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Abstract

In this paper we provide examples of blowing up solutions to parabolic problems in a
half space, Rf x RM = {25 > 0} x RM | with nontrivial blow-up sets of dimension strictly
smaller than the space dimension. To this end we prove existence of a nontrivial compactly
supported solution to V(|[Vp|P~2Vp) = ¢ in the half space RY = {zx > 0} with the

nonlinear boundary condition —|V¢|P~2 (’)ifv =P~ on ORY = {zy =0}
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1 Introduction and main results

Our main concern in this paper is to find examples of blowing up solutions to parabolic
problems which exhibit a nontrivial compact blow-up set of dimension strictly less than
the space dimension.

For many parabolic equations it is well known that solutions may develop singularities
in finite time. In particular, it may happen that the L°*-norm of the solution goes to
infinity in finite time, that is, there exists 7" such that lim; 7 ||u(-, )| = 400 (see [16]).
This phenomenon is called blow-up and has been object of active research in recent years,
see the surveys [1], [10], the book [16] and references therein.

An important aspect of blow-up problems is the spatial structure of the set where the
solution becomes unbounded, that is, the blow-up set. More precisely, the blow-up set of



a solution u that blows up at time 7' is defined as
B(u) = {x; there exist z,, — x, t,, /' T, with u(x,,t,) — oo}.

A problem which has attracted some attention in the literature is the identification of
possible blow-up sets. There are several situations where the blow-up set is a single point
(single point blow-up), for instance for u; = Au+u? with p > 1, [2], a proper subset of the
spatial domain of the same dimension (regional blow-up), for example for v, = Au™+u™,
with m > 1, [4], [5], or the whole space (global blow-up), as happens for u; = A(u™) 4 u?
with (1 < p < m), see [16]. Moreover, considering radial solutions to u; = Au + uP it is
easy to construct an example with blow-up set a sphere, B(u) = {|z| = r}. In addition,
from the results of [18], [19], some regularity of the blow-up set is known for solutions to
the above mentioned equation u; = Au + u?. So, up to now we have as possible blow-up
sets: isolated points, the whole space, balls and spheres.

As we will show in this paper, there exist many other examples of blow-up sets. For
instance, we can find a solution whose blow-up set is a segment, B(u) = [0,¢] x {0}, in
Ry xR = {z; > 0} x R. In general, given any dimensions, N, M, we can construct
a compact subset, K C Rf , of dimension N and a solution of a parabolic problem in
RY x RM with blow-up set B(u) = K x {0}, or, more generally, B(u) = K x {y1, ...,y }
for any given set of points {yi, ..., yx} € RM.

To give those examples we propose to study self-similar solutions to the following
parabolic problem combining the doubly nonlinear operator in Rﬂf (withp > 2 and m > 0
as parameters) and the Laplacian operator in R, on the product space RY x RM =
RY x RM = {zy > 0} x RM, with a nonlinear boundary reaction that produces blow-up,
namely,

(™) = Vo (|VulP2Vu) + Ayu™,  in RY x RM x (0,7),

(1.1)
_, Ou -1 N M
—|Vulp™? — =P, on ORY x R x (0,7,
6’xN
where z € RY, y € RM and V,(|V,u[P~2V,u) denotes the p—Laplacian in the z variable
and Ayu is the usual Laplacian in the y variable.

As particular cases of (1.1) we have that if m = 1 the equation becomes wu, =
V. (|VeulP~?V,u) + Ayu, that is, a combination of the p-Laplacian and the Laplacian
operators. If we do not consider the y variable in (1.1), we face the description of the
asymptotic behavior of the blowing-up solutions to the parabolic problem

(u™), = V(|Vul[P~2Vu), in RY x (0,7,
1.2
—]Vu]ff’_22 =yl on ORY x (0,7T) -
oy ’ * T

In the analysis of blow-up problems, self-similar profiles are used to study the fine
asymptotic behavior of a solution of the parabolic equation near its blow-up time, see, for



instance, [13], [14]. It often happens that the spatial shape of the solution near blow-up
is close to a self-similar profile, [4], [5], [11], [14]. If we consider a solution to (1.2) of the
form u(x,t) = (T — t)~Y®=2y(z,t), the rescaled solution v(z,t) is expected to converge
to a stationary profile as ¢t / T. For the case N = 1 ((1.2) in an interval) we refer to
[9]. There, the authors show that the phenomenon of regional blow-up appears due to the
existence of compactly supported self-similar profiles. Note that the previous rescaling
preserves the original spatial variable. This fact means that the blow-up set of the solution
is directly related to the support of the profile.

When dealing with problem (1.1) we will consider self-similar solutions of the form

u(z, y,t) = ()Y (y,1). (1.3)

If w is a solution to (1.1) of the form (1.3) we obtain that ¢ and ¥ must solve the following
elliptic and parabolic problems, respectively,

" = V([VelP?Vy), in RY,
5 (1.4)
—|Vg0|1”2—8;?V = P 1 on ORY,
and
(Y™ = AP™ 4+ P in RM x (0, 7), (1.5)

Observe that the former equation written for IZ =™ is the heat equation with a source
given by the term 1®~1/™ swhose solutions are global if p — 1 < m. Since our interest is
to identify the blow-up set of u, we will consider p — 1 > m in the sequel.

Note that the blow-up set of a solution u(zx,y,t) of the form (1.3) is given by

B(u) = supp(p) x B(1),

where B(1)) is the blow-up set of 1. The set B(v) is known to be a finite set of points and
generically a single point, recall that we are assuming p—1 > m. Hence, to find the desired
blow-up set B(u) we need to determine the support of ¢. As we have mentioned, in one
space dimension the support of ¢ is explicit, since (1.1) reduces to an O.D.E. problem,
see [9]. So we need to extend the existence result of a compactly supported profile ¢ to
several space dimensions. In doing this extension some new difficulties arise. If N > 2
the boundary condition makes not possible to choose ¢ as a radial function, and hence
we cannot reduce (1.4) to an ODE. Nevertheless, we can look for solutions being radial
in the tangential variables, that is, if we denote z € RY by x = (2, 2y), 2 € R¥~1, then
u verifies

u(z, zy) = u(|z'], zx). (1.6)

Now let us state our main result.

Theorem 1.1 There exists a nontrivial nonnegative compactly supported solution to (1.4),
verifying (1.6)



We observe that the problem of uniqueness up to translations in the tangential vari-
ables (x1,...,xy_1) of compactly supported solutions to (1.4) remains open.

Let us briefly explain our strategy to prove Theorem 1.1. First, for R > 0 large enough,
we consider the problem

V(|Vug[P=*Vug) = (ug)™, in By,

[ Vugl O gt on, (L7)
TN

ur = 0, on I'y,

where B} denotes B(0,R); = {x,||z|]| < R,xy > 0} and T;, i = 1,2 the boundaries
0B, U{xy =0} and OB}, U {xx > 0} respectively.
We will show that for R sufficiently large there exists a nonnegative nontrivial solution
of (1.7) such that
max |z| < R.
xEsupp(ur)

Thus, ug is a compactly supported solution to (1.1).

At this stage let us recall that by well known results, it is possible to have compactly
supported solutions to V(|Vu|P~2Vu) = u® in the whole R if and only if o + 1 < p, see
[15]. Therefore our assumption m + 1 < p is natural in this sense.

Once this analysis is performed we deduce some corollaries concerning problem (1.1).

Corollary 1.2 Every nonnegative nontrivial solution to (1.1) blows-up in finite time for
l<(p—-1)/m<1+4+2/M.

This fact follows by contradiction. Assume that v is a global nontrivial solution.
Since v is a solution to (1.1) its support in x expands (being the whole space in y) and
eventually covers the support of a self-similar solution u(z,y,t) = ¢(x)¥(y,t). The proof
ends with the use of a comparison argument using that every solution to (1.5) blows up
when (p — 1)/m is below the critical Fujita exponent, that is, 1 < (p —1)/m < 1+ 2/M.

Corollary 1.3 There exists a solution to (1.1) with a blow-up set composed by an arbi-
trary number of connected components of dimension N.

In fact, we may consider a solution of the form (1.3) with a profile whose blow-up set
B(v) is composed by k points, {41, ...,yx}. Therefore the blow-up set of u, consists of
k disjoint copies of the compactly supported solution provided by Theorem 1.1, that is,
B(u) = UL, K x {y:}.

Moreover, we conjecture that these self-similar solutions introduced above give the
asymptotic behavior of any solution to (1.1) near its blow-up time.



Let us remark that our study can also be performed in more general situations, for
example, imposing boundary conditions also in the y variable. In fact, we can consider
the problem for z € RY and y € RY and deal with

( (um)t = V:v(‘vxulp_gvxu) + Ayum7 in Rf X R% X <O’ T>’
_ pﬂﬁ — 1 N M
Voulp=? o =u™!, on ORY x R x (0,7), (1.8)
N
\—gyLM:umora;Mzooru:O, oanxafo(O,T).

Also for these problems there are solutions of the form

u(w,y,t) = @(x)(y,t),

with ¢ a solution to (1.4) and ¢ a solution to

(V™) = Ap™ + pP 1, in RY x (0,7),
o™ oY

——— =9Y™or —— =0or¢¥ =0, on IRM x (0,T).
T Y Dun Y + x(0,T)

Again, the blow-up set of u is given by B(u) = supp(p) x B(¢). Note that 1 solves a
parabolic problem easier than the original one (1.8).

Moreover, the same ideas can be applied to deal with porous medium type equations
as well

u = Agu™ + Ayu, in RY x RM x (0,7),
ou™ " N o

—— =u", on ORY x RY x (0,7T),
85(,’]\/

considering 1 a solution to ¥, = Ay + ™ and ¢ a compactly supported solution (con-
structed in [3], [7]) to the problem

Ap™ = o, in RY,
Op™

e, ORY
(9azN L on +

Organization of the paper: In Section 2 we study the auxiliary problem (1.7) in a
half-ball and give a comparison principle, some symmetry and growth properties of these
solutions. In Section 3 we prove that the support of such solutions is strictly included in
the half-ball providing a solution to our original problem.



2 Existence and properties of the solutions of the
auxiliary problem.

In this section we deal with problem (1.7). To find nontrivial solutions we look for a natural
variational setting. Let us consider the space W = {u € W'P(B}) verifying ulr, = 0}

with the norm
lulhw = [ 9P
Bj,

Note that Poincaré’s inequality is also applicable to functions vanishing on a nontrivial
part of the boundary of the domain. Hence, || ||y is equivalent to the usual W1P-norm
in W.

Minimizing the functional

1
m+l / |Vu|p—/ uP
p BE Iy
p/(m+1)
/ um—i—l
B

over W, we will find a nontrivial solution to (1.7). See [8] for related arguments.

JR(U) =

Lemma 2.1 For every R sufficiently large Jr attains a minimum in W. Moreover, there
exists a nontrivial minimizer that is a weak solution to (1.7)

Proof. Let us show that for every R large there exists a constant K (R) such that

inf > —K > —
ue&lu#oJR(u)_ > —00,

_ e
—/ |VulP + K / u™ > / uP, YueW.
p B}, Bf; p I

If not, there exists a sequence u,, € W such that fl“l ub =1 verifying

that is,

1 p/(m+1) Y
m—/ IVl +n / um <2 w1 (2.1)
p Bf B} p
From (2.1) it follows that, up to a subsequence, we have
Up — U weakly in W,
Uy — U strongly in LP(B},), (2.2)

Up|r, — w  strongly in LP(I'y).
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By the last convergence we get frl u? = 1. On the other hand (2.1) also implies that
u = 0, which is a contradiction.
The next step consists of showing that
inf J 0
uelg,lu;éo R(U) <Y
which ensures that the minimizer is not trivial.
We apply Jg to o1 g, the eigenfunction associated to the first eigenvalue A\;(R) of the
following problem

V(!Vsolp‘2§s0) =0, in B,

[V =Pt on Ty, (2.3)
8[L‘N

¢ =0, on I'y.

Using the same ideas from [8] we get existence of such eigenvalue and a positive corre-
sponding eigenfunction. We claim that, for R large,

Jr(p1,R) = (m; 1) ey /Fl A <0. (2.4)

p/(m+1)
m+1
(/B}; PLR )

The value of A;(R) depends on R in the following way

[Vel? / IV
A(R) = min /BE_ZL Bf _ @)

m
peW\{0} /Spp R/ & R
ry I (B)

where we have performed the change of variables p(x) = ¢(Rz). Taking R large enough
we obtain Aj(R) < 1 and the claim (2.4) follows.

Let us see that the minimum of Jgr in W is attained. Consider u,, a minimizing
sequence for Jg, such that fl“l uP = 1. For n large Jg(u,) < 0 by the previous step, which
implies that [,y [Vu,|? < 1. This assures the convergences in (2.2) and that w is not

R

trivial. We can assume that v > 0. From the lower semicontinuity of the norm and the
weak convergence in W it holds

inf Jp < Jg(u) < liminf Jg(u,) = inf Jg.

n—oo

Finally, by homogeneity, multiplying a minimizer by the appropriate constant, we get a
solution of (1.7). We find this constant minimizing Jr among the functions in W with
J+ u™t! = 1. This gives us the existence of a Lagrange multiplier

R

/ |Vu]p_2Vqu—/ up_lv:)\/ u™v, YveW.
B Iy B

7



Taking v = u in the expression above we see that A < 0, since it has the same sign of
Jr(u). It is not difficult to check that (—X)~*/®~™=y is a minimizer solving (1.7). O

The following estimates will be used in the course of next section. As we will see later,
they are also valid for the solution to the original problem.

Lemma 2.2 Let R be sufficiently large. Then, if ug is a nonnegative minimizer of Jg,
there exists a constant C' independent of R such that

||URHLm+1(B;) <C, HURHLOO(B;) <C and ||VUR||L<><>(B;/2) <C.
Proof. Let us take Ry such that the first eigenvalue for problem (2.3) verifies
A (Ro) —1<0.

We extend by zero the first eigenfunction associated to A;(Ry). Then, for R > R,

(A1 (Ro) — 1)/ Pl R
. m+ 1 L
inf Jp < Jr(p1r,) = ( ) L = —C,. (2.5)

» p/(n+T)
m+1
</B;; SOI,R0>

On the other hand, multiplying (1.7) by ug and integrating by parts we get

—/ |VuR\p+/ u%:/ .
B} r B}

From this identity and (2.5) the first estimate easily follows. The remaining estimates
can be obtained from general regularity theory, see [17]. O

We enclose in the following lemma some useful inequalities related to the p-Laplacian
operator.

Lemma 2.3 For alln, n € RY, there exist positive constants such that
i) if p =1 and [n| + || > 0 it holds ||n|P~*n — [n'[P=*n'| < Ciln —u'[(Inl + [')P~2,

i) if p > 2 we have [nP > '[P+ p|n[P~*(n,n —n') + C(p)|n — n'|".

From the previous estimates we show that it is possible to compare two solutions to
(1.7) despite of the Neumann boundary condition, whenever the measure of the region of
this boundary is sufficiently small. This comparison principle plays a fundamental role in
several parts of the paper.



Definition 2.1 We say that w € WP(Q) is a supersolution if it verifies

w™ > V(|[Vw[P2Vuw), in

w >0, on QN {xy >0}, (2.6)
0

—|Vw|p_2—w > WPt on 0N {xy = 0},
8$N

Analogously we say that w is a subsolution if it verifies (2.6) with the reverse inequalities.

Lemma 2.4 Let() C Rf be an open bounded domain, with a Lipschitz boundary. Suppose
that w; € WHP(Q), i = 1,2 are bounded super and subsolutions to the problem

V(|[Vw|P2Vw) — w™ = 0, in €,

w =0, on QN {xy >0},

—]Vw\p_2a—w = WP on 900N {xy =0},
895]\;

respectively in the sense of Definition 2.1. If the N — 1 dimensional measure of the set
N {xy = 0} verifies p(0Q2N{xny =0}) < I for some § > 0 small, then (w; —wq) >0
in §2.

Proof. We multiply the inequalities satisfied by w;, ¢ = 1,2 by h(wy — w;) and integrate
in Q, being h(x) = —min{0, z}. This gives

/Q <V(|Vw2|p_2ng) — V(|Vw1|p_2Vw1)> h(ws —wq) < /Q(w;” — Wi h(wy — wy).

After integration by parts using the boundary condition it holds
/ <|Vw2|p_2Vw2 - |Vw1|p_2Vw1>V(w2 — wl) + / (w;” — WT)(WQ — wl)
QN{zn=0}NA QnA
S e (!
90NA

where A = {x € Q such that wy(z) < wi(x)}. Applying i) of the previous lemma to the
first and the second of the above integrals and i7) to the last one, we get

Crip) [ VB =)+ [ o =) =)

< Col[lwr]loor) /

o0N

(h(w o)) (2.7)

1-2/p*

< Cy (/am{xN:O} h(wa — WI)p*)Q/P* (M(aQ N{zy = 0})> :

9



where p

= p(]ffv—_pl) denotes the critical exponent for the Sobolev trace embedding. From

here it is easy to see that, if ©(9Q N {zy = 0}) is sufficiently small, the last integral in
(2.7) can be absorbed into the first one. This implies that h(ws — w;) = 0 in © and the
comparison principle holds. O

In the sequel, by ug we denote a nontrivial nonnegative solution of (1.7) verifying (1.6),
which is a minimizer of Jg on the space of the functions belonging to W that satisfy (1.6).
The existence of such minimizer can be proved as in Lemma 2.1.

We conclude this section by showing a tangential radial growth property, which will
be also satisfied by a solution to (1.4).

To carry this task, we establish some useful notation to apply the moving plane
method, introduced in [12]. We define S* = {z € R" such that z; > A}, II* the hy-
perplane 9S* and 2 = 2(\ — x1)e; + x, that is, the reflection across II*. Finally,
up(z) = ug(z*) and v* = up — up. Assume that D = supp(ug) is connected.

Lemma 2.5 Let ugp be a solution to (1.4). Then it satisfies (1.6). Moreover, ug(|2'|,zn)
is decreasing in |2’'| and xy.

Proof. This result is proved in several steps.

First step. Let us show that if v*(zy) = 0 for any ¢ € S, then v* = 0 in S*.
A similar proof is performed in Lemma 2.1 in [6] for any point zy € S* N RY. On
{zx = 0} we apply the Hopf boundary lemma to conclude that v* = 0.

Second step. Let us define
Ao = inf{\ € R such that v*(z) > 0, for all z € S*}.

Since upg is compactly supported Ag is well defined and we have that —co < Ay < .
Let us see that S* N D # ().

If X is large then S* N D = @ and consequently v > 0, whereas if —\ is large then
(RY \ S*) N D = 0, which implies that v* < 0. Note that it is possible to take a A such

that u(S* N D N {zy = 0}) is small enough, so as to apply Lemma 2.4 to u* and u in
SEN D NRY, getting v¥ > 0.

Third step. v vanishes in S* NRY.

Arguing by contradiction, we suppose that v* # 0, thus by the first step v > 0
in S* N D. The second step assures that S* N D N {zy = 0} # 0. Let us take a
compact K, K C S* N DN {xy = 0} and X sufficiently close to Ay such that u((S* N
D\ K)Nn{xy = 0}) < /2, for which v* > 0 in K, since v’ > 0 in K. Let us denote by
D~ = {z € Sy such that v* < 0}. The definition of Ay implies that D~ # 0 if A < Ag.
Since D~ C S*N D\ K the previous considerations ensure that (D~ N {zy = 0}) is
small. Applying the comparison principle of Lemma 2.4 to u} and ug in D~ it follows
that v» > 0 in D, which is a contradiction.

10



Fourth step. We show now that ug is decreasing in . In the sequel of the proof let
us denote by S* = {z € RY such that zy > A} and keep the remaining notation.
Take A € (R/2, R). It is easy to see that

V(|VupP~2Vuy) — V(|Vugr[P2Vug) = (up)™ — up, in S* N Bg,
v =0, on IT* N Bp, (2.8)
v >0, on S* N OBg.

Multiplying the equation by h(v) and integrating in S* N B we get

[ (19029 = [Vunr V) Vheo)) + [ ()™ = e
NBR

A
oup

— _ 5’uR
< Vuy P2 —Vup2—>hv’\.
S BN (e = e o

The boundary integral vanishes and consequently v* > 0 in S*NBg, for every A € (R/2, R).

We consider now A\ € (R/4, R/2). Then v verifies (2.8); in Bp N {\ < zx < 2A}. To
argue as in (2.9) we show that the boundary integral corresponding to these values of A
is nonpositive. It is immediate to see that v» > 0 on 9Bz N {\ < zy < 2A} and vanishes
over {xy = A}. Finally, we show that the integrand is nonpositive over B N {zn = 2A}.
If xy > R/2 we have already shown that ug is decreasing with respect to zy. Thus

A

% < 0. Conversely, %
81’]\7 6xN

Repeating this argument using (2.9) we can conclude that v* > 0 for every A > 0. O

> 0, getting the desired result.

3 Existence of a compactly supported solution

The following task is to show that, for R sufficiently large, ug indeed solves (1.4).
Proposition 3.1 Let ur be a solution to (1.4) verifying (1.6). For R large enough

max |z| < R.
zesupp(ur)

Proof. We show first that ug is compactly supported in the variable xy. Note that by
Lemma 2.5 we have, for every |y'| < |2/| and every 0 < yy < xn,

[ty < [y
A A

where A = {(¢/,yn) : || < |2'], 0 < yy < xy}. Taking now into account the first
estimate of Lemma 2.2, we can deduce

( ) ) C C(2L>(N_1)/(m+1)
ug(r’,ry) < <
R N ’m/’(Nfl)/(erl)‘:L-Nll/(m+1) Ri/(m-}—l)

1
<= 3.1
<5 G

11



for any |z/| > 2L’$N > R, for Ry < R large enough, where by L we denote the uniform
bound ||Vul| B S < L of Lemma 2.2. If y’ € RY ™! is such that |2/ — ¢/| < & then

lup(x’, Ry) —ur(y', R1)| < Llz' — /| <

l\')lr—t

which together with (3.1) gives
ur(2’, Ry) <1, Va' (3.2)

Let us consider a super solution with compact support in xy to the problem

(3.3)

V(|VwP~2Vw) = w™, in {zy > R} N By,
w(Ry) =1, in {zy =R} N By}.

An integration by parts of the equations that w and ug satisfy, multiplied by h(w — u)
gives

/ <]Vw\p*2Vw — |VuR|p’2VuR>V(w —up)+ / (W™ —uR)(w — ugr)
QN{w<ugr}

QN{w<ugr}
0uR
< — pr2 VulP~2 h(w —ug),
/m(| P = IVl S ) e = )

where Q = {zy > Rl} N BE and 7 is the outer unit normal vector. Note that w > ug in
99, due to (3.2) and to the fact that ug = 0 on {zy > R;} N dB},. Thus the boundary
integral vanishes and we get that w > ug in {y > R1} N Bf. Therefore, if 2y > Ry then
u(z',zn) = 0.

As such super solution, we can take for instance

w=08((r- xN)+)°“, (3.4)
where f+ = max{f,0} and o, 3,7 being such that
]
20D+ D)(p—1) = (p— (m+ 1)), (35)

By — Rl)p/ (m+1)) _ 1

We prove now that the support of ug is bounded in the direction of z’. Let us take
zg € {xxy = 0}. We show that for |z¢| and R sufficiently large, ugr < 1, being ¥
a vanishing function in a small neighbourhood of xy. We construct such a function
verifying as well the following:

V(IVY[P2Vy) < ¢, in QN {zy >0}, (3.6)

12



— |Vt >y on 92N {zy =0}, (3.7)

= inf >0 3.8
&= ol ¥ >0 (3.8)

where Q = B(xg, 1), with 0 < 79 < 1 chosen sufficiently small.
From the estimate (3.1) we can find R3 such that

/ € / €
< = > > —
UR<:E’5L'N>_2’ V]a'| > Rs, TN Z 57
denoting by L the uniform bound for [Vug| of Lemma 2.2. Arguing as in (3.2) it follows
that
ur(2’,zy) < e, Va' such that |2'| = R, Vzy > 0.

Choosing zy € RY such that |zg| = R3 + ry the comparison provided by Lemma 2.4
holds and ¥ > ugr in QN Rf, with R > R3 + 2ry. Note that zy was any of the points in
O0BRry+r, N {xy = 0}, thus ug vanishes in a neighbourhood of this set. The monotonicity
of ug in |2'| and zx concludes the proof.

It remains to construct the function ¢ with the desired properties. We denote xy =
(x5,0). For simplicity, let us assume that 1 is radial around the point (z,d) , that is,
Y = ¥(r?), where 72 = r? + (zx — d)?, r? = |2/ — x}|>. More precisely, we look for a
function of the form

= a((r2 — b)+>a, with o = }ﬁ, (3.9)

where a,b,d > 0 will be fixed conveniently depending only on ry, m and p. Since

o

_ o)y |P—2 _

(r—2)(a—1)
= (2aa)p*1rp*2<(r2 — b)+> "

condition (3.7) reads as

Taking

and
d>—b<0, (3.10)

we get that (3.7) holds. Note that (3.10) implies also that ¢ vanishes in a neighbourhood
of r1 =0 and zx = 0. To satisfy (3.8) we need the following inequality

r2 4 (oy —d)? —b=1r?+ 2% +d* = 2wxxd — b > ro(rg — 2d) + d* — b, (3.11)

since r? + 2%, = r2 and thus zy < ro. Then, if d < ry/2 we can choose an appropriate b
such that (3.11) holds. Finally, we deal with (3.6), which written in radial variables reads

|wl|p—2wl
r

(p =D P72" + (N = 1) e
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This holds if a is small enough. More precisely, if
ap—l—m(za)p—lrp—Q(zﬂ(a —D(p—1)+(p+N-2)* - b)) <1
This ends the proof. O
Lemma 3.1 Ifu € W'P(RY) solves (1.4) then
[ull pmir@yy < O ullpoe@yy < € and [[Vu|| oo gyy < C.

Proof. Multiplying the equation (1.4) and integrating by parts
/ |Vu|p—|—/ u™ :/ uP,
RY RY {xn=0}

the first bound follows, since u € W'?(RY). The remaining estimates are derived from
the first one as follows.

First we deal with the uniform bound for u. Note that if u solves (1.4) by the results
in Lemma 2.2 we know that v € L*(Bj), and Vu € L™(Bj;,) for R > 0 large. Let

us argue by contradiction. Suppose that there exists a sequence {z,} € RJX such that
|z,| — oo and |u(z,)| — co. Taking any y € B(x,, R/2)" one can see that

u(y) > u(x,) — LR/2, (3.12)

where L is the uniform bound for the gradient of u in the ball B(z,, R/2)". On the other
hand, by the previous step we have [[u|| jm+1r+) < C, which plugged in (3.12) gives

C> / ™t > / u™ > pw(BY) (u(z,) — LR/2)™,
RY B}

which is not bounded and gives the desired contradiction.

To prove the remaining estimate we argue similarly, but using the Holder continuity
of the gradient of u, see [17], since we lack of the uniform bound for the second derivative.
We get the analogous to (3.12)

Vu(y)| = [Vu(zn)| = C(R/2)%,

for any y € B(x,, R/2). But this contradicts that v € W'?(RY) since
cx [ vurz [Vl 2 (B B2Vl - R/
RN B(wn,R/2)*

which is not bounded, and the lemma is proved. O
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Proof of Theorem 1.1 We start by showing that u becomes small outside B}, that is

lim sup u=0. (3.13)
R_>OORN\B+

If not, there exist e > 0 and z,, € @, such that u(z,) > €, as |z,| — oo. Let L be the
umform bound in RN for the gradient of u provided by the previous lemma and r = 5%.
For every y, € B (xn, r) it holds

€0
[w(@n) = u(ya)] < IVull oo @y)ln =yl < 5

Thus u > €¢/2 in B(z,,r) NRY, Vn. Then, for a subsequence of disjoint balls B(z,, 1),

In r)ﬂ]RN

which contradicts Lemma 3.1.
By (3.13) we can find R; > 0 such that u(z’, Ry) < 1, V2’ € RV~ Considering the
same function w of Proposition 3.1 for this R; it follows that

w>u on {zy =Ry} (3.14)
and
1|II‘H inf(w —u) > 0. (3.15)

Note that (3.14) and (3.15) imply that v < w in {zx > R;}. This fact can be easily seen
multiplying the equation that u and w satisfy by h(w — u) once more and integrating by
parts. It gives

/m{UKU} <|Vw|p_2Vw - |Vu|p_2Vu>V(w —u) + / (W™ —u™)(w — u)

QN{w<u}
< - prQ——V p=2 h(w —u),
/aQ <| | [V 77> ( )

where Q = {xy > R;}. Since the boundary integral vanishes h(w —u) = 0 in Q and we
obtain the desired result. Thus there exists Ry such that u(x/,zy) = 0 for all 2/ € RN 1
and zy > Rs.

Next we show that u(z/,0) = 0 for any 2/ € RY~! with |2/| large. We apply the
comparison principle of Lemma 2.4 in B(zg,7) N Rf with 79 > 0 small enough and
zo € {xx = 0}, to the function 1) constructed in Proposition 3.1 in (3.9) and u. It follows
that

BB(xo,rél)lrg{xN>0} dJ -
see (3.8). Since (3.13) holds, it is possible to find Rs > 0 large such that if |xo| > R3 then
u < e in B(xg,r9) NRY. Therefore, u < 1 in this domain, and this fact implies that u
vanishes in a neighbourhood of xg, since ¥ did.
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To conclude the proof of the compactness of the support of u we consider a function w
with the same expression (3.4) but as a function of zj for any direction k =1,.... N — 1,

that is N
w=p((r=w)*)",
with «, 3,7 taken as in (3.5). Analogously, take Ry large enough ensuring that u(z) <1
if 2, > Ry and xy > 0. As before, considering problem (3.3) in {z; > R} NRY it follows
that © < w in this region. Thus u = 0 for x; large and zny > 0. Since x;, was arbitrary
we have deduced that u is compactly supported.
Once we have the compactness of the support of u, we easily deduce from steps 1-3 in
Lemma 2.5 the symmetry property (1.6). O
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