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ABSTRACT. In this paper we study the behavior as p — oo of solutions
Up,q t0 —Apu—Agu = 0 in a bounded smooth domain €2 with a Lipschitz
Dirichlet boundary datum v = g on 92. We find that there is a uniform
limit of a subsequence of solutions, that is, there is p; — oo such that
Up;,g —> Uoo uniformly in Q and we prove that this limit u~ is a solu-
tion to a variational problem, that, when the Lipschitz constant of the
boundary datum is less or equal than one, is given by the minimization
of the L%-norm of the gradient with a pointwise constraint on the gradi-
ent. In addition, we show that the limit is a viscosity solution to a limit
PDE problem that involves the g—Laplacian and the co—Laplacian.

1. INTRODUCTION.

In this paper we deal with solutions to the following elliptic problem
—Apu — Ayu =0, in Q,

1.1
(L1) u=g, on 012,

when p is large. Here A, u = div(|Vu[P~2Vu) is the well-known p—Laplacian
operator, (2 is a smooth bounded domain in R, the boundary datum, g, is
a Lipschitz function and we assume that p > q.

Existence and uniqueness of weak solutions to (??) can be easily obtained

from a variational argument. In fact, we just have to look for the unique
minimizer of the functional

YulP Vul?
(1.2) Fa(w) = [ [Vul? |, / Vel
Q P Q q

in the set S = {u e WhrP(Q) : u=gon 89}. We note that, as in [?, 7],
it can be proved that a continuous weak solution is also a solution in the
viscosity sense (we refer to [?] for the definition of viscosity solutions).

Once we have existence and uniqueness of a solution, that we call u, 4
in the sequel, we deal with our main goal in this paper, the study of the
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asymptotic behavior of u,, as p — oco. We find that there is a uniform
limit, u, extracting a subsequence if necessary, and show that there is a
variational limit problem as well as a limit PDE that are verified by .
This is the content of our main result that we state below.

Theorem 1.1. Let uy,, be the solution to (??). Then, for any fizved q there
is a sequence p; — oo such that
Up; g = Uoo
weakly in WL (Q) (for any fived r € (1,00)) and uniformly in Q2. The limit
Uso belongs to WH°(Q) and verifies
HVUOOHLOO(Q) < max{L, 1}
where L is the Lipschitz constant of the boundary datum g.

If L < 1, then uy is the unique solution to the following variational
problem

YVl
(1.3) min / [Vl ,
IVul<l,ulon=g Jo ¢

while when L > 1 we have that us s a minimal Lipschitz extension, that
18, Uso 1S @ Solution to

(1.4) min |[[Vul| e q)-

ulan=g

In addition, us is a viscosity solution to the following PDE problem

—Asu =0, in QN {|Vu| > 1},
(1.5) —Asou =0, in QN {|Vu| =1},
—Agu =0, in QN{|Vu| < 1}.

Remark that, due to the strict convexity of the L9-norm, there exists a
unique solution to (??) therefore we have existence of the limit lim;,_,o up 4
in the case L < 1, but we point out that uniqueness of the limit is left open
for L > 1.

Note that the fact that u is a solution to (??) when L < 1 does not
imply that it verifies the equation —A,u = 0 in the whole ) since we have
the constraint |[Vu| < 1 in (??) (that is not necessarily fulfilled by the
g—harmonic extension of the datum g even if it has a Lipschitz constant less
than one). Also note that when L > 1 we don’t necessarily have —A,u =0
in the whole 2.

Equations involving the sum of a p—Laplacian and a Laplacian (also
known as (p;2)-equations) arise in mathematical physics, see, for example,
[?] (quantum physics), [?] (plasma physics) and [?, ?]. On the other hand,
the limit of p—harmonic functions as p — oo, that is, solutions to —A,u =0
in 2, has been extensively studied in the literature (see [?] and the survey [?])
and leads naturally to the infinity Laplacian given by A u = (D2u Vu) -Vu.
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Infinity harmonic functions (solutions to —As.u = 0) are related to the op-
timal Lipschitz extension problem (see [?] and the survey paper [?]) and
find applications in optimal transportation, image processing and tug-of-
war games (see, e.g., [?], [?], [?], [?], [?], [?] and the references therein).
Also limits of the eigenvalue problem related to the p-laplacian has been ex-
haustively studied, see [?], [?], [?], [?], [?]. For limits in anisotropic problems
like — >, (|ug, |P~2ug, )z = 0 we refer to [?], [?], [?], [?] and [?].

Regarding the ideas and methods used in the proofs we point out the
following facts: the proof of the uniform convergence of u, 4 to us is based
on a priori estimates, that imply weak compactness in Sobolev spaces. After
that, one can verify the passage to the limit in the viscosity sense taking
care of the different cases that appear. Remark that (??) is not continuous
as a function of the gradient and hence we have to use the upper and lower
semicontinuous envelopes of the PDE in the definition of a viscosity solution.

In the next section we prove our main result, Theorem ??; in Section
7?7 we present as an example that illustrates the main features of the limit
problem the radial case in an annulus; and in the final section we comment
briefly on possible extensions.

2. PROOF OF THEOREM 77.

First, we show that u,, is uniformly bounded in a Sobolev space. We
use v the absolutely minimizing Lipschitz extension (AMLE) of ¢ (that is,
a function that extends ¢ inside ) and minimizes the Lipschitz constant in
every subdomain, see [?] for the existence and properties of AMLE functions)
as a test function in the variational problem for u, 4, (77), and we get

/|Vup,q|p+/ |Vtp,ql? S/ |Vv\p+/ Vol _ g <LP+L">,
Q p Q q Q P Q 4q p q

Here L is the Lipschitz constant of g (note that for the AMLE extension of
g we have |Vv| < L a.e. in Q). Therefore, we get

1/ 1/
</ ‘vupaQ‘p> b < |Q‘1/p (Lp + Lq) p.
Q p p q

Hence, we obtain, taking p — oo,

p\ 1/p
(2.1) lim sup </ M) < max{L, 1}.
Q p

p—o0

Now, we argue as follows: we fix r € (1,00) and for any p > r large enough

we obtain
1/r 1/p
([1vwal) " < ([ 19uar) "t <c.
Q Q

Hence, extracting a subsequence p; — oo if necessary, we have that

Up,qg — Uoco
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weakly in WhHT(Q) for any 1 < r < oo and uniformly in Q. From (??), we
obtain that this weak limit verifies

1/r
(/ yvuoov> < Q" max{L, 1}.
Q

As we can assume that the above inequality holds for every r (using a
diagonal argument), we get that us, € WH*°(Q) and moreover, taking the
limit as r — 0o, we obtain

Voo <max{L, 1}, a.e. x €.
Now assume that L < 1 and take v such that |[Vv| <1 and v = g on 92

(the set of such functions v is not empty since we can just consider as before
the AMLE of g in Q). From our previous arguments we get

/|Vupq|q /’V“pq|p /|v“pq|q /’vv|p+/ |Vul
p q
/\Vv\q .
~p Qo 9

Hence, passing to the limit as p; — oo we obtain

/ |Vttoo|? / Vol
<
Q q Q 49

and we conclude that u is a solution to the variational problem (?77).

The fact that us, is a solution to (??) when L > 1 is immediate since
we have proved that |Vue| < L a.e. x € Q in this case (note that L is
the smallest value that ||[Vvl| e () can have among functions that take the
boundary datum g on the boundary).

Now, we look for the equation verified by the limit u, in the viscosity
sense.

To this end, we first recall the definition of viscosity sub and supersolution
to a nonlinear PDE problem of the form

H(Vu, D*u) = 0, in Q,
(2.2) { u =g, on 0.

In general the function H can be discontinuous. Then we denote by H*
and H, the upper and lower semicontinuous envelopes of H, respectively,
defined as

H*(z,5) = lirr(l)sup {H(Z,5) : |z=2|+|5-85|<¢}
e—

for z € RN and S € SV (we denote by SV the set of symmetric matrices in
RV*N) and

H.(z,5)=—(—H)"(z,59).
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Definition 2.1. A lower semicontinuous function u defined in 2 is a viscos-
ity supersolution of (??) if, ulpq > g and, whenever o € Q and ¢ € C?()
are such that u — ¢ has a minimum at xq, then

H*(Vé(x0), D*¢(z0)) = 0.

An upper semicontinuous function u defined in § is a viscosity subsolution
of (?7) if, ulsq < g and, whenever xo € Q and p € C*(Q) are such that
u — @ has a mazimum at xq, then

H.(V(xo), D*¢(x0)) < 0.

Finally, a continuous function u defined in ) is a wviscosity solution of
(??) if it is both a wviscosity supersolution and a viscosity subsolution.

In what follows we will keep the notation used in the above definitions.
That is, by ¢ we will denote the test functions such that u— ¢ has a minimum
in ) and by ¢ the test functions such that v — ¢ has a maximum somewhere
in €.

We refer to [?] for more details about general theory of viscosity solu-
tions, and to [?] for viscosity solutions related to the co—Laplacian and the
p—Laplacian operators.

In our case, to deal with (??), we define, for = € RY and S € SV a
symmetric real matrix,
—(S - z,2) for |z] > 1,
(2.3) H(z,5)=1 —(5-22) for |z] =1,
—|z|92trace(S) — (q — 2)[2|974(S - z,2)  for |z] < 1.

As this function H is discontinuous, our first step is to characterize its
upper and lower semicontinuous envelopes, H* and H,. The upper semi-
continuous envelope of H, is given by

—(S-z,2) for|z| > 1,
max{ — (S z,2),

—|2|72trace(S) — (¢ — 2)|2|94(S - 2, z)} for |2| = 1,
—|z]9 2trace(S) — (q — 2)|2|974(S - 2,2) for |z] < 1.

H*(z,S) =

The lower semicontinuous envelope has the same expression except for the
case |z| = 1 in which the max is replaced by

min{ — (8- 2,2), —|2|9 %trace(S) — (g — 2)|2|774(S - 2, z>}

Now, we show that a uniform limit of u,, is a viscosity solution to (?7).
We only have to check that us, is a solution in the sense of Definition 77 with
H given by (??) since the boundary condition, u = g on 01, is immediate
from the uniform convergence in €.
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First, we check that u., is a viscosity supersolution. Let zg € 2 and a
test function ¢ such that us, — ¢ has a strict minimum at xg.

From the uniform convergence of w4 to us as p; — oo we obtain the
existence of a sequence z; € () such that x; — z¢ and u;,, ; — ¢ has a
minimum at ;.

As uy, 4 is a viscosity solution to (??) we have

o) —(pj — 2IVOP Acetp(y) — [V > Ad(a))
—(q = 2)IVel" *Ancd(z)) — V| 2 Ad(;) > 0.
First, assume that [Vé(zg)| > 1. We want to show that
—Axd(z0) > 0.

From (?7?), using that |[Vo(z;)| = |[Vé(xo)| > 1, we get,

- i Aate > 1 VO
Acd(zo) = lim (~Do(z))) > lim o Ad(a;)
j—o0 \ j—00 (pj —2)
@=2) 1O | ey + 1907 ) =
+(pj -2) ‘V¢|Pj—4 Aood)(x_]) + ‘V¢’pi_4 Agb(wj) =0,

as we wanted to show.

Now, assume that |V (zg)| < 1. We want to show that
—Agp(x0) = 0.

Using again (?7) together with the fact that |Vo(z;)| = |Vo(zo)| < 1, we
obtain

~Ayda0) = lim (~Ag0(z;)) > lim [Vo[»2Ad(a))
+j — DIVOP ™ Asc(zy) = 0,

as we wanted to show.

In the case |V¢(zp)| = 1 we need to show that

max{ — Asod(x0), —Aq¢(x0)} > 0.
Here we argue by contradiction. Assume that
(2.5) —Asod(g) <0, and — Ayp(z0) < 0.

Note that (??) implies that Vé(xg) # 0 and hence V(z;) # 0 for j large
enough.

Suppose first that
(pj — 2|Vl (x)) £ 0
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for a subsequence. Then, we use again (??) to obtain

\V4 2
(a—2) Vol Vo[
(-2 |V¢|Pj—4A°°¢($j) ~ (p— 2)|V¢|pj—4A¢(xj) > 0.

Taking limit as p; — 0o, we get —Ap(xp) > 0, a contradiction.
When
(pj — 2)[V[PP~*(z;) = 0,

we just use (77),

~(p; = 2)IVIP  Asci(z5) — VoI 2 Ad(x)) — Agg(a;) = 0,

and we reach again a contradiction letting 7 — oo since in this case we
obtain —A,¢(zo) > 0 (note that since we have (p; — 2)|Ve|Pi~4(z;) — 0 it
also holds that |V¢|Pi—2%(x;) — 0).

Now, to prove that u is a viscosity supersolution we argue similarly. In
this case, take z¢ € {2 and a test function ¢ such that u — ¢ has a strict
minimum at xg.

From the uniform convergence of w4 to us as pj — oo we obtain the
existence of a sequence z; € ) such that x; — zo and uy, ; — ¢ has a
minimum at ;.

Now as uy; 4 is a viscosity solution to (?7) we have the reverse inequality
to (?7) for ¢ that is

—(pj — 2)|VeP  Ascip(a;) — |VelPI 2 Ap(x;)

(2.6)
—(a = 2)[Vel " Acip()) — [Vl Ap(z;) < 0.

If [Ve(xo)| > 1, we aim to show that

—Asop(xg) <O0.
From (?7?), using the fact that |[Vp(x;)| — |[Ve(zo)| > 1, we get
. Vel
¢(z0) Jim, o(x;) Jm e —2) e(z;)

(g—2) [Ve|7* ,
oy~ ) [Vt =)

as we wanted to show.

+

Now, assume that [Vo(zg)| < 1. We want to show that

_AqSO(JUO) <0.
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Using again (??) together with the fact that |[Vp(x;)| = |Ve(zo)| < 1, we
obtain
—Agp(z0) = lim —Agp(x;) < lim [Vl Ap(z;)
Jj—o0 j—oo
+(pj = 2)| Vel ™ Aoip(5) = 0,
as we wanted to show.

Finally, for the case |Vy(xo)| = 1 we want to show that

miﬂ{ — Asctp(o), —chp(mo)} < 0.
Again we argue by contradiction. Assume that
(2.7) —Asop(xg) > 0, and — Agp(xo) > 0.
Note that this implies that V() # 0 for j large enough.
Suppose first that
(pj = 2)|VeplPr = () # 0
for a subsequence. Then, we use again (??) to obtain

[Vel?
—Agcp(z;) — Ap(z;
Pla) — oy Ala)
(¢—2) [Vp|i [Vpl|i?

_ AOO Ti) — —
0 = 2) Vg1 ) ~ g

Taking limit as p; — 0o, we get —Ap(xp) < 0, a contradiction with (?7).
If

Ap(x;) <0.

(pj — 2)IVelPi = (z;) — 0,
we use (??) in the form
—(pj = 2Vl Asep(xj) — [Vl 2 Ap(a) — Agp(;) <0

and we reach again a contradiction letting 7 — oo since in this case we
obtain —Ayp(rg) < 0 (note that (p; — 2)|Ve[Pi~*(z;) — 0 implies that
[VelPi=4(z;) — 0).

The proof of Theorem ?7? is thus completed.

3. AN EXAMPLE

As an example, we consider the case in which the domain is an annulus,
Q={z:a<|z|<b}
and the boundary datum is given by

9(x) = ga for |z| = a,
glx) =gy  for |z| =0,
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for two constants g4, gp. Let as assume that g, < gp. In this case we look
for radial solutions to our limit problem. We have that a radial solution to
the g-Laplacian is given by

"1
(3.1) u(r) = 01/ S—ads + e
7o
with
-1
a=" and r=|z|.
qg—1

If uso = uq then we look for ¢; and ¢y such that
u(a) = ga and  u(b) = g.
Taking 79 = a in (??) we get

9b — Ga
Co = gq and = S5——

fbids.

a s

Now we note that the maximum of |Vu| is located at » = a and there we
have

ul(a)zﬁ 9b — YGa

a® ba~ 4o’
fa s dS
and we need
b«
a
9b — Ya < 7ad5
s
a

to fulfill the constraint |Vu| < 1. When this condition holds we have that
our limit u is the g—harmonic extension of the boundary datum and is
given by (?77).

When this condition does not hold, then we look for a zone close to r = a
in which the solution u is a cone of slope one, that is

u(r) =gs+r—a for a < r < ro,

and a g—harmonic function, given by (??), for ro < r < b. In this case,
continuity reasons imply

Ja +T0 —a =ca, and c=ry.
Now we have to choose r( in such a way that
b ro
gp = u(b) :/ %ds+ga+ro—a
ro S
that is,
b .«
To
9b ~ YGa 2/ —5ds+ 19 —a:= H(rg).
ro S
Note that
H(a) < gy — ga, H'(ro) >0and HbO) =b—a> g, — ga
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when the Lipschitz constant of the boundary datum is less or equal than
one. Hence, for

b a®

b—a>gy—ga > —ds,
SOC

a
we infer that there is a unique solution to H(rg) = g» — ga such that a <
ro < b and in this case the solution us is a cone for a < r < rg and a
g—Harmonic function for rq < r < b.

Finally, for
9 —9ga=b—a

we have that the solution is the AMLE of the boundary datum and hence
it is given by the cone

b — r—a
too(r) = ga + I bg_)(a )
Therefore, we conclude that for an annulus the limit function u is given

by

b 4o
UQ7 fOI' 9b — Ga S fa %ds7 b oo
Uoo = §  CONEX(a,rg) T UgX (ro,b)s forb—a>gp—g4. > |, S=ds,
cone, for gp — g, > b—a.

Here u4 stands for a ¢g—harmonic function with appropriate boundary values.

Remark 3.1. Remark that the example of the annulus shows that there
are boundary data g with Lipschitz constant strictly less that one such that
the limit us is not given by the g—harmonic extension.

Remark 3.2. For a small boundary datum it holds that u. = wu, the
g—harmonic extension of g in 2. This fact holds for general domains and
data not only for the annulus. In fact, if we take a fixed g and consider
as boundary datum a multiple of it, g = kg, we have that the solution
to —Agqu = 0 with u|pn = gk, that we denote by uqy, is a multiple of
the solution with datum g, that is, u,x = kug1 and since |[Vug 1|z~ (q) is
finite we conclude that there exists kg such that for all k¥ < kg it holds that
Vg kllLee @) = Kl Vg1l L) < 1 and then for those k we get uoo = uq.

Remark 3.3. In the case of the annulus it also holds that for large k the
limit %o is the AMLE of g = kg in Q. In fact, this phenomena is general
for every datum g such that the AMLE v of g in €2 is such that there exists
a positive constant ¢ such that |Vv| > ¢ > 0. Indeed, in this case, for k
large enough, we have k|Vv| > 1 and therefore |Vus| > 1 a.e in Q. Hence
Uso 18 infinity harmonic in  with boundary values g and we conclude that
Uso 1s the AMLE of g in €, see [?].
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4. EXTENSIONS

We can also consider the case in which ¢ — co as well as p — oo. In this
case (that is simpler than the one presented here) we just obtain that there
is a unique limit us, that can be characterized as being the unique viscosity
solution to

(4.1)

—Agu =0, in €,
U =g, on 012,

that is, us is the AMLE extension of g in 2. Remark that in this case we
have uniqueness for the limit problem (see [?]) and hence the existence of
the full limit limy, ;00 Up 4.

The results presented here can be extended to the non-homogeneous case,
that is, we can consider the problem

{ —Apu — Agu = f, in Q,

4.2
(4.2) u =g, on 012,

and we obtain that, for a continuous right hand side f and a fixed ¢, the
limit PDE problem is given by —Asu = 0 when |Vu| > 1 and —Aju = f
in Q when |Vu| < 1 with the boundary condition © = g on 9f2, while the
variational limit problem is given by

Ay
min — | uf,
IVul<l,ulon=g Jo ¢ Q

when L < 1. The uniform bounds needed to pass to the limit can be obtained
as in [7?].

Finally, let us point out that we can consider the pointwise gradient con-
straint to hold only in a subdomain D C {2, that is,

: / [Vul?
min .
Vu|<1in D, Jo 4

ulon =g

In this case, we only have to consider the functional

[Vul? /Iqu
Fyq(u) = +
p.a(t) b P 0 g

and assume that the set
{ueWh(Q) : u=gondQ and |Vu| < 1in D}
is not empty.
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