NONLINEAR EVOLUTION EQUATIONS THAT ARE NON-LOCAL IN SPACE AND TIME
GASTON BELTRITTI AND JULIO D. ROSSI

ABsTrACT. We deal with a nonlocal nonlinear evolution problem of the form
// J(x —y,t — 8)[T(y, s) —v(z, t)|P"2(T(y, s) — v(z,t)) dyds =0
R xR

for (z,t) € R™ x [0,00). Here p > 2, J : R®1 — R is a nonnegative kernel, compactly supported inside the set
{(z,t) e R**1 : ¢ > 0} with [fpn, 5 J(z,t)dzdt = 1 and U stands for an extension of a given initial value f, that is,

_ . v(z,t) t>0,
(1) = { Flz,t) t<o.

For this problem we prove existence and uniqueness of a solution. In addition, we show that the solutions approximate
viscosity solutions to the local nonlinear PDE || Vu||P~2u; = Apu when the kernel is rescaled in a suitable way.

1. INTRODUCTION

Our main goal in this paper is the study of nonlinear evolution problems that are nonlocal both in space and
time. Let F(z) = |2|P722 be a power type nonlinearity and let J : R**! — R, a nonnegative, continuous kernel,
compactly supported in the set {(z,t) € R**' : ¢ > 0} with [[,. g J(x,t)dedt = 1. We fix an initial condition
f € L*®(R™ x (—00,0)). Our aim is to look for solutions to the nonlocal nonlinear evolution problem

(P(. ) [ g =t =) Pal.s) = ofant) dyds = 0

for (z,t) € R™ x [0, 00) where we denoted by T the extension by f for ¢ < 0 of a function v defined for ¢ > 0, that is,

_ | v(x,t) t>0,
ol 1) —{ Fat) t<o.

This paper can be viewed as a natural continuation of [1] where the linear case p = 2 was considered. Notice that here
a solution u verifies a nonlinear mean value formula given by P(.J, f).

Our first result deals with existence and uniqueness of solutions. We denote by C the set of uniform continuous
functions, and L*(f) stands for the set of bounded functions with norm less or equal than || f| e (gn x (—oo,0))-

Theorem 1. Let J : R"T! — R be, nonnegative, continuous and compactly supported in the sei{(:c, t) e R*t1: ¢ >0},
with [[pn g J(x,t)dzdt = 1. Let f € L™(R™ x (—00,0)). Then, there exists a unique u € C N L>(f)(R"™ x [0, 00))
that solves P(J, f).

We will use the notation u for a solution with initial datum f and we will say that u solves the problem P(J, f).
Note that here we assumed that the kernel is nonnegative and integrable (singular kernels are out of the scope of this
paper). This fact together with the choice of f € L®(R" x (—o00,0)), makes the space C N L>(f)(R" x [0,00)) a
natural choice to look for solutions (remark that the integral that appears in P(J, f) is finite under these conditions).
Notice that there is a regularizing effect, for f € L>®(R™ x (—00,0)) we obtain a uniformly continuous solution,
u € CNL®(f)(R™ x [0,00)). This is due to the fact that we assumed continuity of the kernel J.

We have two different proofs of this existence and uniqueness result. The first one is simpler. We just prove first
the result for a class of kernels that are compactly supported in the set {(m, HeERML <t <5+ 7}, where ¢ and
~ are positive numbers, (this allows us to easily obtain existence and uniqueness of solutions in the strip ¢ € [0, ) and
then in ¢ € [0,20), etc.). After that we obtain the result for a general kernel by approximating it with kernels in the
previously mentioned class. The second proof is more involved technically and is based on a fixed point argument (we
include this proof here since we believe that it has independent interest). This fixed point strategy was used for the
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linear case in [1], but there the arguments are much simpler due to linearity. The main difficulty here comes from the
fact that the derivative of the nonlinearity F(z) = |2|P~2z vanishes at z = 0.

Concerning properties of solutions we have the following result:
Theorem 2. Under the hypothesis of Theorem 1 the following properties hold:

(1) [Comparison principle] Let f and g in L (R™ x (—00,0)) with f < g. If u and v are solutions of P(J, f) and
P(J,g) respectively, then u < v.

(2) [Continuity with respect to the initial condition] Let f and g in L°(R™ X (—00,0)), u and v solutions of
P<J7 f) and P(Ja g); then Hu - UHLOO(R”X[O,OO)) < ||f - g”LOO(R"'x(foo,O))'

(3) [Lipschitz continuity in space] Let f € L°°(R" X (—00,0)) be such that f(-,t) is Lipschitz with Lipschitz constant
K for every t € (—00,0) and let u be the solution to P(J, f). Then u(-,t) is Lipschitz with the same constant
K for every t € [0, 00).

(4) [Radial symmetry| Let f € L*®(R"™ x (—00,0)), a nonnegative function such that f(-,t) is radial for every
t € (—00,0). Assume that J(-,t) is a radial function. Then, if u solves P(J, f), u(-,t) is radial for every t > 0.
If we furthermore assume that J(-,t) and f(-, s) are radially decreasing for everyt € R and s € (—00,0), then
u(-,t) is radially decreasing for every t > 0.

(5) [Scaling invariance] Let r > 0 and J.(z,t) = —4zJ (%,%). If u is the solution to P(J,, f) and v solves

P(J,r" 2 f(ra,r%t)), then
z
t) = —n—2 Il
u(z,t) =r v(r’ﬂ)

The last point (the scaling invariance) in the previous result suggests that we have to rescale the kernel according to
Jr(2,t) = = J (£, %). We will show that then the corresponding solutions of P(J,, f) converge (along subsequences)
to a viscosity solution to the nonlinear degenerate parabolic PDE

C’(J)||Vu||p72@ = Apu.
ot

Here C(J) is a constant that depends on the kernel J and Ayu = div(||Vu|[P~2Vu) is the well known p—Laplacian
operator. We refer to [10] for definitions and general properties of viscosity solutions (note that the spatial operator in
this equation is not in divergence form and therefore viscosity theory gives the natural notion of weak solutions). This
equation recently deserved attention in the literature due to the presence of challenging regularity problems (note that
we run into troubles when Vu vanishes). Holder regularity for the gradient of solutions was recently proved in [17],
see also [6, 7, 8, 15]. This equation also appears in connection with probability (game theory). It is a natural limit
of value functions of Tug-of-War games with noise when one also considers the number of plays, see [19, 20, 23]. We
just mention here that mean value properties and PDEs are closely related. The fundamental works of Doob, Hunt,
Kakutani, Kolmogorov and many others have shown the close connection between the classical linear potential theory
and the corresponding probability theory. The idea behind the classical interplay is that harmonic functions and
martingales share a common origin in mean value properties. This connection turns out to be useful in the nonlinear
theory as well. In fact, our next result shows that solutions to the mean value formula P(J,, f) with » — 0 and
solutions to the local PDE | Vu|[P~2u; = Apu are related.

To state our convergence result we remark that the problem P(J, f) can be considered with an initial condition
f € L*°(R™). In this case we say that u solve the problem P(J, f) if u solves P(J, f) where f(z,t) = f(zx) for all
t € (—00,0).

Our last result is the following:

Theorem 3. Let J : R"™! — R, J > 0, compactly supported in the set {(x,t) € R**! :§ <t < §+ v} where §
and vy are positive constants, ffRan J(z,t)dzdt = 1, and assume that J(-,t) is radially symmetric. Let f : R® — R
be a bounded function, such that f is C? with bounded derivatives. Then, the solutions to P(J., f) converge along
subsequence uniformly as r — 0 on compact sets to a viscosity solution to the problem

20 _ -
Al|VulP~? 6—1: =B (HVqu Au+ (p—2) | VulP VuD%;Vu) (z,t) € R™ x [0, 00)
u(z,0) = f(z) r € R"

where A, B are two constants that depend on J that are given by

A= // J(z,w)|21 [P~ 2w dz dw and B = 1// J(z,w)|z1|P dz dw.
xR 2 R™ xR
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For the linear case p = 2 the analogous result (approximating the linear heat equation, u; = C(J)Au) was proved
in [1] using a completely different technique.

Concerning approximations of local problems by nonlocal ones, we mention that there are nonlocal (but only in
space) nonlinear problems that approximate the classical p—Laplacian evolution equation, u; = div(||Vu|[P~2Vu). We
refer to the book [5] and [2, 3, 4, 16]. For equations with a singular kernel in space we quote [11, 21, 22, 24| (this
equation is known as the fractional p—Laplacian in the literature).

The paper is organized as follows: in Section 2 we deal with existence and uniqueness of solutions and collect some
properties of them, proving Theorems 1 and 2; while in Section 3 we prove our limit result when rescaling the kernel,
Theorem 3.

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS TO THE NONLOCAL EVOLUTION PROBLEM.

2.1. Existence and uniqueness for some particular kernels J. First, we consider a kernel J : R"*! — R,
J > 0, compactly supported in the set {(x,t) cRMPL: <t < 5+’y} where 0 and  are positive constants, and
JJan g J(x,t)dzdt = 1. The fact that the support of the kernel is § away from zero in time allows us to prove
existence of solutions to our nonlocal problem defined in R™ x [0,6). Next, we find a solution to our problem in the
whole R™ x [0, 00) iterating the previous construction.

Let us start with the following simple lemma:
Lemma 4. Let F(z) = |2|P~2%, a and b real numbers with b < a. Let Gop : R — R be given by
Gap(z) == F(z—b) — F(z —a).
Then, it holds that

+b) _ 1 -
Gap(2) > G<“2 ) = Gala—0!

for every z € R.
Proof. When we differentiate G, ;(z) we obtain
wp(2) = F(z=b) = F'(z=a) = (p=1) (| = b|" > = [z —a’7?) .

Hence G’(2) = 0 if and only if z = (a +b)/2. Moreover, on the left of (a +b)/2, G, ;, <0, and on the right of (a +b)/2,
G, > 0, then we get that at z = (a + b)/2 there is a minimum and hence

0o (33 (£5200) - (252-0) o () 2 (352)

a—bp2a—b_‘—a+bp2 —a+b 1

—1
2 2 2 3 —pz@ b

Now we consider the space
CNL=(f)R" x[0,4)),
where C is the set of uniformly continuous functions and L>(f) stands for the set of bounded functions with norm less
or equal than || f|| e gny(— o0 0y)- The space C N L>(f)(R™ x [0,6)) is a Banach space equipped with the L*-norm.
Theorem 5. Let J : R*! = R, J > 0, compactly supported inside the set {(m,t) eRML: <t < 6+’y} and
uniformly continuous verifying ffRan J(z,t)dzdt = 1. Let f € L®°(R"™ x (—00,0)). Then, there exists a unique
function uy € CNL>®(f)(R™ x [0,9)) such that uy solves P(J, f) in the strip R™ x [0,9).

Proof. Let (z,t) € R™ x [0,0), we define u;(z,t) as the unique value such that
[ =yt =9 es) ~ (e 0)dyds 0.
R™ xR

The integral above is well defined since J(x — y,t — s), as function of (y, s), has support in the set {t — (6 +v) < s <
t—06} C {t—(0+7) < s <0}. The value uy(z,t) is unique because J > 0 and F' is an increasing function. Then,
uq (z,t) satisfies

0= /‘/RHXRJ(CU—?JJ—S)F(LH(:U,$ —uy(x,t))dyds
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where

_ | fly,s) s<0
“1(%5)—{ o) se0.5)

Therefore, u; is the unique function that resolves P(J, f).
Let see that uy € L>(R" x [0,0)). To this end, fix (z,t) € R" x [0,0). If ui(z,t) < = |[f|| o (mr x (—00,0)) then

/ / J@ — gt — $)F(fy, ) — i (0 8)) dyds > 0
R xR
and if wy (2, 1) > [[f]| oo (mr x (—o00,0)) then
/ / I — gyt — $)F(f(y, ) — i (x,1)) dyds < O,
R xR

in any of the two cases we have a contradiction with the definition of u;(z,t). Hence, we conclude that

[ur (@, )] < [1fll oo (Rn x (—00,0)
for all (x,t) € R™ x [0, 4).

Now we have to show that u; € C(R" x [0,6)). To this end, let (z,t) and (z +h,t+k) in R x [0, §), and we assume
without loss of generality that ui(x + h,t + k) < uy(z,t), then we have

O://waRJ(x+h*yvtﬂLk*S)F(f(y,S)*U1($+h,t+k))dyds
—// J(@ —y,t —s)F(f(y,s) —wi(z,t) dyds
R™ xR
:// A@Hh =yt k=) [F(f(y8) — (@ +hot+8)) = F(f(y,8) — wa (e, 1) dy ds

+//11&an [Jx+h—yt+k—3s)—Jx—yt—3s)]F(fly,s) —ui(z,t))dyds.

Hence,

//Rn RJ(w—i—h—y,t—i—k—s) [F(f(y,s) —ui(z+h,t+k))— F(f(y,s) —ui(x,t))]dyds

< //an [J(z+h—yt+k—3s)—Jx—yt—3)|F(f(y,s)—u(z,t))dyds

< // [J(x+h—yt+k—3s)—Jx—y,t—3s)||F(f(y,s) —ui(z,t))|dyds.
R xR

Using Lemma 4 we get

(i, ) — w4 b+ )P

< // J@+h—yt+k—3s)[F(f(y,s) —uwi(z+ht+k)—F(f(y,s) —ui(x,t)]dyds
R™ xR

< [ W@rh— gt k=) = I =t = )| [P (55) = ) dyds
< n(h, K)FR ] )

where wy is the modulus of continuity of J.

Hence, we conclude that u; € C N L®(f)(R™ x [0,4)), with a modulus of continuity of u; depending only on the
continuity of J, f and on the nonlinearity F' (but independent of 4). O

Now, we just iterate the previous result to obtain existence and uniqueness of a solution with ¢ € [0, 00).

Theorem 6. Let J : R"™t — R, J > 0, compactly supported inside {(x,t) € R* :§ <t < §+~} and uniformly
continuous with [[g, o J(x,t)dxdt = 1. Let f € L(R™ x (—00,0)). Then, there exists a unique u € CNL>®(f)(R™ x
[0,00)) that solves P(J, f).
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Proof. We construct the solution of P(J, f) in time strips. First, we build a solution in R™ x [0,¢) and next we
extend it in sets of the form R™ x [(m — 1)§,md) with m € N. Let u; € C N L*®(f) be the unique solution of
P(J, f) in R® x [0,6). Now, let ug € C N L*>®(f)(R™ x [6,25)) the unique function that solves P(J, 1), where @, =
J&Xi<o +u1Xicpo,5), on the strip R™ x [4,2d). Inductively, we can take u,, € C N L% (f) that solves P(J,Uy,_1), where
Up—1 = fXico + Zg}l i Xj(i—1)5,i5), 0N the strip [(m —1)d,md). Then u(z,t) = 3" U (@, ) Xj(m—1)6,ms)(t) solves
P(J,f) in R™ x [0,00). Also [[ul poo (mnx[0,00)) < IIf [l oo (R x (—o0,0y)- The uniquines of u follows from the fact that it is

unique on every strip. With the same argument we have used in Theorem 5 we obtain that u € C. O

2.2. Properties of the solutions. Now we show some properties of the solutions that will be used in what follows.
In the next lemmas will be prove the results only for solutions on the strip R™ x [0,4). Later we will see that we can
extend the results to solutions on R™ x [0,00). We still assume that J : R**! — R, J > 0, is uniformly continuous
and compactly supported inside the set {(33, t)eRML:§<t <5+ ’y} with ffRan J(x,t)dxdt =1 (up to this point
we have proved existence and uniqueness only for this particular class of kernels).

Lemma 7. If u solves P(J, f) and k € R, then ku solves P(J,ef) and u+ k solves P(J, f + k).

Proof. Immediate. O

Lemma 8. Let f and g in L= (R™ x (—00,0)) with f < g, with u and v solutions of P(J, ) and P(J, g) respectively,
then u < v.

Proof. Let (z,t) € R™ x [0,0), then

= //]Ran Tz =yt = s)F (f{y, ) —ul@,t))dyds < // J(x —y,t—s)F (g(y,s) —u(z,t)) dyds.

R™ xR
So, from the definition of u(x,t) and v(z,t), we have that u(z,t) < v(z,t). O

Lemma 9 (Continuity with respect to the initial datum). Let f and g in L= (R"™ x (—00,0)), u and v solutions with
initial conditions f and g respectively. Then |[u = v|| Lo gn(o,6)) < I = 9l e @ x (—00,0))-
Proof. Let e =||f — g|\Loo(RnX(_oo7O)). By hypothesis we have
—etf<g<[f+e
and then by Lemmas 7 and 8 we obtain that
—et+u<v<u-e.

Therefore

[t = 0]l oo (Re x[0,6)) < €

as we wanted to prove. O

Now, let us show that for initial data f with a prescribed Lipschitz smoothness, this Lipschitz smoothness is
preserved.

Lemma 10. Let f € L™ (R" X (—00,0)) be such that f(-,t) is Lipschitz with Lipschitz constant K for everyt € (—o0,0)
and w is the solution to P(J, f) then u(-,t) is Lipschitz with the same constant K for every t € [0,0).

Proof. We fix t € [0,0) and 7 and x5 in R™, then we have

0= //RMR J(@1 —y,t = s)F(f(y,s) —u(z1,t)) dy ds
= // J(Z,t - S)F(f(xl — Z,S) — u(q;ht)) dy ds
R™ xR
- //R RJ(z,t— S)F(f(w1 — 2,8) — f(wa — 2,8) — (u(z1,t) — f(22 — 2,5))) dy ds
= /~/]R”><]R J(z,t = s)F(Kl|xy — 2| — (u(z1,t) — f22 — 2,5))) dy ds

- / / (s — yt— $)F(f(y, 8) — (u(zr, £) — Ky — o)) dy ds.
R» xR

Hence, u(z1,t) — K|z1 — 22| < u(x2,t), and then we get u(z1,t) — u(x2,t) < K|r1 — x2|. In the same way we can show
that u(xe,t) — u(z1,t) < K|z1 — 22| and we conclude that u(-,t) is Lipschitz with constant K for every ¢ € [0,4). O
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Lemma 11. Let f € L®(R" x (—00,0)), a nonnegative function such that f(-,t) is radial for every t € (—o0,0).
Suppose also that J(-,t) is radial for every t € R. Then, if u solves P(J, f), u(-,t) is radial for every t € [0,0).
Furthermore, if we assume that J(-,t) and f(-,s) are radially decreasing for everyt € R and s € (—o0,0), then u(-,t)
is radially decreasing for every t € [0,9).

Proof. First, we show that u is radial. Consider u restricted to the strip R” x [0, d). For (z,t) in that set we have

0= //Ran J(@ =yt —s)F (f(y,s) —u(x,1)) dyds.
Hence, if p is a rotation, we get
0= //Ran J(pz —y,t = s)F (f(y,5) — u(pz,t)) dyds
- //RMR J(p(z — p~ ), t — $)F (f(o~ g, 5) — u(pz, 1)) dyds
- //an J(@—p~ty,t = s)F (f(p~ 'y, s) —ulpa,t)) dyds
N //Ran J(x—y,t —s)F (f(y,s) —ulpz,t)) dyds.

Therefore, u(pz,t) solves P(J, f) in R™ x [0,4), and, by uniqueness, we get u(pz,t) = u(z,t) for t € [0, 9).

Assume now that J(-,t) and f(-,s) are radially decreasing for every t € R and s € (—o0,0), and let us show that
u(-,t) is radially decreasing for every t € [0,0). Fix x; and x5 in R™ with 21 = pxa, u > 1 then our aim is to show
that u(xe,t) < wu(zy,t). Let us first show that

(1) //RRXRJ(xl —y,t—s)F(f(y,s)—L)dyds—//nXRJ(xg—y,t_s)F(f(%s)_L)dydszo

for every L € R. As z1 = pxy with g > 1, there exists a rotation p such that px; = z1e; and pxry = z9e1, where
e1 =(1,0,...,0) and 0 < z1 < 2. Then, as J(-,t—s) and f(-, s) are radial for every ¢ € [0,d) and s < 0, the inequality
(1) is equivalent to

// J(zlel—y,t—s)F(f(y,s)—L)dyds—// J(z2e1 —y,t — 8)F (f(y,s) — L)dyds >0
R" xR R™ xR
and to
/ [ [ mmt = 9F (.5 - Dy dgds
ye]Rn 1
/ / /Jzz—yl, ~7,t — 8)F (f(y1,7,8) — L) dyr dy ds
<0 JyeRn—1
:/ / |:/ J(Zl7y177y7t75)F(f(y17ya5)7L)dyl
s<0 JyeRn-1 [JR
_/ J(Z2 _yla_yvt_S)F (f(y1,?,8) _L) dyl:l d@dS 2> 0.
R

Since J (-, —y,t —s) and f(-,7, s) are radially decreasing for every 7 € R"~1, ¢ € [0,9) and s < 0, we only have to show
that if J : R — R (supported in [—R, R] for some R > 0) and f : R — R are nonnegative and radially decreasing
functions, then

() /R Tz — y)F(f(y) - L)dy — /R J(z2 — y)F(f(y) — L)dy >0
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for 0 < 21 < 29 and every L € R. To prove this fact we observe that
[ e —r() - Dy - [ 32— P - Dy
R R
— [JF( G )~ L) = F( (2~ ) = L] dy

(a2 ) ) o242
(252 (1 (52-) )
(252 -1) (272

where g(2) = F (f (252 +2) — L) — F (f (252 — z) — L), that is a odd function in z with g(z) > 0 for z < 0, since
> f (% — z) for z < 0 (recall that f is radially decreasing and that #25* > 0). Then, let us show

() / J (M + z) g(2)dz > 0,
R 2
As g(z) is odd we have

/J (21 —;22 + z) g(z)dz
R
~|R-sE ) 0 21 + 22
= / J +z ) g(z)dz+ / J| ——=—+2)g(2)d=
_R— 21322 2 —|R— 21322 | 2

‘R7 21322 z +Z
+/ J <122 + z> g(2)dz
0

—|R— 214522 IR_
:/ J(21+22+z)g(z)dz—/
_R— 214522 2 0

|R-21g2 21+ 2
+/ J<12 2+z>g(z)dz
0

_|R—z1t22 |R—
2
— J M—i—z g(z)dz—i— —J m_z +J m_,_z g(Z)dZ
—R—Z1tz2 2 0 2 2

The first integral is nonnegative since .J and g are greater or equal than zero in the set [-R— %, — |R — % |] The
second integral is also nonnegative since —J (2322 — z) + J (2322 4+ z) < 0 for z > 0 (since J is radially decreasing

and 2722 > 0) and g(z) < 0 for z > 0). Then we conclude that (3), and hence (1) hold, for ¢ € [0,0). If we take
L = u(z,t) in (1), we obtain

dz

|
|

z1+z9
2

J (Zl —522 - z) g(z)dz

z1+z9
2

J[ = ut= 9P (F09) ~ ular,0) dyds <0
R™ xR
and this inequality implies that u(zq,t) < u(zy,t) for t € [0, ). O

In the next lemma we assume that the solutions are defined on R™ x [0, c0).

3|8

Lemma 12. (Scaling invariance) Let r > 0 and J,(z,t) = =Ltz J (£, %), Ifu is the solution to P(J,, f) and v solves
P(J,r" T2 f(ra,r?t)), then
t
_ .—n—2
u(z,t) =r v( ,r2>.
Proof. As v solves P(J,r" 2 f(rz,r?t)) then we have

// J(x—y,t—s)F(v(y,s) —v(z,t))dyds =0
R7 xR
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for (z,t) € R™ x [0, 00) where

_ T2 f(ry,r?s) <0,
oy, s) = { v(y, s) t>0.

Therefore,
t t
0:// J Efy,——s F|9(y,s)—v g,— dy ds
R7 xR r r2 r’r?
and then
o m—2yp—1 T t _ r t
0= (r )P //HXRJ<T—y,r2—s>F<v(y,s)—v<r,r2>>dyds
€ 3 —n—2- —n—2 r t
= J=—y, 5 —s|F|(r o(y,s) —r vl dy ds
n xR T T
1 r—y t—s —n—2-(Y S —n—2 r i
//anr”‘*‘QJ( ro o2 >F<r v(;’ﬁ)ir \re dy ds
t
= // Jo(x—yt—s)F(r "5 (g,i> —r 2y E,— dyds
Rn xR r’ r2 r’ r2
where
a2 (Y SN\ _ [ fly,s) t<0
" U(r’ﬂ)_{ r 2 (4, %) t>0.
We have obtained that »~"2v (%, T%) solves P(J, f), and then, by uniqueness, it coincides with u(z,t). O

2.3. Existence and uniqueness for general kernels J. Our aim is to get rid of the hypothesis that the kernel is
compactly supported in the set {(z,t) € R"™ :§ <t < 4§+ ~}.

Theorem 13. Let J : R**1 — R, J > 0, uniformly continuous and compactly supported inside the set {(x,t) €
Rt > 0}, with [[J(x,t)dedt = 1. Let f € L®(R™ x (—00,0)). Let (hm,km) € R™ x (0,00) be such that
(hmy km) = (0,0) as m — oo. Consider Jp(z,t) := J(x — hp,t — kn). Then, if uy, are the solutions of P(Jm, f),
there exists a subsequence u,, that converges uniformly, in every compact subset K of R™ x [0,00), to a limit u €
CNL®(f)(R™ x [0,00)) that solves P(J, f).

Proof. As u,, are uniformly continuity functions and their modulus of continuity is the same for every m, the functions
Uy, are equicontinuous. Also the functions w,, are uniformly bounded. Hence, by Arzela-Ascoli’s theorem and using a
diagonal procedure, there is a subsequence u,,, that converges uniformly to a function u € C N L (f)(R" x [0,00)) in
compact subsets K in R™ x [0,00). Let us show that this function u is a solution to P(J, f). AS wy,, solves P(J,, f)
we have that

0= // I, (& =y, t — 8)F (U, (Y, 8) — Um, (z,1)) dy ds
R™ xR

= // J(l‘ —hpy =y, t =k, — S)F(Tw(ya 3) - Um, (xat)) dyds.
R xR

Since the functions ., (y, ) — um, (,t) are uniformly bounded we get that
[ J(@ = hany = Y5t = by = 8)F (U (y58) = wm, (2,8))] < J(@ = by = g5t = Ky = 8) F(2][ f] oo)-

So, from the dominated convergence theorem, we obtain

0= tim [[ o =t = by = P @ (0,5) — o (0.6) dy s
R xR

l—o0

// J(x —y,t —s)F(uly,s) —u(x,t)) dyds,
n xR
and we conclude that u solves P(J, f). (]

Theorem 14. Let J : Rt — R, J > 0, uniformly continuous and compactly supported in the set {(x,t) € R*1:¢ >
0}, and [[ J(z,t)dzdt = 1. Let f € L>°(R"x(—00,0)). Then there exists a unique function u € CNL>®(f)(R" x [0, o))
that solves P(J, f).
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Proof. By Theorem 13 there exists a function u € C N L%°(f)(R™ x [0,0)) that solves P(J, f).

Let see that such solution w is unique. Let a = sup {’y : fft<7 J(z, t)dzdt < 1}. It is enough to show that u is

unique in R™ x [0, a]. Suppose, arguing by contradiction, that there exists u,v € C N L>®(f)(R™ x [0, a]) that solves
P(J, f) and u # v. Then, there exist v > 0 and a point (z,t) € R x [0, o] such that |u(z,t) — v(x,t)| > v. Let

to = sup {t € [0,a] : fJu = vl oo gnx o,y < V} '

This value is well defined since u(-,0) = v(-,0). Note that ¢ty < «. Then, there exists a secuence {t,, }men With
tm | to and there are x,, € R™ such that |u(zm,tm) — (Tm,tm)| > v. We can suppose whitout loss of generality that
UW( Ty b)) + ¥ < 0(Ty, ty ). Then

0= // J(@m — Yyt — ) F(0(y, 8) — 0(Xm, ) )dyds — // —Yytm — $)F(uly, s) — w(@m,tm))dy ds
R™ xR n xR
=1, + 1L, +III,,.

where

I, = //WOKM J(@m — Yyt — 8) (F(f(y,8) — (T, tm)) — F(f(y,8) — w(xm, tm))) dy ds,
IIm - //< <t J(xm B y7tm o S) (F(U(y’ S) - U(xmatm)) F( (yv ) (xma m))) dy dSa
I, = //t . J(@Zm — Yy tm — 8) (F(0(y, 8) — 0(@m, tm)) — F(u(y, s) — w(m, tm))) dy ds.

From Lemma 4 we have that

1
Iy > fg(v(xrmtm) - u(xm7tm))p_1 // J(@pm — Yy, tm — s)dy ds
2P tm—a<s<0

Now, from the definition of ¢y we have that
II,, < // J(@m — Yyt — 8) (F(uly,s) + v —v(@m, tm)) — Fu(y,s) — w(zm, tm))) dyds
0<s<tg

= //O<s<t0 J(@m =yt = 5) (F(u(y, ) — w(@m; tm)) — F(u(y, s) — u(@m, tm))) dy ds = 0.

1
pP=t // J(y, s)dy ds
22 tm<s<o (v:s)

= //< J@m — Yyt — 8) (F(0(y,8) = 0(@ms t)) — Flu(y, 5) = u(m,t))) dy ds

< 2P |fll,~) / / ot — s)dy ds
toSSStm

=2r@fl) [ Tweas

The first term of the chain of inequalities goes to

pp-l
oY) //t< 3 J(y,s)dyds > 0,
(I-AANe

when m goes to +o0o, and the last term vanishes when m goes to +00. So we obtained a contradiction. |

Then,

Remark 1. The properties of the solutions to P(.J, f) that we proved in Lemmas 7 to 12 can be extended for solutions
to P(J, f) with a general kernel J. We only have to argue as follows: first (considering kernels compactly supported
in {(z,t) e R"™ :§ <t <J+7}) we extend the results to ¢ > 0 iterating the results that we proved in the strip
0 <t < § and finally we extend the results for a general kernel by an approximation procedure.
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2.4. Existence and uniqueness via Banach’s fixed point theorem. Now, we want to provide an alternative
proof for existence and uniqueness of solutions. Here, as fro the previous proof, we assume that the kernel J is

continuous. Let
a—sup{'y:// J(x,t)dxdt<1},
1<y

By == CNL¥(f)(R™ x [0, R)),

with 0 < R < a, as before, C denote the set of uniform continuous funcions and L>(f) stands for the set of bounded
functions with norm less or equal than || f|| 1« gn x(—oo,0))- The space CNL*(f)(R" x [0, R]) is a Banach space with
the L°°-norm.

Let us show that our nonlocal problem has a unique solution in this space. To see this fact we define an operator T :
B; — Bj and, using a fixed point argument (Banach’s fixed point theorem), we will prove existence and uniqueness of
solutions. This task requires extra conditions on the datum f that will be removed latter using a delicate approximation
argument. Let us define T : B; — B;. Given u € By we set

and let us consider the space

Tu(z,t) = Au(x,t)

where A\, (z,t) is the unique value that satisfies the equation
[ se—vt-9F@.s) - A.0) dyds =o.
R™ xR

Note that A, (z,t) is unique due to the fact that F' is increasing and J > 0.

Lemma 15. The operator T is well defined from By to By.

Proof. The argument is similar to the one used in the proof of Theorem 5. Let uw € By and (x,t) € R™ x [0, R]. If
Au(,1) < = [|fll oo (rr x (—o0,0y) then

[ se—vt-9F@s - M) dyds >0
R™ xR
and if A, (x,t) > ||f||Loo(Rnx(_oo’0)) then
// J(x—y,t —s)F(u(y,s) — Au(z,t)) dyds <0,
R™ xR
in any of the two cases we have a contradiction with the definition of 7. Hence, we conclude that
[Au(@, )] < [l oo & x (—00,0) -

Now we have to show that \,(x,t) € C(R" x [0, R]). To this end, let (z,t) and (x + h,t + k) in R™ x [0, R], and we
assume without loss of generality that A, (x + h,t + k) < A\, (z,t), then we have

0= /[RanJ(x+h_y’t+k_S)F(U(yys) — (x4 ht+k))dyds
o // J(I 7y’t7 S)F(ﬂ(yas) - Au(x7t)) dde
R™ xR
- //R" RJ($+ h— y,t+ ke~ S) [F(ﬂ(y’s) B )\u(x+ h7t + k)) - F(ﬂ(y,s) - Au<x7t))] dde

+//n R[J(m—kh—y,t—i—k—s) —J(x —y,t —8)] F(u(y,s) — Au(z,1t)) dy ds.
Hence,

’_ //R A@th—y bt k=) [F(ly, o) = Aule + bt 4 k) = F(ly, s) = Aule, )] dy ds

N ‘//R @th—y itk —s) =@ —yt =) Fa(y,s) - (e, 0)dy ds




and then

NONLINEAR EVOLUTION EQUATIONS THAT ARE NON-LOCAL IN SPACE AND TIME

//Rw RJ(:E—&-h—yﬂH—k—s) [F(u(y,s) — Az + h,t + k) — F(u(y,s) — Au(z,t))] dy ds

S/AWRU@+h_y¢+k—@—J@—yi—@Hﬂﬂ%ﬁ—Aaaﬂwww.

Using Lemma 4 we get

where w;

W()\u(w,t) — Az + h,t + E)P1

<// Jx+h—yt+k—3s)[F(uly,s) — A(z+h,t+ k) — F(uly,s) — Au(z,t))] dyds
R7 xR

< [ Wbtk s) I =yt = 8] [F(@ys) — Au(e )] dyds
nxR

Swi(h B)F 2] f]l g )-
depends on .J. Therefore, we have that A, € C.

Now we prove an auxiliary result.

Lemma

11

16. Let {um tmen be a sequence of functions in By, then, if u,y, — u uniformly in R™ x [0, R] then Tu,, — Tu
uniformly in R™ x [0, R).

Proof. Fix € > 0, as uy,, — u uniformly then there exists N, € N such that

for every

—€ < Un(y,s) —uly,s) < e
(y,s) € R™ x (—o0, R] and m > N.. Given (z,t) € R™ x [0, R], we have

ﬂ(ya S) —€— )‘um (xvt) S W(y, 5) - )\um (fB,t) S ﬂ(ya 5) +€e— >\U7n, ($7t)'

As F is increasing and J is nonnegative we obtain

Hence,

/énRJ“‘yi—@Fww7) (€ + Auy, (2,1))) dy ds
< //RHXRJ(:E—y,t—s)F(W(yJ) — Ao, (@,1)) dy ds

S //]R"X]R J(I d - S)F(ﬂ(y, S) o (76 + A“m (‘rﬂ t)))dy ds.

/] J(& —y,t — $)F@(y, 5) — (€ + My, (2, 1)))dy ds < 0
R™ xR

< J(.’E -y, t— S)F(ﬂ(yv S) - ()\um (xvt) - 6))dy ds
R™ xR

and we obtain that

holds for

for every

Lemma

A, (1) — € < Ay(z,t) < e+ Ay, (2,1)
every (z,t) € R™ x [0, R]. In this way we have proved that
—e < Ay(z,t) — Ay, (2,8) <€
(x,t) € R™ x [0, R] and m > N,. This implies that A, — A, uniformly in R" x [0, R].
17. If u and v belong to L>=°(R™ x [0, R]), then

[Tw = Tl| oo (o x 0, R]) < 1% = VIl oo (e x [0, 7)) -

Proof. The proof follows from the same arguments used in the proof of the previous lemma taking wu,, as v and

€= |lu—

U||L°°(R"><[O,R])‘

O

Now we are ready to show that T is contractive. To this end we need to assume some extra conditions on the datum
f that will be removed latter by an approximation argument.

Lemma

18 (T is contractive). If f verifies that for every (z,t) € R™ x [0, R)
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i) there exists a(xz,t) and b(x,t) such that

inf  f(y,s) <a(z,t) <b(xz,t) < sup  f(y,s)
(y,5)€C(x,t) (y,8)€C(z,t)

where C(x,t) == {(y,s) € R" "' : (y,s) € suppJ(z — -, t —-) and s < 0};
ii) there are sets A(z,t) and B(z,t) with A(z,t) C {(y,s) € C(x,t) : f(y,s) < a(z,t)} and B(x,t) C {(y,s) €
Clz,t): f(y,s) > bz, t)} such that ffA(a:,t) J(x—y,t—s)dyds > dy > 0 and ffB(w’t) J(x—y,t—s)dyds > do > 0;

iii) there exists o > 0 such that o(x,t) = w > o.

Then, the operator T : By — By is a strict contraction.
Proof. Fix u and v in By, and let (z,t) € R™ x [0, R]. Assume, without loss of generality that A, (z,t) < Ay (x,t), then
0= // J(x—y,t—s)F(uly,s) —)\u(x,t))dyds—// J(@x—y,t—s)F(0(y,s) — A\(x,t)) dyds,
R™ xR R™ xR
equivalently,

0= J] 70 = O 0e) =Nyt [ Ta == ) = Aoyl

- (//ta<s<o Tz =yt = 9)F(f(y,5) = Au(z, t))dy ds + //(KN J(@ —y,t — 5)F(u(y, s) — Ao(x,1))dy ds) .

Hence, we have

/ / (@ =yt — $)F(f(y, 8) — Aol £))dy ds — / / J@ —y,t — )F(f(y,5) — Aale, 1)) dy ds

t—a<s<0 t—a<s<0

- / / J(@ —y,t — $)F(u(y, s) — Au(a, £))dy ds — / / T@ —y,t — $)F(u(y, 5) — Ao(e,1)) dy ds.
0<s<t 0<s<t

From the mean value theorem we conclude that

//ti s J(@—y,t — ) F'(C(f(y,8), \u(m,8), Ao (2, 8))) [N (2, ) — Ny (2, 8)]dy ds

] I =t = PO 5). 008 M) A DD [ 5) = 0(05) = A )+ A o Ol s
where the mean value C'(f(y, ), w(T, ), Ay (2, 1)) is between f(y,s) — Au(z,t) and f(y,s) — A\y(z,t), and the mean
value |C(u(y, s),v(y, s), Au(z, t) o(z, )| is bounded by 2||f|l . To simplify the notation we call

Cy:=C(f(y,8), \u(z,t), Ay (2, 1)) and Cy := C(u(y, s),v(y, s), \u(z,t), Ap(,1)).
From the previous identity we get
Au(z,t) = Ao(2,2)]
J(z —y,t — s)F'(Cy)dyds

0<s<t
< flu — U||Loo(Rnx[o,R])
// J(x—y,t—s)F’(Cl)dyds—i—// J(x —y,t — s)F'(Cq)dyds
(4) t—a<s<0 0<s<t
Pl [ swsdds
0<s<R
< Ju— UHLOO(]R"X[O,R]) :
[ 2t Cdis s PRl [ s
t—a<s<0
To obtain the second inequality we have used the facts that F’ is posmve and increasing, that J is nonnegative and
that the function h(z) = 7 is non-decreasing on [0, c0) for every ¢ > 0.

Now we observe that, if we bound |Cy] from below by a positive number (recall that this constant is between
f(y,s) — Au(z,t) and f(y,s) — Ay(x,t)), using that the previous inequalities hold for every (z,t) € R™ x [0, R], we
obtain that

[Au — )\UHL‘X’(R"X[O,R]) <7lu- U”Loo(Rnx[o,R])
with 0 < 7 < 1.

Then our goal is to find a lower bound for [C1]. First, let us assume that || — v|| e gnyjo 5y < €. From Lemma

17, we have that A, (z,t) — A\, (z,t) < 0. Now we analyze three different cases.
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1) Assume that A\, (z,t) < w and \,(x,t) < % Then, for every (y, s) € B(x,t), we have
a(x,t) +b(x,t) bz, t) —a(z,t) _ bz, t) —a(z,t)

f(yvs)_Au('T7t) Zb((E,t>— : D) = : D) > 1 >0
f(y,s) _ )\v(f,t) > b(:l?,t) o a(:C,t)—QI—b(:C,t) _ b(xat) ; a(xat) > b(:[’,t) ;a(il',t) > 0.

2) Assume that A\, (z,t) > w and \,(x,t) > % Then, for every (y,s) € A(x,t), it holds that
a(z,t) +b(x,t) b(x,t) — a(x,t) - b(x,t) — a(x,t)

Au(,t) = fly,s) = 5 a(z,t) = 5 - >0
Mo (2,8) — fly,5) > w o) = M) ga(x,t) _ b - a@t)

3) Assume that A\, (x,t) > w > Ay(z,t). As we have A\, (x,t) — M\y(2,t) < 0 < M for every
(z,t) € R™ x [0, R], we get
b(x,t) —alx,t) _ a(z,t) + b(x,t)
4 = 2 '

Ao(z,t) +
Hence,

1
)\v('rat) > ZG(JJ,t) + zb(x,t)

and then, for (y,s) € A(z,t) we obtain

Ao(@, 1) = fly,5) > Za(z,t) + ib(z,t) — (e, t) = w >,
Mles) = Fl,5) > Sala, 1) + 3b(, 1) — ala, 1) = M -

In any of the three cases we have that |C1| > ¢ in A(z,t) or in B(x,t), therefore, we get

// J(x —y,t —s)F'(Cy)dyds > F'(p // J(z —y,t— s)dyds
t—a<s<0 A(w,t)

= F'(p) // J(y1,51)dy1dsy
A(z,t)
> F'(0)dy >0

or
// J(z —y,t —s)F'(Cy)dyds > F'(p) // J(x —y,t — s)dyds
t—a<s<0 B(z,t)
=F'(o // J(y1, s1)dy1dsy
B(z,t)
> F/ d2 > 0.
Hence,

// J(z —y,t —s)F'(C1)dyds > F'(9) min{dy,ds} > 0.
t—a<s<0

Then, from (4), we get that
Au(@,t) = Ao(@,8) < T [Ju = ]| poo me [0, A7)
for some 7 < 1. As the previous inequality holds for every (z,t) € R™ x [0, R], we conclude that

[Au = Aol oo (mnxo, 7)) < T 1t = vl Lo (mm <0, R))

with 0 <7 < 1.

Assume now that ||u — v||jec(gayjor) = 0 In this case we argue by contradiction. Assume that there is no
0 < 7 < 1 such that

[T —Tol| < 7[lu— o
for every u and v with ||t — || e (gn [o,5)) = - Then, there exist 7 > 0, w;, v in By, with [[u — vi| e (g x(0,7)) = 0
71 — 1 as [ = oo, and such that
[Tw = Toll| = 7 [Jug — wi] -
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As the functions u; are uniformly bounded and are equicontinuous, by Arzela-Ascoli’s theorem, there exists a subse-
quence {uy, }ien that converges uniformly to a function v € B;. By the same argument we can extract of {uy, }ien
a converging subsequence v;, to some v € By. Then, there exist {tm}men and {vm, }meny With w,, — u, v, — v
uniformly and such that

1T U — TOm |l = T ||t — V|
with 7,,, — 1. If we take the limit as m — oo, by Lemma 17 and Lemma 16, we get
[u =l < [|Tu—Tv|| < |lu—vl.

Take v = |ju— || Loe (R x[0,R])> SO We have v > o. From the previous inequality, we can suppose without loss of
X

generality that there exist points (zg,tr) € R™ x [0, R] such that A, (xg,tr) — Au(2g, tx) — v as k — oco. Hence, for

(y,s) € R™ x [0, R], we have
v +0(y,s) — Aul@r, tr) < uly, s) — AulTr, tr).
Then, using again that F' is increasing and that J > 0, we get
J[ =t = 9P - Aot dy s
tr—a<s<0
eyt Oy 0(s) = Nl ) dyds
0<s<ty
<[[ gt = P~ Aot dyds
tr—a<s<0

[ Tt = 9P~ Aulon,t) dy s
0<s<ty,
Now we observe that the second term in the previus inequalitie vanishes, and hence we have

/ / @k — s te — F(f (0, 8) — Ma(zx, ) dy ds
tr—a<s<0

(5)
- //0< <t J(@p =y, te — $)F(v(y, ) — (Aulzp, tr) +v)) dyds < 0.

The first term is equal to I + I1 + I11, where

I= / / et P ()~ Al ) dy s
—// J(xp —y, te — $)F(f(y,s) — Ap(xp, tr)) dy ds
tr—a<s<0
1T = / / Tt F () = Al t) dyds
+ / / ot ()~ Mo ) dy s
111 = _//Ogsgtk J(xr —y, te — 8)F(v(y, s) — Ao (xk, ty)) dy ds

+ //Ogsgtk J(xp —y, tr — 8)F(v(y, 8) — (Mu(zk, tr) +v)) dy ds.

From the definition of \,(z,t) we have that IT = 0. Now, if we show that I tends to cv?~! (with ¢ > 0) as k — oo
and III goes to zero as k — 0o, we obtain that cvP~! < 0, a contradiction.

Therefore we have to prove the two previously mentioned limits.
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First, by Lemma 4 we have

I= / / Tt P ) = Al )y
- / / J@r — s tx — ) F(f (g, 5) — Ao(an b)) dyds
tr—a<s<0

= [ It = ) P 8) = Al ) = P 9) = Aol )] duds

1
2 // J(xp —y,t; — 3) T (Ao (@ tr) = Au(@n, tr))P~ dyds
tr—a<s<0

1
> J(y1, s1)dyrdsy == (Ao (h, tr) — Au(zp, t1))P~" — CrvP7L
R<s1<a 2p 2

k—o00

Finally, as F' is locally Lipschitz, we get

1] = \ J[ == 9F (9 - Mo t)dyds
0<s<tg
/ / @k — gt — $)F (5, 5) — Oulea ) + v))dyds
0<s<tp

< C// J(zr — y, ti — s)dyds | =Xy (xp, te) + A (k. te) +v] — 0
<s<tp k—o0

This ends the proof. O

As an immediate corollary we have existence and uniqueness of local in time solutions to our evolution problem
when f satisfies the hypotheses of Theorem 18.

Theorem 19. If f wverifies the hypothesis of Theorem 18 then for all 0 < R < « there exists a unique function

ur € By = C N L¥(f)(R" x [0,R]) that solves P(J, f) in R™ x [0, R]. Even more, if 0 < Ry < Ry < « then
up, (z,t) = up, (z,t) for all (z,t) € R™ x [0, Ry].

Proof. Since B is a Banach space the existence of up is a direct consequence of the Banach fixed point theorem using
Lemmas 15 and 18.

Now, if ug, solves P(J, f) in R™ x [0, R2] we have that for every (z,t) € R"™ x [0, R;]

[ 96~ vt = 9P @R 0.5) - wr (o )dyds = o

If (z,t) € R" "1 %[0, Ry], since suppJ C {(z,t) € R"T! : ¢ > 0}, then the values (y, s) involves in the above integral lives
in R™ x [0, Ry]. So ug, solves P(J, f) in R™ x [0, R;], then by the uniqueness of solutions ugr, = ug, in R” x [0, R;]. O

Now our aim is to extend this existence and uniqueness result to uniformly continuous initial data f in the same
spaces. That is, we look for a solution to P(J, f) in B; defined in R™ x [0, R]. Before proving this extension we need to
introduce some notations. For m € N we denote by V,,, the set of dyadic cubes of the form I, , =27™[0,1)" +2"™k
where k € Z". We call V;,, 9 the set of cubes I, ; that belong to V;,, and are such that Z?zl k; is an even number,
where k = (k1, k2, ..., k). Analogously, we call V;,, 2141 the set of cubes I, i, that belong to V;,, and such that Z?:l k;

is odd. We also denote W,,, the set of intervals I~m7k =2""™(—1,0] — 27™k where k € N, note that ka C (—00,0].

Lemma 20. Assume that f : R™ X (—00,0) — R is uniformly continuous, and J is a continuous function, then there
exist functions f.,, such that

1) fm satisfy the conditions i) i) and i) assumed in Lemma 18.

2) fn > [ (or f < f) for everym € N,
3) fm — f uniformly as m — oo.

Proof. First, we prove 1). As J is continuous there exist an open set Q C suppJ N {t > R} such that J > 6 > 0 in
2. Hence, for N large enough we have that, for every m > N and (z,t) € R” x [0, R] there exist I, 21(z,t) € Vi, 21,

Lmoi41(x,t) € Vi o1 with Iy, o1(2,8) N Ly grs1(z,t) # 0, and ’Ivm)k(x,t) € W,, such that
I oi(x,t) % fm)k(x,t) C (x,t) — Q C suppJ(x —y,t — s) N {s < 0}
Imota1(2,t) X Iy g(z,t) C (2,t) — Q C suppJ (x —y,t —s) N {s < 0}.
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For m > N we choose r(m) € N such that when |(z,w) — (y,s)| < 27" +1/n+ 1, then |f(z,w) — f(y,5)| < 5=
Let us define f,© : R™ x (—00,0) in the following way

Fws = Y fwouwt Y (Fe9+ - )uls).

m
1€V (m),21 I1€Vi(m), 2141

Hence, for every (x,t) € R™ x [0, R] we can choose sets Ap,(z,t) := Ly u(z,t) X fn(m),k(m7t) and By, (z,t) =
Loy, 2141 (2, 1) X INN(m%k(z,t) contained in (x,t) — Q C suppJ(x —y,t —s) N {s < 0}. Now, if (y1,s1) € An(x,t) and
(y2, $2) € By (x,t) we have that

1 1
fnt(yQ’SQ) - f’rt(ylasl) = f(y2,82) + m fy1,81) > o

If we set

am(z,t) = sup  f(y,s)

(y,8) €A (z,t)

and

(1) = (y,s>elgfn<w,t> 1. 9)
we have

1
a(z,t) — bz, t) > om

independently of (z,t¢). From our choice of the sets A,,(x,t) and B,,(z,t) we have that

// J(x —y,t —s)dyds > po—r(m)(n+1)
A (z,t)

and
// J(x —y,t— s)dyds > go—r(m)(n+1)
B (z,t)

Hence, f,, satisfy all the necessary conditions that appear in i) i7) and 7i) in Lemma 18. In addition, f;; > f for
every m and f,; — f uniformly, hence these functions also satisfy 2) and 3).

Finally, if we define

UEEND S (U B} EYUR ERD DR U IONs

I1€V(m),21 I€V,(m), 2141

with an analogous argument as the one used with the functions f,; one can show that they verify 1), and f,,, < f for
every m with f,. — f uniformly. a

Theorem 21. Let J : R""1 — R be a continuous function, J > 0, compactly supported in the set {(x,t) € R**1:¢ >
0} and [[gn, pJ(x,t)dedt = 1. Let f : R™ x (—00,0) = R uniformly continuous and bounded functions. Then there
exists a unique u € By that solves P(J, f).

Proof. We consider the sequence of functions f;5 constructed in the previous lemma. Then, as they verify f© — f
uniformly, they are a Cauchy sequence in R"™ x (—o00,0). Then, by Theorem 19 there exist u,,, solutions of P(J, f;}),
and by Lemma 9 they are a Cauchy sequence with the infinity norm in R" x [0, B] (note that || fi| e @ (- c0,0) <

1| Lo (e (—00,0)) T L and so lumll oo R x(0,00)) < Nl poe R x (—00,0)) T L), Hence, there exists a function u € By
such that u,, — u uniformly in R™ x [0, R]. Then, as

0z//RnXRJ(Jc—y7t—s)F(W(y,s)—um(%t))dyds
:/\/ti B <OJ(SC7y7t*S)F( Tﬁ(yvs)fum,(m,t))dyd.s

+ //ogsgt J(@—y,t — 8)F(um(y, ) — um(x,t)) dyds
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for every m € N and every (x,t) € R" x [0, R], and as the functions f;; and w,, are uniformly bounded and J(x —-,t—")
isin L', by the dominated convergence theorem, taking limit as m — oo, we obtain

0= //Ran J(z—y,t —s)F(uly,s) —u(z,t)) dyds
://t 3 <OJ(w*y,t*S)F(f(y,s) —u(z,t)) dy ds
i / /o<s<t Tz =yt = s)F(uly,s) = (1)) dyds

and therefore u solves P(J, f) in R™ x [0, R]. Hence, we have existence of solutions.

Let us show now uniqueness of the solution. We argue by contradiction. Assume that v is another function in B;
that solves our problem with the same initial condition f. Then

0= // J(@ =yt = s)F @y, s) = v(a, 1)) dyds.

For m > 1, we take f,© and f,, as in Lemma 20. Let u;}, and u,, the solutions to the problems P(J, f,}) and P(J, f,,)
respectively. Let us see that u, <v <wuf in R™ x [0, R] for every m > 1, and therefore we conclude that u = v.

From the construction of u;, this function is a uniform limit of functions u , that satisfy Tum ;= uj;b i1, and
where u, (o can be chosen as any function in B;. In particular we can take TS o = v. Then, we have that um | satisfies

0= // J(x —y,t —s)F(u), o(y,s) —uy, (2,1) dy ds
R™ xR

for every (z,t) € R™ x [0, R]. Where

On the other hand v satisfies

0= //RWR J(@ —y,t = s)F(@(y, s) —v(w, 1)) dyds

and, since
_  flz,t) t<O,
o, t) = { v(z,t) t>0,
we have that v <u, ul . Hence v(x t) < b (x,t) for every (x,t) € R™ x [0,R]. In the same way, given now that

7 < ), we obtain v(a: t) < ul ,(x,t) for every (z,t) € R™ x [0, R]. With this kind of argument we can show that
v(z,t) < ul . (z,t) for every i € N and as u) . = u this implies v(z,t) < u} (z,t) for every (z,t) € R” x [0, R]. In
an analogous way we can show that u,, (z, t) S v(z,t) for every (z,t) € R™ x [0, R].

As the previous argument works for every m > 1 we have that u,, < v < wuf in R" x [0, R] for every m > 1, as we
wanted to prove.

Let us prove that v € By. As we have that u,, < u < u,, and from Theorem 19 we know that inf f,, < u., and
that u} < fnt,ihen we get inf f,. < u <sup f,,. Taking the limit as m — oo we obtain that inf f <wu < sup f. The
proof that u € C' follows as in Theorem 5. Therefore, we conclude that u € Bj. O

Note that in the previous lemma the hypothesis f is uniformly continuous can be assumed only on the strip
R"™ x (—a,0), where o = sup {’y L <y I (@ t)dwdt < 1}.

Theorem 22. Let J : R"'H — R be a continuous function such that J > 0, compactly supported in the set {(x,t) €
Rt >0} and [[g., g J (@, t)dsdt = 1. Let f : R™ x (—00,0) = R be a uniformly continuous and bounded function.

Then, there exists a unique u € B := C' N L=(f)(R" x [0,00)) that solves P(J, f).

Proof. Let oo = sup {’y : ff7<t J(z, t)dzdt < 1}. We construct the solution of P(J, f) in time strips. First, we build a
solution in R™ x [0, @) and next we extend it in sets of the form R™ x [(m — 1), ma) with m € N.

By Theorem 21 we have that there exists a unique function v, solution to P(J, f), that belongs to the space
By = CNL™(f)(R" x [0, R]) where R is any positive number less than «. Taking the limit R — « we obtain that
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there is a unique function u; that belongs to the space C' N L>(f)(R" x [0,a)) and solves P(J, f) in R™ x [0, ), that
is,

0= //RHXRJ(I—?J,t—s)F(uT(y,s) —uy(x, 1)) dy ds

for every (z,t) € R™ x [0, «v), and where

o | fly,s)  s<0,
m(y,s) - { ’LL1(?J7S) CES [07a)'

Asu; € CNL®(f)(R" x [0,)) we have
||U1||Loo(Rnx[0,a)) < HfHLOO(]R"x(—oo,O)) :
Now we consider this function u; as initial datum (recall that it is uniformly continuous) and then with the same

argument used before we can construct a function us in the space C' N L> (u7)(R™ x [, 2a)) that solves P(J,u7), that
is,

0= //RW,XR J(x —y,t — s)F(@(y, s) — ua(x,t)) dy ds

for every (z,t) € R"™ x [a, 2x), where

o . uil( 58) s<a
uz(y, s) = { ug(z, s) s € |, 2a)

Moreover, we get
[tz oo (rn x o209y < 1Tl Lo (e xf0,0)) = 1102l Lo ®n x(0,0)) S NF I oo (mr x (—00,0)) -

Now we assume that we have proved the existence of functions u,, (m = 1,...K) in the space C N L*(,,—1)(R" x
[(m — 1)a, ma)) such that

0= .//Ran J(@—y,t —8)F(Un(y,s) —um(z,t)) dyds

for every (z,t) € R" x [(m — 1)a, ma), with
__ | mza(y,s) s < (m—1)a,
Ty, 8) = { um(y,s) s €[(m—1)a,ma)
that verify
||u’mHL°°(lR"x[(mfl)am@a)) < Hf“L‘X‘(R”X(fqu)) :

Arguing as we did for m = 2, we can continue and construct a function ug 1 in the space C'N L% (U, )(R™ x [ma, (m +
1)a)) such that

O:// J(x—y,t —8)F(urxt1(y, ) — ux+1(z,t)) dyds
R™ xR
for every (z,t) € R” x [Ka, (K + 1)), where

Uiy, s) = Uk (y,s) s < Ka,
K+11Y,8) = ug+1(y,s) sé€[Ka,(K+1)a).

Moreover,
k1]l oo @ x (o, (4 1)0)) < WK Lo (e x (K —1)a, K a)) = UK Loo e x (K= 1)a,K0)) S N1l Loo r x(—00,0)) -

Then, if we take u(z,t) = up (z,t) where m is such that ¢t € [(m — 1)a, ma), we have that u verifies

0= //}RRXRJ(x—y,t—S)F(ﬂ(y,s) —u(z,t))dyds

for every (z,t) € R™ x [0,00), and

_ ,8) s <0,
u(y,s):{ 58,5§ 520.

Therefore u solves P(J, f). In addition,

||u||L°°(R"><[O,oo)) < Hf”LOO(RnX(foo,O))
and u € C (this fact follows as in Theorem 5).

Let us show that this solution is unique. Assume that there exist two solutions v and v to P(J, f) in R™ x [0, 00).
Then, they are solutions to P(J, f) in R™ x [0, R] for every R < «, but from Theorem 21 we have uniqueness of
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such solution and we conclude that © = v in R™ x [0, ). Now we consider u and v restricted to R™ x [a, 2cv). They
solve P(J,uy). Using again Theorem 21 we obtain u = v in R™ X [a, 2a). In this way we conclude that u = v in
R™ x [(m — 1), ma) for every m € N, and uniqueness follows. O

3. RESCALING THE KERNEL. APPROXIMATIONS TO A LOCAL PDE PROBLEM

Our idea to obtain convergence along subsequences of the rescaled problems is to apply the following variant of the
Arzela-Ascoli Lemma. For its proof we refer the reader to [20] Lemma 4.2.

Lemma 23. Fizo > 0. Let {u, : Q = R, 0 >r >0} be a set of functions such that

(1) there exists C > 0 so that |u,(z)| < C for every o >r > 0 and every z € (, B
(2) given v > 0 there are constants ro and ri such that for every r < ro and any x,y € Q with |x —y| < r1 it holds

fup (2) = up ()] < v.

Then, there exists a uniformly continuous function u : @ — R and a subsequence denoted by {ur;} such that
Up, —> U uniformly in Q,

asr; — 0.

Now we prove that the solutions of the rescaled problem P(J,, f), with J.(z,t) = M%J (%, T%) satisfy the hy-
potheses of the Arzela-Ascoli type lemma.

Theorem 24. Let J : R"™ — R, J > 0, be compactly supported in the set {(z,t) € R"1§ <t < § + ~} where §
and y are positive constants, [[p,. 5 J(x,t)dxdt =1, and J(-,t) is radially symmetric. Let f : R™ — R be a bounded

function, such that f is C? with bounded derivatives. If u, is the solution to P(J., f), with J.(x,t) = T,L%J (%, T%),
then, for all compact set contained in R™ x [0,00), the functions u, satisfies the hypothesis of Lemma 23.

Proof. Note that HUTHLOO(]R“ x[0,00)) = ||fHLoo(]Rn) for all » > 0. So, we only need to prove that the functions u, satisfies
(2) in Lemma 23. Let us show that

1) For all z € R™ and t € [0,07r?], |u.(z,t) — f(z)| < Cr?, with C independent of r.

2) For all x € R™, |u,(z,t1) — u,(w,t2)| < Cr? for |t; — to| < 672, where t; and t, are nonnegatives, and C' > 0
do not depends of r.

3) If [t — to| > 0r? then |u,(z,t1) — uy(x,t2)| < C|t; — ta|, where C is independent of r.

Note that 1) and 2) are enough to satisfies the hypothesis of Lema 23. The condition 3) guarantees that the uniform
limit » in Lemma 23 is a Lipschitz function.

Let us prove 1). Let (z,t) € R™ x [0,5r%]. Since suppJ, C {dr? <t < (§ +)r?} we have that

0= //Ran Jo(x —y,t — 8)F(Ur(y, s) — ur(x,t)) dy ds = //]R"XR Jo(z =y, t — $)F(f(y) — ur(z,t)) dyds
:/ /J(sz)dwF(f(x—?“Z)—ur(m,t))dZZ/ GR2)F(f(x —rz) —up(z,t))dz
. -

where G(z) = [, J(x,t)dt (remark that G is radial). Now we claim that

(6) - G(2)F(f(z —rz) = (f(z) = Cr?))dz > 0
and
(7) [ GEF(f(w—r2) - (f(a) + Or*) d= <0

hold, being C' > 0 a constant independent of r. Assuming the claim we get
f(z) = Cr? <wu(x,t) < f(x)+Cr?
and hence
|ur(2,1) — f(2)| < Or®
for every t € [0, d72].
Let C = ||D2f||Lx [R(J)]?, where R(J) is such that supp(G) C B(0, R(.J)). Let us prove (6). First, we have that

®) F@ = r2) ~ (f(z) — ) = Vf(z) - (=r2) + 52D’ [(€)rz + O
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where £ is in the segment that joins « with z — rz. On the other hand, for a and b real numbers, we have that
©)] F(a—l—b):F(a)—i—/OlF'(a—i—tb)dtb.
Taking in the previous formula a = V f(z) - (—r2) and b = 1rzD?f(&)rz + Cr?, combining (8) and (9) we have that
F(f(z—rz) = (f(z) - Cr?))
= ) PV 2 D) [

p—2

~Vf(x) -rz+t <7§ZD2f(§)z + 0r2) dt (’;zDQf(g)z + Or2) .

Then, since —r?~1 |V f(z) - 2| > Vf(x) - z is a odd function, the integral in (6) is equal to

<p1>/RG<z>/01

and, from the choice of C, this integral is greater or equal than 0. Then (6) is true.

r2
2

p—2 r2
dt (2ZD2f(§)z + cﬁ) dz

—Vf(x) rz+t ( 2D f(€)z + CT2>

Now let us prove (7). Reasoning analogously to the previuos case, we obtain that the integral in (7) is equal to

<p—1>/RG<z>/01

and again, using the choice of C, this integral is less or equal than 0. So we colnclude that (7) holds.

p—2
~Vf(x) rz+t (T;zDQf(g)z — C’r2> dt (T;zDQf(é“)z - C’r2> dz

Let us prove 2). We shall proceed inductively, covering R™ x [0,00) with strips of the form R™ x [0,4r?] for
i=1,2,.... The case i = 1 is done and follows from item 1). Also note if t; € (—o0, d72], t5 € (—o0, 672] then

(10) @z, t1) — @ (2, t2)| < Cr?

for all z € R™ and C do not depends of r.

Now suppose that 2) holds for i = 1,2,...,k and see that it is true for i = k + 1. Let t; € [0, (k + 1)dr?] and
ty € [0, (k + 1)0r?] such that [t; — ta| < dr?, then

0= /[Ran Jr(ﬂf — y,tl - S)F(m(y’ 3) — Ur(I,h)) dy ds
:// Jr(x —y,w)F (- (y, t1 — w) — ur(z,t1)) dy dw
R™ xR

=[] = )Pt = )+ (@t =) =t = w) o) dy o

if t; —w and ty — w are in (—oo,dr?], from (10) we have that
Ty, tr — w) =y, o — w) < Cr?,
and, if t; — w and t, — w are in [0, k672, for the inductive hypothesis, we get
Tr(y,t1 — w) — Ty (y, to — w) = up(y, t1 — w) — up(y, t2 — w) < Cr2.

Then, as J is no negative and F' is increasing, we have
0< [[ s p )Pt - w) - (et) - Cr) dydu
R™ xR

= //RR Jo(x =y, ta = 8)F(Ur(y, s) — (up (2, t1) — Cr?)) dy ds.

Hence

up(z,t) — up(z,t5) < COr?,
similarly we can show

up (2, t2) — up(z,t1) < Cr?,
and then

Ju (2, 1) — up(x, ta)| < Cr2,

where the constant C does not depend on r.
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Let us now prove 3). Suppose now that t; and t, are nonnegatives and such that |t; — t3| > dr2. Then t; belongs
to [m1672, (my +1)6r%] and ty to [madr?, (mg + 1)672]. Assume that t; < to, then madr? — (mg +1)dr? <ty —t, that
implies that ms — my; < tz tl +1< 2t2 41 Hence, if k = ms — m1, we obtain

(z t]+1 = ur(z, t])|

M?r

|up (2, t2) — up(z,t1)|
:0

where o = t; and t, = t» and iv] = (my + j)6r?. Therefore,

to —t 3C
257'2 - = T(h —t)

and we get 3). O

lwp (2, t2) — up (2, t1)| < Cr(k +1) < Cr?3

From Theorem 24 and the Arzela-Ascoli type lemma there exists a sequence of functions w,, that are solutions to

P(J,.,, f) such that u,, converges uniformly to a continuous function u as m — oo on every compact of R™ x [0, c0).
Our aim now is to show that u is a viscosity solution to

u
AV & —B(||Vu||p 2 Aut (p—2) | VulP~ 4VuD2uVu)

where A and B are constants that depend on J.

Before starting to prove this fact we state a result that will be use later.

Lemma 25. Let K : R" — R be a radially symmetric function with compact support, and let 2 < p < co. Then

K@)alfdz=(p-1) | K(z)|al~?f dz
R’!L R"’L

foralll=2,3,....n

Proof. By Fubini’s theorem it is enough prove the Lemma in the case n = 2. Then, if X = (z,y) € R? and R > 0
such that suppK C B(0, R), we have that

R o7 R z
/ K(x,y)|m|pdxdy:/ rpHK(r)/ \cos(@)\pd9:2/ errlK(r)/2 cos?(0)do
R? 0 0 0 -

jus
2

and

R 27 R z
/ K(x,y)\m|p72y2dX:/ Tp+1K(T’)/ |cos(9)|p72sin2(0)d0:2/ rp+1K(r)/ cosP~2(0)sin?(6)do.
R? 0 0 0 -

Let us see that

in fact, integrating by parts que have that

[N

w3

cos?(0)df = (p— 1) / ’ cosP~2(0)sin?(0)de,

jus

/_ P os?(6)d0 = / ¥ os 1 (0)cos(8)d8 = (p— 1) / * cosP=2(0)sin2(0)do.

jus - -z
2 2 2

|

Theorem 26. Let J : R"™1 — R, J >0, compactly supported in the set {(x,t) € R"*1 :6 <t <5+ ~} where § and
7 are positive constants, [[ J(x,t)dzdt =1, and J(-,t) is radially symmetric. Let f : R™ — R be a bounded function,
such that f is C? with bounded derivatives. Then, there exists a sequence of solutions to P(J,. . f), u,, , that converge
uniformly on compact sets to a viscosity solution to the problem

Afvur?2 —B(HVqu 2 Aut (p—2) ||Vu||p_4VuD2uVu> (z,1) € R™ x [0, 00)

u(z,0) = f(x) zeR"

where A= [[on g J (@, w)|z1[P 2w dzdw and B = 5 [[5., 5 J(2,w)|21]P dz dw.
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Proof. For Theorem 24 and Lemma 23 there exists functions u,, solutions of the problem P(J, , f) that converges
uniformly to a funtion u when m goes to infty.

Let’s see that u is a viscocity solutions of the local problem. Let op(x,t) be a C?(R"*1), and assume that @ — ¢
has an strict minimum at the point (x,t) € R™ x (0,00) and Ve(x,t) # 0. Then, as u,,, — u uniformly in a
neighborhood of (x,t), there exist (x, ,tr, ) € R™ x (0,00) such that %, — ¢ has an absolute minimum at (z,_,t, ),
with (z, ,t. ) — (x,t). Then, we have

Tm

Ur, (Y, 8) — @y, 8) > ur,, (Tr,,, tr,,) — 0(2r,, tr,,),
that is,
W(?Ja s) — U, (xT7n7tTm) > o(y, 5) - ‘P(xnmtrm)-

Hence,

F (ur,, (y,8) = ur,, (Tr,,, tr,,) > F(p(y,s) — o(@r,,, tr,,)) -
This implies that

1 -
0= [ (G = 0l = P 0:5) 0, () s
T'm JJrn xR
1
(1) > ] D =t = D F(ol05) =l 1) dyds
m DN
1
= [ I F ol — rmt, — h0) = @l ) d
Tm JJrn xR

Our target will be obtain, taking limit when 7, tends to 0, a local diferential operator acting over ¢ on the right
term of the last inequality.

1
— // J(z,w)F(p(x,, —rmz,ty, —r2w) — @(2,, ,tr, ) dzdw
Tm J JR™ xR
1
= — // J(z,w)F(—=rmVo(z,, ,tr, ) 2)dzdw
T'm R™ xR
1
b [ I Felan, — s, = ) = @, t,)) = P V(o t,) - 2) dzdu
m R™ xR
=1, +1I,,.

First, let us look at I, . Let O be a rotation matrix such that Omim’tw)” = ¢; (note that the first row of O

Vol tr) ). If we make the changing of variables O’z = z, taking account that J(-,¢) is radially symmetric for

S TV @ strm )]
every t, we have that

1
T// J(z,w)F(=rmVo(z,, tr )-2z)dzdw
R? xR

m
v T'm) 4 T 7t'r'
= vamwrmwl// )| TE@rmtr) T V@, tn,)
27 xR TVetenn o] Volrn fr,]

- Vo(Tr,,, tr,) = V‘P(xr )
L N e | e
me R7 xR IVe(zr,,tr,,)ll IVe(zr,, tr,,)ll

p—2
- zdzdw

-O'zdz dw

= —r ! ||V<p(xm,trm)||p*1// J(z,w) |7 [P 2 dz dw = 0.
xR

Let us deal with I, . By Taylor’s theorem we have that if || < |a| then
la+ 8" (a+b) = |al"a+ (p— D]al""*b+ (p — 1)(p - 2)[¢"~ &b
where £ is in the segment that joins 0 with b, and

8(,0(167« tr ) 1 = 82‘»0(xr ty )
Tm o~ m ’tT - - T 7tr - - mV T ;tr vy 2 T\ Tm Pm ) 2 - Z FA\TTm) "Tm )
oy, —rmz,ty, —row)—p(x, t. ) T Vo(Tr,, tr, ) 2=y, ot Wt ij::l dz;07;

zizj+o(r Zm)
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If we take a = —r, Vo(xy,, , tr,,) -z and b = —T%Ww +72,3 i1 %ziq +o(r2,) we have that
for 7., small enought [b| < |a|, then
1
a (F(So(xrm —TmZ,tr,, — r?nw) — (@, tr,)) = F(=rm Ve, t,) - Z))

op(xy, ,tr, ) L[ 1 & oz, tr) (p)
- (p_ p—2 m) T'm _ L2 Z ZP\Tm P m ),
(0~ V)IVelar, . r,) - i = DIVt 572 | 5 30 el + SO0 ).

So, by the dominated convergence theorem

lim I, = lim — // J(z,w)F(p(xy, —rmz, by, — rfnw) —o(xp  tr ) — F(=rmVeo(z,,  t., ) z)dzdw
R™ xR

Tm—0 Tm—>0 Tm

1
= // J(z,w) lim o (F(‘P(xrm TmZ, by, — Tfnw) - ‘P(xrmvtrm)) - F(_TmVQD(xrm,trm) : Z)) dz dw
n xR

Tm—0 T'm

= —(p—l)// J(z,w) |[Veo(z,t) - 2P~ %wdzdw
xR

o1 & P, t)
_ P22 E : gt
(p—-1) //Ran J(z,w) |Vo(x,t) - 2| Qijzl Dm0, zizj dz dw

— I+ 11",
Now
Vela,t) "7 0p(x,t)
IT = — |V, P2 (p // J(z,w) w dz dw
[Vele, o NZEDI ot
dp(x ) Vo(z,t) e
=—||Vp p27 —1// J(O'z,w) |—=—"4- - 0"z wdz dw
[Velz, 2 Zem]

0 t)
:—nwu,t)n”& ) // Iz, w)| A P~2w dz du.
R xR

Let B := 3 [[ J(z,w)|z1[P~%22dzdw (for Lemma 25, B = ﬁ [J J(z,w)|21|Pdzdw), then

Vo(z,t)
H”—7V<pxtp2// J(z,w)
” ) fo e Ne@ol 7| 2

_ Vo(z,t)
— [|[Ve(z, )| 2// J(O'z, -0z
HIvetolr ff oot 0l

=7HW Ol 22 ax 3$ //R i J(Z,w)| 7 [P~2 ZOmoﬂzkzldzdw
(Al X

ki=1

:7HV<P |p22 a$8$ //R . J(Z,w)|z: P~ QZO %)% dz dw
i 7 ny

_ 1 _ n 8 _
=pTHW(x,t)Il” 2 <2320ﬂ L+ (p —1)23051();1)

= 8x (%

p=2 n D?¢(z,t)
E):cic”)'xj

p—2 n

. t7 . >
Z 5‘:318% 0'2);(0'z); dz dw

zizj dz dw

_ _ 0 ,t
=(p—1)B|Ve(z,t)|"~° Z % (Z 0405 + (p — 2)O§1O§1>
ij=1 v =1

p—2 e(x, t) - —~ 0? o(z,t) t
— (- DB[Ve(a ) (Z o (ZO >+<p_2> el oﬂ)

ij=1 ij=1
) - - @(x,t) Op(x,t) Op(x,t)
=(p—1)B|Ve(z,t)| (Aso 2) [[Ve(x, 1) 321 (‘3%833] Oz; Oz

= (p= DBV )" (B 1) + (p = 2) I Vele, )| > Velr, ) D2o(z, ) Vip(a, 1) )
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Therefore, from (11) we obtain

02 - ([[ 1wt 2 wdsan) 9ot 2200

(1) J(w)zi’dzdw) I9(e, 0~ Dol 1

(12) + (p22 // J(z,w)zfdzdw) ||Vg0(3:,t)||p_4 Vgo(a:,t)D2<p(z,t)V<p(x,t)
= AVl n|p? 228D

+ B|[Ve(a, )|~ Ap(e,t) + Blp - 2) [Vela, )"~ Ve(, 1) Do (x, 1) Vo (x, 1).

On the other hand if ¢ (z,t) is a C?(R"*1) function such that @ — 1 has a strict maximum at (x,t) € R™ x (0, 00)
and Vi (x,t) # 0, arguing as before we obtain

I o B
0 < /\/nx]R zZ,w F(w(x Tmzatrm ’rmw) ¢($’t)) dz dw.

Using again Taylor expansion, we get

|p 2 81/)(3: t)
ot

From (12), (13), and the fact that lim w, _(z,0) = f(z), we conclude that u is a viscosity solution to the problem
m— o0

(13) 0 < —A[[Vi(z,1)] +B |V (@, 1) A, 6) + (p—2) B |V, )| Vb (, 8) D>, £) Vb (x, 1).

) _ _
A||VaP~? a? = (Hvuup 2 pu+ (p—2) | Vul? 4qu2uvu) (z,£) € R" x [0, 00)
u(z,0) = f(z) zeR"
as we wanted to show. O
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