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Abstract
We study the possibility of defining a nontrivial continuation after the blow-up
time for a system of two heat equations with a nonlinear coupling at the bound-
ary. It turns out that any possible continuation that verify a maximum principle is
identically infinity after the blow-up time, that is, both components blow up com-
pletely. We also analyze the propagation of the singularity to the whole space, the
avalanche, when blow-up is non-simultaneous.

1 Introduction and main results

We consider solutions (u,v) to two heat equations in the half line, R}y = (0, 00),
{ U= tee e Ry x (0,7), (1.1)
UVt = Vg,
with a nonlinear flux coupling at the boundary

{ —ug(0,t) = uP11(0,¢)vP12(0, 1),

0, (0,8) = uP (0, )oP2(0, 1), '€ (0, 7). (1.2)
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The initial data

u(z,0) = uo(z),
{ o(@,0) = vo(a), r e Ry, (1.3)
are assumed to be nonnegative, nontrivial, continuous, integrable and bounded. We will
also assume that they are compatible with the boundary conditions, so that solutions
may be (and will be) understood in a classical sense. In order to have a totally coupled
system, we impose the condition p;; > 0 on the nonlinearities. We also require the
monotonicity in time of the solution, u;, vy > 0. This hypothesis, which is common in
the literature, is satisfied if u{j > 0 and v > 0.

The time T' denotes the maximal existence time for the solution (u,v). If it is infinite
we say that the solution is global. If it is finite, we have

limsup {||u(-,t)|loo + ||v(:st)]|0c} = 00,
t,/T

and we say that the solution blows up. There are solutions of (1.1)—(1.3) which blow up
if and only if the exponents p;; satisfy any of the following conditions,

pii>1, paa>1, piapar > (1 —pi) (1 —pa2),

see [16]. The study of blow-up due to reaction at the boundary, both for scalar problems
and for systems (like the one under consideration here), has attracted a lot of attention
in recent years, see for example the surveys [4], [6], [11] and the references therein.

The speed at which blow up takes place (the so called blow-up rate), that can be
obtained as in [2], implies that for any x # 0 there is a constant K = K(z) such that
supye(o,m{lu(@,t)| + |v(z,t)[} < K. Hence, (u,v) blows up only at the origin. Thus,
there may be a nontrivial extension of the solution for times ¢t > 7' in some weak sense.
If such a continuation exists, blow-up is said to be incomplete; otherwise, it is called
complete. Complete blow-up was first studied for problems where the nonlinearity occurs
in the equation as a reaction term, u; = uze + f(u), see [1], [9], [10], [11], [12], [13], [18].
For the scalar version of the present problem complete blow-up is proved in [7], see
also [17].

Our first aim is to study whether blow-up for problem (1.1)—(1.3) is complete or
not. A natural way of obtaining a continuation consists of approximating the reaction
nonlinearities in the boundary conditions by a sequence of functions that yield global
in time solutions, and then pass to the limit in the approximations. Thus, we solve the
heat equations (1.1) with initial data (1.3) and boundary conditions

{ —uz(0,) = £, (u(0,1)) f32(v(0, 1)), f20
—02(0,8) = fH(u(0,)) f32(v(0, 1)), ’
where
' (s) = min{sP,nPi}, (1.4)

to obtain a globally defined solution (uy,,v,). Since the coupling functions fTiLj increase
with n, the same is true for u,, and v,. Hence one may attempt to extend the solution



after T' by taking the limit

lim u, =, lim v, = .

n—oo n—oo
The extension (u, V) obtained in this way is known in the literature as the proper solution,
see [10], [11]. Tt is a minimal solution in the sense that any solution that satisfies a
comparison principle must be above it. Next theorem shows that both components
of the proper solution, and hence both components of any other reasonable extension,
become infinite after the blow-up time; i.e., blow-up is always complete.

Theorem 1.1 If a solution of (1.1)—(1.3) blows up at a finite time T, it blows up com-
pletely. More precisely, for all x € [0,00) the proper solution satisfies that

u(x,t), 0<t<T, v(x,t), 0<t<T,
ﬂ(:ﬂ,t) = }i/H%u($,t), t=T, ﬁ(lﬁ,t) = }i/ﬂ%v(m,t), t="T,
00, t> T7 oo, t>T.

Observe that blow-up is complete for both components even if one of them remains
bounded up to the blow-up time, a possibility that is not excluded a priori. Indeed,
for certain choices of the parameters p;; there are initial data for which one of the
components of the system remains bounded while the other blows up. This phenomenon
is commonly denoted as non-simultaneous blow-up. The possibility of non-simultaneous
blow-up in nonlinear parabolic systems was first mentioned in [19], and has been studied
more thoroughly later in [3], [15], [16] and [20]. For problem (1.1)—(1.3) this possibility
was analyzed in [14], [16]: there exist solutions such that u blows up at time 7" while v
remains bounded up to this time if and only if

p11 > pa1 + 1. (1.5)

Since blow-up takes place only at one point and there is complete blow-up, at t =T
an instantaneous propagation of the blow-up singularity to the whole spatial domain
takes place, what is called an avalanche, see [17], [18].

The avalanche may be regarded as a discontinuity at the blow-up time between the
nontrivial blow-up profiles

u(x, T™) = th/n% u(z,t) and v(x,T7) = th/n% v(z,t),

and the trivial values taken afterwards,
a(z, Tt) = oo =o(z, TT) for all x € [0, 00).

In the case of non-simultaneous blow-up, say u blows up while v remains bounded up
to time T', the discontinuity at ¢ = 7" between ©(x,7~) (which is finite everywhere)
and v(x, TT) (which is infinite everywhere) is even more striking. In the sequel we will



confine ourselves to this more appealing case, assuming that u blows up while v remains
bounded up to t = T~. In particular, (1.5) holds and we have p1; > 1.

The instantaneous propagation of the singularity to the whole domain has a coun-
terpart when we consider finite, but large, values of n: the propagation of k-level sets
for k large. Our next aim is to explain the evolution of such level sets. We will devote
special attention to k = n?. Let us remark that the study of the approximate problems
for large n is in many cases (combustion, chemistry) more realistic than the blow-up
problem, which is a mathematical idealization.

Let t,(k) be the first time when u,(0,¢) = k and ¢,(k) be the first time when
v (0,t) = k. Hence t,,(n) and t,(n) are the times at which truncations (1.4) start taking
place. In the next result we estimate these times.

Theorem 1.2 Let n be large enough and let 0 < v < 1. It holds,

T —ty(n?) ~ n-2u-1 (1.6)
n—2p217 D22 > 17

ty(n?) =T ~ n~?P21 logn, po2 =1, (1.7)
n—2p21+27(1—p22)’ pog < 1.

By f ~ g we mean that there exist constants ¢q,co > 0 such that c1f < g < cof.

Since p11 > 1, ty(n) /" T as n — oo. However, the behaviour of ¢,(n) depends
on the involved exponents. It may happen that ¢,(n) — oo as n — oo (this occurs if
p21 +p22 < 1). This does not contradict the complete blow-up result for T, since the size
of v, for t > T can be very large for t ~ T without reaching the level n before a long time
after T'. In fact, when poy < 1, t,(n?) — T as n — oo if and only if v < pa1 /(1 — pa2).

When poo > 1, the order of magnitude of the quantities t,(n?) — T does not depend
on 7. Are they equal up to leading order? The answer is given in the next theorem:
they are equal when poo > 1 and differ by a constant coefficient depending on v when
p22 = 1.

Theorem 1.3 Let n be large enough and let 0 < v < 1. It holds,

(1) If pag > 1, then t,(n) — t,(n?) ~ n2(1P22=1)=p21)

n2p21
(ii) If poa =1, then lim
n—oo logn

(to(n) = to(n7)) =1 1.

Next, we want to describe how the level n starts to propagate to the interior of the
domain. To this aim, we define
vp = lim v(0,t
T t/ T ( )

and look at times which are close to ¢,(n), and scale u, by a factor n so that we get
something of order one. If we want the new dependent variable to be a solution to the



heat equation, we also have to scale the space variable. The following result shows how
the n-level set of u, evolves for times ¢t ~ T close to the origin, x ~ 0.

Theorem 1.4 There exists a nontrivial function ® : Ry x R +— R such that

lim nilun(n*(pufl)y,tu(n) + niQ(pufl)T) =®(y,7),

n—oo

lim U'ﬂ(n_(pn_l)yu t”LL(n) + n—2(p11—1)7_) =vr,

n—oo
uniformly on compact subsets of Ry x R. The limit ® depends on the initial data only
through vr.

Theorem 1.4 implies that the n-level set of w, written in terms of (x,t) is given
approximately by the 1-level set of the limit function ® written in (y,7) variables,

{(z,t) : un(z,t) =n}=~{(y,7) : ®(y,7) =1}
These sets are related through the transformation
z=n"Pu-by t=ty(n)+ p=2en-1

A monotonicity argument shows that the 1-level set of ® can be expressed as the graph
of some increasing function g. Since t,(n) =~ T', this in turn implies that the n-level set
of u, is given approximately by

{(z,t) : == n*(pllfl)g(nQ(pnfl)(t - 1))}

Remark.  The function that describes the onset of the avalanche for u reaches the
truncation level 1 at some finite time. Hence, its long time behaviour is given by a
self-similar solution of the heat equation in the half-line with inwards flux equal to v’%”

at the boundary, i.e.
~ P12 1/2% (i)
w(y7 T) UT T 7_1/2 9
where ® solves ®”(£) + $£@(£) — ®(£) = 0, —®'(0) = 1, see [17] for the details. Using
this asymptotic behaviour we see that the k-level set of u,, behaves as

k
_ 1/2g-1
y=717"'°® <v§327'1/2> .

We have described the onset of the avalanche for the u variable. However, since the
obtained profile for v is the constant v, there is some lack of information concerning the
spatial shape of the v variable. To obtain a more precise description of the behaviour of
v, we have to look at times which are a little bit larger.



Theorem 1.5 There exists a nontrivial function ¥ : Ry x [0,79) — R such that
lim v, (n™ "'y, T + n—2p217_) =V(y,7), (18)
n—oo

uniformly on compact subsets of Ry x [0, 7). The time 19 verifies 0 < 19 < 00 if pe2 > 1,
T0 = o0 if pao < 1. The limit ¥ depends on the initial data only through vr.

Remark. If poo > 1 the limit function ¥ blows up at the threshold time 7 = 7.

Remark. The fact that 79 has to be finite for pso > 1 and not for pogs < 1 could have
been guessed from Theorem 1.2.

The behaviour of the n-level set of v, in terms of the graph of some increasing
function follows arguing as we did before for wu,,.

Theorems 1.4 and 1.5 provide information near the origin close to the blow-up time.
To completely describe the avalanche, we also give the behaviour of both components,
u, and vy, for fixed (x,t), with ¢t > T.

Theorem 1.6 Let

71 = p11+ P12, Y2 = p21 + P22 if p21 + p22 > 1,
P12p21 P21 .
Nn=puti——, Y2 = if p21 + p22 < 1.
1 —pa2 1 —p2
There exist profiles ¢ and ¥ such that
lim n™ "y, (x,t) = p(x,t), lim n™ v, (z,t) = Y(x,t),
n—oo n—oo

uniformly on compact subsets of [0,00) x (T,00). The limits ¢, ¥ are independent of
the initial data.

The quantity po1 + p22 measures the combined strength of the two reaction factors in
the boundary condition for v. If it is above 1, reaction is big, and v,, reaches the n-level
quickly, in a time t,(n) — T as n — oo. Hence, for any time ¢t > T all truncations
have taken place for n large. Thus, u, and v, are both solutions of the heat equation
with inwards boundary fluxes given respectively by nP11*P12 and nP21+P22, What the
theorem says is that we have to scale precisely by these powers of n if we want to obtain
a non-trivial limit. Consider now p21 + poo < 1. Given any fixed time ¢, the truncation
of v, takes place afterwards for all n large enough. In this case the exponent s which
gives the size of v, coincides with the critical value of v below which ¢,(n”) goes to T
The adequate value of 7, follows by inserting the size of v, in the boundary condition
for u,. In any case, the scaling exponents v, 2 are the only ones such that t,(n),
ty(n7?) do not go neither to T nor to infinity, see Section 3.

Our last step consists in considering the asymptotic behaviour of u,, and v, ast — oco.
Since we are considering t > t,(n), both truncations have taken place. Again, u, and



vy, are solutions of the heat equation with inwards boundary fluxes given respectively by
nP1TP12 and pP21 P22 As is well known, solutions to this problem with integrable initial
datum converge, uniformly on compact subsets, as ¢ goes to infinity to the solution of the
same problem with zero initial data, see for instance [17]. This solution is self-similar,
and coincides with the limit functions of Theorem 1.6 in the case pa1 + poo > 1.

Remark. The nontrivial limit profiles that appear in Theorems 1.4, 1.5, and 1.6 are
solutions of explicit problems, see Sections 4 and 5.

ORGANIZATION OF THE PAPER. In Section 2 we prove complete blow-up for both
components, Theorem 1.1. The estimates for ¢,(n?) — T and t¢,(nY) — T that give us
the right scalings to describe the avalanche are gathered in Section 3. It includes both
the case v < 1, Theorem 1.2, and the case v > 1. In order to deal with this latter case
we have to study the size of u, at time t,(n), a result that is interesting on its own.
Section 4 is devoted to prove Theorems 1.4 and 1.5, which describe the onset of the
avalanche. Finally, in Section 5, we prove Theorem 1.6.

Throughout the paper C, ¢ denote constants, independent of n, which may be dif-
ferent in different occurrences.

2 Complete blow-up

Proof of Theorem 1.1. We can assume without loss of generality that u blows up at
time ¢t = T'. If this not the case, then v has to blow up, and the same proof applies
interchanging the roles of v and v. The component v may blow up or not, since we have
not assumed a priori that blow-up is non-simultaneous.

For times before the blow-up time, ¢ < T, (u,v) is bounded. Hence, if n is large
enough, (u,v) solves the truncated problem up to time ¢t and therefore u,(x,t) = u(z,t)
and v, (x,t) = v(x,t).

To study what happens exactly at t = T" we use the monotonicity with respect to ¢
and a comparison argument. For ¢ < T" we have

tli/Hjlj’LL(:L’,t) > Un(l'aT) > Un(x7t)'
Taking limits as n — oo, and using that lim w,(z,t) = u(x,t) for t < T, and then
n—oo
letting t T, we get

lim w(z,t) > lim u,(xz,T) > lim u(z,t).
t/T n—00 t,/T

The same applies to v.
To end the proof we have to study the behaviour for ¢ > T. From the previous step
we know that h/n% u(0,t) = lim u,(0,7). Since u, is increasing in time and u blows up
t n—oo

at the origin,
oo = lim u(0,t) = lim u,(0,7) < lim uy(0,t), (2.1)

t,/T n—00 n—00



and we conclude that the proper solution, w = lim wu,, is identically infinite at the
n—oo

origin for ¢ > T'. In order to propagate the singularity to the whole interval for both
components we use the representation formula obtained from the heat kernel. Let I" be
the fundamental solution of the heat equation in Ry X (0, c0), namely

T(z,t) = (m;l 5 exp ({i) .

For z € R, we have

t Qu,,

un(,t) = /R+ un(y, 0)I'(z — y, 1) dy — ; 5y Ot —7)dr -

t
T
- /0 un(O,T)g—x(m,t —7)drT.

Since I' and the boundary flux, —(u, ). (0, 7), are both nonnegative we can bound w,, (z, t)

from below by

t or
> - = (z,t—7)dr.
up(x,t) > /0 un (0, 7) o (x,t —7)dr

From (2.1) we have that u,(0,t) > M if n is large enough, how large depending on M.
Hence, for any 0 < 6 <t —T,

T+6 or
nlx,t) > M ——(z,t — .
Un (2, t) /T < o (z,t 7')) dr

We conclude that
lim uy,(z,t) = oo, t>T, x€Ry.

n—oo
This proves complete blow-up for wu.

To obtain complete blow-up for v we also use the representation formula. Since v,
grows due to the influence of u,, through the boundary flux, we keep the flux term in
the bound from below:

vn(@, ) > /O P2 (1 (0, 7)) f2 (0 (0, 7)) (£ — 7) dr-

From the monotonicity of the solutions we have that v, (0,t) > v,(0,0) = v(0,0) = ¢ > 0.
Therefore, if n is large enough and for any 0 < d <t — T,

T+
vn(x,t) > MP? P2 / D(x,t —7)dr.
T
This implies complete blow-up for v, that is,
lim v, (z,t) = oo, t>T, xR,y

n—oo



3 Time estimates

The aim of this section is to find estimates for the differences t,,(n?)—1T and t,(n?)—T
for different values of ~.

As blow-up is non-simultaneous, the u component touches the level n before the
v component, which is bounded up to time 7. Since the solutions of the truncated
problems coincide with those of the non-truncated one until some component reaches the
level n, we have t,(n) < T < t,(n?Y) for any v > 0 and large n. If v > 1, t,(nY) > t,(n).
However, we cannot state at this point whether ¢,(n?) lies before or after 7. The aim
of this section is to estimate the times ¢,(n”) and ¢,(n?) for any v > 0. In order to
compute t,(n?) for v > 1 we need to estimate the size of u,, at time ¢,(n), a result that
is interesting on its own.

In the sequel we use the notation

1
o — P21 8=

(p22 — 1)’ 2(p22 — 1)

for a couple of exponents that will appear frequently.

3.1 Estimates for 0 <y <1

Proof of Theorem 1.2. We first obtain an estimate for ¢,(n”), which will then be used
to estimate t,(n?).

Estimates for t,(nY). Since t,(nY) < ty(n) < T for v < 1, from the blow-up rate of u,
which is known to be, see [8],

maxu(z, ) = u(0, ) ~ (T — ) oD, (3.1)

xT

we can obtain the estimate for ¢,(n”). Indeed, from (3.1) we get
N~ (T =ty (n)) T,

which is equivalent to (1.6).

FEstimates for t,(nY). We look at the problem satisfied by v, for times larger than
ty(n). For these times the nonlinearity that involves the u variable is truncated. Hence,
v, 1S a solution to

(vn)t = (Vn)az, (z,t) € Ry x (ty(n), o0),
—(vn)2(0,¢) = np21f7212(”n(07t))7 t € (tu(n),0), (3.2)
vp(x,ty(n)) = v(z, ty(n)), r e Ry,

Since blow-up is non-simultaneous, v is bounded up to time 7. Hence the initial datum
in (3.2) is also bounded, v(z,t,(n)) < v(z,T). The idea is comparing v,, with a self-
similar solution z which has an explicit formula, so that ¢,(n?), the first time when z
reaches level n7, can be computed.



The function z(z,t) = n=*(T — t) P(z(T —t)~1/2), is a self-similar solution
to (3.2) for times at which f22(z) = 2P22, i.e., for t < t,(n). See [8] for the existence of
the profile ¢, which has an explicit formula.

If we take n=*T# < C, then z(z,0) = n= T Pp(zT /%) < v,(x,tu(n)). Using a
comparison argument it follows that

2(z,t) < wvp(x,t+tu(n)), 0<t<ty(n).
Since v < 1, t,(n7) < t,(n), and hence
to(n?) < tu(n) +t-(n7). (3-3)
But we have an explicit estimate for ¢,(n?):
20,4:(n")) = n" = n~(T = t.(n"))"7$(0).

Hence
T _ to(n?) ~ n~ 20 P22 =1 4p21) (3.4)

and therefore, using that T < Cn~2 = Cn=2P21 we get
t.(nY) < —COn20p2=1)+p21) 4 Oop=221 < O 221 (3.5)

From (3.3) using the non-simultaneous blow-up condition on the exponents, p2; < p11—1,
we obtain,

to(n?) = T < ty(n) — T +t.(n?) < —Cn 201~ 4 Op=2%2 < O~ %2,

On the other hand, if we now choose C, independent of n, so that n-e7—58 > C, we
get z(x,0) > vy (z,ty(n)) and hence

z2(z,t) > vp(x, t + ty(n)), t>t,(n).
Using the same idea we get t,(nY)—T > en~?P21 and conclude that t,(nY) — T ~ n~2P2L,

The same argument can be carried over considering the self-similar solution

2(x,t) = n(T+t)Pp(x(T+t)"1/2). The main difference between this and the previous
case is that now, since pay < 1, the estimate (3.5) becomes

t.(n)) < —Cn 2022 =1)Hp21) | O =221 < Oy~ 200 (P22 1) Hp21)
respectively >. In this case, we conclude that

ty(n?) =T ~ _n2(p1-1) + n2(=p22)v=2p21 , ,2(1=p22)7—2p21_

In this critical case, if we look for a self-similar solution as before, o and 3 are

not well defined and hence we take as self-similar solution of (3.2), z(z,t) = Ke® 5,

10



with @ = b%> = n??! and K a constant. Arguing as before, taking K small or big, so
that z(z,0) ~ v, (z,t,(n)), we obtain t,(nY) — T ~ n=2P21 logn. O

Remark. As a byproduct of this proof we have obtained that
v(x,t+ty(n)) ~ z(x,t), (3.6)

for times 0 < t < ty(n) ~ ty(n) — ty(n), with z the self-similar solution defined before
according to the sign of paa — 1. We also obtain that

—2p21

n ) p22 > 1,

L (1) ~ to(n) — tu(n) N{ i) 21 (3.7)
and for pos = 1 a better estimate

P21tz (n) P21 (ts(n)—tu(n))

n. (3.8)

Remark. Using (3.3) and (3.4) we get T — (t,(n) — ty(n)) > (T — t-(n)). An analogous
computation proves the reverse inequality. We conclude that

T — (ty(n) — tu(n)) ~ T — t.(n) ~ n = 2P2—1)=221 (3.9)

Proof of Theorem 1.3. We use the same technique used in the proof of Theorem 1.2,
but taking as initial time t,(n”). Let us sketch it briefly for pag > 1: v, is a solution of

(Un)t - (Un)x:m (%,t) € R-f— X (tv(n)7 00)7
—(vn)z(0,1) = P2 £22(0,,(0,1)), t € (ty(n?),0), (3.10)
vp(x,ty(nY)) =n?, r e Ry,

If we take n~*T " ~ n7, then z(x,0) = n_af_ﬂgﬁ(xf_lﬂ) ~ vp(z,ty,(n7)), and
hence, by comparison

ty(n) ~ ty(n7) +t.(n). (3.11)
~ 14+ +a
Since T — t,(n) ~ n_%, we conclude, using that v < 1, that t,(n) ~ n~F and
+a
therefore from (3.11), t,(n) — t,(n7) ~ n O

3.2 Sizes

Next theorem gives an estimate of the size of u,, at time t,(n).

Theorem 3.1 The size of u,, at time t,(n) is

npll*P21+p12+1*p22’ Pag < 14+ D12,
un(0,ty(n)) ~ ¢ nP7Plogn, p22 = 1+ p12,
nPrr, p22 > 1+ pio.

11



Proof. Let t,(n) <t < ty,(n) and d(n) = t,(n) — ty(n). For those times we have that u,
is a solution of the heat equation with boundary and initial data given by

{ _(u”)z(oﬁ t) ~ npuvgm (07 t)?

Un(x, ty(n)) ~n.
Consider @ a solution to the heat equation in Ry x (0, 00) with

—Uz(0,t) = nP1oh2(0,t + ty(n)),

{ i(z,0) = n.

A comparison argument gives that w,(x,t + t,(n)) ~ u(x,t).
Using formula (2.2) we can estimate u(0,t) at d(n). Indeed,

d(n)
(0, d(n)) = / Ay, d(n))T(y, d(n)) dy + /0 aPIR2(0, 7 + £, (n))T(0, d(n) — 7) dr

Ry
d(n)

~ n + nPt / vP12(0,7)(d(n) —7')*1/2 dr =n+ nP].
0

Hence, our aim is estimating I according to the estimates we have for v,, see (3.6), in
order to get the size of u,, at t,(n).

~

Using (3.6) for 0 < t < ty(n)—ty(n), we have v, (0, t4t,(n)) ~ n=*(T+1t)~P.

Hence,
d(n) _
I~ / n=oP2(T + 1) PP2(d(n) — 1)~ dr
0

)
_ pom / (T + )12 (d(n) — 7)Y dr
0
aw/z

< COn~ P12 (d(n)*l/2 / (T + 7')751’12 dr
0

_ atw)
+ (T + d(n)) P22 /d ICOR dr)

< On~oP12 (d(n)—1/2(d(n) + T\)—ﬁpu-‘rl + (f + d(n))—ﬁp12d(n)1/2>

< Cn P12 d(n) —5P12+1/2’

where we have used that d(n) ~ n=2P2172(1=p22) > T ~ p=2P21 gee (3.7). On the other
hand,

d(n) -
[~ / n=om2 (T 4 )=Pme (d(n) — 7)~Y/2 dr
0

A )
> o (T 4 d(n))~Pme / (d(n) — )" V2 > CnmoPi2g(n)Bma+i/?,
0
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We conclude, using again (3.7), that
(0, ty(n) — tu(n)) ~n+ nplln*041012n*2(p21erzz*1)(*/51012+1/2)7

and hence un((), tv(n)) ~n+ nP11—p21+pr2+l—pa2 ., pP11—p21+pi2+1-paz

According to (3.6) we set vy (x,t + ty(n)) ~ Ke® % so that

d(n)
I~ / 2 (d(n) — 7)"V/2 dr
0

d(n
26“p12(d(n)—d(n)/10gn)/ ) (d(n) — 7)"Y2dr > CnPr2nP2
d(n)—d(n)/logn
where we use that d(n) ~ n?"2! log(n) and estimate (3.8).

Following the idea of the case psg < 1, we split I into two integrals that are treated
in a different way, in order to obtain a bound from above,

d(n)
I N/ e™127(d(n) — 7')_1/2 dr
0
d(n)—d(n)/logn
= / P27 (d(n) — 1) Y2 dr
0

d(n)
+ / 27 (d(n) — )V 2dr
d(n)—d(n)/logn

d(n)—d(n)/logn
< npzl/ eP12T -
0

d(n)
+ nPr / (d(n) — 7)7Y2dr < CnPr27P2,
d(n)—d(n)/logn

We conclude that u(0,t,(n)) ~ nP11triz=r2,

1 <pa <l +p12‘ As pag > 1, using again (3.6) we get v, (0, t+t,(n)) ~ n=*(T —t)P.

In order to find a bound from above for u we observe that similar computations as
the ones done in the case pao < 1 do not yield a “reasonable” bound, since we obtain
u < oo. Hence, instead of using the representation formula, we compare u with

Uz, t) =n MNT — t) "G(x(T — t)~'/?), (3.12)

which is a solution to
Ut - Umm7 .
_Uz(()’ t) — pPri—api2 (T _ t)—ﬂpm G/(0)7
Ul(z,0) = nP1—PaG(aT—1/2),
if 4 = Bpi1a —1/2 and A = apia — p11. Due to the assumption of non-simultaneous

blow-up we have that p;; — p21 > 1, hence U(z,0) > n = u(z,0) and a comparison
argument yields U(0,d(n)) > u(0,d(n)). Hence, using (3.9), we conclude that

fj,\(()7 d(n)) < CnPri—opi2 (j'\‘ — d(n))—ﬂ < O'pP12—p22+l-p21+pi1

13



In /E)rder to obtain the lower bound we observe that —(pj2 + 1/2 < 0 and hence,
since T > d(n),

d(n)
I ~ poP12 / (T _ T)—Bpu (d(n) _ T)—1/2 dr
0

d(n) _ (f _ 7_)1/2
— QP12 Ty Ppr=1/2_ = 1) g
e =) (i) 172"

> Cn*apu((f _ d(n))*ﬁp12+1/2 o f*ﬂp12+1/2)

T—Bp12+1/2
(T — d(n))—ﬁpm+1/2)
> Op 0P (f _ d(n))—ﬁpm-i-l/? > CnPr2—p22+1-pa1

> Cn—amz((f _ d(n))—ﬁp12+1/2 (1 _

Summing up, un((]’ to (n)) ~n 4+ np11—p21+p12—p22+1 ~ np11—p21+p12—p22+1.

poo = 1+ p1o| In this critical case, we compute I explicitly and obtain
din)—T

2 /Td(n) — T — d(n)|

d(n)
I ~ n—oP2 / (T — T)_1/2(d(n) - 7')_1/2 dr = n~ P12 ]og
0

But,
din)—T T —d(n)

2/ Td(n) — T — d(n) _f(l_ d;))

Since d(n) < T and T —d(n) ~ n~2(127P21) see (3.9), we conclude that I ~ n=°P12 logn,
which yields u, (0, t,(n)) ~ nP11=P12Jogn.

Although pas > 1, and hence vy, (0, £ +ty(n)) ~ n~*(T —t)~F, the main

difference between this case and the case 1 < paa < 14 pj2 is that now —(Gp12+1/2 > 0.
Thus, the estimates for I are done in a different way:

d(n) d(n)
I ~ P12 / (T — T)—ﬁpm (d(n) — 7_)—1/2 dr < n~oP12 / (d(n) — T)—ﬁpm—l/?
0 0
< Cn*ap12d(n)*ﬂp12+l/2_
On the other hand,
d(n)
[ ~n=oP2 / (T — 1) PP2(d(n) — 7)Y dr
0

— pap12 /d(n) (f _ T)*ﬁpmfl/QM
0 (d(n) — 7)1/

> Cn—apm(f—ﬁpm—l-lﬁ _ (f _ d(n))—ﬁp12+1/2) > Cn—amzf—ﬂpm—&-l/z

dr

Hence, since T ~ d(n), we get I ~ n_o‘pmd(n)fﬁpuﬂm, and we conclude using (3.7)
that u,(0,t,(n)) ~ n 4+ nP117P21 ~ pPLI=P21, O

14



3.3 Estimates for v > 1

FEstimates for t,(nY). Since t,(nY) =T = t,(n") — ty(n) + ty(n) — T, we can use (1.7)
with v = 1, so that it only remains to compute t,(n?) — t,(n).

Theorem 3.2 Let n be large enough and v > 1. It holds,

n72p217 1< v < D22,

tv(nw) — T ~ { n2(v—(p21+p22))’ ~ > Daa. (313)

Proof. For times t > t,(n) the truncations have taken place; hence v, is a solution
of the heat equation with boundary data —(v,).(0,¢) = nP27P22  and initial data
Un(x,ty(n)) ~ n.

Using the representation formula for the heat equation, (2.2), we get that

0 (0, £, (7)) = /R o (9 ()L (g, 2o (n7) — by (1)) dy

ty(nY)—ty(n)
+ / nPAHP21(0, ¢, (nY) — ty(n)) — 7) dr
0

ty(n)—ty(n) or
_ / om0, 7Y 2L (0, £y (n7) — to(n) — 7) dr
0 al’

to(nY)—to(n)
~ PR / T(0, tu(n) — to(n) — 1) dr
0
=n+4+ C'npP21tp22 (tv(nw) _ tv(n))1/2.
Since v, (0,t,(n7)) =n” and v > 1 we get

ty(n?) — ty(n) ~ 20~ (P2tp22))
This expression together with (1.7) yields (3.13). O

Estimates for t,(nY). The idea is to use the estimates of the size of u, (0,t) at t = t,(n),
that we have just obtained, to see if it has reached or not the level n”. If the size of
up, at ty(n) is smaller than n?, then t,(n?) > t¢,(n), and we estimate the difference
ty(n?) — T taking into account the size of u,(z,t,(n)) and that for ¢ > ¢,(n) both
truncations have taken place. If the size of u, at t,(n) is bigger than n?, we use that
uy, is a solution of the heat equation, with boundary flux —(uy)z(0,t) ~ nP11vP12(0,1),
and initial data u(z,t,(n)) ~ n. If u,(0,%,(n)) = n?, then t,(n?) = t,(n) and the result
follows from (1.7). In the critical cases v = p11 — p21,p11 — P21 + P12 — P22 + 1, the size
estimates do not imply an ordering between ¢, (n?) and t,(n); we will have to take into
account the two possibilities separately.
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If v < max{p11 — p21,p11 — P21 + p12 — p22 + 1}, which implies t,(nY) < t,(n), we
have

T = up(0,t,(n7)) ~ u(0,t,(n7) — tu(n))
tu(n?)—ty(n) )
e | 20,7+ ) tal) — tul) — 7)2dr
0

=n+nf1Z,

and since v > 1 we get
L ~n)7P, (3.14)

Let us sketch briefly how to bound Z. As before, t,(n?) —T = t,(nY) —ty(n) +ty,(n)—T,
so that we only have to estimate t,(n?) —t,(n), (remember that T —t,(n) ~ n~2FP1=1),
see (1.6)). We follow the proof of Theorem 3.1, replacing d(n) by t,(n”) — t,(n). Note
that, since t,(n) > t,(n?), we have that d(n) > t,(nY) — t,(n).

Theorem 3.3 Let n be large enough and let 1 < v < p11 — po1. It holds,
tu(n?) =T ~ n= 217, (3.15)

Proof. The main difference between this proof and that of Theorem 3.1 is that we do
not know the relation between t,(nY) — t,(n) and T

Assume first that t,(n?) — t,(n) > T, then

tu(n?)—tu(n) ~
T ~ n—aplz/ (T + T)_ﬁp“(tu(n“’) _ tu(n) n 7_)—1/2 dr
0
0Oty (07) — ()2,
y—P11taopi2
Hence, using (3.14), t,(n?) — ty(n) ~ n ~Pr12+1/2 | Thus, if v < p1; — p21 then
Y = Pt api2
—fBp12 +1/2

Since T ~ n~2P2! this means that t,(n?) — t,(n) < T and therefore, in this range of
values for -, we can not have t,(n?) — t,(n) > T. In other words, the region where
ty(nY) —ty(n) > T is at most p11 — p21 +p12 —p22 +1 > v > p11 — P21, and in this region
we get

< —2pa1.

Y—P11—aP12 Y—P11t+aop12 9 1 Y—P11t+apP12
tu(n'y) —T ~n —Briz+i/2 _ (T—tu(n)) ~n —PP12t+l/2 _n~ (p11-1) n, —Pri2+1/2 (316)

On the other hand, if t,(n?) — t,(n) < T, then
() —tuln)
T~ o2 / (T + 1) (b, () — tu(n) — )" V2 dr

0
N u(n)~tu(n)

< On-evef-hr / (buln?) — tu(n) — 1) V2 dr

0
< On~oP2T =P (¢, (nY) — t,(n)) /2.
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For the upper bound we have

tu(nY)—tu(n) _
T~ pmove / (T + 1)~ (1, (07) — t(n) — 1)~ 2 dr
0

2w ) e [ ) ) )
0
> Cp—op2 (f + d(n))—ﬁpm (tu(n?) — tu(n))1/2 > Cn—epi2p—Bp12 (tu(n?) — tu(n))l/Q,

Hence, t,,(nY) —t, A(n) ~ n2(r=P11) _ As before, we conclude that the values of ~ for which
ty(nY) —ty(n) < T is a subset of 1 < v < p11 — pa21, where we have

ty(n) =T ~ n2(y—p11) _ (T _ tu(n)) ~ n20=p1n) o =2(1=1) 207 =p11) |

Summing up

Jy=P11topio
by(n) =T~ {7 —Pri2tl/2 v > pip — poy, (3.17)
n20r=p11), v < p11 — pai1-

We bound Z from above in the following way:
tu(n)—tu(n)
T~ / P (1, () — tu(n) — 7)Y/ dr
0

y /tu(m)—tu(n) (tu(?) — tu(n) — 7)"Y2dr > Oty (n?) — tu(n))Y/2.
0

Hence
tu(nY) — ty(n) < Cn?0—P1) (3.18)

On the other hand,

ty (nY)—tu(n)
7~ / €I (1, (1Y) — ty(n) — 1) M2 dr
0
tu(nY)—tu(n)
<epatttn)-tum) [ (tu(n?) — tu(n) — 7)"V2dr.
0
Inequality (3.18) and the fact that v < pi; — po1 imply that a(t,(n?) —t,(n)) < C.

Hence, t,(nY) — ty(n) > n20—P1) Tt follows that t,(n?) — t,(n) ~ n20~P1) which
yields (3.15).

The idea is the same as in the case paa = 1, we first bound t,(nY) — t,(n)
from above and then use this estimate to obtain the lower bound,

tu(n?)=tu(n) __
T ~ p—0P12 / (T _ T)*ﬁplz (tu(n’Y) _ tu(n) _ 7—)*1/2 dr
0

~ tu(n?)—tu(n)
> Cnernf-sme / (tu(n?) — tu(n) — )2 dr
0

> Cn=oPR TP (g, (n7) — t,(n)) /2.
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Hence
tu(n?) — ty(n) < Cp>07P1), (3.19)

On the other hand,

tu(nY)—tu(n) _
T ~pome / (T — 1)~ P12(t, (1) — tu(n) — 7)Y/ dr
0

. tu(n?)—tu(n)
< mP(F = (1) = 1)) (ta(7) — ta) = 7)1/ dr
< On=P2(T = (tu(n) = tu(n))) "2 (tu(n7) = tu(n))/*.
By (3.19), we have that T ~n=2P21 > ¢, (n7) — ty(n). Therefore,
I< Cnfo‘pmf*ﬂpm(tu(n'y) — tu(n))Y/2.
We conclude again that t,(n7) — t,(n) ~ n?(—P11), O
Theorem 3.4 Let n be large enough and let p11 — p21 < v < p11 — P21 + P12 — p22 + 1.

It holds,

Y—P11+aP12

n ~Pr12+1/2 ) D22 < 17
tu(n?) =T ~ q n=2p211ogn, pog = 1,
’I’L_2p21, 1 < po2 <14 pi2.

Remark. In the range p11 —po1 < v < p11 — P21 + P12 — P22 + 1, we have pas < 1+ pio.

Proof. See the proof of Theorem 3.3, formulas (3.16) and (3.17).

In this case, since v > p11 — po1, inequality (3.18) does not imply that
ty(n?) — tu(n) < n72P21 and we have to find a bound for Z in a different way:

., tu(n?)—tu(n)
T2 ermaltu) =) (tu(n?) = tu(n)) = 7)Y dr
ty(nY)—tu(n)—d(n)/logn
> Cp P2 ep12n®2 (bu(nY) —tu(n),

Following the proof of Theorem 3.1, we split Z into two integrals,

tu(n?)—tu(n)=d(n)/ logn
I~ / CPET (1 () — ty(n) — 7)Y dr
0
tu(n)—tu(n)
+ / "7 (b, (nY) — ty(n) — 1) 2dr
tu(n?)—tu(n)=d(n)/ logn

S np21 edme dT

/tu (n7)—tu(n)—d(n)/logn

0
, tu(nY)—tu(n)
+ et T / (bu(n") — tu(n) — 1) 2dr
tu(nY)—ty(n)—d(n)/logn
< O P2 ep12n®P21 (tu(n)—tu(n))
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We conclude that

CeP12n?P21 (tu(nY)—tu(n)) <« py=—P11+pa1 < (eP12n°P21 (tu(n?)—tu(n))

)

and hence, since v > p11 — po1,

C(y — p11 + pa1)n P2 logn < t,(n7) — tu(n) < (y — p11 + pa1)n~ 2P logn.

Therefore, using (1.6), t,(n?) — T ~ (v — p11 + p21)n~2P2! log n.

’ 1 < po <14 pi12 ‘ Comparison with the self-similar solution (3.12) yields

= 0(0,ty(nY) — tu(n)) < nPr1oPiz (f — (tu(n?) — tu(n)))—ﬁpmﬂ/g

On the other hand,

~

ty(n?) 1/2
T > p 0P / =7 T)—Bmz—l/? (T —7) / dr
(T —

(tu(n?) = tu(n) — 7)1/

> poapi2 (tu(n?) — tu(n )))—Bp12+1/2_

Therefore,
~ y—P11tapi2 y—P11tapi2

T —n —Priztl/2 < tu(n’y) —ty ( ) < T — qn, —Bpi2+1/2 |

The fact that v > p11 — po1 implies that t,(n?) — t,(n) ~ T ~ n~2P21_ from where the
Theorem follows. O

We consider now v > max{pi1 — p21,p11 — p21 + p12 — p22 + 1}. We have that
tu(nY) > ty(n) and hence u,, satisfies the heat equation in (¢,(n), co) with boundary flux
—(p)2(0,t) ~ nP111P12 The initial data is the size of u, at t,(n); i.e, up(x,t,(n)) ~ n',
with n = max{p11 — p21, P11 — P21 + P12 — P22 + 1}, see Theorem 3.1.

Theorem 3.5 Let n be large enough and let v > max{p11—pa1, p11 — P21 +pi2—pa2+1}.

It holds,
—2p21 < —
N D L , Y < p11+ p12 — pai,
tu(n?) =T { n20—Pu—pi2), v > p11 + p12 — p21- (3:20)

Proof. Using the representation formula,
tu(nV) tv(n)
nY = /?I(O,tu(n'y) — tv(n)) ~n"+ np11+p12 / (tu(n»y) B tv(n) . 7_),1/2 dr
0
~n"+ nPL1tP12 (tu(nﬂf) _ tv(n))l/Q.

Since v > 1 we get t,(nY) —t,(n) ~ n2("P11=P12): hence, using see (1.7), (3.20) follows. O

Finally, we consider the critical cases.

Theorem 3.6 Let n be large enough.
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(i) If v = p11 — po1, then tu(n'y) — T ~p2P21

(i) If v = p11 — p21 + p12 — p22 + 1, then

n2(—p21+1—p22)’ Paa < 1’
tu(n?) =T ~ < n=2P21]ogn, pao =1,
n=, p22 > 1.

Proof. Assume first that t,(nY) < t,(n). If ¥ = p11 — pa1, then the proof of Theorem 3.3
yields t, (n7)—t,(n) ~ n=2P21 . In the case pay > 1 we have to use that T > t,(n?)—ty(n),
which follows from T > ty(n) — ty(n). If v = p11 — pa1 + p12 — paz + 1 the proof of
Theorem 3.4 can extended to include this case.

If t,(n?) > ty(n) the proof of Theorem 3.5 still applies. Notice that when v = 7,
though u,(0,%,(n)) ~ n?, we still have (3.20), since u,(0,t,(n)) < n?. 0

We summarize the results of this subsection in Figure 1. It is worth noticing that
the order of magnitude of ¢, (n”) —T depends in a continuous manner on the parameters
except across the segment pog = 1, p11 — p21 < v < p11 — P21 + P12, where it appears a
logarithmic correction.

REGIONES. eps

Figure 1:  t,(n") - T

4 Onset of the avalanche
The aim of this section is to prove theorems 1.4 and 1.5. In order to study the onset

of the avalanche for the component u we first need to know its behaviour at time ¢t = T~.
It turns out that it is given by a self-similar profile.
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Lemma 4.1 Let p > 1 and let u be a solution to

ut == uxz, (QS‘, t) E R+ X (O, 11)7
—uz(0,t) = g(t) uP(0, 1), te(0,7),
u(x70) = UO(:‘L‘)a e Ry,

where g is monotone increasing and bounded and u blows up at time T. Then

Jim (T = )T u(y(T = 1)'/2,) = o(T)77¢(y). (4.1)

uniformly on compact intervals 0 < y < C, where

1

1 F(72(pp—1)) PTLofoo 2 3ogp __p

C(y) = ( — / e 4t2-D (1 +t) 20-1) dt.
VT (g50m) \ 200 — DI (5=) 0

Proof. The blow-up rate is given by
—1 —1
(T =)= < u(,t)|[oo < C(T = £)2@-1,

see [2], [16]. If we write the function u in self-similar variables we get that the rescaled

function )
w(y7 T) = (T - t) 2(1’_1)U(y(T - t)1/27 t)v T=— 10g<T - t)7

is a bounded solution of

1 1
= - = - R —logT
Wr = Wyy 2ywy 20 — 1)w7 (y,7) € Ry x (—1logT, 00),
_wy((): T) = g(T - e*‘r)wp(o’ 7—)7 te (_ lOg Ta 00)7
1
w(y, —log T) = T2 ug(yT"/?), y Ry,

If g is a constant, g = k, then w converges uniformly on sets of the form 0 <y < C' to
a steady state, which is a multiple of the profile (,

lim w(y, 7) = k7 1C(y),

T—00

see [8]. For a general monotone g a comparison argument yields that for every n > 0

(9(T = n))71¢(y) < liminfw(y, r) < limsupw(y, 7) < (¢(T))71¢(y),

T—=o0 T—00

from where (4.1) follows. O

Proof of Theorem 1.4. Since up(0,t,(n)) = n and v,(0,%,(n)) < K, the change of
variables,
wa(y, 7) = n g (n” Py 1, (n) 4 02D,

(Y, 7) = vp(n= Py 1y (n) 4 2=y,
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scales both components to order one for 7 = 0. We obtain the system

{00 = @y 1) )

coupled with the boundary conditions,
—(wn)y(0,7) = fH (wn(0,7)) f? (2 (0, 7)),
—(20)y(0,7) = PP 2 (w0, (0, 7)) 22 (20, 7)),

and initial data

TE (—nQ(p“*l)tu(n), ),

— 1 —(p11—1)
{wn<y,0> n g (n phu() R

Zn<y7 O) = Un(ni(pnil)ya tu(n))v

The same super and subsolutions used in the the proof of Theorem 1.2 guarantee
that w, and z, are uniformly bounded (independently of n) in compact subsets of (y, 7).
Therefore, by standard regularity theory, we get uniform bounds in C2+¢1+¢/2. Hence,
we can pass to the limit as n — oo. Let

Z(ya T) = nh—>nolo zn(y7 T)'

For any 7 < 0, we get that z(y,7) = vp. If 7 > 0, passing to the limit in the equation
for z,, we obtain that the limit (uniform on compact subsets), z, satisfies

BT = Zyy, (y,7) € Ry xRy,
—2y(0,7) =0, TRy,
2(y,0) = vr, y € Ry

Here we have used that, since pa; < p11 — 1, then p1; — p21 > 0, and that

nh_)néo —n2Pu=t (n) = —.

We conclude that z = vy for all y and 7.
Let
q)(va) = lim wn(va)'
n—oo

Passing to the limit in the equation we get

¢, = (Dyyv (y7T) S R-‘r X R, (4 2)
—®,(0,7) = 111(<I>(O,T))v§32, T €R. )

This problem does not have uniqueness because it is invariant under time transla-
tions. In order to characterize the limit completely we need some extra information.
This information comes from the behaviour of the component v as ¢ / T. Actually,
from Lemma 4.1 we know that the blow-up profile is self-similar,

P12

1
. A\ 3D 1/2 P11—1
th/n%(T t)2en-Du(y(T —t)"/°,t) = v ((y),
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uniformly on compact intervals 0 < y < C. The unique solution of (4.2) giving the
asymptotic behaviour is the only one that coincides for 7 negative and large enough
with the self-similar function

P12
wly,7) = v (=7) T C(y(—r) ),

see [17] for the details. O

Proof of Theorem 1.5. Let z,(y,7) = va(n~P2y, T +n~2P217). The function z, satisfies

(zn)r = (2n)yys (y,7) € Ry xRy,
_(Zn)y(()?T) = anQ(Zn(O, 7—))7 TE RJra
Zn(y? 0) = vn(n*pmy? T)? y € R-f—'

Since z, is uniformly bounded for 7 in compact subsets of [0,7) for some 7 > 0 and
vp(n~P2y, T) goes to v as n — oo,

lim z,(y,7) = lim v,(n P>y, T + n_2p217') =U(y, 1),
n—oo n—oo

where ¥ is the solution of the heat equation with initial datum ¥(y,0) = vr and
boundary flux —W,(0,7) = ¥P22(0, 7). This limit ¥ blows up in a finite time 79 when
pog > 1. With this fact in mind one can extend the convergence to compact subsets of
E X [Oa 7_0)' O

5 Avalanche

Proof of Theorem 1.6. Let z,(x,t) = n="2v,(x,t). For times 7 > t,(n), the truncation
for u,, has already taken place. Hence z, is a solution to the heat equation in Ry x (7, 00)
with initial data z,(z,7) = n~"2v,(z, 7), and boundary flux

—(2n)2(0,t) = nml_”fnm(vn(o,t)), t € (1,00). (5.1)

The idea is to choose o so that in the limit we get a nontrivial boundary flux
condition. This choice depends on the value of f22(v,(0,t)); i.e. on the behaviour of
ty(n) as n tends to infinity.

po1 +p22 < 1| In this range of parameters t,(n) — oo, see Theorem 1.2. Hence,

for any fixed time ¢ > T and n large, t,(n) > t. Thus, v, never reaches level n and

equation (5.1) becomes, taking 7 = t,(n) and 9, = (2L,

_(Zn)x(o,t) — npzl*’Y2+72p22Z£22 (0715) — zﬁ” (O,t), te (tu(n)7ﬂ
Using a comparison argument we have, for t € [t,(n),f] and x € R,

?/)n(%t) < Zn(x’t) <e+ @Dn(l',t),
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where 1), is the unique positive solution of the heat equation in Ry X (¢,(n),c0) with
boundary flux —(¢,,)2(0,t) = ¥h?2(0,t) and initial datum 4, (x,,(n)) = 0. Letting first
n — oo and then € — 0, z, converges uniformly on compact subsets of [0, L] x (T, 00)
(notice that ¢ is arbitrary) to 1, the unique positive solution to

{ wt = ¢mx7 (J?,t) € RJr X (T7 00)7

(5.2)
Y(z, T) =0, reRy,

with boundary flux
—1,(0,t) = P2(0,t), te (T, 0).

This function has a self similar form 9 (z,t) = (t — 7)Y @22~ (z(t — T)~1/2), see [5].

po1 +p22 = 1| In this case t,(n) ~ T, see Theorem 1.2, and we cannot determine if

the truncation takes place or not before ¢. In any case, we take 7o = 1, so that (5.1) is
independent of n. Hence the limit function v (z,t) is now a positive solution to (5.2),
but with boundary flux given by

—1pe(0,1) = f22(p(0,1)), te€ (T, 00).

Since pag < 1 this problem has a positive solution (that can be obtained as in [5]). As
before 1) has a self-similar form until the time ¢ where it reaches level one, 1(0,%) = 1.
From that time it behaves like the solution of the heat equation with boundary flux

equal to one and initial datum (x,t).

po1 +pa2 > 1| Let t > T be a fixed time. Since t,(n) — T, for large values of n, we
haver that t,(n) < t, the truncation for v,, takes place, and (5.1) becomes

—(2n)2(0,t) = nPHT2EP2 — L, te (tv(n)at_)a

if 7 = t,(n) and yo = p21 +pao. This choice of vo implies that z(z,t,(n)) < n!=72 — 0 as
n — oo. Using a comparison argument as before, we have that z, converges uniformly
on compact subsets of [0,00) x (T, 00) to 1, the unique positive solution of (5.2) with
boundary data

—1-(0,t) =1, te (T,00).
Again in this case 1 has a self-similar structure, ¥ (z,t) = (t — T)Y/? ¢ (z(t - T)_I/Q).
The profile ¢ can be computed explicitly.

To conclude the proof we have to deal with the limit of w,(x,t). To this aim we
define wy,(z,t) = n~"uy,(x,t), which is a solution to

(wn)t = (Wn)zz, (z,t) € Ry x (tu(n),00),
—(wn)2(0,t) = P f12(n722,(0, 1)), t € (tu(n), o0),
wn(l‘a t’u(n)) = n‘”lun(x,tu(n)) S nl—'ﬂ’ T € RJra

with v a constant. As we already know that z,,(0,t) — (0, ¢) uniformly on ¢t € (7', 00),
we pass to the limit and obtain that there exists a nontrivial profile ¢ such that
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wp(z,t) — (z,t), as n — oo. This limit profile is a solution to the heat equation
in Ry x (T, 00) and if 73 > 1 (which will be shown to be true) the initial datum becomes
¢(x,T) = 0. The constant ~; is chosen so that the limit boundary condition

_Sax(07 t) — pPui—m fTIL2(n'}'2w(07 t)) — pP11—Y1t+72p12 f;%—wz (77[)(0’ t)) (5.3)

is independent of n.

Since 1 is bounded, we have that f'?_ (1(0,t)) = ¢?2(0,t), for n

large enough. Hence, taking 1 = p11 + y2p12 we get —p4(0,t) = ¥P12(0,t).

P21 +p22 =1 We have v = 1, therefore the boundary condition (5.3) becomes
—0(0,t) = fI2(¥(0,1)) if v1 = p11 + pra.

Po1 + poo > 1 Since 72 > 1, we take v = p11 + p12 and (5.3) turns out to be

—pz(0,t) = 1. O

Acknowledgement

Cristina Bréndle and Fernando Quirds partially supported by Project MTM2005-08760-C02-01,
Project CCG06-UAM/ESP-0302 (Spain) and ESF Programme “Global and geometric aspects of
nonlinear partial differential equations”. Julio D. Rossi partially supported by ANPCyT PICT
5009, UBA X066 and CONICET (Argentina).

References

[1] Baras, P.; Cohen, L. Complete blow-up after Tmax for the solution of a semilinear heat
equation. J. Funct. Anal. 71 (1987), no. 1, 142-174.

[2] Brandle, C.; Quirds, F.; Rossi, J. D. A complete classification of simultaneous blow-up rates.
Appl. Math. Lett. 19 (2006), no. 7, 607-611.

[3] Bréandle, C.; Quirds, F.; Rossi, J. D. Non-simultaneous blow-up for a quasilinear parabolic
system with reaction at the boundary. Commun. Pure Appl. Anal. 4 (2005), no. 3, 523-526.

[4] Chlebik, M.; Fila, M. Some recent results on blow-up on the boundary for the heat equation.
Evolution equations: existence, regularity and singularities (Warsaw, 1998), 61-71. Banach
Center Publ., vol. 52. Polish Acad. Sci. Warsaw. 2000.

[5] Cortazar, C.; Elgueta, M.; Rossi, J. D. Uniqueness and Nonuniqueness for a System of Heat
Equations with nontrivial coupling at the boundary. Nonlinear Analysis TM&A. 37 (1999),
no. 2, 257-267.

[6] Fila, M.; Filo, J. Blow-up on the boundary: a survey. Singularities and differential equations
(Warsaw, 1993) 67-78. Banach Center Publ., vol. 33. Polish Acad. Sci. Warsaw. 1996.

[7] Fila, M.; Guo, J-S. Complete blow-up and incomplete quenching for the heat equation with
a nonlinear boundary condition. Nonlinear Anal. 48 (2002), no. 7, Ser. A: Theory Methods,
995-1002.

[8] Fila, M.; Quittner, P. The blow-up rate for the heat equation with a nonlinear boundary
condition. Math. Meth. Appl. Sci. 14 (1991), 197-205.

25



(9]

[10]

[11]

[12]
[13]

[14]

[20]

Galaktionov, V. A.; Vazquez, J. L. Necessary and sufficient conditions for complete blow-up
and extinction for one-dimensional quasilinear heat equations. Arch. Rational Mech. Anal.
129 (1995), no. 3, 225-244.

Galaktionov, V. A.; Véazquez, J. L. Continuation of blowup solutions of monlinear heat
equations in several space dimensions. Comm. Pure Appl. Math. 50 (1997), no. 1, 1-67.

Galaktionov, V. A.; Vazquez, J. L. The problem of blow-up in nonlinear parabolic equations.
Current developments in partial differential equations (Temuco, 1999). Discrete Contin.
Dyn. Syst. 8 (2002), no. 2, 399-433.

Lacey, A. A.; Tzanetis, D. Complete blow-up for a semilinear diffusion equation with a
sufficiently large initial condition. IMA J. Appl. Math. 41 (1988), no. 3, 207-215.

Martel, Y. Complete blow up and global behaviour of solutions of us — Au = g(u). Ann. Inst.
H. Poincaré. Anal. Non Linéaire 15 (1998), no. 6, 687-723.

Pinasco, J. P.; Rossi, J. D. Simultaneous versus non-simultaneous blow-up. New Zealand J.
Math. 29 (2000), no. 1, 55-59.

Quirds, F.; Rossi, J. D. Non-simultaneous blow-up in a semilinear parabolic system. Z.
Angew. Math. Phys. 52 (2001), no. 2, 342-346.

Quirds, F.; Rossi, J. D. Non-simultaneous blow-up in a nonlinear parabolic system. Adv.
Nonlinear Stud. 3 (2003), no. 3, 397-418.

Quirds, F.; Rossi, J. D.; Vézquez, J. L. Complete blow-up and thermal avalanche for heat
equations with nonlinear boundary conditions. Comm. Partial Differential Equations 27
(2002), no. 1-2, 395-424.

Quirds, F.; Rossi, J. D.; Vazquez, J. L. Thermal avalanche for blowup solutions of semilinear
heat equations. Comm. Pure Appl. Math. 57 (2004), no. 1, 59-98.

Samarskii, A. A.; Galaktionov, V. A.; Kurdyumov, S. P.; Mikhailov, A. P. “Blow-up in
quasilinear parabolic equations”. de Gruyter Expositions in Mathematics, vol. 19. Walter
de Gruyter & Co. Berlin. 1995. Translated from the 1987 Russian original by Michael
Grinfeld and revised by the authors.

Souplet, P.; Tayachi, S. Optimal condition for non-simultaneous blow-up in a reaction-
diffusion system. J. Math. Soc. Japan 56 (2004), no. 2, 571-584.

26



