 00,
a contradiction with our assumption (8.26). The proof of the result is now completed. [
0.20. Convergence to the local problem. In this chapter we prove the convergence

of solutions of the nonlocal problem to solutions of the local convection-diffusion equation
when we rescale the kernels and let the scaling parameter go to zero.

As we did in the previous sections we begin with the analysis of the linear part.

LEMMA 79. Assume that ug € L*(R?). Let w. be the solution to

(wilet) =% [ Tee =) t) = welo. ) dy,

we(0,2) = up(x),

(8.27)

and w the solution to

(8.28)

{ wy(z,t) = Aw(z, ),
w(0,x) = up(x).

Then, for any positive T,

lim sup [[we — w||p2ga) = 0.
e=04¢(0,7]
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Proor. Taking the Fourier transform in (8.27) we get

T6) = 5 (TOTO - T(r.)

Therefore,

But we have,

Hence we get
Tt €) = e (t%) @(©)

By Plancherel’s identity, using the well known formula for solutions to (8.28),

B(t,6) = e (€).

we obtain that

2

[do(€) I d&

Pege)—1 2
e PR 3

() = 0Ol =

With R and § as in (8.13) and (8.14) we get

P(eg)—1 2
t=— 67t52

/ c (6) 2 < / (% 1 ™5 2 am(e)2de
|&|>R/e |€|I>R/e

_ 8 —tR?
(8.29) < (e + e Plluolas = 0.

To treat the integral on the set {€ € R?: |¢| < R/e} we use the fact that on this set the
following holds:

~

N S P —J(Eg)g_ Ly S max{ety(gfgil,e_tg}
£
J —1 2
<t (Egl + €2 max{e_%,e_t§2}
£
J —1 2
(8.30) <t (551 tele T
B
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Thus:
Plege)—1 2 2 2 7 —_ 1 2

/ 61&47( :2) _€—t§ |%(§)|2df < / e—t|£| +2 % _|_§2 |UA0(€)|2 df

|¢|<R/e |€|<R/e

~ 2
B J(e€) —1+e%| | .
< [ e TR R
From |J(¢) — 1] < K|¢]? for all £ € R* we get
J(€) — 1+ £2¢2 (K+1) 5

(8.31) e < e e <KL

Using this bound and that e~ *ls?> < C, we get that

) ~ 2
Pee)—1 3 . J(e€) — 14+ 2|€12|
op [ e 8 e Pagpas < o [ T LEEN 6P ggen e
te[0, 1] J|¢|<R/e R e2[¢]
By inequality (8.31) together with the fact that
7T 1 21¢12
S

=T lep

and that 1, € L*(R?), by Lebesgue dominated convergence theorem, we have that

(8.32) lim sup /
e=0tefo,1] Jig|<R/e

From (8.29) and (8.32) we obtain

2
Peg)— R
! THET — e |Gy(6)|Pde = 0.

lim sup Jwe(t) — w(t)||z2@e =0,
€~V ¢elo,1)

as we wanted to prove. O
Next we prove a lemma that provides us with a uniform (independent of ) decay for
the nonlocal convective part.

LEMMA 80. There exists a positive constant C' = C(J,G) such that

Se(t) * Ge — Se(t)
I( )+

€

_1
<Ot 20|l 2 ra

L2(R4)

holds for allt > 0 and ¢ € L*(R?), uniformly on € > 0. Here S.(t) is the linear semigroup
associated to (8.27).
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PROOF. Let us denote by ®.(z,t) the following quantity:
(Se(t) * Go)(z) — Sa(t)(x)_

3

O (z,t) =
Then by the definition of S, and G, we obtain

D.(01) = /Rdemgexp(t( <s£>—1>)@<£a>—1 it

— a1 eis*1m~§ exp <t( (5)2_ 1)) (@(6) i 1) d¢ '

R4
= (te? xe )

At this point, we observe that for ¢ = 1, Lemma 75 gives us
_1
[D1(2) * ol 2y < C(J, G) () 2|l 2(may-
Hence
e M@ (te™? ™) * @l pemay = e [@1(te7?) * ()] (67 | 2y

19 (t) * ol L2y =
144 . 144, —o\_1
e |0y (te™ x p(e))ll 2y < €72 (te) 2 0l r2qmey

_1
< t72 ||| p2may.-

This ends the proof.
LEMMA 81. Let be T'> 0 and M > 0. Then the following

t —
lim sup / <S€(S) #Ge— 5:(s) _ b- VH(S)) x o(8)
e=04¢10,17 Jo

£
holds uniformly for all (¢ Lo (jo,1);22rey) < M. Here H is the linear heat semigroup given

by the Gaussian

ds =0,
L2(R4)

and b= (by,...,bq) is given by

b = / z; G(z) dx, j=1,..,d.
Rd

PROOF. Let us denote by I.(t) the following quantity:

L= [ (BE S v ot

£

ds.
L2(R)
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Choose a € (0,1). Then

[178 if ¢ § €a,
I(t) < _
Lo+ I (1) if t > e,
where .
L= / (SE(S) *Ge = Sels) b- VH(S)) * p($) ds
0 c L2(R)
and .
Se Ge — 5S¢
L(t) = / ( (s) * . (5) _ b- VH(S)) * p($) ds.
e L2(R7)

The first term I, . satisfies,
d5+/ ”bVH(S>*g0HL2(Rd) ds
L2(R4) 0

. < / (Sa(s>*Ga—Ss(s>)w

g
< [ s Hplands +C [ ITHE o llol)mgods
0 0
(833) < CM / s72ds = 2CMe?,
0

To bound I5.(t) we observe that, by Plancherel’s identity, we get,

]Q’E(t) = /t (esw’(eﬁ)—l)/a? (%) —1b- §G_S|€‘2 {5(3)

a €

< / t (cxMeo-nret _ o) (a(gi) - 1> 3(s)
+/t e slel? (M —z’b~§> P(s)

e
t t
— / RLE(S) dS -+ / RQ}E(S) dS.

o g

ds
L2(RY)

ds
L2(RY)

ds
L2 (R4)

In the following we obtain upper bounds for R;. and Ry.. Observe that R; . satisfies:
(R1e)*(s) < 2((Rs2)*(s) + (Rag)*(s))

where
G(e€) — 1

2
(R37€)2<S) = / <€S(JD(5§)—1)/52 o 6_5|f\2)
|§I<R/e €
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and

N 2
G — 1
5

2
(Ricl(s) = [ (e P00/t omis) Bs. ).
|EI=R/e

With respect to R3. we proceed as in the proof of Lemma 80 by choosing  and R as
in (8.13) and (8.14). Using estimate (8.30) and the fact that |G(§) — 1] < CJ¢] and
|J(&) — 14 €2 < C|€]3 for every € € R? we obtain:

j(ef) — 1+ &2¢2

e2

2
€173 (s, €)|*dé

(Rs.)*(s) < C / eslEF g2
|€I<R/e

3 2
cof  everg [ﬂ] €213 (s, )2
lE|<R/e &
_ ¢ / IR §222) 8|35, €)[2dE < 2572 / e 1P 51118135, £) [2de
lE|<R/e R4
<

062—204 |(,/5(S, §)|2d€ S CEQ_QQMQ.
R4

In the case of Ry, we use that |G(€)| < 1 and we proceed as in the proof of (8.29):

_ s _sR? TN
(Ri)?(s) < / (3 + e )22 5(s, €) e
|€|>R/e

5 R2

< (e g oAy / s, €)Pde
|€|>R/e

R2

__ 96 __R% _
M?(e”Fa 4 e 2-a)%?
CM?e*2e

for sufficiently small ¢.
Then

t
(8.34) / Ry .(s)ds < CTMe'.

@
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The second term can be estimated in a similar way, using that |@(f) —1—ib- & < CIE)?
for every £ € RY, we get
2

G(e&) —1—ib-&e
g

(Fo(s) < [ e B(s. €)1

2
< C/Rd 6—25\§|2 {@} |{5(S7§)|2d§ _ C/Rd 6_28|€|2€2|§|4|§/5(S,§)|2df

_ 0523—2/ e—2s|5|252|5|4|¢(3,g)|2d§g052(1‘a>/ (s, )Pdg
Rd R
S CM262(1—01)7

and we conclude that

t
(8.35) / Ry (s)ds < CTMe'™.
Now, by (8.33), (8.34) and (8.35) we obtain that
(8.36) sup I.(t) < CM(e? +¢'7%) — 0, as e — 0,
t€[0,T]
which finishes the proof. O

Now we are ready to prove Theorem 67.

PROOF OF THEOREM 67. First we write the two problems in the semigroup formula-
tion,

PS.(t—s)xG. — S.(t — s)

us(t) = S-(t) * ug + /0 . * f(us(s))ds
and .
v(t):H(t)*u0+/ b-VH(t—s)x* f(v(s))ds.
Then "
(8.37) sup [[ue(t) — v(t)||r2rey < sup I1.(t) + sup Io.(t)
t€[0,T7] t€[0,T] t€[0,T]
where
L2(t) = ||Se(t) * wo — H(t) * uol| L2 (ray
and
St —8) % Ge — Se(t — ) ¢
L(t) = ‘ /0 . * fue(s)) —/0 b-VH(t—s)x* f(v(s)) LQ(]Rd).

In view of Lemma 79 we have

sup I1.(t) — 0 as ¢ — 0.
te[0,7)
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So it remains to analyze the second term /5 .. To this end, we split it again

Le(t) < Ise(t) + Lac(t)

where
Lo(t) = /0 S.(t—s) * G8 —Se(t—s) (Flua(s)) = f(v(5))) e ds
and
1t = /0 (Se(t —5) * G; —St—s) VH(t — S)) « f(v(s)) o ds.

Using Young’s inequality and that from our hypotheses we have an uniform bound for
ue and u in terms of ||ug||p1(ray, ||to|| oo ray We obtain

) < /O~t ||f(u£(s>)|_f(T;(S))”LQ(Rd)ds

t— s|2
tods

o |t—s|2

(8.38) < A (ue) = )l oo,y 2(ra)

< 2T"2|u. - V| oo (0,1); 22 (re)) O (l|uo]| L1 ey [|wol| oo (ra))-
By Lemma 81 we obtain, choosing ov = 2/3 in (8.36), that

1 1
(8.39) Sup Lie < Ces || f(0) Lo 0m); 2wy < Ce3C([[uo]l Lamays 1ol Lo (ray)-
te|0,

Using (8.37), (8.38) and (8.39) we get:
e = Vllooqomy; 2ey) < el oo (o, p2ra)

1
+TZC(||U0HL1(R)7 ||U0||L°°(R))||Us - U||L°°((0,T);L2(Rd))-

Choosing T' = Tj sufficiently small, depending on ||u|| 1) and ||uol| L ®) we get

lue = vl o.my; 2@y < Mrelloo.m; 2@y — 0,
as € — 0.
Using the same argument in any interval [7, 7+ Tp|, the stability of the solutions of the
equation (8.4) in L?(R%)-norm and that for any time 7 > 0 it holds that
e ()] 1 ey + ue(T) || Lo rey < Nluoll ey + (ol oo (re),
we obtain

lim sup |[ju. —v|/p2rey = 0,
e=04¢(0,7]

as we wanted to prove. U
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0.21. Long time behaviour of the solutions. The aim of this chapter is to obtain
the first term in the asymptotic expansion of the solution u to (8.2). The main ingredient
for our proofs is the following lemma inspired in the Fourier splitting method introduced
by Schonbek, see [78], [79] and [80].

LEMMA 82. Let R and  be such that the function J satisfies:

. 2
(5.40) To<i-E j<r
and

(8.41) J(E) <1-0, €| > R.

Let us assume that the function u : [0,00) x RY — R satisfies the following differential
mequality:

(8.42) u(z, )2 dz < c/ (J % 1 — u)(x, (e, t) da,

E R4 Rd

for any t > 0. Then for any 1 < r < oo there exists a constant a = rd/cd such that

[u(0)132pay  rdw (25)% ¢
2 (R9) 0 rd—4-1 2
(8.43) » lu(at, x)|*dx < T T /0 (s + 1) 27 u(as)|| 7 gayds

holds for all positive time t where wy is the volume of the unit ball in R%. In particular
o M@l | (20)3(20)5
To(t+1)7 (t+1)5

REMARK 83. Condition (8.40) can be replaced by J(€) < 1 — A|¢? for |€] < R but
omitting the constant A in the proof we simplify some formulas.

(8.44) [[u(at)]| L2 (ray

[[wll oo ([0,00); L1 (R4)) -

REMARK 84. The differential inequality (8.42) can be written in the following form:

% R ’u(l’, 75)|2 dr < _g /Rd /Rd J(x N y)(u(m, t) B U(y, t))2 dx dy.

This is the nonlocal version of the energy method used in [54]. However, in our case,
exactly the same inequalities used in [54] could not be applied.

PROOF. Let R and § be as in (8.40) and (8.41). We set a = rd/cd and consider the

following set:
1/2
A(t):{&eﬂeadwasmw:( ) }

c(t+a)

Inequality (8.42) gives us:

(8.45) % lu(z,t)|?dr < C/]Rd(

Rd

~

O - DEOPE e [ (T e
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Using the hypotheses (8.40) and (8.41) on the function J the following inequality holds for
all £ € A(t)

~ d
(8.46) e(J(6)—1) < —t: ~, for every € € A()
since for any |£| > R
~ rd rd
)< ey = 8«
(T -1 s~ =10 < -1
and e p p
~ c c 2r r
1)< — <= - _
) -l s-—5-=-35 c(t+a) t+a

for all £ € A(t)® with || < R.
Introducing (8.46) in (8.45) we obtain

d 9 rd . 9
— d — d
i [ futeopds < /( s ) dg

t+

9 rd
[ epas+ o [ o

Ct+4a

rd 9 rd R N
S Tra dlu(:v,t)l diﬂ+—t+aM(t) wollT(E) 13 o

d
2rd 2 2
t+a/ |u(z,t)|*dx + P [c(t—l—a)] WOHU(t)HLl(Rd))'

This implies that

CZ [(t vayd | ulz, t)|2dx}

R4

—(t+a) [ /|uxt|dx}+rd(t+a)’"dl (s, £)2da

R4

2rd
(t_+_a/)7"d—_1/rd( B ) (,(}0||u<t)||%1(Rd)

Integrating on the time variable the last inequality we obtain:

d
2rd\> [*
(t+a) | Ju(e,t)Pde—a /R Ju(0,2)Pde < rdwy (%) /0 (s+a) 5 [u(s) |2 oy ds
R

and hence

rd
2 a 2
< - d
(e, P dr < (t+a)rd4d\u<o,x>| v

d
rdw o2rd\ 2 [* d 1 ,
+(t+a)”d ( C ) /0 (S + CL) 2 ||u(8)||Ll(Rd) ds.

Rd
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Replacing ¢ by ta we get:
||U(O)||%2 Rd rdw 2rd
Jlulab@)Pdr s e+ e g
_ ||“(O)||%2(Rd) rdwy 2rd
(t+1)rd (t41)rd

vl

at
=) )l e ds
d
2

t
) J s+ 0 ) s oy

ca
||U(0)||%2(Rd) rdw0(25)%

t
_ rd—4—-1 2
T (t+ 1) i (t+1)rd /0<S+1) * hulas) e ds

which proves (8.43).
Estimate (8.44) is obtained as follows:
u(at, z)|*dx a0 Zegey | rduwn(26)%
Rd ’ - (t + 1)”1 (t + 1)”!

||’LL(0) ||%2(]Rd) 2(,()0(26)% 5
-+ (t+1)3 el 0,00y 2 ety

t
rd_d_
||u||%°°([0,oo);L1(Rd))/0 (s+ 1) 2""ds

This ends the proof. 0
LEMMA 85. Let 2 < p < oco. For any function u : R — R?, I (u) defined by

I{u) = /Rd(J «u —u)(z)|u(@)[" sgn(u()) de
satisfies
Alp—1)

I(u) < /(J*IUI””—|UIP/2)(x)IU(fC)\p/2dw

p* Jpa
_ _2(pp; 2. /Rd /Rd J(x = y)(lu(y)P? = [u(z)[P?)* dx dy.

REMARK 86. This result is a nonlocal counterpart of the well known identity

4(p — 1
/ AufuP " sgn(u) de = — 22— / IV (Jul?/?) 2 da.
R4 D Rd

PRrROOF. Using the symmetry of .J, I(u) can be written in the following manner,
M) = [ - - w@) @ son(ue) dedy
R JR

= [ [0 o)) sgm(uty) d
Thus

1) =5 [, [ @ = n)u() = ) (u)P son(uta)) = luo) P sgn(u(u)) do .
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Using the following inequality,
2

p/2 | Q1p/2|2 p _ p—1 _|n|p-1
a2 = B2 < g5 (0 = B)(a sgn(a) = 137 sgn(5))

which holds for all real numbers « and  and for every 2 < p < oo, we obtain that I(u)
can be bounded from above as follows:

1w < 122D [ e )l - (o) dedy

A(p — 1
= —(p—z) / / J(z —y)(Ju@) P — 2lu(y)[P?u(z) P2 + [u(z)?) dz dy
2p R4 JRA
4(p—1)
= B [ ) ) o) e
P Rd
The proof is finished. Il

Now we are ready to proceed with the proof of Theorem 69.

PrROOF OF THEOREM 69. Let u be the solution to the nonlocal convection-diffusion
problem. Then, by the same arguments that we used to control the L!'(R%)-norm, we
obtain the following:

%/Rd lu(z, t)Pde = p/Rd(J s u—u)(z,t)|u(z, t) P sgn(u(z, t)) do
+ /Rd(G « f(u) = f() (@, O)ulz, )" sgn(u(, 1)) do
< p/Rd(J xu—u)(z, t)|u(z, t) P sgn(u(z, t)) de.

Using Lemma 85 we get that the LP(R?)-norm of the solution u satisfies the following
differential inequality:

(8.47) i ’u(x,t)’p dr < M (J " ’u‘p/Z _ ‘u’p/2>($)‘u<x)’p/2 do.
dt Jgpa P Rd

First, let us consider p = 2. Then

%/Rd u(z,t)]* do < Q/Rd(J* lu| — |ul)(z,t)|u(z, t)] dz.
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Applying Lemma 82 with |u|, ¢ = 2, 7 = 1 and using that ||u[| e (j0,00); 21 (r)) < |0 L1 (R
we obtain

|ol| 22 (wa) n (2600)%(25)

u(td/20) || 2@y < 7|l 2 (0.00): L1 (R))

Tt )8 (t+1)1
ol 2(ray — (2w0)7(26)1
T 7 lluoll 1 ray)
(t+1)2 (t+1)i
C(J, HUOHLl(Rd)v ||u0||L°°(Rd))
- (t+1)f ’

which proves (8.7) in the case p = 2. Using that the L'(R%)-norm of the solutions to (8.2),
does not increase, |[u(t)||z1rey < [[uol|L1 ey, by Holder’s inequality we obtain the desired
decay rate (8.7) in any LP(R%)-norm with p € [1,2].

In the following, using an inductive argument, we will prove the result for any r» = 2™,
with m > 1 an integer. By Holder’s inequality this will give us the LP(R%)-norm decay for
any 2 < p < 00.

Let us choose » = 2™ with m > 1 and assume that the following
_d(_1
[u()]lLr@ey < Ct)72077
holds for some positive constant C' = C(J, ||ug||p1(ra), [[to]|Loore)) and for every positive
time t. We want to show an analogous estimate for p = 2r = 2™+,
We use (8.47) with p = 2r to obtain the following differential inequality:
d 4(2r — 1
[ e < 222 e qu -l Ot o ds
dt R4 27’ R4
Applying Lemma (82) with |u|", ¢(r) = 2(2r — 1)/r and a = rd/c(r)d we get:
fu(at) ||“6||%2(Rd) dw0(25)%
Rd - (t+ 1) (t+ 1)
||u0||%r2r(Rd) C(J) K d
1 rd—g—1 21; d
e i [ s [ s
C(J, ||u0||L1(Rd)7 ||U0||L00(Rd))

t
/O (5 + 1) 5 7 (05) |2 gy

- (t+1)¢
t
<1 +/ (s+ 1) 27 (s + 1)"“"(11)ds)
0
< % _iprnHcoprnior
S Gt D@ =

and then L
[u(at)|| 2 ey < C(J, l|uoll £ ray, |[tto]| oo ray) (¢ + 1) 72072,
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which finishes the proof. O

Let us close this chapter with a remark concerning the applicability of energy methods
to study nonlocal problems.

REMARK 87. If we want to use energy estimates to get decay rates (for example in
L*(RY)), we arrive easily to

(e, 2 de = — / J(x - y)(w(z,t) — wly, 1)) da dy
dt ]Rd 2 ]Rd Rd

when we deal with a solution of the linear equation w; = J x w — w and to

%/Rd lu(z,)* dr < —%/Rd /Rd J(x —y)(u(z,t) — u(y, 1) de dy

when we consider the complete convection-diffusion problem. However, we can not go
further since an inequality of the form

([utaras) <c [ [ - - uydsdy
R4 R4 JRA
s not available for p > 2.

0.22. Weakly nonlinear behaviour. In this section we find the leading order term
in the asymptotic expansion of the solution to (8.2). We use ideas from [54] showing that
the nonlinear term decays faster than the linear part.

We recall a previous result of [68] that extends to nonlocal diffusion problems the result
of [52] in the case of the heat equation.

LEMMA 88. Let J € S(RY) such that
J€) - (1—1¢P) ~ BEP,  £~0,

for some constant B. For every p € [2,00), there exists some positive constant C' = C(p, J)
such that

_dq_1y_1
(8.48)  [[S(t) ¥ = MH(t)||1ome) < Ce '@l oy + Cllell e ey (8) 207772, £ > 0,
for every ¢ € LR, 1+ |z]) with M = [, p(x) dz, where

_a?
e 4t

(27t)

H(t) = 4>
2
15 the gaussian.

~

REMARK 89. We can consider a condition like J(§) — (1 — A|£|*) ~ B|&]® for € ~ 0
and obtain as profile a modified Gaussian H(t) = H(At), but we omit the tedious details.
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REMARK 90. The case p € [1,2) is more subtle. The analysis performed in the previous
sections to handle the case p =1 can be also extended to cover this case when the dimension

d verifies 1 < d < 3. Indeed in this case, if J satisfies j(f) ~1—Alg|°, £ ~ 0, then s has
to be grater than [d/2] + 1 and s = 2 to obtain the Gaussian profile.

PROOF. We write S(t) = e 'dy + K;. Then it is sufficient to prove that
_dq_1y_1
[ K % ¢ — MKy 1oy < Clloll L @a o () 2(173)2

and

m\»—t

d_1
t2 0D Ky — H(8)|| oy < C(1)”

The first estimate follows by Lemma 74. The second one uses the hypotheses on J. A
detailed proof can be found in [68]. O

Now we are ready to prove that the same expansion holds for solutions to the complete
problem (8.2) when ¢ > (d+1)/d.

PROOF OF THEOREM 70. In view of (8.48) it is sufficient to prove that
D fu(t) — () % uollaeey < C)7HOI,

Using the representation (8.23) we get that

o) = S(6) < vallzs < [ 11808 =) G = St = )]+ [ (s) ey s

We now estimate the right hand side term as follows: we will split it in two parts, one in
which we integrate on (0,¢/2) and another one where we integrate on (¢/2,t). Concerning
the second term, by Lemma 75, Theorem 69 we have,

/W NIS(t — 5) % G — S(t — )] * [u(3)|* t(8)]] oo s

< C(J, G)/t <t - S>_%Hu( )HLPq Rd)

/2
¢ _1 _d(o_1
SC(‘]’G7||u0||L1(]Rd)7||u0||L°°(R))/ (t—s)72(s)"2"%)ds
t/2

< O<t>*%(4*%)+% < C’t*%(lfé)(w—%(q—l)ﬁ-%‘
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To bound the first term we proceed as follows,

t/2
IS0 =9+ G = (e = )¢ (o) ) e

t/2

d 1 1 t/Q
<cy ey | mwmmwmﬁé E—
= C) T DT (L () + L(t))

By Theorem 69, for the first integral, I1(t), we have the following estimate:

t/2 t/2 .
MﬂS/!MMmW@SCWMwMWWWWM/ (s)~ D
0 0

and an explicit computation of the last integral shows that

1 t/2 d 1
@t [ )t vas < ot
0

Arguing in the same manner for I, we get

1 1 [P ag
()2 L(t) < C(lluollprmays [[uoll Loomay)(t) 2/ (s)"2 U nd)ds
0

l\?\&.

((1—1)"‘5

IA

ClluollLrmeys lluoll oo ey ) ()~
§a=1)+3

IA

Clluoll L may, 1ol oo ma)) ()~
This ends the proof.
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CHAPTER 9

A nonlinear Neumann problem

In this chapter we turn our attention to nonlinear equations with Neumann boundary
conditions. We study

z(t,x) = A J(x —y)(u(t,y) — u(t,z))dy, re t>0,
P»}I(ZO) z(t,x) € y(u(t, x)), ref, t>0,
2(0,z) = zo(x), x e Q.

Here Q is a bounded domain, 25 € L'(Q) and ~ is a maximal monotone graph in R? such
that 0 € v(0).

Solutions to P:y] (z0) will be understood in the following sense.

DEFINITION 91. A solution of P:(z) in [0,T] is a function z € W"'(]0,T[; L'(Q))
which satisfies z(0,x) = 29(x), a.e. x € Q, and for which there exists u € L*(0,T; L*(Q)),
z € y(u) a.e. in Qr = Q2x]0, T, suchthat

+(t, ) /JJ;— vy) —u(t,x))dy  a.ein )0, T[xS.

The main results of this chapter can be summarized as follows.

“Under some natural assumptions about the initial condition zy, there exists a unique
global solution to PVJ(ZO). Moreover, a contraction principle holds, given two solutions z;
of P;I(zm), i=1,2, then

[0 = 220" < [ (10— 220"

Q
Respect to the asymptotic behaviour of the solution we prove that if v is a continuous

function, then
1
lim z(t) = —/ 20,
t—o0 1| Ja

strongly in L'(Q)”.

We can consider different maximal monotone graphs 7. For example, if v(r) = ™,
problem P;/(z) corresponds to the nonlocal version of the porous medium (or fast diffusion)

115
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problems. Note also that v may be multivalued, so we are considering the nonlocal version
of various phenomena with phase changes like the multiphase Stefan problem, for which

r—1 if r<Q0,
v(r) =4 [-1,0] if r=0,
r if r>0.

Even ~ can have a domain different from R, which corresponds to obstacle problems.

0.23. Notations and preliminaries. In this section we collect some preliminaries
and notations that will be used in the sequel. For a maximal monotone graph n in R x R
and r € N we denote by 7, the Yosida approximation of n, given by n, = r(I — (I + %77)_1).
The function 7, is maximal monotone and Lipschitz. We recall the definition of the main
section n° of

the element of minimal absolute value of n(s) if n(s) # 0,
n’(s) = ¢ +oo if [s,+00)N D(n) =0,
—oo  if (—oo,s] N D(n) =0,
where D(n) denotes the domain of 7. The following properties hold: if s € D(n), |n.(s)| <
In°(s)| and n,(s) — n°(s) as r — +oo, and if s ¢ D(n), |n.(s)] — +o00 as r — +oo.

We will use the following notations, n_ := inf Ran(n) and 7, := sup Ran(n), where
Ran(n) denotes the range of n. If 0 € D(n), j,(r) = [; n°(s)ds defines a convex ls.c.
function such that n = 9y,. If j; is the Legendre transform of j, then n~t= 07y

Also we will denote by Jy and Py the following sets of functions,
Jo={j : R —[0,+00], convex and lower semi-continuos with j(0) = 0},

Py={pe C®R):0<p <1,supp(p’) is compact, and 0 ¢ supp(p)}.
In [19] the following relation for u,v € L'(Q) is defined,

u < v if and only if /
Q

ju)da < [ o) da,
Q
and the following facts are proved.

PROPOSITION 92. Let Q be a bounded domain in RY.
(i) For any u,v € L), if [,up(u) < [,vp(u) for all p € Py, then u < v.
(ii) If u,v € LY Q) and u < v, then ||ull, < ||v|, for any ¢ € [1,400].
(ii) If v e L'(Q), then {u € L'(Q) : u < v} is a weakly compact subset of L*(Q).

The following Poincaré’s type inequality is given in [34], see also Chapter 2.
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PROPOSITION 93. Given J and () the quantity

1
5 J(z = y)(u(y) — u(x))? dy dx
&) br= Al 2) = eLz(&iII)lfa =0 : /Q/Q
R et jé(u(x))de

is strictly positive. Consequently
1 1
(9.2) ﬂl/ u— —/u < - / / J(z —y)(u(y) — u(z))* dy du, Vu € L*(Q).
Q 12 Jq 2 JaJa

In order to obtain a generalized Poincaré’s type inequality we need the following result.

PROPOSITION 94. Let  C RY be a bounded open set and k > 0. There exists a
constant C > 0 such that for any K C Q with |K| > k, it holds

1 U
U— u u
€[ Jo K

PROOF. Assume the conclusion does not hold. Then, for every n € N there exists
K, C Q with |K,,| > k, and u,, € L*(Q) satisfying
> , VneN.

+ '/ Uy,
L2(Q) n

We normalize u, by ||un||r2() = 1 for all n € N, and consequently we can assume that

(9.5) u, = u  weakly in L*(Q).
Moreover, by (9.4), we have

v J,
Uy — — | Uy U,
€] Jo .

i)
Up — — [ U, — 0 in L*(Q),
2 Jo &)

and by (9.5) we get u(z) = ﬁfﬂu = « for almost all x € 2, and u,, — « strongly in
L*(€2). Since ||up||2¢0) = 1 for each n € N, o # 0. On the other hand, (9.6) implies

(9.3) ull 2y < C ( ) , Y u € L*(9Q).

+
L2()

1

TRl

(9.4) [tnl[r20) = n (

1 1
(9.6) < —, and <—, VneN
n n

L*(Q)

Hence

lim Uy, = 0.
n—oo K’n,
Since X, is bounded in L?(€2), we can extract a subsequence (still denoted by Xy, ) such
that
Xk, = ¢  weakly in L*(9).
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Moreover, ¢ is nonnegative and verifies

k< lim |K,|= lim /XKn:/Qﬁ.

Now, since u,, — « strongly in L*(Q) and Xg, — ¢ weakly in L*(2) we have

0= lim U, = lim XKnun:a/¢7é0,
Q Q

n—oo K. n—o0
n

a contradiction. 0

To simplify the notation we define the linear self-adjoint operator A : L?(Q2) — L?(Q2)
by

Au() = / I — y)(uly) —u(@) dy,  zE€Q

As a consequence of the above results we have the next proposition, which plays the role
of the classical generalized Poincaré’s inequality for Sobolev spaces.

PROPOSITION 95. Let  C RY be a bounded open set and k > 0. There exists a
constant C = C(J, 8, k) such that, for any K C Q with |K| > k,

1/2
Q

Using the above result and working as in the proof of Lemma 4.2 in [4], we obtain the
following lemma, of which we give the proof for the sake of completeness.

LEMMA 96. Let v be a mazimal monotone graph in R* such that 0 € ~(0). Let
{tntnen C L3(Q) and {z,}nen C LY () such that, for every n € N, z, € v(u,) a.e.
in €.

Let us suppose that
(1) if v+ = 400, there exists M > 0 such that

/z;{<M, Vn € N,
Q

(i1) if v+ < 400, there exists M € R and h > 0 such that
/zn<M<’y+]Q], Vn e N
Q

and
1+ - M

/ 2 < BRI g e N
{zeQzn(x)<—h} 4
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Then, there exists a constant C = C(M,Q) in case (i), C = C(M,Q,v,h) in case (i),
such that

1/2
(9.8) |12y < C ((— / Auf u:{) + 1) , Vn € N.
Q
Let us suppose that
(111) if y— = —o0, there exists M > 0 such that

/zn<M, Vn € N,
Q

() if v > —o0, there exists M € R and h > 0 such that
/zn>M>”y]Q], Vn e N
0

and

M —~_|Q
/ Zn < &, Vn € N.
{z€Q:zpn (z)>h} 4

Then, there exists a constant C' = C(M,Q) in case (iii), C = C(M,Q,~,h) in case (iv),
such that

. 1/2
9.9 u, || 2y < C — | Au_ u_ +1], Vn € N.
n () n -n
Q

PROOF. Let us only prove (9.8), since the proof of (9.9) is similar. First, consider the
case 74 = +00. Then, by assumption, there exists M > 0 such that

/z:<M, Vn € N.
Q

FornGNletKn:{xGQ:z:(x)<%}. Then

2M 2M
0< [ o= z:—/ < M (9] — 1K) _ g 2y,
Kn Q O\K,, 12 12
Therefore,
0
K, >
2

and o
_ 2
et i < Kl supy! (—) |

Then, by Proposition 95, for all n € N|

1/2

- 2M

||U/:||L2(Q) < C(J,9Q) ((—/Au:{ uj{) + |Q|1/2 sup7—1 ( |Q_| )> )
Q
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Now, let us consider the case v, < +o0. Let

By assumption, for every n € N, we have,
(9.10) / 2 < 7|0 = 6.
Q

Forn e N, let K,, = {x €N:zy(r) <7y — ﬁ} Then, by (9.10),

) 0
Zy = Zn — zn<——+Kn< ——).
[oo= o < a1 (- 5

)
/ zn:—/ \zn\—i—/ zZp > —— — h|K,).
K, Knn{z€Q:zn<—h} Knn{z€Q:zn>—h} 4

Therefore,

Moreover,

) J
K| {h— == > —.
Hence |K,| > 0, h—%mjtwr > 0 and
J

| K| > 5 )
4 <h— m‘i"}/+>

Consequently,

B 1)
| 2,y < K] supy ™ (7+ — m) :

Then, by Proposition 95,

i 1/2 5
w2 < C(J,9Q,7, h) ((—/ Auf u:{) + |Q|1/2 supy ! (7+ _ m)) )
Q

This ends the proof of (9.8). O

Finally, we have the following monotonicity result. Its proof is straightforward.

LEMMA 97. Let T : R — R a nondecreasing function. For every u € L*(Q) such that
T(u) € L*(2), it holds

- [ T@@)dr =~ [ [ T =) - o) dr () da
= 3 | [ Bl - ) dyd,
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where B(x,y) is the non negative symmetric function given by

L) - Tu@) e
J(z—y) u(y) — () fuly) # (),

0 if u(y) = u(z).

B('%Z/) =

In particular we have

/QAU( // 2 — ) (uly) — ulx))? dy dz.

0.24. Mild solutions and contraction principle. In this section we obtain a mild
solution to our problem studying the associated integral operator.

Given a maximal monotone graph v in R? such that 0 € v(0), v < 7., we consider
the problem,

(S3)  ~y(u)—Au>¢ inQ.

DEFINITION 98. Let ¢ € L'(Q). A pair of functions (u z) € L*(Q) x L' () is a solution
of problem (S}) if 2(x) € y(u(r)) a.e. x € Q and z(z) — Au(z) = ¢(z) a.e. x € Q, that is,

z(z) — /Q J(x —y)(u(y) — u(z)) dy = ¢(x) a.e. x €.

With respect to uniqueness of problem (S;), we have the following maximum principle.

THEOREM 99.

(i) Let o1 € L'(Q) and (uy, z1) a subsolution of (S ), that is, z1(x) € y(ui(x)) a.e. x € Q
and z(z) — Auy (1) < ¢1(2) a.e. x € Q, and let ¢y € L*(Q) and (ug, 23) a supersolution of
(S3,), that is, 2(x) € y(ua(z)) a.e. ¥ € Q and z9(x) — Aug(x) > ¢o(x) a.e. x € Q. Then

/9(21 —z)" < /Q(¢1 —¢2)".

Moreover, if o1 < @9, @1 # ¢o, then uy(z) < us(z) a.e. z € Q.

ii) Let ¢ € LY(Q), and (u1,z1), (ug, z2) two solutions of (S7). Then, z; = 2z, a.e. and
(ii) s
there exists a constant ¢ such that uy = us + ¢, a.e.

PROOF. To prove (i), let (u1,21) a subsolution of (S] ) and (ug, z2) a supersolution of
(S3,)- Then

—(Auy(z) — Aug(z)) + 21(2) — 22(7) < P1(7) — Pa2(2).
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Multiplying the above inequality by %T F(ur — ug + ksignd (21 — 22)) and integrating we
get,

1 .
/(21 — zg)ETj(ul — ug + ksigng (21 — 22))
0
1

(9.11) — /Q(Aul(x) — Aug(a:))Ele(ul(x) — ug(x) + ksigng (z1(z) — 22(z))) dx

1 )
< /Q(¢1 - ¢2)ET§(U1 — uy + ksigng (21 — 2)) < /Q(gbl(x) — ¢o(x)) " dx.

Let us write u = u; — up and z = signg (21 — 22), then, by the monotonicity proved in
Lemma 97,

zlcii% Q(Aul(x) - AUQ(.’E))%T]:_('LH (1) — ua(x) + ksigng (21(x) — 22(x))) do

. Loy
=l | Au(@) T (u(a) + he(e) do

— ilgli% A(u + k:z)(x)%T,j(u(a:) + kz(z)) dx < 0.
Q

Therefore, taking limit as k goes to 0 in (9.11), we obtain

[e-7< [o-ar

Let us now suppose that ¢; < ¢9, @1 # . By the previous calculations we know that

z1 < z9. Since
/Z1§/¢1</¢2§/Z27
Q Q Q Q

21 # z9. Going back to (9.11), if u = u; — ug, we get

—/Au(x) T (u(z)) dx = 0,
Q
and therefore,
—/ Au(z)ut(z)dr = 0.
Q
Consequently, by Lemma 97, there exists a null set C' C 2 x €2 such that
(9.12) J(x—y)(ut(y) —u"(2))(u(y) —u(z)) =0 for all (z,y) € A x Q\C.

Let B a null subset of 2 such that if x ¢ B, the section C, = {y € Q : (z,y) € C} is
null. Let z ¢ B, if u(xz) > 0 then, since there exists 7o > 0 such that J(z) > 0 for every
z such that |z| < 1y, by a compactness argument and having in mind (9.12), it is easy to
see that u(y) = u(x) > 0 for all y ¢ C,. Therefore uy(y) > us(y) for all y ¢ C, in Q and
consequently z1(y) > z3(y) a.e. in © which contradicts that z; < zo, 21 # 2s.
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Let us now prove (7i). As (u;, z;) are solutions of (Sj) we have that
—(Auy(z) — Aug(x)) + z1(x) — 29(x) = 0.
Now, by (i), z1 = 29, a.e. Consequently,
0= —(Au(z) — Aug(x)) = —A(us — ug)(x).

Therefore, multiplying the above equation by u = u; — us and integrating we obtain

1
5 [ [ 9= )~ ule)? dyds o
aJa
From here, by (9.2), u is constant a.e. in 2. O

In particular we have the following result.
COROLLARY 100. Let k > 0 and u € L*(Q) such that
ku— Au >0 a.e. in,
then u > 0 a.e. in €.

PROOF. Since (u,ku) is a supersolution of (S7), where v(r) = kr, and (0,0) is a
subsolution of (S57), by Theorem 99, the result follows. O

To study the existence of solutions of problem (S]) we start with the following two
lemmas.

LEMMA 101. Assume v : R — R is a nondecreasing Lipschitz continuous function with
7(0) =0 and v_ < vy. Let ¢ € C(Q2) such that v < ¢ < vy. Then, there exists a solution
(u, y(u)) of problem (S}). Moreover, y(u) < ¢.

PROOF. Since y_ < ¢ < 74 and ¢ € C(Q2), we can find ¢; < ¢y such that
(9.13) V- <va) < o(x) <v(e) <y Ve
Since v is a nondecreasing Lipschitz continuous function there exists £ > 0 for which

the function s — ks — ~y(s) is nondecreasing. Let us see by induction that we can find a
sequence {u;} C L?(2) such that

Uy = Cq, u; < Uigr < Ca,

Since £ > 0, as a consequence of being A self-adjoint, it is easy to see that k£ does not
belong to the spectrum of A, then there exists u; € L*(2) such that

kuy — Auy = ¢ — (1) + key.
Then, by (9.13), we have
kul — Au1 = ¢ - ’}/(Cl) + kCl Z k’Cl = ]CCI — ACl.
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Hence, from Corollary 100 we get that ug = ¢; < u;. Analogously, there exists uy such
that

kug — Aus = ¢ — y(uy) + kuy.

Now, since ¢; < uy, we get
kuy — Aus > ¢ — y(c1) + key = kuy — Aug.

Again by Corollary 100, we get u; < ug, and by induction we obtain that u; < u;;;. On
the other hand, since the function s — ks — ~y(s) is nondecreasing, ¢; < ¢o and (9.13), we
have

key — Acy > ¢ — (o) + keg > ¢ — (1) + key = kuy — Auy.

Applying again Corollary 100, we get co > uy, and by an inductive argument we deduce
that u; < ¢y for all i € N. Hence (9.14) holds. Consequently, there exists u € L>(€2), such
that u(x) = limy; o u;(2) a.e. in Q. Taking limits in (9.14), we obtain that

ku— Au = ¢ — y(u) + ku,
and (u,7(u)) is a solution of problem (Sj), that is,
(9.15) v(u) — Au = ¢.
Finally, given p € Fy, multiplying (9.15) by p(y(u)),

/Q () p(y () e — / Au(z)p(y(u(x))) dz = / o(2)p(y(u(x))) d.

Q
Now, by Lemma 97, the second term in the above equality is nonnegative, therefore

/Q o (u())p(y () d < / o(2)p(r (u(x))) da.

By Proposition 92, we conclude that y(u) < ¢. O

and integrating in €2, we get

LEMMA 102. Assume v is a maximal monotone graph in R?, |—o0,0] C D(v), 0 € ~(0),
vo < . Let 3(s) = ~v(s) if s <0, ¥(s) =0 if s > 0. Assume 7 is Lipschitz continuous
in]—o00,0]. Let ¢ € C(Q) such that y_ < ¢ < v4. Then, there exists a solution (u,z) of
(53). Moreover, z < ¢.

PRrROOF. If v < 0, let ¢; such that v(¢;) = {m1}, v~ < m; < 0 and m; < ¢. And
ify. =01let ¢ =my; =0. Let v, r € N, be the Yosida approximation of v and let the

maximal monotone graph
. v(s) if s <0,
V'(s) = .
v(s) if s > 0.

Observe that 4" is a nondecreasing Lipschitz continuous function with 4"(0) = 0 and, for
r large enough, - = 7" < ¢ < 75, 7" < 4", and converges in the sense of maximal
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monotone graphs to . From the previous lemma, for each 4" we obtain a solution (u,, z,)
of (S} ), that is, 2. = 9" (u,) a.e. and
(9.16) 2r — Au, = ¢.

Moreover, z, < ¢, and consequently, z,. > my. Moreover, u, > ¢;. Let

2,(z) = { =(@) if u(x) <0,
' Yer(un(@) if ue(z) > 0.

Then, since 7, is nondecreasing,
2r 2 Zr,

and also,
2 € VM( r)-

Therefore, (u,, Z,) is a supersolution to (Sg ) Using Theorem 99, we obtain that

Zr 2 Zpg1-
Now, if Z, = z, then

Zr 2 Zr41,
and if Z, # 2., by Theorem 99,

Up = Upy.

So, there exists a monotone non increasing subsequence of {u,}, denoted equal, with u, >
¢1, or there exists a monotone non increasing subsequence of {z.}, denoted equal, with
z, > my. In the first case, we have that

u, — u in L*(Q),
and also, since z, < ¢,
z, — 2z weakly in L'(Q).
And in the second case, we obtain
(9.17) z — 2z in LY(Q).
In fact, since z, < ¢, we get that
(9.18) 2, — 2z in L*(9).

Now, in this second case, multiplying (9.16) by u, — us and integrating we get

/Aur Uy — Us) /¢ = Ug —/er(ur—us)-
- [ =) = [ o= w) = [ a0

Moreover,
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Hence, since fQ Z = fQ Zs,

- [ Al = wn = w) == [ o=z -

Us)
:—/Q(zr—zs)(ur—ﬁ/ﬂur—<us—ﬁ/ﬂus)>

and, by Proposition 93,

6 (= gy o) = (e iy [ o)

From (9.18) we get,

S ||Zr - 25HL2(Q)-
12(0)

1/ .9
U — — [ u, — w in L*(Q).
@ Jo )

Let us see that {\ﬁ1| fQ ur} is bounded. If not, we can assume, passing to a subsequence if

necessary, that it converges to —oo. Then, u,, — —o0 a.e. in €. Since z,. € V" (u,), 7" — 7
and (9.17), z = 7_ a.e. in Q. Consequently, [,¢ = [,z = ||y~ which contradicts that

¢ > ~v_. Thus, {ﬁ Jo ur} is bounded and we have that there exists a subsequence of {u, },
denoted equal, such that
u, — u in L*(Q).

Therefore, in both cases, z € y(u) a.e. in Q, z < ¢, and, taking limit in

Zp — Aur > (b?
we obtain

z— Au > ¢,
which concludes the proof. ([l

With this lemma in mind we proceed to extend the result for general monotone graphs.

THEOREM 103. Assume v is a mazimal monotone graph in R%, 0 € v(0) and v_ < 7.

Let ¢ € C(Q) such that v < ¢ < 4. Then, there exists a solution (u,z) of (S}).
Moreover, z < ¢.

PRrOOF. Let 7., r € N, be the Yosida approximation of v and let the maximal monotone

graph
. v(s) if s >0,
V'(s) = .
v(s) if s <O0.
Observe that 7" satisfies the hypothesis of Lemma 102, 77 < ¢ <+ for r large enough,
A" > ~"*! and converges in the sense of maximal monotone graphs to ~. From the previous

lemma, for each 4" we obtain a solution (u,, z,) of (S;T), 2, < ¢. Now, we can proceed
similarly to the previous lemma passing to the limit to conclude. U
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The natural space to study the problem PWJ (z0) from the point of view of Nonlinear
Semigroup Theory is L'(Q). In this space we define the following operator,

BY:={(z,2) € L'(Q) x L'(Q) : Ju € L*() such that (u, z) is a solution of (57,.)},
in other words, 2 € B7(z) if and only if there exists u € L*(2) such that z(z) € y(u(z)) a.e.
in 2, and
(9.19) —/ J(x —y)(uly) —u(x))dy = 2(z), a.e z€ld

Q

The operator B” allows us to rewrite PVJ (z0) as the following abstract Cauchy problem in

LY (),

Z(t)+ B7(2(t)) 20 te (0, T

00 (0 + B (1) (0.7)
2(0) = 2.

A direct consequence of Theorems 99 and 103 is the following result.

COROLLARY 104. Assume v is a mazimal monotone graph in R?*, 0 € v(0). Then, the
operator B is T-accretive in L*(Q2) and satisfies

{(b cC):v_<o< 7+} C Ran(I + BY).

The following theorem is a consequence of the above result.

THEOREM 105. Let T > 0 and z;y € L*(Q), i = 1,2. Let z; be a solution in [0,T] of
P/(zyq), i = 1,2. Then

(9.21) /9(21@) — )"t < /(210 — 290)"

0
for almost every t €]0,T].

PROOF. Let (u;(t), 2(t)) be solutions of P./(zg;), i = 1,2. Then, since they are strong

solutions of (9.20) and A is T-accretive, (9.21) follows from the Nonlinear Semigroup
Theory ([20]). O

e [1(Q
In the next result we characterize D(BV)L ©@,

THEOREM 106. Assume ~y is a maximal monotone graph in R%. Then, we have
——I(Q
DEBY W = {rel'Q): <2<y},

Proor. It is obvious that

D(B’Y)L @ {zeLl’Q): - <2<},

To obtain the another inclusion, it is enough to take ¢ € C({2), satisfying 7. < ¢ < 74,
1Q
and to prove that ¢ € D(BW)L @

Let a,b € R such that 7. < a < ¢ < b < 74.
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Now, by Theorem 103, for any n € N, there exists v,, := (I + %Bv)f1 ¢ € D(B7). Then,
(vn,n(¢ — vy,)) € BY, thus there exists u,, € L*(Q) such that v, € v(u,) a.e. in Q and

(9.22) () — / J(& = y)(uny) — unla)) dy = d(z) Yz e Q.

Moreover, v,, < ¢. Then,
(9.23) —oo < inf vy Ha) < u, < supy H(b) < +oo.
Hence, from (9.22) and (9.23) it follows that v, — ¢ in L'(Q). O

As a consequence of the above results we have the following theorem concerning mild
solutions (see [20]).

THEOREM 107. Assume 7 is a maximal monotone graph in R*. Let T > 0 and let
2o € LY(Q) satisfying v- < 29 < v4. Then, there exists a unique mild solution of (9.20).
Moreover z < zy.

PROOF. For n € N| let ¢ = T'/n, and consider a subdivision tg =0 <) < -+ < t,1 <

V- <z <+
and
||ZS — ZOHLl(Q) S E.

By Theorem 103, for n large enough, there exists a solution (ug, 27) of

(9.24) y(us) — eAus 3 25
fori=1,...,n, with
(9.25) 2, L 2z .

That is, there exists a unique solution 2¢ € L'(€) of the time discretized scheme associated
with (9.20),
25 +eB72f ez, for i=1,... n.

Therefore, if we define z.(t) by

79

Z€(O> = 25,
Zg(t) = zf for te]ti,hti], 1= 1,...,n,
it is an e-approximate solution of problem (10.3).

By using now the Nonlinear Semigroup Theory (see [18], [20], [49]), on account of
Corollary 104 and Theorem 106, problem (9.20) has a unique mild-solution z(t) € C([0,T] :
L*(9)), obtained as z(t) = L*(Q)-lim. o 2.(¢) uniformly for ¢ € [0, T]. Finally, from (9.25)
we get z < zp. U
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By Crandall-Liggett’s Theorem, [49], the mild solution obtained above is given by the
well-known exponential formula,

v : t -
(9.26) e B2 = lim (I+ —B”’) 20-
n

n—oo

tB

The nonlinear contraction semigroup e *#" generated by the operator —B” will be denoted

in the sequel by (S(t)):>o0-

In principle, it is not clear how these mild solutions have to be interpreted respect to
PWJ (20). In the next section we will see that they coincide with the solutions defined in the
Introduction.

0.25. Existence of solutions. In this section we prove that the mild solution of
(9.20) is in fact a solution of the problem P/ (z).

THEOREM 108. Let 29 € L' () such that v- < zp < vi, 7- < \ﬁllfﬂ 29 < 4 and
Jo 75(20) < +00. Then, there exists a unique solution to P:/(z) in [0,T] for every T' > 0.

Moreover, z K zy.
Proor. We divide the proof in three steps.
Step 1. First, let us suppose that

there exist ¢, ¢y such that ¢; < o, my € y(c1), ma € Y(c2)

(9.27) and v <mq < zp < mg < 74

Let z(t) be the mild solution of (9.20) given by Theorem 107. We shall show that z is a
solution of problem P (z).

For n € N, let ¢ = T'/n, and consider a subdivision to =0 < t; < -+ <t, 1 <T =1t,
with ¢; — t;_1 = €. Then, it follows that
(9.28) 2(t) = L*(Q)-lim, z.(t)  uniformly for ¢ € [0, 7],
where z.(t) is given, for € small enough, by
z.(t) = 2 for t €| — 00,0],
0 0 = LS
z(t) = 2, for t €lt;1,t;], i=1,...,n,

where (u?, 27") € L*(Q) x L'(Q) is the solution of

i1 i
(9.30) —Aur+ T ) i=1,2,...,n.
Moreover, 2 < zp. Hence y_ < my < 2" < my < 74+ and consequently,
inf 4~ (m) < uf <supyH(my).
Therefore, if we write u.(t) = u?, t €|t;_1,t;], i =1,...,n, we can suppose that

(9.31) u, —u  weakly in L*(0,T; L*(Q)) as ¢ — 0%.
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Since z. € y(u.) a.e. in Qr, 2. — z in L'(Q7), having in mind (9.31), we obtain that
z € y(u) a.e. in Q. On the other hand, from (9.30),

2e(t) — ze(t — €)

— 2 weakly in L*(0,T; L*(Q)) as ¢ — 0.
€

Step 2. Let now zy € L'(€) such that 7_ < 20 < vy, 719 < [, 20 < 7-19, [75(20) <
400, and

there exists ¢; and my € y(c;) with v= < my < 2z

(9.32) and (9.27) is not satisfied.

Let 2y, € L™(Q),
Zon /" 20 as n goes to + 0o,

such that [, 20, < [q 20n41 and 2o, < ma(n) < v4, ma(n) € y(ca(n)) for some cy(n).
By Step 1, there exists a solution z, of problem PVJ (20n), which is the mild solution of
(9.20) with initial datum z,, and satisfies z, < zg,. It is obvious that

lim z, =z in C([0,T]: L'(Q)),

n—oo

being z the mild solution of (9.20) with initial datum zy, moreover z < zy. Next we prove
that z is the solution of P/(z).

Since z, is a solution of problem P(z,), there exists u, € L*(0,T, L*(2)), 2, € 7(uy)
a.e. in 2x]0, T, such that

(9.33) (zn)¢ — Au, = 0.
Moreover, we can suppose that (see Theorem 99)

(9.34) Uy, is non decreasing in n.

Multiplying (9.33) by w,,, we obtain

zn(t)
(9.35) % g (/0 (fy_l)o(s)ds> = /QAun(t)un(t)dt

in D'(]0, T]). Indeed, since un,(t) € v~ (2n(t)) = 072 (2a(t)),

zn (t+7)

(zn(t+7) — zp(t)un(t) < / o (v"1(s)ds for all 7.

/Q(Zn)t(t>un(t) = %/ﬂ </Ozn(t)(7_1)0(s)ds)

Consequently,

and (9.35) holds.
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Integrating now (9.35) between 0 and 7" we get

(9.36) / / Aty (£) n(£) dt < / 7(z0).

Let us see that {u,} is bounded in L*(Qr). In the case v, = +o0, let

M = sup /z+(t)+1.
Q

te[0,7
Then, there exists ng € N such that
sup /(zn)+(t) <M, Vn > ny.
te[0,7] JQ

In the case v, < +00, since we have conservation of mass, there exists M € R and ny € N
such that, for all n > ny,

sup [ 2(t) < M <719

te[0,7] JQ

moreover, since z, < zg, we have that z, > m; and, since it is not difficult to see that

Q-M
[mal < m4|s|2|

we have

Q- M
) < =M e

sup 1

te[0,T] /xeﬂzzn(t)(x)<—4(m§+1)Q|/(y+Q|—M)}
Therefore, in both cases, by Lemma 96, there exists C' > 0 such that

1/2
©37) ot ll2 (( | Attt n<>>+) +1), vt e[0T,

Hence, by (9.36), since u,, is non decreasing in n, {u,} is bounded in L?(Q7).
Passing to a subsequence if necessary, we can assume
u, —u weakly in L*(0,T;L*(Q)) as n — +oo,
and, by (9.34),
u, —u in L*0,T;L*Q)) as n — +oo.
Consequently,
z€v(u) a.e. in Qr.

Since also {Au,} is bounded in L?(Qr), passing to the limit in (9.33) we get

— Au = 0.

Step 3. Let now 2z € L'(Q), 7= < 29 < vy and 7-|Q] < [ 20 < 7-[Q|, [o75(20) < +o0
such that (9.32) is not satisfied. Let z;,, € L>(2),

Zon \ 20 as n goes to 4+ oo,
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such that [ 20, > [g 20041 and zo, > my(n) > v—, my(n) € y(ci(n)) for some ¢ (n).
By Step 2, there exist a solution z,, of problem Pj (20,,), which is the mild solution of (9.20)
with initial datum zp,, and satisfies z, < zg. It is obvious that

(9.38) lim z, =z in C([0,7]: L}(2)),

n—oo

being z the mild solution of (9.20) with initial datum zy. Moreover z < z5. We shall see
that z is the solution of Pj (z20). The proof is similar to the above step and we only need
to take care in the proof of the boundedness of {u,} in L*(Qr). To this end we need a
formula like (9.37) for u, , that is, we need to prove that there exists C' > 0 such that

1/2
939) () Il < C ((— | Aty <un<t>>-) " 1) . vieT)
Let us consider first that 7. = —oo, and let

M = sup /z(t)—i—l.
tef0,1] J@
Then, there exists ng € N such that
sup /(zn)(t) < M, Vn > ng.
0

t€[0,T]

In the case v_ > —o0, there exists M € R, h > 0 and ng € N such that, for all n > ny,

9.40 inf n(t) > M > ~_|Q
(9.40) ant [ty > 3 >0
and
9.41 sup zn(t) < M_—7—|Q|
(
t€[0,T] J {z€Q:2y, (t) () >h} 4

Formula (9.40) is straightforward and (9.41) follows from (9.38). Indeed, by (9.38), there
exists ng € N, 0 > 0 and h > 0 such that, for all n > ng and for all t € [0, T,

M —~_|Q
[l < 2 vpca p<s
E

and we can take h satisfying
{z € Q: z,(t)(x) > h}| <.

Therefore, in both cases, by Lemma 96, (9.39) is proved.

Uniqueness of solutions follows from Theorem 105. U
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0.26. Asymptotic behaviour. In this section we study the asymptotic behaviour of
the solutions to P;/] (z0). Note that since the solution preserves the total mass it is natural
to expect that solutions to our diffusion problem converge to the mean value of the initial
condition as t — oo. We shall see that this is the case, for instance, when ~ is a continuous
function, nevertheless this fails when v has jumps.

Let us introduce the w—limit set for a given initial condition z,
w(zo) = {w € L'(Q) : 3t, — oo with S(t,)20 — w, strongly in L'(Q)}
and the weak w—limit set
wy(z0) = {w € L'(Q) : 3t,, — oo with S(t,)z9 — w, weakly in L'(Q)}.

Since S(t)z0 < 20, wy(20) # 0 always. Moreover since S(t) preserves the total mass, for all

w E 0( 0)’
Q Q

We denote by F' the set of fixed points of the semigroup (S(t)), that is,
(@)

F:{wED(BV) D S(tw =w Vtz()}.

It is easy to see that
(9.42) F={weL"Q) : 3k € D(v) such that w € y(k)} .

THEOREM 109. Let 29 € L' () such that v- < zp < 74, 7= < ﬁfﬂ 20 < v+ and
Jo73(20) < +oo. Then, ws(20) C F. Moreover, if w(z) # 0, then w(z) consists of a
unique w € F', and consequently,

lim S(t)zo =w  strongly in L'(S2).

t—o00
PROOF. Along this proof we denote by z(t) = S(t)z the solution to problem P;(z)
and u(t) the corresponding function that appears in Definition 1.1.

Multiplying the equation in PJ (z0) by u(t) and integrating, we deduce

(9.43) /M/Au dt</9j;(z0).

Therefore, thanks to (93), we obtain that there exists a constant C' such that
2

dt < C.

+00
(9.44)

Let w € wy(2p), then there exists a sequence t, — +oo such that S(t,)zy — w. By

(9.44), we have
+oo 2
u(t) — 1 / u(t
€] Jo

dt — 0.
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Take s,, — 0 such that
(9.45) lim 22 = 0.

n—oo S,

By contradiction it is easy to see that there exists ¢, € [t,,t, + SQ] such that

- 1 P
/Qu(tn) |Q|/Qu(tn) < S,
and consequently,
_ 1 _
(9.46) / uty) — — [ @) —o.
0 €2 Jo

Let us prove that

o [ ut)

is bounded. In fact, assume there exists a subsequence (still denoted by ¢,) such that

1 _
w/, u(t,) — +oo.

By (9.46) we get that u(t,) — +oo a.e. Since z(t,) € y(u(t,)), then z(t,) — v+ a.e.
Moreover, as z(t,) < zo and v© > 0, we can deduce that lim,, . 2(f,) = lim, o 2(£,)"
weakly in L'(Q). Hence, applying Fatou’s Lemma, we get

/ZO = lim [ 2(¢,)" > 7419l
Q

n—oo 0
1

— [ u
. - € Ja
fore, passing to a subsequence if necessary, we may assume that

ﬁ/ﬂt") ok

for some constant k. Using again (9.46),

(9.47) u(t,) — k, strongly in L*(Q2) and a.e.

a contradiction. A similar argument shows that (t,) is bounded from below. There-

Since z(t,) < 2o, we can assume, taking a subsequence if necessary, that z(¢,,) — w weakly
in L'(Q). Then, from (9.47) it follows that @ € ~(k), and consequently @ € F. Let us
show now that w = w. By (9.45), we have
tn
/ Au(s)ds
" L(©)

2 1/2 a\ /2

2(E) — 2(t)]] = | / " (s) ds

L)

400
< M, — 1) ( / / u(s)—ﬁ [t

Sn
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where M is a constant depending of |Q2|. Therefore, taking limit, we get z(¢,,) — z(t,) — 0,
strongly in L'(Q), since it converges weakly to w — w, it follows that w = w, which is a
fixed point. Finally, if w(zg) # 0, since w(zy) C wy(29) C F and (S(¢)) is a contraction
semigroup, we have that w(zp) = {w} C F and

tlim S(t)zo =w strongly in L'(€).
O

REMARK 110. Note that in order to proof that w(zy) # 0, a usual tool is to show that
the resolvent of B” is compact. In our case this fails in general as the following example
shows. Let v any maximal monotone graph with ~(0) = [0, 1], z, € L>*(Q2), 0 < z, < 1 such
that {z,} is not relatively compact in L'(Q). It is easy to check that z, = (I + BY)7(z,).
Hence (I+B")~! is not a compact operator in L'(Q2). On the other hand, since the nonlocal
operator does not have regularizing effects, here we cannot prove regularity properties of
the solutions that would help to find compactness of the orbits. Nevertheless, we shall see
in the next result that when ~ is a continuous function we are able to prove that w(z) # (0.

Let us see now some cases in which w(zg) # () and
tlirglos |Q| / strongly in L'(€2).

Given a maximal monotone graph v in R x R, we set

V() i=infy(]r, +00f),  (r—) = sup~y(] — o0, 7])

for r € R, where we use the conventions inf ) = +o00 and sup ) = —oco. It is easy to see
that

v(r) =[(r=),y(r+)]NR  for reR.
Moreover, vy(r—) = y(r+) except at a countable set of points, which we denote by J(7).

COROLLARY 111. Let 29 € L*(2) such that yv_ < 29 < vy, 7- < |S12_|f§2 20 < Y4 and
Jo J2(20) < 4o00. The following statements hold.

D) If g Jo 20 € 9(J (7)) or iy Jo 20 € {7(k+),v(k=)} for some k € J(7), then

1
lim S(t)zp = ﬁ/ 2 strongly in L'(€).
0

t—o0

(2) If v is a continuous function then

1
lim S(t)zp = ﬁ/ 2 strongly in L*(Q).
Q

t—o0

(3) ]f‘ﬁl| Jo 20 €lV(k=),v(k+)[ for some k € J(v), then

wy(20) C {w € L'Q) :w e [y(k—),v(k+)] ae., /Qw = /on}
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and consequently, for any w € wy(z), there exists a non null set in which w €

Jy (=), v(k+)[.

PROOF. (1). Along this proof we denote by z(t) = S(t)z the solution to problem
P/(z) and u(t) the corresponding function that appears in Definition 1.1. First, let us
assume that \ﬁl| Joz0 € 7(J(7)) and 2z € L>(2). Working as in the above theorem, we
have that there exists a constat & such that
(9.48) u(t,) — k,  strongly in L*(Q) and a.e.

Since z(t,) < 29, there exists a subsequence such that z(t,) — w weakly in L'(2). Now,
from z(t,) € v(u(t,)) we deduce that w € (k) and consequently, since ﬁ Jo 20 = ‘51' Jow

k & J(7). Then, there exists 6 > 0 such that 7 is univalued and continuous on |k — ¢, k+4].
Hence, w = ~(k) and z(t,) — (k) a.e. Therefore, Since z(¢,) is bounded in L>(f2),
2(t,) — (k) = ﬁ o, 70 strongly in L'(€2). Then, by the above theorem we get that

1
z(t)eﬁ/zo, as t — 0o.
0

The general case 2y € L'(Q) follows easily from the previous arguments using again that
we deal with a contraction semigroup.

Assume now that ﬁ Jo 20 € {7(k+),7(k—)} for some k € J(v). It is easy to see that
we can find 2, € L(Q), with - < 205 < 74, 7= < iy Jo 20 < 74 and [, 73(20,0) < 00,
such that z, — zp strongly in L'(Q) and verifying ‘51' Jo zom & 7(J(7)) for all n. Then,
by the above step, we have

1
S(t)zom — —/ Zom,  strongly in L'(€),
€2 Jo
from where it follows, using again that (S(¢)) is a contraction semigroup, that

1
S(t)zy — —/zo, strongly in  L'(Q).
2] Ja

Statement (2) is an obvious consequence of (1) since in this case J(y) = 0.

Finally, we prove (3). Given w € w,(29), by Theorem 109, there exists ky € D(7), such
that w € (ko). Then, ky = k. In fact, if we assume, for instance, that kg < k, then

k k
(ko+) |Q|/ ‘Q|/20>’Y ) > v(kot),

a contradiction. Hence, we have w € 'y , a

nd
9] e = 3] / 2 Eh(k=) (kL

Thus, w € [y(k—),v(k+)] a.e. and, moreover, there exists a non null set in which w €
Jy(k=), y(k+H)[- O
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REMARK 112. An alternative proof of the fact that w(zg) C F is the following. Let
U LYQ) —] — 0o, +00]
the functional defined by
[5e it peer,
Q

+00 if ji(z) & L'(€).

Since jZ is continuous and convex, W is lower semi-continuous ([24], pag.160). Moreover,
since S(t)zg < zp for all ¢ > 0, we have W(S(t)z9) < W(zg) for all ¢ > 0. Therefore,
VU is a lower semi-continuous Liapunov functional for (S(¢)). Then, by the Invariance
Principle of Dafermos ([51]), ¥ is constant on w(zp). Consequently, given wy € w(z), if

w(t) = S(t)wo, we have W(w(t)) is constant for all £ > 0. Let u(t) such that w(t) € v(u(t))
and w; = A(u(t)). Working as in the proof of (9.35), we get

0= Guw®) = [ i) =5 [ty = [ auu),

Then, by Proposition 93, we obtain that

1
u(t) = ﬁ/gu(t).

Hence, w(t) € F for all t > 0, and consequently, wy € F'.

U(z) =






CHAPTER 10

A non-local p—Laplacian with Neumann boundary conditions

Our main goal in this chapter is to study the following nonlocal nonlinear diffusion
problem, which we call the nonlocal p-Laplacian problem (with homogeneous Neumann
boundary conditions),

i, 1) = / J(x — )y, £) — ule, HP2(uly, 1) — u(z. 1)) dy.
u(z,0) = ug(x).

ij(uo)

Here J : RN — R is a nonnegative continuous radial function with compact support,
J(0) > 0 and [,n J(x)dz = 1 (this last condition is not necessary to prove the results of
this chapter, it is imposed to simplify the exposition), 1 < p < +oco and Q C RY is a
bounded domain.

When dealing with local evolution equations, two models of nonlinear diffusion has
been extensively studied in the literature, the porous medium equation, u; = Au™, and
the p—Laplacian evolution, u; = div(|Vu|[P72Vu). In the first case (for the porous medium
equation) a nonlocal analogous equation was studied in [7] (see also [40]). Our main
objective in this paper is to study the nonlocal equation Pp‘] , that is, the nonlocal analogous
to the p—Laplacian evolution.

First, let us state the precise definition of a solution. Solutions to P;(ug) will be
understood in the following sense.

DEFINITION 113. Let 1 < p < +o00. A solution of Pp‘](uo) in [0,T] is a function
u e C([0,T]; LY(Q)) n WHL(]0, T[; L*(2)) which satisfies u(0,x) = up(x) a.e. x € Q and

ug(z,t) = /Q J(x —y)|uly,t) — u(z, )P (uly,t) — u(z,t))dy a.ein )0, T[xQ.

Let us note that, with this definition of solution, the evolution problem P (uo) is the
gradient flow associated to the functional

1) = 5 | [ I = luts) = w() dy

which is the nonlocal analogous to the energy functional associated to the p—Laplacian

1
Fw = / Vuly)P dy.
139
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Our first result shows existence and uniqueness of a global solution for this problem.
Moreover, a contraction principle holds.

THEOREM 114. Assume p > 1 and let ug € LP(S). Then, there exists a unique solution
to P/ (ug) in the sense of Definition 113.

Moreover, if ug € L'(), i = 1,2, and u; is a solution in [0,T] of P/ (u;). Then

/ (un(8) — us(t))* < / (wro — uso)*  for every t €10, 1.
Q

Q
If ujg € LP(QY), i = 1,2, then

[ua (t) = ua(t) || Lr (@) < lluao — uaollLe(e) — for every t €]0, T,

Let us finish the introduction by collecting some preliminaries and notations that will
be used in the sequel.

We denote by Jy and Py the following sets of functions,
Jo={j : R —[0,+00], convex and lower semi-continuos with j(0) = 0},

Py={q€ C®R):0<¢ <1,supp(q) is compact, and 0 ¢ supp(q)} .
In [19] the following relation for u,v € L'(Q) is defined,

u < v if and only if /
Q

j(u)dr < /j(v) dx,
Q
and the following facts are proved.

PROPOSITION 115. Let Q be a bounded domain in RY.
(i) For any u,v € L*(Q), if [, uq(u) < [yvq(u) for all g € Py, then u < v.
(ii) If u,v € LY(Q) and u < v, then ||ul, < ||v||, for any r € [1,+00].
(iii) If v € LY (), then {u € L} (Q) : u < v} is a weakly compact subset of L'(Q).

0.27. Existence of solutions for the nonlocal problems.
The case p > 1.

We first study the problem Pl;] (ug) from the point of view of Nonlinear Semigroup
Theory. For this we introduce in L!(Q) the following operator associated with our problem.

DEFINITION 116. For 1 < p < 400 we define in L'(§2) the operator BZ;] by

Bju(x) = — /Q J(z = y)luly) — w(@)P*(uly) —u(z))dy, =€
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REMARK 117. It is easy to see that,
J . ey
1. B, s positively homogeneous of degree p — 1,
2. LP~1(Q) C Dom(B}), if p > 2.
8. for 1 <p <2, Dom(B;]) = L'(Q) and B} is closed in L'(€2) x L'(£2).
We have the following monotonicity lemma, whose proof is straightforward.
LEMMA 118. Let 1 < p < 400, and let T : R — R a nondecreasing function. Then,
(i) for every u, v € LP(2) such that T'(u — v) € LP(QY), it holds

/Q(BJ () — BJ ()T (u(z) —v(z))dr =

(10.1) // z —y) (T(uly) — v(y)) — T(ulz) —v(z))) x

()~ 2(U(y) —u(@)) = [u(y) — v(@)["*(v(y) — v(2))) dyda.
(ii) Moreover, ZfT is bounded, (10.1) holds for u, v € Dom(B)).

In the next result we prove that B;D] is completely accretive and verifies a range condi-
tion. In short, this means that for any ¢ € L?(2) there is a unique solution of the problem
u+ BjJu = ¢ and the resolvent (I + B;/)~" is a contraction in L4(Q) for all 1 < ¢ < +-oo0.

THEOREM 119. For 1 < p < 400, the operator BZ;’ 15 completely accretive and verifies
the range condition
(10.2) LP(Q) C Ran(I + BY).

PRrROOF. Given u; € Dom(Bj‘D]), i = 1,2 and ¢ € P,, by the monotonicity Lemma 118,
we have

/(B:;)]ul(:v) — BJus(x))q(ur (x) — uz(x)) dz > 0,
Q
from where it follows that By is a completely accretive operator (see [19]).

To show that BI{ satisfies the range condition we have to prove that for any ¢ € LP(Q)
there exists u € Dom(B;)) such that u = (I + B;)"'¢. Let us first take ¢ € L>(€2). Let
Apom s LP(Q) — LP(Q) the continuous monotone operator defined by

1 1
Apm(u) =T, Blu+ —|ulP?ut — —|u[P"u".
) 1= To(w) + Bl —

We have that A, ,, is coercive in LP(2). In fact,

/Q Ay ()

= 4-00.
lull Loy —+oo |1l Lo()
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Then, by Corollary 30 in [26], there exists u,, € LP(2), such that

1 _ 1 _
Tc(umm) =+ Bgumm —+ —|un7m|P 2u+ _ _|un,m p—2
n m

n,m

Uy = o.

n,m?

Using the monotonicity of Bytpm + =|tnm P2y, — = |thnm[P %0 we obtain that

T, (tunm) < ¢. Consequently, taking ¢ > [|¢|| (), Unm < ¢ and

1 _ o _
Un,m + Bglbmm + E|Un,m|p QU;‘;m — Emn,mlp QU,n’m = ¢

Moreover, since u,, ,, is increasing in n and decreasing in m. As w,,,, < ¢, we can pass to
the limit as n — oo (using the monotone convergence to handle the term BI;’ Up,m ) Obtaining
Uy, 18 a solution to

1
U + Bt — —|um Py, = ¢.
m
Using u,, is decreasing in m we can pass again to the limit and to obtain
u+ Bb] u = ¢.

Let now ¢ € LP(Q2). Take ¢, € L>®(Q2), ¢, — ¢ in LP(Q2). Then, by our previous step,
there exists u, = (I + By) '¢n, tun < ¢p. Since By is completely accretive, u, — u in
LP(Q), also BJu, — BJu in L' (Q) and we conclude that u + Bju = ¢. O

If Bp‘] denotes the closure of B]‘)] in L'(Q), then by Theorem 119 we obtain BI{ is m-
completely accretive in L*(Q).

As a consequence of the above results we get the following theorems (see [20] and [19]),
from which Theorem 114 can be derived.

THEOREM 120. Assume p > 1. Let T > 0 and let ug € L'(Q). Then, there exists a
unique mild solution u of

u'(t) + Bju(t) =0, t€(0,7),
(103) {

u(0) = wp.
THEOREM 121. Assume p > 1. Let T > 0.
(1) Letug € LP(Q2). Then, the unique mild solution u of (10.3) is a solution of P (uo)
in the sense of Definition 113. If 1 < p < 2, this is true for any ug € L'(Q).
(2) Let uig € L'(Q), i = 1,2, and u; a solution in [0,T] of B (ui), i = 1,2. Then

Jn® = @) < [ (g =)™ for every ¢ €lo. 7.
Q

Q
Moreover, for q € [1,+00], if ujg € L4(QY), 1 = 1,2, then

Jui(t) — ua(t) || zagey < [Juro — ugollzay  for every t €]0,T7.
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PROOF. The result follows from the fact that wu(t) is a solution of P;/(uq) if and only
if u(t) is a strong solution of the abstract Cauchy problem (10.3). Now, u(t) is a strong
solution under the hypothesis of the theorem thanks to the completely accretivity of B]f
and the range condition (10.2). Moreover, the result follows for 1 < p < 2, since in this
case Dom(B;) = L'() and B is closed in L'(Q2) x L'(Q). O

REMARK 122. Observe that our results can be extended (with minor modifications) to
obtain existence and uniqueness for

wle.t) = [ T lulot) = ule 0P up.t) = o, 1) dy
u(z,0) = uo(x),
with J symmetric, that is, J(z,y) = J(y,x), bounded and nonnegative.

The case p=1

This chapter deals with the existence and uniqueness of solutions for the nonlocal
1-Lapla-cian problem with homogeneous Neumann boundary conditions,

(1) /J yt) = ulz, ) dy.

|u (y,t) = ulz,1)]

P{ (uo)
u(z,0) = up(x

We have that the formal evolution problem

wat) = [ o=l ay

u<y7 t) — ul\zr,
is the gradient flow associated to the functional

-2 / / J(@ — 9)[uly) — u(z)|dy dz,

which is the nonlocal analogous to the energy functional associated to the total variation

= [ 1vutldy

For p = 1 we give the following definition of what we understand as a solution.

DEFINITION 123. A solution of P{(z) in [0,T] is a function
u € C([0,T]; L'(Q)) nWH(]0, T[; L))
which satisfies u(0, z) = up(z) a.e. x € Q and

wlet) = [ T —gate.0dy acin 0.70x0,
Q
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for some g € L*(0,T; L>(2 x Q)) with ||g]lec <1 such that g(z,y,t) = —g(y,t,x) and
J(x =y)g(z,y,t) € J(x = y)sign(u(y, ) — u(z,1)).

To get existence and uniqueness of these kind of solutions, the idea is to take the limit
as p \, 1 of solutions to P; with p > 1.

THEOREM 124. Assume p =1 and let ug € L'(Q). Then, there exists a unique solution
to P/ (ug) in the sense of Definition 125.

Moreover, fori=1,2, let u;o € L*(Q2) and u; be a solution in [0,T] of P{(ui). Then
/(ul(t) —uy(t))T < /(um —ugg)T  for almost every t €]0,T.
Q

Q

As in the case p > 1, to prove the existence and uniqueness of solutions of P} (ug)

we use the Nonlinear Semigroup Theory, so we start introducing the following operator in
LY(9).

DEFINITION 125. We define the operator B in L*(2) x LY(Q) by @ € Bu if and only if
u, 4 € LY(Q), there exists g € L®(Q x Q), g(z,y) = —g(y, ) for almost all (z,y) € Q x Q,
lgllee <1,

g3

—/J(x—y)g(a:,y)dy, a.e. x €
Q

and

(10.4) J(z —y)g(z,y) € J(x —y)sign(u(y) —u(z)) ae (z,y) € Qx.
REMARK 126.
1. It is not difficult to see that (10.4) is equivalent to

//Jx— o(z,y) dyu(z) de = //Jx— uly) — u(z)| dy de,

2. LY Q) = Dom(BY{) and B{ is closed in L*(Q2) x LY(Q).

3. B is posztwely homogeneous of degree zero, that is, if 4 € B{u and X\ > 0 then
i € B (\u).

THEOREM 127. The operator By is completely accretive and satisfies the range condi-
tion

L>(Q) C Ran(I + BY).

PROOF. Let 4; € B{u;, i = 1,2. Then there exists g; € L=®(Q x Q), ||gille < 1,

gi(r,y) = —gi(y,x), J(x —y)gi(z,y) € J(x — y)sign(u;(y) — ui(x)) for almost all (z,y) €
Q x €, such that

u;(z) = —/QJ(:c —y)gi(z,y)dy, a.e x €,



10. A NON-LOCAL p—LAPLACIAN WITH NEUMANN BOUNDARY CONDITIONS 145

for © = 1,2. Then, given q € F,, we have
/Q (1 () — ()1 () — wa(a)) dt
=5 [ [ I = 0)0n(.9) = o) (s ) = ) = a0 () = wa0)) iy

1
== J(x — Wz, y) — golz,
2 / /{(x,yyul(y)yém(x),uz,(y):u?(x)} (@ = y)(g1(z, y) — ga(z, y)) ¥
x (q(ui(y) — u2(y)) — q(wr(z) — uz(z))) dady

1
- J(x — Wz, ) — golx,
i / /{u«,y):ul(y):u1<x),uQ(y)¢uQ(m)} (@ —y)(g1(z,y) — g2(2,y)) X
X (q(ui(y) —ua(y)) — q(ui(z) — us())) dwdy

1
- J(x — Wz, y) — g,
i //{(fc,y):ul(y)#ul(x),uz(y)yém(x)} (@ = 9)(o(,9) = ga(w, 9)) %
X (q(ui(y) —u2(y)) — q(wr(x) — uz(x))) dady,

and the last three integrals are nonnegative. Hence
/(@1@) — g())q(ui(z) — up(x)) dx > 0,
Q

from where it follows that B is a completely accretive operator.
To show that By satisfies the range condition, let us see that for any ¢ € L*°(Q),

lim (I+B))'¢=(I+B{)"'¢ weakly in L'(1).

p—1+

Let ¢ € L*>(Q2), and write, for 1 < p < 400, u, = (I + Bg)f1 ¢. Then,

(105)  wy(z) - /QJ (@ =) fup(y) — up(2)[P~* (up(y) — up(x)) dy = $(z) a.e. z € Q.

Thus, for every v € L*®(£2), we can write
— — — p—2 _ —
L= [ [ 7@ =0 ) = )2y ) = wpta)) dyoio)do = [ ov

Since u, < ¢, by Proposition 115, we have that there exists a sequence p,, — 1 such
that
u,, —u weakly in L'(Q), u < ¢.

Observe that HuanLoo(Q), HuHLoo(Q) < ng5||Loo(Q)
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Now, since

_ /Q /Q T (@ =) [up, () =y, ()P (up, () — up, (2)) dy v(z) dz
— % /Q/Q J(x = y) [up, () — p, ()" (up, () — up, (x)) (v(y) — v(z)) dydz,

taking v = u,, , by (10.5), we get that

1
5 | [0 ) = w @ dyds <3 VneN
QJQ

Therefore, for any measurable subset £ C €2 x 2, we have
[ [ 0l ) = 0 P () = )
1
< [ [ 1@ =) @) - w @ < 2IE]
E

Hence, by the Dunford-Pettis Theorem we may assume that there exists g(z,y) such that

J(@ = y)|up, (y) = up, (@) (up, (y) — up, (2)) = J(@ = y)g(z,y),
weakly in L'(Q x Q), g(z,y) = —g(y, z) for almost all (z,y) € 2 x Q, and ||g|le < 1.
Therefore, passing to the limit in (10.5) for p = p,, we get

(10.6) Jwr= [ [ 3= nate) dyode = [ o0

for every v € L>(£2), and consequently we get

u(x) — /Q J(x—y)g(z,y)dy = ¢(x) ae x €.

Then, to finish the proof we have to show that

(10.7) // v —y)g(z,y) dy ulx // v —y)|uly) — u(z)| dy dx.

In fact, by (10.6) with v = u,

//a~|%> ty, ()P dy d

:/ngupn—/upnupn /qbu—/uu—/cb — Up,)
/m<1%>/@ ) (1~ )
<~ [ [ s vgndyue)ds - [ o)+ [ 2utu-u,)
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lim sup = // T —y) [up, (y) — up, (x)
n—+o0o

Now, by the monotonicity Lemma 118,
— [ [ = lota) = ol olo) = pla) d () = pla)) d
[ 3= )l ) = ) () = 0, 0)) iy ) = ) i
Therefore, taking limits,

- / / J(z — ) signo(p(y) — ple)) dy (u(x) — plx)) de
QJQ

- / / Iz — y)g(x,y) dy (u(z) — pl)) da.

Taking now, p = u £ Au, A > 0, and letting A\ — 0, we get (10.7), and the proof is
finished. O

SO

Prody de < —/Q/QJ(x—y)g(x,y) dy u(x) d.

As a consequence of the above results we have the following theorems (see [20]), from
which Theorem 124 follows.

THEOREM 128. Let T > 0 and ug € L' (). Then, there exists a unique mild solution
u of
u'(t) + Biu(t) 30, te(0,7),
(10.8)
u(0) = up.
THEOREM 129. Let T > 0.

(1) Letug € L (). Then, the unique mild solution u of (10.8) is a solution of Py (uq)
in the sense of Definition 123.

(2) Let uyy € LY(Q), i = 1,2, and u; a solution in [0,T] of P{(uy), i =1,2. Then

/(ul(t) —uy(t))T < /(um —ugg)T  for almost every t €]0,T.
Q

Q

0.28. Convergence to the p-laplacian.

Our next step is to rescale the kernel J appropriately and take the limit as the scal-
ing parameter goes to zero. To be more precise, for every p > 1, we consider the local
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p—Laplace evolution equation with homogeneous Neumann boundary conditions
u = Ayu in |0, T[x€2,
N, (up) |VulP2Vu-n=0 on]0,T[x0%Q,
u(z,0) = ug(x) in

where 7 is the unit outward normal on 9Q, Ayu = div(|Vu[P~?Vu) is the p-laplacian of
u. We obtain that the solutions of this local problem, N,(ug), can be approximated by
solutions of a sequence of nonlocal p-Laplacian problems of the form Pl;] :

Problem Nj(ug), that is, the Neumann problem for the Total Variation Flow, was
studied in [2] (see also [3]), motivated by problems in image processing. This PDE appears
when one uses the steepest descent method to minimize the Total Variation, a method
introduced by L. Rudin, S. Osher and E. Fatemi [77] in the context of image denoising and
reconstruction. Then, solving Nj(ug) amounts to regularize or, in other words, to filter
the initial datum wo. This filtering process has less destructive effect on the edges than
filtering with a Gaussian, i.e., than solving the heat equation with initial condition ug. In
this context the given image ug is a function defined on a bounded, smooth or piecewise
smooth open subset Q of RY, typically,  will be a rectangle in R2.

S. Kindermann, S. Osher and P. W. Jones in [70] have studied deblurring and denoising
of images by nonlocal functionals, motivated by the use of neighborhood filters [29]. Such
filters have originally been proposed by Yaroslavsky, [85], [86], and further generalized by
C. Tomasi and R. Manduchi, [83], as bilateral filter. The main aim of [70] is to relate the
neighborhood filter to an energy minimization. Now in this case the Euler-Lagrange equa-
tions are not partial differential equations but include integrals. The functional considered
in [70] takes the general form

(109) nw = [ g (MDY e -yl oy

with w € L*(Q), g € C*(R") and h > 0 is a parameter. The Fréchet derivative of J, as a
functional from L?*() into R is given by

e W e T i

Note that the nonlocal functional J, is of the form (10.9) with g(t) = 2ip|t|§, w = J and
h = 1. Then, problem Pp‘] (up) appears when one uses the steepest descent method to

minimize this particular nonlocal functional.

For given p > 1 and J we consider the rescaled kernels

o) = 0 (7).
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where
B 1
C'J; = 5/sz J(2)|zn|P dz

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple
of it.

Associated with these rescaled kernels we have solutions u, to the equation in Pp‘] with

J replaced by J,. and the same initial condition u, (we shall call this problem PpJ”’E). Our
next result states that these functions u. converge strongly in LP(£2) to the solution to the
local p—Laplacian N, (uy).

THEOREM 130. Let Q be a smooth bounded domain in RN and p > 1. Assume J(z) >
J(y) if || < |yl. Let T >0, ug € LP(Q) and u. the unique solution of P;*(uy). Then, if
u is the unique solution of N,(up),

lim sup |luc(t,.) —u(t,.)||zr@) = 0.
E%OtE[O,T}

Note that the above result states that Pp‘] is a nonlocal analogous to the p—Laplacian.

Recall that for the linear case, p = 2, under additional regularity hypothesis on the
involved data, the convergence of the solutions of rescaled nonlocal problems of the form
Py to the solution of the heat equation is proved in Chapter 5, see also [43].

Convergence to the p-laplacian for p > 1

Our main goal in this chapter is to show that the Neumann problem for the p-Laplacian
equation N,(u) can be approximated by suitable nonlocal Neumann problems Pp" (up).

Let us start recalling some results about the p-Laplacian equation
ur = Ayu in |0, T[x€,
N, (ug) |VulP>Vu-n=0 on]0,T[x09,
u(z,0) = up(x) in €,
obtained in [5], [6] and [4]. We have the two following concepts of solutions.

A weak solution of N,(up) in [0,7] is a function
u € C([0,T] : LY()) N LP(0, T; WHP(Q)) n WhHH(0, T; L1 ()
with u(0) = ug, satisfying
/ u' ()€ +/ IVu(t)|P2Vu(t) - VE=0  for almost all t €]0,T]
Q Q

for any & € WHP(Q) N L>=(Q).
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An entropy solution of N,(up) in the time interval [0,7] is a function
w€ C([0,T]: L)) nWHH(0, T L1 (),
with Ty (u) € LP(0,T; W'?(Q)) for all k£ > 0 such that u(0) = uy and
/ W () Te(u(t) = &) +/ IVu(t)|P2Vu(t) - VTi(u(t) — &) =0  for almost all ¢ €]0, T
Q Q
for any & € WHP(Q) N L>=(Q).
Here the truncature functions T}, are defined by Ty (r) =k A (r VvV (=k)), k > 0, r € R.

THEOREM 131 ([6], [4]). Let T > 0. For any uy € L*(Q) there exists a unique entropy
solution u(t) of Ny(ug). Moreover, if ug € L' () N L*(Q) the entropy solution u(t) is a
weak solution.

Let us perform a formal calculation just to convince the reader that the convergence
result, Theorem 130, is correct. Let N = 1. Let u(x) be a smooth function and consider

A0 = 5 [ 7 (522 lut) = )P uts) = ate)

3

Changing variables, y = x — €z, we get
1
(10.10) A (u) = p / J(2)|u(z — ez) — u(z) P2 (u(z — e2) — u(w)) dz.
R
Now, we expand in powers of £ to obtain

lu(z — e2) —u(@)|P~2 = P72 |/ (2)2 + 82?4 O(?)

= 2 () P22 4 ) p = D)l ()l ()2 L2 4 O(e),

and
u(lx —ez) —u(z) = e (x)z + UT(m)ng +O(&%).
Hence, (10.10) becomes
)= 2 [T el @) o)
+% /R J(2)|2P dz ((p = 2)[u ()P0 (x) + |u' (2) P72 (2)) + O(e).

Using that J is radially symmetric, the first integral vanishes and therefore,
lim A (u) = C(Ju' (@) (@),

where

= 1/J(z)\zyfﬂdz.
2 Jr
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To do this formal calculation rigorous we need to obtain the following result which is a
variant of [23, Theorem 4].

PROPOSITION 132. Let 1 < ¢ < +o00. Let p: RY — R be a nonnegative continuous

radial function with compact support, non-identically zero, and p,(x) := n™p(nz). Let
{fn} be a sequence of functions in L(Q2) such that

1
(10.11) | 150 = fu@itpaty = a) dwdy < 21

n

1. If {fn} is weakly convergent in L1(Y) to f then
(i) if ¢ > 1, f € WH(Q), and moreover

e (a4 1) BELDZLED i vy

weakly in LY(Q) x LY(RY).
(i) If ¢ = 1, f € BV(Q)), and moreover

plepn (o4 1 )f””lji LGRS

weakly as measures.

2. Assume € is a smooth bounded domain in RY and p(z) > p(y) if |x| < |y|. Then {f.}
is relatively compact in LY(S2), and consequently, there exists a subsequence {f,, } such that

(i) if > 1, fo, — f in LYQ) with f € W(Q),
(ii) if ¢ =1, fn, — f in LY(Q) with f € BV(Q).

PROOF. We suppose f,, — f weakly in L(Q2) and write (10.11) as

. //n o(n fn( )1/nfn( z)|* d dy |
/RN/ )Xo (x—i——z) A Ch 12 In @V paz < M1

On the other hand, if ¢ € D(2) and ¢ € D(RY), taking n large enough,
1/q fo(x+1/n2) — fu(2)
o [ xa (a2 PR e )i

(10.13) :/ l/q/ f" v 1771 fn(x)gp(x)dxw(z)dz

= [ o [ @D gy
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Let us start with the case 1.(i). By (10.12), up to a subsequence,

1/q 1\ fol(z+22) = f.(2)
(p(2)) /1Xq <x + EZ) n

— (p(2))"" g(x, 2)

weakly in L9(Q2) x L4(RY). Therefore, passing to the limit in (10.13), we get

L 0" [ gep@y @iz == [ o6 [ @)z Vela)dro()is

Consequently,

/Qg(:c, 2)p(x)dr = — /Q f(x)z-Vo(z)dr Vz € int(supp(J)).

And from here, for s small,
0
[ st seoptarts = = [ fa)sy - pla)d
Q Q i
which implies f € W4(Q) and (p(2))"g(z, 2) = (p(2))"? 2 - V f ().

Let us now prove 1.(%). By (10.12), there exists a bounded Radon measure p €
M(Q x RY) such that, up to a subsequence,

1.\ _
o(2)Xa ( " %) fnlo+ 1/2 L& L e, 2)
weakly in M(Q x RY). Hence, passing to the limit in (10.13), we get
(10.14) | e@w@ute =~ [ peu) s Vo) (o) duds
QxRN QxRN

Now, applying the disintegration theorem (Theorem 2.28 in [1]) to the measure u, we
get that if 7 : O x RY — R¥ is the projection on the first factor and v = 74|/, then there
exists a Radon measures p, in RY such that z +— u, is v-measurable,

e |(RY) < 1 v—ae. in €
and, for any h € L'(Q x R, |ul),
h(z,-) € L*RY, | ) v—ae. in €,

T /Qh(x,z)d,ux(z) € L'(Q,v)

and

(10.15) /Q e 2) = /Q ( /R hir, z)d,uz(z)) dv(z).
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From (10.14) and (10.15), we get, for p € D(Q) and ¢ € D(RY),

/Q ( . w(z)dux(z)) p(z)dv(z) = (i: /RN p(2) 200 (2)dz g;i : ¢(x)> .

Hence, as measures,

7

2 / Pz () T = e (2) v

Let now ¢ € D(RVN) a radial function such that ¢ = 1 in supp(p). We set (z) = ¢(2)z
Then

B 9 3
[ prstiee 5t = [ d)ndn
RN ZT; RN
Since v € My(Q2) and z — [ox U(2)zidpg(z) € LN(Q,v), f € BV(Q). Going back to (10.15)
we obtain that

(2)%LN(2).

As in the proof of [23, Theorem 4], to prove 2 it is enough to show that for any 6 > 0
there exists ng € N such that

5
(10.16) 5—N/ tNTIE, () dt < C61 for n > ngs
0
for some constant C' independent of n and §, being F}, the function defined for ¢t > 0 as

B = [ ]l fwtdrds
! q
~ /I,M /RN\fn<<x+h>—fn<x>| dz do.

In terms of F), assumption (10.11) can be expressed as

! Fo(t) 1
10.1 Va1 ) () dt < M—.
(10.17) / oty de < M-

On the other hand, applying [23, Lemma 2| with g(t) = F,(t)/t? and h(t) = p,(t), there
exists a constant K = K(N + ¢q) > 0 such that

(10.18) o V-4 /OétNﬂ 1Ft( )dt <K (/OétNﬂ—lF’;—gt)pn(t)) / (/[:M} |:E|qpn(:13)d:13).
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Now, since p is a function with compact support, given § > 0, we can find ns € N such
that

/ |z pn(2) d = / || p(na) dzx
[|=|<d] [z <) X
= n”ylp(y) dy = —q/ lyl%p(y) dy, for n > ns.
n RN

[ly|<nd]

Hence, by (10.17) and (10.18), (10.16) follows. O

For given p > 1 and J, we consider the rescaled kernels

ey = S (2).

where .
C, = 5 /RN J(2)|zn|P dz

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple
of it. Observe, that, using spherical coordinates,

+oo
C’jp = Wy-— 1/ / p)|pcosd|Pp™ " sinV 20 df dp.

In [5], associated to the p-Laplacian with homogeneous boundary condition, we defined
the operator B, C L*(Q) x L*(Q) as (u,d) € B, if and only if @ € L*(Q), u € W'P(Q) and

/ |VulP2Vu - Vo = / tv  for every v € WHP(Q) N L>(9).
v 0

Moreover, since B, is a completely accretive operator in L'(Q2) with dense domain satisfying
the range condition (see [5]), its closure B, in L*(Q) is an m-completely accretive operator
in L'(Q2) with dense domain. In [6], it was proved that for any uy € L*(€2), the unique
entropy solution wu(t) of problem N,(uy) (see Theorem 131) coincides with the unique
mild-solution e’Pruq given by the Crandall-Liggett’s exponential formula.

PROPOSITION 133. For any ¢ € L*>(R2), we have that
(I+ BI‘,]”*E)_1 o= (I+B,) "¢ weakly in LP(Q) as e — 0.

PRrOOF. For € > 0, let u. = (I + B‘]I"’a)_1 ¢. Then,

(10.19) / _gﬁv // < )\ua(y)—ua(w)\”‘2x

X (ue(y) — ue(x)) dyv(x) de = /¢v
for every v € L*>(9).

Q
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Changing variables, we get

s Lo

) () — @) () — a(2)) dy o) d

(10.20) — / / %J(Z)XQ(:L‘ e ue(x + 525) — (@) P + 625) — ug(w)
9 v(x + 5:2) —v(x) dz do.

So we can write (10.19) as

/ o(@)o(x) dz — / ue(2)0(x) da

(10.21) / / Cop 1) Xa(z + £2) us(z +22) — ue(2) "7 ue(a + £2) — u.()
RN

3 3
" v(z+¢ez) —v(z) drds.

We shall see that there exists a sequence ¢,, — 0 such that u., — u weakly in LP(Q),

ue W'(Q) and u = (I + B,)™" ¢, that is,

X

3

/ uv +/ |VulP2Vu - Vo = / v for every v € W'P(Q) N L=(€).
Q Q Q

Since u. < ¢, there exists a sequence ¢,, — 0 such that

u., — u, weakly in LP(Q), u < ¢.

n

Observe that ||uc,||L=(q), [[t|lre@) < [|@]|L=(). Taking e = ¢, and v = u,, in (10.21), we
get

. P
/ / ; SJP < y) Ueg,, (y) - Ue,, (l') dﬂ? dy
(10.22) " " B »
= / / %J(Z)XQ([E +enz2) Uen (2 + En2) = ey (@) dxdz < M.
RN Jo 2 En

Therefore, by Proposition 132, u € W?(Q2) and

(10.23) (%J(z)) " Yol + £nz) e EHEn2) Z e (@) (Cé”p J(z)) v Vu(z)

€n

weakly in LP(Q) x LP(RY). Moreover, we can also assume that

p—2

Xz +202) Ue, (T + ,2) — ug, ()

€n

Ue, (T + €nZ) — Ue, (T)

— T,z
= x(z, 2)
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weakly in LP'(Q) x L (RY). Therefore, passing to the limit in (10.21) for ¢ = ,, we get

(10.24) /uv—I—/RN/CJpJ (z,2)z - Vo(z d:vdz—/gbv

for every v smooth and by approximation for every v € W1(Q).

Let us see now that
(10.25) / / %J(z)x(x, 2)z-Vu(z)drdz = / \Vul"~? Vu - Vo.
BV Jo 0

In fact, taking v = u in (10.24), we have

/R i /Q %J(z)xg(:wenz)
/ PUe,, — / Ue, U,
= [ou= [ [ otu=ua)+ [ 20—~ [ @)=
/RN/CJPJ (2,2) 2z Vu(z dxdz—/qs —ug,) /zu( —u.,).

Consequently,

Ue, (T + €p2) — ue, (x)|”
En

dr dz

p

Ue, (T + e,2) — ug, () drds

En

limsup/ /%J(Z)Xg@%—snz)
n RN JQ
S/ /%J(z)x(az,z)z-VU(az) drdz.
RV Jo 2

Now, by the monotonicity Lemma 118, for every p smooth,
- [ (2 0t = ol 2 00) = ) e, ) — o)
Cup . —u ()P (u — U, (x U, () — p(x)) dx
< —EN/Q/QJ( ) ) = s )20, () ) dy (02, 0) = pla)

€n

(10.26)

Using the change of variable (10.20) and taking limits, on account of (10.23) and (10.26),
we obtain for every p smooth,

/ / %J(zﬂz VplP22-Vpz- (Vu— Vp)
RN JO 2

< /RN /Q %J(z)x(m, 2) z - (Vu(x) — Vp(x)) dedz,
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and then for every p € W?(Q). Taking now, p = u 4 v, A > 0 and v € W?(Q), and
letting A\ — 0, we get

/RN/ CJPJ ,2)z - Vo(zr)drdz

/RN CJPJ / |z - Vu(z)|"™ (z - Vu(z)) (2 - Vo(z)) dz dz.

Consequently,
/ / %J(Z)X(:a 2)z - Vo(x)drdz = CJ7p\/ a(Vu) - Vo  for every v € W(Q),
RN 0
where

1 _
a;(§) = C‘]’p/ §J(z) |2 - &P 2. €zjdz.
]RN
Then, if we prove that
(10.27) a(€) = &%,

then (10.25) is true and u = (I + B,) ™" ¢. So, to finish the proof we only need to show
that (10.27) holds. Obviously, a is positively homogeneous of degree p — 1, that is,

a(té) =t"ta(¢)  forall ¢€RY andallt>0.
Therefore, in order to prove (10.27) it is enough to see that
a;(€)=¢& forall ¢ € RN |¢]| =1 for each .

Now, let R¢; be the rotation such that Rgi(f ) = e;, where e; is the vector with components
(e)i =1, (e;); = 0 for j # i, and R, is the transpose of R ;. Observe that

§=¢ €= RL(E) : Réi(ei) =€ R2i<ei>'
On the other hand, since J is radial, C’j; =3 fRN 2)|2i|P dz and
a(e;) =e; for any i.

Then, if we make the change of variables z = R ;(y), since J is a radial function, we obtain
1
a(§) = C’va/ —J(z)|z KPPz E - epd
RN

= CJ,p/ ~JW)y - el ?y ey Rz,z(ez‘) dy
RN 2
= a(e;) - Rg,i<ei) =€ Rt,i(ei) =&
This ends the proof. l

THEOREM 134. Let 2 a smooth bounded domain in RN. Assume J(x) > J(y) if
|| <yl For any ¢ € L>(9Q),

(10.28) (I+Br) "¢ —(I+B) "¢ inLP(Q) ase—0.
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PROOF. The proof is a consequence of Proposition 133, (10.22), and Proposition 132.
O

From the above theorem by standard results of the Nonlinear Semigroup Theory (see
[50], [19] and [20]) we obtain the following result, which gives Theorem 130 in the case
p > 1.

THEOREM 135. Let Q be a smooth bounded domain in RY. Assume J(z) > J(y) if

2| <|y|. Let T >0 and ug € L), p < q < +00. Let u. the unique solution of P (ug)
and w the unique solution of N,(ug). Then

(10.29) lim sup |lu.(.,t) = u(., )| L) = 0.
=0 ¢e(0,17]

Moreover, if 1 < p < 2, (10.29) holds for any ug € L1(f2), 1 < ¢ < +oc.

PROOF. Since BZ;I is completely accretive and satisfies the range condition (10.2), to
get (10.29) it is enough to see

(I+ B];,’P’f)_1 ¢ —(I+B) "¢ inLYQ)ase—0

—1
for any ¢ € L*°(2). Taking into account that (I + B{,I’“) ¢ <K ¢, the above convergence
follows by (10.28). O

Convergence to the total variation flow for p =1

As was mentioned in the introduction, motivated by problems in image processing, the
problem Nj(ug), that is, the Neumann problem for the Total Variation Flow, was studied
in [2] (see also [3]).

DEFINITION 136. A measurable function u : (0,7") xQ — R is a weak solution of Ny (ug)
in (0,7) x Qif u € C([0,T], LY(Q)) N WE(0,T; LY(Q)), Ti(u) € LL(0,T; BV (Q)) for all

loc

k > 0 and there exists z € L>®((0,7) x Q) with ||z]|cc < 1, uy = div(2) in D'((0,7T) x Q)
such that

/Q (Te(u(t)) — w)uy(t) dz < /Q +(t) - Vwdz — | DTy(u(t)|(©Q)
for every w € WH1(Q) N L>°(Q)) and a.e. on [0, 7.

The main result of [2] is the following.

THEOREM 137. Let ug € L'(Q). Then there exists a unique weak solution of Ny(ug) in
(0,T) x Q for every T > 0 such that u(0) = ug. Moreover, if u(t),u(t) are weak solutions
corresponding to initial data ug, Uy, respectively, then

1(u(t) = a(®) [l < [[(uo — o) "[lr and  JJu(t) — a(t)]lx < [luo — dolls,
for allt > 0.
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Theorem 137 is proved using the techniques of completely accretive operators ([19]) and
the Crandall-Liggett’s semigroup generation Theorem. To this end, the following operator
B; in L'(Q) was defined in [2] by the following rule:

(u,v) € By if and only if u,v € L'(Q), Ty(u) € BV (Q) for all £ > 0 and
there exists 2 € L®(Q,RY) with ||z]|o < 1, v = —div(z) in D'(2) such that

/(w — Tr(u))vde < / z - Vwdr — |DTy(u)|(92),
Q Q
Yw € WHH(Q) N L>(Q), Vk > 0.

Theorem 137 follows from the following result given in [2].

THEOREM 138. The operator By is m-completely accretive in L' (Q) with dense domain.

For any ug € LY(Q) the semigroup solution u(t) = e*tBlu[) is a strong solution of

du

—+ B 0,
at + biu >
u(0) = ug.

Set

CJ’ T . 1 1
helw) = <55 (g) with =5 /R CIENED

THEOREM 139. Assume € is a smooth bounded domain in RN and J(x) > J(y) if
lz| <|y|. For any ¢ € L>=(Q2), we have

—1
(I - Bi’“) ¢— (I+B) "¢ inL'Q) ase — 0.

-1
PRrROOF. Given ¢ > 0, we set u, = (I + Bi]”) ¢. Then, there exists g. € L>®(2 x ),
9e(,y) = —ge(y, x) for almost all z,y € Q, [[ge[oc <1,

7 (52 oo € 7 (F2Y ) signlutn) - o)) ae. oy

and

(10.30) —gi’jlv/ﬂj (:v ; y> ge(z,y)dy = ¢p(x) —u(x)  ae x €.

Observe that

CJ1
€1+N

y) Jy)dy e (z) da

[
51;3/ [ (=

(10.31)

) [u:(y) — u. ()| dy de.
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By (10.30), we can write

251‘1}// ( - >gexy((y)—v( ) dxdy

(10.32) = gjjv — )gg x,y)dyv(x) du
:/}()_%@»<) o € L%(Q).

Since u. < ¢, there exists a sequence ¢,, — 0 such that
ue., —u weakly in L'(Q), u < ¢.

Observe that ||u., | ze@), [|t]lze@) < ||@]lLe(). Hence taking ¢ = &, and v = u., in
(10.32), changing variables and having in mind (10.31), we get

/ / CJl Xalz +en2) Ue, (T +ep2) — ue, () dr ds
RN 5n
1 _
i
En En
/‘ 2) — v (2))te (2) dz < M, VneN.
Q
Therefore, by Proposition 132, u € BV (),
(10.33) C“ Gy Xa(o + )t e =t (@) Coa gy,

€n 2
weakly as measures and
Ue, — U, strongly in L'(€).
Moreover, we also can assume that
(10.34) J(2)Xa(x + ,2)ge, (T, 2 + £,2) = Az, 2)
weakly* in L= () x L>°(R"), and A(x, z) < J(z) almost every where in Q x RY. Changing

variables and having in mind (10.32), we can write

o

// al + en2)ge, (2,7 + £02) d
]RN

Cra

v(x +e,2) —v(2)
En

dx

(10.35) =— 2)gen (X, + €p2) dzv(x) da

RN JQ

= /Q(¢(x) — U, (x))v(z) de Yo € L=(Q).
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By (10.34), passing to the limit in (10.35), we get

@/ /A(x,z)z-Vv(x) dx dz
2 JevJa
x)

(10.36)
- /Q<¢< — u(x))v(z) d Yo € L2(Q) NWH(Q).

We set ¢ = (1, .- -,Cn), the vector field defined by

_Cn
2 Jan

Gi(z) : Az, 2)z;dz, i=1,...,N.

Then, ¢ € L*(2,RY), and from (10.36),
—div({) =¢—u in D'(Q).

Let us see that [|(|lo < 1. Given £ € RY \ {0}, let R be the rotation such that R{(&) =
e1/¢]. Then, if we make the change of variables z = Re¢(y), we obtain

C C
=5 J M@z dde = | A Re(W)Rely) - S dy

2 RN RN

((x)-€

_Cn

5 Az, Re(y))w €| dy.
RN

On the other hand, since J is a radial function and A(x, z) < J(z) almost every where,

1
CJ71_1 = 5/ J(Z)|2’1| dz
RN

and

C
C@) - <=5 | JWlnldylel = el ae ve

Therefore, we obtain that |||l < 1.
Since u € L>(£2), to finish the proof we only need to show that

(10.37) /Q(w —u)(¢p—u)dr < /QC- Vwdr — |Du|(Q), Yw € WHH(Q)N L*(Q).
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Given w € WH(Q) N L>(Q), taking v = w — u., in (10.35), we get
6@ = v @) (o)~ e, ) do

C‘“/RN/ 2)Xa(x + en2)ge, (T, + £,2) dzX
8 ( (a;—l—en ) w(@) e, (z+en2) —usn(x)) i

En

OJl/ / XQ T+ Epz )gan($ T4 e,z )d (x+5n2>—w(x) o
RN

En
C
Jl/ / XQ X+ Epz )
RN

Having in mind (10.33) and (10.34) and taking limit in (10.38) as n — oo, we obtain that

/(w—u)(¢—ud <@// (x,2)z - Vw(x) da:dz—@ |J(2)z - Dul
Q RN

RN
:/§~dem—0‘]1/ |J(2)z - Dul.
Q RN

Now, for every x € Q such that the Radon-Nikodym derivative 2% (x) # 0, let R, be

(10.38)

usn(x—l—an) ue, (1) .

|Dul
the rotation such that R! [@Z‘(I)] = e1|‘g—z‘(x)|. Then, since J is a radial function and
\|Du|( z)| =1 |Dul-a.e. in €, if we make the change of variables y = R,(z), we obtain
C C
“/ |J(2)z - Du| = “// Y ()| dz d|Du|(z)
RN RN |
_ ¢y,
S 0] dyaDua /|Du|
Consequently, (10.37) holds and the proof concludes. O

From the above theorem, arguing as in Theorem 135, by standard results of the Non-
linear Semigroup Theory ([50], [20]), we obtain the following result, from which Theorem
130 holds in the case p = 1.

THEOREM 140. Let 2 a smooth bounded domain in RY. Assume J(x) > J(y) if
lz| < |y|. Let T >0 and ug € L*(Q). Let u. the unique solution in [0,T] of P{(ug) and u
the unique weak solution of Ni(ug). Then

lim sup |Juc(.,t) = u(., )l = 0.
€~V ¢el0,T)
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0.29. Asymptotic behaviour. Now we study the asymptotic behaviour as t — oo
of the solutions of the nonlocal problems. We show that the solutions of the nonlocal
problems converge to the mean value of the initial condition.

THEOREM 141. Let p > 1 and ug € L™(Q). Let u be the solution to P} (ug), then

2 1/p
Uo
Ju(t) — U_OHLP(Q) < (%) — 0, as t — oo,

where ug s the mean value of the initial condition,

1
Uy = Q) /Quo(a:)dx.

To prove Theorem 141, we start by showing the following Poincaré’s type inequality. In
the linear case, that is, for p = 2, Poincaré’s type inequality has been proved using spectral
theory in [34].

PROPOSITION 142. Given p > 1, J and 2, the quantity

5 | [ 6= wluty) - u@l dyds
Bp-1:= Bp1(J,,p) = ink o
neLr(y gu0 / lu(x)[? dx
Q
is strictly positive. Consequently

(10.39) ﬁplfg u—|—glz|/gupg %/Q/QJ(x—y)!u(y)—u(x)|pdyda: Yu € LP(Q).

PRrROOF. It is enough to prove that there exists a constant ¢ such that

(10.40) Hu!béc(( L[ J<x—y>\u<y>—u<x>rpdydx)”p+ [

Let 7 > 0 such that J(z) > a > 0 in B(0,r). Since Q C UyeqB(x,7/2), there exists
{z;}1™, C Q such that Q C U™, B(z;,r/2). Let 0 < § < r/2 such that B(z;,d) C Q for all
i =1,..m. Then, for any &; € B(x;,0),i=1,...,m,

) Yu € LP(Q).

(10.41) Q= O(B(@,r) nQ).

Let us argue by contradiction. Suppose that (10.40) is false. Then, there exists u,, €

LP(Q), |lun|l, = 1, and satisfying
/ Uy, Vn € N.
Q

1>n (( | [ e =l - un<x>|pdydm) "
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Consequently,
(10.42) lim/ / J(x —y)|un(y) — up(x)|Pdyde = 0
n JaJa
and
(10.43) lim/ U, = 0.
moJo
Let
Fu(w,y) = J(z = )P lun(y) — un(@)]
and

) = [ 3= )lunly) = (o)
From (10.42), it follows that
fn— 0 in LY(9),
so we can assume there exists a subsequence, denoted equal, such that
(10.44) falx) =0 VYreQ\ B, Bjnull
On the other hand, by (10.42), we also have that
F,—0 en LP(Q2 x Q).

So we can suppose, passing to a subsequence if necessary,

(10.45) Fo(z,y) =0 VY(z,y) e 2 xQ\C, C null
Let By C 2 a null set satisfying that,
(10.46) for all x € Q\ By, the chapter C, of C' is null.

Let 21 € B(x1,6)\ (B1UBsy), then there exists a subsequence, denoted equal, such that
Un(Z1) — A € [—00, +00.
Consider now &5 € B(x,d) \ (B; U By), then up to a subsequence, we can assume
Un(Z2) — Ay € [—00, 0.

So, successively (up to m), for &,, € B(zm,,d) \ (B; U By), there exists a subsequence,
againdenoted equal, such that

Un(ZTm) — A € [—00, +00].
By (10.45) and (10.46),
un(y) = N Yy € (B(Z4,r) N Q) \ Cs,.

Now, by (10.41),
Q= (B(21,7) N Q) U (U y(B(z4,7) NQ)).
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Hence, since € is a domain, there exists iy € {2,..,m} such that
(B(&1,7) N Q) N (B(&s,,7) N Q) £ 0.
Therefore, \y = A;,. Let us call ; := 1. Again, since
and there exists i3 € {1,...,m} \ {1,492} such that
((B(&i,,m) N Q) U ((B(&:,,7) N Q) N (B(Zs,,7) NQ2) # 0.
Consequently
Aiy = iy = i
Using the same argument we arrive at

M= =..=\, =\

If |A\| = 400, we have shown that
|un(y)|P — +o0  for almost every y € €2,

which contradicts ||u,||, =1 for all n € N. Hence A is finite.
On the other hand, by (10.44), f.(%;) — 0,4 =1,...,m, hence,

F.(Z1,.) = 0 in LP(Q).
Since u, (1) — A, from the above we conclude that
Up, — A in LP(B(&;,7) NQ).
Using again the compactness argument we get
u, — A in LP(Q).

Now, by (10.43), A =0, so
u, — 0 in LP(Q),

which contradicts ||u,l[, = 1. O

REMARK 143. The above Poincaré’s type inequality fails to be true in general if 0 ¢
supp(J), as the following example shows. Let 2 = (0,3) and J be such that

supp(J) C (=3,-2) U (2,3).
Then, if

1 if O<zx<lor2<axz<3,
2 1<z <2,

we have that

/03 /03 J(x —y)|u(y) — u(x)|P devdy = 0,
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but clearly

wa) = [ utwydy o0

Therefore there is no Poincaré’s type inequality available for this J.

This example can be easily extended for any domain in any dimension just by consid-
ering functions u that are constant on an annuli intersected with 2.

Next we prove Theorem 141.

PrROOF OF THEOREM 141. First we observe that a simple integration in space of the
equation gives that the total mass is preserved, that is,

ﬁ/ﬂu(m,t)dxzﬁ/ﬂuo(%)dw-

w(z,t) = u(z,t) —

Let

— | wuo(z) dx.
Q] Jy ")

Then,

G Loz =p [ for-2ut.n) [ el - 0P .0 -u.n)

-3 //J (e =)y, ) —w(a, )Py, ) —w(e, ) (o w(y, )~ [wl >z, 1)) dyda.

Therefore the LP(£2)-norm of w is decreasing with ¢.

Moreover, as the solution preserves the total mass, using Poincaré’s type inequality
(10.39), we have,

[ ord<c [ [ @0 - o opdyd.
Q QJQ
Consequently,

t/Q|w(x,t)|pdxg /Ot/g|w(x,s)|pdxds§C’/Ot/Q/QJ(x—yﬂu(y,s)—u(x,s)|pdyda:ds.

On the other hand, multiplying the equation by u(z,t) and integrating in space and time,
we get

| wte.0F = [ fuwt)ar = [ t | [ 3=ty s) = o) dydaas.

which implies

t
| [ ] 96 =l — aw o) dydeds < Jluol
0 JQJQ
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and therefore )
/ jw(z, )P de < ol 220
Q - t
O

REMARK 144. Observe that using Poincaré’s type inequality (10.39), we can obtain
(10.47) u+ Blu= ¢,

for p > 2 in the following manner: let

IC::{UELP(Q) ; /QUZO}

and A : K — L (Q) the continuous monotone operator defined by A(u) := u + BJu. By

(10.39), we have
/A(u)u
lim JQ

Jull, — +00 1l
uek

Then, by Corollary 30 in [26], for ¢ € L>(Q), q§ 0, there exists u € IC, such that

/uv—}—/B‘]uv—/gbv Yu e K.

Since [qu =0, [,¢ =0 and [, BJu=0, we have that
1 1
uv—i—/BJuv :/u<v——/v)+/3‘]u(v—— >
/Q a ’ Q €2 o ’ 19
= v — = QS’U’
foC-m )],

for any v € LP(Q2), and consequently (10.47) holds.

= +o00.






CHAPTER 11

The limit as p — oo in a nonlocal p—Laplacian evolution
equation. A nonlocal approximation of a model for sandpiles

Our main purpose in this chapter is to study a nonlocal co—Laplacian type diffusion
equation obtained as the limit as p — oo to the nonlocal analogous to the p—Laplacian
evolution.

First, let us recall some known results on local evolution problems. In [56] (see also [10]
and [55]) was investigated the limiting behavior as p — oo of solutions to the quasilinear
parabolic problem

Vpr — Apvy = f, in 0, T[xRY,
Py (uo)
UP(07 .’I?) = UO(‘r)a in RN»
where Ayu = div (|Vu|P~2Vu) and f is nonnegative and represents a given source term,
which is interpreted physically as adding material to an evolving system, within which
mass particles are continually rearranged by diffusion.

We hereafter take the space H = L2(R"™) and define for 1 < p < oo the functional

1

- Vou(y)|P dy, if uwe L2RY)nWhP(RN),
R Y W\ IR (RY) N W o(RY)

+00 if uwe L2(RY)\ WP(RY).

Therefore, the PDE problem P,(ug) has the standard reinterpretation
F6) = vpe = OBy (0p(t),  ave. t€)0,T

v,(0, ) = up(z), in RY.
In [56], assuming that u is a Lipschitz function with compact support, satisfying
Vugllso <1,

and for f a smooth nonnegative function with compact support in [0, T] x R¥ | it is proved
that we can extract a sequence p; — +oo and obtain a limit function v, such that for
each T' > 0,

Vp, — Voo, a.e. and in L2(RY x (0,7)),

Vp, = Vs, Upit — Usos weakly in  L2(RY x (0,7)).

169



170 11. A MODEL FOR SANDPILES

Moreover, the limit function v, satisfies

f(t) = Voo € OF(vo(t)), a.e. t€|0,T7,

POO(’LL())
voo(oax) ZUO(x)v in RNa
where
0 if v e L2(RY), |Vv| <1,
FOO(U) =
+00 in other case.

This limit problem P, (ug) explains the movement of a sandpile (v (,t) describes the
amount of the sand at the point x at time ¢), the main assumption being that the sandpile
is stable when the slope is less or equal than one and unstable if not.

On the other hand, we have the following nonlocal nonlinear diffusion problem, which
we call the nonlocal p-Laplacian problem,

) = [T =)y (06) =y Oy 1) = o )y + £ .),

up(0, ) = ug(x).
Here J : RN — R is a nonnegative continuous radial function with compact support,

J(0) > 0 and [pn J(x)dx =1 (this last condition is not necessary to prove our results, it
is imposed to simplify the exposition).

PPJ(’LL())

In the previous chapter (see aso [9]) we have studied this problem when the integral
is taken in a bounded domain Q (hence dealing with homogeneous Neumann boundary
conditions). We have obtained existence and uniqueness of solutions and, if the kernel J is
rescaled in an appropriate way, that the solutions to the corresponding nonlocal problems
converge to the solution of the p—laplacian with homogeneous Neumann boundary condi-
tions. We have also studied the asymptotic behaviour of the solutions as t goes to infinity,
showing the convergence to the mean value of the initial condition.

Let us note that the evolution problem PpJ (up) is the gradient flow associated to the
functional

1
Giw =5 [ [ =) - u@pdyde.
D JrN JRN
which is the nonlocal analogous to the functional £}, associated to the p—Laplacian.
Following [9], we obtain existence and uniqueness of a global solution for this nonlocal
problem.
Our next result in this article concerns the limit as p — oo in Pp" (up). We obtain that
the limit functional is given by
0 if ue LARY), |u(x) —u(y)] <1, for z —y € supp(J),
Goo(u) =

+00 in other case.
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Then, the nonlocal limit problem can be written as
f(t, ) —w(t, ) € 0GL(u(t)),  ae. t€]0,T],
u(0,x) = ug(x).

With these notations, we obtain the following result.

P (uo)

THEOREM 145. Let T > 0, f € BV(0,T; LP(RY)), uy € L*(RY) N LP(RY) such that
lup(x) —uo(y)| < 1, for x —y € supp(J), and u, the unique solution of ij(uo). Then, if
Uso 18 the unique solution to P (uy),

lim sup |[Jup(t, ) — Uso(t, )| L2y = 0.
P00 40,7

0.30. Preliminaries. To identify the limit of the solutions u, of problem P;(ug) we

will use the methods of convex analysis, and so we first recall some terminology (see [53],
[27] and [11]).

If H is a real Hilbert space with inner product (, ) and ¥ : H — (—o0, +00] is convex,
then the subdifferential of ¥ is defined as the multivalued operator W given by

veEI(u) <— VY(w)—¥Y(u) > ww—-—u) Ywe H.
The epigraph of W is defined by
Epi(¥) = {(u,\) € H xR : A >U(u)}.
Given K a closed convex subset of H, the indicator function of K is defined by

0 if uwekK,
I (u) =
+o00 if u¢gK.

Then it is easy to see that the subdifferential is characterized as follows,

vE€INk(u) <— uwueK and (v,w—u)<0 YweK.

In case the convex functional ¥ : H — (—o00, +00] is proper , lower-semicontinuous and
min ¥ = 0, it is well known (see [27]) that the abstract Cauchy problem

' (t) + 0¥ (u(t)) o f(t), a.e t €]0,T7,

u(0) = uy,

has a unique strong solution for any f € L*(0,T; H) and ug € D(9¥).

The following convergence was studied by Mosco in [72] (see [11]). Suppose X is a
metric space and A,, C X. We define

liminf A, ={z € X : 3z, € 4,, z, — z}

n—oo
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and
limsup A, ={zr € X : Jz, € A4,,, v, — z}.

n—oo
In the case X is a normed space, we note by s —lim and w —lim the above limits associated
respectively to the strong and to the weak topology of X.

Given a sequence ¥, ¥ : H — (—o00, 00| of convex lower-semicontinuous functionals,
we say that U,, converges to ¥ in the sense of Mosco if

(11.1) w — limsup Epi(V,,) C Epi(V) C s — liminf Epi(V,,).

n—oo

It is easy to see that (11.1) is equivalent to the two following conditions:

(11.2) Vue DY) Ju, € D(V,) : u, —u and ¥(u) > limsup ¥, (u,);
(11.3) for every subsequence ny, when u — u, it holds ¥(u) < limkinf U,,, (ug).

As consequence of results in [28] and [11] we can write the following result.

THEOREM 146. Let V,,, U : H — (—00, +00] convez lower-semicontinuous functionals.
Then the following statements are equivalent:

(i) W, converges to W in the sense of Mosco.
(i) (I +A\0W,) " — (I +A00)'u, YA>0, ue H.

Moreover, any of these two conditions (i) or (ii) imply that

(iii) for every up € D(OV) and ug, € D(OV,,) such that ug, — ug, and every f,, f €
LY0,T; H) with f, — f, if un(t), u(t) are the strong solutions of the abstract
Cauchy problems

d () + 00, (un(t)) D fr,  ace. t€]0,T],

un(o) = Uo,n,

and

' (t) + 0¥ (u(t)) > f, a.e. t€)0,T],

u(0) = uy,
respectively, then

Up — U in C([0,T]: H).
Let us also collect some preliminaries and notations concerning completely accretive
operators that will be used afterwards (see [19]).

We denote by Jy and Py the following sets of functions,

Jo={j : R — [0,+00], such that j is convex, lower semi-continuos and j(0) = 0},
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Po={q€ C®R):0<¢q <1,supp(q) is compact, and 0 ¢ supp(q)} .

Let M (RY) denote the space of measurable functions from RY into R. We set L(RY) :=
LYRY) + L°(RY). Note that L(R") is a Banach space with the norm

lullisoo == f{| £l + lgllee = f € LYRY), g € LX(RY), f+g=u}.
The closure of L*(RY) N L>®°(RY) in L(RY) is denoted by Lo(RY).

Given u,v € M(RY) we say

u < v if and only if / Jju)de < / jw)dz Yy e Jy.
RN

RN
An operator A C M(RY) x M(R") is said to be completely accretive if
u—u<<u—1u+ Av—0) VA >0 and Y(u,v), (4,0) € A.
The following facts are proved in [19].
PROPOSITION 147.

(i) Let u € Lo(RY), v € L(RY), then

uLu+v VYA>0 if and only if q(u)v >0, Vq € P.
RN

(i) If v € Lo(RY), then {u € M(RY) : u < v} is a weak sequentially compact subset
Of Lo(RN)

Concerning nonlocal models, in [9] we have studied the following nonlocal nonlinear
diffusion problem, which we call the nonlocal p-Laplacian problem with homogeneous Neu-
mann boundary conditions,

uy(x,t) = / J(x = y)|uly, t) — ulz, )7 (uly, t) — u(z,t)) dy,
Q
u(0,x) = up(x).
Using similar ideas and techniques we can deal with the nonlocal problem in RY.
Solutions to P;(ug) are to be understood in the following sense.

DEFINITION 148. Let 1 < p < +oo. Let f € L'(0,T; LP(RY)) and uy € LP(RY). A
solution of P/ (ug) in [0, T] is a function v € C([0,T]; LP(RN))NW1(]0, T'[; LP(RY)) which
satisfies u(0,z) = ug(r) a.e. v € RN and

u(z,t) = . J(x—y)|uly, t)—u(z, )P (u(y, t)—u(z, ) dy+f(2,t)  a.e in 0, T[xRY.
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Working as in [9], we can obtain the following result about existence and uniqueness
of a global solution for this problem. Let us first define By : LP(RY) — L¥(RY) by

Blu() == [ I =) —u@)P () —u@)dy, 7 RN

Observe that, for every u, v € LP(RY) and T : R — R such that T(u — v) € LP(RY), it
holds

/ (BJu(z) — Bo(2))T(u(z) — v(z))dz =

(114) / / (2 — ) (T(u(y) ~v(v)) ~ Tu(x) — (@) %
—ula)p- 2<u<y> () ~ o) — o) (0(y) — (@) dyda

Let us also deﬁne the operator
B) = {(u,v) € L*(RY) x L*(RY) : v=BJ(u)}.

It is easy to see that Dom(B;]) = LP(RY) and B};] is positively homogeneous of degree p—1.

THEOREM 149. Let 1 < p < +oo. If f € BV(0,T; LP(RY)) and ug € D(B})) then there
exists a unique solution to P (ug). If f =0 then there exists a unique solution to Py (uq)
for all ug € LP(RY).

Moreover, if u;(t) is a solution of P;(u) with f = fi, f; € L'(0,T; LP(RY)) and
u;o € LP(RY), i = 1,2, then, for every t € [0,T],

1 (£) = ua(®)) " [l zoqry < l[(ua0 = u20) "o +/0 1£1(5) = fa ()l Lo ds.

PROOF. Let us first show that Bg is completely accretive and verifies the following
range condition

(11.5) LP(RY) = Ran(I + BY).
Indeed, given u; € Dom(Bg), i=1,2and q € Py, by (11.4) we have

[ (Buae) = Bua(a)) gl (@) = wa(o)) do = 0,

from where it follows that B{o] is a completely accretive operator. To show that Bg satisfies
the range condition we have to prove that for any ¢ € LP(RY) there exists u € Dom(Bg )
such that u = (I + B;J)~'¢. Let us first take ¢ € L'(RY) N L>(R"Y). For every n € N, let
¢n == ¢Xp,(0)- By the results in [9], the operator BI;{ ,, defined by

B, u(r) = —/ o J(x = y)luly) — w(@)P?(uly) —u(z))dy, = € Ba(0),
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is m-completely accretive in LP(B,,(0)). Then, there exists u, € L*(B,(0)), such that
(11.6) un () + By un(x) = ¢p(), a.e. in B,(0).
Moreover, u, < ¢y,.

We denote by u,, and H,, the extensions

up(z) if x € B,(0),

lin(z) =
0 if € RN\ B,(0),
and
J .
By jun(z), if x € B,(0),
Hy(z) =
0 if z€RN\ B,(0).
Since, u, < ¢,, we have
(11.7) ltnlly < llollq forall1 <g<oo,VneN
Hence, we can suppose
(11.8) i, —u in LP (RV).
On the other hand, multiplying (11.6) by u,, and integrating, we get
(11.9) /) / J(x —y)|un(y) — un(2)|P dydz < |||l Vn eN,
n(0) J B (0)

which implies, by Hélder’s inequality, that {H,, : n € N} is bounded in L” (R"). There-
fore, we can assume that

(11.10) H, —~ H in L”(R").
By (11.8) and (11.10), taking limit in (11.6), we get
(11.11) u+H=¢ ae inRY.

Let us see that
(11.12) H(z) = — /RN J(z — y)|u(y) — u(@)[P2(u(y) — u(z))dy ae. inzeRY.

In fact, multiplying (11.6) by wu,, and integrating, we get

J
/ Bpmun Up = / (¢ - un)un

:/ (gb—u)u—/ qﬁ(u—un)—l—/ 2u(u—un)—/ (u — up)(u — uy).
B(0,n) B(0,n) B(0,n) B(0,n)
Therefore, by (11.11),

(11.13) limsup/ Bgnun Uy, < / (¢ —u)u = Hu.
Bn(0) RN RN
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On the other hand, for any v € L*(RY) N L*>°(RY), since

0< / (B un — By v) (u, —v),
Ba(0) ’

we have that,

J J J J
/ B, un uy + / B, v > / By un v+ / B, v uy.
n(0) n(0) n(0) n(0)

Therefore, by (11.13),

(11.14) Hu+/ Blvov > HU+/ Blvu.
RN RN P RN RN P

Taking now v = u & Aw, A > 0 and w € LY(RY) N L>®(RY), and letting A — 0, we get

Hw :/ Bguw,
RN RN

and consequently (11.12) is proved. Therefore, by (11.11), the range condition is satisfied
for ¢ € LY(RY) N L>*(RY).

Let now ¢ € LP(RY). Take ¢, € L*(RY) N L>®°(RY), ¢,, — ¢ in LP(RY). Then, by our
previous step, there exists u,, = (I + Bg )" 1p,. Since Bg is completely accretive, u,, — u in
LP(RY), also Byu, — Bjju in L” (RN) and we conclude that u + Blu=¢.

Consequently (see [19] and [20]) we have that B} is an m-accretive operator in L(RY)
and we get the existence of mild solution u(t) of the abstract Cauchy problem

u'(t) 4+ Blu(t) = f(t), t €]0,T],
(11.15)
u(0) = uo,

Now, by the Nonlinear Semigroup Theory (see [20], [49] or [50]), if f € BV (0,T; LP(R"))
and ug € D(B]), u(t) is a strong solution of (11.15), that is, a solution of P (uo) in the
sense of Definition 148. The same is true for all uy € LP(RY) in the case f = 0 by the
complete accretivity of By, since Dom(By) = L*(R") and for p # 2 the operator By is
homogeneous of degree p — 1 (see [19]). Finally, the contraction principle follows from the

general Nonlinear Semigroup Theory since the solutions u;, © = 1,2, are mild-solutions of
(11.15). 0

0.31. Limit as p — oo. Recall from the Introduction that the nonlocal p-Laplacian
evolution problem

wle.t) = [T = lu.t) = a0l ) = ule, D) dy + fa0),

u(0,x) = ug(x).

P (up)
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is the gradient flow associated to the functional

1
Gl =5 [ [ =t~ @) dy .
D JrN JRN
With a formal calculation, taking limit as p — oo, we arrive to the functional

0 if |u(r)—u(y)| <1, for z —y € supp(J),
Goo(u) =

+00 in other case.

Hence, if we define
K ={uec L*(RY) : |u(x) —u(y)| <1, for x —y € supp(J)},

we have that the functional G, is given by the indicator function of K, that is, G, = I .
Then, the nonlocal ltmit problem can be written as

f(t,-) —w(t) € Olgs (u(t)), ae. t€l0,T]
Py (uo)
u(0, ) = up(x).

Proof of Theorem 145. Let T" > 0. Recall that we want to prove that, given f &€
BV(0,T; LP(RY)), ug € K, N LP(RY) and w, the unique solution of Py (up), if s is the
unique solution of PJ(ug), then

lim sup |Ju,(t,-) — uso(t, ‘)HLQ(RN) =0.
P00 ¢[0,T)

By Theorem 146, to prove the result it is enough to show that the functionals

1
G =g [ [ I ) - uta)p dyds
D JrN JRN
converge to

0 if |u(z) —u(y)| <1, for x —y € supp(J),
Go(u) =
400 in other case,

as p — 00, in the sense of Mosco.
First, let us check that

(11.16) Epi(GZ)) C s — liminf Epi(Gy).

p—o0

To this end let (u, \) € Epi(GZ). We can assume that u € KZ and A > 0 (as GZ (u) = 0).
Now take

(11.17) Up = UXBg,) (0) and Ap = G;(up) + A
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Then, as A > 0 we have (v, \,) € Epi(G}). It is obvious that if R(p) — oo as p — co we
have
v, —u in L*(RY),
and, if we choose R(p) = PN we get
1 R 2N
Gl = 5 [ [ TG~ @)l dyde < T
? 2p Jry Jry p
as p — 00, we get (11.16).
Finally, let us prove that

(11.18) w — lim sup Epi(G}) C Epi(GZ).

p—00

To this end, let us consider a sequence (u,,, Ay, ) € Epi(Gp{ ) (p; — o0), that is,

G, (up,) < A

Dj P>

with

Uy, — U, and Ap; — A

P;
Therefore we obtain that 0 < A\, since

0 < Gy (up,) < Ay, = A

On the other hand, we have that

( / . / T (@ =y) [y, () =y, ()] dy d:c) " o

Now, fix a bounded domain Q C RY and ¢ < pj- Then, by the above inequality,

(/ﬂ /ﬂ J (@ =) |up, (y) — up, (z)|" dy da:) :
: </Q /Q J (@ —y) dy dm) s
X (/RN /R” I (=) [, () = g, ()] ly dx) h

(pj—a)/piq
< (//J(fﬂ—y) dydrv) (Cpy)'/7i.
QJQ

Hence, we can extract a subsequence (if necessary) and let p; — oo to obtain

(/ﬂ /Q (@ =y luly) —u(®)l" dy d“”) e (/Q /Q J(z—y) dy dx) "
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Now, just taking ¢ — oo, we get
lu(z) —u(y)| <1 a.e. (r,y) € A xQ, x—y € supp(J).

As Q is arbitrary we conclude that
ue K.
This ends the proof. U
0.32. Limit as ¢ — 0. Our next step is to rescale the kernel J appropriately and take
the limit as the scaling parameter goes to zero.

In the sequel we assume that supp(J) = B;(0). For given p > 1 and .J we consider the
rescaled kernels

Jpe()

C J,p T 1 1

= 5p+NJ (g> ,  where Cj = E/RN J(2)|zn|P dz

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple
of it. Associated to these kernels we have solutions u, . to the nonlocal problems Pp‘]” “(up)-
Let us also consider the solution to the local problem P,(u). Working as in [9] again, we
can prove the following result.

THEOREM 150. Let p > N and assume J(x) > J(y) if |z| < |y|. Let T > 0, f €
BV(0,T; LPF(RY)), ug € LP(RY) and u,. the unique solution of PP (uo). Then, if vy is
the unique solution of P,(uy),

lim sup |upe(t,-) — vp(t, ')HLP(RN) =0.
e—0 tE[O,T]

We will use the following result from [9] which is a variant of [23, Theorem 4] (the first
statement is given in [9] for bounded domains € but it also holds for general open sets).

PROPOSITION 151. Let Q an open subset of RN, Let 1 < p < +o00. Let p: RY — R be
a nonnegative continuous radial function with compact support, non-identically zero, and
pn(x) :=nNp(nz). Let {f,} be a sequence of functions in LP(Q) such that

/ / [fa(y) = fu(@)[Ppaly — 2) dedy < Mip,
aJo n
(1) If { fn} is weakly convergent in LP(Q) to f, then f € WH4(Q) and moreover
1 J—
e N e G

1/n
weakly in LP(Q) x LP(2).

(2) If we further assume Q is a smooth bounded domain in RY and p(z) > p(y) if |x| <

ly| then {f.} is relatively compact in LP(SY), and consequently, there exists a subsequence
{fu.} such that f,, — f in LP(Q) with f € W'P(Q).

Using the above proposition we can take the limit as ¢ — 0 for a fixed p > N.
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Proof of Theorem 150. Recall that we have p > N and J(z) > J(y) if |z| < |y,
T >0, fe LY0,T; LP(RY)), up € LP(RY) and w, . the unique solution of PP (ug). We
want to show that, if u, is the unique solution of N,(ug), then

(11.19) lim sup |[upe(t,-) — up(t, )| o@yy = 0.
=0 e(0,17]

Since By is m-accretive, to get (11.19) it is enough to see (see [20] or [49])
(I+ ng’f)_l ¢—(I+B) "¢ inLP(RY)ase—0

for any ¢ € C.(RY).
Let ¢ € Co.(RY) and u. := (I + ngvs)fl ¢. Then,

(11.20) g@g%”—éﬁi A;AQJ(x y)w%@>—u4@wax
X (ue(y) — ue(z)) dyv(zr) dr = / v

RN

for every v € L'(RY) N L>=(RY).

Changing variables, we get

)%@—%uW*@@%wwM@mmm

ua(x +e2) —u(x) " u(r + e2) — u(x)

=/RN . C;w e
y v(x + 6? —v(x) dz do.
So we can rewrite (11.20) as
(11.22)
( Jo(x )dx—/ ue(z)v(x) d
/ / C’JpJ ua(a:—l—ez)—ua( )P -2 a(:ls—l—ei)—ug(yc)x
y v(x +ez) —ov(z) drds.

€

We shall see that there exists a sequence e, — 0 such that u., — u in LP(RY),
u e WH(RN) and u = (I + B,)”" ¢, that is,

/ uv +/ |VulP2Vu - Vo = v for every v € WHP(RY) N L>(RM).
RN RN RN
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Since u. < ¢, there exists a sequence ¢,, — 0 such that
ue., —u, weakly in LP(RY), u < ¢.

n

Observe that ||uc, || ooy, [[U]| oo @y < ||@|| oo (mr). Taking € = €, and v = u,, in (11.22)
and applying Young’s inequality, we get

LoLoew (2
RN RN2€n

// CJpJ ugn(x—l—an) usn(:c)p
RN JRY

Therefore, by Proposition 151,

Ue, (y) — U, () ?

dx dy

(11.23)

1
dedz < M := —/ |p(z)|? d.
2 RN

u € WHP(RY),
u., — uin LP (RY)
and
1/p o 1/p
(11.24) (%J(z)) “€n<‘”+€f) Uen (T) (%@J(@) > Vu(x)

weakly in LP(RY) x LP(RY). Let us prove now the tightness of {u.,}, which is to say,
that no mass moves to infinity as p — 4o00. For this, assume supp(¢) C Bg(0) and fix
S > 2R. Select a smooth function ¢ € C*°(RY) such that 0 < p < 1, ¢ = 0 on Bg(0),
¢ =1 onRY\ Bg(0) and |Vg| < 2. Taking in (11.22) ¢|u, [P~ ?u.,, and having in mind
that ||ue, || zoomy) < [|@] oo ), We get

[ el @@ da
CJp p—1 p—1
|u€n T + gn ) uan (x)| |u5n (x + 8nZ)|
RN B;(0

25n

CJp||¢|| / /
{lz|<S+1} J B1(0)
CJp||¢|| </ /
N {|z|<S+1} J B1(0
(/ Lo ) s
{|z|<S+1} JB1(0

X|o(x + €,2) — @(x)| dzdx

p—1

dy dx

P
dy)

Ue, (€ + En2) — te, (7)
€n

=

Ue, (T + ep2) — ue, ()
€n

O(S—H-
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the last equality being true by (11.23) and since

> w
(/ / J(z)dz) de < C(S+1)».
{lz|<S+1} J B1(0)

Consequently,

uniformly in ¢,. Therefore,
u., — u in LP(RY),
Moreover, from (11.23), we can also assume that
e Ue, (T + €nz) — ue, (7)
En

Ue, (T + e,2) — ug, ()
€n

= x(z,2)
weakly in LP (RV) x LP'(R™). Therefore, passing to the limit in (11.22) for € = &, we get
C
(11.25) / uv—{—/ / =22 J(2)x(x, 2) z - Vo(x) do dz = ov
RN RN JRN 2 RN

for every v smooth and by approximation for every v € WLP(RY) N L°(RY).

From now on we follow closely the arguments in [9], but we include some details here
for the sake of completeness.

Let us see now that

(11.26) / / %J(z)x(m, 2)z - Vou(z)drdz = / IVul""? Vu - Vo.
RN JRN RN

In fact, taking v = u,, in (11.22), by (11.25) we have

L] S

:/RNngu—/nuu— RNQS(u—ugn)—l—/RNQU(u—usn)—/RN(u—Uen)(U—usn)
S/RN /RN %J(z)x(x,z)z-vu(x)dmdz— RN¢(u—u€n)+/R 2u(u— ).

nN
lim sup / / %J(z)

S/ / %J(z)x(aﬁ, z) z - Vu(z) dx dz.

3

p
dxdz = ¢uan - / Ue, Uey,
RN RN

n

Consequently,

Ue, (T + e,2) — ug, ()
€n

P
dr dz

(11.27)
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Now, by the monotonicity property (11.4), for every p smooth,

(’:ﬁ}v / . / . ( ) o) = (@) (py) = p() dy (e, () = pla)) de
<= [ ] () ) = 20, 0) = 0, 00) 0, ) — )

n

Using the change of variable (11.21) and taking limits, on account of (11.24) and (11.27),
we obtain for every p smooth,

C
/ / =2 J(2)|z - VplP 2z - Vpz- (Vu— Vp)
RN JRN 2

< / ) / ) 2) = (Vule) — Vpla) da

and then, by approximation, for every p € WP(RY). Taking now, p = u & \v, A > 0 and
v e WHP(RY), and letting A — 0, we get

4@ /RN %J (2)x(x,2)z - Vu(z) de dz
N /RN %J(z) /Q 1z Vu(2)|P 7 (2 - Vu(z)) (z - Vo(z)) dzdz.

Consequently,

/ / %J(z)x(x, 2)z - Vu(z)drdz = CJ7p/ a(Vu)-Vu for every v € W'P(RY),
RN JRN RN

where

1 _
a;(§) = C‘]’p/ §J(z) |2 - &P 2 .. €zjdz.
]RN
Hence, if we prove that
(11.28) a(€) = &%,

then (11.26) is true and u = (I + B,) ™" ¢. So, to finish the proof we only need to show
that (11.28) holds. Obviously, a is positively homogeneous of degree p — 1, that is,

a(té) =t"ta(¢)  forall ¢€RY andallt>0.
Therefore, in order to prove (11.28) it is enough to see that
a;(&)=¢ forall ¢ cRY |¢|=1, i=1,...,N.

Now, let R¢; be the rotation such that Rgz(f’ ) = €;, where e; is the vector with components
(e:): =1, (€;); = 0 for j # i, being Rf ; the transpose of Re;. Observe that

&=§-e = REZ(E) ‘ Ré,i(ei) =€ Ré,i<ei>'
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On the other hand, since J is radial, ;) = 1 [on J(2)|2[" dz and
a(e;) =e; for every i.

Making the change of variables z = R ;(y), since J is a radial function, we obtain

a(§) = OJ7P/RN %J(z)|z-§|p_22-§z-eidz

1 _
=Cuyp [ 3Tyl ey REfe) dy
RN

=a(e;) - R (e;) = e - Re,(e;) = &,
and the proof finishes. O

0.33. The limit as ¢ — 0 in the sandpile model. Let us rescale the limit problem
PI (up) considering the functionals
0 if ue LARY), |u(z) —u(y)] <e, for v —y| <,
Goo(u) =
400 in other case,

and the gradient flow associated to this functional,
ft,) —us(t,-) € 0G= (u(t)),  aet€]0,T]
P2 (uo)
u(0, ) = up(x).
We have the following theorem.

THEOREM 152. Let T > 0, f € L*(0,T; L*(RY)), ug € L*(RY) N Wh>(RY) such that
|Vuolloo < 1 and consider ue . the unique solution of P2 (ug). Then, if v is the unique
solution of Ps(ug), we have

lim sup Huoo,s(ta ) - /UOO(t’ .)HLQ(RN) = 0.
e—0 tE[O,T}

Hence, we have approximated the sandpile model described in [10] and [56] by a non-
local equation. In this nonlocal approximation a configuration of sand is stable when its
height u verifies |u(z) — u(y)| < € when |z — y| < e. This is a sort of measure of how
large is the size of irregularities of the sand; the sand can be completely irregular for sizes
smaller than e but it has to be arranged for sizes greater than e.

For € > 0, we rescale the functional G, as follows

0 if Ju(z) —u(y)| <e, for |z —y| <e,
Goo(u) =

+00 in other case.

In other words, G5, = Ik, where
K. :={uec L*(RY) : |u(z) —u(y)| <e, for |z —y| <e}.
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3
o)

Flt, ) —w(t,”) € Ok (ut)),  ae. t €)0,T],

Consider the gradient flow associated to the functional G

P (uo)
u(0, ) = ug(z), in RY,

and the problem

f(t, ") — toor € Ok, (Uso), a.e. t €]0,T7,
Poo(uo)
Uoo (0, ) = up(z), in RY,

where
Ko :={ue L*RY)nWH([R"Y) : |Vu| <1},
Observe that if u € Ky, |Vu| < 1. Hence, |u(z) —u(y)| < |z —y|, from where it follows
that v € K., that is, Ky C K..

With all these definitions and notations, we can proceed with the limit as ¢ — 0 for
the sandpile model (p = c0).

Proof of Theorem 152. We have T' > 0, f € L'(0,T; L*(R")), up € Ky and uy . the
unique solution of P2 (ug). We have to show that if v, is the unique solution of Py (uy),
then

lim sup ||tooc(t, ) — voo(t, )|l 2@y = 0.
e—0 te[O,T]

Since uy € Ky, uy € K, for all € > 0, and consequently there exists u . the unique
solution of P (uy).

By Theorem 146 to prove the result it is enough to show that Ix_ converges to I, in
the sense of Mosco. It is easy to see that

(11.29) K., C K., if g <es.
Since Ky C K, for all € > 0, we have

Ko C ) K.
e>0
On the other hand, if
u e ﬂ K.,
e>0
we have
M§17 a.e x’yeRN7
ly — |
from where it follows that u € K. Therefore, we have
(11.30) Ko=) K-

e>0
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Note that

(11.31) Epi(Ix,) = Ko x [0,00], Epi(Ix.) = K. x [0,00[ V& > 0.
By (11.30) and (11.31), we have

(11.32) Epi(/k,) C s — liran_}onf Epi(Ik.).

On the other hand, given (u,\) € w — limsup,_,, Epi(/x.) there exists (uc,, \x) € K., X
[0, 00|, such that e, — 0 and

. —u in L*(RY), A\ — A inR.

By (11.29), given € > 0, there exists ko, such that u., € K, for all k > ky. Then, since K is
a closed convex set, we get u € K., and, by (11.30), we obtain that u € K. Consequently,

Ue

(11.33) w — limsup Epi(/k.) C Epi(/k,).
Finally, by (11.32) and (11.33), and having in mind (11.1), we obtain that Iy, converges
to Ik, in the sense of Mosco. U

0.34. Collapse of the initial condition.

In [56] the authors studied the collapsing of the initial condition phenomena for the
local problem P,(ug) when the initial condition ug satisfies ||Vug||ooc > 1. They find that
the limit of the solutions v,(x,t) to P,(ug) is independent of time but does not coincide
with ug. They also describe the small layer in which the solution rapidly changes from
being uy at t = 0 to something close to the final stationary limit for ¢ > 0.

Now, our task is to perform a similar analysis for the nonlocal problem. To this end
let us take ¢ = 1 and f = 0 and look for the limit as p — oo of the solutions to the
nonlocal problem u, when the initial condition ug does not verify that |ug(z) — up(y)| < 1
for x — y € supp(J). We get that the nonlinear nature of the problem creates an initial
short-time layer in which the solution changes very rapidly. We describe this layer by
means of a limit evolution problem. We have the following result.

THEOREM 153. Let u, be the solution to P;(ug) with initial condition ug € L*(RY)
such that
1<L=  sup fuo(z) —uo(y)l-
|z—ylesupp(J)
Then there exists the limit

lim uy(z,t) = teo(2) in L*(RY),

p—00

which is a function independent of t such that |us(x) — us(y)| < 1 for x —y € supp(J).
Moreover, us(x) = v(1,x), where v is the unique strong solution of the evolution equation

% — 1 € 8Ggo(v), t €]r, 00,

v(T, ) = Tug(x),
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with 7 = L™,

Remark that when ug verifies |ug(z) — up(y)| < 1 for z — y € supp(J) then it is an
immediate consequence of Theorem 145 that the limit exists and is given by

lim w,(z,t) = up(x).
p—o0

Recall that we have mentioned that Evans, Feldman and Gariepy in [56] study the
behavior of the solution v, of the initial value problem

Upt — Ay, = 0, t €]0, T,
v,(0,2) = up(z), xRV,

in the “infinitely fast diffusion” limit p — oo, that is, when the initial condition ug is a
Lipschitz function with compact support, satisfying

ess supgn |Vug| = L > 1.
They prove that for each time ¢ > 0
Up(t,-) = Voo(+), uniformly as p — o0,
where v, is independent of time and satisfies
ess supgn | Vus| < 1.

Moreover, v, (x) = v(1, ), v solving the nonautonomous evolution equation

% € 0Ik,(v),  te€]r oo

v(T, ) = Tug(x),

where 7 = L~!. They interpreted this as a crude model for the collapse of a sandpile
from an initially unstable configuration. The proof of this result is based in a scaling
argument, which was extended by Bénilan, Evans and Gariepy in [21], to cover general
nonlinear evolution equations governed by homogeneous accretive operators. Here, using
this general result, we prove similar results for our nonlocal model.

We look for the limit as p — oo of the solutions to the nonlocal problem P;(uo) when
the initial datum wuq satisfies

1<L= sup |uo(x)— uo(y)l-
+—yesSupp(J)

For p > 2, we consider in the Banach space X = L*(R") the operators dG;. Then,
8G; are m-accretive operators in L?(R") and also positively homogeneous of degree p — 1.
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Moreover, the solution u, to the nonlocal problem PZ;] (ug) coincides with the strong solution
of the abstract Cauchy problem

—uy(x,t) € 8Gg(u(t)), a.e t €]0,T7,
u(0,2) = ug(x), r e RV,
Let
C:={ue L*RY) : I(up,v,) € OG; with u, — u, v, —0asp— co}.
It is easy to see that
C=KL={ueL’R") : |u(z)—uly)| <1, for  —y € supp(J)} .

Then,

L2(RY)
Xo:=[JAC = L*(RV).
A>0

LEMMA 154. For f € L*(RY) and p > N, let u, := (I + 0G;))~'f. Then, the set of
functions {u, : p> N} is precompact in L*(RY).

PROOF. First assume that f is bounded and the support of f lies in the ball Bg(0).
Since the operator GG},{ is completely accretive, observe that

L2(RY)

0G;) = BJ N (L2(RN) x L2(RN)) :
we have the estimates
[uplloe < A fllzees Muplle < [1f]lz2
and
Jup(-) = up(- + M)l < 1FC) = f( 4 D) lz2

for each h € RY. Consequently, {u, : p > N} is precompact in L?*(K) for each compact
set K C RY. We must show that {u, : p > N} is tight. For this, fix S > 2R and select a
smooth function ¢ € C*(RY) such that 0 < » < 1, ¢ = 0 on Bg(0), ¢ =1 on RY \ Bg(0)
and [Vo| < 2.

We have

wla) = [ I = )ln(0) = (0P ay(0) =~ () dy + (o)
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Then, multiplying by ¢u, and integrating, we get
[ @)t ds
/RN /[R{N = y)|up(y) — up(2)]P > (up(y) — up(2))uy(z)e(z) dyds
=3 [, L 7@ = 0ln) = up) ) = () )) = vy ) 0)) d
< —% /RN /RN J(x — y)|up(y) — up(2) P72 (up(y) — up(2))up(y) (9(y) — @()) dydz.

Now, since |[Vg| < 2, by Holder’s inequality we obtain

% /RN N J(@ = y)|up(y) — up(@) P~ (up(y) — up(@))up(y)(0(y) — o(2)) dydz

Hfgm Lo L =it s ay)
(/{MH} [T i)~ e o)’
(/|z|<5+1}/31(x Y dy) e

<M(S+1)7 ' =0(S"%),

o=

| /\

the last inequality being true since [ [ J(x —y)|u,(y) — uy(z)[P is bounded uniformly in p.

Hence,
/ ul(x) do = O(S_H%)
{l=[>S}

uniformly in p > N. This proves tightness and we have established compactness in L?(RY)

provided f is bounded and has compact support. The general case follows, since such
functions are dense in L*(RY). O

Proof of Theorem 153. By the above Lemma, given f € L*RY) if u, = (I +
GGZ)*lf, there exists a sequence p; — +o00, such that u,, — v in L*(RM) as j — co. In
the proof of Theorem 145 we have established that the functionals Gg converge to Iy,
as p — 00, in the sense of Mosco. Then, by Theorem 146, we have v = (I + IKgO)*lf.
Therefore, the limit

Pf:=lim (I +0G))~"'f

pP—00
exists in L2(RY), for all f € Xy = L*(R"), and Pf = f if f € C = KZ. Moreover,
Pl T =0l
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and u = Pf is the unique solution of
u+0lgsu> f.

Therefore, as consequence of the main result of [21], we have obtained Theorem 153. [

0.35. Explicit solutions. In this chapter we show some explicit examples of solutions

to
flz,t) — ue(z, t) € OGS (u(t)), a.e. t €]0,T7,
P (uo)
u(0,z) = up(x), in RY,
where
0 if ue LARY), |u(z) —u(y)| <e, for |z —y| <,
Go(u) =
+00 in other case.

In order to verify that a function u(z,t) is a solution to P2 (up) we need to check that
(11.34) G (v) > Go(u) + (f —w, v —u), for all v € L*(R™).

To this end we can assume that v € K. (otherwise G5_(v) = 400 and then (11.34) becomes
trivial). Therefore,

(11.35) u(t,-) € K.

and (11.34) can be rewritten as

(11.36) 0> /R(f(x,t) —u(x,t))(v(x) —u(z,t)) de

for every v € K..

Example 1. Let us consider, in one space dimension, as source an approximation of a
delta function
f(l'at) = fn($7t) =

Xgg(@), 0<n<2e,

(SIS

1
n
and as initial datum
up(z) = 0.
Now, let us find the solution by looking at its evolution between some critical times.

First, for small times, the solution to P (ug) is given by
t
(11.37) u(z,t) = EX[_%g](I),

for

t €10,ne).
Remark that t; = ne is the first time when u(x,t) = ¢ and hence it is immediate that
u(t,-) € K.. Moreover, as u(z,t) = f(z,t) then (11.36) holds.
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For times greater than ¢; the support of the solution is greater than the support of f.

Indeed the solution can not be larger than ¢ in [—Z, 7] without being larger than zero in

the adjacent intervals of size ¢, [, 2 +¢] and [~2 — ¢, —2].
We have

e+ ki(t—t) for v € [-1, 7],
(11.38) u(x,t) = ki(t —t1) forz € [-5 —¢&,3 +el\[-3, 3],

0 for v ¢ [-2 — ¢, +¢],
for times t such that

t € [ty,t2)
where
! and t—t+i—2€2+25
YT 2e 4y 2T T -

Note that t; is the first time when u(z,t) = 2¢ for x € [~1,1]. Again it is immediate
to see that u(t,-) € K, since for |z — y| < ¢ the maximum of the difference u(z,t) —u(y,t)

is exactly €. Now let us check (11.36).

Using the explicit formula for u(x,t) given in (11.38), we obtain
(11.39)

[ () = o 0)0te) = ) o = |

(SIS

(% — uy(a, t)) (0(z) — u(, ) da

[BENIE]

n
2

+ﬁ2 E(_Ut<l’,t))(v(ﬂf) —u(a:,t))da;+/n_ (—ug(z,t))(v(z) — u(z,t)) dz

-/ (% - k) (v(o) = (e + bt — ) do + R 0l) — (e — 1) de

n

+/_2 (—k1)(v(z) = (k1 (t — 1)) dax

_ (—n (% - kl) + ngl) ky(t —t1) —en (% —~ k1> + /_ (% - /ﬁ) v(x) dx

e —3
—/ kiv(z) dm—/ kiv(x) dx.

n_
7 €

SIS

From our choice of k; we get

1
- <E —k'1> +2€]€1 =0
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and, since v € K., we have

/R () — (1)) (0() — u(z, 1)) da
(11.40)

n
2

2 Ui T4e —
= 2%k + i?kl /2 v(x)dr — ky /2 v(z)de — kzl/ v(x)dx <O0.
_n n
2

_n_
2 27 ¢

In fact, without loss of generality we can suppose that

Then
n/2 0
(11.41) / (—v) = a, / (—v) = —a.
0 -n/2
Consequently,
2
(11.42) —v<—-a+e inl0,¢el.

n
Indeed, if (11.42) does not hold, then —v > %a in [0, ] which contradicts (11.41).

Now, by (11.41), since v € K,

[ oepae = [T oty s pa

/2 n/2
(11.43) :/O (_U(y+5)+v(y))dy+/0 (—v(y))dy

n
< e— .
_52+a

Therefore, by (11.42) and (11.43),

(11.44) /nZW /n;(_“) + /:WQ(—U)

2 2
(—a+€) 5—E>+€Q+a:—a€+e2.
n U

2 2
Similarly,
—n/2 2 )
(11.45) (—v) < ——ae + &~
—e—n/2 n

Consequently, by (11.44) and (11.45),
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Now, it is easy to generalize and verify the following general formula that describes the
solution for every ¢ > 0. For any given integer [ > 0 we have

(11.46)
(e + kl(t —tl), xr e [—121, g],
(l_1)€+kl(t_tl)a YIS [_g_€>g+€]\[_gag]v
u(zx,t) =
kit —t), ve[—3—le, 3 +le]\[-2 - (-1, 2+ (-1,
[ 0, v ¢ [—3 —le, 3+ el
for
t € [t tit),
where
1 €
k; and t,=t+—, tyg=0.

:2l€+77 k’

From formula (11.46) we get, taking the limit as n — 0, that the expected solution to
(11.34) with f = 0y is given by, for any given integer [ > 1,

(= De+Kk(t—t), x€l—¢¢,

(I —=2)e+k(t—t), xe[-2¢2]\][—¢¢],

(11.47) u(z,t) =
kit —t), x € [—le, le]U[—(l — 1)e, (I — 1)g],
L 0, x & [—le,le],
for
t et tiv)
where
1 €
kl:%> i1 tH—E; t1 =0

Remark that, since the space of functions K is not contained into C'(R), the formulation
(11.36) with f = 0y does not make sense. Hence the function u(z,t) described by (11.47) is
to be understood as a generalized solution to (11.34) (it is obtained as a limit of solutions
to approximating problems).

Note that the function w(t;,z) is a “regular and symmetric pyramid” composed by
squares of side €.
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Recovering the sandpile model as ¢ — 0. Now, to recover the sandpile model, let us

fix
le=1,
and take the limit as ¢ — 0 in the previous example. We get that u(z,t) — v(z,t), where
U(xat> = (L_ ‘x’>+7 fort:LQ,

that is exactly the evolution given by the sandpile model with initial datum uy = 0 and a
point source dy, see [10].

Therefore, this concrete example illustrates the general convergence result Theorem 152.

Example 2. The explicit formula (11.46) can be easily generalized to the case in where
the source depends on t in the form

[, t) = p(t)X[-z,3)(2),

with ¢ a nonnegative integrable function and 0 < n < . We arrive to the following
formulas, setting

for any given integer [ > 0,

(I + ki (g(t) — g(tr)), v €[-1,4],

(I=De+hk(gt) —g(t), ze[-5—cb+e\[-4.1],

k (g(t) — g(t)), e[~ —le, T+ 1\ [-2— (1 -1, L+ (1 —1)e]
L0, z ¢ [-1—1e, T +1,
for
te [tlvtlJrl)u
where
[ and g(t )—g(t):i ta=0
l 7]+2l5 +1 l ];l’ 0 .

Observe that ¢; is the first time at which the solution reaches level [e.

We can also consider ¢ changing sign. In this case the solution increases if o(t) is
positive in every interval of size € (around the support of the source [—Z,1]) for which

202
u(r) —u(y) = ie with |z —y| = ic for some x € [—%, 7] (here i is any integer). While if o(t)
is negative the solution decreases in every interval of size ¢ for which u(z) — u(y) = —ie

with |z — y| = ie for some z € [~2, 1].
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Example 3. Observe that if n > 2¢, then u(z,t) given in (11.38) does not satisfy (11.36)
for a test function v € K. whose values in [—1 — ¢, 1 + €] are

€

v(x) = —654—5 forz € [-2, 2]\ [-2 +¢,1 —¢],
£

[ 3 forze[-§-e3+e\ [}

for 3 = 4(1 — ¢/n) which is greater that 2.

At this point one can ask what happens in the previous situation when 7 > 2¢. In this
case the solution begins to grow as before with constant speed in the support of f but after
the first time when it reaches level ¢ the situation changes. Consider, for example, that
the source is given by

f(d?,t) = éX[—Qs,Zs] (*T)

In this case the solution to our nonlocal problem with ug(z) = 0, u(x,t), can be described
as follows. Firstly we have

t
U(QJ,t) = EX[—QE,ZE} (flf),
for
t €10,€%).

Remark that t; = &2 is the first time when u(x,t) = ¢ and hence it is immediate that
u(t,-) € K.. Moreover, as uy(x,t) = f(z,t) then (11.36) holds.

For times greater that ¢; we have

1
( 5+g(t—t1) for x € [—¢,¢],
e+ ki(t—t) for x € [—2e, —| U [g, 2¢],
u(z,t) =
ki(t —t1) for x € [—3e, —2¢] U [2¢, 3¢],
L 0 for x ¢ [—3e¢, 3¢],
for
t€ [ty ta),
where

1
]{31 = — and ty = 52 + 252 = 352.
2e

With this expression of u(z,t) it is easy to see that it verifies (11.36).

For times greater than ¢, an expression similar to (11.46) holds. We leave the details
to the reader.
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Example 4. For two or more dimensions we can get similar formulas. Given a bounded
domain ©Qy C R¥ let us define inductively

le{$€RN : dy € Qo, with|$—y|<5}
and
Q;={zeRY : JyeQ;_y, with [z —y|<e}.

In the sequel, for simplicity, we consider the two dimensional case N = 2. Let us take as
source

f(z,t) = Xq,(x), Q0= B(0,¢/2),
and, as initial datum,
up(z) = 0.
In this case, for any integer [ > 0, the solution to (11.34) is given by

(e + ky(t —t,), z € Q,

(I—De+kt—t), zeQ\Q,

(11.48) u(z,t) =
iﬁl(t—tz), LS Ql\Ué'_:llQJV
\ 07 z ¢ Ql7
for
t e[t ti1),
where 1l
~ QO 19
k = — t =1 — to = 0.
1 1 I+1 1+ kz’ 0

Note that the solution grows in strips of width € around the set {2y where the source is
localized.

As in the previous examples, the result is evident for ¢ € [0,¢;). Let us see it for
t € [t1,t2), a similar argument works for later times. It is clear that u(t,-) € K., let us
check (11.36). Working as in Example 1, we must show that

(1— 1%1)/ v — 1%1/ v < (1— kel W e K.,
Qo Q1\Qo
where Q) = B(0,3¢/2). Since ky = |Q]/|], the last inequality is equivalent to

(11.49) ‘ ! / !
. —_— vV— ———— v
Q0] Ja, €20\ Q0| Jaao

By density, it is enough to prove (11.49) for any v € K. continuous.

<e WveK..
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Let us now divide 0y = {r(cosf,sinf) : 0 < 6 < 27,0 < r < 5} and O \ Q =
{r(cosf,sinf) : 0 <0 < 2r,e <r < 3c} as follows. Consider the partitions

0=0y< 0, <..<bOy=2m
with 6; — 0,1 = 2m/N, N € N,
O=ro<ri <..<ry=g¢/2
and
ef2="Tg< T <..<Ty=3¢/2,
such that the measure of
B;j = {r(cosf,sinf) : 0,1 <0 <0, ;1 <r<r;}
is constant, that is, |B;;| = [Q0]/N?, and the measure of
A;j ={r(cosf,sinf) : 0,1 <0 <0, 7,1 <r<r7;}

is also constant, that is, |A;;| = |1\ Qo|/N?. In this way we have partitioned y and
01\ Qo as a disjoint family of N? sets such that

N N
QO\UBij =0, (Ql\QO)\UAij = 0.
i,j=1 hj=1

By construction, if we take
Tij =7T5 (COS 61'_17 sin 91_1) € Bij; jij = fj_l(COS Hi_l, sin ‘91‘_1) € Aij7

then ‘xij —Li’w| <eg for all Z,j = 17N

Given a continuous function v € K, by uniform continuity of v, for 6 > 0, there exists
p > 0 such that

[v(z) —o(y)| <

Hence, if we take N big enough such that diameter(B;;) < p and diameter(4;;) < p, we
have

if |z —yl<p.

N S

N

6]$2

_ E B < 22500

/Qov(x) ij:1v($ZJ)’Bw| =75

and

= 6121\ Qo
v(x) — v(F) | A || < 22000

[IRCED NN B

Since v € K, and |z;; — Zi;] < e, |v(xi;) — v(Zi5)| < e. Consequently,
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— (%

1 1
[ U _
' Q0] Jo, €21\ Qo Q1\Q

+0

N
1 1
< —E v(zi;)| B g v(T45)] A
= Q Pt J| J| |Q \QO| ]| J|

N
~ N2 Z v(zis) N2 Z v(Zis)

i,7=1 i,j=1
<e+4d.

Therefore, since 6 > 0 is arbitrary, (11.49) is obtained.

+9

Again the explicit formula (11.48) can be easily generalized to the case where the source
depends on t in the form

[z, 1) = ()Xo, (2).

An estimate of the support of u,. Taking a source f > 0 supported in a set A, let us
see where the material is added (places where w, is positive). Let us compute a set that
we will call Q*(¢) as follows. Let

and define inductively
Q(t) ={z e RN\ Qo(t) : Ty € Qo(t) with |z — y| < e and u(y,t) — u(z,t) =€}
and
Q;(t) = {z e RV \ Q;_1(¢) : Ty € Q_1(t) with |z — y| < e and u(y,t) — u(z,t) =€}
With these sets €;(t) (observe that there exists a finite number of such sets, since u(z,t)
is bounded) let
=Ju)

We have that

u(z,t) =0, for = ¢ Q*(¢).
Indeed, this can be easily deduced using an appropriate test function v in (11.36). Just
take v(x) = u(x,t) but for a small neighborhood near = ¢ Q*(t).

Example 5. Finally, note that an analogous description like in the above examples can
be made for an initial condition that is of the form
K

up(z) = Z @i Xie,(i+1)e] (T),

=K
with
la; — a;ix1| < e, a_g =ag =0,
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(this last condition is needed just to imply that ug € K.) together with the sum of a finite
number of delta functions placed at points z; = le (or a finite sum of functions of time
times the characteristic functions of some intervals of the form [le, (I + 1)e]) as the source
term.

For example, let us consider a source placed in just one interval, f(z,t) = Xjo(z).
Initially, w(0,z) = le for x € [0,¢]. Let us take w;(x) the regular and symmetric pyramid
centered at [0, ] of height (I + 1)e (and base of length (21 — 1)e). With this pyramid and
the initial condition let us consider the set

A ={j : wi(z) > u(0,z) for x € (je, (5 + 1)e)}.
This set contains the indexes of the intervals in which the sand is being added in the first
stage. During this first stage, u(z,t) is given by

u(z,t) = u(0,2) + ——+ Card Z Xlje,(j+1) 5]

for t € [0,¢1], where t; = Card(A;)e is the first time at which w is of size (I + 1)e in the
interval [0, £].

From now on the evolution follows the same scheme In fact,

U(I‘7 t) - U(t“ I’) T Card Z X[]a (J+1) 8]
for

te [ti,ti+1], 2+1 t = C&I‘d(A )
Where, from the pyramid w; of height (I + 7)e, we obtain

A ={j : wi(x) > u(ty,z) for x € (je,(j+ 1)e)}.

Remark that eventually the pyramid wy is bigger than the initial condition, from this time
on the evolution is the same as described for uy = 0 in the first example.

In case we have two sources, the pyramids w;, w; corresponding to the two sources
eventually intersect. In the interval where the intersection takes place, u; is given by
the greater of the two possible speeds (that correspond to the different sources). If both
possible speeds are the same this interval has to be computed as corresponding to both
sources simultaneously.

Recovering the sandpile model. Note that any initial condition wq with |Vwg| < 1 can
be approximated by an wug like the one described above. Hence we can obtain an explicit
solution of the nonlocal model that approximates the solutions constructed in [10].

Compact support of the solutions. Note also that when the source f and the initial
condition uy are compactly supported and bounded then also the solution is compactly
supported and bounded for all positive times. This property has to be contrasted with the
fact that solutions to the nonlocal p—laplacian Pp‘] (up) are not compactly supported even
if Uo is.
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0.36. A mass transport interpretation. We can also give an interpretation of the
limit problem P, (ug) in terms of Monge-Kantorovich mass transport theory as in [56],
[58] (see [84] for a general introduction to mass transportation problems). To this end let
us consider the distance

0 if x =y,
d(z,y) =
le—gll+1  ifoty.

Here [-] means the entire part of the number. Note that this function d measures distances
with jumps of length one. Then, given two measures (that for simplicity we will take
absolutely continuous with respect to the Lebesgue measure in RY) f,, f_ in RY, and
supposing the overall condition of mass balance

frde= [ [~ dy,
RN

RN

the Monge’s problem associated to the distance d is given by: minimize

[ dtasta) £yt

among the set of maps s that transport f, into f_, which means

[ stns*@yde = [ b)) dy

for each continuous function h : RY — R. The dual formulation of this minimization
problem, introduced by Kantorovich (see [55]), is given by

max [ @) (2 (0) ~ f-(0)ds

’lLEKoo

where the set K, is given by
Koo :={uec L*(RY) : |u(x) —u(y)| <1, for |z —y| < 1}.

We are assuming that supp(.J) = B1(0) (in other case we have to redefine the distance d
accordingly).
With these definitions and notations we have the following result.

THEOREM 155. The solution us(t,-) of the limit problem P (ug) is a solution to the
dual problem

ue Koo

max / () (o) — (@)

when the involved measures are the source term f, = f(x,t) and the time derivative of the
solution f_ = uy(x,t).
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Proof of Theorem 155. Let

d(z,y) =
|z —yl|]+1 if © #y.

Here [-] means the entire part of the number. Note that this function d measures distances
with jumps of length one.

Then, given two measures (that for simplicity we will take absolutely continuous with
respect to the Lebesgue measure in RY) £, f_ in RV and supposing the overall condition

of mass balance
/ frae= [ 1y,
RN RN

the Monge’s problem associated to the distance d is given by: minimize

(11.50) /d(:n,s(x)) fi(z)dz

among maps s that transport f, into f_.

The dual formulation of this problem is given by

(11.51) max /RN w(@)(fo (@) — f(2))da

’U,EKoo
where, as before, K, is given by
Koo :={ue L*RY) : |u(z) —u(y)| <1, for |z —y| < 1}.

We are assuming that supp(.JJ) = B;(0) (in other case we may redefine the distance d
accordingly).

Then it is easy to obtain that the solution wu.(t,-) of the limit problem G (ug) is a
solution to the dual problem (11.51) when the involved measures are the source f(z,t) and
the time derivative of the solution us +(z,t). In fact, we have

G (0) > G (o) + (f — Uoos ¥ — Uso), for all v € L*(R™).

That is equivalent to
Uso(ty+) € Koo

and
(11.52) 0> / (F(,8) — sy (2, 8) (0(2) — oo (2, 1)) d
RN
for every v € K. Now, we just observe that (11.52) is
[ 00— vela oy do = [ (Fa0) = vt )oo) do
RN RN

Therefore, we have that u.(t,-) is a solution to the dual mass transport problem.



202 11. A MODEL FOR SANDPILES

Consequently, we conclude that the mass of sand added by the source f(t,-) is trans-
ported (via u(t,-) as the transport potential) to us (¢, ) at each time ¢. O

This mass transport interpretation of the problem can be clearly observed looking at
the previous concrete examples.

0.37. Neumann boundary conditions. Finally, let us observe that analogous re-
sults are also valid when we consider the Neumann problem in a bounded convex domain
2, that is, when all the involved integrals are taken in €.

Let Q be a convex domain in RY. As we have mentioned, in [9] we have studied the
evolution problem

up,i(2,) = /Q J(@ = y)lup(y.t) — up(@, ) (up(y, 1) — up(@, t))dy + f (2, 1),

up(0,2) = up(x), in Q.

PpJ,Q<u0>

The associated functional being

) = — z—y)|u(y) —u(z)|P dy dx
617w = 5 [ [ @ = pluty) — u(@)p dy .

This is the nonlocal analogous to the Neumann problem for the p—Laplacian since in this
evolution problem, we have imposed a zero flux condition across the boundary of €2, see [9].

Also, let us consider the rescaled problems with .J., that we call PpJ&Q(uO), and the
corresponding limit problems

Flt, ) —w(t,”) € 0GI2(u(t)),  ae. t€0,T],

P2 (ug)
u(0,z) = up(x), in .
With associated functionals
0 if Ju(x) —u(y)| <e, for |z —y| <e xz,y €,
GO ) =
+00 in other case.

The limit problem of the local p—Laplacians being
f(t) = vooy € OFL (vao(t)),  awe. t €]0,T],

P (uo)
U (0,2) = g(), in
where the functional F is defined in L?(Q) by
0 if |Vu| <1,
Fo(v) =

+00 in other case.
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In these limit problems we assume that the material is confined in a domain €2, thus
we are looking at models for sandpiles inside a container, see also [58].

Working as in the previous sections we can prove that
THEOREM 156. Let Q be a convexr domain in RY.

(1) Let T > 0, ug € L*(Q) such that |ug(x) —uo(y)| < 1, for z —y € QNsupp(J) and
u, the unique solution of P;**(ug). Then, if us is the unique solution to P (ug),

lim sup [Juy(t, ) = uso(t, )| r2(0) = 0.
P00 ¢¢[0,T)

(2) Let p > 1 be and assume J(x) > J(y) if |z| < |y|. Let T >0, ug € LP(Q) and u, .
the unique solution of P;=*(ug). Then, if v, is the unique solution of Py(uy),

lim sup [Jupc(t, ) — vp(t, )| L) = 0.
sﬂote[o:p}

(3) Let T > 0, ug € L*(Q) N Wh=(Q) such that |Vug| < 1 and consider uy. the
unique solution of P (ug). Then, if vy is the unique solution of P (ug), we
have

lim sup ||t (t, ) = voo(t, )| L2(0) = 0.
5_’0t6[07T]

Part (2) was proved in [9], the other statements follows just by considering, as we did
before, the Mosco convergence of the associated functionals. We leave the details to the
reader.

Example 6. In this case, let us also compute an explicit solution to the limit problem
PL%(ug) (to simplify we have considered e = 1 in this example). Let us consider a recipient
Q) = (0,1) with [ an integer greater than 1, up = 0 and a source given by f(z,t) = Xj,1]().
Then the solution is given by

u(z,t) = tXp(x),

for times ¢ € [0, 1]. For ¢t € [1, 3] we get

( t—1
I+ —— el
= t—-1
W)= 20 sen),
[ 0 x ¢[0,2).
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In general we have, until the recipient is full, for any k = 1,...,1 and for ¢ € [t;_1, 1)

( t—tg_
k—1+-—"1  zelo0,1),
t— by
k—2+—"1  2e1,2)
u(z,t) =
t_?* zek—1,k),
w x ¢ [0,k)

Here t), = ty_1 + k is the first time when the solution reaches level k, that is u(ty, 0) = k.
For times even greater, ¢t > t;, the solution turns out to be

( t—t

I+ l l z €[0,1),

t—1

I—14+—2  ze[1,2),

u(z,t) =
t—t
1+ ll zell—1,0).
\

Hence, when the recipient is full the solution grows with speed 1/l uniformly in (0,1).
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