THE NEUMANN PROBLEM FOR NONLOCAL NONLINEAR
DIFFUSION EQUATIONS
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ABSTRACT. We study nonlocal diffusion models of the form
(k) = [ I = )utts) — ult,) dy.

Here © is a bounded smooth domain and v is a maximal monotone graph in R2.
This is a nonlocal diffusion problem analogous with the usual Laplacian with Neu-
mann boundary conditions. We prove existence and uniqueness of solutions with
initial conditions in L!(Q). Moreover, when v is a continuous function we find the
asymptotic behaviour of the solutions, they converge as t — oo to the mean value
of the initial condition.

1. INTRODUCTION

First, let us introduce what kind of nonlocal diffusion problems we consider. Non-
local evolution equations of the form

(1.1) w(t,x) =Jxu—u(t,z) = /RN J(z —y)u(t,y)dy — u(t, x),

and variations of it, have been recently widely used to model diffusion processes, see
(2], [4], [9], [11], [12], [16], [17], [18], [19] and [20]. As stated in [16], if u(¢, x) is thought
of as the density of a single population at the point x at time ¢, and J(x—y) is thought
of as the probability distribution of jumping from location y to location x, then the
convolution (J * u) = Jan J( Ju(t,y) dy is the rate at Wthh 1nd1v1duals are
arriving to posmon x from all other places and —u(t,z) = — [on J( Ju(t, z) dy
is the rate at which they are leaving location x to travel to all other 81tes. This
consideration, in the absence of external or internal sources, leads immediately to
the fact that the density w satisfies equation (1.1). Moreover, a nonlinearity of the
form [ J(z —y) (F(u(y)) — F(u(z))) dy may also appear in population models, see
[9] and references therein.

Equation (1.1) is called nonlocal diffusion equation since the diffusion of the density
w at a point z and time ¢ does not only depend on (¢, x), but on all the values of u in
a neighborhood of x through the convolution term J % u. This equation shares many
properties with the classical heat equation, u; = cu,,, such as: bounded stationary
solutions are constant, a maximum principle holds for both of them and, even if J
is compactly supported, perturbations propagate with infinite speed, [16]. However,
there is no regularizing effect in general.
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In this paper we turn our attention to nonlinear evolutions with Neumann bound-
ary conditions. We study

(b x) = /Q T — ) ulty) —ult.2) dy,  zEQ t>0,
PVJ(ZO) 2(t,x) € y(ult, z)), z e, t>0,
2(0,z) = zo(x), x € Q.

Here  is a bounded domain, 2y € L'(Q), v is a maximal monotone graph in R? such
that 0 € v(0), and J : RY — R is a nonnegative continuous radial function with
Jan J(r)dr =1 and 0 € int[supp(J)].

In this model the right hand side takes into account the diffusion inside €2. In fact,
as we have explained, the integral [ J(z — y)(u(t,y) — u(t, z)) dy takes into account
the individuals arriving or leaving position x from or to other places. Since we are
integrating in €2, we are imposing that diffusion takes place only in 2. There is
no flux of individuals across the boundary. This is the analogous of what is called
homogeneous Neumann boundary conditions in the literature.

Solutions to PVJ (z0) will be understood in the following sense.

Definition 1.1. A solution of PJ(z0) in [0,T] is a function z € W'(]0,T'[; L'(£2))
which satisfies z(0, ) = 29(x), a.e. x € Q, and for which there exists u € L*(0,T; L*(Q)),
z € y(u) a.e. in Qr = Q2x]0,T|, such that

z(t,x) = /QJ(x —y)(u(t,y) —u(t,x))dy a.ein ]0,T[xQ.

Our main results can be summarized as follows.

“Under some natural assumptions about the initial condition zy, there exists a
unique global solution to Pj(zo). Moreover, a contraction principle holds, given two

solutions z; of Pj(zio), i1 =1,2, then

[ @ =200 < [ 0=

Q
Respect to the asymptotic behaviour of the solution we prove that if v is a continuous

function, then
1
lim 2(t) = — / 20,
=00 19 Ja

strongly in L'(Q)”.

Concerning previous references for this model, we cite [10], [12] and [13] where
only the linear case, y(s) = s, was considered. In [10] and [12] the asymptotic
behaviour for the linear model is studied and in [13] it is proved that solutions to the
linear problem converge to the solution of the classical heat equation with Neumann
boundary conditions when the convolution kernel J is rescaled in a suitable way.

We can consider different maximal monotone graphs 7. For example, if y(r) = r™,
problem P;(z) corresponds to the nonlocal version of the porous medium (or fast
diffusion) problems. Note also that 4 may be multivalued, so we are considering the
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nonlocal version of various phenomena with phase changes like the multiphase Stefan
problem, for which

r—1 it <0,
v(r) =< [-1,0] if r=0,
r it r>0.

Even v can have a domain different from R, which corresponds to obstacle problems.

We have to point out that the right hand side of the equation in P;f] (z0) has no
regularizing effect. Hence the analysis becomes more involved (due to the lack of
compactness) that the one that can be done for the usual Laplacian with Neumann
boundary conditions.

Organization of the paper. The rest of the paper is organized as follows: in
Section 2 we collect some preliminaries and fix the notation. In Section 3, by means of
Nonlinear Semigroup Theory, we construct a mild solution and we prove uniqueness
of solutions, in fact we prove a contraction principle. In Section 4 we prove that the
mild solution is indeed a solution in the sense of Definition 1.1. Finally, Section 5
deal with the asymptotic behaviour of the solutions.

2. NOTATIONS AND PRELIMINARIES

In this section we collect some preliminaries and notations that will be used in
the sequel. For a maximal monotone graph 7 in R x R and r € N we denote by 7,
the Yosida approzimation of n, given by n, = r(I — (I + 1n)~'). The function 7, is
maximal monotone and Lipschitz. We recall the definition of the main section n° of
n

the element of minimal absolute value of n(s) if n(s) # 0,
°(s) == +oo if [s,+00) N D(n) =0,
—oo  if (—o0,s] N D(n) =0,
where D(n) denotes the domain of 1. The following properties hold: if s € D(n),
n:(s)| < In°(s)] and 7,(s) — n°(s) as r — 400, and if s & D(n), |n:(s)| — +o0 as
r — +00.

We will use the following notations, 7_ := inf Ran(n) and 7, := sup Ran(n), where
Ran(n) denotes the range of n. If 0 € D(n), j,(r) = [, n°(s)ds defines a convex Ls.c.
function such that n = dy,. If j; is the Legendre transform of j, then n~t= 07y

Also we will denote by Jy and Py the following sets of functions,

Jo={j: R — [0, +00], convex and lower semi-continuos with j(0) = 0},
Py={pe C>®R):0<p <1,supp(p’) is compact, and 0 ¢ supp(p)} .
In [6] the following relation for u,v € L*(€2) is defined,

u < v if and only if/j(u)d:vg/j(v)dx,
Q

Q
and the following facts are proved.

Proposition 2.1. Let Q be a bounded domain in RV,
(i) For any u,v € L'(Q), if [,up(u) < [,vp(u) for all p € Py, then u < v.
(ii) If u,v € LY Q) and v < v, then ||jull, < |||, for any q € [1,+00].
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(i) If v e L'(Q2), then {u € L*(Q) : u < v} is a weakly compact subset of L*().
The following Poincaré’s type inequality is given in [10].

Proposition 2.2. Given J and ) the quantity

5 | [ 9=l - ut) dyds
S [ @)
u€el , g u=0 ulx de

15 strictly positive. C’onsequently

(2.2) ¢ /Qu |Q|/ %/Q/QJ(x—y)(u(y)—u(x)fdyda:, Yu € L*(9Q).

In order to obtain a generalized Poincaré’s type inequality we need the following
result.

Proposition 2.3. Let Q C RY be a bounded open set and k > 0. There exists a
constant C' > 0 such that for any K C Q with |K| > k, it holds

o

Proof. Assume the conclusion does not hold. Then, for every n € N there exists
K, C Q with |K,,| > k, and u,, € L*(Q) satisfying
) , VneN.

1
u__

_l’_
2] Ja

LQ(Q)

(2.3) || 2y < C ( ) , Y ou € L*(Q).

(2.4) |un |2 > n (

Up, — Un, Un,
A T
We normalize u, by ||un||r2) = 1 for all n € N, and consequently we can assume
that
(2.5) Up, — U weakly in  L*(Q).
Moreover, by (2.4), we have
1 1

(2.6) Uy, — /un § —, and / u,| < —, VneN.

[ n . n
Hence

1 / . 9
Up — — [ U, — 0 in L*(Q),
2]

and by (2.5) we get u(z =0 = [ u = o for almost all z € Q, and u,, — «a strongly in
L*(Q). Since ||up||12() = 1 for each n € N, o # 0. On the other hand, (2.6) implies

lim u, = 0.
n—oo K’n
Since X, is bounded in L?(£2), we can extract a subsequence (still denoted by X, )
such that
Xk, = ¢  weakly in L*(Q).
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Moreover, ¢ is nonnegative and verifies

k< lim |K,|= lim [ Xk, —/(;5
Q Q

n—oo n—oo

Now, since u,, — « strongly in L?(2) and Xg, — ¢ weakly in L?(2) we have

0= lim u, = lim XKnun:a/gb#O,
Q Q

n—oo K. n—oo
n

a contradiction. O

To simplify the notation we define the linear self-adjoint operator A : L*(Q) —
L?*(Q) by

Au(z) = / I — y)(uly) —u(@)dy,  zE€Q

As a consequence of the above results we have the next proposition, which plays the
role of the classical generalized Poincaré’s inequality for Sobolev spaces.

Proposition 2.4. Let Q C RY be a bounded open set and k > 0. There erists a
constant C = C(J, 8, k) such that, for any K C Q with |[K| > k,

1/2
(2.7) ull 2 < C ((—/Auu) + ||U||L2(K)> Yu € L*(Q).
Q

Using the above result and working as in the proof of Lemma 4.2 in [1], we obtain
the following lemma, of which we give the proof for the sake of completeness.

Lemma 2.5. Let v be a mazimal monotone graph in R? such that 0 € v(0). Let
{tnnen C LA(Q) and {2, }nen C LY(Q) such that, for every n € N, z, € v(u,) a.e.
in §2.

Let us suppose that
(1) if v+ = 400, there exists M > 0 such that

/z;[ <M, Vn € N,
Q
(i) if v+ < 400, there exists M € R and h > 0 such that
/zn<M<fy+\Q\, Vn e N
Q

and
1+ - M

/ | < A= e
{z€Qizpn(z)<—h} 4

Then, there exists a constant C' = C(M,Q) in case (i), C = C(M,Q,~,h) in case
(ii), such that

1/2
(2.8) w2 < C ((—/ Auf u:{) + 1) , vn € N.
Q

Let us suppose that
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(iii) if y— = —oo, there exists M > 0 such that
/ z, < M, Vn € N,
)
() if v > —o0, there exists M € R and h > 0 such that
/an>M>7_|Q|, Vn e N

and

M —~_|Q2
/ Zn < ﬁ, Vn € N.
{z€Q:zn (z)>h} 4

Then, there exists a constant C = C(M,Q) in case (iii), C = C(M,,~,h) in case
(iv), such that

_ 1/2
(2.9) |ty || 22(0) < C ((—/ Au,, u;) + 1) ) Vn e N.
Q

Proof. Let us only prove (2.8), since the proof of (2.9) is similar. First, consider the
case 74 = +00. Then, by assumption, there exists M > 0 such that

/Z:<M, Vn € N.
Q

ForneNletKn:{:cEQ:z;{(q:)<% . Then

2M 2M
os/ z;:/z,-;_/ ot < M- (19— KDL g 2Y
. Q O\K 1] Q]

Therefore,
Q
K, >
2
and

2M
||U:§||L2(Kn) < IKnll/2 supy ! (W) )

Then, by Proposition 2.4, for all n € N,

1/2

~ 2M

w22 < C(J, Q) ((—/Au,f uj{) + ]Q’1/2 supy ! ( ]Q_] )) )
Q

Now, let us consider the case v, < 400. Let

By assumption, for every n € N, we have,
(2.10) / Zn < 4|9 = 4.
Q

For n € N, let K,, = {3: €N:zp(x) <y — ﬁ} Then, by (2.10),

) )
Zn= | Zn — Zn < —= + | K, —— .
/n /Q /Q\Kn 2 | !(w 2|Q’)
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Moreover,

)
/ zn:—/ |zn|+/ 0> = K.
n Knon{zeQ:zn<—h} Knon{zeQ:zn>—h} 4

Therefore,
) )
K,|{h—— > —.
Hence |K,| >0, h — ﬁ + 74+ >0 and
0

| K| > p )
4(’1- m +’Y+>

Consequently,

B 1)
w2,y < \Kn|1/2 supy ! (”Y+ — m) .

Then, by Proposition 2.4,

. 1/2 5
||u:§||L2(Q) < C(J, 8,7, h) ((—/QAU:; u;:> + |Q|1/2 sup,y—l (%r _ m)) )

This ends the proof of (2.8). O
Finally, we have the following monotonicity result. Its proof is straightforward.

Lemma 2.6. Let T : R — R a nondecreasing function. For every u € L*(Q2) such
that T'(u) € L*(2), it holds

- / Au(2)T(u(z)) de = — / / J( — y)(uly) — u(x)) dy T(u(z)) d
1 2
= 3 ] [ B - )y

where B(x,y) is the non negative symmetric function given by

_ L) —Tu) e
J(z —y) () — () if uy) # u(),

0 if u(y) = u(z).

B<x>y) =

In particular we have
1 2
—/QAu(x)u(m) dr = 5/9/9J(x —y)(uly) — u(x))* dy dz.

3. MILD SOLUTIONS AND CONTRACTION PRINCIPLE.

In this section we obtain a mild solution to our problem studying the associated
integral operator.
Given a maximal monotone graph 7 in R? such that 0 € (0), v_ < v, we consider
the problem,
(S3)  y(u)—Au>¢ in Q.
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Definition 3.1. Let ¢ € L'(Q). A pair of functions (u,z) € L*() x L'(Q) is a
solution of problem (S3) if 2(x) € y(u(x)) a.e. x € Q and 2(x) — Au(x) = ¢(z) a.e.
x € Q, that is,

0 - [ o= )aly) —u@)dy = o) ac.veq
With respect to uniqueness of problem (Sg), we have the following maximum
principle.

Theorem 3.2.

(i) Let ¢1 € L'(Q) and (uy, 21) a subsolution of (S)), that is, z1(x) € v(ui(x)) a.e,
r € Q and 2 (x) — Auy(z) < ¢1(x) ae. x € Q, and let ¢ € L' (Q) and (ug, 29) a
supersolution of (Sj,), that is, () € v(ua(x)) a.e. ¥ € Q and zy(x)—Aug(z) > ¢o(7)

a.e. x € Q. Then
/(21 — )" < /(¢1 — )"
Q Q

Moreover, if o1 < ¢a, 1 # @2, then ui(z) < ug(x) a.e. x € L.
(ii) Let ¢ € L'(Q), and (uy, 21), (uz, 22) two solutions of (S3). Then, 21 = z a.e.
and there exists a constant ¢ such that uy = us + ¢, a.e.

Proof. To prove (i), let (uy,21) a subsolution of (5] ) and (us, 22) a supersolution of
(53,)- Then

—(Auy (z) — Aug(z)) + 21(2) — 22(2) < P1(7) — P2(2).

Multiplying the above inequality by %T,j (u1 — ug + ksigng (21 — 22)) and integrating
we get,

(3.1)
/Q<Z1 — Zg)%le_(Ul — ug + ksigng (21 — 22))
_ /Q(Aul (z) — Aug(:c))%T,j(ul(:c) — ug(x) + ksigng (z21(z) — 22(z))) dx

< /Q(Cbl — ¢2)%TJ(U1 — up + ksigng (21 — 22)) < /Q(Cbl(ﬂf) — o))" da.

Let us write u = u; — uy and z = signg (21 — 22), then, by the monotonicity proved
in Lemma 2.6,

;132% Q(Aul (z) — Aug(x))%T,j(ul(:c) — ug(w) + ksigng (21(x) — 22(2))) dz

= 11313(1) : Au(x)%T,j(u(w) + kz(x)) dx

=lim [ A(u+ kz)(x)lT,j(u(x) + kz(z))dx <0.
k=0 Jq k

Therefore, taking limit as k goes to 0 in (3.1), we obtain

/Q(Zl — )" < /Q(¢1 — )"
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Let us now suppose that ¢; < ¢, ¢1 # ¢9. By the previous calculations we know

that z; < z5. Since
/21 /¢1 </¢2 /

21 # 2. Going back to (3.1), if u = u; — ug, we get

- / Au(z) T (u(x)) da = 0,
Q
and therefore,
— / Au(z)ut(x)dr = 0.
Q
Consequently, by Lemma 2.6, there exists a null set C' C 2 x €2 such that
(3.2)  Jx—y)(ut(y) —u(2)(uly) —u(z)) =0 forall (z,y) € 2 xQ\ C.

Let B a null subset of £ such that if z ¢ B, the section C, = {y € Q: (z,y) € C}
is null. Let ¢ B, if u(z) > 0 then, since there exists ry > 0 such that J(z) > 0 for
every z such that |z| < ry, by a compactness argument and having in mind (3.2), it
is easy to see that u(y) = u(x) > 0 for all y ¢ C,. Therefore uy(y) > uy(y) for all
y ¢ C, in Q and consequently z1(y) > z2(y) a.e. in  which contradicts that z; < zo,

21 # 29.
Let us now prove (ii). As (u;,2;) are solutions of (Sj) we have that

—(Auy(z) — Aug(z)) + 2z1(z) — 22(x) = 0.
Now, by (i), z1 = 23, a.e. Consequently,
0= —(Aui(z) — Aug(x)) = —A(uy — ug)(x).

Therefore, multiplying the above equation by u = u; — us and integrating we obtain

1 9 B
3 | [ = wtl) ~ u@)?dydz =

From here, by (2.2), u is constant a.e. in €. O
In particular we have the following result.
Corollary 3.3. Let k > 0 and u € L*(Q) such that
ku—Au >0 a.e. in §Q,
then u > 0 a.e. in Q.

Proof. Since (u,ku) is a supersolution of (Sj), where v(r) = kr, and (0,0) is a
subsolution of (Sy), by Theorem 3.2, the result follows. O

To study the existence of solutions of problem (Sj) we start with the following two
lemmas.

Lemma 3.4. Assume v : R — R is a nondecreasing Lipschitz continuous function
with v(0) =0 and y_ < vy. Let ¢ € C(2) such that v_ < ¢ < vy. Then, there exists
a solution (u,(u)) of problem (S}). Moreover, y(u) < ¢.
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Proof. Since v_ < ¢ < 4 and ¢ € C(Q), we can find ¢; < ¢, such that
(3.3) - <v(a) < d(x) <v(e2) <74 VzeLd

Since v is a nondecreasing Lipschitz continuous function there exists £ > 0 for
which the function s — ks — ~y(s) is nondecreasing. Let us see by induction that we
can find a sequence {u;} C L?*(€2) such that

ug = ci, u; < Uiy < Co,

(34) kZUH_l — AuiH = ¢ — ’Y(Ul) -+ kui, VieN.

Since k£ > 0, as a consequence of being A self-adjoint, it is easy to see that k£ does
not belong to the spectrum of A, then there exists u; € L?(Q) such that

ku1 — Au1 = §b — ’Y(Cl) + k?Cl.
Then, by (3.3), we have
ku1 — Au1 = Qb - ’Y(Cl) + kCl Z ]{?CI = ]{501 — ACl.

Hence, from Corollary 3.3 we get that ug = ¢; < u;. Analogously, there exists s
such that

kuy — Aug = ¢ — v(u1) + ku.
Now, since ¢; < uy, we get
kuy — Aug > ¢ — y(c1) + ke = kuy — Auyg.

Again by Corollary 3.3, we get u; < ug, and by induction we obtain that u; < wu;;q.
On the other hand, since the function s — ks — ~(s) is nondecreasing, ¢; < ¢y and
(3.3), we have

kcy — Acg > ¢ — y(c2) + kea > ¢ — (1) + key = kuy — Aug.

Applying again Corollary 3.3, we get ¢o > wuy, and by an inductive argument we
deduce that u; < ¢y for all ¢ € N. Hence (3.4) holds. Consequently, there exists
u € L>®(Q), such that u(x) = lim; ., u;(z) a.e. in . Taking limits in (3.4), we
obtain that

ku— Au= ¢ — vy(u) + ku,

and (u,7(u)) is a solution of problem (Sj), that is,

(3.5) V(u) — Au=¢
Finally, given p € Py, multiplying (3.5) by p(7(u)), and integrating in €, we get

/Q 7 (u(@)p(y(u(z))) de — / Au()p(y(u(x))) de = /Q ¢(x)p(y(u(x))) dr.

Q
Now, by Lemma 2.6, the second term in the above equality is nonnegative, therefore

/QV(U(ZE))p(fY(U(IL‘)))d.IS/qu(x)p('y(u(g;)))dx'

By Proposition 2.1, we conclude that v(u) < ¢. O

u =
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Lemma 3.5. Assume v is a maximal monotone graph in R?, | — 00,0] C D(v),
0€~0), 7= < ve. Let (s) = v(s) if s < 0, 4(s) = 0 if s > 0. Assume 7 is
Lipschitz continuous in | — 00,0]. Let ¢ € C(Q) such that v < ¢ < v4. Then, there
exists a solution (u,z) of (S}). Moreover, z < ¢.

Proof. 1f v_ < 0, let ¢; such that y(c;) = {m1}, 7= < my <0 and m; < ¢. And if
v_ =01let c; =my = 0. Let 7,, » € N, be the Yosida approximation of v and let the
maximal monotone graph

. v(s) if s <0,
7"(s) = .
v (s) if s > 0.
Observe that " is a nondecreasing Lipschitz continuous function with 4"(0) = 0 and,
for r large enough, v~ = 7" < ¢ < 4}, 7" < ~"*!, and converges in the sense of
maximal monotone graphs to 7. From the previous lemma, for each v" we obtain a
solution (u,, z,) of (53 ), that is, z, =" (u,) a.e. and
(3.6) 2 — Au, = ¢.
Moreover, z, < ¢, and consequently, 2z, > m;. Moreover, u, > c¢;. Let
R 2 () if w,.(z) <0,
Z(z) = .
Yrs1(up(z)) if u.(z) > 0.

Then, since , is nondecreasing,
2r 2 Zr,
and also,
2 r+1
Zr € (uy).

Therefore, (u,, ) is a supersolution to (S’;r“). Using Theorem 3.2, we obtain that

Zr 2 Zrg1-
Now, if Z, = z, then

2y 2 Zrgls
and if 2, # 2., by Theorem 3.2,

Up 2> Upy1.

So, there exists a monotone non increasing subsequence of {u,}, denoted equal, with
u, > ¢, or there exists a monotone non increasing subsequence of {z.}, denoted
equal, with 2z, > my. In the first case, we have that

u, —u in L*(Q),
and also, since z, < ¢,
2. — 2z weakly in L*(Q).
And in the second case, we obtain
(3.7) z — 2z in LY(Q).
In fact, since z, < ¢, we get that
(3.8) z, — z in L*(Q).
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Now, in this second case, multiplying (3.6) by u, — us and integrating we get

—/QAu,(ur— /¢> — —/Qz,«ur—us).
/QAuS "y — 1 /¢ . /Qz(u—us).

Hence, since [, 2. = [, %,

- [ A =) =) = = [ (5 - 2w -0

:—/Q(zr—zs) (u—ﬁ/ﬁu—(u m,/us))

and, by Proposition 2.2,

()= (el

From (3.8) we get,

Moreover,

S ||Z7" - Zs||L2(Q)

1

— [ u, —w in L*(Q).
2]

Uy —

Let us see that {ﬁ fQ ur} is bounded. If not, we can assume, passing to a sub-

sequence if necessary, that it converges to —oo. Then, u, — —oo a.e. in ). Since
zr €9 (uy), 7" — v and (3.7), z = 7_ a.e. in Q. Consequently, [, ¢ = [,z = [Q|r-

which contradicts that ¢ > v_. Thus, {ﬁ fQ ur} is bounded and we have that there

exists a subsequence of {u,}, denoted equal, such that
u, —u in L*(Q).
Therefore, in both cases, z € y(u) a.e. in Q, z < ¢, and, taking limit in
— Au, 3 ¢,

we obtain
z— Au > ¢,
which concludes the proof. 0

With this lemma in mind we proceed to extend the result for general monotone
graphs.

Theorem 3.6. Assume v is a mazimal monotone graph in R?, 0 € y(0) and y_ < 4.
Let ¢ € C(Q) such that v < ¢ < 4. Then, there exists a solution (u,z) of (S]).
Moreover, z <K ¢.

Proof. Let 7., r € N, be the Yosida approximation of v and let the maximal monotone

graph
(s) = v(s) if s >0,
7 v (s) if s <0.
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Observe that " satisfies the hypothesis of Lemma 3.5, 77 < ¢ < ~% for r large
enough, 7" > ~" ! and converges in the sense of maximal monotone graphs to v. From
the previous lemma, for each 4" we obtain a solution (u,, 2,) of (S;T), 2, K ¢. Now,
we can proceed similarly to the previous lemma passing to the limit to conclude. [

The natural space to study the problem PW‘] (z0) from the point of view of Nonlinear
Semigroup Theory is L'(2). In this space we define the following operator,
BY:={(z,2) € L'() x L*(Q) : Ju € L*(Q) such that (u, z) is a solution of (57, )},

in other words, 2 € B7(z) if and only if there exists u € L*(2) such that z(z) €
y(u(x)) a.e. in 2, and

(3.9) - /Q J(z—y)(u(y) —u(x))dy = 2(x), ae z€.

The operator B” allows us to rewrite PWJ (z0) as the following abstract Cauchy problem

in L'(Q),

(3.10) { Z(t)+B7(2(t) 30  te(0,T)

2(0) = 2.
A direct consequence of Theorems 3.2 and 3.6 is the following result.

Corollary 3.7. Assume 7y is a mazimal monotone graph in R?, 0 € v(0). Then, the
operator B is T-accretive in L*(Q)) and satisfies

{p€C(Q):7- < ¢ <7} C Ran(I + B").
The following theorem is a consequence of the above result.

Theorem 3.8. Let T > 0 and zy € L' (), i = 1,2. Let z; be a solution in [0,T] of
P/(z0), i = 1,2. Then

(3.11) [ =) < [ =)

Q
for almost every t €]0,T1.

Proof. Let (u;(t), zi(t)) be solutions of P (zo;), i = 1,2. Then, since they are strong
solutions of (3.10) and A is T-accretive, (3.11) follows from the Nonlinear Semigroup
Theory ([7]). O

———L(Q
In the next result we characterize D(B” )L @,

Theorem 3.9. Assume 7 is a mazimal monotone graph in R%. Then, we have

1
D(B‘Y)L ) {zeL'Q): v~ <2<},

Proof. 1t is obvious that

——L(Q

D(B") @ - {zeL'(): - <2<y},
To obtain the another inclusion, it is enough to take ¢ € C(€), satisfying 7. < ¢ <
v+, and to prove that ¢ € D(BV)L @ Let a,b € R such that v_ <a < ¢ <b < vy.
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Now, by Theorem 3.6, for any n € N, there exists v, := (I+ %Bv)flgb € D(BY).
Then, (v,,n(¢ —v,)) € B?, thus there exists u, € L*(Q) such that v, € y(u,) a.e.
in 2 and
1

312w [ Il - wE)dy=d@)  Voco

Q
Moreover, v,, < ¢. Then,
(3.13) —oo < infy (a) < u, < supy (b)) < +oo.
Hence, from (3.12) and (3.13) it follows that v, — ¢ in L'(Q). O

As a consequence of the above results we have the following theorem concerning
mild solutions (see [7]).

Theorem 3.10. Assume ~y is a mazimal monotone graph in R?. Let T > 0 and let
2o € LY(Q) satisfying v— < 29 < ;.. Then, there exists a unique mild solution of
(3.10). Moreover z < z.

Proof. For n € N, let € = T'/n, and consider a subdivision tp =0 < t; < -+ <t, 1 <

V- <z <7+
and
”ZS — Z(]HLI(Q) S E.
By Theorem 3.6, for n large enough, there exists a solution (u$, z5) of

177

(3.14) y(u§) — eAus 3 z5
fori=1,...,n, with
(3.15) z; L 25 .

That is, there exists a unique solution zf € L'(€Q) of the time discretized scheme
associated with (3.10),
2i4+eBz; 3¢ezf 4, for i=1,... n.

Therefore, if we define z.(t) by

Za(o) = 25,
ze(t) = 25, for t €t q,t], i=1,...,n,

it is an e-approximate solution of problem (3.10).

By using now the Nonlinear Semigroup Theory (see [5], [7], [14]), on account of
Corollary 3.7 and Theorem 3.9, problem (3.10) has a unique mild-solution z(t) €
C([0,T] : L)), obtained as z(t) = L'(Q)-lim._¢ 2.(¢) uniformly for ¢t € [0,T].
Finally, from (3.15) we get z < 2. O

By Crandall-Liggett’s Theorem, [14], the mild solution obtained above is given by

the well-known exponential formula,

v : t -
(3.16) e 2 = lim (I—i— —BV) 2.
n

n—oo
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tB

The nonlinear contraction semigroup e *#" generated by the operator —BY will be

denoted in the sequel by (S(¢)):>0.

In principle, it is not clear how these mild solutions have to be interpreted respect
to P (o). In the next section we will see that they coincide with the solutions defined
in the Introduction.

4. EXISTENCE OF SOLUTIONS

In this section we prove that the mild solution of (3.10) is in fact a solution in the
sense of Definition 1.1. of problem P./(z).
Theorem 4.1. Let 29 € L'(Q) such that v- < 29 < 74, 7- < ﬁfg 20 < vy and
Jo73(20) < +o00. Then, there exists a unique solution to P (z) in [0,T] for every
T > 0. Moreover, z < 2.
Proof. We divide the proof in three steps.
Step 1. First, let us suppose that
there exist ¢y, ¢ such that ¢; < ¢, my € Y(c1), M2 € Y(ca)
and 7= <my <z <mgy < 74

Let z(t) be the mild solution of (3.10) given by Theorem 3.10. We shall show that z
is a solution of problem P;(z).

For n € N, let ¢ = T'/n, and consider a subdivision ty = 0 < t; < -+ < t,_1 <
T =t, with t; — t;,_1 = €. Then, it follows that

(4.2) 2(t) = LY(Q)-lim, z.(t)  uniformly for ¢ € [0,T],
where z.(t) is given, for € small enough, by

z.(t) = 2o for ¢ €] —o00,0],
{ ze(t) =2z, for t€lt;q,t], i=1,...,n,
where (ul, 27") € L*(Q) x L'(Q) is the solution of

177

(4.1)

(4.3)

(4.4) S i
g

Moreover, 2] < zp. Hence y_ < my < 2" < mgy < 74 and consequently,

=0, +1=1,2,...,n.

inf Y~ (ma1) < i < supy~H(mo).
Therefore, if we write u.(t) = ul', t €|t;_1,t;], i =1,...,n, we can suppose that
(4.5) u. —u  weakly in L*(0,T;L*(Q)) as ¢ — 07.
Since z. € y(u.) a.e. in Qr, zz — z in L'(Q7), having in mind (4.5), we obtain
that z € y(u) a.e. in Q7. On the other hand, from (4.4),

2e(t) — z.(t — €)
€
Step 2. Let now z, € L'(Q) such that v_ < 29 < 74, 7-[Q < [,20 < 7-[Q],
Jq72(20) < +o0, and

— 2 weakly in L*(0,T;L*(Q2)) as ¢ — 0.

there exists ¢; and my € y(c1) with 7= < my < z

(4.6) and (4.1) is not satisfied.
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Let 2y, € L>(Q),
Zon /" 20 as n goes to + 0o,

such that [, 20, < [, 2041 and 2o, < ma(n) < 74, ma(n) € v(cz(n)) for some cy(n).
By Step 1, there exists a solution z, of problem P,;f (20n), which is the mild solution
of (3.10) with initial datum zy,, and satisfies z, < zg,. It is obvious that

lim z, =z in C([0,7] : L*(Q)),

n—oo

being z the mild solution of (3.10) with initial datum 2, moreover z < zy. Next we
prove that z is the solution of P (z).

Since z, is a solution of problem P;(z,), there exists u, € L*(0,T, L*(Q)), z, €
v(up) a.e. in Qx]0, T[, such that

(4.7) (2n)e — Au,, = 0.
Moreover, we can suppose that (see Theorem 3.2)
(4.8) U, is non decreasing in n.

Multiplying (4.7) by u,, we obtain

zn(t)
(4.9) % g (/0 (’yl)o(s)ds) = /QAun(t)un(t)dt

in D’'(]0,T[). Indeed, since u,(t) € ¥y~ (2,(t)) = 072 (2a(t)),

zn (t+7)

(n(t+ 7) — 2n(0))un(t) < / (v"1(s)ds for all 7.

zn ()

zn(t)
/Q Cadltun(t) = & / ( / (7‘1)0(8)d8>
and (4.9) holds.

Integrating now (4.9) between 0 and 7" we get

(4.10) - /0 ' /Q Aug (t) un (1) dt < /Q 7 (20).

Let us see that {u,} is bounded in L?(Qr). In the case v, = +oo, let

M = sup /Z+(t)—|—1.
telo,7] Ja
Then, there exists ng € N such that
sup /(zn)+(t) <M, Yn > ny.
Q

te[0,7)

Consequently,

In the case 74 < +00, since we have conservation of mass, there exists M € R and
ng € N such that, for all n > ng,

sup /zn(t) <M < 4|9,
0

t€[0,T]
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moreover, since z, < zp, we have that z, > my and, since it is not difficult to see

that |m4| < w‘ﬂg‘iM

, we have

Q — M
<’Y+H

4 , Vn € N.

sup |2 (t)]

te[0,7) [{weﬂzzn(t)(x)<—4(m§+1)lfll/('v+IQI—M)}
Therefore, in both cases, by Lemma 2.5, there exists C' > 0 such that

1/2
(411) [l(un(®) " llz2@) < C ((—/QA(un(t)V(un(t))*) +1>, Vi e[0,T].

Hence, by (4.10), since u,, is non decreasing in n, {u,} is bounded in L?(Qr).
Passing to a subsequence if necessary, we can assume
u, —u weakly in L*(0,T;L*(Q)) as n — +oo,
and, by (4.8),
u, —u in L*(0,T;L*()) as n — +oo.
Consequently,
z €y(u) a.e. in Qr.
Since also {Au,} is bounded in L*(Qr), passing to the limit in (4.7) we get
z— Au=0.

Step 3. Let now 2o € L'(Q), 7= < 20 < 94 and 7_[Q| < [, 20 < 7-|Q], [ 5%(20) <
+o0o such that (4.6) is not satisfied. Let zy,, € L>(£2),

Zom \, 20 as n goes to + oo,

such that [, 20, > [, Zont1 and 2o, > my(n) > v, mi(n) € y(ci(n)) for some ¢;(n).
By Step 2, there exist a solution z, of problem PWJ (20,), which is the mild solution of
(3.10) with initial datum z,, and satisfies z, < zo. It is obvious that

(4.12) lim z, =z in C([0,7]: L'(2)),

being z the mild solution of (3.10) with initial datum zy. Moreover z < z;. We shall
see that z is the solution of P:y] (z0). The proof is similar to the above step and we
only need to take care in the proof of the boundedness of {u,} in L*(Qr). To this
end we need a formula like (4.11) for u,,, that is, we need to prove that there exists
C > 0 such that

1/2
(4.18) [|(un() 120y < € ((— | At <un<t>>-) " 1) . vteT)
Let us consider first that v = —o0, and let

M = sup /z_(t)+1.
te[0,T] JQ
Then, there exists ng € N such that
sup /(zn)(t) < M, Vn > ng.
Q

te€[0,T]
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In the case v > —oo, there exists M € R, h > 0 and ng € N such that, for all
n Z Ny,

4.14 inf w(t) > M > ~_|Q
(419 ant [ ) > 0> 500
and
M —~_|Q
(4.15) sup / Zp(t) < +H
te[0,T] J {xeQ:zn (t)(x)>h}

Formula (4.14) is straightforward and (4.15) follows from (4.12). Indeed, by (4.12),
there exists ng € N, § > 0 and h > 0 such that, for all n > ny and for all ¢ € [0, T,

M —~_|Q)
/|zn<t>| <MEBL veco p <o
FE

and we can take h satisfying
H{x € Q: z,(t)(x) > h}| <.

Therefore, in both cases, by Lemma 2.5, (4.13) is proved.
Uniqueness of solutions follows from Theorem 3.8. O

5. ASYMPTOTIC BEHAVIOUR

In this section we study the asymptotic behaviour of the solutions to PVJ (z0). Note
that since the solution preserves the total mass it is natural to expect that solutions to
our diffusion problem converge to the mean value of the initial condition as ¢t — ooc.
We shall see that this is the case, for instance, when v is a continuous function,
nevertheless this fails when v has jumps.

Let us introduce the w—limit set for a given initial condition z,

w(zp) = {w € L'(Q) : I, — oo with S(t,)z — w, strongly in L'(Q)}
and the weak w—limit set
wy(20) = {w € L*(Q) : It,, — oo with S(t,)z0 — w, weakly in L'(2)}.

Since S(t)zg < 20, we(20) # 0 always. Moreover since S(t) preserves the total mass,

for all w € w,(z0),
/w = / 20-
Q Q

We denote by F' the set of fixed points of the semigroup (S(t)), that is,

v S(t)w =w VtZO}.

F= {w c D(B)
It is easy to see that
(5.1) F={we L' Q) : 3k € D(v) such that w € v(k)} .

Theorem 5.1. Let 29 € L'(Q) such that v < 2 < 74, 7- < ﬁfﬂ 20 < vy and

Jo 73(20) < +o0. Then, ws(20) C F. Moreover, if w(z) # 0, then w(z) consists of
a unique w € F', and consequently,

tlim S(t)zo =w  strongly in L*(Q).
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Proof. Along this proof we denote by z(t) = S(t)z the solution to problem P;(z)
and u(t) the corresponding function that appears in Definition 1.1.
Multiplying the equation in P‘] (20) by u(t) and integrating, we deduce

(5.2) / - / Au(t) ult) dt < /Q 7(z0).

Therefore, thanks to (2.2), we obtain that there exists a constant C' such that

(5.3) / - | Juto 2

dt < C.
Let w € wy(20), then there exists a sequence ¢, — +oo such that S(t,)zo — w. By
(5.3), we have

|Q| u(t)

2
dt — 0.

+o0

u(t)
IQI
Take s,, — 0 such that
(5.4) lim 2 = 0.

n—oo S,

By contradiction it is easy to see that there exists ¢, € [t,,t, + Sg] such that

/ () — — / il <
u(ty) —— [ u < Sp,
Q €2 Jo
and consequently,

1 2
5.5 /ufn t.)| — 0
(55) [t - [ wie)

Let us prove that

L/ut
12| Jo

is bounded. In fact, assume there exists a subsequence (still denoted by ¢,,) such that

ﬁ/u(fn) — +00.

By (5.5) we get that u(t,) — +oo a.e. Since z(t,) € y(u(t,)), then z(t,) — ~v4
a.e. Moreover, as z(t,) < zy and v© > 0, we can deduce that lim, .. 2(t,) =
lim,, o0 2(,)" weakly in L*(2). Hence, applylng Fatou’s Lemma, we get

/ZO = lim [ z(t,)" > 749,
0 n—=o Jo

a contradiction. A similar argument shows that — [ wu(%,) is bounded from below.

|Q|

Therefore, passing to a subsequence if necessary, we may assume that

e

for some constant k. Using again (5.5),

(5.6) u(t,) — k, strongly in L*(Q) and a.e.
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Since z(t,) < 2o, we can assume, taking a subsequence if necessary, that z(¢,) —
weakly in L'(Q). Then, from (5.6) it follows that 1 € v(k), and consequently @ € F.
Let us show now that w = w. By (5.4), we have

\MM—WM#M[E®%

ng—mW(LmAu@—éyy@

where M is a constant depending of |Q|. Therefore, taking limit, we get z(¢,) —
z(t,) — 0, strongly in L'(2), since it converges weakly to w — w, it follows that
w = w, which is a fixed point. Finally, if w(zo) # 0, since w(zp) C w,(20) C F and
(S(t)) is a contraction semigroup, we have that w(zy) = {w} C F and

lim S(t)2o = w strongly in L'(£2).

t—o00

0

Remark 5.2. Note that in order to proof that w(zg) # ), a usual tool is to show
that the resolvent of B is compact. In our case this fails in general as the following
example shows. Let v any maximal monotone graph with v(0) = [0, 1], z, € L*>®(Q),
0 < z, < 1 such that {z,} is not relatively compact in L*(2). It is easy to check
that 2, = (I + BY)"*(z,). Hence (I + B?)~! is not a compact operator in L'({).
On the other hand, since the nonlocal operator does not have regularizing effects,
here we cannot prove regularity properties of the solutions that would help to find
compactness of the orbits. Nevertheless, we shall see in the next result that when ~
is a continuous function we are able to prove that w(zg) # 0.

Let us see now some cases in which w(z) # () and
tlggl() S(t |Q| / strongly in L'(€).

Given a maximal monotone graph v in R x R, we set

y(r+) = infy(Jr, +o00]), y(r—) = sup~(] — oo,r])
for r € R, where we use the conventions inf () = 400 and sup ) = —oo. It is easy to
see that

V() =[(r=),7(r+)]NR  for reR.

Moreover, v(r—) = ~(r+) except at a countable set of points, which we denote by
J(7).
Corollary 5.3. Let zg € LY(Q) such that v~ < zy < vy, 7- < ﬁfﬂ 20 < Y4 and
Jo 73(20) < +o0. The following statements hold.

(1) [fﬁ Jo 20 E€7v(J()) or \ﬁl| Jo 20 € {v(k+),v(k=)} for some k € J(v), then

1
lim S(t)zp = 9] / 2o strongly in L'(€).
Q

t—o0
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(2) If v is a continuous function then
1
lim S(t)zp = 9l / 2 strongly in L*(Q).
Q

(3) ]fﬁ Jo 20 €lv(k=), v (k+)[ for some k € J(v), then

wo(20) C {weLl(Q) cw € [y(h=), v (k+)] ace., /Qw:/gzo}.

and consequently, for any w € wy(29), there exists a mnon null set in which
w €ly(k—),v(k+)[.

Proof. (1). Along this proof we denote by z(t) = S(t)zo the solution to problem
P/(z) and u(t) the corresponding function that appears in Definition 1.1. First,

let us assume that ﬁ Joz0 € 7(J(7)) and 2y € L>(Q2). Working as in the above
theorem, we have that there exists a constat k£ such that

(5.7) u(t,) — k, strongly in L*(Q) and a.e.

Since z(t,) < 2, there exists a subsequence such that z(¢,) — w weakly in L'(Q).
Now, from z(t,) € ~(u(t,)) we deduce that w € ~(k) and consequently, since
\ﬁllfﬂ 2y = \ﬁllfﬂ w, k & J(v). Then, there exists § > 0 such that ~ is univalued

and continuous on |k — d,k + §[. Hence, w = (k) and z(t,,) — (k) a.e. Therefore,
Since z(t,) is bounded in L>(Q), z(t,) — v(k) = \ﬁll o, 70 strongly in L'(€2). Then,
by the above theorem we get that

0~ o [ t
2(t) — — [ 2o, as t — oo.
91 Jy

The general case zy € L'(Q) follows easily from the previous arguments using again
that we deal with a contraction semigroup.
Assume now that \ﬁllfﬂ 2o € {y(k+),v(k—)} for some k € J(vy). It is easy to

see that we can find 2z, € L'(Q2), with 7_ < 29, < 74, 7- < ﬁ fQ Zon < v+ and
Jo 75 (z0m) < 400, such that z, — z strongly in L'(€2) and verifying ﬁ Jo 2om &
v(J (7)) for all n. Then, by the above step, we have

1
S(t)zon — —/Zo,n, strongly in  L*(Q),
9] Jo
from where it follows, using again that (S(¢)) is a contraction semigroup, that
1
S(t)zg — @/ZQ, strongly in  L*(Q2).
Q

Statement (2) is an obvious consequence of (1) since in this case J(y) = 0.

Finally, we prove (3). Given w € w,(z), by Theorem 5.1, there exists ko € D(7),
such that w € (ko). Then, kg = k. In fact, if we assume, for instance, that ko < k,
then

1 1
ket = g [w= g [0 2062 > a(hen).
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a contradiction. Hence, we have w € y(k), and

m\/ il 51, 70 €A

Thus, w € [y(k—),v(k+)] a.e. and, moreover, there exists a non null set in which

w €ly(k=),y(k+)]. [
Remark 5.4. An alternative proof of the fact that w(zg) C F is the following. Let
U LYQ) —] — oo, +00)

the functional defined by

[ie it peer@,

0

+00 if ji(z) & L'().

Since j is continuous and convex, ¥ is lower semi-continuous ([8], pag.160). More-
over, since S(t)zg < zo for all t > 0, we have U(S(t)zg) < W(z) for all t > 0.
Therefore, ¥ is a lower semi-continuous Liapunov functional for (S(t)). Then, by the
Invariance Principle of Dafermos ([15]), ¥ is constant on w(zg). Consequently, given

wo € w(zp), if w(t) = S(t)wy, we have W(w(t)) is constant for all ¢ > 0. Let u(t) such
that w(t) € v(u(t)) and w; = A(u(t)). Working as in the proof of (4.9), we get

0= Gutw®) = 5 [ i) =5 [ i) = [ auu),

Then, by Proposition 2.2, we obtain that

1
t):—/ut
9] Jo

Hence, w(t) € F for all t > 0, and consequently, wy € F.

U(z) =
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