A FRACTAL PLANCHEREL THEOREM

URSULA M. MOLTER AND LEANDRO ZUBERMAN

ABSTRACT. A measure p on R™ is called locally and uniformly h-dimensional
if u(Br(x)) < h(r) for all z € R™ and for all 0 < r < 1, where h is a real valued
function. If f € L%(u) and Fuf denotes its Fourier transform with respect to
u, it is not true (in general) that F,, f € L? (e.g. [10]).

However, in this paper we prove that, under certain hypothesis on h, for any
f € L?(u) the L2-norm of its Fourier transform restricted to a ball of radius
r has the same order of growth than r™h(r~1), when r — oo. Moreover, we
prove that the ratio between these quantities is controlled by the L2 (p)-norm
of f (Theorem 3.2). By imposing certain restrictions on the measure p, we
can also obtain a lower bound for this ratio (Theorem 4.3).

These results generalize the ones obtained by Strichartz in [10] where he
considered the particular case in which h(z) = z®.

1. INTRODUCTION

We will say that a measure u is locally and uniformly h-dimensional (or shortly
& is an h-dimensional measure) if and only if, the following condition holds

(1.1) w(Br(z)) < h(r) VeeR"WVWO<r<l,

where B, () is, as usual the ball of radius r centered at . We consider functions
h : [0,+00] — R that are non-decreasing, continuous and such that h(0) = 0.
We further require h to be doubling, i. e. there exists a constant ¢ > 0 such that
h(2z) < ch(x). Such a function will be called dimension function. A particular
example is h(z) = =%, which was analyzed by Strichartz in [10]. In that case we
will say indistinctly that p is h-dimensional or that p is a-dimensional.

Allowing h to be more general has already proven to be useful (see for example
[6],[5], [2]) and it enables us to obtain a lower bound on measures which were not
included in previous results (see Section 5).

If p is locally and uniformly O-dimensional, meaning that the measure of any
ball of radius one is bounded, then each f € L?(u) defines a tempered distribution,
mapping each test function ¢ in the Schwartz space .% into [ fedu. Therefore, its
Fourier transform is also a tempered distribution defined by
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where ¢ is the usual Lebesgue Fourier transform. We will denote by F, f this
‘distributional’ Fourier transform of an f € L?(u). If f € L'(u) N L%(p) then it is
easy to see that F, f(€) = [ f(z)e’**du(x), see for example [1].

Strichartz proved ([10]) that if f € L?(n) and pu is zero dimensional then F, f
belongs to L? (e‘t|§|2) for any ¢t > 0 and therefore to L? .. Note that if h is one of
our dimension functions, we have inmediatly that p is 0-dimensional.

In this paper, our goal is to prove for any h-dimensional measure p, an analogue
to Plancherel’s Theorem in L?(R™) with the Lebesgue measure. In fact we are
going to show existence of upper and lower bounds for the ratio between r"™h(r—1)
and the norm of the Fourier transform in L?(u) restricted to the ball of radius r.
The hypothesis under which we obtain the existence of the upper bound are more
general than the ones we need for the existence of the lower ones.

The h-dimensional Hausdorff measure is defined as (see for example [6]):

H"(E) = lim | inf S h(Ui):Ec|JUiand |U| <64 |,

i=1 i>1

and H",, will denote its restriction to a set E.
The h-lower density of a set E in x is (see for example [3]):

HYENB
The upper density is defined by taking limsup in the above equation. We will
introduce one aditional definition.

Definition 1.1.

e A set FE will be said to be an h-regular set if both, upper and lower densities,
are equal to one in H" almost every point of E. In symbols,

Q(Hh‘—E’w) = E(Hh'—Eal') =1,

for H" almost every point of E.
o If the lower density is greater than a positive constant for H"-almost every
point of E' we will say that E is an h-quasi regular set.

The lower bound that we obtain (see Theorem 4.2) will be stated for the measure
H" restricted to an h-dimensional and quasi regular set. In section 5 we will show
an example of a set E and a function A such that H"_g is h- dimensional and F
is quasi regular. Additionally, we will prove that there does not exist any « such
that H*_g is z“-dimensional and E is quasi regular simultaneously. This example
satisfies the hypothesis of our theorem 4.1 but does not satisfy the hypothesis of
the analogous theorem 5.5 in [10].

2. SOME TECHNICAL RESULTS

Any h dimensional measure p is, in particular, locally finite, which means that
for p almost every x there exists an r > 0 such that 0 < u(B,(z)) < co. Therefore,
as Strichartz proved in [10], the strong (p, p) estimate (for p > 1) and the weak (1, 1)
estimate hold for the maximal operator, defined for each f € L], () as follows:

1
(2.1) M, f(z) = sup m /Br(m) | f] dp.

r>0
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Precisely, we have the following theorem:

Theorem 2.1. Let p be a locally finite measure on R™. For each locally integrable
function f we have:

M
e M f(@) > s) < LIfl, - VF e L ().
(2) For1<p < oo,
1M fll, < o I£1l,  VF € LP ().

This theorem has many consequences which will be useful for our work. In
particular, we have the following two corollaries:

Corollary 2.2. Let f € L'(u). For u-almost every x,

1 -
Y 1B, () /Br@) fau = i=)

Corollary 2.3. Let E be a h-regular set and let f € L'(u). For H"-almost every
y € E and for all € > 0 there exists 6 > 0 such that

< eh(r) Vr < 4.

/ fp — h(r) £ (y)
B (y)

The proofs of the Theorem and these Corollaries are straightforward applications
of Besicovitch’s covering Theorem and can be found in [10].

We also need the following quite technical Lemma, which will allow us to bound
the ratio between h and its dilation by r (h(rt)/h(t)) by a function in the weighted

space L(e=<").
Lemma 2.4. Let h : [0,00) — R be a continuous, non-decreasing and doubling
function (h(2x) < cqh(x)). Then there exists a constant k > 0 such that

h(rt) < cgh(t) max{1,r"} Yr,t > 0.

Proof. First, note that ¢4 > 1, since in fact, the doubling condition can be restated
as ¢q > h(2x)/h(z) and this quantity is not smaller than 1 because h is a non
decreasing function.

If r < 1, since h is non-increasing, we have h(rt) < h(t). If r > 1 we choose the
only non negative integer k such that 2*=1 < r <2k So, h(rt) < h(2Ft) < ckh(t).

Observe that k was chosen such that & < }gg; + 1, and therefore it then follows

that c’j < ¢g.riogca/1082  The proof is complete by taking x = log cq/ log2. O

Recall that we are dealing with h-dimensional measures which means that the
measure of the balls of radius r < 1 is bounded. The next lemma provides a control
of the measure of the “big” balls, ie, those balls of radius greater than one, for
which the estimate (1.1) does not hold.

Lemma 2.5. Let p be a locally h-dimensional measure on R™. If r > 1, then
w(By(x)) < Cr™, for some C independent of x.

Proof. Denote by @ the minimal cube centered at z that contains the ball B, (z):
Q=Qz,r)={yeR": [z =yl <r} D Br(z).
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Let k be the (unique) integer such that £k — 1 < rv/n < k. @ can be divided into
k™ smaller cubes of half-side 7. Each of these cubes is contained in a ball of radius
ro = /nz < 1. So, we obtain:

W(B, (2)) < 1(Q) < KBy, (') < k" h(YT).

Since \/ny < 1, it follows that h(y/nf) < h(1). On the other hand, by the choice
of ky, k" < (ry/m+1)" <r"(y/n+ 1)", and we obtain,

w(Br(x)) < (Vn+1)"h(1)r"

Vnr
k

3. UPPER BOUNDS

Our first result is an upper estimate for the L2-norm of the Fourier transform of
a function f € L?(u).

Theorem 3.1. Let u be a locally and uniform h-dimensional measure, where h is
a dimension function. Suppose that h defines a dimension not greater than n in
the sense that limy_.o " /h(t) = 0. Then,

t" el
1) s MO [ fOF de < el e [P e vr € 1)

Proof.

First Step We will prove that:
32) VT [IF QP g = a [ [ e ) Fdu(o)duty).
Remembering the inverse Fourier transform for the gaussian function,
/e—tlflzemfdg _ i/ 2 el /4t
if f is integrable then equation (3.2) follows from Fubini’s theorem, since:

ﬁ/\fuf(§)|ze_t‘5‘ I f///f Fly)e' @96t dpu(a)dpuly)de
(3.3) = /2 //e"x‘y‘ 4 f () f (y)dp(x)du(y).

Now, consider any f € L?(u), not necessarily integrable. Let us define

fe(@) = f(@)xq1a1<my (@)X (@)1 <y (2)-
This sequence converges to f in L2(u). Also, since each f, is in L' (), it satisfies
(3.3). Using Beppo Levi’s theorem, we have:

/ / eIy () By dpu(w)dpa(y) — / el @) Fy)dpu() dia(y).
(

Since f € L?(u), it follows that F,f € L? e_t‘f‘Qdf). Hence we can apply the
dominated convergence theorem, and

VI [\ Fufl©) e — Vi [ 1700 €7 e
which yields 3.2.
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Second step
We will prove that, for any y € R” and f € L?(p)
1 / ~Ja—y[?/4t
—— [ e flx)du(z) < CM, f(y).
T ()di(a) < CM, S (y)

Using Fubini, on the left hand side of the inequality, we have that:

—|a—y[? /4t [T
[ g @yduto) /O%e /B L J@ynta)

Since
/B Ttz < B )M ),

it follows that

B [ ) < b, 0) [ e S )

We need to prove that the last integral is finite. To establish that, we split the
integral into two parts, the first for » < 1 (where (1.1) is valid) and the second for
r > 1 (where lemma 2.5 can be applied). For r < 1 we use the hypothesis to obtain:

/1 —r2/at T (B())d < /1 7r2/4trh( )d
Oe Zturyr_oe ztrr

1o puve
— 5/ e " Mrh(rﬁ)dr.
0

Or, equivalently,

1 1 24 T 1 1/vt —r?/4 h(?‘\/i)
h(\/f)/@ e ﬂ,u(Br(y)drg 5/0 e T VD dr

This integral is finite by Lemma 2.4.

Forr >1
oo (oo}
—7'2/4t1 B d </ —7‘2/4t1 nd
| e < [ e
1 o0
= *\/1571/ e~ /A g
2 1/Vt

Since lim;_o t"/h(t) = 0, we deduce that v/#"/h(1/t) < C and therefore

1 o 2,4, T
- —r</4t B, dr < C
wou e B <

with C' independent of ¢t. This completes the second step of our proof.
Third (and last) step
We will now prove the thesis. Using the first and second steps we obtain:

ﬂ 2 e—t|5|2 — ﬂ_n/2 e—|$—y\2/4t x T
h(VD) [ us@r e = | ( / J(@)dp( )) I (w)dn(y)
(3.5) <c / My f() 1 £ ()] ds().
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The last term is the inner product in the Hilbert space L?(y), then we can bound
it using Cauchy-Schwartz. The L?(x) norm of M, f can be bounded by using the
(2,2) estimate in (2.1). Then,

[ Mu5 1) duty) < C 112

and this, together with (3.5) gives the desired result. O
Theorem 3.2. Under the hypothesis of Theorem 3.1, for each f € L*(u) we have:

1 2 2
sp sy ey [ Far@F g <O

xER" r>1 rh

Proof. We need to show that for each z € R",

1 2 2
3.6 sup ———— F, ¢ <C .
(36) i) J, o O < Il

But making the substitution ¢+ = r=2 in Theorem 3.1, we obtain, exactly (3.6)
for B,(0). Further,

/ FL O de = / Fu(e ) de < C [l = 7).
BT(I) BT(O)

which yields the Theorem. (Il

This Theorem provides an upper bound but does not tell us weather the limit
for r — oo exists or not. With our definition, if a measure is A dimensional it is
also g dimensional for any h < g. For example, if h(z) > z”, then the measure
p = HM".g+L (here, £ is the n-dimensional Lebesgue measure and E is a set of
H" finite measure) is an h-dimensional measure. However in this case it is clear
that p has two distinct parts, one ‘truly’ h-dimensional (H"5) but the other (L),
even tough by the previous remark, can be considered as h-dimensional, is in fact
n-dimensional.

The next Theorem will allow us to split up our measure in order to separate the
part of the measure that is ‘exactly’ h-dimensional, from the one that can also be
seen as having bigger dimension.

Definition 3.3. We say that a measure v is null with respect to (another measure)
w if and only if,

w(E) < oo =v(E)=0.
We will denote this with v < p.

Now, we will prove a Theorem that is analogous to Radon Nikodym.

Theorem 3.4. Let p a measure on R™ without infinitely many atoms and let v be
a o-finite measure on R™ absolutely continuous with respect to u. There exists a
unique decomposition of v: v = vy +va, where v1(E) = fE fdu for some measurable
and nonnegative function f, and vy < p.

Proof. Uniqueness. Let us suppose we have a decomposition
v=uv1+ 1y with 1 (E) = / fdp and vy <K [
E

Consider E C R™. Let us analyze separately both cases, when E is o-finite for p
and when it is not.
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If E is o-finite for x4 then F = U;>1E; with p(E;) < co. Since vo << p we
have v5(E;) = 0 for all j > and therefore v5(F) = 0, which gives 11 (E) = v(E).
If we have any other decomposition v = v] + v}, then v4(E) = 0 = v»(E) and
Vi(E) =v(E) =u1(E).

If FE is not o-finite for u, then vo may be positive. However, by hypothesis
v is still o-finite and then E = U;j>, E; with v(E;) < oo (E; may be chosen
disjoint if necessary). Suppose we have another decomposition v = v| + v/, with
Vi(E) = [, g dp and vy << p. In particular, vy — v] = v — v5. We have that

(n =)z € Ej : f(z) > g(a)}) < o0

which by the definition of v; and v/ implies that u({z € E; : f(z) > g(z)}) < oc.
Since vy and v are both null with respect to p we have

vo({z € Ej: f(x) > g(2)}) = p({z € E; : f(x) > g(2)}) = 0.
We can do the same calculation for the complementary set for which f(z) < g(x)
and conclude that

va(E}) = va({z € Ej : f(2) # g(x)}) = va(E}) =0
and therefore,
ni(E)) = v(E}) = Vi (E)).
In E; \ EJ’ f and g coincide, and so v;(E; \E;) = 1 (E; \ E'J’) Since E; =
ESU(E; \ EY) it follows that vy and v] coincide on each Ej, and therefore on E, if

the E; were chosen disjoint.
Now it follows that vy = 1.
FEuxistence. Let consider -first- the case when v is finite. We define the set

o/ = {A CR": Ais measurable, v(A) > 0, u_a is o — finite }.

If o = (), then the theorem follows taking o = v and v; = 0. If & # (), define
a := Sup 4c.s Y(A). We have that a is finite, since v is. Consider the set sequence
(Aj);eN C # such that v(A;) — a. Let B := U]Oil A;. We are going to see that
we can take v1 = v g and vo = vy _ge. In fact, since u,_p is o-finite, we have f,
the Radon Nykodim derivative of v with respect to puLp. Now, we take a set F
such that u(E) < co. If v5(F) > 0, then v(E U B) > a which is a contradiction.
Therefore v5(E) = 0, and so, va < p.

Let analyze now the case when v is not finte (but still ¢ finite). Let (E;) be a
collection of measurable sets with v(E;) < oo such that UE; = E. Without loss of
generality, we can asume that E; are disjoint. We define v/ = vip, y 4/ = vip,.

Then 17 is finite and regarding the previous case we can decompose v/ = v + 1.
Now, vy = ;¥ and vy = 3 vy verify the thesis. O

Corollary 3.5. If p is an h-dimensional measure, then there exists ¢ > 0 and
v <& H" such that p = dH" + v.

Proof. In view of the previous Theorem, we only need to prove that p is absolutely
continuous respect to H". Let us take a set E with H"(E) = 0. Then, for any ¢ > 0,
there is a cover (U;);>1 of E with > -2, h(|U;|) < e, where |U;| is the diameter of
U;. Then,

w(E) < ZM(Ui) < ZM(BWA(%‘))’

i=1 i=1
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picking any x; € U;. Now, using that u is h-dimensional and the previous estimate,
we have,

wE) <Y h(Ui]) <e.
i=1
Since ¢ is arbitrary u(E) = 0 and the proof is complete. O

The next technical lemma will be necessary for our construction.

Lemma 3.6. If v is a locally finite measure on R"™ and v << H", then Dy, (v, ) :=
Jim sup “Pr (@)
r—0 h(27")

Proof. For each k € N, we define the sets

=0 for H"- almost every x.

Ex=qzeR":¥e>0 3rggwithM2
h(2r)

b

| =

Since,

{z €R": Dy(v,2) >0} = | J Ex,
E>1

it is enough to prove that H"(Ey) = 0 for all k.

We can suppose that v(E}) is finite, since Ey, = U;>1 (Ex N By(0)).

Let k be fixed and let € > 0. For each = € Ej), we can pick an r(z) < ¢ such
that h(2r(z)) < kv(Bra)(2)). {Br@)(2)}eer, is a family of balls with uniformly
bounded radii. Therefore, by Besicovitch’s covering Theorem ([5]) we can take a
countable subcover { B, (z;)};>1 of Ej such that at most ¢(n) of the balls intersect
at once (i.e. ZXBT-J- < ¢(n)).

Now, since r; < ¢, it follows that B, C Ey. := {z € R" : dist(x, E}) < €}. So
we have: '

Z h(2r;) < kZ v (B, (z;)) < ke(n)v(Ey,.),

j=1
and therefore, H"(E}) < c(n)kv(Ey.c).
But since Ey C NesoEk . and v(Ey) is finite, we have that H"(Ey) < c¢(n)kv(Ey).
In particular, H"(E}) is finite, which implies v(E})) = 0 by the hypothesis on v.
Using again that H"(Ey) < c¢(n)kv(E}), we obtain the desired result. O

We are now able to establish a finer bound for certain h-dimensional measures
(compare with Theorem 3.1 and Theorem 3.2).

Theorem 3.7. Let p1 be any h dimensional measure and let p = @dH" + v (with
v <& H") be the decomposition of Theorem 8.4. If f € L?(u) then

; VI e 2 2 h
fmsup 7 / e~ | F, F(6)2de < / (@) () dH (z)

and

sup limsup/B ( )|.7-'Hf(§)|2d§ < c/|f(ac)|230(x)d7-lh(ac)
(y

yeR" 00
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Proof. For this proof we will use the maximal operator M, as defined in (2.1).
It suffices to prove that

(3.7) lim h\(@) / e E, f(e)Pde = 0
and
(3.8) %%ﬁ/e—tazfyf(ﬁ) Funf(§) d§=0.

Doing the same type of computations than the ones used to obtain (3.4), we
have:

1 |2 Ml,f(y) o0 .2 T
3.9 7/6 l2=yI*/4t £ (2)dv (x 37-/ e "/ (B, (y))dr.
59 o @avi) < 228 | S (B ()
On the other hand, by Lemma 3.6, for H"-almost every v,
(Br(y))

Dp(v,y) = limsup v =0,

h(2r)
and therefore for all € > 0 we can choose 0 < ¢ < 1 such that v(B,(y)) < eh(r).

We split the integral on the right of (3.9) into two parts: f(f + f(soo. For the first
one, using that v(B,(x)) < u(B,(z)), and so h-dimensional, we obtain:

5 5/t
M, f(y) / e_T2/4tLV(Br(x))dr < Muf(y)E/ t e_T2/4rh(r\/£) dr
0 0

h(V/t) 2t h(Vt)
< ceM, f(y),
by hypothesis.
For the second one, we split again:
Muf(y) / 6—r2/4t1V(BT(y))dr
h(Vt) Js 2t
1/t R oo ) Py
<M, f(y)c / e " /4rh(r\/i) dr +/ e /Apntl Vi dr | —4_00.
W n T (VD)

So, if we denote by
1 2
Hity) = [ el m)an(a),
h(vt)
we showed that lim;_,o H(t,y) = 0. Using dominated convergence in the same way
than it was used in the first step of the proof of Theorem 3.1, we obtain,

0= [ Jim H ) fvty) = Jim e [ e ) Ty

Vi / 2
= lim —— —tel)F, 2de.
v \Fuf(©)]7dE
In the same way, if we integrate with respect to u, we obtain
Vin / 2
lim ——— [ e ¥ F, f(&)F,. f(£)dE = 0.

Now, the thesis is a consequence of Theorems 3.1 and 3.2 (]
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4. LOWER ESTIMATE.

In this section we estimate the lower bound for the p-Fourier transform. We
start by the following theorem.

Theorem 4.1. Let p=H"_g for an h-reqular set E (see 1.2).
Suppose that the function h satisfies that:

n

n : 3 _
h(t) <t" fort>1 and %E%W_O.

Also, suppose that the limit:

exists. Then, for f € L*(p),
li "

im ———
t—0 h(\/i)

where Crp = [° e~ 2rp(r)dr.

(4.1) / e | F, () dE = C / N

Proof. In view of (3.2), we will estimate

\/tT’L > —r2/4ti
h(ﬁ)/o e 57 Br(y)f(x)du(a:)dr.

We write the first integral as sum of: f06 + [ 500. For any § the second one tends to
zero, since:

71 Ooe_rz/“L x x)dr
(4.2) h(\/i)/5 5 /Br(y) f(z)dp(z)d

1 o 2 T
< rum JeT nB e) Msin

S )(/1 e—"z/‘ltih(r)dwr/oo 6_7'2/4tTr"dr)
= v Y, 2t . 2t

n 1/\/2 %)
= iMﬂf(y) / rh(r)e*TQ/‘ldr + / prtle = Age | —— 0,
h’(\/i) 5/t 1/VE t—0

using that lim; g % =0.

To analyze the other integral, note first that since F is regular by Corollary 2.3
we have that, for H"-almost every y € E (fixed), and for all € > 0 there exists § > 0
such that

(4.3) < eh(r) vr < 4.

/ fp — h(r)£(y)
B, (y)

On the other hand,

26/\/Z 2 r
f(y)/O e U \/Z)d

o 1 2 T
— e T/ _p(r r= r r
/0 h(r)f(y)d v

h(v/1) 2t
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h(rVD)
h(VD)

. 2 . . 2
and so, since e 1 is dominated by e~" 717" (see Lemma 2.4), we have that

1 24 T S
ey . o= (P Vdr
| e g 0nir 5w [ e

We conclude that
0
1 240 T
4.4) / ——e " /4t—/ flz)dp(x)dr — Cypnf(y).
( e ] e Cuns@)
Combining (4.2) and (4.4) we obtain that

1 > 204, T
H(t,y) = —— -r /4L/ dpdr — C,, .
(t,) h(\/i)/o e % /s )f pdr —— Con f(y)

Since H (t,y) is dominated by f(y fo r)dr and f € L?(u), it follows that

@) Jim [ 1 TWdut) = [ lim 100 T u) = Con [ 177 i
([

Note that equation (4.3), which was very important in our proof is a reformula-
tion of Corollary 2.2 substituting u(B,(y)) by h(r). We are allowed to make this
substitution only because F is a regular set. However, this hypothesis on F is too
restrictive.

Actually, it has already been proven (see [5]) that there only exist regular sets,
for functions of the form x* with k integer. So, in order for the last Theorem to be
meaningful, it will be necessary to obtain a result with weaker hypothesis. We will
therefore consider h-quasi regular sets, meaning that there exists a constant 6 > 0
such that for H" almost every = € E,

(4.6) lim inf Hh(B;LEf)mE) > 0.

For this case, instead of the equality in (4.1) we obtain a lower bound.

Theorem 4.2. Let p=H% +v. If v << H" and E is h-quasi reqular, we have:

(4.7) hmmf/e*ﬂff \Fuf (€))7 de > c/ |12 dH"
E

t—0

Proof. By the proof of Theorem 3.7, we can suppose p = H" L.
Since F is quasi regular there exists d; > 0 such that if » < §; then,

(48) W(By(x)) > ch(r).
On the other hand, there exists d2 > 0 such that if » < d2 (and f(y) # 0) then,

1
e /B PR

Taking 0 = §, . satisfying both estimates, we may write

hl\/i)//e_'w‘“/‘“f(x)(y)du(x)du(y) :/|f(y)|2H(y,t7E)du(y)+R(t75)7

(4.9) <elf(yl-
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Oy,e —r r
where H(y,t,e) = [;* h(i/z)e 2/4t27u(3r(y))d7" and

 plye 6—7'2/4t r
Rea = [0 [ ( BRCIICE f(y)u(&(y))) drdp(y)
1

(1) Ooiefrg/‘lti T z)dr .
+ / o) /5 T L)

We are now going to bound |R(t,¢)|. Using (4.9) and the fact that there exist a
5 —r?/4t
¢ Lu(Br(y))dr we can bound the first term

h(Vt) 2t
by Cie||f]|?. The second one is bounded by

1O [ e g B )M @),

bound independent of ¢ for

2
and remembering a previous calculation, the integral [~ eh(i\/gt%u(Br(y))dr can

be bounded by ¢ if we take ¢t small enough. Therefore, by Cauchy Schwartz and
the (2,2) hard estimate, the second term is bounded by Cs||f||?. So, both estimates
tell us that |R(t,e)| < C||f||? for small enough t.

5 e—T2/4t r

o h(Vi) 2
ing (4.8). Substituting and using that liminf, .o h,g? \/? < oo we conclude that
liminf; .o H(y,t,e) > Cs.

Therefore by Fatou’s Lemma

On the other hand, H(y,t,¢) is bounded bellow by h(r)dr, us-

1 2
sl —|z—y|°/4t > 2
lim inf WD //6 f(@) f (y)dp(z)dp(y) = C/ |fI” dp.
O
Theorem 4.3. Let p an h-dimensional measure such that p = H" g+v with
v <& H" being E h-quasi regular. Then, the following inequality holds:
1 2
tmint oo [ RSOP ez e [ |fPan
r=oo rPh(r=Y) Jp o " B

where the constant ¢ does not depend on y.

Proof. For any A > 0 such that A < ¢|¢|2 we have e~ tl8I° < e=/2¢=(1/2tel* | Then,

ﬁ e tIE® 2
h(Vt) /{5:t|e|QzA} Fuf @t
2 h((t/2)3)  (t/2)"/? o2 [ a/2e? 2
S R v e L el
c e M2 2 11 /h
< [ rear

by Lemma 2.4 and Theorem 3.7. Using 4.7 and picking A big enough, we obtain:

n

lim inf ——— e eV F, (¢ 2d€20/ fl2dp,
=0 h(V1) Jigerr<n 7ul) El |
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picking the constant ¢ smaller if it is needed. Now, taking ¢t = /72, we obtain

h(A/2) Vi 2 ) 1 ,
d. — d
)\n/2 h(\/{) /{g;t§2§,\} e |-,F#(£)| g < C)\Tnh(r_l) LT(O) |JTH(§)| f,

where cy is such that h(r=1)/h(A/2r~1) < cy. This completes the proof. O

5. AN EXAMPLE

We conclude the paper by exhibiting an example of a function h and a set C
such that H’L’C is h-dimensional and C' is quasi regular. For this example Theorem
4.3 holds. However, since C' is a dimensional but with zero H® measure the results
of Strichartz in [10] do not apply. This shows that by considering more general
dimension functions we obtained a useful generalization.

Let h: [0,00) — R be a dimension function such that h(2z) < 2h(z). Let si be
such that h(s) = 27%. We will construct a set of Cantor type. Consider the two
(closed) subintervals of [0,1] I1 ; and I; 5, of length s obtained by suppressing the
central open interval of length 1 — 2s1. In each of these intervals we take the two
closed subinterval of length so obtained by removing the central interval of length
$1 — 282 this time (note that this number is positive because h(2x) < 2h(x)). We
obtain four intervals denoted by I 1, I22, I23, I2.4. These intervals will be called
intervals of step 2. Following in the same manner at each step, we obtain 2% closed
intervals of length s;. Our Cantor set will be:

2k
c= U

k>1j=1

We assign to each interval Ij ; measure 27" obtaining a probability measure p
supported on C. We can see ([3]) that this measure is H"_¢.
We are going to show that this set satisfies the hypothesis of the Theorem 4.2,

what means, essentially, that it is h-quasi regular. It suffices to see that % >c

(where ¢ is a positive constant) for all z € C' and for all p > 0.
Given z € C and p > 0, denote by k the minimum integer such that there exists
j between 1 and 2F satisfying It ; C B(x, p). By minimality s;_1 > p. Then,

pB(z.p) _ pley) _ 275 _ea 1 cd 1 cd
=7

h(2p) — h(2p)  h(2p)
using that Ij ; C B(z, p), the definition of y1 , the Lemma 2.4, the minimality of &
and the definition of s,. Therefore (4.6) follows.
We also need to prove that y = H"_c is an h- dimensional measure. In fact,
CNBy(x) C Iy—1,; for some j. Consequently

1(By(2)) < p(Ii—r,;) = 27470 = 2h(sy) < hp).

If we take h(z) = x®log(1/z), then we obtain a set C' of dimension a but such
that H*(C) = 0. Therefore for any «, C' will not be a-quasi regular, and hence we
can not apply Strichartz’s Theorem.

However, since C' is h-quasi regular for h(xz) = 2 log(1/x), we can apply Theo-
rem 4.3

25=1h(p) = 2 26 Th(sp_y) 2
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