STABLE MANIFOLD APPROXIMATION FOR THE
HEAT EQUATION WITH NONLINEAR BOUNDARY
CONDITION
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ABSTRACT. In this paper, we study the dynamic behaviour of pos-
itive solutions of the heat equation in one space dimension with a
nonlinear flux boundary condition of the type u, = v? —u at x = 1.
We analyze the behaviour of a semidiscrete numerical scheme in or-
der to approximate the stable manifold of the only positive steady
solution. We also obtain some stability properties of this positive
steady solution and a description of its stable manifold.

1. INTRODUCTION.

In this paper, we study the long time behaviour of semidiscretizations
in space of positive solutions of the following parabolic problem

U = Ugy in (0,1) x [0,7),
ug(1,t) = g(u(l,t)) on[0,7T),
uz(0,t) = g on %O,T), (1.1)
u(z,0) = wp(z) >0 on [0,1],

where g(s) = s? — s with p > 1.

Parabolic reaction-diffusion problems like (1.1) or of a more general
form, allowing for example source terms or with different boundary
conditions, appear in several branches of applied mathematics. They
have been used to model, for example, chemical reactions, heat transfer
or population dynamics and have been studied by several authors. See
[19] and the references therein.

For this type of problems, existence and regularity of solutions has
been proved in [2], [3], [4], [13], [15] for an initial datum that satisfies a
compatibility condition. In the general case one can obtain a solution
in H' by a standard approximation procedure. Therefore in the rest
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of our work we will assume that our solution lies in H* and by a result
of [4], (1.1) defines a compact local semiflow (Lemma 2.1).

First, we want to describe the behaviour of positive solutions of (1.1).

For many differential equations or systems the solutions can become
unbounded in finite time (a phenomenum that is known as blow up).
Typical examples where this happens are problems involving reaction
terms in the equation (see for example [1], [6], [7], [10], [11], [19]).
When the nonlinear term that appears at the boundary is of power
type then it is well known that if the power involved is greater than 1,
one has this blow up phenomenum (see [15], [17], [18], [20]), so in our
case we have some solutions that blow up in finite time.

It is easy to see that problem (1.1) has two solutions that do not
depend on t, u = 1 and u = 0. Also, it was shown in [12] that the
following alternative holds: the solution has finite blow up time or it
is bounded in H' norm (Lemma 2.3). If one takes the initial datum
up greater than 1 the solution must blow up in finite time, but if we
take 0 < wy < 1 then the solution must go to zero uniformly (in
fact in H'). By a simple linearization we can see that the fixed point
u = 1 is hyperbolic and has a stable manifold of codimension one.
Therefore there exists initial data (different from uo = 1) such that the
corresponding solution goes to u = 1. Then we want to describe this
stable manifold.

Using ideas from [6] and [7], in section 2 we prove an interesting
property of the stable manifold of the point © = 1: for a fixed v if one
considers the family of solutions u) that have initial data of the form
Aug then there exists only one critical value A\. such that A.ug lies in
the stable manifold of u = 1 (Theorem 2.2)(see [8] for a similar result).
We also show that A. = A.(ug) is continuous with respect to initial
data (Theorem 2.3).

On the other hand, there exist several papers which deal with the
numerical approximation of the blow up time an the blow up profile
(see for example, [5] for the semilinear case and [9] for a problem similar
to (1.1)).

After all this, we arrive at the main point of this paper: one can
try to estimate this value A\, numerically. Our second result solves this
problem, we prove that if one considers a semidiscretization of (1.1) and
replace the problem by a system of ordinary differential equations, then
the new semidiscrete problem also shows the existence and uniqueness
of a critical value A.j (Theorem 3.2) and moreover this critical value
A goes to A, as the mesh parameter h goes to zero (Theorem 3.4).
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We want to remark that the existence and uniqueness of the critical
value, A, is easier and shorter than its continuous counterpart.

The numerical semidiscrete version of (1.1) proposed here comes from
a first degree finite element approximation on the variable z keeping ¢
continuous (from a well known fact this case coincides with a classical
finite difference second order scheme on z). A further mass lumping
technique simplifies the scheme and preserves the maximum principle,
allowing us to use comparison arguments (Lemma 3.1).

The paper is organized as follows, in section 2 we analyze the con-
tinuous problem, in section 3 the semidiscrete approximations and in
the last section we present some numerical experiments.

2. THE CONTINUOUS EQUATION.

We begin by stating a Lemma that says that (1.1) defines a compact
local semiflow.

Lemma 2.1. The problem (1.1) defines a local semiflow in C* = {v €
H' : v >0} and bounded orbits are relatively compact. If, in addition,

sup llu(-, t)|| g < o0
0§t<tmaz (UO)

then the orbit through ug exist globally, that is, tya. (1) = 00.

Proof. As the maximum principle applies, if ug € C* then u(-,t) € C*
for all t € (0, tmas(uo)). For the rest of the proof, we observe that we
fall into the hypotheses of Theorem 14.5 of [4] O

The following Lemma shows that (1.1) has a Lyapunov functional.

Lemma 2.2. Let

1 1
V) = 5 [ (uala, )de - Glu(1,), 2.1)

0
where G(s) = ‘;P:ll — % is a primitive of g. Then V is a Lyapunov

functional for (1.1).

Proof. The Lemma is an immediate consequence of

W =— /Ol(ut(x,t))2dx. (2.2)

O

Next, we state a Lemma, that can be found in [12] that says that
global solutions of (1.1) are bounded in H*.
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Lemma 2.3. Let ug € C, then if u(-,t) is the solution of (1.1) with
uy as initial datum, the following alternative holds: u(-,t) blows up in
finite time (i.e. tya:(ug) < 00), or it remains bounded in H*.

As a consequence of these results we have, by a well known fact (see
[14]), the following Corollary.

Corollary 2.1. The possible w-limits of a global solution of (1.1) are
u=0 oru=1 (those are the only steady states of (1.1)).

Proof. This is a consequence of Lemma 2.1, Lemma 2.2 and Lemma
2.3 (see [14]) O

Remark . From the well known energy identity

// 2dadt + V(ul-, 1) = V(uo),

and Lemma 2.3 it follows that if ¢4, (1) < 0o then u(1,¢) — oo when

t / tmaw(”O)-

Lemma 2.4. If u is a solution of (1.1) different from 0, such that
there exists to with

V(u(-,tg)) <0,
then u blows up in finite time.

Proof. First, we observe that by (2.2) we can assume that V(u(-,tg)) <
0.

Suppose that u is globally defined, then by Corollary 2.1, u — 0 in
H'oru — 1in H!, and by Continuity of V', we must have V(u(-, 1)) \,
V(0)=0or V(u(t)) \\ V(1) =5 — == > 0, which is a contradiction

p+1
and the Lemma is proved O

For a fixed uy we consider the family of solutions u, that has initial
data Aug. Let us define

Ay =inf{\ : wuy blows up }
and

A_ =sup{\ : uy — 0}

It is immediate to see that these sets are not empty so these numbers
are well defined.

The following result shows that the steady solution u = 1 is unstable
and that A\ = A_.
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Theorem 2.1. Let ug be an initial datum for (1.1) such that u(-,t) — 1
in H'

(1) If vo < wg, vo # ug, then v(-,t) — 0 in H'.

(2) If vo > up, vo # ug, then v(-,t) blows up in finite time.

Proof. We prove (1), (2) follows in a similar way.

We start by making the following remark, which is an immediate
consequence of the maximum principle: If v < wu, and u is globally
defined, then v is globally defined.

Now, by the preceding remark, v is globally defined, and then, v
must converge to a stationary positive solution of (1.1).

Then v — 1 or v — 0 in H'. Suppose then that v — 1.

Now, let w = u — v, then w is a solution of

Wy = Weg,
w,(0,t) = 0,
wﬂf(l?t) = g(u<17t)> - g(?}<17t>>7
w(z,0) = ug—vy=wy >0 wy # 0.

Now, g(u(1,1)) — g(v(1,1)) = ¢'(€(t)w(1,t), with v(1,£) < &(t) <
u(1,t), then £(t) — 1 as t — oc.

Then there exists a > 0 and ¢, such that ¢'({(¢)) > «a if t > ¢, and
then w verifies

Wy = Wey in (0,1) x (o, +00),
w,(0,t) = 0 on (tg, +00),
we(1,t) > aw(l,t) on (tg, +00),
w(z,tg) = ulx,tg) —v(x,te) >0 on (0,1),
which contradicts the fact that w — 0 and proves our claim. U
By Theorem 2.1 we have that A_. = Ay = A, so we want to prove

that u,, lies on the stable manifold of u = 1.

To prove this fact, we need some auxiliary results to get bounds on
the L> norms of global solutions of (1.1).

First we will control a global solution by its Lyapunov functional
(Proposition 2.1), and then we will observe that if the initial datum is
uniformly bounded, so is the Lyapunov functional (Lemma 2.8).

Lemma 2.5. Let u be a global solution of (1.1), then
1 1

| vt ta)de = [ wd(et)de = —aV(u( )t~ t)
0 0

+2 [ (a1, )1, £) — 2G(u(1, 1)) dt

t1
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Proof. If we multiply (1.1) by u and integrate, we get

2/ (2, ty) —u(mtl))dx— /tz/ (ug(z,t))*dadt

to

+ [ g(u(1,)u(l,t)dt. (2.3)
t1
Then, by (2.1) and by Lemma 2.2

/01 (uQ(x, ty) — u2(x,t1)) dx =

— [PVt +2 [ g0, 6) — 2G(u(1, 1)) dt

> 4V (u(-, 1)) (ts — t) +2/ u(L, )u(l,t) — 2G(u(1,1))) dt

as we wanted to show O

Lemma 2.6. Let ug be an initial datum such that ||upl| < A and that
the corresponding solution of (1.1) is globally defined. Then, for any
to > 0 there exists C' > 0 depending only on p and A such that

1 2
/ Wz, t)dr < C (V(u(-10)7T +1), Vit >t
0

Proof. First, let us observe that, by the maximum principle and by
Hopf’s Lemma, maXge(o,1) u(x, t) < maX{Sup0<s<t U’(]-’ 8)7 maXge(o,1] U0<17>},
then if

1) < Vit > to,
Joau(@ ) < I uo(w) Vi 2 fo

it is enough to take C' = A? to prove the Lemma (we observe that by
Lemma 2.4 V(u(-,t9)) > 0).
Then, we can suppose that max,ep 1 u(z,t) < supg.,, u(l,s).
Again, by the maximum principle, we can assume that

u(l,t) > u(x,t) — C
with C' depending only on p and A, therefore, we get
W2(1,4) > ;UQ(x,t) _c
and thus
W2(1,1) > ;/01 Wz, t)dz — C. (2.4)
Let h(t) = [} u*(z,t)dz. Then we have, by Lemma 2.5

h(te)—h(t1) > —4V (u(-,t1))(ta—t1)+2 752(g(u(l,zf))u(l,t)—QG(u(l,t)))alt

t1
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but g(u)u — 2G(u) = ﬁup“, then replacing in the latter inequality
we get, by (2.4),

ptl

ht2) — () = —AV(u( )l — )+ C [ (u2(1,0) " at

t1

> AV (u( 1)) (s — 1)+ C [ (O dt = Cts — 1),

t1

Now, if we divide by (ty — t1) and take ty — t1, we get
W (t) > —4V(u(-, 1)) — C + Ch™% (t,).

Now, if the statement of the Lemma is false, then the latter inequality
implies that A(¢) blows up in finite time, which contradicts the fact that
u is global. O

Lemma 2.7. Let u be a global solution of (1.1) with ||upl|s < A, then
for any to > 0 there exists a constant C' = C(p, A) > 0 such that

(1) f3 (2, t2)dx — 3 w3, t)do < Oty — 1) 2V (ul 1) 572 +

V(u(-,1))?)
(2) JiZ (g(u(L )u(l,t) — 2G(u(L,1)))dt <

C [t =tV (00 + (12 = 1) (VI 1) 55 + Vi, 0))7)]
for any ty > t1 > tg.

Proof. By Holder’s inequality, we have
1 1
/ u?(z,ty)dr — / u?(z,t)dr =
0

0
1t 2(p ¢t 1t
:/ /Qau(x’)dtdx:2/ /Zu(x,t)ut(x,t)dtd:v
0 Jt ot 0 J

1 to 1/2 1 to 1/2
<2 </ / u?(z, t)dtda:) (/ / u(x, t)dtdx)
0 t1 0 t1

Now, by Lemma 2.6

</01 /: u2($,t)dtdgy>1/2 “c (/tQ(V(u(-,tl))pil . 1)dt)1/2

t1

(2.5)

and, by (2.2)

(/01 /: u?(x,t)dtdxy/z _ (/: _Wdt> 1/2

= (V(u(-,tr)) = V(u(-, 1)) < V(ul- 1))
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Then, (2.5) is bounded by
CV (u(- 1) 2ty — ) VAV (u(- 1)) +1) =Clts — 1) V2V (u(-, 11))
+ V(u(,t1))?)

N

which proves (1).
Now

1 1 1ty
/ u2(x,t2)dx—/ u?(z,t)dr = 2/ / u(z, t)uy(x, t)dtdx
0 0 0 Ju
1 to
= 2/ / w(z, )y (z, t)dtdz
0 Jt1
to 1 to
— 9 / (uo(, ) 2dtde +2 | g(u(l,))u(l, t)dt
t1 0 t1

=t [PV )dt+2 [ g1, )1, ) — 26 (1, 1)))dt

t1 t1

and (2) follows from (1) and Lemma 2.2. O

The following Corollary is an immediate consequence of Lemma 2.7

Corollary 2.2. Let u be a global solution of (1.1) with ||uglle < A,
then for any ty > 0 it holds

p+3

to
[ <C [t = 1)V (al0) + (2 = )72 (V(u(-, 1) 55
t1
+ V(u(-t:))?)].
for any ty > t; >ty and C = C(p, A).
Now we are ready to prove the key Proposition.

Proposition 2.1. Let u be a global solution of (1.1) with ||uglle < A,
then for any ty > 0 there exists C = C(p, A) > 0 such that

[u(, lse < C (V- t0))* + V(u(- 1))’ + V(u(- 1)) ¥ t>to
where a, B and vy are positive constants which depend only on p.

Proof. By the maximum principle, we have that

(- D)oo < [luolloo + sup u(l,s) < A+ sup u(l,s),
0<s<t 0<s<t

so to finish the proof, we only need to control u(1,t).
Now, by Corollary 2.2, we have (for to > t; > to > 0)

p+3
2p+2
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p+3

/humeﬂﬁgck@—wgvm@m»+w@—uyﬂ(vw@m»%w

+ V(u(-,t0))?)] -

Then, if § = |to — t1] is small (say 0 < V(u(-,to))i$§_2 = dy)

/tz u(l,tyPHat < ¢ (V(u(-,to))ﬁ’ﬁ + V<“(”t0>>%> '

t1
Therefore, for any interval [¢1,t5] of length 6 < dy, there exists a
point t3 € [t1,t2] such that

p+3 1
. 2(p+1)2 . 2(p+1) D
u(]_,tg) < CV(U( 7t0)) —il_ V(U( 7t0)) = —
0 2(+D) )20+D) (2.6)

To finish the proof of the proposition, we need to control the growth
of u(1,t) in intervals of the form [t3,t3 + 2J], with ¢35 and 0 as in (2.6).
Let u(x,t) = ¢(a(z) + b(t)) where

¢/(S> — ¢P<S)7 1.e. d)(s) = (SO_]WSEZZZ(p—l)’

with M(p) = (llﬁ)pf1
b(t) =61,

S — 07D 0<z<1—4§%m
a(z) =

(so— 6% 0) + —L (2 — 14+ §7070)3 1 — %070 < z < 1.
36p+T

Now it is easy to check that we can choose d; = d;(p), such that
if § < 41, then @ is a super solution of (1.1) which is well defined
Vit € [0, 2], then

u(z,ts +t) <u(x,t) vVt e 0,20]
and by simple computation, we get
u(l,8) < CDS 30 Yt € [ty, by + 20]
and the Proposition is proved O

Lemma 2.8. Let u be a global solution of (1.1) with ||ug|lec < .A. Then
for any ty > 0 there exists C' = C(to, p, A) such that V(u(-,t)) < C.
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Proof. To prove this Lemma, let v be the solution of (1.1) with vy = A.

We observe that if ¢ is small (¢ < 7'/2 where v is defined in [0,7")) then
[u; Dlloo < (- Dl < C (2.7)

where C' only depends on 7" which only depends on p and A.
The standard energy estimate (2.3) gives us

1
Sl t0) s = N, 0) ) = = [ e ) s + [ glupu(t, 5)ds.
Using (2.7) we get
t
| s, 8) ads <

Then by the mean value theorem, there exist t; < ¢y such that

tollus (- t1)|I72 < C.
Finally we observe that

V(u(-,to)) < V(u(-, 1)) < C

Now we are ready to prove the main result of the Section.

Theorem 2.2. Let uy be a positive function in [0,1], and let uy be the
solution of (1.1) with ux(z,0) = Aug(x).
Then, there exists a critical value \. such that
(1) if A < A. then uy — 0 in H.
(2) if A > A, then uy blows up in finite time.
(3) if A= A then uy — 1 in H'.
Proof. Let us start by defining the following sets
In={XA>0: uy,— 0},
={A>0: uy blows up in finite time},
I, ={X\>0: u, is globally defined}.
Then Ry =15 U I
In order to prove the Theorem, it is enough to show that [y and 7.,
are open, or equivalently, that I, is open and I is closed.
Let us start by showing that Iy is open. If A € [, then there exists
to such that ||uy(-, )|l < 1/2if t > .
Now, by continuity with respect to the initial data, there exists € > 0
such that

Vu>0: |A—pl <e |luu(-to)]eo <3/4 < 1.
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Therefore, by Theorem 2.1, u, — 0 in H', and hence u € Io.

On the other hand, let (Ax)r>1 C I, be a sequence such that A\, Ag.
Then, there exists 7' > 0 such that wu,, is defined in [0, 7]. In order
to show that A\g € I,, by Lemma 2.1 and Lemma 2.2, it is enough to
show that for every t; < T there exists a constant C' independent of
ty such that, ||uy,(+,t)|le < C V t < ;. By Proposition 2.1 and by
Lemma 2.8, taking ¢y < ¢; there exists C' = C(to, p, Ao||uol|oo) such that

un, ()] <C VitV k> 1L

The fact that |Juy,(-,t)]lee < C V ty < t < t; follows from the
continuous dependence on the initial data. U

We end this section by showing that A. is continuous with respect to
the initial data. First we will need the following Lemma
Lemma 2.9. Let u be a solution of (1.1). Then, for every M > 1
there exists L > 0 such that if u(1,t) > M ¥t € [0, L], then there
exists Ty < L such that u(z,Ty) > 1 Va € [0,1] and hence u blows up.

Proof. Let v the solution of the following auxiliary problem

43 2 g s
v(z,0) = 0,

where o(p) = M? — M > 0.

Now the proof follows by a comparison argument. In fact if u(z,t)
is a solution of (1.1) for which u(1,t) > M Vt € [0, L], then we claim
that

v(x,t) <wu(z,t)  Vtel0,L] Vo e [0,1].

To prove the claim we observe that w = u — v verifies

wz(oféjﬁ z gjxmv
wI(Lt) = g(uA(Lt)) _0(p)7
w(z,0) > 0.

But g(u(1,t)) — o(p) > 0 implies w(z,t) > 0, giving v(z,t) <
u(z,t) YVt € [0,L] Vo € [0,1]. At this point we just observe that the
solution of (2.8) overcome 1 in finite time 7p, depending only on p and
M, so taking L > Ty, v(x,Ty) > 1 and the same holds for u(z,t). O
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Theorem 2.3. A\, = A.(ug) is continuous with respect to the initial
data (with the L™ norm).

Proof. Let € > 0 and let A = A (up) —e. Now, u, must go to zero
uniformly, so there exists a time T such that [|uy(-,T)||c < 1/2. If
lluo — volleo < 6, by continuity of (1.1) with respect to the initial data
we must have that ||ua(-,7)|c < 3/4, and then, by Theorem 2.1,
vy — 0 uniformly. So A.(vg) > A = Ac(up) — €.

For the other inequality, let now A = A (ug) + £. Now, as u, blows
up in finite time, for M > 1 there exists 7' > 0 and n > 0 such that

2M <wuy(1,t) <oco  Vte[T,T+n).
n can be taken to be half of the blow up time of the solution of (1.1)
with initial datum ||ux(-, T)||oo-
By continuity of (1.1) with respect to the initial data we have vy (1,¢) >
M for t € [T, T + n] if ||ug — vol/oc < 1.
Let now A.(ug) < A2 < A such that

2M < uy,(1,t) <oo  Vte[T'+n, T+ 2n].

Again, by continuity of (1.1) with respect to the initial data we have
U, (1,8) > M for t € [T +n,T + 2n] if ||lup — Vo]l < 02 and by the
maximum principle, vy > v),, SO

un(1,t) > M vVt e [T, T + 2n).
Iterating this argument, we can find a sequence d > 0, such that
un(l,t) > M  Vte [T, T+ kn

if ”uo - UOHOO < 61@
So, by Lemma 2.9, if kgn > L we have that v, blows up in finite time
if ||ug — volloo < 0o = gy 80 Ae(vg) < A = Ac(ug) + €. 0

3. THE SEMIDISCRETE CASE

We begin by a description of our numerical scheme.

Let z; = ﬁ 0<i<N be a partition of the interval (0,1) into subin-
tervals I; = (x;,z;41), of length h = % Let V}, the set of continuous
functions which are affine on each I;. We consider the basis functions
of V}, taking as usual ¢;, with ¢;(z;) = ¢]. Now let

up(z,t) = Zuz(t)gpz(x) (3.1)

For a fixed ¢, uj, belongs to H'(0,1) so in order to construct an
approximate solution of (1.1) we proceed as follows: replacing (3.1) in



STABLE MANIFOLD APPROXIMATION 13

the weak formulation of (1.1) we get a system of ordinary differential
equations for U = (ug(t), ..., un(t)),

MU' = —AU + g(U), (3.2)

where M is the mass matrix, A is the stiffness matrix, and g(U) =
g(un)eny with ey = (0, ..., 1).
Mass lumping upon the matrix M in (3.2) gives

uy = 2h7%(—up + uy),
L= R 2wy — 2us + uiq), (3.3)
uy = 2h7*(—un +un-_1+ hg(uy)).

So, from now on, we will suppose that M is diagonal and M;; = h if
1<i< N-—1and My = Myny = h/2.

In order to study the asymptotic behaviour of (3.3) we need the
following results.
Lemma 3.1. (Mazimum principle) Let h > 0 be fized, and let U =
(ug, ..., un) be a solution of

2
|

upy < 20 (—up + uy),
U; < h*Z(uiH —2u; + Ui—l)a (34)
UIN S 2h72(—UN—|—UN_1+hg(UN)).

Then

t) < :
max u(t) < max{kir&z}i(]v uk(O),Osilzt un(7)}

Proof. Let us first suppose that U = (uy, ..., uy) verifies

upy < 2h7%(—wup + uy),

ui < R (ui — 2w+ ui), (3.5)
uy < 2h7*(—un + un_1 + hg(un)).

Now, if the maximum is attained in an interior node, say 0 < j < N,

let ¢y be the first time when this happens, then we have

On the other hand, by (3.5) we get u}(tg) < 0 which leads to a
contradiction.

Now, it is easy to see from (3.5) that the maximum cannot be reached
at ug and so the “maximum principle” follows.

To complete the proof, we just observe that if Z = h?(0, ..., k2, ..., N?),
then U.(t) = U(t)+¢cZ verifies (3.5) whenever U verifies (3.4). Ase > 0
is arbitrary, the Lemma follows 0
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Lemma 3.2. Let h > 0 be fized, U a global solution of (3.3). Then,
U is bounded in RN,

Proof. If a global solution of (3.3) is not bounded, then, by Lemma 3.1,
necesarilly uy(t) — 0o as t — oo, but uy satisfies

uy = 2h 3 (—uy + un_1 + hg(un)) > Cr(h)uly — Co(h)un > Cs(h)uby
so uy cannot be globally defined O

Next, we show that the semidiscrete version of problem (1.1) also has
a Lyapunov functional and hence, by Lemma 3.2, every global solution
must converge to a stationary one.

Lemma 3.3. Let h > 0 be fizred, U a solution of (3.3), and G(s) =
sptl 52

pw il AR primitive of g. Then

Va(U(1)) = ; < AU, AU > —Glun(t))  (3.6)

is a Lyapunov functional for the system (3.3).

Proof. This is just a discrete analogous of Lemma 2.2. 0

In the same spirit of the continuous case (see Theorem 2.1), we have

Theorem 3.1. Let h > 0 be fized, Uy = (ug, u1,...,un) be a positive
initial datum, and let U(t) be the solution of (3.3) with U(0) = U,
suppose that U(t) — (1,...,1)

(1) If Vo < Uy, Vo # Uy, then V(t) — 0.

(2) If Vo > Uy, Vo # Uy, then V(t) blows up in finite time.
Here V(t) denotes the solution such that V(0) = V.

Proof. We will only sketch the proof of (1). By comparison with U
we have that U > V so we obtain global existence for V', and then
Lemma 3.2 and the Lyapunov functional given in Lemma 3.3 implies
that V(t) — 0 or V(t) — (1,...,1), but the latter can not occur, other-
wise Z = U — V should tend to zero and satisfies

MZ' = —AZ + g (n)zxex
with ¢’(n) > ¢ > 0 which contradicts the fact Z — 0. O

The proof of the existence and uniqueness of the critical value A,
is much easier than its continuous counterpart.

Theorem 3.2. Let h > 0 be fized, Uy = (ug,uq,...,uy) be a positive
initial datum, and let Ux(t) be the solution of (3.3) with Uy(0) = AUj.
Then, there exists a critical value \.j, depending on h such that
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(1) Zf)\ < )‘CJI then U)\(t) — 0.
(2) if A > Aep then Ux(t) blows up in finite time.
(3) ’L.f)\:)\gh then U)\(t) — (1,,1)

Proof. As in Theorem 2.2 we define the following sets
Inp ={A>0: Uy — 0},
Io, ={X\>0: U, blows up in finite time},
I,n ={X>0: U, is globally defined}.

Then Roy =I5~ Ulo~.

Now, it is enough to show that /j;, and I ; are open, so let A\ € Iy
, then Uy, — 0 and for ¢y large enough U, (t9) < 1/2. The continuous
dependence on the initial condition allows us to conclude. In fact there
exist an € > 0 such that if |A — A\g| < € then [|Ux(to)|lo < 3/4 < 1,
and Iy, is open. To prove the same for I j, we use similar arguments.
From (3.3) we obtain

uy > 2h7%(—uy + hg(uy)),
then ||Ux(t)]|s cannot be globally bounded if (Uy)n(to) > K(h), with
K(h) large enough (it is enough to choose the last positive root of
—s + hg(s) as K(h)). Let \g € I then there exists ¢, such that
(Ux,)n(to) > K(h) + 1, and by continuity respect to the initial con-
dition, (Ux)n(t) > K(h) provided A is closed to Ao, this implies the
desired result. O

In order to obtain the convergence of this critical values A, to the
critical value A\, we need the following convergence Theorem for regular
solutions whose proof can be found in [9].

Theorem 3.3. Let u € C%1([0,1] x[0,T]), T < tmaz(uo), be a solution
of (1.1) and uy, its semidiscrete approxzimation given by (3.1). Then
there exists a constant C' depending on T" and w such that, for h small
enough:

3
1w — wnl Lo (0,11 [0,77) < Ch2.

Remark . The required regularity of u can be obtained by taking ini-
tial data that are compatible with the boundary conditions (see [15]),
namely

up(0) =0 up(1) = g(uo(1)).
We observe that this type of initial data are dense in H'.

Now we prove the discrete version of Lemma 2.9
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Lemma 3.4. Let up(x,t) be the semidiscrete approximation of u given
by (3.1). Then for every M > 1 there exists ho > 0 and L > 0 such
that if up(1,t) > M Vt € [0, L], then there exists Ty < L such that if
h < hg, then up(x,Ty) > 1 and hence uy, blows up, Vh < hy.

Proof. By Lemma 2.9, there exists M > 0, L. > 0 and 7y < L such
that if w(1,¢) > M Vt € [0, L] then u(z,Ty) > 1 Vz € [0,1]. Now we
choose a compatible initial datum vy, such that vy < uy and v(x, Ty) >
1 Vz € [0,1]. Now by Theorem 3.3 and a comparison argument, if h
is small enough, uy(z, To) > v, (x,Ty) > 1 VYV € [0, 1] which proves the
Lemma. 0

Now we are ready to prove the main result of this section.

Theorem 3.4. Let A\ and \.p, as in Theorems 2.2 and 3.2 respectively,
then Aep — Ae as h — 0.

Proof. Let ¢ > 0, if we take A = A\, — ¢, we have that uy, — 0, then
taking to large enough wy(x,ty) < 1/2.

Now we pick a compatible initial datum vy such that vy > Aug and
v(x,tg) < 1/2.

As v, — v in L*([0,1] x [0,%0]) (by Theorem 3.3) it holds by a
comparison argument, uy(z,to) < vn(z,t9) < 3/4 if h < hg, then
Theorem 3.1 implies that uy p(x,t) — 0, and then A\, —e =X < A.p.

On the other hand let A = A\, +&. If A < X the blow up time T of uy
is uniformly bounded (below) by the blow up time 7" of u,. Now we
can choose uy in order to obtain ux(1,7) = M + 2 and we can take a
fixed value 7 (independent of h) such that

2M > ux (L, T+t) > M +1 vt e [0, 7].

Now, as in the previous case, we pick a compatible initial datum v
such that vy < A\ug and

2M >v(1,T+t)>M+1  Vte|0,7]
Choosing h; small enough, for all h < hy,
v — vl Lo (o471 x 0,1y < 1
in particular
lon(L, T +t) —v(1,T+t)| <1  Vtel0,r],
which gives

QM +1>v,(L,T+t)>M  Vtel0,r7]
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Taking another \ and repeating inductively the last argument we ob-
tain a finite number of decreasing h = hy, A\ < A. + € and compatible
initial data vy such that vy < Auy and

M+ 1> v, (L, T +8) > M Vt € [0, k7] Vh < hy.
This implies, using a comparison argument between vy, and uy
U)\7h<1,T—|—t) > M vVt € [0, kT]

and if k7 in big enough (k7 > L) we fall into the hypothesis of Lemma
3.4 then we can conclude that wu,; has finite blow up time and then
)\C,h<)\:)\c+€forallh<hk. O

We end this section by showing that the steady solution U = (1,...,1)
is hyperbolic and its stable manifold has dimension N — 1 as can be
expected.

Theorem 3.5. Let U = (1,...,1) be the only positive steady solution of
(3.3). Then U is hyperbolic and its stable manifold is an hypersurface.

Proof. The linearized problem of (1.1) at 1, has the form

Uy = U:E:Ea
v(0,t) = 0,
v(Lt) = g(Dv(l,1).

Now, it is enough to observe that all the eigenvalues but one of the
linearization of (1.1) at 1 are negatives, and the last one is positive.

On the other hand, using standard techniques, we have an uniform
bound in H' norm for the error of the discrete approximation of the
following problem

Ve = f,
v:(0,t) = 0,

U:v(L t) = g,(l)v(L t),

i.e. we have an inequality of the form,

lv = vnllgr < Chl[f] -

Then we only have to observe that, from a well known fact (see [16]),
the discrete eigenvalues converge to the continuous ones. U
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N )\c,h
10 | 0.9755
20 | 0.9766
50 10.9770
100 | 0.9770

TABLE 1

4. NUMERICAL EXPERIMENTS

In this section we show some numerical experiments for the semidis-
crete version of (1.1) with g(s) = s> — s and

1
uo(x) = 5 cos(2mx) + 1

The results were obtained integrating the ODE system (3.3) by using
an adaptive Runge-Kutta method.

Table 1 gives the approximate A.; with four exact decimals. The
values obtained suggest that the convergence rate is of order h? however
we were not able to prove it.

In Fig. 1, we show the evolution of the solution with A = 1/100,
A=0.9771 > Acp.

It is worth remarking that in Fig. 1 we observe that the solution
stays close to 1 for a long period of time, after which it rapidly goes
to infinity (this happens because we have chosen a value of lambda
greater but close to the critical one).
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