EXISTENCE RESULTS FOR THE p-LAPLACIAN WITH
NONLINEAR BOUNDARY CONDITIONS

JULIAN FERNANDEZ BONDER AND JULIO D. ROSSI

ABSTRACT. In this paper we study the existence of nontrivial solutions for
the problem, Apu = |u[P~2u in a bounded smooth domain Q C RY, with a
nonlinear boundary condition given by |Vu|P~20u/dv = f(u) on the boundary
of the domain. The proofs are based on variational and topological arguments.

1. INTRODUCTION.

In this paper we study the existence of nontrivial solutions for the following
problem

Apu = [uP~2u in €,

1.1
(1) \Vu|p_2% = f(u) on 9.

Here € is a bounded domain in R with smooth boundary, A,u = div(|Vu|P~2Vu)
is the p-Laplacian and % is the outer normal derivative.

Problems of the form (1.1) appears in a natural way when one considers the
Sobelev trace inequality
p(N —1)

N—-p
In fact, the extremals (if there exists) are solutions of (1.1) for f(u) = A|u|?2u.
See [10] for a detailled analysis of the behaviour of extremals and best Sobolev
constants in expanding domains for p = 2 in the subcritical case, 1 < g < %

Also, one is lead to nonlinear boundary conditions in the study of conformal
deformations on Riemannian manifolds with boundary, see for example [5], [11]
and [12].

The study of existence when the nonlinear term is placed in the equation, that is
when one consider a quasilinear problem of the form —A,u = f(u) with Dirichlet
boundary conditions, has received considerable attention, see for example [15], [16],
[21], etc.

However, nonlinear boundary conditions have only been considered in recent
years. For the Laplace operator with nonlinear boundary conditions see for example
[7], [8], [10], [17], [25]. For elliptic systems with nonlinear boundary conditions
see [13], [14]. For previous work for the p—Laplacian with nonlinear boundary
conditions of different type see [6] and [22].

SYP|lull ooy < llulwis),  1<g<p’=
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2 J. FERNANDEZ BONDER AND J.D. ROSSI

In this work, for solutions of (1.1) we understand critical points of the associated
energy functional

(1.2) Flu) = %/Q VP + |uf? dx — /89 Flu) do,

where F'(u) = f(u) and do is the measure on the boundary.

Along this paper we fix 1 < p < N and look for conditions on the nonlinear term
f(u) that provide us with the existence of nontrivial solutions of (1.1).

This functional F is well defined and C! in WHP(Q) if f has a critical or sub-

aps : * _ p(N—1)
critical growth, namely |f(u)| < C(1 + |u[?) with 1 < ¢ < p* = Bg=". Moreover,
in the subcritical case 1 < ¢ < p*, the immersion W1P(Q) — L%(9Q) is compact

while in the critical case ¢ = p* is only continuous.

First, we deal with a superlinear and subcritical nonlinearity. For simplicity we
will consider

(1.3) flu) = Aul"?u,

where ¢ verifies

In these cases we prove the following Theorems using standard variational argu-
ments together with the Sobolev trace immersion that provide the necessary com-
pactness. See [16] for similar results for the p—Laplacian with Dirichlet boundary
conditions.

Theorem 1.1. Let f satisfy (1.3) with p < g < p*, then there exists infinitely
many nontrivial solutions of (1.1) which are unbounded in WP (Q).

Theorem 1.2. Let f satisfy (1.3) with 1 < g < p, then there exists infinitely many
nontrivial solutions of (1.1) which form a compact set in WHP(Q).

Theorem 1.3. Let f satisfy (1.3) with p = q, then there exists a sequence of
eigenvalues A, of (1.1) such that A, — +0c0 as n — +o0.

In the case p = ¢, the equation and the boundary condition are homogeneous
of the same degree, so we are dealing with a nonlinear eigenvalue problem. In
the linear case, that is for p = 2, this eigenvalue problem is known as the Steklov
problem, [2].

Next we consider the critical growth on f. As we have pointed out, in this case
the compactness of the immersion WP () < LP" (9Q) fails, so in order to recover
some sort of compactness, in the same spirit of [3], we consider a perturbation of
the critical power, that is

N p(N—1)
(1.4) Fu) = [ulP "2+ Au"2u = [u| "= 20+ Au|" "2
Here we use the compensated compactness method introduced in [19], [20] and

follow ideas from [15]. We prove the following two Theorems.

Theorem 1.4. Let f satisfy (1.4) with p < r < p*, then there exists a constant
Ao > 0 depending on p,r, N and 2, such that if A > Ao, problem (1.1) has at least
a nontrivial solution in W1P(£2).

Theorem 1.5. Let f satisfy (1.4) with 1 < r < p, then there exists a constant
A1 > 0 depending on p,r, N and Q such that if 0 < XA < A1, problem (1.1) has
infinitely many nontrivial solutions in WP ().
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Next, we deal with supercritical growth on f. More precisely, we study a sub-
critical perturbation of the supercritical power, that is, we consider

(1.5) Fu) = Nu|T2u + |u]"~2u,

with ¢ > p* > r > p. In this case, not only the compactness fails but also the
functional F given in (1.2) is not well defined in W1?(f2), so we have to perform
a truncation in the nonlinear term \|u|?~2u following ideas from [4]. For this case
we have,

Theorem 1.6. Let f satisfy (1.5) with ¢ > p* > r > p, then there exists a
constant Ny depending on p,q,r, N and Q such that if 0 < A < Ao, problem (1.1)
has a nontrivial positive solution in WP(£2) N L>(09).

Finally, we end this article with a nonexistence result for (1.1) in the half-space
RY = {z; > 0} that shows that existence may fail when one consider critical or sub-
critical growth in an unbounded domain. This nonexistence result is a consequence
of a Pohozaev type identity.

Theorem 1.7. Let [ satisfies (1.3) with ¢ < p*. Let u € WHP(RY) N Cz(@) N
L1(ORY) be a nonnegative solution of (1.1) such that

N
[Vu(z)||z|? — 0, as |z| — +oc.

Then u = 0.
We remark that the decay hypothesis at infinity is necessary, because for p = 2
u(x) = e~ is a solution of (1.1) for every q.

The rest of the paper is organized as follows, in §§2,3 and 4 we deal with the
subcritical case. In §2 we prove Theorem 1.1, in §3 Theorem 1.2 and in §4 Theorem
1.3. Next, in §§5 and 6 we consider the critical case. In §5 we prove Theorem 1.4
and in §6 Theorem 1.5. In §7 we deal with the supercritical problem, Theorem 1.6
and finally in §8 we prove our nonexistence result, Theorem 1.7.

2. PROOF OF THEOREM 1.1. THE SUBCRITICAL CASE I
In this section we study (1.1) with f(u) = Au|9"%u with p < ¢ < p*.

Let us begin with the following Lemma that will be helpful in order to prove the
Palais-Smale condition.
Lemma 2.1. Let ¢ € WYP(Q)'. Then there exists a unique weak solution u €
WLP(Q) of
(2.1) —Apu+ [uPu = ¢.

Moreover, the operator A, : ¢ — u is continuous.

Proof. Let us observe that weak solutions u € W1P(Q) of (2.1) are critical points
of the functional

I(u) = % / VUl + ful? dz — (6, u),

where (-, -) denotes the duality paring in WP (£2). Hence, existence and uniqueness
are a consequence of the fact that I is a weakly lower semi-continuous, strictly
convex and bounded below functional.
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For the continuous dependence, let us first recall the following inequality (cf.
[24])
Cplz —yP ifp=>2
(22) (|x|;ﬂ—2x - |y|p—2y7x - y) > { |z—y|? .
Gy frs2

where (-, -) denotes the usual scalar product in R™.
Now, given ¢1, ¢po € WHP(Q) let us consider uy, us € W1P(Q) the corresponding
solutions of problem (2.1). Then, for ¢ = 1,2 we have,

/ |Vui|p72Vui(Vu1 — VUQ) + |ui|p72ui(u1 — ’LLQ) - ¢1(’LL1 — ’LLQ) dx = 0.
Q
Hence, substracting and using inequality (2.2) we obtain, for p > 2,
Cy [ [V = Fal? + s = wal? o < (61 = 62), (11— w2)
Q

< o1 — d2llwrry llur — uz|lwie()-

Therefore,

14, (61) — Ap(@2)lwroiy < C (161 — dallwrogay) 7 -

Now, for the case p < 2, we first observe that

p 2—p
|V (ur — us)|? )2 (/ )2
V(uy —ug)|Pdx < / dx Vui| + [Vus|)? dz
J R R = (9 + [T
and
/|u —ugPdr < /Wda: ; /(\u | + |uz|)? dx B
o T U (ual + uz])?» o
As in the previous case, we get,
Jur — u2||W1vP(Q)
2.3 < C - 1,p ’.
( ) (HUIHWLP(Q) + ||u2||W1,p(Q))27p — ||¢1 ¢2||W ()
Now we observe that
il fyn @) < Nldillwrr @y lluillwre@)-
Hence, (2.3) becomes
[Ap(p1) — Ap(2)[lwrr(e) <
1 1 2-p
¢ (I oay + hoalituiay ) lor = dallwsoiay
and the proof is finished. O

With this Lemma we can verify the Palais-Smale condition for F.

Lemma 2.2. The functional F satisfies the Palais-Smale condition.

Proof. Let (u)r>1 C WHP(Q) be a Palais-Smale sequence, that is a sequence such
that

(2.4) F(ug) —c and F'(ug) — 0.
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Let us first prove that (2.4) implies that (uy) is bounded. From (2.4) it follows
that there exists a sequence €5 — 0 such that

|F' (up)w| < exllwllwir@), Yw € WHP(Q).

Now we have,

1 1
c+1> F(uy) — gf/(uk)uk + afl(“k)“k

11 1

= (5= 2l + 37
11 ) 1

2 b g w100y — 6||Uk||wlwp(ﬂ)€k

11 . 1
77 g [ gllukllwwm)

hence, uy, is bounded in WP ().
By compactness we can assume that up — u weakly in W1P(Q) and up — u
strongly in L(9€2) and a.e. in Q. Then, as p < q < p*, it follows that, |uz|9™2u —

’

lu|?=2u in LP" (0Q) and hence in WP (Q)'. Therefore, according to Lemma 2.1,
ugp — Ap(|u]1?u), in Whr(Q).
This completes the proof. [

Now we introduce a topological tool, the genus, that was introduced in [18] but
we will use an equivalent definition due to [9].
Given a Banach Space X, we consider the class

Y={ACX: Aisclosed, A =—-A}.
Over this class we define the genus, v : X — NU {00}, as
(A) = min{k € N: there exists ¢ € C(A,R* — {0}), ¢(z) = —p(—2)}.
For the proof of Theorem 1.2, we will use the following Theorem whose proof
can be found in [1],
Theorem 2.1. ([1], Theorem 2.23) Let F : X — R wverifying

(1) F e CHX) and even.
(2) F verifies the Palais-Smale condition.
(3) There exists a constant v > 0 such that F(u) > 0 in 0 < |ju|lx < r, and
F(u) >c>04f ||lul|x =r.
(4) There exists a closed subspace E,, C X of dimension m, and a compact set
A, C E,, such that F < 0 on A,, and 0 lies in a bounded component of
E,— A, inE,,.
Let B be the unit ball in X, we define
I'={heC(X,X) : h(0)=0, h is an odd homeomorphism and F(h(B)) > 0},
and
Km={KCX: K=-K, K is compact, and v(K Nh(0B)) > m for all h € T'}.
Then,

P S
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is a critical value of F, with 0 < ¢ < ¢y < ¢mg1 < 00. Moreover, if ¢ = Cpy1 =
© = Cmtr then y(K.,) > r+1 where K., ={ue X : F'(u) =0, F(u) =cm}.

Now we are ready to prove the main result of this section.

Proof of Theorem 1.1 We need to check the hypotheses of Theorem 2.1.

The fact that F is C? is a straightforward adaptation of the results in [23]. The
Palais-Smale condition was already checked in Lemma 2.2.

Let us now check 3. From the Sobolev immersion theorem, we obtain

Flu) = H Wy~ ||uHLqm) ||u|\W1,p(m—cgnun%w,p(m:g<||u||W1,p<m>

where g(t) = %tp — C’%tq. As g > p, 3 follows for r = r(C, A\, p, q) small.
Finally, to verify 4, let us consider a sequence of subspaces E,, C W1P(Q) of
dimension m such that E,, C Fy,+1 and u |gpq#Z 0 for u # 0, u € E,,. Hence,

min/ lul?do >0
u€Bm J 90

where By, = {u € Ey, : ||ullw1r) = 1}. Now we observe that

Fru) < Zjul A / fuf? dor < 0
u —_— p _ mln g
p Hiwe (@) q u€Bm Jpq "

for all u € By, and t > to. Therefore, 4 follows by taking A,, = toBy,. (I

In order to see that the critical points of F that we have found are unbounded
in W1P(Q), we need the following result,
Lemma 2.3. Let (¢;,) C R be the sequence of critical values given by Theorem 2.1.
Then lim,,,— oo €y, = 00.

Proof. Let M = {u € W'?(Q)—{0} : ,\ip““”vvl ) = ||“HLq(e>Q)}- By the Sobolev
trace Theorem, there exists a constant r > 0 such that

(2.5) r< Hu||%q(am, Yu € M.

Let us define

by, = f F(h
S cont. T (R()

m—1

It is proved in [1] that b, < ¢, hence to prove our result it is enough to show
that b,,, — oo.

Now, bpy1 > infucopnpe F(h(u)) for all h € T'. We will construct By €T
such that lim,, .. infucopnpe, F (iz (u)) = oco. First, let us define the following
sequence

dpm = inf{||uHW1,p(Q) tueMnN Ercn}
and observe that d,, — co. In fact if not, there exists a sequence u,, € MNES, such
that u,, — 0 weakly in W1?(Q) and therefore u,, — 0 in L(df2), a contradiction
with (2.5).

Next, let us consider h,,(u) = R~d,,u where R > 1 is to be fixed. From h,, we
will construct iLm

Given u € W1P(Q2) such that u |pn# 0, pick 3 = B(u) such that

7”/6“”1/[/1 p( ”ﬂU”%q(aQ)a

so fu € M.
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If we consider ¢g(t) = F(tu) with u |pnZ 0, it is easy to see that g is increasing
in [0, B(u)] so g achieves its maximum on that interval for ¢ = (u).
Take ug € ES, N B such that ug |pnZ 0, then for R > 1,

R 'd, <d, < | Buo |lwr.» ) = Bluo).

This inequality implies that for every R > 1 and for every ug € ES, N B such that
ug |9 0 it holds

F(ha(uo)) = F(R Y dpug) > 0.
As h,,(0) = 0, it follows that
ho(ES, N B) C {u e WHP(Q) = F(u) > 0},

therefore, hy, |ge satisfies the requirements needed in order to belong to I' so it
comes natural try to extend h,, to W1HP(Q) so it belongs to I

Given € > 0, consider Z. = d,, R"*(ES, N B) + e(E, N B). Let us see that for e
small, Z. C M°. If not, there exists a sequence ¢; — 0 and a sequence (u;) C M
such that u; € Z;,. In particular, u; is bounded in WLP(£) so we can assume that

uj —u weakly in W1P(Q),
U — U in LY(0NQ).

Moreover, as u; € M it follows that u |spo7 0. On the other hand, as || - [[w1.r (o)
is weakly lower semi-continuous, we have that v € M and, as ¢; — 0, u €
dmR™Y(ES, N B) a contradiction.
So we have proved that there exists 9 > 0 such that Z., C M¢. This fact allows
us to define
h

(u) = By (u) = dm R u  if u € ES,,
m{t) = ol ifuekFE,,.

Now, if u € F,, N B we have

hm(u) =eou € Z., C M€,

then

1 A
Fllun(u)) = Fleou) = - oty — 5 lc0ul Fu ony

Afg—1 1
= E ( Ap ||50“||€V1,p(9) + (TPH‘SOUH;;VLP(Q) - 50“”qu(39))> >0,
that is, givgn u e B~if we decognpose u = uj +ug with uy € EY, and us € E,, N B,
we obtain Ay, (1) = hp(u1) + b (u2) = dp R uy + equa € Zo, C M€ from where
it follows that F(h,(u)) > 0 and hence h,, € T.

Finally, we need to prove that F(f,,(u)) — 0o as m — oo for u € BN E,, but
this follows from the facts that d,, — oo, that d,,, < f(u) for v € BN E¢, and that
we can choose R large enough.
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If u € OB N EE,, hp(u) = dp R~ 'u and

- (dmR™1)P AdnR™1)1
Flim(w) = LD g ) - 2 L g
_ 1 A g
— B (2= 2Bl
b q
—1\p 1 A —1\g—p q
> () (3 = 23Rl oy
1 Rra
= (dn R ( - )
p pq
As q > p we conclude that if R is large enough, then F(hy,(u)) — +oo. O

3. PROOF OF THEOREM 1.2. THE SUBCRITICAL CASE II

Now we deal with f(u) = A|u|?"?u in the case 1 < ¢ < p. In this case, we look
for nonpositive critical values of F.

We begin by the following Lemma.

Lemma 3.1. For every n € N there exists a constant € > 0 such that
VWF) zm,
where F¢ = {u € WHP(Q) : F(u) < c}.
Proof. Let E, C WYP(2) be a n—dimensional subspace such that u |90 0 for all

u € E,, u#0 (cf. Section 2).
Hence we have, for u € Ey,, |lullwi»@q) = 1,
P e P At
(3.1) Fltu) = —— — lu|?do < — — ap—,
p 4 Joo p q

where a, = inf{ [, |u[?do : u € Ey, |Ju|wir) = 1}. Observe that a, > 0
because E,, is finite dimensional. As ¢ < p we obtain from (3.1) that there exists
positive constants p and € such that

Flpu) < —¢ for u € By, |Jullwir) = p-

Therefore, if we set S, , = {u € Ey : ||ul]lw1.») = p}, we have that S, ,, C F~°.
Hence by the monotonicity of the genus

VF2) 2(Spm) =n,

as we wanted to show. O

Lemma 3.2. The functional F is bounded below and verifies the Palais-Smale
condition.

Proof. First, by the Sobolev-trace inequality, we have
1 A
Flu) = ];HUII%,I)(Q) - Calluﬂ%l,p(m = h(llullwrr @),

where h(t) = %t” - C%tq. As h(t) is bounded below we conclude that F is bounded
below.
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Now to prove the Palais-Smale condition, let u; € WP(Q) a Palais-Smale se-

quence. As ¢ = lim;j_o F(u;), using that F'(u;) = ¢; — 0 in WHP(Q)" we have
that, for j large enough,

1 1 1
c—1< === ) lulPimo + = (€, u;
(= 2) 1y + S

11 ) 1
S === ) lwllye o) + §||5j||(W17P(Q))/||uj||W1’P(Q)

p q
1 1 1
< (2= ) 1l + sl

from where it follows that ||u;||w1.r(q) < C (recall that p > q).
Therefore, for a subsequence,

uj —u  weakly in W'P(Q),
u; —u in LY(0Q),
and the result follows as in Lemma 2.2. |
Finally, the followings two Theorems give us the proof of Theorem 1.2.
Theorem 3.1. Let
Y ={AcC W' (Q)—{0} : Ais closed, A= —A},
Sh={ACY : A(4) > K},

where v stands for the genus.

Then
¢ = inf sup F(u)
A€Tk yeA
is a megative critical value of F and moreover, if ¢ = ¢ = -+ = Cpyr, then

Y(K.) >r+1, where K. = {u € WH?(Q) : F(u) =c¢, F'(u) =0} .

Proof. According to Lemma 3.1 for every k& € N there exists ¢ > 0 such that
v(F~¢) > k. As F is even and continuous it follows that F~¢ € X therefore
cx < —e < 0. Moreover by Lemma 3.2, F is bounded below so ¢, > —oo. Let us
now see that ¢ is in fact a critical value for F. To this end let us suppose that
c=cp ="+ = Cpyr. As F is even it follows that K. is symmetric. The Palais-
Smale condition implies that K is compact, therefore if v(K.) < r by the continuity
property of the genus (see [23]) there exists a neighborhood of K., N5(K,.) = {v €
Whr(Q) : d(v,K,.) < 4§}, such that v(Ns(K,)) = v(K.) < 7.
By the usual deformation argument, we get

n(1, Fere/2 — Ns(K.)) c Fe=e/2,

On the other hand, by the definition of ¢y, there exists A C X4, such that
A C Fete/2 hence

(3.2) n(1, A — Ns(K,.)) C Fee/2,
Now by the monotonicity of the genus (see [23]), we have
VAN E) 2 1(A) — 1 (N5(K.)) = k.
As n(1,-) is an odd homeomorphism it follows that (see [23])
Y(n(1, A= N5(K.))) = v(A = Ns(K.)) = k.
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But as 77(1,A — N(;(KC)) € X then

sup F(u) > ¢ = cg,
u€n(L,A=Ns(K.))

a contradiction with (3.2). O
We end the section showing that the critical points of F are a compact set of

wlr(Q).

Theorem 3.2. The set K = {u € W'P(Q) : F'(u) =0} is compact in WP (Q).

Proof. As F is C' it is immediate that K is closed. Let u; be a sequence in K. We
have that

0= F'(uj)u; = w5100y — /\/89 |uj|? do > Ju; 19100y = CA5 150 q)-

As 1 < g < p, we conclude that u; is bounded in W'P(Q2). Now we can use
Palais-Smale condition to extract a convergent subsequence. O

4. PROOF OF THEOREM 1.3. A NONLINEAR EIGENVALUE PROBLEM

In this section we deal with f(u) = A|u|P~2u, which is a nonlinear eigenvalue
problem.

Let us consider M, = {u € WP(Q) : ||u|\€v1.p(m = pa} and

1/ »
plu) = - ulP do.
() Pasz"

We are looking for critical points of ¢ restricted to the manifold M, using a minimax
technique.
Let us define p : WP(Q) — {0} — (0, +00) by

1
pa '
o) = [ 2
( ||“H€V1,p(9) >

This function p is even, bounded away the origin and verifies that p(u)u € M, if
u # 0. Moreover, we have that the derivative of p is given by

@0 ) == Pl L ([T s ).

We observe that p’ is odd and continuous uniformly over bounded sets away from
the origin. It is straightforward to check, from (4.1), that (p’(u),v) = 0 if and only
if [, |VulP~2VuVo + [u[P~?uv dz = 0.

As p > 1, it follows that WP () is a reflexive uniformly convex Banach space so
given ¢ € WP(Q) there exists a unique element in W1?(Q), that we will denote
by J(p) such that

(0, J(#)) = llellirim @y
[T (@)[wrr ) = llellwrr @)

Therefore we define J : WHP(Q) — W1P(Q) the duality mapping which is odd
and uniformly continuous over bounded sets.
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Let us now define

Pd
(Pu;v) = M ( |VulP~2VuVo + |u|P~2uv dx
Q

||UHW1p(Q)
ou
VulP~2— vda>,
- [ a2

(Du;v) = / |ulP~%uv do — (Pu;v),
o0
and
Tu = J(Du) — Au,

where A is given by
(¢ (u); J(Dw)) (Pu + Dusu) + (Pu; J(Du))

(0" (u); u) + 1){Pu + Du; u) '
This application, T, is uniformly continuous and odd. Moreover, it is bounded

in M, so there exists constants 79,79 > 0 such that, for every 7 € [—79,79] and
every u € M, it holds

A:

|| —I—TTUHWLP(Q) >y > 0.

Now, we are able to define the flow
H(u,7) = p(u+ 7Tu)(u+ 7T0),

so we obtain a well defined application, H, which is odd in u, uniformly continuous
and verifies H (u,0) = u.

The main property of H is that defines trajectories in M, along which the
functional ¢ is increasing.

Lemma 4.1. There exists an application r(u,T) such that r(u,7) — 0 as 7 — 0
uniformly in u € My and

o(H(u,7)) = plu) + / 1Dy + 7, 5) ds

for every u € My, T € [~70,T0]-

Proof. An elementary computation gives us
U (7)) = o)+ [ (! (50 5 a5
Wt [ NPy (080 G 15D — (DT (D).

Hence, if we call r(u, ) = (¢'(H(u, s)); 88 H(u,s)) — (Du; J(Du)), by our choice of
A it holds that r(u, 0) = 0, and the result follows as T' (and therefore H) is bounded
in M,. O

Now we are ready to prove the Deformation Lemma needed in order to apply
the mini-max technique.
Lemma 4.2. Given 8 > 0, we denote pg = {u € M, : @(u) > p}. Let 5 >0
be fized, and suppose that there exists a relatively open set U C M, and positive
constants & < p such that

|Dullwrey >0, ifuecV,={uec M, : ugU, and |p(u)— B < p}.
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Then, there exists an € > 0 and a continuous, odd operator H. such that
He((pﬁ—s -U)C PB+e-

Proof. First, we take 71 > 0 such that |r(u,7)| < %52 for all u € My, 7 € [—71, 1]
By Lemma 4.1 we have that o(H(u,7)) > ¢(u) + 367 for every u € V, and
0<T<m.
Let € = min{p, i(527'1}, and from the definition of V,, if u € V,Nyg_, we obtain

e(H(u,11)) > p(u) +2c > B +e.

Again by Lemma 4.1, given u € V,, we have that o(H (u, 7)) is strictly increasing
for 7 small, and hence we can define

te(u) =min{r >0 : p(H(u,7)) =0 +¢}.

This t.(u) is well defined, continuous and verifies 0 < t.(u) < 7. Now, we choose
H. as

[ H(u,te(uw)) ifuelg,
He(u) = { u ifueps_e —(UUVL).
Finally it is straightforward to check that H. satisfies all our requirements. ([l

Now we prove the Palais-Smale condition for the functional ¢ on M,.

Lemma 4.3. Let 5 > 0 and (u;) C M, be a Palais-Smale sequence on M, above
level 3, that is

(uj) > 0, Du; — 0.
Then there exists a subsequence that converges strongly in WP(£2).

Proof. As M, is bounded, we can assume that u; — u weakly in W?(Q). Also,
as  is compact, we can assume that ¢(u;) — ¢(u) and hence p(u) > § and

;= fBQ |u; [P do _ fBQ |[ul? do
! ||uj||€v1,p(g) ap ’

therefore u # 0 and ¢'(u) # 0.
Now, as ¢ is compact and Du; — 0 we have

0= lijm Du; = lijxn ©'(uj) — Puj = ¢'(u) — ,uli]m Pyu;,
where
(Pouj;v) :/ |Vu|P2VuVo + |u|p*2uvdx7/ |Vu|p*2%vda.
Q o0 ov
Therefore Pyu; — p~'¢’(u) and the result follows applying Lemma 2.1 as A, =
Pyt 0

Theorem 4.1. Let C, = {C C M, : C is compact, symmetric and v(C) < k}
and let

(4.2) Br = sup min p(u).
CeCy ueC

Then By, > 0 and there exists uy, € M, such that o(ur) = Br and uy is a weak
solution of (1.1) with A\, = a/B.
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Proof. First, let us see that 8 > 0. It is immediate that v(M,) = +o00, hence [ is
well defined in the sense that for every k, Cy # (). As we can choose a set C € Cj,
with the property u |so7 0if u € C, we conclude that 5 = supgeo, mingec o(u) >
0.

Now, for a fixed k let us prove the existence of the solution uy. First, let us see
that there exists a sequence (u;) € M, such that ¢(u;) — B and Du; — 0. To see
this fact, assume that it is false, then there exists positive constants § and p such
that

|Dul|| > 4, if u € M, and |o(u) — G| < p.
We can assume that 6 < (. By the deformation Lemma 4.2 there exists a constant
¢ > 0 and a continuous and odd H, such that H.(¢g,_c) C ¢3,+e. By the definition
of B, there exists C. € C}, such that o(u) > B — € for every u € C., then p(u) >
B + € for every u € H.(C:). But we have that v(H.(C.)) > k a contradiction
with the definition of ;. So we have proved that there exits a sequence (u;) €
M, such that ¢(u;) — fOr and Du; — 0. From Lemma 4.3 we can extract a
converging subsequence u; — uy, that gives us the desired solution that must verify,
by continuity of ¢, p(ug) = Bk. O

This Theorem proves the existence of nontrivial solutions for (1.1) but we can
prove the following
Theorem 4.2. Let K; = {u € M, ; p(u) =0, Du=0}. If 3 = Bj41 =+ =
Bjtr, then y(K;) > r+ 1.

Proof. The proof is analogous to that of Theorem 3.1. ]

In this way we have proved the existence of infinitely many solutions. The next
Theorem gives us the existence of infinitely many eigenvalues.

Theorem 4.3. Let By be as in (4.2), then
11]1;1’1 61@ =0,

and therefore
liin A = +00.

Proof. Let E; be a sequence of subspaces of WP(Q), such that E; C E;y1, UE; =
WbP(Q) and dim(E;) = i. Let Ef the topological complementary of E;.
Let

= su min u).
/Bk Cegk weCNEL_, 90( )

Bk is well defined and Bk > (B > 0. Let us prove that limy ?k = 0. Assume, by
contradiction, that there exists a constant x > 0 such that gy > x > 0 for all k.
Then for every k there exists Cy such that

3, > min u) > K.
Bk ueckﬁE,g_l L)O( )

Hence there exists u, € Cp, N Ej;_; such that

B > o(ug) > kK.

As M, is bounded, we can assume, taking a subsequence if necessary, that uy — u
weakly in WP(Q) and uj — u strongly in LP(992). Hence ¢(u) > x > 0 but this
is a contradiction with the fact that u = 0 because uy, € E}_;. O
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5. PROOF OF THEOREM 1.4. THE CRITICAL CASE I

In this section we study the critical case with a perturbation. We consider
fu) = |ulP” 2u + Au|""%u with p < r < p*.

To prove our existence result, since we have lost the compactness in the inclusion
WLP(Q) < LP (9S), we can no longer expect the Palais-Smale condition to hold.
Anyway we can prove a local Palais-Smale condition that will hold for F(u) below
a certain value of energy.

The technical result used here, the concentrated compactness method, is mainly
due to [19], [20].

Let u; be a bounded sequence in W1P(Q2) then there exists a subsequence that
we still denote uj, such that

uj —u weakly in W?(Q),

u; —u strongly in L"(992), 1<r<p’,

V[P — dp, luj loq [P — dn,
* weakly in the sense of measures. We observe that dn is a measure supported on
o9.

If we consider ¢ € C*°(Q), from the Sobolev trace inequality we obtain, passing
to the limit,

" 1/p
5.1 P~ 1/p P » » »
(5.1) (/m¢| dn) S < (/lebI d#+/ﬂ|u\ Vgl dx+/ﬂ\¢u\ dm) ,

where S is the best constant in the Sobolev trace embedding Theorem.

(From (5.1), we observe that, if u = 0 we get a reverse Holder type inequality
(but it involves one integral over 9§ and one over 1) between the two measures
and 7.

Now we state the following Lemma due to [19], [20].

Lemma 5.1. Let u; be a weakly convergent sequence in WhP(Q) with weak limit
u such that

VP —=du and  uy o [P — dn,

* weakly in the sense of measures. Then there exists x1,...,x; € O such that

(1) dn = [ul”" + 35y 10, m; >0,

(2) dp > [Vul? + 35 1j0a,, 1 >0,

3) ()" <%

Next, we use Lemma 5.1 to prove a local Palais-Smale condition.

Lemma 5.2. Let uj C WYP(Q) be a Palais-Smale sequence for F, with energy
level c. If ¢ < (% — pi) S%, where S is the best constant in the Sobolev trace
inequality, then there exists a subsequence uj, that converges strongly in W1P ().

Proof. From the fact that u; is a Palais-Smale sequence it follows that u; is bounded
in WLP(Q) (see Lemma 2.2). By Lemma 5.1 there exists a subsequence, that we
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still denote u;, such that
u; — u weakly in WP(Q),
u; — uwin L"(0Q), 1 <r < p*, and a.e. in 01,

l

(5.2) V[P = du > |VulP + Y pig6s,,
k=1
l

[uj oo [P — dn=|ulog [P + Y Mkbay-
k=1

Let ¢ € C°°(RY) such that
2
¢ =11in B(xg,e), ¢ =01in B(xg,2e)¢, |Vo| < =

where x belongs to the support of dn.
Consider {u;j¢}. Obviously this sequence is bounded in W?(Q). As F'(u;) — 0
in WHP(Q)’, we obtain that

lim (F(u;); pu;) =0

J—0o0

By (5.2) we obtain,

lim |Vuj|p 2Vu;Vou; dx—/ (i)d?]—i—A/ |u|r¢da—/¢du—/ |u|P ¢ dz.
o9 G19) Q Q

j—00

Now by Holder inequality and weak convergence, we obtain

0< hm

/ |V, [P~2Vu,; Vou, do

(p—1)/p 1/p
< lim (/ |Vujpdx> (/ [VolP|u; |pdx>
T j—ooo
1/p
¢ ( / |v¢|p|u|pdx>
B(x,2e)NQ

1/N

C / V|~ dx / |u|PN/(N=P) g
B(zy,2e)N B(x,2e)NQ

(N—p)/pN
/ |upN/(N_p)da;> —0 ase—0.
B(z,2e)NQ

IN

(N—p)/pN

IN

C

IN

Then

lim [/ s+ [ qurods— [ odu- /|up¢dx}—nk—uk—o

By Lemma 5.1 we have that (,)?* S < pu, therefore by (5.3) we obtain

(k) 7" S < .
Then, either n; = 0 or

(5.4) Ne > S 7.
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If (5.4) does indeed occur for some k¢ then, from the fact that u; is a Palais-Smale
sequence, we obtain

1
c= lim F(u;) = lim F(u;) - EU"'(%‘);W)

j—oo
« 1 1 p* 1 1
/ |ulP d0+<*)SP*P +)\<>/ |u|" do
tGle} p p p v/ Joa

0 =(1-1)

> (1—1> Spfip.
p p*

Asc< (% - pi) S#% it follows that Joq luiP" do — [, [ulP” do and therefore

u; — uin LP"(9Q). Now the proof finishes using the continuity of the operator
A,. O

P

Proof of Theorem 1.4: In view of the previous result, we seek for critical values
below level c¢. For that purpose, we want to use the Mountain Pass Lemma. Hence
we have to check the following conditions:

1) There exist constants R,r > 0 such that if [|u[/y1.r) = R, then F(u) > r.
2) There exists vy € W(€2) such that ||[vo|[w1.»(q) > R and F(vg) < r.
Let us first check 1). By the Sobolev trace Theorem we have,

1 1 . A .
Flu) = ullynoe) - E/m " do — ;/m lu|" do
1 1 A

p*

g u||W1=P(Q) - ;CHuHTI;VLP(Q)-

p
> ];||U||W1,p(g) - ES

et 11 A
g(t) = =tr — —SP" ¢ — ("
p P r

It is easy to check that g(R) > r for some R,r > 0.
2) is immediate as for a fixed w € WP(Q) with w |so# 0 we have

lim F(tw) = —o0.

t—o0
Now the candidate for critical value according to the Mountain Pass Theorem is

5.6 c=inf sup F(¢(t)),
(5. int sup F(o(0)

where C = {¢ : [0,1] — WP(Q) ; continuous and ¢(0) = 0, ¢(1) = vo}. The
problem is to show that ¢ < (% — pi) S#5 in order to apply the local Palais-
Smale condition.

We fix w € WHP(Q) with [|w]|p 5q) = 1, and define h(t) = F(tw). We want
to study the maximum of h. As lim; o h(t) = —oo it follows that there exists a
tx > 0 such that sup,. o F(tw) = h(ty). Differentiating we obtain,

-1 -1 r—
(5.7) 0="n"(tr) = 5 [wllfyrng — 5~ = Alwlza0):
from where it follows that

[wllfyrpgy =15 77 FE AW L a0)-
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_r .
Hence ¢t < Hw||";;§(m, then from (5.7) as t§ ™" + Al|wl|}, 5q) — 00 as A — oo, we
obtain that

(5.8) lim £ = 0.

A—00
On the other hand, it is easy to check that if A > X it must be F(tyw) > F(taw),
so by (5.8) we get
Alim F(taw) =0.
But this identity means that there exists a constant Ag > 0 such that if A > Ag,
then
1 1 _»_

sup F(tw) < ( . ) S¥=r,

t>0 p
and the proof is finished if we choose vy = toqw with tg large in order to have
f(to'll)) < 0. [l

6. PROOF OF THEOREM 1.5. THE CRITICAL CASE II

In this section we deal with problem (1.4) when 1 < ¢ < p that is we are
considering f(u) = |u|?" ~2u + Alu|""?u. Applying a mini-max technique we will
show the existence of infinitely many nontrivial critical points of the asociated
functional F when A is small enough.

We begin, as in the previous section, using Lemma 5.1 to prove a local Palais-
Smale condition.

Lemma 6.1. Let (u;) C WYP(Q) be a Palais-Smale sequence for F, with energy
level c. If ¢ < (% — 1%) S7r — K)\pf*r, where K depends only on p, v, N, and
|02, then there exists a subsequence (uj,) that converges strongly in WP (Q).

Proof. From the fact that u; is a Palais-Smale sequence it follows that u; is bounded

in WHP(Q) (see Lemma 2.2 and Lemma 5.2).
Now the proof follows exactly as in Lemma 5.2 until we get to

1 1 . 1 1 p* 1 1
ez (3= 2) [ wraos (3= L)s#saa(B-1) [ pras
p p o0 p P p T/ Joa

where u is the weak limit of u; in WH?(Q).
Applying now Hoélder inequality, we find

11\ g 11 . 11 .
T Sp*—p+(—> ull? . +)\<—> a0~
<p p*> p o) 1Ml oo p )0

Now, let f(x) = c;2P?" — Acoa”. This function reaches its absolute minimum at

i .
xo = (—;fi:)fi*ﬂ', that is

u||2p* (89)'

f@) 2 f(xo) = —KA#=,
where K = K(p, q, N, |09]).
Hence ¢ > (% — pi) S% — K)\Pfiir, which contradicts our hypothesis. There-
fore
lim ;[P do = / lulP” do,
o0

J=% Jan

and the rest of the proof is as that of Lemma 5.2. (]
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We now observe, using the Sobolev trace Theorem, that
1 * ” )
Fu) 2 ey = eallulfyn ey = Aealulivnsa = i(ulwrse).

where j(z) = %xp —c12P” — Acpx”. As j attains a local but not a global minimum
(7 is not bounded below), we have to perform some sort of truncation. To this end
let zg, 1 be such that m < xg < M < x; where m is the local minimum of j and
M is the local maximum and j(z1) > j(m). For these values z¢ and z; we can
choose a smooth function 7(x) such that 7(xz) =1 if z < zg, 7(x) =0 if z > z1 and
0 < 7(z) < 1. Finally, let p(u) = 7(||ullw1.»(q)) and define the truncated functional
as follows

- 1 1 . A
F(u) = 7/ [VulP + |ulP de — —*/ [ul? p(u) do — f/ |u|" do.
bJa P Joq T Joa
As above, F(u) > J(|lullwrr(q)) where j(z) = %:cpfclxp*T(x) —Acez”. We observe

that if z < xo then j(z) = j(z) and if z > x; then j(z) = %x” — Aeaz”.

Now we state a Lemma that contains the main properties of F.
Lemma 6.2. F is C', if F(u) < 0 then llullwrr) < xo and F(v) = F(v) for
every v close enough to uw. Moreover there exists \y > 0 such that if 0 < XA < )\
then F satisfies a local Palais-Smale condition for ¢ < 0.

Proof. We only have to check the local Palais-Smale condition. Observe that every

Palais-Smale sequence for F with energy level ¢ < 0 must be bounded, therefore by
Lemma 6.1 if X verifies 0 < (% — 1%) S# =5 —K\7 = then there exists a convergent

subsequence. O

The following Lemma gives the final ingredients needed in the proof of Theorem
1.3.

Lemma 6.3. For every n € N there exists € > 0 such that

WF~5) =,
where F~¢ = {u , Flu) < —¢}.
Proof. The proof is analogous to that of Lemma 3.1. g

Finally, we are ready to prove the main result of this section.

Proof of Theorem 1.5: The proof is analogous to that of Theorem 1.2, here we
use Lemma 6.1 and Lemma 6.3 instead of Lemma 3.2 and Lemma 3.1 respectively
to work with the functional F and Lemma 6.2 to conclude on F. (]

7. PROOF OF THEOREM 1.6. THE SUPERCRITICAL CASE

In this section we will consider a nonlinearity f of the form
Fw) = M+ Jul ",

where ¢ > p* > r > p. In this case the functional F is not well defined in
WLP(€), so in order to apply variational arguments we perform a truncation on
the supercritical term, find a solution of the truncated problem and finally show
that this solution lies below the truncation level so it is a solution of our original
problem.
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Proof of Theorem 1.6: We follow ideas from [4]. Let us consider the following
truncation of |u|?~%u

0 u < 0,
h(u) = ¢ u?™? 0<u<K,
Karyr—1 u> K.

Then h verifies h(u) < K4 "u" 1.
So we consider the truncated problem

Apu = uP™! in Q,
7.1
(71 |Vu|p_2% = Mh(u) +u"t on 0,

and we look a positive nontrivial solution of (7.1) that satisfies v < K. Such a
solution will be a nontrivial positive solution of (1.1).
To this end, we consider the truncated functional

! P Pdr — u)do —
(7.2) ]-",\(u):;?/Q|Vu| tlulrde = [ H(u)a /

|ul”

do,

where H (u) verifies H' (u) = h(u).

By the results of §2 there exists a Mountain Pass solution u = uy for (7.1),
that is a critical point of F, with energy level c). One can easily check that this
least energy solution u is positive. Moreover the energy level cy is a decreasing
function of A, so we have that Fy(u) = ¢x < ¢p. Now using (7.2), (7.1) and that
H(u) < Lh(u)u we have that

Jul”

1
cop > Fa(u) = f/ |VulP + |u|pdzf)\/ H(u)daf/ ——do
b Ja oQ oo T
1 1
> f/ [Vul? + |ulP de — = ()\/ h(u)udo —|—/ |u|” da)
pJa r o0 o0
1 1
= ( - > / |Vul|P + |ul? dx.
p r)Ja

So, as r > p we obtain

ullwir ) < C = Clco,p,7).
Now by the Sobolev trace inequality we get
(7.3) [[ul
Let us define

Lea9) <SP |lullwrs) < C = Clco, p, 7,5, Q).

Multiplying the equation (7.1) by uiﬁ u we get

/|Vu|”_2VuV(uiﬁu) d:c—i—/ uPul’ dx:)\/
Q Q

h(u)uu®’ d0+/ u"ul’ do.
09

[o19)

Therefore, using that A(u)u < K7~ "u" and the definition of ur,, we obtain

/|Vu|pu’£ﬁ dx—i—/ uPul’ dx < ()\Kq_r—i—l)/ uu?’ do.
Q Q o9
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Now we set wy, = uufz Then, we obtain

e iy = [ V0Ll + i da
SC(/ |Vu|puiﬂdx+/upﬁpui(ﬁUVuﬂ”dx—l—/u”u’fdx)
Q Q Q

<C </ |vu|p“gﬁ dx +/ “puiﬁ dx) <C ()‘Kq_r + 1) / uruliﬁ do.
@ 2 a0

Therefore, by Holder and Sobolev trace inequalities, we get

102 e gy < 5™ 0 ey < € OKT +1) [ do

SC()\Kq_r—i—l)(/ up*d(T)p </ w%*da)a,
90 a0

< p*. So by (7.3),

%
where o * = +p

< C (KT 1) [l ey 0L o
< C KT 4+ 1) [[wrll? o -

|wr, ”Lp* (99)

Now if uf+! € L®(0Q) by the dominated convergence Theorem and Fatou’s
Lemma we get

<C(AKTT +1) [u TP .

B+1p
[ [y (99) = (69)°

that is,
L B+1
[wll Lo a4+ (90) < C (AKT"+1) 7 [wll Lo 541 (a02) -
Let k = g—i, iterating the last inequality we have
r 0
[ull riar pay < C (AKT"+ 1) [Jull por (90
Using again (7.3) we get
r 0
||U||Loc(39) <C (/\Kq + 1) .
Hence, if Ky > C, for every K > K there exists A(K) such that if A < A\(K) then
[ull L= a0y < K.
This finishes the proof. O

8. PROOF OF THEOREM 1.7. A NONEXISTENCE RESULT

In this Section we prove a nonexistence result for positive regular decaying so-
lutions for (1.1) in RY = {z; > 0}. That is we are dealing with a positive regular
solution of

Apu = uP~? in RY,
P +
(8.1)
|Vu\p72? = ! on ORY,
v

that satisfies the hypotheses of Theorem 1.7.
We observe that in the special case p = 2 there exists a solution if we drop the
decaying assumption, namely u(z) = e~*! is a solution for every g.
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Proof of Theorem 1.7. First we multiply the equation in (8.1) by u and integrate
by parts to obtain

(8.2) / |VulP + uP dz — / uldz’ = 0.
RY ORN
Note that our decaying and integrability assumptions on u justify all the integra-
tions by parts made along this proof.
Now we multiply by xVu and integrate by parts to obtain

1

—/ |VuP~2VuV (xVu) dx+/ w2 Vuds' = f/ zVuP dz.
REY ORY D JRrY

Hence further integrations by parts gives us

N N -1 N
<1 + ) / |Vul|P de — 7/ uldz' = —/ uP dz.
b/ JrY q ORY D Jr

N
+
Using (8.2) we arrive at
N N-1 2N
(—1+—)/ uqu’:(_l—f—)/ uP dx > 0.
p q ORY p RY

Therefore, if u is not identically zero, we must have

N N-1
-1+ — - >0
p q
that is ( )
. DIN-—-1
>pt = ;
q>p N
as we wanted to show. O
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