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Abstract. In this paper we prove the existence of nonnegative non-
trivial solutions of the system

Au = u in

Av = v,

with nonlinear coupling through the boundary given by

{gz = f(z,u,v) on 09,
on g(l‘,u,v),

under suitable assumptions on the nonlinear terms f and g. For the
proof we use a fixed-point argument and the key ingredient is a Liouville
type theorem for a system of Laplace equations with nonlinear coupling
through the boundary of power type in the half space.

1. Introduction. In this paper we study the existence via topological
methods of nonnegative solutions of the following elliptic system:

Au = wu in
{Av - (1.1)

with nonlinear coupling at the boundary given by

% = f(xz,u,v) on 09,
P (1.2)
on - g(x,u,v).
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Here © is a bounded smooth domain in RY, 3/dn denotes the outer normal
derivative and f, g : 02 x Ry x Ry — R4 are smooth positive functions with
f(z,0,0) = g(x,0,0) = 0. Moreover we deal with the “superlinear” case (see
Section 3 for detailed assumptions, (H1), (H2), (H3), on f and g).

Existence results for nonlinear elliptic systems have deserved a great deal
of interest in recent years, in particular when the nonlinear term appears as
a source in the equation, complemented with Dirichlet boundary conditions.
There are two main classes of systems that can be treated variationally:
Hamiltonian and gradient systems. The system (1.1)-(1.2) is called Hamil-
tonian if there exists a function H such that H, = f and H, = g, and is
called gradient if there exists F' with VF = (f,g). Other problems without
variational structure can be treated via fixed-point arguments. For this type
of results see, among others, [2], [4], [6], [8], [9], [13] and the survey [7].

Here we address the existence problem for (1.1)—(1.2) without a varia-
tional assumption on f and g. To our knowledge, no existence result prior
to this work is available for the nonlinear boundary-condition case.

The topological method (a fixed-point argument) we apply here, has been
used by several authors to deal with problems without variational structure
(see for instance [5], [10], [23], [24]), and, as in our case, they were forced to
impose some growth restrictions on f and g (see Theorem 3.2 in Section 3).

In the course of the proof, we will need some knowledge of the following
eigenvalue problem:

Ap = ¢ inQ,
{ g—ﬁ = A¢ on 9.

We collect the results that we need in Section 2, and we include the proofs,
though they are straightforward, in order to make the paper self-contained.
The main difficulty in carrying out the fixed-point argument is to obtain
L*° a priori bounds for (1.1)—(1.2). This difficulty is overcome by means of
the blow-up technique introduced by Gidas-Spruck [17]. The key ingredient
in making this technique work is a Liouville-type theorem for the system

Au = 0 inRY,
{ Auo= 0 iRy (1.3)
with boundary conditions
% = P on BRf ,
o . (1.4)
on = Uu-*.
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In [20], Bei Hu studies the single equation,
{ Au = 0 inREY,

du _ .p N
= U on JRY.

(1.5)

There he proves that if 1 < p < % there is no nontrivial nonnegative
classical solution of (1.5). In [19] such nonexistence-type result is applied to
compute the blow-up rate of a parabolic problem. In [14] the authors use a
similar result to obtain the blow-up rate for a parabolic system.

Here, in Section 4, we adapt the moving plane technique to deal with
the system (1.3)—(1.4), and we obtain the same type of result with similar
restrictions on the exponents (see Theorems 3.5 and 3.6). This result seems
to be of independent interest.

We remark that we can also deal with the semilinear case

—Autu = r(x,u,v) in
{ —Av+v = s(z,u,v),

g% = g(a:,u,v),

using the same ideas (see Remark 3.1). Since the main novelty here comes
from the boundary terms, we present our results for (1.1)—(1.2).

The paper is organized as follows: in Section 2, we analyze the eigenvalue
problem; in Section 3, we state and prove our main results (Theorems 3.2, 3.4

and 3.7). Finally, in Section 4 we prove the nonexistence results (Theorems
3.5 and 3.6).

{gz = f(x,u,v) on 09,

2. The eigenvalue problem. In this section we analyze the following
eigenvalue problem:

Ap = in O
{w ¢ in, 2.1)

g—ﬁ = A¢ on 0f.

The proof of the results are rather standard, so we only sketch them. In fact
we prove

Theorem 2.1. There exists a first positive eigenvalue \1 with positive eigen-
function p1 of (2.1). Moreover, if u > A1 there is no nonnegative nontrivial
solution of

Aw = w in €,
{ > (2.2)

g—f‘é’ pw on 0f).
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Proof. First, we observe that the operator A : L2(9§)) — L?(0Q) given by
Af = u |gq, where u is the solution of

Au = wu in Q,
Qu = f on 09

is compact, self-adjoint and ker(A4) = {0} (see [11], [12]). To see that it is
positive, we observe that

(Af, ) = / uf = /BQ /]Vu|2+Auu—/|Vu\2+u

Then there exists a nonincreasing sequence of positive eigenvalues of A,
0 < pin, with gy, — 0. Then, if we take 0 < A\; = 1/pu; we only have to show
that the corresponding eigenfunction ¢ is positive. For that purpose we
observe that ¢; is a solution of the following minimization problem:

A1 = min (/ |Vul|® + / >
Joqu?=1

As |u] is also a solution if u is a solution, we can choose ¢ positive (see [11],
[12] for the details).

To finish the proof of the theorem, assume that we have a nonnegative
solution of (2.2). We multiply the equation by ¢; and, after integration by

parts, we get
0 ow
/U)A801—/ 8801 + ——p1 :/wapl.
Q n  Joq On Q

Hence we obtain
M/ wepy §>\1/ w1,
o0 o2

a contradiction, unless w = 0. [

3. Main results. As we have described in the introduction, we will
use a topological argument in order to obtain our existence result. More
precisely, we want to apply the following fixed-point theorem that can be
found, for instance, in [6] (Theorem 3.1).

Theorem 3.1. Let C be a cone in a Banach space X and S : C — C a
compact mapping such that S(0) = 0. Assume that there are real numbers
0<r<Randt>0 such that
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1. 2 #tSx for0<t <1l andz €C, ||z|| =7, and

2. there exists a compact mapping H : Br X [0,00) — C (where B, =
{zx eC: ||z|| < p}) such that
(a) H(z,0) = S(x) for |la]| = R.
(b) H(x,t) # x for ||z|| = R and t > 0.
(¢c) H(x,t) =z has no solution x € Br for t > ty.

Then S has a fixed point in U ={x € C: r < ||z|| < R}.

To apply this theorem, we proceed as follows. Consider the space

X ={(u,v) : u,veC(Q)},

with the norm |[(u,v)|| = ||u||co + ||¥||co, Which makes it a Banach space.
Let S : X — X be the solution operator defined by S(¢, ) = (u,v), where
(u,v) is the solution of

Au = u in Q,

{ gu = f(x,¢,%) on o, (3.1)
Av = v in Q,

{ D = g(z,¢,9) on N (3.2)

We observe that a fixed point of S is a solution of (1.1)-(1.2).

Now let us see that S satisfies the hypotheses of Theorem 3.1. By stan-
dard regularity theory, [18], as the normal derivatives of u and v are bounded
in L it follows that u and v are C'*; hence S is a compact operator. As
f(x,0,0) = g(x,0,0) = 0 we have, by Hopf’s lemma, that S(0) = 0.

Let C be the cone C = {(u,v) € X : u >0, v > 0}. It follows from the
maximum principle that S(C) C C.

To verify (1) in Theorem 3.1 we argue by contradiction. Let us assume
that for every r > 0 there exists a 0 <t < 1 and a pair (U, V) such that

AU = U inQ,

{AV _ v (3.3)
ou
o= = tf(x,U, V) on 0,

{ o # ) (3.4)
Sy = tg(z, U V).
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We multiply the first equation of (3.3) by 1, the first eigenfunction of (2.1),
and we obtain

0—/9(AU—U)901—/QU(A%—901)—|—t/89f(x,U,V)<p1—/8 U%

Hence
0=t [ f@UVI-n [ Ua
o0 o0
We assume that f and g are “superlinear”; in fact, we make the following
hypothesis, which we call (H1):

f(z,U,V)<eU+V) and g(z,U,V)<e(U+V), (H1)
for small ||(U,V)]|. Using (H1), we obtain

)\1/ U<,01§€t/ (U +V)er.
o0 o0

Analogously, for V' we get

)\1/ Vr ést/ (U +V)er.
oN o0

Adding both inequalities we conclude that A1 < 2e, a contradiction if ¢
satisfies € < A\1/2.

To see (2) we define H as follows: H((¢,),t) = S(¢+t,1 +t). Clearly
(a) holds.

To see (c) we have to impose any of the following conditions (we call this
(H2)):

(H2.i) There exist real numbers p > Ay and C' > 0 such that f(z,u,v) >
pu — C uniformly in z € Q and v € Ry

(H2.ii) There exist real numbers g > A; and C' > 0 such that g(z,u,v) >
pv — C uniformly in x € Q and u € Ry

(H2.iii) There exist real numbers pr > A; and C' > 0 such that f(z,u,v)+
g(z,u,v) > p(u+v) — C uniformly in z € Q.

For instance, assume that (H2.i) holds. Then we observe that for ¢ large
enough we have f(z,u+t,v+1t) > p(u+1t) — C > pu, with g > Aj, and
hence, for t large, u is a nonnegative solution of

Au = u in €,
>

%Z pu on 0f),
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which contradicts Theorem 2.1.
The other cases can be handled in a similar fashion. Finally, condition
(b) is an immediate consequence of an a priori bound for the system

Au = wu in £,

{ PN (3.5)
% = flz,u+t,o+t) on 09, (3.6)
g—z = g(z,u+t,v+t). .

Hence we have proved our main result, provided we have an a priori L™
bound for (3.5)-(3.6).

Theorem 3.2. Let f and g satisfy (H1)—(H2); if there exists a constant C
such that for every solution (u,v) of (1.1)-(1.2) it holds that ||ul|cc, [|V|lec <
C, then the system (1.1)-(1.2) has a nontrivial positive solution.

Now our aim is to prove that, under further conditions on f and g, the
nonnegative solutions of (1.1)-(1.2) are bounded in L*, so Theorem 3.2
applies. To do so, we apply the blow-up technique introduced by Gidas and
Spruck [17]. We argue by contradiction. Assume that there is no such a priori
bound; then there exists a sequence of positive solutions (uy,v,) such that
max{||tn||co, ||Unllec} — o0 Let B1, B2 be two positive numbers to be fixed.
We can assume that ||t ||so — 0o and that [[un |2 > [lva|/2. As Q is compact
and wu, is continuous, we can choose z,, €  such that u,(z,) = mMaXg U,
Moreover, it follows from the maximum principle that x, € 0Q2. Again, by
the compactness of 2, we can assume that =, — x¢ € 5.

We define 7, such that v5'[|un|lsc = 1. This sequence 7, goes to 0 as
n — o0o. Let

W (Y) = Y2 Un (Yoy + 1)y 20(y) = Y200 (Y + Tn).

These functions are defined in Q, = {y € RY : 4,y + 2, € Q}. We observe
that 0 < wy, 2, <1 and w,(0) = 1.
On f and g we impose the following condition (hypothesis (H3)):

flx,u,v) = a(z)ul + b(x)vP2 + hy(x, u,v),

gzuw) = e@)uP + d(z)oP + hy(z,u,v), (H3)

where 0 < k < a,b,c,d < K < oo and h; are lower-order terms,

[hi(z,u, )] < (1 + |ul* 4 |v|*%?).
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Here the exponents a;; satisfy 0 < a;; < p;;. Hence, wy, and z, satisfy

Aw, = ~2w, inQ,
’ 3.7
{ Az, = 7727,3715 ( )
68% _ 751(1—1711)4'1&(*)10%11_'_,WﬂllJrl*ﬁwlzb(*)zgm
A R (kv P, v P ) on 0y, (3.8)
68% _ Vﬁ2+1*51p21c(*)w£21+,yg2(1*p22)+1d(*)zgzz
2 By (5, P, v 2 2).

Now we want to pass to the limit in (3.7)-(3.8), so we need to know what
happens with the coefficients of the leading terms.

We distinguish two cases in terms of p;;: the weakly coupled case and
the strongly coupled case.

1) Weakly coupled case. We say that the system is weakly coupled if
there exist (31, B2 such that

Br(l—pu1)+1=0, B1 41— Bapi2 > 0,

3.9
B2(1 —p22) +1=0, B2+ 1 — Bip21 > 0. (39)
Thus, in this case we choose 61 = zﬁ’ By = zﬁ' These conditions impose
11(p22 — 1 p22(p11 — 1
1 <p11,p22, p12< pi( ), and po; < 7( ! )
p11—1 p22 — 1

2) Strongly coupled case. We say that the system is strongly coupled
if there exist 31, [2 such that

pr(1—p11)+1>0, B1+1— fapia =0,

3.10
B2(1 —p22) +1>0, B2+ 1— Bip21 = 0. (3.10)
Thus, in this case we choose 1 = pg 1;;;, By = %. These conditions
impose
p21p12 — 1 p21p12 — 1

1 <paipr2, pn<l+ , and po <1+

pi2+1 po1 +1

First we deal with the weakly coupled case.
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As wy, z, are C* (see [18]) and f, g are smooth, we have (see [22], [15])
that wy, 2, are uniformly bounded in C'T®. Hence, by standard Schauder
theory, [18], we obtain that wy,, z, are uniformly bounded in C?*®. Using a
compactness argument we can assume that (wy, z,) — (w, z) in C**# x C?+F
with 8 < a. We observe that the domains 2, approach Rf . Therefore,
passing to the limit we obtain a nontrivial nonnegative bounded solution w
of

Aw = 0 in Rﬂ\_]
’ A1
{ ‘g—;‘; = a(zo)wP' on IRY. (3.11)

Bei Hu in [20] proved the following nonexistence theorem:

Theorem 3.3. The only nonnegative classical solution of (3.11) is w = 0
when 1 < p11 < % (p11 is subcritical) if N >3 or 0 < p11 if N =2.

The proof of Theorem 3.3 relies on the moving plane method, introduced
by Alexandroff and then used by several authors to study the symmetry
properties of many elliptic equations ([1], [16], [21], etc.). We want to re-
mark that in the critical case, p11 = %, there exist nontrivial nonnegative
solutions of (3.11), [3].

Using Theorem 3.3 we get a contradiction, and this proves the a priori
bound in the weakly coupled case. In summary, we have proved the following
result:

Theorem 3.4. Assume that the system (1.1)—(1.2) satisfies (H3) and is
weakly coupled. If 1 < p11,pas < % (N >3) or0 < pi1,p2 (N =2), then
there exists a constant C such that every nonnegative solution (u,v) satisfies

[tlloos 10]lc0 < €

Next, we deal with the strongly coupled case. Passing to the limit as in
the previous case, we obtain a nontrivial, nonnegative solution of

Aw = 0 inRY,
{ Ar — 0 + (3.12)
with boundary conditions
?9% = b(zp)zP2  on ORY,
o - (3.13)
52 = c(xo)wh.

For this problem, using the moving planes technique, in the next section we
prove the following Liouville-type theorems:
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Theorem 3.5. Suppose N > 3, and p1a,pa1 < N]XZ but not both equal to
%, with piapa1 > 1. Let (w,z) be a classical nonnegative solution of
(3.12)(3.13); then w = z = 0.

For the case N = 2 we have to suppose that w or z is bounded, and

we obtain the same conclusion with no restriction on the exponents pi2, p21.
More precisely, we have

Theorem 3.6. Let N = 2, and pi2,p21 > 0. Let (w, z) be a classical non-
negative solution of (3.12)—(3.13) with w bounded; then w = z = 0.

Again, applying Theorems 3.5 and 3.6 we get a contradiction in the
strongly coupled case. In summary we have proved the following theorem:

Theorem 3.7. Assume that the system (1.1)—(1.2) satisfies (H3) and is
strongly coupled. If 1 < p1opo1 and pio, po1 < % but not both equal (N > 3)
or 0 < p12,p21 (N = 2), then there exists a constant C' such that every non-
negative solution (u,v) satisfies ||ullco, ||v]|co < C.

Remark 3.1 We observe that the same techniques apply to the semilinear
case,

—Au+u = r(z,u,v) in€Q,
—Av+v = s(z,u,v),

{ % = f(x,u,v) on 09,
5 = g(x,u,v).

The differences arises in the blow-up argument. When we apply this tech-
nique, the points z,, need not lie in 9S2, and hence we have to discriminate

the case where x,, — zg € 0€). In this case we can pass to the limit, but we
lose the boundary condition, obtaining a semilinear problem in RV .

4. Nonexistence results. This section is devoted to the proofs of The-
orems 3.5 and 3.6.

Throughout this section, for the sake of simplicity, we write p, ¢ instead
of p12,po1 and u,v instead of w, z. Also we assume that b(xg) = ¢(xg) = 1.

Proof of Theorem 3.5. To apply the moving plane method we use the
following notation: for A € R, let

Yx={(x1,.zn) i1 >0, zny < A}, Th = {(z1,...,zy) 121 >0, xny = A},

i)\ = Ef)\ - {(07 “'7072)‘)}7 B;—l_(yO) = B,U«(yO) N {.%'1 > 0}'
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Let (u,v) be a positive solution of (1.3)-(1.4) and a; = —1%_11, g = —]%_11

(we observe that, as pg > 1, aq and ay are negative). Then define
Aw) = pulpa), (@) = p ().
As (u,v) satisfies (1.3)-(1.4), (u,v) satisfies

{Au:(), Av = 0,

om _ —p v _ (4.1)
s = v, o = ul

By (4.1), if w = 0, then v = 0; then we can suppose that u # 0, v Z 0. Now
we observe that if p < 1
SUP.e B (0) u(z) < p= SUDge Bt (0) u(z) < Cp=,
(4.2)
SUD,c g+ (o) v(z) < pme2 SUD,c gt (0) v(z) < Cu—e2.
Also

infzer(O) u(x) > p~ ™ infxij(o) u(z) > epu™,

(4.3)
infzer’(O) v(x) > pm2 infzeB;f(O) v(z) > cpu™ 2.

Let €1, €2 be the following numbers, which are positive by the maximum
principle:

g1 = min a(z) >0, g9 = min T(x) > 0.
lz|=1, N >0 |z|=1, x>0

Next we observe that if € = min{eq, 2}, then by a comparison argument,

u(x) > lx‘f,_Q lz| >1 x1 >0,
> 13

(4.4)

Now we use Kelvin’s inversion to define

() (g

) = z[N-2° P(x) = z[N-2

As (u,v) satisfies (4.1), this pair of functions, (p,)), satisfies

Ap(z) = 0, Ay(z) = 0,
g%(x) _ YP(x) oy

__YP(x) S o C)
= N -2 dn r) = [z[N—(N—2)
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As a consequence of (4.4), we obtain

<

(ap2) a2 .
Z|N-2 >e, ¢(r)= [z]N—2 >¢e, infz|<1, x>0,

P(x) =

Also, by (4.2), we have
u(Ey)  SUP gt o) TY) —a .
90(55) = |x||1v|—22 < U‘Ejzlv—oz < |CITN—21! if ‘$| >1, x>0,

B(2y)  SUP pt ) YY) aman
V(@) = i < ke — < v iflel 21 a1 >0

(4.5)

In order to prove symmetry properties of ¢ and v, we set

Py(z) = ea(w) — o(z), Uy (z) = a(z) — ¥(x),
where for A < 0 we define

ox(T1, ooy zy) = (21, ooy N1, 22 — zN) = p(T)),
1/))\(1'1, ...,1‘]\]) = iﬂ(l'l, ...,:L'N_1,2/\ — .CCN) = 1/)(%)\)

Now we can begin the moving plane method.

Lemma 4.1. If —)\ is big enough, then
Dy, U, >0 in .
Proof. Let us start by defining the following functions:
By(x) = [27Dx(x),  Up(z) = |27 Wx(2),
where z =z +e; =z + (1,0, ...,0). These functions satisfy

—A@)\—F%Z‘V@)\—FMEAZO,

[=[?
in E)\

—Aﬁ)\—i-%z'va)\-l-w@)\:o.

ER

We choose § = % so that the coefficient of order zero in both equations
is nonnegative.
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At the boundary, these functions satisfy

0D
83:

9)2|° LA
lar=0 = <8x1¢()+|| 1())|x120
_ (|ﬁ|2<13)\+|z|ﬂ (pa(z) — w(x))> |z1=0
B ! !
e (Wd)ﬁ—mmmﬁp)'

Now, as |z,| < |z| in ¥y (A < 0), by the mean value theorem,

1 p 1 » 1 » »
(e~ ) = ey (A - )
1

<

e (peP~'w,),

where £ lies between ¥, and . Then

0<I>>\

3 1
Dy sy =0> — E ‘Qq)A‘i"I’/\ngp L (4.6)

Analogously,
oW\ b= | = 1 -1
—— g =0> -5V Oy———qC? 4.

where ( lies between @) and .
Now suppose that the statement of the lemma is false; that is,

iIl~f 6)\: -6 < 0.

TEX )

We have

[@a(2)] = [2°loa(z) — p(@)] < 1217 (loa(@)] + o (2)])

Cpu—t Cpu—t g _ 3C
< (s * s 1 <

—a]
g if || is big enough.

Analogously,
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Now, near the point (0, ...,0,2)) (more precisely, for |x — (0,...,0,2)\)| < 1),
we have

Bao) 2 [+ (e~ olo) 2 (= - )

—ay
> ]z\ﬁ(s — ’C)\TN_2) >0, if —\ is big enough.
In a similar way we obtain, for |z — (0, ...,0,2)\)| < 1, ¥ (x) > 0. Then the
infimum must be located in y € X3\Bi(0, ...,0,2X).

By the maximum principle, y & int(3)) and y € T because ®) = 0 in
T); then y must be in {(z1,...,xnx);z1 = 0}.

If U)(y) > 0 we are done because by (4.6) the normal derivative of @y
must be positive at y, a fact that contradicts Hopf’s Lemma.

If not, ¥x(y) < ¥(y) and then inf ¥y(z) = ¥,(y*) < 0, and by an
analogous argument, ¢ (y*) < p(y*).

Then we have, by (4.5),

C —Q N C —Q1
£(y) < ﬁ C(y) < ‘yf,‘N,z. (4.8)

By Hopf’s Lemma, we can suppose that the normal derivative of @y is neg-
ative at y; that is, using (4.8)

0P B = = 1 p—1
0> —Fg le=v> _W(I)/\(y) + ‘I’A(y)mpﬁ
— — 1
> —— 3, (y) 4+ U\ (y) —5pCp 2P,
e A(Y) ,\(y)|y|2p I

Then, we have

/8 p _ =
§ < ———=Cpu~ 2=, ().
TR’ < TR ()

Replacing in (4.7), we get
oV JC q —a1(g—1
S O N | _ 2 oyl
e A ly*[? A) PRE
3 [yl 1 g
T LAy P L+ fyRpCumee )y
52 —ai1(g—-1) 0

— -1
S0Cu @D (4.9)

v
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We observe that, as pqg > 1, if we choose p small enough, we get that the
last term is positive, which is a contradiction, and the lemma is proved. [J

Let us now start to move the plane.
Lemma 4.2. If \g =sup{A < 0:®,, ¥, >0 in 3, Vv < A}, then Ao = 0.
Proof. Suppose that Ay < 0. By continuity, we have

By, ¥y, >0  in Xy,

In the boundary {z; = 0} N X,,, by (4.6) and (4.7) these functions satisfy

0, (e WP » -
- - >
on |z\|[N-(N=2p  |g|N=(N-2)p =z |x‘N—p(N—2)§ Uy, =0,
ov, ol o1 q (4.10)
0 __ A . q,1
on |y N-(N=2)a |z N-(N-2)q =z ‘x|N—q(N—2)C ®,, > 0.

Now, by (4.10) (as N —p(N —2) > 0, N —¢(N —2) > 0 and )\ < 0),

Dy, ¥y, #0in X),; then, by the maximum principle, we have
Dy, Uy, >0 in ¥y, — {Th, U{(0,...,0,2X0)} }. (4.11)

Now, let us define the following numbers, which by (4.11) are positive:

A
61 = inf{q))‘o tr > 07 |‘T - (07"'707 2>‘0)‘ = |20’ ’
s . Y
0y = Inf{ Wy, 121 >0, [z —(0,...,0,2)0)| = 5=},

d = min{dy, d2}. The point (0, ..., 0,2Ag) might be a singularity point for @,
and V), ; to control this fact, we define h. to be the solution of the following

problem:
Ah, = 0 in &< |z—(0,..,0,2X)| < 2[Ao], 21 >0,
he = & on |z—(0,..,0,2X)| = 3|Xo|, 71 >0,
he = 0 on |z—(0,..,0,2X0)| =€, x1 >0,
dh: = 0 on &< |z—(0,..,0,2X)| < L[Xo|, z1 = 0.

By the maximum principle, we have

Py, Uy, > he ine <|z—(0,..,0,200)| < 30|, |21] > 0.
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Now, let € — 0, and as lim,_,g+ h:(x) = J, we obtain
Dy, Uy, >0 in0<|z—(0,..,0,20)| < 1[Ao|, |21 > 0.

As, in f])\o, 5)\0 > Py, @)\O > W,,, we obtain

lim inf Py > inf ®y, >0,
ANAO [2=(0,...,0,229) <Al /2 |z—(0,...,0,2X0)|<[Xg|/2
120 2120

and an analogous inequality holds for Wy.
By the definition of Ay, there exists a sequence (Ag), A\ \, Ao, such that
infxeiAk Py, (z) <0or inf:veiAk V), () < 0. Let us suppose that

inf @), () <O0. (4.12)

er}\k

Clearly, lim|, o @z, (z) = 0; then the infimum (4.12) must be located in
some point 2% € ¥y, — Bjay( (0, ..., 0,2) if [Ax — Ao| is small enough.
2

From the equation for 6/\;@ one finds that 2* cannot be an interior point.
Since @5, = 0 on T}, it follows that z¥ is located on the lateral wall

A
{x cx1 =0, zny < Mg, |z —(0,...,0,2X)| > |20|}

Then the tangential derivative %q;;f (z%) = 0. Now, as ®,,, ¥, satisfy (4.6)
and (4.7), the infimum of Wy must also be less than 0, and by analogous
considerations must be located in the lateral wall too.

By the boundary conditions (4.6), (4.7) and by (4.9) we have that @,
cannot take a negative minimum at a point on the boundary {z; = 0}N{|z| >
1}; then we must have |2*| < 1. Therefore we can assume (via a subsequence)
that limy_ . z* = 9. Then we have

0%,

) =0
Ao (370) 5 Dz N

=0, o € T, N {ZCl = O}, (4.13)

and, as a consequence of (4.13), we get

0Dy,

S (70) = 0. (4.14)
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Let g be the solution of the following elliptic problem:

Ag = 0 in{3/2Xo<any < Ao, 23+ +2%_, <1},
gx) = 0 onf{zy=X}Nn{zi+ - +2%_, <1},
glx) = 0 on{xf+---+23_,=1}N{3/2X <zny < Ao},
glx) = n on{xy=3/2 }N{af+ - +2%_; <1},

where n = inf{®,,(z) : an = 3/2X\, 22 +--- +2%_, < 1} > 0. By
construction, we have ®,, > g. Now, as g is symmetric with respect to
{z1 = 0}, we have

dg 0g

87n($ = —a—xl(x) =0 on {z; =0},

and as @), (xo) = g(zo) =0,

But, by Hopf’s Lemma, ai—gN(a:O) must be negative, which is a contradiction
of (4.14) and proves our claim. O

End of the proof of Theorem 3.5. From the last lemma we have that

o(r1, .oy —xzN) > @(21, .oy TN), xy < 0.

As the same is valid for 2 > 0 we obtain that ¢ is symmetric with respect
to the zy axis.

The same argument shows that ¢ is symmetric with respect to every
direction perpendicular to xj, and hence p(x) = q(z1,|(z2,...,zN)]). We
conclude that u and v depend also on z; and |(xg,...,zx)|. As the origin is
arbitrary we obtain that v and v are functions of 1 only and we can easily
see that this is not possible unless u = v = 0. O

Proof of Theorem 3.6. As before, if u = 0, then v = 0; hence we can
suppose that u and v are not identically zero. By the maximum principle,
we have
c= inf v(z) >0,
|z|=2R; 2120

and by hypothesis ||u|[f < L.
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We now construct the auxiliary function ¢ (z) = c(?ﬁzs. A direct calcu-

lation shows that

—AY <0 forxz#0since N =2 and ¢ > 0,
— =0<— on{z; =0},

Y(z)=c<v(x) on{z: |r|=2R and x; >0},

Jm it (o(@) ~ 0(@) 2 0.

It follows from the maximum principle that v(z) > ¥(z), for |x| > 2R, z1 >
0. Now, letting ¢ — 0T, we obtain v(z) > ¢, for |x| > 2R, 21 > 0. Next, let
K > 2R be a large positive number, and take a smooth cut-off function {(x)
such that

((x) =0 on {|z| < K} U{|z| > 4K},
((x)=1 on {2K < |z| < 3K},
0<((x) <1, |V¢(x)| <%

Multiplying the equation Au = 0 by «~'¢? and integrating by parts, we
obtain

2
/ vpdS—l—// <2|v“’ // ZCVC—daz
{z1=0} U {z1>0} u? {z1>0}
2
g// \v<|2d:c+// 4‘2@@
{z1>0} {xz1>0} u

/ vpdS<// V¢ de,
{z1=0} U {z1>0}

It follows that

which implies that

cP 3K P 02
“K < /2K 2 (0,02) ey < 5| Bare(0)] < 167%C.

This is a contradiction if K is large enough
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