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ABSTRACT

In this work we consider a class of semilinear elliptic problems with nonlinear bound-
ary conditions of mixed type. Under some monotonicity properties of the nonlinear-
ities involved, we show that positive solutions are unique, and that their existence is
characterized by the sign of some associated eigenvalues. One of the most important
contributions of this work relies in the fact that we deal with boundary conditions of
the form du/dv = g(x,u) on T and u = 0 on I, where v is the outward unit normal
to I while I', I are open, I NT' = (), 9Q =T UT’, but ', I need not be disjoint.

1. INTRODUCTION AND RESULTS

In a nice and nowadays classical paper ([10]), Brezis and Oswald introduced an elegant
variational approach to study positive solutions to the semilinear problem
{—Au = f(z,u) x € €, (L.1)

u‘ag =0.

Moreover, they provided necessary and sufficient conditions for the existence and uniqueness
of solutions, conditions which are solely expressed in terms of the principal eigenvalues of
certain natural associated eigenvalue problems.

We are dealing in this paper with a more general kind of boundary value problems,
where the nonlinear regime induced by the reaction term f(x,u) is coupled to Dirichlet and
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semilinear Robin-type conditions, mixed in a nontrivial way on the boundary. Namely,

—Au= f(x,u) in Q,

0
a—z =g(z,u) on T, (1.2)
u=20 on I,

where Q is a C%“ bounded domain of RN, I',IV C 99 disjoint and open, I',I” compact
manifolds with a common N — 2 dimensional closed boundary v = NI and 92 = TU~yUT".

The subject of elliptic problems constrained by nonlinear flux conditions has been exten-
sively studied since the pioneering works [5], [6], where the method of sub and super solutions
was introduced to this pursuit (see also [26]). Since then, the main nonlinear theory issues
have been already explored in the topic: uniqueness and multiplicity of positive solutions,
stability of equilibria and blow-up of solutions to the associated parabolic problem, and
bifurcation driven by the boundary conditions, to quote only a few of them (see [28] for a
recent and comprehensive review). However, diffusion problems under mixed boundary con-
ditions, one of them being of nonlinear flux type, have been barely touched in the literature.
Precisely, one of the relevant features of the present work is that we are mainly dealing with
the case where v # () and so the components I' and T” meet each other. It is well-known
that this drives a dramatic loss in the smoothness of solutions, even in the weak sense and
regarding the framework of plain linear equations (see for instance [20], [22], [23] and spe-
cially [9]). On the other hand, those few works dealing with nonlinear boundary conditions
in mixed regime are restricted to impose different conditions on separated components of the
boundary (see pioneering results in [27], [26] and more recently [11], [25]). To the best of our
knowledge, the only results considered so far for nonlinear equations with genuinely mixed
boundary conditions were restricted to Dirichlet-Neumann conditions (see [1], [2], [3], [13],
[14] and [15]).

As auxiliary tools, we are also analyzing several types of qualitative properties of two
different kind of linear eigenvalue problems. Namely, (1.5), (1.9), the latter being of the
Steklov-type (see [6]). By the regularity reasons already mentioned, another of the distinctive
achievements of this work is the discussion of such properties under actual mixed conditions.
In fact, we are also extending similar results obtained in [12] for mixed problems of the type
(L.5), where different boundary conditions are defined in connected pieces of J) separated
away each other.

With respect to the nonlinear terms f, g, we are assuming that f : Q x [0,00) — R,
g : 002x[0,00) — R are Carathéodory functions, i.e., f(z,-) (respectively, g(x,-)) is continuos
in [0, 00) for almost all x € Q (992), f(-,u) (g(-,u)) measurable in Q (99) for all u € [0, 00),
being both f(-,u) and g(-,u) essentially bounded functions for every u > 0. Moreover, they
are sublinear in the sense that

flz,u) < C(1+u) r€Q, u>0, g(x,u) < C(1+u) red, u>0, (1.3
for some positive constant C'. Finally, we require a monotonicity assumption:

faw) g

u u

are both decreasing in u > 0. (1.4)
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These hypotheses will be termed altogether as hypotheses (H). From the continuity of f(x, u)
and g(z,u) in u > 0 it is also implicit in (1.4) that f(z,0) >0, g(x,0) > 0 a. e. in Q.

As we have mentioned before, an essential part in the issue of existence of solutions to
(L.2) will be played by some related eigenvalue problems. Specifically, we need to consider
the problems

—Au=a(zr)u+ou in £,

% = b(z)u on T, (1.5)
u=20 on I,

where a(z), b(x) are measurable functions, not necessarily bounded. Thus, we are defining
the principal eigenvalue of (1.5) by means of the usual variational characterization

o1(a,b) = inf /fz‘vu‘Q_/Qa(m)uz—/Fb(x)u2

7
ueHL, (Q) 2
u;ré‘(] / Uu
Q

where H},(2) stands for the subspace of H'(Q) consisting in those functions vanishing on
[V in the sense of traces.

If a and b are bounded from above, then oy(a,b) > —oo, but o1(a,b) = oo is possible.
Similarly, when a and b are bounded from below, oi(a,b) < oo, but it could happen that
o1(a,b) = —oo. On the other hand, when a and b are bounded oy(a,b) is always finite and
possesses an associated positive eigenfunction, together with the usual properties of principal
eigenvalues, as isolation, uniqueness and simplicity (see Lemma [7/in Section 2).

To state our results, let us introduce the functions

(1.6)

Our hypotheses on f and g imply that f, and g, are bounded from above, while f, and g

are bounded from below. Thus —00 < 01(foo, goo) < +00, —00 < 01(fo, 90) < +00.

Theorem 1. Assume the functions f(x,u) and g(z,u) verify hypotheses (H). Then problem
(1.2) has a positive weak solution u € HE, () N L®(Q) if and only if

01(foos o) > 0 and  01(fo,90) <O. (1.8)

In this case, the positive solution u is unique.

Remarks 1.

a) The monotonicity condition (1.4) is not needed for the existence of solutions (see Lemma
12)). However, it is essential for uniqueness (see Lemma [13). On the other hand the normal

0 0

derivative operator Em in (1.2) can be replaced by a Robin operator £ +b1(z), by € L>(T).
v v

This only amounts to shift by —b; the limits fo, go, foo, oo in the statement of Theorem 1.
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b) Some more general operators may be considered instead of the Laplacian, as long as they
have a variational structure. For instance, the problem

(& o 0
—Z G_:Ez (aw(:p)a—;) = f(z,u) in €,

7/7j:1
N
ou
Z az‘j(i)a—%‘ = g(z,u) on T,
—— Z;
1,7=1
\ u= on I,

possesses the same features as (1.2), provided a;; are bounded measurable coefficients which
verify the ellipticity condition

N
Z aj(1)€:85 > cléf?,
ij=1

for all z € Q, £ € RY and some ¢ > 0.

The condition (1.8) for existence of solutions can be equivalently stated in terms of the
first eigenvalue &4 (a,b) to the Steklov-type eigenvalue problem,

—Au = a(z)u in Q,
% =b(x)u+6u on T, (1.9)
u=20 on I

Such eigenvalue is well defined if and only if the first Dirichlet eigenvalue A\ (—a) of —A—a(x)
in  is positive. In that case &1(a,b) has a variational characterization similar to (1.6) (cf.
Lemma 9). Nevertheless, by defining &1(a, b) appropriately when A\;(—a) < 0 (see Lemma 9
and Remarks [2), the conclusions of Theorem [l can be equivalently expressed as follows.

Corollary 2. Under the hypotheses of Theorem 1 problem (1.2) admits a positive solution
u € HL(Q) if and only if

Al(_foo) > O, 5-1(fooygoo) > (0 and 5-1(]00790) < 0. (]_]_0)

In that case the positive solution is unique.

Among other applications (see Section 4) we are specializing our results to study some
classes of logistic-type problems. To describe one of them, we are characterizing the regime
of existence (and uniqueness) of positive solutions to

—Au = u—a(x)u? in £,

0
a—jj =pu—>b(x)u! on T, (1.11)
u=>0 on I,

p,q > 1, with respect to the parameters A, u € R. Here a, b are nonnegative continuous
functions whose zero sets are defined by g, I'g, respectively, where 0y C €2 is a smooth
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Figure 1: Regions of existence and uniqueness of positive solutions to problem (1.11)) cor-
responding to the cases I'y # 0 (left) and I'; = 0 (right).

domain and I'y C T is open in 9 so that Ty defines a smooth N — 1 dimensional manifold
with boundary. Aside the mixed conditions, it should be remarked that our approach here
permits us to handle the case where the null set €}y has nontrivial intersection with both the
Dirichlet component IV, and the component I supporting the flux condition. In fact, such a
contact has been prohibited even for logistic problems with a single linear Robin condition
(see [16] and Section 4). In this sense, we improve the corresponding results in [11], [12].
Such improvement also comprises the response of the principal eigenvalues of the problems
(1.5), (1.9) in the presence of singular weights a, b (see Lemma [10).

It turns out that the relevant eigenvalues o1(fo, go), 01(foo, goo) corresponding to (1.11)
can be characterized in terms of the principal eigenvalues A = o(u) and A = 7(u) of the
problems

—Au=Mu in €, —Au =X u in ,
% =pu on I, and % =pu on I, (1.12)
v v
u=20 on I, u=20 on Iy,

respectively, where I'} := 9y N Ty, Ty := 9 \ T'; are open manifolds. For the sake of
simplicity it is additionally assumed (cf. Lemma [10] for more precise requirements on 9€2)
that T'; is either a smooth submanifold of Q with boundary or Ty = ), being 7(u) = A
in the latter case, where \* stands for the first Dirichlet eigenvalue of —A in €. These
problems will be analyzed in detail in Section 2 (cf. Lemma [§). Observe that according to
(L.5), o(u) = o1(a,b) with a =0, b = p.

Our results concerning problem (1.11) reads as follows (see Figure [1):

Theorem 3. Assume p,q > 1. Then problem (L.11) admits a positive weak solution u €
HE(Q) N L>®(Q) if and only if o(p) < X < 7(w). In that case, the solution u is unique.

It should be noticed that oy(p) < 7(p) for every p € R (so the region introduced
in Theorem 13 is nonempty), limo(y) = lim7(u) = —oco as p — oo, while o(u) — A%,
(1) — A% as p — —oo (Figure 1). See Lemma 8 and the proof of Theorem [3.

On the other hand, the eigenvalue problems (1.12) admit an Steklov reading instead of
the “volumetric” one observed above. In fact, by regarding now A as a parameter and p as
an eigenvalue, the first problem in (1.12) defines the principal Steklov eigenvalue p = ()
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u="10)

h=5(0) \ h=5(1)

Figure 2: Regions of existence and uniqueness of positive solutions to problem (1.11) ex-
pressed in terms of Stleklov eigenvalues (I'; # () on the left, the figure on the right corre-
sponding to 'y = ().

as a function of A\, the same being true for the second one expressing its principal eigenvalue
p = T(X). Accordingly, Theorem 3l admits the following dual statement.

Corollary 4. In the conditions of Theorem!3, problem (L.11) admits a positive weak solution
if and only if A < )\?0 and either
g(A) < p<7(N)

if T'1 # 0 or
a(A) < u,

when Ty = (), where 6(\) = —oco for A\ > M. Such solution is unique (Figure 2).

The paper is organized as follows: Section 2 is devoted to some preliminary facts, namely
the boundedness of weak solutions to (1.2) and the analysis of the eigenvalue problems (1.5)
and (1.12). In Section 3 we prove Theorem 1 while applications to some nonlinear problems,
which include a proof of Theorem 13, are presented in Section 4.

2. PRELIMINARIES

In this section some preliminary results needed for our subsequent developments are collected.
We begin with some remarks concerning the definition of weak solution to our problem.
A nonnegative function v € H} () is a weak solution to (1.2) provided that, under the
hypotheses (H), f(-,u(-)) € L*(Q), g(-,u(-)) € L*(92) and

Q B
for every ¢ € HL, (). The existence of this kind of solutions to (1.2) will be obtained in
Section 3 were the extra integrability conditions on f(-,u(-)), g(-,u(-)) follow once one is
able to prove that the candidate to solution u € H}, () indeed belongs to L>°(€2).
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In order to achieve in Section 3 such boundedness result, we are first dealing with the
more restrictive class of problems were the growth conditions (1.3)) are replaced by

|f(z,u)] < C(1+u) r€Q, u>0, lg(x,u)| < C(1+u) red, u>0. (2.2)

For such problems the definition (2.1) of a weak solution u € H{, () has full sense without
additional requirements on f(-,u(-)), g(-,u(-)). We also remark that under (2.2) and by
interior regularity (see [20]), nonnegative weak solutions u € H} (Q) also belong to W2P(Q)
for every p > 1, and hence u € Cllof(Q) for every 0 < a < 1. Moreover, since for each
subdomain ' C ' C Q a positive M exists so that f(x,u) > —Mu (condition (1.4)), it
follows that —Awu + Mwu > 0 in €, and the maximum principle implies that v > 0 in ',
unless u is the trivial solution. Hence, either v > 0 in Q2 or u = 0.

We are next proving that —under the growth conditions (2.2)— positive weak solutions to
(1.2) are essentially bounded. In addition to the existence issue already mentioned, this fact
will be also essential in order to achieve uniqueness of solutions. The proof relies on Moser’s

iteration procedure (see [20]).

Lemma 5. Let u € HL/() be a weak solution to (1.2) and assume f and g verify hypotheses
(H) with (1.3) replaced by (2.2). Then u € L>(S2). Moreover, there exists a positive constant
C, not depending on u, such that

|ul @) < Cllulr2) +1). (2.3)

Proof. Let 5 > 1, k > 1, and take as a test function in the weak formulation (2.1)) of problem
(L.2):

¢ = min{v” K’} — 1,
where v = u + 1. It is not hard to show that ¢ € HL, (). Then

I6; {v<k}vﬁ_1|Vv|2—/gxu<p+/fmu
<C’</v<p+/v<p> (2.4)
§C</Fvﬂ+1+/ﬂvﬁ+l).

Taking into account that

45

EESTEARS

mﬁ_lWU’QX{Kk} (ﬁJr 1)? \V( )\ X{v<k} =

pB+1

where ¢ = min{v "z, BH} and using the continuity of the embedding H'(2) C L"(99) for
1 <r <25, where 25, =2(N —1)/(N —2) if N > 3 and 2}, = oo for N =2 (cf. [4]), we

obtain , ,
/gzlvw!’z'zc*(/(mw’“)r—/szﬂzc(/rw)r—/gwi (2.5)
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Fix r so that 2 < r < 2j,. From (2.4) and (2.5) we have

i () - f) <o (L )

and since ¢? < v/t and 1/(8 +1) < 48/(8 + 1)? < 4, we arrive at

( /F min{v(ﬁgm,k(%l)r})r <C(B+1) ( /F o4 /Q vﬂ“) | (2.6)

Assume now that u € LA+(Q) N LPTYT). Then we can let k — +oo in (2.6) to obtain

(/F v“*ﬁ“)f <C(B+1) (/Fvﬁ“ +/Qvﬁ+1) . (2.7)

In the same way, by using in (2.4) the embedding H*(Q2) C L"(f2), which is valid for the
value of r fixed before (it is indeed valid for 1 < r < 2§, where 25, = 2N/(N —2) if N > 3
and 2§, = oo for N = 2), and proceeding analogously, we obtain the estimate

(/{ﬁ“) <CB+1) </Fvﬁ+1+/ﬂvﬁ+l). (2.8)

2
T

Adding (2.7) and (2.8), taking into account that (a4 b)* < ar + b+ for a,b > 0, and raising
to the power 1/(5 + 1) we get

2 1
- »\ @D
(/v(ﬁgl) +/v<6+21) > o < (C(B +1))7 (/Uﬁ+1+/vﬂ“) o
r Q r Q

If we introduce the norm )
P
ot = [1oP+ [ 1)
r Q

and set p = 0+ 1, ¢ = r/2 > 1, we have shown that if, for some p > 2 we have u €
LP(Q2) N LP(T), then u € L?(Q) N L?(I"), and

2

31

1]l < (Cp)|[ollp, (2.9)

for a certain positive C' > 0 not depending on p and v. We now take for p in (2.9) the values
p=2¢",n=0,1,.... We then obtain:

[v]l2gn < (2C)2(29C)% - (24" C) 2T [[v]].

The constants in the right hand side can be bounded independently of n. Indeed

-m:‘:

1
- 1

qu

)

. P P 1/2
(20)2(240) V20 (2" C) " < ((20) Foirg )

and we have shown in particular that

0| 20 () < CO(|v]r200) + [v]2(r)),
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where C' does not depend on v and n. Letting n — +o00, we obtain v € L*>(€2), and
|U|LOO(Q) < C(|U|L2(Q) + |U|L2(p)).

This finally implies

To obtain (2.3), we take u as a test functlon in ( and obtaln

/\Vv|2<0(/v +/ )

On the other hand, by means of the interpolation inequality (2.11) (see Lemma 6 below),

we have that
/v2§6/|VU|2+C’(€)/U2SC’6/U2+C(6)/U2.
T Q Q T Q

Choosing ¢ small enough, we can estimate the integral on I' in terms of that in €2, which,
together with (2.10) proves (2.3). O

We now turn to prove an interpolation inequality which was used in the previous proof,
and which is going to be useful in Section 3 when proving Theorem 1. We include a proof
for the sake of completeness.

Lemma 6. For every € > 0, there ezists a positive constant C(g) such that
2 2 2
/ W2 < 5/ Vul? + Ce) / o, (2.11)
o9 Q Q

Proof. Fix p € (1,2). Thanks to the continuity of the immersion W'?(Q) C LP(9Q) (cf
[4]), there exists C' = C(p, N, <) such that

/8(2 ol < C(/Q|W|p+/ﬂ|v‘p)

for every v € WP(Q). Taking v = |u|??, where u € H'(Q2), we obtain

/ 2 g(}(/ |u|2—z’|vuv’+/u2).
o0 Q Q

Using Young’s inequality in the form ab < ea? + e~ 7/9¢ with ¢ = 2/p, and a = |Vul?,
b= C|u|*P, we arrive at

/ u? SE/!Vu!2+02217€_‘1'/q/u2+0/u2
o0 Q Q Q
:5/ |Vu|2+0(€)/u2
Q Q

for every u € H'(Q)), as we wanted to prove. O

for every u € H' ().
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We come next to consider problem (1.5) when the weights a(x), b(x) are bounded. The
content of the next lemma is probably well-known when I' and IV are disjoint connected
components of 9€). For the case where Robin-type and Dirichlet conditions are defined in
different connected pieces of 92 we refer to [7], where very general problems are consid-
ered; see also [12] where the domains, coefficients and solutions involved are required to be
smooth enough and different boundary conditions appear on different components of 0.
The variational approach of our next result together with Lemma 5/ allow us to give a direct
proof even in the case of “genuinely mixed” boundary conditions. There, the term ¢ € R an
eigenvalue of (1.5) is understood as the existence of a nontrivial ¢ € HE (Q) such that,

/Q{quVU —apv} — /Fbgbv = U/ngv,

for all v € H} (). Additionally, a “principal” eigenvalue means an eigenvalue with a
nonnegative associated eigenfunction.

Lemma 7. Assume a € L>*(Q2), b € L>(I"). Then the eigenvalue problem (1.5):

—Au=a(x)u+ou in €,

0
a—z =b(z)u on T,
u=20 on TV,

admits a unique principal eigenvalue o1(a,b) given by (1.6). Moreover,
a) o1(a,b) is simple and any associated eigenfunction ¢ verifies ¢ € HE, () N L2(Q).
b) o1(a,b) varies monotonically and continuously with respect to a € L*(Q),b € L>(T).
c) Setting \1(—a) the principal Dirichlet eigenvalue of —A — a in Q) then
o1(a,b) < A (—a), (2.12)
for every b € L=(T').
d) If ¢ € HL(Q) is any eigenfunction associated to oi(a,b) then ¢ Z 0 on T.

Proof. 1t suffices to prove that the functional

[(u):/Q]Vu]Q—/Qa(yc)uQ—/Fb(:lc)u2

attains the infimum in the weakly closed manifold M = {u € H.,(Q) : [,u* =1}
We claim that I is coercive. Indeed, thanks to Lemma 6, for € > 0 small, we have that

/Qa(x)u2+/rb(x)u2 <c (/Qu2+/ru2> < C(a)/QuQ—i—Ca/Q\Vu\Q

where C' denotes a positive constant, not necessarily the same everywhere. This implies

Iw) > (1— C’e)/Q|Vu|2 _c
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in M, which in particular shows that I is coercive. Since [ is trivially weakly lower semi-
continuous, by a well known theorem in the calculus of variations (see [29]) it follows that
I attains its infimum in M at some ¢ € H{ (). Since ¢ # 0 it can be assumed, say,
that ¢T = max{¢,0} is nontrivial. It is then checked that ¢ is also an eigenfunction, the
maximum principle implies that ¢ is positive and thus the same holds for ¢ (see [19] for
related ideas). The simplicity of oy(a,b) and its uniqueness as a principal eigenvalue can be
shown following [17, [18] (cf. also [21]), and we omit the proof.

The fact that oq(ai,b1) > o1(ag, by) when a; < ag in L>®(2) and by < by in L°(T) is
an immediate consequence of the variational characterization (1.6)). As for the continuity in
a, b, we include a proof, since it is not straightforward. Beginning with a symmetric case we
have for 0 < § < g

o1(a,b) > o1(a+ 9,0+ 6) > o1(a,b) + O(9), (2.13)
as 6 — 0+. In fact,

al<a+5,b+6>:/Q{|V¢a|2—a¢§}—/b¢§—6/¢>§—5z«n(mb)—é/sb%—é,
T T N

where ¢s € HL/(Q) stands for the positive eigenfunction associated to oy(a + 8,0 + 9),
normalized as [, ¢5 = 1. In addition, [¢3 = O(1) as & — 0 since, by comparison, o (a +
d,b+6) = O(1) and from (2.11) we have the estimate,

or(a+9,b+9) > (1 —5)/ |Vg255|2 - K,
Q

for certain 0 < e < 1, K > 0. This yields [, |V¢s|> = O(1) which implies [, ¢5 = O(1) as
d — 0. Thus, (2.13) holds.
The complementary behavior (6 > 0)

o1(a,b) < o1(a—9,b—6) < o1(a,b) + O(0),

is more directly proved and so lims_.go1(a + 6,0+ &) = o1(a, b).

To conclude observe that a, — a, b, — b means that a(z) — 0 < a,(x) < a(x) + 6,
b(x) —0 < by(z) < b(x)+6 ae. in Q and I respectively, for any prefixed § and n large. The
desired continuity follows by comparison. This proves b).

To show ¢) observe that oy(a,b) < A\j(—a) follows by inserting functions u € H} () in
the variational characterization (1.6) of oy (a,b). Thus,

o1(a,b) < o1(a,b—1) < A(—a).

As desired.

As for d) if a principal eigenfunction ¢ € H},(§2) vanishes on I' we have that ¢ € Hj(Q)
and

o1(a,b) > / Vo2 — ag® > Ai(—a).
Q

which contradicts (2.12). O

11
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We are now paying special attention to the behavior of the principal eigenvalue of the
problem (1.5) with respect to parameters together with its asymptotic behaviour. Specifi-
cally, consider the parametric version of (1.5),

—Au=a(x)u+Au in €,

0

a—u =b(x)u+pu on T, (2.14)
%

u=20 on I,

where, for the moment, A € R is regarded as an eigenvalue, 1 as a parameter (of course,
such roles can be interchanged), a € L>®(Q2),b € L*(I"). There are two sources of interest
in (2.14) regarding the present work. The first is to provide a proper interpretation of the
eigenvalue problem (1.9) without restrictions in a (see Lemma 9 below). The second being
the analysis of the particular case a = 0,b = 0 (see (1.12) in Section 1 and Theorem 13)

—Au=Mu in £,
@ =puu on I (2.15)
v

u=20 on I

We collect in the next lemma some of the most important features. Regarding (2.15)
with IV = () we refer the reader to [21] for continuity, concavity and the limit (2.16) (as well
as some additional asymptotic properties).

Lemma 8. Let A\ = o(u) be the principal eigenvalue of (2.14) for p € R. Then o(u) is
concave and

lim o(p) = M(—a), (2.16)
p——00
while
lim o(p) = —o0. (2.17)
p—o

Proof. Notice that o(u) = o1(a, b+ p) and thus o1 (u) is decreasing, o1(u) < A(—a) for each
p € R (Lemma 7). By denoting I,(u) = [, |Vul* — au® — [ bu® — u [, u* we have, for
te(0,1)

o(tp+ (1= )) = Ly (Suur o)
=t (tp+ (1= t)p) + (1= )L (tp+ (1= t)1)
> to(p) + (1= t)o (i),

and the concavity is proved.

The concavity implies that o(u) has a derivative a. e. while such derivative must be
negative at least at infinitely many values of p. Thus (2.17) follows.

To prove (2.16) recall that o(u) < A\j(—a). Choosing u,, — —oo an arbitrary sequence
we have

o (1tn) = / (V[ — ag?) — / b — / 2> / Vo2~ M, (2.18)
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for large enough n and a certain M > 0. So passing to a subsequence if necessary we obtain
P, — ¢ weakly in H'(Q), strongly in L*(Q2) and L*(T'). By taking limits in (2.18) we arrive
at

Ai(—a) > limsup o(p,) > hmmfa (ftn) / Vo[> — (2.19)

n—oo

Moreover, we also have fQ ¢* =1, and

/¢2 lim ¢2<h o) +O(1) _

n—oo n—oo _,L[/’n

This implies ¢ € H}(Q), and by means of the variational characterization of A\ we obtain
from (2.19) that
lim o(u,) = Mi(—a).

Since the sequence p,, was arbitrary, (2.16) is now proved. O

Let us examine now the alternative eigenvalue problem (1.9),

—Au = a(z)u in Q,
g =b(x)u+d6u on T,
u=20 on I,

a € L*(), b € L>*(I"). A number & is said to be an eigenvalue of (1.9) if there exists
Y € H},(Q) which is nontrivial on T' such that

/Q{Vz/}Vv —ayv} — /Fbwv = 6/va,

for all v € H} (). The main features concerning (1.9) are collected in the next statement.
Lemma 9. Problem (1.9) admits a principal eigenvalue &1(a,b) if and only if
A1(_0’) > 07

A (—a) designating the first Dirichlet eigenvalue of —A — a in Q. Such eigenvalue is given

by,
/|vu|2 / o) —/b(m)u2
o1(a,b) = inf L .
uEfuI;,O(Q) /U2
I

Moreover, the infimum in (2.20) is —oo provided \(—a) < 0. &1(a,b) is unique, simple and
every associated eigenfunction ¢ belongs to HL/(2) N L®(QY). In addition, 61(a,b) exhibits
the same continuity and monotonicity properties as oi(a,b) with respect to a € L>*(Q),b €
L>(T). Finally,

(2.20)

sign 71(a,b) = sign o1(a,b). (2.21)

Remarks 2

13
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a) Lemma9 allows us to define &1 (a, b) regardless the sign of A;(—a) by setting 71 (a, b) = —oo
when A\ (—a) < 0.

b) As another consequence, Lemma O implies that the principal eigenvalue p = () =
o1(A,0) is the inverse function of () which has the value —oo as A > M. Moreover
G —o00as A — —00, 5 — —o0 if A — \i—.

Proof of Lemma 9. If (1.9) admits a principal eigenvalue then any nonnegative associated
eigenfunction ¢ € H}(Q) defines a strict weak supersolution to —Au — au = 0. Thus,
A(—a) >0 (cf. [19]).

To prove the sufficiency of A;(—a) > 0 we solve the variational problem (2.20) by mini-
mizing I(u) = [,{|Vul> — au?} — [ bu? in M = {u € HL(Q) : [, u® = 1}. The key point is
to show that I is coercive on M and this precise fact follows from the fact that \;(—a) is
positive (see [17]). The issues of uniqueness, simplicity and continuous dependence on a, b
are shown in the same way as in Lemma 7 (cf. also [17]).

To obtain the divergence to —oo of the infimum &;(a,b) when A;(—a) < 0 observe that
a value to > 0 can be found so that A\;(—a +ty) = 0. Since 71(a,b) < &1(a — to, ) it suffices
to show that &1(a,b) = —oo if A(—a) = 0. On the other hand, observe that if A\;(—a) =0
then p can be observed as an eigenvalue in (2.14). More precisely,

n = 5'1(@ - t7b)7
for t > 0, since A\j(—a +t) > 0 for positive t. Now, (2.16) can be read as

lim &y(a —t,b) = —oc.
t—04
The conclusion then follows from the fact that &1(a,b) < 61(a — t,b) for t > 0.
Regarding (2.21), choose ¢ € HL (), v € HL, () positive eigenfunctions associated to
o1(a,b) and &1 (a,b), respectively. By employing 1 as a test function in the weak eigenvalue
equation for ¢ and the symmetric proceeding in the equation for v it is obtained that

o1(a,b) /Q 1 = 51(a, b) /F 0. (2.22)

Since ¢, are positive in Q and ¢ # 0 on I" the desired sign equality is achieved. O]

Remark 3. Some of the features in Lemma [7 and Lemma 9, relevant for our subsequent
work, are still valid if the conditions a € L>*(Q2), b € L*>(I") are replaced by measurable
functions @, b which are only (essentially) bounded above, assumed that I(u) is finite at
some u € HE ().

First, by defining oy (a, b) through the variational expression (1.6) then oy(a, b) is finite if
I(u) finite at some u € H} (). To prove that I achieves the infimum at some (nonnegative)
¢ € HL,(Q) it is shown as in Lemma [7l that I is coercive in M while its weakly continuous
character is a consequence of Fatou’s Lemma.

Second, it is also checked that oy(a,b) varies continuously with respect to perturbations
of the form a — a+¢, b — b+ ¢, ¢ > 0 a parameter. However, a stronger perturbation
result holds. Namely,

o1(a,b) = lim oy (an, by,), (2.23)
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where a,, € L*(Q),b, € L>®(I") are defined as a,, = max{a, —n},b, = max{b, —n}. In fact,
by choosing positive eigenfunctions ¢, € H(Q), [, ¢2 = 1, associated to 01, := 01(ay, by)
one finds that

QWZKNV%P—%ﬁ}—Aw%gm@w. (2.24)

Now, (2.11) implies that ¢, is bounded in H' and, by passing through a subsequence,
¢n — ¢o weakly in H' and strongly both in L?(Q2) and in L?(T"). Taking inf-limits in (2.24)
and Fatou’s Lemma provide

/ (Vo0 — g} — / bé? < limor, < o1(a,b),
Q T

what proves (2.23).

Finally, the same facts hold for &y (a, b) with a, b bounded above provided that A\;(—a) > 0
(observe that A(—a) is well defined). In particular that &;(a,b) = lim&y(ay,,b,), with an
associated positive eigenfunctions sequence v, f7 Y2 =1 and v, — 1)y weakly in H', with
Yy a nonnegative eigenfunction corresponding to 7y(a,b). After taking limits in (2.22) with
an, b, replacing a, b, we achieve

m@mﬁ%%:m@mﬁ%% (2.25)

Since ¢y # 0 on I' (by the same reasons as in Lemma [7) this implies that oy(a,b) and
71(a,b) possess the same sign. Notice that this inequality can not be directly obtained as
in the case of bounded coefficients a, b since ¢, 1)y are not now “a priori” weak solutions to
the corresponding eigenvalue problems.

For its later application in Section 4, we need to consider problem (1.5) for a more general
class of unbounded weights a, b than those mentioned in Remark 3. In fact, notice that if
a(x) = oo in, say, some open bounded part D of Q or b(z) = oo in an open subset A C I’
then oy (a,b) = —o0.

On the other hand, if a(z) = —oc in an open D C Q, D # Q or if b(z) = —oc0 in a
corresponding open set A C I'; A # T" then o4 (a,b) can still be finite. This fact is precisely
described in our next result where we are considering that D = Q '\ Qo, Q C Q a smooth
subdomain, while A C T is open and I' constitutes a smooth manifold with boundary. It
will be assumed in addition that 9Qy N, 90 NI, QN A, 92 NI\ A are all open in 9
so that their closures define smooth manifolds with boundary, 9€2y being the union of those
closures.

In order to simplify the exposition we are fixing the notations I'g := I' \ A, I'; = 99y N
r \ K = 890 N Fo, FQ = 890 \Fl) (Section 1)

Lemma 10. Suppose that a, b are measurable functions defined in 0 and I', respectively,
which are bounded from above and such that a = —oc0 in D, b = —oc on A. Then o1(a,b),
defined by (1.6), coincides with the principal eigenvalue of the problem

—Au=a(z)u+ou in S,
0
a—z = b(z)u on T4y, (2.26)

u=20 on 'y,

15
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provided Ty # 0, or o1(a,b) coincides with the first Dirichlet eigenvalue )\?0 of —A —a in
QO Zf Fl - @

Proof. We are assuming in what follows that the principal eigenvalue o3 (a,b) of (2.26) is
finite (see Remark [3). We are also using the convention 0 - co = 0 to handle integrals as
fQ au?, fr bu? when u vanishes in zones of D or A (an equivalent way of avoiding that singular
product is to replace these integrals by |, (0} au?, | fu0) bu?).

Assume that I'y # 0, and observe that functions v € Ht_ () can be extended by zero to
Q, the resulting extensions verifying @ € H},(Q). By using such extensions in the variational
characterization (1.6) of oy (a,b) we obtain

o1(a,b) < i (a,b). (2.27)

On the other hand, let {u,} C HL/(€2) be a minimizing sequence for I in M = {u € H},(Q) :
Jou* =1}, 1 e I(u,) — o1(a,b). Since oy(a,b) is finite, it follows that I(u,) is finite for
large n, and thus u, = 0 in D U A. In view of the smoothness of €y, A, 9Q, N Q, 92y N7,
90y N A and Iy = 09 N T\ A, this implies that u, € H} (Q), and so I(u,) > ot (a,b).
Letting n — oo we arrive at o1 (a, b) > 01(a, b), which proves the lemma.

The case I'; = () is handled in a similar manner. O

Remark 4.

a) An alternative proof of Lemma (10 can be given by substituting a, b by a sequence of
bounded coefficients a,, b, diverging to —oco in D and T', respectively. Setting a, =
max{a, —n}, b, = max{b, —n} (a,,b, € L) we obtain oy (ay,, b,) increasing and,

o1(an, by) < o1(a,b) < J?O(a, b) < oo,

the last inequality being achieved as in Lemma [10. According to the ideas in Remark 13
one obtains that the normalized sequence of positive principal eigenfunctions ¢, € Hr(£2)
converges to some ¢y € H () weakly in H' and strongly in L?(Q2), L?(T"). Thus, Fatou’s
Lemma provides

/ (Vo — ad} - / b2 < 01(a,b) < oo,
Q T

together with ¢y = 0 both in D and I'. Since this implies ¢y € H}, () we obtain from the
previous inequalities,

o1 (a,b) < AVl —adt) — | boj < or(ab).

Iy

This proves again Lemma [10.

b) It can be shown (see the proof of Theorem I3 in Section 4) that the inequality (2.27) is
strict, i. e.,
o1(a,b) < o3 (a,b).
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3. PROOF OF THEOREM |1

This section is devoted to the proof of Theorem 1. For the sake of clarity, we divide it in
several lemmas. The first one is concerned with the necessity of condition (1.8).

Lemma 11. Assume problem (1.2) admits a bounded positive weak solution v € HL () N
L>(Q). Then
01(foos goo) > 0, and o1(fo, g0) < 0.

Proof. We use the variational characterization of the eigenvalues (1.6). Take u as a test
function in (2.1), to obtain

/|Vu|2 /f T, u u~|—/ :E,u)u</ﬂfg(x)u2—|—/rgo(:v)u2

Thus from (1.6) we have o1 (fo, go) < 0.
On the other hand, let

[z, |ul)

[

9(, [ul)

[P

a(x) =

which are bounded measurable functions. Consider the eigenvalue problem (1.5). According
to Lemma (7, the principal eigenvalue o1(a,b) has an eigenfunction ¢ € HL (2). By the
definition of weak solution to (1.2) we have

/Q Vuve — /Q Flou)p+ /F oz, ) > /Q a(z)ué + /F b(@)uo

On the other hand, since ¢ is an eigenfunction, it also follows that

/ﬂ VoVu = /Q a(z)du + /F b(x)du + o1 (a, b) /Q du.

Thus it is clear that oy(a,b) > 0. Since @ > foo, b > oo, it also follows that 0 (feo, goo) > 0,
by the decreasing character of the principal eigenvalue to (1.5) with respect to the weights
a,b. Il

We now prove that condition (1.8) implies that problem (1.2) has at least a positive
weak solution which is additionally bounded (see Section 2). The proof is based on standard
minimization of the functional associated to (1.2), which will be shown to be coercive. Before
proceeding to the proof, we make an extension of f and g by letting f(z,u) = f(x,0) and
g(x,u) = g(x,0) if u <O0.

Lemma 12. Assume f and g verify hypotheses (H) and

Ul(fOOaQoo) > 0, Ul(f07go) < 0.

Then problem (1.2) admits at least a positive weak solution u € HE,(Q) N L>®(£2).

17
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Proof. We are proving that the natural functional .J, whose critical points coincide with
weak solutions to (1.2)), is coercive and weakly sequentially lower semicontinuous. Thus, it
will be standard to obtain a global minimizer of J. Let us begin by seeing that the functional

:%/QNUF—/QF(Lu)—/FG(:r,U),

where F(x,u) fo ) ds, G(x,u) fo r,s) ds, is coercive in H7,(Q).
Suppose not. Then there exists a sequence {un} C HL/(Q) such that |u,|; — +oo, while
J(un) < C, being |u,|} = [, |Vu,|* the equivalent norm involved. Let us show that this will

lead to a contradiction. Set
2= fu g- [
r Q

We claim that (up to a subsequence) t,, — +o00. Indeed, by assumption, it follows that (all
the forthcoming constants will be renamed as C')

1
—/]Vun|2§/F(;E,u)+/G(x,u)+C’§C(l—i—si—l—ti).
2 Jo Q r

If we assume that t,, is bounded, then s, — 400, so that putting v, = u,/s,, we obtain

1 ) 1 t2
2 Q Sn S

Thus there exists v € H (Q) such that v, — v weakly in HL () and strongly in L*(Q)
and L?(09). However, this leads directly to a contradiction since then v = 0 in  while
Jpv* = 1. Thus we may assume t,, — 400. Let w, = u,/t,. It follows as before that

1 1 s
§/Q|an|2 <C <t2 + t_2 + 1) (3.1)

Thanks to Lemma 6, we have that

2
B [ut<e [VuprcE |- [ 1vup+ce
tn I Q Q Q

Thus choosing and fixing ¢ small enough, we get from (3.1) that

1
2 < .
/Q|an] <C <t% + 1> ,

and we deduce again that, up to a subsequence, w, — w weakly in H*(2) and strongly in
L?(Q) and L*(99). In particular, [, w? = 1. Since

1 C F(z, t,wy,) G(z, t,wy,)
A R e e e
Q n r n

F(x,t ¢
190 Sty [ U] gy [ Ol
r

n—-+00 t% n—-+00 t%

»

we arrive at
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However, it can be proved exactly as in [10] that this leads to

/|Vw]2§/ foow2+/ Gool?.
Q QN{w>0} rn{w>0}

Since 01( foo, goo) > 0, the variational characterization (1.6) of this eigenvalue implies that
w’ =0, and thus w = 0, contradicting |w|z2 = 1. Thus J is coercive.

On the other hand the growth conditions (1.3) together with Fatou’s lemma imply that
the functional J is also (weakly sequentially) lower semicontinuous. As a consequence we
obtain that J achieves its global minimum at a function u € H} (). By replacing u with
u*, and since J(u") < J(u), it can be assumed that u is nonnegative. Let us show that it
is also nontrivial.

For this goal, we are proving that there exists ¢ € HJ,(Q2) such that J(¢) < 0 what
implies u # 0. In fact, observe that the condition —oco < o1(fy,g90) < 0 and the variational
characterization of this eigenvalue permit to find a nontrivial and nonnegative function

Y e HL(Q) N LX®(Q), [¢]|e = 1, such that

[iwer= [ = [ a2 <o

G
L

0<t<1,aein Q and 0N respectively, and Fatou’s lemma show that

limsup 7P _ /Q VP - /Q fo? — /F go? < 0.

e—0+ g2

The estimates

so we can take ¢ = e for a small ¢.

Although we have produced an absolute, non trivial and nonnegative minimizer u €
H}(Q) for J we can not still assert that u provides a weak solution to problem (1.2) (see
Section 2). A little more work has to be done and we are next showing that u can be indeed
chosen in L>. To this objective and following [10] we introduce the approximate problems

—Au = fy(z,u) in Q,

ou
— = 3.2
5 ge(x,u) on T, (3.2)

u=20 on I,

where, for k& > 0 an integer, fi(x,u) = max{—ku, f(z,u)}, gr(r,u) = max{—ku, g(x,u)}
if w >0, fe(r,u) = 0, gp(xr,u) = 0 when u < 0. It can be checked that f, g, satisfy
the hypotheses (H) and the more restrictive condition (2.2). Setting fk.0, gk.05 fk.00s Jk.co the
resulting functions in (L1.7) with fi, gx replacing f, g it follows that fo < fro, 90 < gk.o,
foo < froo and goo < gr.oo for every k. Since f, g satisty (1.8) then oy (fx0, gr0) < 0 for every
k. On the other hand,

fk,oo = max{foo, _k}7 Gk,c0o = max{gooa _k}

19
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Since both f., gs are bounded above, the perturbation result (2.23) in Remark 3 permits
asserting that o1(feo, goo) = im o1 (fk,00s Gk.0o)- Thus, o1(fr.cos Groo) > 0 for k large.

According to the preceding discussion, problem (3.2) exhibits a global nontrivial and
nonnegative minimizer uy, € H}, (Q) for the associated functional Ji(u),

1
aw) = [ S1VuP = Rt — [ Gutava)
Q r
Fi(z,u) = [ felz, s)ds, Gr(z,u) = [ gr(z, s)ds. However, due to (2.2), ux now defines a
weak solution to (3.2)). In addition, Lemma 5 implies that u; € L>(€2). To conclude, we are
checking that @ = min{u, uy}, where u € H},(Q2) is the global minimizer constructed above,

satisfies
J(a) < J(u). (3.3)

Then, @ € L*>(f2). Hence, since @ is also a global minimizer, it actually defines a genuine
weak solution to (1.2). For the sake of completeness we are next proving (3.3). In fact, (3.3)
is equivalent to

1
/ {§|Vuk|2 — F($,uk)} —/ G(z,uy) <
{ug<u}n {ugp<u}nl’
1
/ {—]Vu]Q — F(x,u)} — / G(z,u).
{up<u}nNQ 2 {up<u}nl

Since Ji,(uy) < Ji.(v) for all v € HL/(Q), by using v = max{u, u} we arrive at

1
—]Vuk|2—Fk(:c,uk) — Gk(:c,uk) S
2
{up<u}nQ {up<u}nI’
1
[ fme-neol- [ G
{up<u}nQ2 2 {up<u}nI’

Thus, the former inequality follows from the latter by observing that

[ e -Pewl< [ (R - Rew),
{ur<u}nQ2

{up<u}nQ2

[ (Gww-Gewy< [ (G - G},
{up<u}nI’ {ur<u}nl’
This completes the proof of (3.3).
To summarize, we have proved that problem (1.2) has a nonnegative nontrivial bounded
weak solution u. As remarked earlier, u € W2P(Q) N Cu%(Q) for every p > 1 and a € (0, 1).

loc
Thus the strong maximum principle implies © > 0 in €2. This concludes the proof. O]

The uniqueness of solutions claimed in Theorem 1 is a consequence of the following
Lemma (cf. [10] and Lemma 8 in [17]).

Lemma 13. Let u,v € HL(Q) be two bounded positive weak solutions to problem (1.2),
where f(x,u), g(z,u) satisfy hypotheses (H). Then u = v.
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Proof. If u, v are positive solutions to (1.2) the basic key in this approach is using (u*—v?)/u
and (v? — u?)/v as test functions. However we cannot conclude in our problem that u/v,
v/u are bounded (particularly near the interface ¥ = I' N I7). Thus we are modifying the
test functions to be used according to [24]. For € > 0, the quotients (u + ¢)/(v + €) and
(v+¢€)/(u+¢€) are bounded. This implies that both,

(u+e)?—(v+e)? (v+e)?—(u+e)?

Pe = ut e ) e = v+e )
belong to HY, (). It can be easily seen in addition that:
2 2
/Vquoe — VoV, :/ Vu— "] 4+ ’Vu— Vg
Q Q v+ e u—+e

On the other hand,

/ VuVe. — VoV, = / flx,u)p. — f(z,v). + /g(:l?,u)gos — g(z,v)1..
Q Q

r
Therefore we arrive at the inequality,

[ (H2 L2 g - o e

U+ € U+ E

+/F (g(x’“) - g@’”)) ((u+e)? = (v+e)?) > 0.

U+ e v+e€
Our intention is to pass to the limit as € — 0 by means of Fatou’s Lemma. For this aim, we
need to have an upper estimate of the integrands by an integrable majorant. Let us show that
this is possible for the first integrand (a similar calculation holds for the second). Let €y =
{r € Q: flz,u(x)) <0 or f(z,v(z)) <0}, Q={recQ: f(r,u(x)) >0, f(z,v(x)) > 0}.
If x € Qq, we can assume that f(z,u(z)) < 0. Then

(L2 T (et = o4 2

U+ U+ €

:(f(x’“)( L >+(f(‘”’“>—f<””’“>) : )((u+5)2—(v~|—6)2)§0,

U uU-—+e U+ E U v U+ &

(3.4)

since u/(u + €) increases in u, while f(z,u)/u is decreasing in u. The same inequality is
obtained if f(z,v(x)) < 0. On the other hand, for z € Qy, and assuming u(z) > v(z):

few) )
U+ € v+e
while a similar inequality holds if u(z) < v(z). Hence we have shown that the first inte-
grand is majorized by an integrable function in €2, namely C'xq,, where xq, stands for the

characteristic function of €2y. As already remarked, the same thing happens for the second
integrand, and we can use Fatou’s Lemma to obtain from (3.4) that

/Q(f(SJZU) _f(xv,v)>(u2_vg)+/r (g(QZU) _g(ﬁv))(uz—vz)zo.

Taking into account that f(x,u)/u and g(x,u)/u are decreasing, we arrive at u = v, as was
to be proved. Il

) (u+e)—(w+e)?) < flz,u)(ute) <C,
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Proof of Corollary 2. 1t follows from hypotheses (H) that fy, go are bounded from below
measurable functions while f., go, are measurable and bounded from above. If 01 (fuo, goo) >
0 then A\ (—fs) is positive since 01(foo, goo) < AM(—foo). Hence, d1(foo, goo) is well defined
and positive (Remark [3). Conversely, A\ (—fx) and 01(foo, goo) positive imply, in view of
(2.25)), that 1(foo, goo) is also positive.

On the other hand, if one assumes &;(fy, go) < 0 (including the possible value —oo) then
the variational expression of o1( fo, go) immediately gives its negativity. If, on the contrary,
—00 < 01(fo, go) < 0 then a careful checking shows the existence of some ¢ € HE (Q) with the
additional property of being nontrivial on I' such that —oo < [,{|V¢|* — fod*} — [ 90¢* < 0.
This suffices to conclude that —oco < &1(fo, go) < 0. O

4. APPLICATIONS

This section is devoted to the analysis of some applications to particular kind of nonlinearities
in (1.2). Let us begin by considering logistic-type nonlinearities, which lead to problem
(1.11):

—Au = u—a(x)u? in €,

0
8_?: =pu—b(x)u? on T,
u=>0 on I,

where \,uu € R, p,g > 1, and a, b are continuous functions vanishing in €2y C 2 and
'y C T, respectively, €y, 'y satisfying the structure conditions specified in Sections 1, 2
(see the discussion before Lemma [10). Thus, the functions f(z,u) = Au — a(x)u? and
g(z,u) = pu — b(x)u? verify hypotheses (H).

Proof of Theorem |5 and Corollary 4. We first notice that the eigenvalues o (), 7(u) satisfy
o(p) < 7(p) for every p. In fact, their variational characterizations,

[1vul—u [ Vi~ [
o(p) = inf =% L and 7(u)= inf 2o Lo

)
uweHL (Q) 2 weHL (Qq) 2
T/ r
u#0 / u u;ZO u
Q Qo

yield o(p) < 7(p) since functions in Hp (), when extended by zero outside €, belong
to H}/(2). Thus, the second infimum is taken in a smaller set. However, the equality
o(p) = 7(p) never occurs. Otherwise, a positive eigenfunction v associated to 7 and extended
as zero to €2 would define a nonnegative eigenfunction ¢ to ¢ which vanishes identically in
Q\ Q. That is not possible (see the preliminaries of Section 2).

To prove the theorem we only need to compute the eigenvalues o1 ( fo, go) and o1 ( foo, Goo)
in this particular case and checking conditions (1.8). We have fo(z) = A, go(x) = u, and it
is not hard to see that this entails o1(fo, go) = o(1r) — A. On the other hand,

- A in € _ poin Iy
f“(l“)_{ —o0 in D gw(x)_{ —oo in '\ Ty,
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and thanks to Lemma [10, we obtain that 01(fx, 9so) = 7(1t) — A. A final application of
Theorem 1! concludes the proof.

As for Corollary 4 notice that &(fo,go) = 6(\) — g while A (—fx) = A — X with
71(foos goo) = T(A) — u (see notations in Section 1 and Remark 2/ b)). Thus, it suffices to
apply Corollary 2. O]

As a second application consider the inclusion of weight functions w, m € L* modulating
the linear terms carrying the parameters in (1.11). Namely, the problem

—Au = w(x)u — a(z)u? in €,

? = pm(x)u — b(x)u? on T, (4.1)
v
u=20 on I,

where p,q > 1, A, u € R, the coefficients a, b satisfy the hypotheses quoted before Theorem
3 and w, m are not restricted in sign. Problem (4.1) was treated in [11] under significantly
more restrictive conditions: the components I' and IV must be separated (Fﬂf, = ()), the null
set Q) for a can only meet the flux component I' in a whole connected piece, the positivity
of bon I' (IT'y = () and the presence of \ as a single parameter (1 = 1). The very particular
case w = 0,a = 0,m = 1, I" and I'" separated components and also b > 0 on I" was also dealt
with in [25]. In addition, (4.1) was treated in [16] with I = () (a single Robin condition on
o), b(x) =0, p =1, m <0, and more importantly, the restriction Q5 N 9N = 0.

All the results just mentioned are improved as follows. Denoting by a1 (X, 1) and o3 (X, 1)
the principal eigenvalues of the problems

—Au = w(x)u+ou in Q,

0
a—:j = pum(x)u on T,
u=20 on I,
and

—Au = w(z)u+ou in Q,
0
a—z = pm(x)u on Iy,
u =0 on I,

respectively, we can use Theorem [1to conclude that problem (4.1) exhibits a unique positive

solution if and only if either
o1(\ ) <0 < af(\ p), (4.2)

if 'y # 0, or
o1(A, 1) <0 < AP (=Aw), (4.3)

provided I'; = (). It only remains to ensure that the A\ — u regions defined by (4.2) or (4.3)
are always nonempty regardless the structure of the weights w, m (this discussion is missing
n [11]). We are proceeding with elementary methods while a more ambitious analysis is left
for future reporting.

To this aim we are fixing the notation Cy = {a%*(\, ) > 0} and C = {oy(\, ) > 0}.
Observe that by employing the first part of the proof of Lemma 8 it follows that oq (A, i)
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A A ’ A

Figure 3: Existence regions (shadowed) corresponding to I'; # (). Left to right: 1) m > 0,
w >0, 2) m >0, w both signs, 3) m, w having both signs.

and o3 (), ) are also concave in (X, p). Thus, C and Cy are convex. Recall also that
o1(\, 1) < o3 (\, 1) (Remark 4). Thus C C Cp.

Let us consider (4.2) and suppose that m > 0 a. e. in Q. If, say, w > 0 a. e. in Q
then O'?O<)\, @) is concave and separately decreasing in A, p together with 0?0 — Fo00 as
A — Foo while 6 — —co as pp — oo and 01 — A(=\w) as u — —oo. This implies
that 0% = 0 consists of points A = go(y) for a certain decreasing continuous function gq
such that go — —o0 as u — +o00 and gy — )\Sf‘;u as pu — —oo, where A = )\?‘ju stands for the
principal eigenvalue to the weighted eigenvalue problem,

(4.4)
u=0 WS (9(20

{—Au = \w(z)u xz €
Similar properties of oy (A, 1) imply that it defines a corresponding zero set A = g(u), g
possessing the same properties as go but now g(pu) — AP, as p — —oo, where A = A{,
is the principal eigenvalue to problem (4.4) observed instead in the domain 2. Moreover,
since o1 (\, p1) < 03°(\, 1) then g < g and the existence region € defined by (4.2) can be
represented as € = {g(u) < A < go(u)} (Figure 3)). Exactly the same conclusions hold true
if m # 0, w # 0 and their null sets can be represented as {m = 0} = Qg ., {w =0} = Qg
with Qg,, C Q, Qp, C Q smooth domains with the same structure properties as {2y in
Theorem 1/ (Sections 1 and 2).

Let us go a step further and suppose m > 0 a. e. in ) while w exhibits both signs in a
nontrivial way, say w > 0 and w < 0 a. e. in certain balls B, C 2, B_ C €)_, respectively,
which, to simplify the exposition, will be assumed to lie in €25. Observe now that for each p,
o0 (\, ) is concave in A and i (\, 1) — —00 as A — £00, while o3% (X, ) is still decreasing
in 4« for X fixed with the limit behaviour as 1 — oo stated above. Moreover, A (—=\w) as a
function of X has exactly two zeros Ao < 0 < Ao, the principal eigenvalues of (4.4), being
positive in g~ < A < Ag+ and negative outside the closed interval Ao - < X\ < Ag ;. Thus
Co lies in the strip {A\o— < A < Ag+} and by using the variational characterization of O’?O
one checks that ¢{(\, ) < 0 in that strip provided p > M for certain M > 0 (Figure [3).
In addition, 03* (0, 1) has the same sign as (u — p), p1 > 0 the unique zero of 3% (0, 1). By
using the concavity and continuity of 0? °(0, ) it follows the existence of a locally Lipschitz
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function ho(A) with hg — —oo both as A — Ao _+ and A — Ao +—, sup hg > (4 and such that
Co = {1 < ho(\)}. Furthermore, by the decreasing character of ¢ in s, one can shows the
existence of Ao < ¢1 < cp <\ < Ag 4 with hy increasing for A < ¢;, hy decreasing in A > ¢,
while hg = sup hy in ¢; < X < ¢y (¢1 has been chosen equal to ¢y in Figure I3 for simplicity).
On the other hand, the same analysis reveals that C = {u < h(A)} for a function h with
identical properties as hy but defined now in A < A < Ay where \g—~ < A\_ <0< Ap < Mgy
are the zeros of A(—Aw), while h(u) < ho() for every . As a main conclusion, the existence
region &£ defined by (4.2) consists in the set (see Figure 3) & = {h(\) < u < ho(\)} where
for those A\g— < A < Ag; not lying in [A_, A\;] it is understood that points with p < ho(A)
also belong to £.

Suppose next that both m and w are two-signed in a nontrivial way. Consider also
for simplicity that such signs are achieved in I'y and €2, respectively. It follows from the
variational characterization of o3® that Cy is bounded. In fact, boundedness in \ is achieved
by choosing test functions compactly supported in balls in 2y where w keeps its sign. After
that, an election of test functions whose restriction to I'; are compactly supported where m
has a fixed sign shows that Cy is bounded. In particular the same holds for C. Moreover,
since Cy is the positive level set of o3(\, 1), a continuous and concave function, then its
boundary 0Cy consists in a closed Lipschitz curve which surrounds (0,0). Therefore, the
existence region (4.2), 1. e. € =Co\ C1, C1 = {o3°(\, 1) > 0} D C, defines an annular open
region that surrounds (0,0) (notice that C; is convex) and that has dCy as a component of
its boundary. Thus, the existence set £ defines an isola of solutions (Figure 3).

Finally, observe that the analysis of all of the remaining cases corresponding to (4.2)
(T'; # 0) and associated to different combinations of sign in m and w can be deduced from
the previous analysis by merely changing A — £\, 4 — =4 in the functions o;(A, ),
o3 (X, ). On the other hand, the discussion of the case (4.3) (I'; = (}), being much simpler,
is omitted.

Another application of our results is furnished by the class of nonlinear reaction-diffusion
problems
—Au = M — a(z)uP in
ou e
= = —b q T 4.5
ov  1+ku ()ut on T, (45)
u=20 on I,

where p,q > 1, k is a positive constant, coefficients a, b satisfy the structure conditions of
Sections 1, 2 and A, p are regarded as parameters. Problem (4.5) can be regarded as a model
for two couples of parallel reactions occurring both in a medium €2 and in an specific area
I' of its boundary 0f2, being the remaining part I'" of 02 inactive. Such reactions compite
for the same product (u designating its concentration) and the whole process is subjected to
diffusion. Both in €2 and on I' the consumption of u is switched off in 2y and I'y, respectively.
As a main difference with respect to (1.11) and (4.1)), it is assumed that the production of
w in I' proceeds according to a Michaelis-Menten type law (saturation at large values of u).

Special cases of (4.5) have been considered in the literature. A one dimensional version
witha =b=0, A =0, u = 1 is studied in [27] by perturbation methods. The n-dimensional
case witha =b =0, A > 0, I, " separated components (I"” supporting a Neumann condition)
is analyzed in [26] by the method of sub an super solutions ([30] deals with the same case
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but IV = ) and a nonnegative f(x) perturbs the equation).
Under the light of Theorem (1, problem (4.5) has a unique positive solution if and only if,

o(p) <A <o1(o) p e R,

provided I'y # ) or

o(p) <A< M weER,

when 'y # (), being o () = 01(0, 1) (see Theorem B3) and o7 () = 3(0,0) > 0.

Remarks 5. The bifurcation behavior with respect to A and p, of the positive solutions to
the problems (1.11)), (4.1) and (4.5) has not been discussed here by the sake of brevity. To
outline the main features, it can be shown in the case of (1.11), for instance, that positive
solutions bifurcate from zero at the curve A = o(u) (Figure [I), while they bifurcate from
infinity at the curve A = 7(p) if Ty # 0, and at A = A when I'; = 0 (see [18], [8] and [31]
for bifurcation phenomena generated by the boundary conditions).
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