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Abstract

Let © C R? be a convex polygonal (d = 2) or polyhedral (d = 3)
domain, and let L;, i = 1,2, be two elliptic operators of the form

Liu(z) := —div(4; (z) Vu(x)) + ¢ () u(z) — fi (x).

Motivated by the results in [2], we propose a numerical iterative method
to compute the numerical solution of the minimal problem

min {Liu, Lou} =0 in Q,
u=20 on 0f2.

The convergence of the method is proved, and numerical examples illus-
trating our results are included.

1 Introduction

Let Q € R? be a convex polygonal (d = 2) or polyhedral (d = 3) domain, and
let L;, i = 1,2, be two elliptic operators of the form

Liu(z) := —div (A; (z) Vu(z)) + ¢ (x) w(z) = fi (2),

where A; := [a;i],,, with aj; € C1(Q), 0 < ¢; € L=(Q) and f; € LP (Q) with
p > d. Assume also that there exists some A > 0 such that (A4; (z)&,€) > A|¢[?

for all £ € RY.
Our interest here is to find a numerical solution for the problem

_f min{Lju,Lyu} =0 inQ,
(P) '_{ u=0 on 0.
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Analogous results can be obtained for

max {Liu, Lou} =0 in Q,
u=0 on 0,

but we concentrate on (P).

Maximal and minimal operators appear naturally in the literature as proto-
types of fully nonlinear second order PDEs. For example, when one considers
the family of uniformly elliptic second order operators of the form —tr(AD?u)
and looks for maximal operators, one finds the so-called Pucci maximal opera-
tors, P;A(Dzu) = maxae4 —tr(AD?u) and P;A(DQU) = minge4 —tr(AD?u),
where A is the set of uniformly elliptic matrices with ellipticity constant be-
tween A and A. This maximal operator plays a crucial role in the regularity
theory for uniformly elliptic second order operators, see [7].

In [2], the authors show that one can obtain a solution to (P) by taking
the limit of a sequence constructed iterating an obstacle problem alternating
the involved operators L; and Lo with the previous term in the sequence as
obstacle. More precisely, let u; be the unique solution of

{ Liu; =0 in 9,

up =0 on 01, (1.1)

and let ug := O (L2, u1) be the unique solution of the obstacle problem with Lo
as operator and wu, as obstacle, that is,

uz >up  in €,
. Lous >0 in €,
(Pryu) = Lous =0 in {ug > uy},

or equivalently,

us =0 on 0f).
Inductively, let us define u,,, n > 2, to be the solution of the obstacle problem

w = O (Ly,up—1) if nis odd,
"l O(Le,up—) if mois even.

{ min{Loug,us —u1} =0 in Q,

It was proved in [2] that u, is an increasing sequence that converges uniformly
to a solution u of the problem associated to the minimal operator that appears
in (P).

In this work, inspired by the ideas in [2], we propose a numerical iterative
method to compute an approximated solution of (P). Furthermore, we prove
that the numerical solution converges to the solution of (P). More precisely,
given some partition 7;, of €, let us denote by S the standard piecewise linear
finite element space, and let uf € S” be the approximation of the exact solution
u1, that is,

Liuh =0 inQ,
{ uf =0 on 052,
where the solution is understood in a suitable weak sense (see Section 2.2 below).
Analogously, we set

(1.2)

o e { o ELl,uﬁ_lg if n is odd,

e Ol (Log,ul_1) if n is even,



where by O" (L, ¢h) we denote the discretization of O (L, ¢). We remark that
ul € S" and the condition u”? > w"_, is imposed only at the nodes of the
triangulation. For the precise definitions and more details see Section 2.2.

We shall show that if u is the solution of problem (P) and u” is given by
(1.2), then there exists hy, > 0 with h,, — 0 such that

hn

lim Hun

n—00 _UHLOO =0

To finish this introduction we remark that there is a large number of refer-
ences dealing with numerical approximations of obstacle problems, we quote the
recent papers [3, 11, 17, 20] and references therein. Observe that any numer-
ical scheme that approximates solutions to obstacle problems (including finite
elements) can be iterated to obtain a numerical method for (P). Therefore, the
idea presented here is quite flexible. On the other hand, note that, in general,
maximal or minimal operators are fully nonlinear ones (due to the presence
of the max or min) and hence they are not in divergence form. This makes
that classical second order finite element methods are not directly applicable to
approximate (P) (instead one has to use finite differences to approximate this
problem directly).

The rest of this article is organized as follows. In Section 2 we give the precise
formulations for the discrete and continuous problems. In Section 3 we collect
some necessary L°-error estimates, and we establish a key lemma concerning
the stability of the discrete obstacle problem. In Section 4 we prove our main
results, and in the last section we present two numerical examples illustrating
the behavior of our iterative process.

2 Preliminaries

2.1 Weak formulation of the problems
Let B, : H} () x H} () — R and F; : HE (Q) — R, for i = 1,2, be given by

B (u,v) := /Q (A; (r) Vu,Vv) +¢; (z)uv and F; (v) = /sz (z)w.

As usual, a function u € H{ () is called a weak solution of (1.1) if
B (u,v) = F; (v), for every v € H} (Q). (2.1)

The assumptions on the coefficients of the matrix A; and on ¢; guarantee the
continuity and coercivity of the bilinear form By in H}(Q) x Hg () and therefore
this elliptic problem admits a unique weak solution u. Moreover, by standard
regularity arguments, since the source f € LP(Q), we have that u € W2P(Q).
On the other hand, given ¢ € H} (Q2), we call a function u := O (L;, ¢) €
Ky :={w e H} () : w > ¢} a weak solution of the obstacle problem (Pr, ¢) if

B; (u,u —v) < F; (u—v), for every v € K. (2.2)

It is well known that the obstacle problem admits a unique solution u, see
e.g. [14, Chapter II]. Furthermore, if the source f € LP({2) and the obstacle
¢ € W2P(Q), then u € WP(Q) (see e.g. [14, 15, 6]).



2.2 Finite element discretization and formulation of the
discrete problems

Let Ty, h > 0, be a conforming triangulation of the domain Q C R?, that is, a
partition of  into d-simplices T', such that if two elements intersect, they do so
at a full edge/face of both elements. Also, assume that each triangulation 7y,
satisfies

max{diam(T) : T € T} < hdiam(Q),

where diam(A) is the diameter of the set A; and that the family of triangulations
{Tr}n>0 is shape regular, that is,
diam(7T)
sup sup ——— < 09,
h>0T€ET prT
where pr is the radius of the largest ball contained in T'.
The standard piecewise linear finite element space S" C H'(f2) is defined by

Sh={veC(Q): v, islincar V T € Tp}.
For the discretization of the continuous problems we consider the space
Shi={ves":v=0o0n 0N}

Observe that S C H} ().
The discrete counterpart of (2.1) reads:

Find u" € S! such that B, (uh, vh) =5 (vh) ,  for every v € S}, (2.3)

Clearly, this discrete problem has a unique solution for each mesh; the system
matrix is not affected by the right-hand side and is invertible because the as-
sumptions on the coefficients guarantee the coercivity of the bilinear form By (-, )
: Sh h
in Sg x S53. -

Now, let Z;, : C(Q) — S" be the Lagrange interpolation operator. In the
case of the obstacle problem (Pr, ) (i.e., (2.2)), the discrete formulation is the
following:

Find u" € K(;L such that B; (uh, ul — vh) < F; (uh - Uh) ,

(2.4)
h h
for every v" € Ky,

where K[! := {w" € S§ : w" > ¢"} and ¢" := T,¢. It is also well known that
the problem (2.4) admits a unique solution u” (see e.g. [1]), which we denote

by O (Ly, ¢").

3 Stability and error analysis for the discrete
problems

In this section we establish some pointwise a priori error estimates for both the
elliptic and the obstacle problem, and, under an additional condition on Ty, we
prove a key stability result for the discrete obstacle problem with respect to the
obstacle.

In the sequel, we shall denote by C (or C;) positive constants which are
independent of h (but which may depend on the data of the given problems).



3.1 L-error estimates for the elliptic problem

We start with the following lemma concerning the elliptic problem. The proof
can be found for instance in [12, Remark 3.25] or [18, Remark 6.2.3].

Lemma 3.1. Let u; € W22(Q) be the solution of (2.1) and ul' € Sl be the
solution of (2.3). Then, there exists C; > 0 such that

|ur — uTHLx(Q) < CL R lua|lyrae g - (3.1)

3.2 Stability and L*-error estimates for the obstacle prob-
lem

The goal of this subsection is to prove a stability result and give an analogue
pointwise a priori error estimates as the one given in (3.1) for the discretized
obstacle problem. To obtain these results, we have to restrict our analysis to
triangulations of a special kind.
Given a fixed triangulation 7}, of the domain €2, denote by z1, ..., Zpim its
vertices, where
7€) & n+1<li<n+m.

Let ¢1,...,¢ntm be a nodal basis of the space Sh with the property that
@j(w1) = 01, 1<lj<n+m.

With respect to the nodal basis, a function v» € S can be written as

n+m
ot = Zngaj7 with v; = v"(x;) forall j € {1,...,n+m}.
Jj=1

Therefore, if v" and w" are functions in S*,

n+mn+m

B; (w", ") = Z Z wv; B (¢1, ¢5) -

=1 j=1

Definition 3.2. A triangulation 7; of the domain 2 is said to satisfy the
condition (M) if for all j # [ with 5,1 € {1,...,n}, it holds that

Bi (p1,05) = /Q (Ai () Ve, V) +c () pre; <0. (3.2)

Remark 3.3. It is worth mentioning that condition (M) is strongly related
to the discrete maximun principle. It is well know that this is a sufficient
condition for the validity of the discrete maximum principle for a fully discrete
linear simplicial finite element discretization of a reaction-diffusion problem, see
[4, 19]. The validity of the condition (M) is connected with the dihedral angles
of the used simplices and hence it translates into geometric issues. Let us be
more precise. Suppose 4; (z) = a; (z) I, where I denotes the identity matrix.
For a given d-simplex T" with facets F; and F}, denote their proper volumes by
|Fil, |F;|, and |T|. The interior dihedral angle c;; between F; and Fj is defined
as a;j = T —;;, where 7;; € [0, 7] is the angle between outward normals 7; and
n; to F; and Fj, respectively. To stress the dependence on the facets, we will



write cos(F;, F;) for cos(w;j). Finally, we write o; for the (positive) height of

T above F} , which satisfies 0; = %,
J

facets. With this notation, given a d-simplex T' € T, and for I, € {1,...,n},

l # 7, we can express the key integrals as follows:

relating the volume of T' to that of its

T / —cos(Fy, F))
= d = ——"T|.
‘/TQDZSOJ (d+ 1)(d+ 2) an T <v¢lav¢]> O_lo_j | |

Using the above notation and writing a := fT a;, we have that a triangulation
Tr, satisfies condition (M) if for all T' € Ty,

TCOS(EvFj) ‘T|
—q; ———2-72 il ooy < < 0. 3.3
a; 010, +||C ||L () (d+1)(d+2) = ( )
In general, condition (3.3) is satisfied provided all dihedral angles are acute and
the mesh is sufficiently fine. In the case of the Poisson problem or pure diffusion
problem (¢ = 0), the crucial condition (3.3) reduces to

cos(Fy, Fj) > 0. (3.4)

This corresponds to the well-known requirement of nonobtuseness of all dihedral
angles in the triangulation 7. In [19], a condition sharper than (3.3) is given
in terms of the stiffness matrices.

In order to prove the stability of the discrete obstacle problem with respect
to the obstacle, we need to introduce the concept of discrete supersolutions
for problem (2.4). We note that the following definition extends the notion of
supersolutions utilized in [14] to the discrete setting,.

Definition 3.4. A function g" € S" is a discrete supersolution of problem (2.4)
if it holds:

(i) B; (gh,vh) < F; (vh) , for every v" € S" with v" <0,
(ii) g" > ¢" in Q,
(i) g" > 0 on 99Q.

The next two lemmas are adaptations of [9, Theorems 3.4 and 3.5], where
similar results are proved in the case of the Laplacian operator. Let us point
out that the continuous counterpart of Lemma 3.5 below can be found in [14,
Theorem 6.4, Chapter 1I].

Lemma 3.5. Assume that T;, satisfies the condition (M). Let u" the solution
of (2.4) with obstacle ¢ € S&. Then, for every discrete supersolution g of (2.4)
it holds that up, < gh in .

Proof. Let vy, € Sk be defined by
vp(27) := min(u"(z;), g" (7)), for every 1l e {l,...,n+m},

where {x;} denotes the set of all vertices of the triangulation 7j. It is clear from
the construction that th <l < uh, and therefore v € K¢h.



Now, since u”

is solution of problem (2.4), it satisfies
B; (u",u" —v ) < F; (u - vh) (3.5)
and on the other hand, from the first property in Definition 3.4 we have that
B; (gh,uh —v ) > F; (u - vh) (3.6)
Then, substracting (3.6) to (3.5) we obtain
B; (uh — gh,uh — vh) <0.
Let y; := u"(2;) — g"(2;) for [ = 1,...,n + m. Then,

0> 5; (uh —gh,uh —vh)

n+m n+m
= yimax(0,y)Bi (¢, 01) + > yimax(0,y;)Bi (1, %;) (3.7)
=1 1]

[
NE
=

ax(0,41)°Bi (1, 00) + Y yimax(0,;)B; (1, 05)
1]

N
Il
N

Now, from the condition (M) we know that for all [ # j with j,l € {1,...,n} it
holds that

yimax(0,y;)B; (w1, ;) > max(0, y;) max(0, y;)B; (¢, ;) -
Thus, (3.7) implies

> ZZ max(0,y;) max (0, y;)B; (1, 01) = By (u" — v, u" —o") >0
=1 j=1

and consequently
ul(x) — o™ (2;) = max(0,u" (z;) — g"(21)) = 0 Vie{l,....,n+m}.

Using again the piecewise linearity of the involved functions, we deduce u” < g"
in © and this ends the proof. B

Now, we prove a key stability result for the discrete obstacle problem with
respect to the obstacle. This lemma will be useful in the next section.

Lemma 3.6. Assume Ty, is a triangulation satisfying condition (M). Let v, ¢
be two obstacles in S, and let uﬁj = O" (L, ) and ug = O" (L, ¢). Then,

h h
H“w - u¢HLoo(Q) <Y = ol -
Proof. Let g := ug + |l — gf)HLm(Q). Then, it clearly holds that
g"e St ¢">00n00, and thug—l—w—d)Zi/).

From the definition of the bilinear form B; and the variational inequal-
ity (2.4), for all v € S with v < 0 in €, we have that

Bi (g",v") < Bi (ug,v") = By (ug, ug — (ug —v")) < F (v").  (38)



Thus, ¢" is a discrete supersolution for the discrete obstacle problem with ob-
stacle 1. Hence, by Lemma 3.5, we obtain ufZ < gh = ug + ||y — Ol oo () In ©
and therefore,

up, —uly < |l = @l e qy 0 Q.

Since interchanging the roles of ¥ and ¢ we may derive that
wlh —uly < |l — Ol ooy n 2,
the lemma follows. B

Let us observe that the estimate in the above lemma holds also in the con-
tinuous setting for similar obstacle problems, see [14, Theorem 8.5, Chapter
4].

We conclude this section with the following pointwise apriori error estimate
for the obstacle problem, for a proof see e.g. [1, 16].

Lemma 3.7. Let T, be a triangulation satisfying condition (M) and an obstacle
¢ € WAP(Q), p > 2. Let u € W2P(Q) be the solution of (2.2), and let u" € Sk
be the solution of (2.4). Then there exists a constant C' > 0 such that

o= ey < CHZ= 7 Nlog bl (llyzncy + I8l ) -

4 Convergence of the discrete iteration

We are now in position to prove our main results. Recall that u; and u} are
the solutions of (2.1) and (2.3) respectively, and that for n > 2,

_J O(Li,up—1) ifnisodd,
U= O (Lgyup—y) if nis even,

U { O" (Ly,ul_y) if nis odd,

n O" (La,ult_;) if nis even.
Theorem 4.1. Let {7} be a family of triangulations satisfying condition (M).
Let u, € W2P(Q), p > 2, and ul € St be as in (4.1). Then

}llig}) sy — “nHLoc(Q) = 0.

Proof. For n > 2, let 4" € S be defined by

~h . { Oh (Llthun—l) if n is Odd7 (42)

n =1 oh (Lo, Thup—1) if n is even.

That is, u" is the solution of the discrete obstacle problem with obstacle Zju, 1.
By Lemma 3.7 we have that

[ = n| o () < Cul®= /7 log 1], (4.3)

where Cy, may depend on [[un |20 (o) and [[un—1llyr2.(q)-



Taking into account Lemma 3.6 and (4.3) we deduce that

H“Z - “nHLoo(Q) = HUZ - ﬂZHLOC(Q) + HﬂZ - “nHLw(Q)
< Huﬁ,l —Ihun,1||Loc(Q) + Ch* P [log )
< Jfup—y - u”*1’|L°C(Q) w1 = Znun—1ll = o)
+ C h* P [log h) .
Now, since for any v € W2P(Q), p > 1, there exists a constant C' > 0 such
that the Lagrange intepolation satisfies the following estimates (see [5, Remark

4.4.27)):
10 = Znv]l oo 0y < CH= P [0l y2in(er »

we obtain

o~ vl < s sl + G5 4 Cuh2 7 g
Repeating this n — 1 times and applying Lemma 3.1 we arrive to

[ty = tn| oo ) < Nl0d = ] e ) + 200 = 1)Cuh®=4/P(1 + [log h)
(4.4)
< 12 (lefd/2 +2(n — 1)Tph~4P(1 + |log h|)) ,

where C,, := max{Cs,...,Cp, Ci, ...én_l}. Finally, letting h — 0 the theorem
follows. W

As a direct consequence of the above theorem and the convergence result in
[2], we have the following corollary. Let us point out that in [2] the solutions
are considered in the viscosity sense. However, since our weak solutions lie in
W2P(Q), p > d, an immediate application of the strong maximum principle
for strong solutions (e.g. [13, Theorem 9.6]) shows that they are also viscosity
solutions (for general theory of viscosity solutions we refer the reader to [8, 10]).

Corollary 4.2. Let u be the solution of (P) and let u! be as in (4.1). Then,
there exists h,, > 0 with h,, — 0 such that

lim Huﬁ“ =0.

oo —ufl e
Proof. We observe that

e = ull ey < e = unll o ) + lltm =l ey

Let us define
Cpn = max {C1,2(n —1)Cy, }, T:=2-—d/2.

Taking h,, such that C,h7 (2 + [log hy|)) < 1/2n, using (4.4) and applying the
convergence result Theorem 1.1 in [2], we see that

1 1 1

H“Z” - uHLDO(Q) = o + o n

and the corollary is proved. B



5 Numerical experiments

In this section we consider two different numerical examples that document
the behavior of the iterative process. We point out that we shall consider two
simple problems in which we know the exact solution of (P), in order to be able
to compare such solution with the numerical approximation.

Example 1 Let Q := [0, 1] x [0,1]. We consider the following operators,

Liu:= _Au+f1 (xvy)7 Lou := _Au+f2(x7y)a

where
_J 13 ifx e (0, 11),
fulew= { 32 (h(n)g(y) + hW)g(@) i€ (5.1),
—3L2(h(2)g(y) + h(y)g(x)) ifx e 0,11 ,
friwy) _{ 13" s ifzegfo,(ig.
g()i= - 20— D= 3L
B = (o= P HAG - - D+ (- 37

One can see that solving the problem

(Py) = min{Lju, Lou} =0 in Q,
U= w=0 on 0F),

is equivalent to finding the unique solution of the problem

{ Au= =22 (h(x)g(y) + h(y)g(z)) in €,
u=0 on 0f).

Moreover, the solution is given by

u(x,y) =g(x)gy).

For this first example, we consider a uniform fixed mesh with N + 1 nodes
at each boundary, dividing the unit square into N? subsquares and then each
subsquare is divided into two triangles. Therefore, we have a triangulation 7j,

with h = % See Figure 1(a).

(a) (b)

Figure 1: (a) Triangulation 75 considered in Example 1. (b) Triangulation 75 con-
sidered in Example 2.

Let us observe that in this example, since L1 and Lo are Poisson problems,
the triangulation Ty, satisfies (3.4) and the condition (M) holds.

10
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Next we examine the performance of the iterative process for different values
of h and n.

In first place, we ran the algorithm in order to get the numerical solution
ul and we compared it with the known exact solution u. In Figure 2 we show
N = 40 and n = 50: at the top left the exact solution wu, at the right the
approximate solution uf, and at the bottom left u’go. One can observe that, in
spite of starting with a poor initial data, the algorithm is able to give a good
approximation of the exact solution. In fact, at the bottom right we plot the
Hu —uh H 1o €rror versus the number of iterations, and we can see how this error
decreases when n increases.

Exact solution u Approximated solution uf

i
Al""h
m‘t ‘

ﬂ‘t W 4 mrwm

gn§5g§§§‘ o » Mmmw ‘ ““L\
,mmm mmmm , !t

m‘“‘m‘m“

mnnmm
'mnmm ‘A
W o

06 0.8
04 06
04
02 02
0 0
(a) (b)
Approximated solution uf,
15 T T T T T T T T T
1.25F 1
0.251 B
3
06 0.8
04 0.6 0 L L L . T n n n n
0.2 0.4 0 5 10 15 20 25 30 35 40 45 50
: 02 Iterations n
0 0

(c) (d)

Figure 2: (a)-(d) Iterative process considering h = g fixed (41 nodes at each
boundary side) and varying n from 1 to 50. (a) Exact solution u(z,y) = g(x)g(y).
(b) Approximated solution u}. (c) Approximated solution ufy. In spite of starting
with a poor initial data, the algorithm is able to give a good approximation of the
exact solution. (d) Error ||u — uZHLOO versus the number of iterations n.

Finally, in Figure 3, we plot Hu — u§0|| . for several choices of h. One can
also observe, as expected from the theoretical results, that this error gets smaller
as h decreases.

11
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Figure 3: Plot of the errors Hu — uﬁ” . corresponding to Example 1. We considered
n = 50 fixed and varied the mesh diameter h = % from N =10 to N = 90.

Example 2. Let Q :=[0,1] x [0,1]. We consider the following operators,

Liu=-Au+c (z,y)u+ fi(2,y),  Lou=—-Aut+cy(z,y)u+ fa(2,y),
where
—3n?sin(rz)sin(ry)  ifz € (0,3)
e~ { <o)
0 if x € (%, 1) ,
_fo if z € (0,5),
fa(@,y) = { —3m? sin(rmrz) sin(my) ifze(3,1),
and
w2 ifz € (0, %) ,
e (x,9) '_{ 2% (1 — x) ifze(3,1),
[ 2n%z if x € (0, %) ,
c2 (,9) '_{ w2 ifve(3,1).

One can see that solving the problem

(Py) = min{Lju, Lou} =0 in Q,
T u=0 on 99,

is equivalent to finding the unique solution of the problem

Au = 27%sin(7z) sin(7y) in €,
u=20 on 0f.

Moreover, the solution is given by

u(x,y) = sin(mz) sin(wy).

12



For this second example we built a triangulation in which for every T such
that either TNIQ = ) or TNIQ = xj, the interior angles are acute. The height

and base of each T is +, and so h = \/gﬁ See Figure 1(b).

We point out that a simple computation shows that when h < i, (3.3) holds
and therefore the triangulation 7y, satisfies the condition (M).
Here we examined the performance of the iterative process for different values

of h and n, doing a similar analysis to the one made for Example 1. The results
are shown in Figures 4 and 5.

Exact solution u

Solution u}

SRR
R
RN
SR
FROMLITNTHN
mm\mm
N

o
IAATUTAT 7
A AT i
A A ravaTAYa:
AL TATAVAYA
YA AVAYAYAYA
r‘v;"v#v

Solution uf,

A
NN

NN
RN
SR
SN
dumm N

§

= w1 exror

N
IR
SIUNINR

“mmm

o
W
W

0 5 10 15 20 25 30 35 40 45 50
Tterations n

(d)

Figure 4: (a)—(d) Iterative process considering h = /245 fixed and varying n from
1 to 50. (a) Exact solution u(z,y) = sin(nz)sin(ny). (b) Approximated solution

ul. (¢) Approximated solution uly. In spite of starting with a poor initial data,

the algorithm is able to give a good approximation of the exact solution. (d) Error
Hu — uZ”Loo versus the number of iterations n.
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Figure 5: Plot of the errors Hu — uﬁ” . corresponding to Example 2. We considered

n = 50 fixed and varying the mesh diameter h = \/g% from N =10 to N = 90.
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