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Abstract. A simplicial complex is r-conic if every subcomplex of at most r vertices
is contained in the star of a vertex. A 4-conic complex is simply connected. We prove
that an 8-conic complex is 2-connected. In general a (2n + 1)-conic complex need not
be n-connected but a 5n-conic complex is n-connected. This extends results by Even-
Zohar, Farber and Mead on ample complexes and answers two questions raised in their
paper. Our results together with theirs imply that the probability of a complex being
n-connected tends to 1 as the number of vertices tends to ∞. Our model here is the
medial regime.

1. Introduction

Let r ∈ N. A non-empty simplicial complex K with vertex set VK is said to be r-ample
if for each subset U ⊆ VK of at most r vertices, and for each subcomplex L 6 K with
VL ⊆ U , there exists a vertex v ∈ K such that the simplices in lkK(v) with all their vertices
contained in U are exactly those of L. In other words the link lkK(U∪{v})(v) of v in the
full subcomplex of K induced by U ∪{v} is L. A complex which is r-ample for every r ≥ 1
is said to be ∞-ample. Of course, an ∞-ample complex must be infinite and it is proved
in [11] that up to an isomorphism there is a unique one such complex K with countable
many vertices. This complex has the following resilience property: any subcomplex of K
obtained by removing finitely many simplices is isomorphic to K.

For every r ≥ 1 there are examples of finite complexes which are r-ample. Probabilistic
arguments have been used to prove their existence and also deterministic constructions are
available. The motivation behind this notion are potential applications in network science.
A biological, social or computational system can be studied through the interaction among
their components. For many years these systems have been modeled by graphs, taking
into account only the interactions between pairs. More recently ecological, neurological
and social systems have been modeled by different structures, in order to consider the in-
teractions which occur among several units. In social contagion phenomena, like diffusion
of rumors or adoption of norms, the transmission needs one person to be in contact with
multiple sources (see [14]). A behaviour of a crowd or group can be imitated for differ-
ent causes (disinhibitory contagion, echo contagion, and hysterical contagion [19]), when
independent contact with each individual has a completely different effect. In ecological
systems, many species may interact in the same territory [18]. Multiple interactions oc-
cur also in brain networks [26] and protein networks [8]. Flow of ideas in co-autorship

2010 Mathematics Subject Classification. 55U10, 57Q15, 60C05, 05E45, 52B22.
Key words and phrases. Ample simplicial complexes, n-connected complexes, random complexes.
† Researcher of CONICET. Partially supported by grant PICT-2017-2806, PIP 11220170100357CO,

UBACyT 20020160100081BA.

1



2 J.A. BARMAK

networks for science articles [24] and online social networks [2] have also been studied to
show a contrast between pairwise and multiple interactions.

A structure which models multiple interactions is given by simplicial complexes. In par-
ticular, complex dynamical systems can be modeled in this way and Topology has become
part of the new multidisciplinary field of Network Science. When a network is studied via
a natural or imposed metric in the set of nodes, the construction of an associated simplicial
complex is standard in Topological Data Analysis [25]. For a comprehensive report of the
state-of-the-art of complex networks beyond pairwise interaction see [4] and the collection
[5].

Being a finite approximation to ∞-ampleness one expects r-ample complexes to enjoy
some resilience property as well, and it is proved in [9] that removing a “small” part
from an r-ample complex leaves an (r − k)-ample complex for some k ≥ 0 (on which the
definition of “small” depends). For this reason ample complexes can be useful to model
stable networks.

Ampleness is related to connectivity. For instance, 2-ample complexes are connected.
In fact if v, w are vertices of a 2-ample complex, there has to be a third vertex adjacent to
both. It is not hard to prove that 4-ampleness implies simple connectivity. This is proved
in [9] and an example is given which shows that 2-ampleness does not guarantee simple
connectivity. The authors of [9] say that they do not know examples of 3-ample complexes
which are not simply connected. In [9, Theorem 4.2] it is proved that an 18-ample complex
is 2-connected. In the end of Section 4 in [9] the authors implicitly state a conjecture: “We
tend to believe that in general, for every k ≥ 1 there exists r(k) such that every r-ample
simplicial complex is k-connected provided that r ≥ r(k). We know that r(1) ≤ 4 and
r(2) ≤ 18.”

The first result of this article is that for each n ≥ 0 there is an infinite (2n+ 1)-ample
simplicial complex which is not n-connected, and in particular 3-ampleness does not imply
simple connectivity. The most important results of our paper are a proof of a strong version
of the conjecture stated above and an improvement of the bound r(2) ≤ 18, together with
their consequences to the connectivity of random simplicial complexes.

We introduce the notion of an r-conic simplicial complex which is weaker than r-
ampleness. A simplicial complex is r-conic if every subcomplex of at most r vertices
is contained in the closed star of some vertex. We prove the following results

Theorem 11. Every 8-conic simplicial complex is 2-connected.

Theorem 12. Let n ∈ N. If a simplicial complex is 5n-conic, then it is n-connected.

One remarkable corollary that follows from Theorem 12 and a result of Even-Zohar,
Farber and Mead in [9] concerns the connectivity of random simplicial complexes. In the
last 15 years Random Topology has grown driven by real life and pure mathematics ap-
plications. On one hand randomness models nature. A variety of random network models
have been used to describe biological, technological and social systems. Most of them use
graphs (not higher dimensional structures) and various complexities of randomness [3, 29]
while some recent research uses random simplicial complexes to understand synchroniza-
tion processes in Physics and Neuroscience [27]. On the other hand the probabilistic
method can be used to prove existence results (see [16]). A general question involving
random complexes has this form: how does a particular homotopy/combinatorial invari-
ant behaves in a random complex on n vertices when n → ∞. Different invariants like
homology groups, homotopy groups, collapsibility, embeddability, asphericity, have been
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studied for distinct models of randomness: the Linial-Meshulam-Wallach model, the clique
complex model by Kahle, geometric models based on the Vietoris-Rips or the Čech com-
plex. Arguably a more natural model, which generalizes the first two models above is the
multiparameter model (mentioned by Kahle in [16] and first studied by Costa and Farber
in [7]), in which simplices are added successively in each dimension with some probability.
A complete survey on random complexes can be found in [17]. If the probability pσ of
each simplex being added in the multiparameter model lies in an interval [p, 1 − p] for
every σ, for some fixed p > 0, we are in the presence of what Farber and Mead called
the medial regime in [10]. It is proved there that in the medial regime the probability of
a complex being simply connected tends to 1 as n → ∞. Also, the Betti numbers of a
random simplicial complex vanish in dimension smaller than or equal to a fixed dimension
d with probability 1 as n → ∞. Nothing is proved there about torsion in homology in
degrees below d. Finally in [9] it is proved that a random complex is 2-connected with
probability 1 as n→ ∞.

As a direct application of Theorem 12 and a small improvement of a result by Even-
Zohar, Farber and Mead in [9] we will deduce the following

Corollary 17. Let d ≥ 0. In the medial regime the probability of a complex being d-
connected tends to 1 as n → ∞. Moreover, this holds in the multiparameter model if we

only assume all the pσ ≥ p for some p > 0 independent of n.

2. Simple connectivity and conic complexes

Throughout the paper we will assume the reader is familiar with basic notions and
results of Algebraic Topology, such as homotopy groups, homology, the Mayer-Vietoris
sequence, the Hurewicz theorem and the fact that a map Sk → X extends to Dk+1

if and only if it is null-homotopic; and of polyhedra, such as the edge-path group of
a simplicial complex, links, stars, combinatorial manifolds, pseudomanifolds, homology
manifolds, simplicial approximations, barycentric subdivisions of regular CW-complexes.
Standard references for these are [12, 13, 23, 28], but we will include more specific references
when needed. Sometimes we will distinguish between simplicial complexes or maps and
their geometric realizations but other times we will identify them.

Theorem 1. For every n ≥ 0 there exists an infinite simplicial complex K which is

(2n + 1)-ample and which is not n-connected. In particular, 3-ampleness does not imply

simple connectivity.

Proof. Let K0 = (S0)∗(n+1) be the join of n+1 copies of the discrete complex on 2 vertices.
This is an n-dimensional sphere. For each i ≥ 0, the complex Ki+1 is constructed from Ki

by attaching a cone with basis L for every subcomplex L of Ki with at most 2n+1 vertices.
It is clear then that K =

⋃
i≥0

Ki is (2n + 1)-ample. We claim that the fundamental class

[K0] is nontrivial in Hn(K), and in particular K is not n-connected. We prove something
stronger: [K0] is nontrivial in the clique closure c(K) of K, which is obtained from K
by adding as simplices all the finite subsets of vertices which are pairwise adjacent in K.
Suppose that [K0] is trivial in Hn(c(K)). Since K0 is clique (c(K0) = K0) then there exists
i ≥ 0 such that [K0] is nontrivial in Hn(c(Ki)) but trivial in Hn(c(Ki+1)). Moreover, since
c(Ki+1) is obtained from c(Ki) by adding finitely many vertices, there is a clique complex
c(Ki) 6 C < c(Ki+1) and a clique subcomplex L 6 C with at most 2n + 1 vertices
such that [K0] is nontrivial in Hn(C) but trivial in the nth homology group of C ∪ vL,
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the complex obtained from C by attaching a cone with basis L. By the Mayer-Vietoris
sequence

Hn(L) → Hn(C) → Hn(C ∪ vL),

[K0] ∈ Hn(C) is in the image of the map Hn(L) → Hn(C) induced by the inclusion. But
a clique complex with less than 2n + 2 vertices has trivial homology in degree n (see for
instance [21, Theorem 1.1]), a contradiction. �

For n = 1 the proof shows that there is a 3-ample complex containing a 4-cycle which
is nontrivial in H1.

Definition 2. Let r ∈ Z≥−1. We say that a simplicial complex K is r-conic if every
subcomplex L 6 K of at most r vertices is contained in a simplicial cone, or, equivalently,
in the (closed) star stK(v) of a vertex v ∈ K.

Of course, r-ampleness implies r-conicity. Note that by definition every complex is (−1)-
conic and a complex is 0-conic if and only if it is non-empty, and 1-conicity is equivalent
to 0-conicity.

Example 3. A simplex is r-conic for every r. Moreover, a finite complex is r-conic for
every r if and only if it is a cone.

Example 4. The Császár polyhedron is a triangulation of the torus which is 2-conic.

It is proved in [9] that an r-ample simplicial complex must have at least 2
O( 2

r
√
r
)
vertices

and it is not easy to construct explicit examples. On the other hand there are examples
of r-conic complexes for vertex sets of arbitrary cardinality and we can build many using
the following remark.

Remark 5. The join K1 ∗ K2 of an r1-conic complex K1 and an r2-conic complex K2 is
(r1 + r2 + 1)-conic. Indeed, this is trivial if either K1 or K2 is empty. Otherwise, if L
is a subcomplex of K1 ∗ K2 with at most r1 + r2 + 1 vertices, then it is a subcomplex
of a join L1 ∗ L2 with the same vertex set and Li 6 Ki for i = 1, 2. Without loss of
generality assume L1 has at most r1 vertices. Then L1 6 stK1

(v) for some v ∈ K1 and
then L 6 L1 ∗ L2 6 stK1∗K2

(v).

Example 6. Let K = (S0)∗(n+1). By Remark 5, K is a finite complex which is (2n+ 1)-
conic and |K| is homeomorphic to Sn (in particular (n−1)-connected and not n-connected).
This can be compared with the construction in Theorem 1. The complex K is now finite.

A 4-ample simplicial complex is simply connected, but this holds for 4-conic complexes
as well. This can be deduced from [9] already, but we give a different proof here. Even
though the proof is easy, we include it as a first example of one of the main differences with
[9]: the combinatorial definition of n-connectivity used there is sometimes hard to handle,
so we will use the original definition, a space X is n-connected if for every 0 ≤ k ≤ n,
πk(X) = 0, or equivalently X is non-empty and each continuous map Sk → X is null-
homotopic. For the case n = 1 we will use the description of the fundamental group of a
simplicial complex given by the edge-path group (see [28] for definitions). Alternatively
one could take an arbitrary map S1 → |K|, a simplicial approximation ϕ : L → K for a
cycle graph L, and copy the proof below by induction in the number of vertices of L to
show that ϕ is null-homotopic.

Proposition 7. A 4-conic simplicial complex is simply connected.
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Proof. We will prove that the edge-path group is trivial. Given a closed edge-path
ξ = (v0, v1)(v1, v2) . . . (vn−1, v0), if n ≤ 4, it is contained in the star of a vertex, so
it is trivial in the edge-path group. If n ≥ 5, we use only 3-conicity to show that
the subcomplex generated by v0 and v2v3 is in the star of a vertex v. By induction
ξ1 = (v0, v1)(v1, v2)(v2, v)(v, v0) and ξ2 = (v0, v)(v, v3)(v3, v4) . . . (vn−1, v0) are trivial, so
ξ ∼ ξ1ξ2 is trivial (see Figure 1). �

v

v

n-1

v
0

v
1

v
2

v
3

v
4

Figure 1. The inductive step in the proof of Proposition 7.

3. Starrings and 2-connectivity

Definition 8. Let r ∈ N, let M be a simplicial complex and let B be a subcomplex of
M with at most r vertices which is a triangulation of a disk Dd. In particular B is a
pseudomanifold (see [28] for background on pseudomanifolds). Let ∂B be its boundary.
Suppose that every coface of a simplex of B not in ∂B is already in B. Then there is a

simplicial complex M̃ obtained from M by removing all the simplices of B which are not

in ∂B and attaching a cone w∂B for some vertex w not in M . We say that M̃ has been
obtained from M by an r-starring and that B can be r-starred in M . If by a sequence of
r-starrings we can transform M into a complex L, we say that M r-stars to L.

The notion of a starring at a combinatorial (=PL) ball B in the sense of Alexander [1,
Section V] is an r-starring in our sense provided B has at most r vertices.

Remark 9. If M is a combinatorial (=PL) manifold of dimension n and B 6 M is a
triangulation of the n-disk Dn, then every coface of a simplex in B and not in ∂B is in B.
That is, we do no need to check this condition to prove that B can be starred. This will
always be the case in the results below.

Indeed, since M is a combinatorial manifold, a k-simplex σ ∈ B r ∂B satisfies that
lkM (σ) is an (n− k − 1)-(combinatorial) sphere. On the other hand since |B| is a (topo-
logical) n-manifold with boundary |∂B|, (|B|, |∂B|) is a relative homology n-manifold
and lkB(σ) has the homology of an (n − k − 1)-sphere (see [23, Theorem 63.2]). Any
proper subcomplex of the sphere lkM (σ) has trivial homology in degree n − k − 1, thus
lkB(σ) = lkM (σ) as we wanted to prove.

The remark remains true if M is just a triangulation of an n-manifold, but we will not
need that here. In that case lkM (σ) has the homology of Sn−k−1 and it is also a homology
(n − k − 1)-manifold, so it is a pseudomanifold (see [23], p. 377) and then also here a
proper subcomplex of lkM (σ) has trivial homology in degree n− k − 1.

As usual, if two maps f, g are homotopic we write f ≃ g.
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Lemma 10. Let r ∈ N and let K be an r-conic complex. Let M be a simplicial complex

and ϕ :M → K a simplicial map. If M̃ is obtained from M by an r-starring, then there is

a homeomorphism h : |M̃ | → |M | and a simplicial map ϕ̃ : M̃ → K such that |ϕ|h ≃ |ϕ̃|.
In particular |ϕ| is null-homotopic if and only if |ϕ̃| is null-homotopic.

Proof. By hypothesis there exists a subcomplex B of M with at most r vertices which is a

triangulation of a disk, say of dimension d, and M̃ is obtained fromM by removing all the
simplices of B which are not in ∂B, and attaching a cone w∂B. Since B triangulates Dd,
∂B triangulates Sd−1. Thus the cone w∂B triangulates Dd and there is a homeomorphism

|w∂B| → |B| which is the identity on |∂B| and extends to a homeomorphism h : |M̃ | →
|M |.

Now, since ϕ(B) has at most r vertices, it is contained in st(v) for some v ∈ K. Define

ϕ̃ : M̃ → K by ϕ̃(w) = v and ϕ̃(u) = ϕ(u) for every u 6= w. Clearly ϕ̃ is simplicial. In
order to see that |ϕ|h ≃ |ϕ̃|, it suffices to show that they are homotopic relative to |∂B|
when restricted to |w∂B|. But this is clear since both |ϕ|h and |ϕ̃| map |w∂B| to |st(v)|,
which is contractible. Concretely, the map H : |∂B| × I ∪ |w∂B| × {0, 1} → |st(v)| defined
as |ϕ|h in the bottom |w∂B|×{0}, as |ϕ̃| in the top |w∂B|×{1} and as any (both) of those
in the cylinder |∂B| × I, extends to all |w∂B| × I since the domain of H is homeomorphic
to Sd and |st(v)| is contractible. �

Theorem 11. Every 8-conic simplicial complex is 2-connected.

Proof. Let K be an 8-conic complex. We already know that K is simply connected (see
Proposition 7). Let f : S2 → |K| be a continuous map. We want to prove that f is

null-homotopic. Let U = {f−1(
◦
st(v))| v ∈ K}. As usual

◦
st(v) stands for the open star

of v. Recall that a triangulation (M,h) of S2 (that is a simplicial complex M and a
homeomorphism h : |M | → S2) is said to be finer than U if for every vertex w ∈ M

there exists U ∈ U such that h(
◦
st(w)) ⊆ U . A simplicial approximation ϕ : M → K of

fh : |M | → |K| exists if and only if (M,h) is finer than U ([28, Theorem 3.5.6]). Instead
of dealing with a particular triangulation of S2 and its barycentric subdivisions as custom,
which would lead to a weaker result, we will work with a different family of triangulations
of S2.

Given n ≥ 3,m ≥ 0 we define the simplicial complex Mn,m as follows. We divide a
square I × I in n×m squares and subdivide each of these small squares in two triangles.
We identify the two vertical sides of I × I to obtain a triangulation of S1 × I. Finally
we attach two cones to the cylinder, one with base S1 × {0} and the other with base
S1 × {1}. More precisely, the vertices of Mn,m are 0, 1 and those of the form (i, j) for
0 ≤ i ≤ n− 1, 0 ≤ j ≤ m. The complex is homogeneous 2-dimensional and its 2-simplices
are the following: {(0, j), (1, j), (0, j + 1)}, {(0, j + 1), (1, j), (1, j + 1)} for 0 ≤ j ≤ m− 1;
{(i, j), (i+1, j), (i+1, j+1)}, {(i, j), (i+1, j+1), (i, j+1)} for 1 ≤ i ≤ n− 1 (identifying
i+1 = n with i+1 = 0) and 0 ≤ j ≤ m− 1; {0, (i, 0), (i+1, 0)}, {1, (i,m), (i+1,m)} for
0 ≤ i ≤ n− 1. See Fig. 2 (a).

We claim that there exists n ≥ 3, m ≥ 0 and a homeomorphism h : Mn,m → S2 such
that (Mn,m, h) is finer than U . Indeed, if we consider the standard metric on S2, U has
a Lebesgue number δ and we can find parallels and meridians in S2 in such a way that
the diameter of each spherical rectangle (formed by two consecutive parallels and two
consecutive meridians) and each spherical triangle (formed by two consecutive meridians
and the top or the bottom parallel) is smaller than δ/2 (see Fig. 3).
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Figure 2. The complex Mn,m for n = 4,m = 3 and a sequence of 8-
starrings ending in Mn,m−1.

Figure 3. Small rectangles and triangles in S2.

Let m + 1 be the number of parallels and n the number of meridians. We can assume
n ≥ 3. There exists a homeomorphism h : |Mn,m| → S2 that maps each of the nm squares
in the definition of Mn,m homeomorphically to one of the spherical rectangles in S2, and
each triangle containing vertex 0 or 1 to a spherical triangle. Then for every w ∈ Mn,m,

the diameter of h(
◦
st(w)) is smaller than δ and thus it is contained in a member of U . Let

ϕ : Mn,m → K be a simplicial approximation to fh : |Mn,m| → |K|. In particular |ϕ| is
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homotopic to fh. In the rest of the proof we will show that |ϕ| is null-homotopic, and
hence so is f .

The star cluster of a simplex is the union of the closed stars of its vertices. If m ≥ 2, the
star cluster B of {(1,m), (1,m−1)} is a triangulation of D2 (shaded region in Fig. 2 (a)).
Note that B has 8 vertices. We perform an 8-starring to obtain a second triangulation

M̃n,m of S2 replacing B by w∂B (see Fig. 2 (b)), and a simplicial map ϕ̃ : M̃n,m → K
which is null-homotopic if and only if ϕ is null-homotopic by Lemma 10. Now the star
cluster of {(2,m), (2,m− 1)} is a triangulation of D2 with 8 vertices (Fig. 2 (c)) and we
can make a new 8-starring to obtain a new triangulation of S2 (Fig. 2 (d)). We continue
in this way until we replace the star cluster of {(n − 1,m), (n − 1,m − 1)} by a cone (to
obtain a complex as in Fig. 2 (e)). Then the star cluster of {(0,m), (0,m − 1)} has 8
vertices (Fig. 2 (e)) and we perform an 8-starring to replace it by a new cone (Fig. 2 (f)).
This complex is isomorphic to Mn,m−1.

If m = 1, then a series of 8-starrings allows us to replace Mn,1 by Mn,0, now using
triangulations of D2 of 8, 7 and 6 vertices (Fig. 4).

(a)

(0,0)

(0,1)

(0,0) (2,0) (3,0)

(0,1)

1

0

(2,1) (3,1)(1,1)

(1,0)

(b)

(0,0)

(0,1)

(0,0) (3,0)

(0,1)

1

0

(3,1)(2,1)

(2,0)

(c)

(0,0)

(0,1)

(0,0) (3,0)

(0,1)

1

0

(3,1)

(d)

(0,0)

(0,1)

(0,0)

(0,1)

1

0 (e)

1

0

Figure 4. From Mn,1 to Mn,0 with 8-starrings.

The complex Mn,0 is the suspension of a cycle of n vertices. If n ≥ 4, the star cluster of
two adjacent vertices of the cycle is a triangulation of D2 with 6 vertices. When we replace
this by the cone over the boundary we get a new triangulation of S2, isomorphic toMn−1,0

(Fig. 5). Finally, note that M3,0 has just 5 vertices. Thus, the image of a simplicial map
M3,0 → K is contained in a cone, and then it is null-homotopic. This proves that the
original simplicial map ϕ :Mn,m → K is null-homotopic. �

4. Higher connectivity

Theorem 12. Let n ∈ N. If a simplicial complex is 5n-conic, then it is n-connected.
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(a)

1

0 (b)

1

0

Figure 5. Mn,0 6-stars to Mn−1,0.

Proof. Let K be 5n-conic. Since (5n)n∈N is increasing, we only have to prove that every
map Sn → |K| is null-homotopic. As in the proof of Theorem 11 we will work with a
family of triangulations of Sn.

Triangulations of Sn, starrings and the basis of the induction.

Given k ≥ 0 we consider a cubical complex Ck homeomorphic to Dn. It is obtained
by subdividing In in 2nk basic cubes Qi1,i2,...,in = [ i1−1

2k
, i1
2k
] × [ i2−1

2k
, i2
2k
] × . . . × [ in−1

2k
, in
2k
]

(1 ≤ ij ≤ 2k for each 1 ≤ j ≤ n) of dimension n and side 1
2k
. Let C ′

k be the barycentric

subdivision of Ck. That is, a simplex of C ′
k is a set {b(Q0), b(Q1), . . . , b(Ql)}, where the Qi

are cubes of Ck (of different dimension), Qi is a face of Qi+1 for each 0 ≤ i < l, and b(Q)
denotes the barycenter of the cube Q. Then C ′

k is a simplicial complex and we define Lk to
be a union of two copies of C ′

k identified by their boundary. Clearly Lk is a triangulation
of Sn. We will prove that for k ≥ 0, Lk+1 5n-stars to Lk.

Let Qn = Qi1,i2,...,in be one basic cube of Ck. This is subdivided into 2n basic cubes
of Ck+1. Consider the subcomplex C ′

k+1[Q
n] of C ′

k+1 of simplices contained in Qn. This
is a triangulation of Qn, which is homeomorphic to Dn (see Figure 6). The number of
vertices of C ′

k+1[Q
n] is the number of cubes in the cubical complex Ck+1[Q

n], which is
a product of n one-dimensional cubical complexes, each of them consisting of 3 vertices
and 2 one-dimensional cubes. Thus, the number of vertices of C ′

k+1[Q
n] is 5n, and we can

perform a 5n-starring. The new vertex can be identified with the barycenter b(Qn) and its
link is ∂C ′

k+1[Q
n]. We do this for each basic cube of the two copies of Ck in Lk to obtain

a new complex L
(1)
k+1.

If Qn−1 is now an (n− 1)-dimensional cube of Lk (a codimension 1 face of a basic cube
of one of the two copies of Ck), then the subcomplex Lk+1[Q

n−1] of Lk+1 of simplices in
Qn−1 is contained in the boundaries ∂Lk+1[Q

n
1 ] and ∂Lk+1[Q

n
2 ] of two basic cubes Qn

1 , Q
n
2

of Lk (see Figure 7). Thus b(Qn
1 )Lk+1[Q

n−1] and b(Qn
2 )Lk+1[Q

n−1] are two cones of L
(1)
k+1

whose union ΣLk+1[Q
n−1] is a triangulation ofDn. Moreover, the number of vertices of this

suspension is 5n−1+2 ≤ 5n. Then ΣLk+1[Q
n−1] can be 5n-starred in L

(1)
k+1. The new vertex

may be identified with b(Qn−1). We do this for every (n− 1)-cube of Lk to obtain a new

complex L
(2)
k+1. Note that the link of b(Qn−1) is b(Qn

1 )∂Lk+1[Q
n−1] ∪ b(Qn

2 )∂Lk+1[Q
n−1].

The induction step, combinatorial manifolds.

Suppose we have already 5n-starred all the (n − p)-cubes of Lk in Lk+1 for 0 ≤
p < q where q ∈ N is smaller than or equal to n − 1, and we have obtained the

complex L
(q)
k+1. Moreover, suppose that the maximal simplices of L

(q)
k+1 are of the form
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Figure 6. The complex L2 for n = 2. Only one copy of C ′
2 is visible in

this picture. A basic cube Q2 of L1 is shaded. In the middle the first

52-starring has been performed. At the right the complex L
(1)
2 .

Figure 7. The complex L
(1)
2 and the suspension of a cube Q1 of L1. In

the middle, the result of a 52-starring. At the right the complex L
(2)
2 ,

isomorphic to L1.

σb(Qn−q+1)b(Qn−q+2) . . . b(Qn) where σ is an (n − q)-simplex of Lk+1 inside an (n − q)-
cube Qn−q of Lk, and Qi is an i-cube of Lk for n − q + 1 ≤ i ≤ n, where Qi is a
face of Qi+1 for each n − q ≤ i < n. Let Qn−q be an (n − q)-cube of Lk. Then

Lk+1[Q
n−q] is a triangulation of Dn−q. The subcomplex S of L

(q)
k+1 generated by the

simplices b(Qn−q+1)b(Qn−q+2) . . . b(Qn) such that Qi ( Qi+1 for every n − q ≤ i < n, is
contained in the star of each simplex of Lk+1[Q

n−q]. That is, the join S ∗Lk+1[Q
n−q] is a

subcomplex of L
(q)
k+1. On the other hand |S∗Lk+1[Q

n−q]| is homeomorphic to |S∗Lk[Q
n−q]|,

but S ∗ Lk[Q
n−q] is (isomorphic to) the star of the vertex b(Qn−q) in Lk. Hence, in order

to see that S ∗ Lk+1[Q
n−q] triangulates Dn, it suffices to show that Lk is a combinatorial

manifold of dimension n.
The n-dimensional cube In ⊆ Rn is a PL n-ball ([13, Lemma 1.12]), so its triangulation

C ′
k is a combinatorial n-ball. Since Lk is obtained from two copies of C ′

k by identifying
their boundary, it is a combinatorial n-sphere ([1, Theorem 14:1]).

Now that we have proved Lk is a combinatorial n-manifold, we count the number of
vertices in S ∗ Lk+1[Q

n−q]. The complex Lk+1[Q
n−q] has 5n−q vertices. The vertices of S
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are in correspondence with cubes of the two copies of Ck containing Qn−q properly. To
obtain an upper bound we can assume Qn−q is just a vertex of one copy Ck (or both). If
the vertex is not in the boundary of Ck, then it is contained in exactly 3n − 1 cubes. If it
is in the boundary, then it is certainly contained in less than 2(3n − 1) cubes. Thus the
number of vertices in S ∗ Lk+1[Q

n−q] is smaller than 5n−q + 2.3n, which is less than 5n

since n > q ≥ 1. Therefore, we can 5n-star S ∗ Lk+1[Q
n−q] and introduce a new vertex

b(Qn−q). We perform one such starring for every (n − q)-cube of Lk to transform L
(q)
k+1

into L
(q+1)
k+1 . Note that if Qn−q is an (n − q)-cube of Lk, the link of b(Qn−q) in L

(q+1)
k+1 is

S ∗ ∂Lk+1[Q
n−q], so the maximal simplices of L

(q+1)
k+1 containing b(Qn−q) are of the form

σb(Qn−q)b(Qn−q+1) . . . b(Qn) where σ is an (n−q−1)-simplex of Lk+1 inside an (n−q−1)-
cube Qn−q−1 of Lk, and Q

i is an i-cube of Lk for n− q + 1 ≤ i ≤ n, where Qi is a face of
Qi+1 for each n− q − 1 ≤ i < n. This concludes the induction step.

We have proved that Lk+1 can be 5n-starred to L
(n)
k+1, which is isomorphic to Lk.

Simplicial approximations.

Let f : Sn → |K| be a continuous map. It is not hard to show that there exists k ∈ N
and a simplicial approximation ϕ : Lk → K of f . We give a proof for completeness. Recall
that Lk is constructed by identifying two copies of C ′

k along their boundary. The complex
C ′
k is a subdivision of In. We consider two copies I1, I2 of In. There is a metric d in the

set J = I1
⋃
∂In

I2 which restricts to the standard metrics d1, d2 in I1 and I2. One can define

for x ∈ I1, y ∈ I2, d(x, y) = min{d1(x, a) + d2(a, y)| a ∈ ∂In}. This is well defined and
it is a metric (easy exercise, see also [6, Lemma 5.24]). Then Lk is a triangulation of J
with a homeomorphism |Lk| → J induced by the homeomorphisms |C ′

k| → I1, |C
′
k| → I2.

We endow |Lk| with the metric d. Let h : |Lk| → Sn be a homeomorphism. We know
that fh : |Lk| → |K| admits a simplicial approximation Lk → K if and only if for every

w ∈ Lk there exists v ∈ K such that
◦
st(w) ⊆ (fh)−1(

◦
st(v)). The diameter of each basic

cube in Lk is
√
n

2k
. Hence the diameter of each simplex in Lk is bounded above by the same

number and the diameter of st(w) is smaller than or equal to
√
n

2k−1
for every w ∈ Lk. If

δ > 0 is a Lebesgue number of U = {(fh)−1(
◦
st(v))}v∈K , taking k ∈ N such that

√
n

2k−1
< δ

guarantees there is a simplicial approximation Lk → K to fh.
Since Lk can be 5n-starred to L0, there is a simplicial map ψ : L0 → K which is

null-homotopic if and only if fh is null-homotopic. Now, C ′
0 has 3n vertices and L0 has

3n + 1 ≤ 5n vertices, so the image of ψ is contained in a cone and ψ is null-homotopic.
Thus, fh and then f are null-homotopic. �

Remark 13. If a simplicial complex is r-conic for every r ≥ 0, then it is contractible. This
can be deduced from Theorem 12 but it also follows directly from the definition since any
finite subcomplex is contained in a contractible subcomplex.

Remark 14. In the proof of Theorem 12 (also Theorem 11), the simplicial approximation
Lk → K to f : Sn → |K| extends to a simplicial map from a triangulation of Dn+1 where
the number of internal vertices is the number of starrings performed in the proof plus one.

Indeed if M is a simplicial complex and B 6M is a combinatorial d-ball which can be

r-starred to obtain a complex M̃ by removing the simplices in B r ∂B and attaching the

cone w∂B, thenM and M̃ are subcomplexes of N =M ∪wB. Since ∂B is a combinatorial
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(d − 1)-sphere, N is obtained from M̃ by attaching a combinatorial (d + 1)-ball wB and

the intersection M̃ ∩wB = w∂B is a combinatorial d-ball. That is, M̃ PL-expands to N ,

denoted M̃ ր N , with an expansion of dimension d+ 1.
In the proof of Theorem 12, the simplicial map ψ : L0 → K extends to the cone vL0

by conicity. The complex vL0 is a combinatorial (n + 1)-ball. Since Lk 5n-stars to L0,
by the previous paragraph there is a sequence of PL-expansions L0 = A0 ր A1 ր A2 ր
. . . ր Am ⊇ Lk, each of dimension d+ 1 = n+ 1. By coning over L0 in each complex Ai

we obtain PL-expansions vL0 ր B1 ր B2 ր . . . ր Bm and by [1, Theorem 14:3] every
complex Bi is a combinatorial (n + 1)-ball. It is easy to see that Lk = ∂Bm. Moreover
each complex in the sequence of starrings from Lk to L0 is a subcomplex of Bm and there
is a simplicial map Bm → K which extends all the simplicial maps from these complexes
to K which implicitly appear in the proof. The ball vL0 has a unique internal vertex and
each expansion adds one internal vertex. See Figure 8.

v

Figure 8. For n = k = 1, we have L0, L1 and the disk B2 with 3 internal vertices.

5. Connectivity of random complexes in the medial regime

Linial and Meshulam [20] proposed the following model. Given n ∈ N and 0 ≤ p ≤ 1,
consider the complete graph on n vertices and add each 2-simplex independently with
probability p. Meshulam and Wallach [22] generalized this to arbitrary dimension d by
taking the complete (d − 1)-skeleton and adding each d-simplex with probability p. In
Kahle’s clique-complex model [15] a random graph in n vertices is taken by adding each
edge independently with probability p and then considering the clique complex of this
graph. These two models have been useful to describe different situations, but note that
they leave many simplicial complexes out of the picture. In particular the cases they
study exclude one another: for d ≥ 2 there is only one clique complex of dimension d in n
vertices with complete (d − 1)-skeleton. Also, the clique-complex model goes against the
philosophy of [4] that networks should be modeled taking into account interactions which
are not determined by pairwise interactions.

The multiparameter model can be described as follows. For every non-empty subset σ
of a set V of n points define a probability pσ. Now construct the 0-skeleton of a simplicial
complex by adding each vertex v ∈ V with probability pv. Then construct the 1-skeleton
by adding a 1-simplex σ whose boundary is contained in the 0-skeleton with probability
pσ, and so on. The medial regime is a particular case of the multiparameter model in
which all the probabilities pσ lie in an interval [p, P ] with 0 < p < P < 1, and p, P are
independent of n. In this case every simplicial complex with vertex set contained in V
has a positive probability to occur. As recalled in the introduction in the medial regime
the probability of a complex being simply connected tends to 1 as n → ∞ ([10]) and the
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Betti numbers of a random simplicial complex vanish in dimension smaller than or equal
to a fixed dimension d with probability 1 as n → ∞. In [9] it is proved that a random
complex in the medial regime is 2-connected with probability 1 as n→ ∞. The key result
they prove is the following

Theorem 15 (Even-Zohar, Farber, Mead). [9, Proposition 5.1] For every integer r ≥ 1,
the probability that a medial regime random simplicial complex is r-ample tends to one, as

n→ ∞.

In particular this holds if we replace r-ample by r-conic. In this case the hypothesis
pσ ≤ P is not needed: the first inequality p ≤ pσ suffices. This can be proved by adapting
the methods in [9] to our context.

Theorem 16. In the multiparameter model we assume that all the probability parameters

pσ satisfy pσ ≥ p for some 0 < p ≤ 1 independent of n. Let r ≥ 0. Then the probability of

a random complex being r-conic tends to 1 as n→ ∞.

Proof. Let V be a set of cardinality n. Then P = P ({K|K is a simplicial complex with
vertex set contained in V which is not r-conic}) = P ({∅} ∪

⋃
L

{L 6 K and L 
 stK(v)

for every v ∈ K}), where the union is taken over the non-empty simplicial complexes L
with vertex set VL ⊆ V of cardinality at most r. Thus P ≤ P ({∅}) +

∑
L

P ({L 6 K and

L 
 stK(v) ∀ v ∈ K}) ≤ P ({∅}) +
∑
L

P ({L 
 stK(v) ∀ v ∈ K)}| {L 6 K}). On the other

hand, for a fixed L, the conditional probability PL = P ({L 
 stK(v) ∀ v ∈ K}| {L 6

K}) ≤ P ({L 
 stK(v) ∀ v ∈ K r L}| {L 6 K}) = P (
⋂

v∈V rVL

{L 
 stK(v)}|{L 6 K}) =
∏

v∈V rVL

P ({L 
 stK(v)}|{L 6 K}) by conditional independence. Here, if v ∈ V r VK ,

by stK(v) we mean the empty simplicial complex. Now, for a fixed L and v ∈ V r VL,
P ({L 6 stK(v)}|{L 6 K}) = pv

∏
σ∈L

pvσ ≥ p2
r

. Hence PL ≤
∏

v∈V rVL

(1−p2
r

) ≤ (1−p2
r

)n−r

and P ≤ P ({∅}) +
∑
L

PL ≤ P ({∅}) +
∑
L

(1− p2
r

)n−r. The number of simplicial complexes

L with VL ⊆ V and |VL| ≤ r is smaller than or equal to
(
n
r

)
22

r

≤ nr22
r

for n ≥ r. Note

also that P ({∅}) ≤ (1 − p)n. Finally, P ≤ (1 − p)n + nr22
r

(1 − p2
r

)n−r which tends to 0
as n→ ∞. �

From this and Theorem 12 we deduce the following

Corollary 17. Let d ≥ 0. In the medial regime the probability of a complex being d-
connected tends to 1 as n → ∞. Moreover, this holds in the multiparameter model if we

only assume all the pσ ≥ p for some p > 0 independent of n.
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