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ANHA Series Preface

The Applied and Numerical Harmonic Analysis (ANHA ) book series aims to provide
the engineering, mathematical, and scientific communities with significant devel-
opments in harmonic analysis, ranging from abstract harmonic analysis to basic
applications. The title of the series reflects the importance of applications and
numerical implementation, but richness and relevance of applications and imple-
mentation depend fundamentally on the structure and depth of theoretical underpin-
nings. Thus, from our point of view, the interleaving of theory and applications and
their creative symbiotic evolution is axiomatic.

Harmonic analysis is a wellspring of ideas and applicability that has flour-
ished, developed, and deepened over time within many disciplines and by means
of creative cross-fertilization with diverse areas. The intricate and fundamental re-
lationship between harmonic analysis and fields such as signal processing, partial
differential equations (PDEs), and image processing is reflected in our state-of-the-
art ANHA series.

Our vision of modern harmonic analysis includes mathematical areas such as
wavelet theory, Banach algebras, classical Fourier analysis, time-frequency analysis,
and fractal geometry, as well as the diverse topics that impinge on them.

For example, wavelet theory can be considered an appropriate tool to deal with
some basic problems in digital signal processing, speech and image processing, geo-
physics, pattern recognition, biomedical engineering, and turbulence. These areas
implement the latest technology from sampling methods on surfaces to fast algo-
rithms and computer vision methods. The underlying mathematics of wavelet theory
depends not only on classical Fourier analysis but also on ideas from abstract har-
monic analysis, including von Neumann algebras and the affine group. This leads
to a study of the Heisenberg group and its relationship to Gabor systems and of the
metaplectic group for a meaningful interaction of signal decomposition methods.

The unifying influence of wavelet theory in the aforementioned topics illustrates
the justification for providing a means for centralizing and disseminating informa-
tion from the broader, but still focused, area of harmonic analysis. This will be a key
role of ANHA. We intend to publish with the scope and interaction that such a host
of issues demands.
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vi ANHA Series Preface

Along with our commitment to publish mathematically significant works at the
frontiers of harmonic analysis, we have a comparably strong commitment to publish
major advances in applicable topics such as the following, where harmonic analysis
plays a substantial role:

Biomathematics, bioengineering, Machine learning;
and biomedical signal processing; Phaseless reconstruction;
Communications and RADAR; Quantum informatics,
Compressive sensing (sampling) Remote sensing;
and sparse representations; Sampling theory;
Data science, data mining, Spectral estimation;
and dimension reduction; Time-frequency and Time-scale
Fast algorithms; analysis—Gabor theory
Frame theory and noise reduction; and Wavelet theory

Image processing and
super-resolution;

The above point of view for the ANHA book series is inspired by the history of
Fourier analysis itself, whose tentacles reach into so many fields.

In the last two centuries Fourier analysis has had a major impact on the devel-
opment of mathematics, on the understanding of many engineering and scientific
phenomena, and on the solution of some of the most important problems in mathe-
matics and the sciences. Historically, Fourier series were developed in the analysis
of some of the classical PDEs of mathematical physics; these series were used to
solve such equations. In order to understand Fourier series and the kinds of solu-
tions they could represent, some of the most basic notions of analysis were defined,
e.g., the concept of “function.” Since the coefficients of Fourier series are integrals,
it is no surprise that Riemann integrals were conceived to deal with uniqueness
properties of trigonometric series. Cantor’s set theory was also developed because
of such uniqueness questions.

A basic problem in Fourier analysis is to show how complicated phenomena,
such as sound waves, can be described in terms of elementary harmonics. There are
two aspects of this problem: first, to find, or even define properly, the harmonics or
spectrum of a given phenomenon, e.g., the spectroscopy problem in optics; second,
to determine which phenomena can be constructed from given classes of harmonics,
as done, for example, by the mechanical synthesizers in tidal analysis.

Fourier analysis is also the natural setting for many other problems in engineer-
ing, mathematics, and sciences. For example, Wiener’s Tauberian theorem in Fourier
analysis not only characterizes the behavior of the prime numbers but also provides
the proper notion of spectrum for phenomena such as white light; this latter process
leads to the Fourier analysis associated with correlation functions in filtering and
prediction problems, and these problems, in turn, deal naturally with Hardy spaces
in the theory of complex variables.

Nowadays, some of the theory of PDEs has given way to the study of Fourier
integral operators. Problems in antenna theory are studied in terms of unimodular
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ANHA Series Preface vii

trigonometric polynomials. Applications of Fourier analysis abound in signal
processing, whether with the fast Fourier transform (FFT), or filter design, or the
adaptive modeling inherent in time-frequency-scale methods such as wavelet theory.

The coherent states of mathematical physics are translated and modulated Fourier
transforms, and these are used, in conjunction with the uncertainty principle, for
dealing with signal reconstruction in communications theory. We are back to the
raison d’étre of the ANHA series!

College Park, MD, USA John J. Benedetto
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Foreword

The CIMPA13 Conference which took place in August 5-16, 2013, in Mar de Plata,
Argentina, was entitled New Trends in Applied Harmonic Analysis Sparse Rep-
resentations, Compressed Sensing and Multifractal Analysis. The event took
place in a friendly atmosphere, encouraging interaction between speakers and par-
ticipants, among them PhD students, postdocs, and senior scientists. Unfortunately
not all the main speakers have been able to provide a written version of their pre-
sentation, but in many cases one may find slides of more formal talks through the
Internet. General information about the conference can be found at

http://www.nuhag.eu/cimpal3l

The topics of the articles which appear in this volume reflect the diversity of re-
cent developments in harmonic analysis, both at the level of pure mathematics and
applications. Some contributions concern interesting mathematical questions aris-
ing from a systematic investigation of structures which have not been sufficiently
well explored so far, and others — such as sparsity with respect to non-orthogonal
systems — are part of a current trend, related to compressed sensing.

To be more precise, let us take a look at the individual contributions: The first
three chapters describe problems related to multifractal analysis (Kathryn E. Hare,
Stephane Seuret, and Yanick Heurteaux).

We then find two chapters thematizing the sparsity of wavelet coefficients. In the
first contribution (by Vladimir Temlyakov), Lebesgue-type inequalities for greedy
approximations are discussed, demonstrating that many of the well-known expan-
sions have the following nice property: Given the set of, say, wavelet coefficients of
a given function in some Besov space (because these spaces can be characterized
by weighted summability conditions with respect to a given wavelet system), it is a
good strategy (not only in the Hilbert spaces setting) to just take more and more of
the “large coefficients” in order to approximate the function, in fact with an optimal
rate.

In the second chapter in this direction, written by Eugenio Hernandez and
Maria de Natividade, we learn some results on nonlinear approximation for wavelet
bases in weighted function spaces. Here Bernstein- and Jackson-type theorems for

ix

umolter@dm.uba.ar



X Foreword

weighted LP-spaces are provided, showing that wavelet expansions are doing a good
job for the approximation of functions in this setting.

The chapter provided by Pete Casazza and Janet C. Tremain discusses the con-
sequences of the Marcus/Spielman/Srivasta solution to the Kadison-Singer problem
in the context of frame theory with some first glimpse on the consequences within
harmonic analysis.

The chapter “Model Sets and New Versions of Shannon’s Sampling Theorem” by
Basarab Matei presents some interesting insight on universal sampling sets, the so-
called model sets and their relations to quasicrystals. While the classical Shannon
theorem describes how one can recover a band-limited signal, given the spectral
support Q (the support of f), with a formula which obviously depends on the choice
of this set, the new approach discusses situations where the same sampling set can
be used (with a more complicated recovery algorithm) for a large variety of sets €2,
as long as their measure is not too big.

The section written by Xianfeng Hu, Yang Wang, and Qiang Wu treats a some-
what unusual and therefore very interesting topic: Stylometry and Mathematical
Study of Authorship.

The final contribution, entitled “Thoughts on Numerical and Conceptual Har-
monic Analysis,” provided by the author of this introduction gives a glimpse on a
problem within the community of harmonic analysts which should be given a bit
more attention: the interaction between principles of abstract (or as he proposes
conceptual harmonic analysis) and those who are involved in numerical resp. com-
putational harmonic analysis. While the first group is searching for general struc-
tures, the second one is looking for efficient algorithms and their implementation,
often using FFT-based algorithms. The aspect lost in this separation of duties is the
connection between the two approaches, the question, which function spaces are
suitable to describe the errors made by moving from the continuous, to the discrete,
and then of course to the finite setting. The article is just providing a few thoughts in
this direction and suggests to pay more attention to it, not just in the spirit of function
spaces or pure functional analysis but more in the sense of constructive approxima-
tion theory, with quantitative error bounds, estimates for the required problem size
if one needs a guaranteed estimate for the size of the error.

Thus in some sense the article describes the ideas and goals behind the material
presented by the author during the conference in a more concrete but less reflected
format. Important parts of those presentations are available in the form of PDF files
from www.nuhag.eu.

Overall it is clear from this volume that harmonic analysis at large is and will
provide a wide variety of interesting mathematical problems and that research in
this direction will continue to be fruitful and rewarding for those interested in math-
ematical analysis in general, be it abstract or more application oriented.

Vienna, Austria Hans Feichtinger
October 2015

umolter@dm.uba.ar



Preface

This book evolved from the written notes that were distributed to the students
who participated in the CIMPA school, New Trends in Applied Harmonic Analy-
sis: Sparse Representations, Compressed Sensing and Multifractal Analysis, which
took place in Mar del Plata (Argentina) in August 2013.

This event was motivated by the recent interactions which developed between
harmonic analysis and signal and image processing during the last 10 years. During
that time, several technological deadlocks were solved through the resolution of
deep theoretical problems in harmonic analysis. The purpose of this school was to
focus on two particularly active areas which are representative of such advances:
multifractal analysis and compressed sensing. The courses were taught by leaders
in these areas and covered both theoretical aspects and applications. Most of the
attendance was composed of PhD students and postdocs from diverse backgrounds
(mathematics, signal and image processing, etc.), and the corresponding chapters
of this book reflect the pedagogical care of the lecturers, in particular in the careful
treatment of all needed prerequisites, and the illustration of the developments of
each topic by several examples. Another original feature of this book is that some
subjects overlap, with views taken from different perspectives, thus offering an in-
depth picture of these scientific areas.

Let us be more specific. Multifractal analysis offers new tools of classification
for signals and images derived from their scaling invariance properties. The part of
the book concerning this subject include the contribution of K. Hare, “Multifractal
Analysis of Cantor-like Measures,” which deals with basics of fractal analysis and
then focuses on the key example of Cantor-like measures. The contribution of Y.
Heurteaux “An introduction to Mandelbrot cascades” goes one step further in mod-
eling complexity and deals with the multifractal measures supplied by multiplicative
cascades; a careful treatment of these examples is motivated both by the historical
role played by these measures as models for the dissipation of energy in turbu-
lent fluids and by the importance that they have recently acquired in other areas of
mathematics (fragmentation, coalescence, harmonic measure associated with frac-
tal sets, Schramm-Loewner evolution, etc.). Finally, the contribution of Stéphane
Seuret “Multifractal analysis and Wavelets” deals with the extensions that these

xi
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ideas have known in the setting of functions. The main tool here is wavelet analy-
sis, a tool which is now prevalent in applied analysis and reappears in several other
chapters of this book. Here its role is to yield a characterization of both pointwise
and global regularity of functions. This property explains the success of wavelets
in applied multifractal analysis, since this subject can be seen as unfolding the rela-
tionships between pointwise and global regularity and then deriving practical clas-
sification tools from these regularity characteristics.

Recently, many powerful techniques have been developed emphasizing the role
of sparsity in signal and image processing. These new methods have had a sub-
stantial impact in areas like sampling, data compression and representation, atomic
decompositions, wavelets, frames, and high-dimensional data analysis. In particu-
lar compressed sensing represents a new paradigm in signal and image processing,
allowing to reconstruct compressible data from the knowledge of an underdeter-
mined system, through an ¢! minimization. The mathematics behind these methods
is rich and sophisticated and presents new challenges. The chapters by Temlyakov
“Lebesgue-type Inequalities for Greedy Approximation” and Hernandez et. al “Re-
sults on Nonlinear Approximation for Wavelet Bases in Weighted Function Spaces”
are excellent examples of the advances in this area.

On another note, just before the school took place, the Kadison-Singer conjec-
ture was solved, and since this had deep impact on harmonic analysis — because
of the implications with respect to the decomposition of frames into a finite num-
ber of Riesz bases Feichtinger conjecture — Pete Casazza gave a really nice lecture
about the diverse attempts in the solution and agreed to write a chapter about all the
implications.

Note that the contribution of Y. Heurteaux was not part of the courses taught at
the CIMPA school of August 2013, but grew from the notes of another course taught
at a fractal conference that took place in Porquerolles (France) in September 2013.

Nashville, TN, USA Akram Aldroubi
Buenos Aires, Argentina Carlos Cabrelli
Paris, France Stephane Jaffard
Buenos Aires, Argentina Ursula Molter
October 2015
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Chapter 1
Multifractal Analysis of Cantor-Like Measures

Kathryn E. Hare

Abstract In this course we will study generalized Cantor sets and measures. We will
see that they share many properties in common with self-similar sets and mea-
sures, although new geometric ideas are often needed in the proofs to replace the
combinatorial structure of self-similar sets/measures. In particular, under a suit-
able separation condition the multifractal spectrum of generalized Cantor measures
(the set of local dimensions) can be shown to be a closed interval, with one specific
local dimension being attained at almost every point of the Cantor set.

Surprisingly, the property that the multifractal spectrum is a closed interval need
not be true for convolutions of (even self-similar) Cantor measures. This seems to be
a consequence of ‘overlap’ in their construction and was established first for certain
examples of self-similar Cantor measures and subsequently for generalized Cantor
measures. We will see that it is typically the case that the multifractal spectrum of
a sufficiently large number of convolutions of fairly arbitrary, continuous measures
admits an isolated point. This argument was motivated by the geometric ideas used
in proving a special case of this property for generalized Cantor measures.

1.1 Introduction

Often in analysis one is interested in subsets of R of Lebesgue measure zero and the
singular measures' concentrated on these sets. Many of the problems that arise have
to do with quantifying the size of the set or the singularity of the measure; for such
problems, fractal dimensions can be very helpful.

! By a measure, we mean a finite, positive, regular, compactly supported, Borel measure on R.
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2 K.E. Hare

The classical middle-third Cantor set and its associated uniform measure is an
important example of such a set and measure. The Cantor set and measure are of-
ten introduced in real analysis courses to illustrate unusual ideas or pathological
behaviour. In this course, we will discuss generalizations of the classical Cantor set
and measure, and investigate fractal concepts that help to quantify their singular-
ity, such as local dimension and multifractal spectrum. These generalizations have
interesting and unusual properties.

Generalized Cantor sets and measures are typically not self-similar and thus need
not have the same symmetry or uniformity as the classical Cantor set/measure. Con-
sequently, the concentration of the measure can vary at different points in its support,
meaning general Cantor measures typically take on a range of different local dimen-
sions. These different values are known as the multifractal spectrum. The study of
the multifractal spectrum and the ‘size’ of the sets on which a given local dimension
is attained is known as multifractal analysis.

For self-similar measures arising from an IFS which satisfies the open set condi-
tion, it is well known that the multifractal spectrum is a closed interval and formulas
have been established for the Hausdorff dimension of the sets on which a given
local dimension occurs. We will modify this argument to show that a similar result
can be obtained for generalized Cantor measures, under reasonably weak assump-
tions. Another interesting fact we will establish is that the ‘average’ value of the
local dimensions is attained at almost every point. These results can be found in
Section 1.3.

Convolutions of the classical Cantor measure are again self-similar measures.
However, they are not necessarily generated by an IFS that satisfies the open set
condition so the general multifractal theory does not apply. In fact, the theory can
fail in a striking way: the multifractal spectrum of the 3-fold convolution of the clas-
sical Cantor measure contains an isolated point. Here we will see that convolutions
of quite general, continuous, probability measures typically admit isolated points
in their multifractal spectrum, provided the number of convolutions is sufficiently
large. In particular, this is the case for many generalized Cantor measures. These
ideas are the content of Section 1.4.

Most of the proofs given in this note can be found in the literature, as detailed in
the final section. There are many other important research papers on related topics;
we have only mentioned those most relevant for the material discussed in the course.

1.2 Notation and Basic Facts

1.2.1 The Classical Cantor Set and Measure

The classical middle-third Cantor set C is a fascinating set which is often used in
analysis to construct interesting examples. It is compact, totally disconnected, per-
fect (meaning, every point is an accumulation point), uncountable and of Lebesgue
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1 Multifractal Analysis 3

measure zero. By the classical Cantor measure we mean the singular, probability
measure on R that is uniformly distributed on C. This measure, i, can be defined in
several equivalent ways:

1. As the self-similar measure that arises from the iterated function system (IFS)
with contractions F;(x) = x/3 +2i/3, i = 0,1 and probabilities 1/2,1/2. This
means the measure is invariant in the sense that

w(E) = ; (‘quO’l(E)—i—‘qufl(E)) for all Borel sets E.

The classical Cantor set C is the self-similar set associated with this IFS.

2. As the Borel measure supported on C that assigns mass 27 to the Cantor inter-
vals that arise at step k in the construction of the Cantor set.

3. As the weak limit of the discrete probability measures g = 2% 2?; 5xj, where
X1,...,Xk are the left end points of the 2K Cantor intervals that are constructed
at step K in the standard Cantor set construction. By a weak limit, we mean that
for all continuous functions f on [0, 1] it is the case that fol fdu =limg _fol Sfduk.

4. As the probability measure whose cumulative distribution function is the Cantor
ternary function.

From these different (but equivalent) descriptions of the Cantor measure one can
easily establish many properties of the Cantor set/measure. Definition (2), for exam-
ple, is useful in calculating the Hausdorff dimension of the set. From definition (3) it
can be seen that the Fourier transform of 1 is given by i (y) = [T, (1+ e’4”"37k3’) /2
for all y. Since the Cantor ternary function is a continuous function, it follows imme-
diately from definition (4) that the Cantor measure is a continuous (or non-atomic)
measure, meaning the measure of any singleton is 0.

The classical Cantor set and measure has been generalized in many ways. One
obvious generalization is to consider the self-similar set arising from the IFS with
contractions F(x) = rx+i(1 —r),i= 0,1 where 0 < r < 1/2. This is the Cantor set
with ratio of dissection r (rather than 1/3rd, as in the classical case), meaning that
at each step in the standard Cantor set construction one keeps the two outer closed
intervals whose length is r times that of the parent interval. We will denote this
Cantor set as C(r), so that with this notation the classical Cantor set is C(1/3). We
can again define the associated uniform Cantor measure that assigns mass 2~ to the
Cantor intervals at step k, which in this case are of length 7*. This is the self-similar
measure generated by the IFS given above, with probabilities 1/2,1/2.

Alternatively, rather than the uniform Cantor measure, we could consider the self-
similar measure generated by the same iterated function systems again, but with
probabilities p and 1 — p, where 0 < p < 1. We call this the p-Cantor measure
on C(r). If p =0 or 1, the p-Cantor measure is the point mass measure at 0 or 1,
respectively. In all other cases, it is a continuous, singular, probability measure.
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4 K.E. Hare

1.2.2 Cantor Sets and Measures with Varying Ratios of Dissection

In fractal geometry one is often interested in studying self-similar sets and measures
arising from quite general iterated function systems. The IFS structure makes it
possible to compute many important quantities and deduce various properties of the
sets and measures. At the same time, the structure limits the kinds of examples that
arise. If we relax this structure, we can create many other intriguing examples. One
such variation is to allow the ratios of dissection in the construction of the Cantor set
to vary at each step. We could also allow the probabilities to vary at different steps.

1.2.2.1 Cantor Sets with Varying Ratios of Dissection

Let 0 < rj < 1/2. We denote by C(r;) 2 the Cantor set with varying ratios of dis-
section, r; at step j, given by the following iterative Cantor-like construction: Let
Cp = [0,1]. Remove from Cy the open middle interval of length 1 —2r, leaving two
closed intervals of lengths ;. Call these intervals the Cantor intervals of step one
and their union C;. At step j in the construction assume we have inductively con-
structed C; as a union of 2/ closed intervals of length ry - - - r i, the Cantor intervals of
step j. Remove the open middle interval of length (1 —2rj)r; ---r; from each of
the step j intervals and let Cj; | be the union of the remaining 2/+1 closed intervals
of length ry -- - rj; 1. Finally, define the Cantor set C(r;) by

=

C(}’j) = m Cj.

Jj=1

As with the classical Cantor set, C(r j) is compact, perfect, totally disconnected
and uncountable. Its Lebesgue measure is liminf, ,..27"r| - - - r, and hence is zero
if, for instance, the r; are bounded away from 1 /2.

1.2.2.2 Labelling Cantor Intervals and the Elements of the Cantor Set

The Cantor intervals from this construction can be labelled by finite words with
letters from {0, 1}. The Cantor intervals of step one will be denoted Iy (left interval)
and I; (right interval). In general, if the Cantor interval of step # is labelled by the
word w of length n, then its two descendants are I,,9 and I,,;. Each x € C(r j) belongs
to a unique Cantor interval of step n for each n and these intervals are descendants
of one another. Thus x corresponds to an infinite word w with the property that if
w|n denotes the truncation of w to length n, then 1,,|, 1s the step n Cantor interval to
which x belongs. When we write x = (w;) we mean this correspondence.

2 More properly, we should write C({r;}), but we prefer C(r;) for simplicity. This should not cause
any confusion with the notation C(r) for the Cantor set with fixed ratio of dissection r.
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1 Multifractal Analysis 5

1.2.2.3 Uniform and p-Cantor Measures

Given 0 < p < 1, by the p-Cantor measure associated with C(r;), we mean the
probability measure pt with the property that

1 (Iwo) = p(hy)p and (L) = pu(y)(1 = p).

Thus if w = (wy,...,w,) with w; € {0,1}, then p(Ly,...v,) = p"0(1 — p)" " where
no = card{i: w; = 0}. As in the case for Cantor sets with fixed ratio of dissection,
the p-Cantor measure U is a singular measure whose support is the Cantor set C(r;).
It is continuous provided p # 0, 1. If p = 1/2, we call u the uniform Cantor measure
on C(rj).

More generally, given a sequence of weights {p;}, 0 < p; <1, we could define
a Cantor measure by the rule ((/y,. w,) = Pw,1Pw,2 " Pw,n Where po; = p; and
p1j=1=pj.

One could consider still more general Cantor sets and measures by removing
from [0,1], k; equally spaced, open intervals of length g; at step one, so that C;
is the union of k; + 1 closed intervals of length r; where (k; + 1)r; +k1g1 = 1.
Then inductively remove from each Cantor interval of step j, k; equally spaced
open intervals of length g; so that C; is the union of [T_, (k; + 1) closed intervals
of length ry - --rj where (k;j+ 1)rj+kjg; = 1. We can also define a general Cantor
measure by putting weights p;; on the i = 1,...,k; + 1 descendants at step j. In
this note, we will focus on p-Cantor measures on C(r;), but much of what is said
here is true for these very general Cantor sets and measures, at least under suitable
assumptions. The technical details will be left for the reader.

1.2.3 Hausdorff Dimension

Let 6 > 0. By a d-cover of a non-empty Borel subset E C R we mean a countable
collection of sets {U;} of diameter at most 8, whose union contains E. We write |U;]
to denote the diameter of the set U;. Given s > 0, we define

H3(E) = inf{ > |Uil* : {Ui} s a §-cover ofE}
i=1

and put
H*(E) =supHj5(E) = lim Hg(E).
§>0 5—0t
H*(-) is a measure known as the s-dimensional Hausdorff measure. H°(E) is a
decreasing function of s and can be positive and finite for at most one choice of s.
The Hausdorff dimension of E, denoted dimy E, is defined to be the unique index s
such that H'(E) =0 ift > s and H'(E) = oo for t < s. Thus
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6 K.E. Hare

dimg F = inf{s: H*(F) =0}
= sup{s: H*(F) = oo}.

A useful fact is the Mass distribution principle: If there are a measure (t on E and
real numbers ¢, 8 > 0 such that u(U) < ¢|U|* for all Borel sets U with diameter at
most 8, then H*(E) > u(E)/c and dimg E > s.

We leave it as an exercise to verify that the Hausdorff dimension of C = C(r;) is
given by the formula
log2

dimgy C = liminf 1 .
n—roo n |10gr1 . .rn|

Exercise 1.1. Establish the formula given for the Hausdorff dimension of C(r;).

Exercise 1.2. Show that for every s < 1 there is a Cantor set with Hausdorff dimen-
sion equal to s.

Exercise 1.3. Construct a Cantor-like set, C(r;), with Hausdorff dimension one and
Lebesgue measure zero.

1.3 Multifractal Analysis of p-Cantor Measures

1.3.1 Local Dimension

In many problems one is interested in quantifying the singularity of a measure, i.e.,
to specify, in some sense, how concentrated the measure is. One way to quantify
this is through the Hausdorff dimension of the measure (1. This is defined as

dimy u = inf{dimy E : u(E) > 0}.

This quantity provides global information on the singularity of the measure u. For
measures that are not uniformly distributed it is also of interest to quantify their
local singularity. The local dimension is useful for this.

Definition 1.1. By the local dimension at x of a probability measure (t on R we
mean the quantity
1 B
dim () — tim P2 (BE)
r—0t logr
where B(x,r) is the ball centred at x with radius r, provided this limit exists.
The upper and lower dimensions, denoted dimy,.u(x) and dim,.[L(x), are ob-

tained by replacing the limit in the definition above with limsup and liminf,
respectively.

The local dimension at x describes the power law behaviour of p(B(x,r)) for
small r. Notice that if x ¢suppy, then dim;,.1L(x) = oo, while if pt is Lebesgue mea-
sure on [0, 1], dimyyc 1t (x) = 1 atall x € [0, 1].
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1 Multifractal Analysis 7
One can prove that
dimg u = sup{s : dim;, 1 (x) > s for u a.e. x}.
Moreover, the following is true.

Proposition 1.1. Suppose U is a probability measure, F C R is a Borel set and
0<c<on

(a) H'(F) = u(F)/cif
u(B(x,r))

limsup
r—0t

<cforallx€F.

(b) H'(F) < 10°u(R) /c if
W(B(x,r))

limsup
r—07t

>cforallx eF.

Proof. (a) Fix € > 0 and for each n let
F,={xeF:u(Bxr)) <(c+e)rforalr<1/n}.

The sets F, are increasing and the assumption of (a) guarantees that their union is
allof F.

Temporarily fix n and let {U;} be a 1/2n-cover of F and hence also of F,. Each
set U; has diameter less than 1/n and thus p(B(x,|U;|)) < (c+¢€) |U;|’ forallx € F,,.
Notice that if x € U; N F,,, then B(x,|U;|) 2 U; and p(U;) < (¢ +¢€) |Uj|*. Thus

uE)< Y uwU) < (c+e) YUl
i:UiNF,#empty

This is true for all 1/2n-covers of F and consequently u(F,) < (c+ 8)Hf/2n(F).

But as n — eo, u(F,) — u(F) and Hf/Zn(F) — H*(F). Since € > 0 was arbitrary,
u(F) < cH(F),

(b) Fix €,6 > 0 and consider the collection of all balls, B(x,r), with x € F,
0<r< 6 and u(B(x,r)) > (c — €)r'. By assumption, every x € F belongs to

such a ball for arbitrarily small r. By the Vitali covering lemma there are count-
ably many disjoint balls from this collection, {B;}, such that u(F\|JB;) =0 and

every ball in the collection is contained in the union of the sets Ei, where E, is

a ball concentric with B; and having five times the radius. Thus F C UEi and
i

Bl <10u(B)/(c — ). As | B;

< 100 and the sets B; are disjoint,
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8 K.E. Hare

s 10°
) < 3[af < 1, Suim
10° 10°
= c_g’“‘(LlJB"): o M. .

Corollary 1.1. If there is a probability measure L, concentrated on E, such that
dimy,. 1 (x) = s for all x € E, then dimy E = s.

Proof. One can deduce from the previous proposition that for any € > 0, H* ¢(E)
> 0 and H*€(E) < o, from whence the result follows. O

We remark that there is a partial converse to this.

Proposition 1.2. If dimy E > s, then there exists a probability measure [, concen-
trated on E, such that dimy, (L(x) > s for all x € E. Similarly, if dimg E < s, then
there exists a probability measure |1, concentrated on E, such that dim, u(x) <s
forallx € E.

The proof of this is more sophisticated and can be found in the literature; see
section 1.5.

It is an easy calculation to check that if u is the uniform Cantor measure on the
Cantor set C(r), then

log?2

log7] =dimy C(r) at all x € C(r).

dimjoelt(x) = |

In contrast, for measures that are not uniform the local dimension can vary at dif-

ferent points in the support of the measure. This is the case with the p-Cantor mea-

sures, for example, when p # 1/2. Indeed, suppose C = C(r;) and u is the p-Cantor

measure on C. To avoid technicalities we will also assume lim, rll log(ry-ry) =
logrg. If r=ry---ry, then

log (1(B(0,r))) _ log(u(lo-0)) _ nlogp ~_ logp

logr logr ~logri---r,  logry’
while
log (1(B(1,r))) _ log(u(l1..1)) _ nlog(l—p)  log(1—p)
logr logr logry---ry logrg
Thus
) lo
dimy,e 1 (0) = 10:5) and
. log(1 —p)
1) = .
dlmloc.u( ) log ro

In the next subsection, we will see that under a suitable separation assumption, these
are the extreme values of the set of local dimensions and all numbers in between
arise as local dimensions.
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1 Multifractal Analysis 9

1.3.2 Multifractal Spectrum

Given o > 0, we will denote
Eo(U) =Eq = {x:dimj,cpt(x) = o}

We will call the set of all o such that E is non-empty the multifractal spectrum
of u. For measures that are not uniform it is of interest to determine the multifractal
spectrum and the ‘size’ of the sets E, the so-called, multifractal analysis.

The multifractal analysis is well understood for self-similar measures generated
by an IFS which satisfies the open set condition. In this section, we will establish
similar results for p-Cantor measures supported on Cantor sets C(r;), under a suit-
able separation condition that plays the role of the open set condition, namely,

Assumption: supr; < 1/2.

1.3.2.1 Local Dimensions Are Constant Almost Everywhere

First, we will show that the local dimension is constant at almost all points of the
support of .

Theorem 1.1. Suppose | is a p-Cantor measure on the Cantor set C = C(r;) that
satisfies suprj < 1/2, and assume lim ’11 log(ry---ry) =logry. Then for L a.e. x € C,

. logp+ (1 —p)log(1 —
dimyoe 1 (x) = 71087 (logljo) g(1-p)

Remark 1.1. Assuming lim ’11 log(ry---r,) exists is a convenience. Similar results
can be proved with the local dimension of u at x replaced by the upper or lower
local dimensions and with lim rll log(ry---r,) replaced by limsup rll log(ry---ry)
(or liminf).

The proof has two parts, a geometric and a probabilistic part. We begin with a
geometric lemma which will have other applications. Its significance is to show that
under the assumption supr; < 1/2 we may replace balls by Cantor intervals in the
definition of local dimension.

Notation 1.3.1 If x € C, by I® (x) we mean the unique Cantor interval of step k
that contains x.

Of course, /) (x) = Ly, ,...w, where x is associated with the infinite word whose
first k letters are wy, ..., wy.
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10 K.E. Hare

Lemma 1.1. Assume suprj < 1/2, u is a p-Cantor measure on C(r;) and x € C(r;).
Then

log (u(1¥(x)))

dlmloc.u(x) = klg?o log ’I(k) (x)‘

Proof. Fix x € C. Given r > 0, choose the minimum integer k so that B(x, ) contains
the Cantor interval of step k that contains x. As I¥) (x) C B(x,r), we must have

Pl T = ‘I(k)(x)‘ <2r
On the other hand, as I*~V) (x) ¢ B(x,r),
ry el = ‘I(kfl)(x)’ >r.

Assume x = (w ) hen I¥) (x) = I, v, and if #; is the number of indices i such
thatw; =0fori=1,...,k thenputting p; =pif j=0and p;=1—-pif j =1 we
have

u(IW(x)) = py, -+ puy, = pe(1 = p)* .

Since B(x,r) does not contain /=) (x), it must be the case that B(x,r) NC is
contained in the union of at most two Cantor intervals of step k — 1. If it is actu-
ally the case that B(x,7) NC C I*~1(x), then u(B(x,r)) < u(I* V) (x)) and similar
arguments to those used below, but easier, will complete the proof.

So assume B(x,r) NC C I*~1)(x) (JI* and that the gap between these two step
k — 1 intervals was removed at step L in the construction, where L < k — 1. This
means both [ (k’l)(x) and [* are descendants of a (common) step L — 1 interval /.
Furthermore, the step L gap is contained in B(x, r) and thus

r1~--rL,1(1 —2}’L) S }’S ry--rg—1.
By assumption there exists € > 0 such that r; < 1/2 — ¢ for all j. Consequently,
128 <<y (17250

Hence there must be some integer m (depending only on €) such that k — L <
m, in other words, I(k’l)(x) and [* are both descendants of the Cantor interval
I=1,,..,_,of step k—mand B(x,r)(C C I. Thus

Pwi = Pw < W(B(x,7)) < pwy o Py,

and
1ngwl " Pwi_m < log(,u(B(x,r))) < logpwl © Pwy
logry---n/2 logr = logry---ry
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1 Multifractal Analysis 11

Since m is bounded, we obtain the same limiting behaviour on both the left-and
right-hand side as r — 0, (or k — o) and therefore

(k)
. C logpuyep . loe(0UY@)
dimioc px) = fim logri-—r A log [I0(x)| (b

O

Remark 1.2. Tt follows easily from (1.1) that the local dimensions at 0 and 1 are the
extreme values.

Proof (of Theorem). Define independent and identically distributed random vari-
ables on C by

1 ifw,=0
X = here x = .
% (%) {0 i = 1 w x = (wg)

As the expected value of Xj is p, the Strong law of large numbers states that if #; (x)
is the number of 0's occurring in the first k digits of x, then

n(x) _1&
' —kj:lej(x)—wua.s.

Thus, for u almost all x,

T

log |10 (x) | logry -1y
_ tlogp+ (k—1n)log(1—p)
logry---ry
_, plogp+(1—p)log(l—p)
logroy ’

1.3.2.2 Multifractal Formalism for p-Cantor Measures

An important feature of self-similar measures arising from an IFS that satisfies
the open set condition is that the multifractal spectrum is a closed interval and the
Hausdorff dimension of the sets £, can be computed. Here we will see that the
same property holds for many p-Cantor measures supported on Cantor sets with
varying ratios of dissection. In place of the open set condition, we will assume that
supr, < 1/2. We will also continue to assume that ! log (ry -+ r,) — logry so that
we can work with limits, but related results can again be obtained using limsup or
liminf.

Theorem 1.2. Suppose U is the p-Cantor measure supported on the Cantor set C =
C(r;) which satisfies supr, < 1/2 and lim, ,Illog (ry---rn) = logrg. Without loss of
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12 K.E. Hare

generality, assume p > 1 — p. Then the set Eq, = {x € C : dimy, lL(x) = o'} is non-
empty if and only if

logp log(1—p)

logrg’ logrg

and dimgEqy = f(a) where

f(o) = inf

g€R logrg

(qa_log(pq+(1—p)")>_

The proof we sketch below is similar to that known for self-similar sets satisfying
the strong separation condition. Indeed, p-Cantor measures on Cantor sets with fixed
ratio of dissection are examples of self-similar measures satisfying this separation

property.

Proof (Sketch). The fact that E is non-empty only for the specified o is clear
from (1.1).
For each g € R we define the set function, v,, on C by

Ve(ly) = (Pw1 "'PWk)q (P?+(1=p))  ifw=wi ..., .

One can check that v, is a probability measure concentrated on C and

log v, (L) = glogu (1) — klog(p? + (1 — p)?)

Applying (a variant of) Lemma 1.1 to both it and v, shows that

1 1)
dimype vy(x) = lim 2" ()
ke log [10)(x)|
log(p? + (1= p)7)

= gqdi oc -

Thus, if x € Eq,
_log(p?+(1—p)7)

dimy,. v, =qo
imyoc Vg (X) = q logry

It is a routine calculus exercise to check that f(a) is achieved with the choice of
q = q(o) satisfying
o P'logp+(1—p)?log(l—p)
(p?+(1—=p)9)logry
Thus dim;ee Vy(q) (x) = f(o) for all x € Eg.
If we can establish that v, is actually concentrated on Eg, then it will follow

from Cor. 1.1 that dimy Eo = f(a). To see this, fix € > 0 and let 6 > 0 be small.
Note that
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1 Multifractal Analysis 13

-y

W {32 1%60) 2 190

—(a—e)o

[ (809 ) [0 aven
= 2 .U(IW)S(VI""’k)i(aig)sv(IW)

|w|=k

= 2(pw1' pwk <Hr =¢) ) q+(1_ ))71{

\w\—k

IN

= H (( at+d 4 p)q+5) r; —(0—g)é (p?+(1 _p)q)—l) = (Dl(k)(a)'

o+E€
o {1 ) < |00}

< ﬁ ((p‘HS +(1 —p)‘ﬁé) T (pt 4 (1 —I’)q)il) =9(@).
=1

Similarly,

Using Taylor series (in the variable §), one can verify that for sufficiently large
k (say, k > k1) and suitable positive constants C;,Cs,

cD](.k)(oc) < exp(—kdCje) for j=1,2.

Thus
oa—€
> Ve fx:ul ’I }< Y exp(—k8Cie) <
k>ky k>ky
o+E
and similarly for ¥ v, {x : (IO (x ‘I (x) }. By the Borel Cantelli
oa—€

lemma, the probability that (1% (x)) > ’I ) (x )‘ occurs infinitely often is zero

}(HE

and similarly for u (10 (x)) < }I ®) (x . Thus for v, a.e. x and large enough k,

+ —
100" < p®@) < 19|
Hence, for large enough k,
(k)
e s OEEIPED)
log |10 (x) |
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14 K.E. Hare

for v,(q) a.e. x. As &€ > 0 was arbitrary, it follows that dimy,. it (x) = o for v (g
a.e. x, in other words, Va(a) is concentrated on E,, as we desired to show.

We will leave it to the reader to check that f(a) # 0 for a € (logp/logro,
log(1— p)/logry). As the endpoints of this interval are the local dimensions at O
and 1, respectively, it follows that E, is non-empty if and only if o belongs to the
closure of the interval above. a

Exercise 1.4. Determine for which o the set E, has maximal Hausdorff dimension
and find that dimension.

1.4 Isolated Points in the Multifractal Spectrum

1.4.1 Isolated Points in the Spectrum of Convolutions
of Cantor Measures

An important operation in many branches of analysis is convolution. Convolution is
a binary operation on the space of measures on R defined in the following way.

Definition 1.2. If u, v are measures on R, then their convolution, u * v, is defined
as the measure with the property that for any Borel set £ C R,

wv(E) = //.L(E—x)dv(x).

One can verify that the support of u * v is contained in the sum of the supports
of u and v.

Given a measure [, we will write u™ for the m-fold convolution of u. When u
is the uniform Cantor measure on C(r), then u™ is a self-similar measure generated
by the IFS with contractions Fi(x) = rx+ (1 —r)i for i = 0,1,...,m and weights
pi=2"" (’l”) The support of the invariant measure is the m-fold sum of C(r). For
example, if p is the classical Cantor measure and m > 2, then u”” is supported on
[0,m]. In this case, the IFS satisfies the open set condition if and only if m < 2.

Exercise 1.5. Determine the multifractal spectrum of u * u for the classical Cantor
measure [.

In striking contrast to the case of self-similar measures associated with IFS sat-
isfying the open set condition, the multifractal spectrum of u> is known to consist
of the union of a closed interval and an isolated point:

log8/3 log8/v/b log8
Julis)

. 3 —
{or: Ealt )7’5(}5}—[ log3 ~ log3 log3

where b = (7+/13) /2. Tt can be checked that log8/v/b/log3 ~ 1.1335 and
log8/log3 ~ 1.89278. It is also known that
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1 Multifractal Analysis 15

log8/3
og8/ - dimlocu3(x) for x = (w;) where w; € {1,2}
log3
1 b
ogS/\/ = dimloclﬁ(x) for x = (w;) where wy; = 0,wp; 1 =1
log3
log8
1223 = dimy, pt*(0) = dimy, 11*(3) (and at no other x).

The proof of these facts make strong use of the elegant combinatorial structure of
the Cantor set and its 3-fold sum.

Similar results have been obtained for m-fold convolutions of the uniform Cantor
measures on the Cantor sets C(1/d) when d € N and, more generally, for self-similar
measures generated by an IFS consisting of contractions F;(x) = x/d + (d — 1)i/d
fori =0,1,...,m and probabilities p; > 0, where pg, p,, < p; for all i # 0,m and
d > 3 is an integer. The algebraic and combinatorial structure of these self-similar
measures can again be used to show that if m > d, then the multifractal spectrum is
the union of a closed interval and one (or two) isolated points, the local dimensions
at 0,m. The significance of m > d is that the support of u™ is [0,m].

A similar result holds, as well, for convolutions of p-Cantor measures y sup-
ported on the Cantor sets C(r;). Provided infr; > 0, the spectrum of u™ has also
been shown to have an isolated point for sufficiently large m, either dimy,. 1" (0) or
dimy,. ™ (m), depending on whether p or 1 — p is larger. Again, a key idea in the
proof of this result is that the Cantor sets, C(r;), have the property that the M-fold
sum of C(r;) (the support of u) is the interval [0,M] if M +1 > sup1/r;.

1.4.2 Isolated Points in the Spectrum of Convolutions
of General Measures

It turns out a much more general result is true for convolutions of probability mea-
sures: If u is any continuous, probability measure supported on [0, 1] and there is
some integer M with the M-fold sum of the support of u equal to [0, M], then under
rather mild assumptions, it is guaranteed that there will be an isolated point in the
spectrum of u™ for sufficiently large m.

Theorem 1.3. Suppose U is a continuous, probability measure supported on [0,1]
with 0,1 Esupp and assume (M)suppL = [0, M] for some integer M. Assume, also,
that

1. dimy,. 1 (0) > 0 and

2. sup{dimy, . (x) : x € supplt} < eo.

Then there is an integer ng such that for all n > ng, dimy,.1"(0) is isolated in the
set of local dimensions of u".

A similar statement holds with upper local dimensions replaced by lower local
dimensions. We begin with two preliminary lemmas.
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16 K.E. Hare

Lemma 1.2. Suppose [, v are measures with suppv = [0,n] and 0,1 Esuppu C
[0,1].
(i) If dimy,.v(x) < A < oo for all x € [0,n], then dimy,.v x (z) < A for all z €
(0,n+1).
(ii) If, in addition, U is a continuous measure, then the same conclusion holds under
the weaker assumption that dimy,.v(x) < A for all x € (0,n).

Proof. (i) Fix z € (0,n+ 1) and let I = [0, 1] N [z — n,z]. Notice that at least one of 0
or 1 belongs to the relative interior of /. As 0, 1 both belong to suppu it follows that

u()=n=>0.
Fix 0 > 0. If x € I, then z—x € [0,n] =suppV, hence dimy,.v(x) < A. This means
that for every x € I, there exists r, > 0 such that if » < r, then

log(v(B(z—x,r)))

<A+e.
logr

LetA, ={x€1I:r.>1/n}. As|JA, =, by continuity of measure there is some n
such that 1 (A,) > n/2. For all x € A,,

V(B(z—x,r)) > r* forall r < 1/n,

thus

vieu(BEn) = [vBE-xn)due) > [ A au
> ’,/lJrs‘u(An) > r/l+sn/2'

Hence
log(v+ pt(B(z,r))) _ logn/2

< +A+eforall r<1/n.
logr logr

Letting » — 0, it follows that dimy,.v * 11(z) < A + € and since that holds for all
€ > 0, we conclude that dimy,. v * f1(z) < A.

(ii) Under the weaker assumption of (ii), it is still true that dimy,.v(x) < A for
all x # z,z—n. But u{z} = u{z—n} =0, hence the sets I\{z,z — n} and I have the
same positive p-measure. Let A, = {x € I\{z,z—n} : r, > 1/n} and choose n such
that 11 (A,) > u(I)/2. We conclude the proof as in the first part. O
Lemma 1.3. Assume U is supported on [0,1].

(i) Then dimu"(0) = ndimg (0).
(ii) If x;j €suppu and x = ¥y x;, then dimu" (x) < 3/;_; dimp” (x;).

Proof. (i) This follows easily from the fact that

(u(B(0,r/n)))" < u"(B(0,r)) < (u(B(0,r)))".

(i) is similar. a
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1 Multifractal Analysis 17

Proof (of Theorem). By assumption, if x € [0,M], then there are real numbers
x; €suppit such that 21}4:1)@- = x. As dimu(z) < A for all z Esuppy, the previous
lemma (ii) implies dimu™ (x) < M2 for all x € [0, M] =suppu™.

Now apply Lemma 1.2 (either (i) or (ii)) with v = u™ and M = n to deduce that
dimuM*1(x) < MA forall x € (0,M +1).

Since suppu™*T = [0,M + T}, we can repeatedly apply this argument (but with
part (ii) of the lemma as we have only the weaker hypothesis satisfied) to deduce
that dimu”(x) < MA for all x € (0,n) and any n > M.

As Lemma 1.3 (i) implies dimu”(0) — oo as n — oo, dimu”(0) will be isolated
in the spectrum for large enough n. O

Exercise 1.6. For what n can you be sure u” has an isolated point in its spectrum
when U is the uniform Cantor measure on the Cantor set C(r)?

1.5 Credits

The size of Cantor sets and their sums was explored in [3]. There the formula is
given for the Hausdorff dimension of C(r;) and it is proven that if infr; > 0, then
some n-fold sum of C(ry) is the interval [0, n].

An excellent exposition on local dimensions, including the proofs of Prop. 1.1
and 1.2, the probabilistic ideas in the proof of Theorem 1.1, and the multifractal
analysis for self-similar measures arising from IFS satisfying the strong separation
condition, can be in Falconer’s books, [5] and [6], (particularly, chapters 17 and 10,
11, respectively). This is based in part upon the earlier work of Cawley and Mauldin
[4], Mandelbrot [14], Riedi [17] and others. We refer the reader to the bibliographies
given in [5] and [6] for further papers. In particular, Olsen in [15] developed a strong
mathematical foundation for multifractal analysis.

Motivated in part by [16], the multifractal analysis of p-Cantor measures on C(ry,)
is investigated in [11]. There one can find the proofs of Theorem 1.2 and the geo-
metric result, Lemma 1.1.

Hu and Lau in [12] established the existence of an isolated point in the spectrum
of the 3-fold convolution of the uniform Cantor measure on C(1/3). This fact was
extended to various self-similar measures with overlap, generated by IFS with con-
traction factors 1/d, d € N, in [8, 18] and [2]. In the latter paper, formulas are given
for the spectrum in the case of convolutions of uniform Cantor measures on Cantor
sets C(1/d). A proof of the existence of an isolated point in the spectrum of con-
volutions of very general Cantor measures is given in [10]. Theorem 1.3 is proven
in [1]. Pathological examples are constructed in [2] and [19].

Hu and Lau have extensively investigated the multifractal analysis of self-similar
measures with overlap in a series of papers, including [7-9] and [13].
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Chapter 2
Multifractal Analysis and Wavelets

Stéphane Seuret

Abstract In this course, we give the basics of the part of multifractal theory that
intersects wavelet theory. We start by characterizing the pointwise Holder expo-
nents by some decay rates of wavelet coefficients. Then, we give some examples of
wavelet series having a multifractal behavior, and we explain how to build wavelet
series with prescribed pointwise Holder exponents. Next we develop the problemat-
ics of multifractal formalism, going from the intuitive formula by Frisch and Parisi
to explicit and exploitable formulas. We prove that “multifractals are everywhere,”
in the sense that typical functions in Besov spaces or typical measures are multi-
fractal in the sense of Baire categories. We finish by some well-known examples of
multifractal wavelet series, random and deterministic, focusing on the influence of
certain adaptive threshold procedures to the multifractal properties of signals.

2.1 Introduction

In the context of functional analysis, multifractal analysis is concerned with the
local regularity and the scaling behavior of functions: it is an attempt to describe
the geometric and statistic distribution of the singularities of a function. One major
motivation for going inside multifractal theory is that multifractal studies have
direct connections with many mathematical fields (harmonic and functional analy-
sis, probability theory and stochastic processes, dynamical systems and ergodic the-
ory, geometric measure theory, and even number theory), and simultaneously they
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20 S. Seuret

have many natural application fields (physics, biology, and physiology, amongst
many other upcoming examples) based on the developments of new numerical pro-
cedures in signal and image processing.

In this course, we develop the basic facts about multifractal analysis of functions,
the tools being mainly geometric measure theory and wavelets.

Let us start by recalling how the local regularity of a locally bounded function is
quantified.
Definition 2.1. Let f € L (RY), and xo € R?. Let o € RT \ N.

The function f is said to belong to C*(xp) if there exist two positive constants
C >0, M > 0, a polynomial P with degree less than | o] (the integer part of o), such
that when |x — xo| < M,

|f(x) = P(x—x0)| < Clx —xo|*. 2.1
Then, the pointwise Holder exponent of f at x is
hy(xo) = sup{or > 0: f€C%xo)}, (22)
If hf(xo) = h, the point xq is called a singularity of order / for f.

Observe that when the exponent /7(x) is strictly less than 1, it takes a much
simpler form:
1 —
hy(xo) = liminf og|f(x) f(x0)|’

N loglx—xo|

where by convention log0 = —oe.
Exercise 2.1. Prove that the polynomial P in the definition of C*(x) is unique.
Exercise 2.2. Prove that if s < s', C* (x) C C*(x).

Exercise 2.3. Let f € C°(x), and call F a primitive of f. Prove that F € C*!(x).
Build an example where A 7(x) = s and hr(x) = s+ 2.

Exercise 2.4. Let f € C*(x), with s > 1. Does one always have f’ € C*~!(x)?

This exponent /¢(x) encapsulates significant information about the local behav-
ior of f around x: the less its value is, the more irregular the graph of the function f
locally looks like.

As can be seen on real data signals (see Figure 2.1), or as can be computed on
“pure” mathematical functions, the pointwise Holder exponent A ¢(x) can be very
erratic when viewed as a function of x, even for functions very easy to define.
The most popular example of function whose pointwise Holder exponent /1 (x) de-
pends highly on x (in a non-continuous manner) is certainly the “non-differentiable
Riemann function,” i.e. the lacunary Fourier series

2

R =Y sin(nznx).

n>1 n
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0 (a)
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Fig. 2.1 1D-signal of the velocity of a turbulent fluid [18].

It took almost 140 years to complete the multifractal analysis of R, i.e. to compute
the pointwise exponent of R at every x and to fully describe the geometric distri-
bution of these singularities!! The graph is plotted on Figure 2.2. In particular, R is
differentiable at the rationals p/q, where p and ¢ are both odd.

Even if one is able to compute the pointwise Holder exponent of a function f
at every point x, the knowledge of all these exponents does not necessarily give a
concrete idea of what the graph of the function looks like, or of which the most
significant singularities (or the most frequent ones) are. In order to describe the
diversity of the local behaviors of f, one focuses on the iso-Holder sets associated
with the pointwise Holder exponents.

Definition 2.2. For every i € Rt U {+oo}, the iso-Holder set E¢(h) is the set
Ep(h) = {x€RY : hy(x) = h}

of all singularities of pointwise Holder exponent for f equal to A.

1.2657

-1.2657 3/2

0 2

Fig. 2.2 “Non-differentiable” Riemann function, and its multifractal spectrum.

A single iso-Holder set E¢(h) may be concentrated around one region of RY,
or spread all over the space. One thus needs a way to compare the sizes of the
sets E¢(h). It turns out that the right notion to distinguish them is the Hausdorff
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dimension, the main reason being the following: if one keeps in mind that the models
we are interested in are built using procedures involving either random construction
or dynamical systems, then our intuition (based on the law of large numbers or the
Birkhoff ergodic theorem, depending on the context) makes us expect that there is
a single value A such that Lebesgue-almost every x € R? has a pointwise Holder
exponent A, for f (the same value hg for Lebesgue every x!). So the Lebesgue mea-
sure is not the appropriate tool to measure the size of the iso-Holder sets, since one
E¢(h) will have full Lebesgue measure, and all the other ones will have measure 0.
It is natural idea to compare their “fractal” dimension. Actually, “fractal” dimen-
sion does not exist, it is either box (also called Minkowski) dimension, Hausdorff
dimension or less frequently packing dimension. It appears that for many natural
functions or sample paths of stochastic processes, the sets Ey(h) are fractal (what-
ever this means!) and often dense in the support of the corresponding function.
Unfortunately, the box dimension gives full dimension (i.e., dimension d) to any
dense set, so it does not distinguish them. This is one of the heuristic reasons that
explains the choice of the Hausdorff dimension (there are other explanations based
on theoretical results, as will be explained below), and leads to the definition of the
main object of study of this course.

Definition 2.3. The multifractal spectrum (also called the spectrum of singularities)
of a locally bounded function f : RY — R is the mapping dy : RT U{+oo} — [0,d]U
{—oo} defined by

h — dy(h) := dim Eg(h),

where dimj stands for the Hausdorff dimension, and where by convention
dim 0 = —oo.

dy(h)

dim(E, (1)

Fig. 2.3 Example of multifractal spectrum

The multifractal spectrum of a function contains information regarding the
geometric distribution of the singularities of f. See Figure 2.3 for an example of
multifractal spectrum. Of course, at first sight this quantity may seem difficult to
compute, even more to estimate on real signals or images. Indeed, before accessing
to the value of dy(h), many limits are needed, and the successive approximations
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would lead to results that are certainly meaningless. This is where the notion of
multifractal formalism arises. We do not develop it here, just indicating the main
idea of it: for “homogeneous” functions (i.e., functions which at least statistically
have the same scaling behavior in any region of R¢), following some heuristics from
turbulence and thermodynamic formalism, it is reasonable to expect that the multi-
fractal spectrum should be a concave function and should satisfy an equality having
the following form:

dg(h) = ;gﬂg(qh —Cr(q) +4a), (2.3)

where (r(g) is some global quantity computed from f, called the scaling function
associated with f. In this situation, the multifractal spectrum is thus obtained as
the Legendre transform of the scaling function, hence leading to the concave shape
for dy that we mentioned before. For continuous functions, a possible definition

for {¢(q) is
r(q) :==sup {s >0:f€ B;{;’o’?(Rd)} :

Of course the precise value of the scaling function {¢(¢) may depend on the context,
nevertheless, in all cases, when formula (2.3) (or an analog of it) holds true for a
function f and an exponent %, one says that the multifractal formalism holds for
f at h. See Section 2.4 for all details.

The intuition that the multifractal formalism holds for nice models is supported
by numerous representative examples: many stochastic processes (Lévy processes,
wavelet series, etc.) obey the multifractal formalism, as well as “typical” func-
tions in many function spaces (the set of monotonic functions, Holder and Besov
spaces for instance). Moreover, even if the multifractal formalism does not hold, the
Legendre spectrum

&i(h) = ;gﬂg(qh —Cr(q)+a)

is meaningful since it encapsulates information about the histograms of oscilla-
tions or of wavelet coefficients associated with f. The key point is that the scal-
ing function {¢(g) as we defined it just above, and thus its Legendre transform
4 f* (h), is accessible by numerical methods (using log-log diagrams for instance),
while dy is not. Hence, the Legendre spectrum Cf* (h) is a quantity that can be
estimated on every signal or image, and its form can be interpreted in terms of pres-
ence/relevance/density of the singularities of the object under consideration. The
reader is referred to the course of P. Abry and S. Jaffard in the same volume to
learn about efficient numerical procedures to estimate various scaling functions (see
also [1, 2]).

Wavelets constitute a natural tool to study the multifractal nature of a function.
For, there are two main reasons: the first one is that the pointwise Holder exponent
can be characterized by size estimates on the wavelet coefficients (see Theorem 2.4
below). The second one is that many function spaces (Holder and Besov spaces
for instance) can also be characterized by decay rates of the wavelet coefficients.
Also, the fact that a wavelet basis is self-similar by construction (all the functions
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Yk = 24/ 2y(2/x — k) are obtained through a translation and dilation of a same
initial function ) is a priori an advantage to study “fractal”-like properties, but this
could be discussed since it is self-similar with very specific ratio (powers of 2) while
one aims at studying any irregular function. Anyway, wavelets are very important
tools in this course, and some prior knowledge about their construction is advised,
although we will only use their basic properties (vanishing moments, space and
frequency localization).

The course is organized as follows. Section 2.2 contains the necessary material
for the rest of the course: wavelet coefficients, Hausdorff dimension and some geo-
metric measure theory, local dimensions of measures. In Section 2.3, we prove the
characterization of the pointwise Holder exponent by size estimates of the wavelet
coefficients, or by size estimates of the wavelet leaders. We also explain how to build
a function with prescribed local regularity, and give some examples of multifractal
wavelet series. In Section 2.4, we develop the intuitive notion of multifractal formal-
ism, and then give some theoretical results on multifractals; for instance, we explain
how to obtain a priori upper bounds for multifractal spectra for Besov function and
measures. In Section 2.5 it is proved that typical functions or measures (in the sense
of Baire’s category) in suitable function spaces are multifractal. There, we use meth-
ods described in Section 2.2 to effectively compute the Hausdorff dimensions of the
iso-Holder sets of some functions. Finally Section 2.6 contains examples of multi-
fractal functions built as wavelet series (the proofs are essentially written as long
exercises).

2.2 Recalls on Wavelets and Geometric Measure Theory

2.2.1 Wavelets

We recall very briefly the basics of multiresolution wavelet analysis (for details see,
for instance, [15, 33]). For an arbitrary integer N > 1 one can construct compactly
supported functions y® € CV(R) (called the scaling function) and y' € CV(R)
(called the mother wavelet), with y! having at least N 4 1 vanishing moments (i.e.,
Je X"yl (x)dx =0 forn € {0,...,N}), and such that the set of functions

l[/}’k cxe yl(2ix—k)

for j € Z,k € Z form an orthogonal basis of L?(R) (note that we choose the L*
normalization, not Lz). In this case, the wavelet is said to be N-regular.
Let us introduce the notations

of — (0,0, ,0), 14.— (1,1,---,1), Ld:{O,l}d\Od.

An orthogonal basis of L?(IR9) is then obtained by tensorization. For every A =
(j,k,1) € Z x Z¢ x L, let us define the tensorized wavelet
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1inj
¥ (x) =P (2/x— k) : H y/j b

with obvious notations: k = (ky,kz, -+ ,kg) and 1 = (11,15, ,14).
Any function f € L?(R?) can be written (the equality being true in L?(R%))

flx) = > dy ¥, (x), (2.4)

A=(jk,)):jeZ,keZd 1eL4

where

dy = di(f) =2 | ¥ (x)ar. 25)

It is implicit in (2.5) that the wavelet coefficients depend on f. Observe that in the
wavelet decomposition (2.4), no wavelet ¥ such that 1 = 0¢ (where 4 = (j k1))
appears.

Assumption: We always assume that the wavelet has a number of vanishing
moments larger than the index of regularity that we are looking at. Typically, if we
focus on singularities on order &, we assume that y! has at least || + 1 vanishing
moments.

The reason for this assumption is that wavelets with enough vanishing moments
can be used to characterize Holder functions.

Theorem 2.1. For s € R, \N, a function f belongs to C*(R?) if and only if there
exists a constant C > 0 such that

VA €ZxZx{0,1}¢  |dy(f)| <C27. (2.6)

We do not prove Theorem 2.1 here, it is a good exercise, the proof of which can
be achieved by adapting the proof of Theorem 2.4 given later.

Wavelets can also be used to characterize functions in a Besov space, see Sec-
tion 2.4.3.

2.2.2 Localization of the Problem

We are interested in the local behavior of functions, hence when focusing on x €
R?, what happens far from x should not interfere with our questions. Moreover,
again because we concentrate on local phenomena, the low frequency terms have
no importance in our analysis. This is why we focus only on functions supported by
[0, 1]", and when we deal with wavelets, we assume that the function we deal with
have a wavelet decomposition like

f = z dllf';L (x) 2.7
A=(jk)):
i>0,k277e[0,1)4 114
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2.2.3 Hausdorff and Box Dimension

Two notions of dimensions of sets in R? will be used below: the Hausdorff dimen-
sion and the upper box dimension. We recall them quickly.

Let X be a bounded set in R?. For every € > 0, denote by N¢(X) the minimal
number of balls of diameter € needed to fully cover the set X. The lower box dimen-
sion of X, denoted by dimp(X), is then the real number € [0,d] defined as

log Ne (X
dimp(X) = liminf % e(X), (2.8)
e—0t  —loge
Similarly, the upper box dimension of X is
1 X
dimp(X) = limsup 0gNe (X) (2.9)

esor  —loge
Exercise 2.5. Prove that N (X) is well defined, and that dimg(X) < d.
Exercise 2.6. Build a set X such that dimg(X) < dimg(X)
When dimg(X) = dimg(X), one denotes by dimg(X) their common value.

Exercise 2.7. Prove that:

1. the box dimension of an open set is d.
2. the box dimension of the triadic Cantor set is log2/log3.
3. the box dimension of a set X dense in [0, 1]¢ is d.

We also recall the definition of the Hausdorff dimension.

Definition 2.4. Let s > 0. The s-dimensional Hausdorff measure of a set X, 5#(X),
is defined as

() = lim 27 (), with () = inf { TP .
the infimum being taken over all the countable families of sets X; such that |X;| < r
and X C J; X;. Then, the Hausdorff dimension of X, dim » X, is defined as
dimyy X =inf{s > 0: 7 (X) =0} = sup{s > 0: H#*(X) = +oo}.
It is a good exercise to prove that for any bounded set E C R?, we have
0 <dimy(E) < dimg(E) <d.

In order to find an upper bound for the Hausdorff dimension of X, the most
common method is the following: First guess what the dimension should be, call §
this expected value. Then, fix s > 0, and find a covering (X;);cn of X such that
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H° <U X,») < oo,

ieN
This implies, by the definition of dim s X, that s > dim s X. This being true for any
s > 8, one deduces that 6 > dim s X, hence the upper bound.

Obtaining a lower bound is in most cases much more difficult. Let us mention
the mass distribution principle, on which most methods are based.

Theorem 2.2. Let X C RY be a Borel set, and assume that there exists a positive
finite measure |1 supported by X satisfying the following scaling property: there
exists a positive real number s > 0 and a constant C > 0 such that

foranyx € X, forany0<r<1, u(B(x,r)) <Cr'.

Then 5°(X) > “(g), and thus dimz X > s.

Exercise 2.8. Prove that the Hausdorff dimension of the triadic Cantor set is
log2/log3 (Hint: apply Theorem 2.2 with the uniform measure on the Cantor set).

Another theorem that often allows one to compute Hausdorff dimension of iso-
Holder sets in multifractal analysis is the following theorem by Beresnevich and
Velani [10]:

Theorem 2.3. Let (x,),>1 be a sequence of points in [0,1]%, and let (I,),>1 be a
positive non-increasing sequence of radii. If

z (limsupB(x,,, l,,)) =z ([0, 1]d)=

n—y—+oeo

(L% is the d-dimensional Lebesgue measure), then for every & > 1, one has

P e (limsupB(x,,, (l,,)’g)) = oo,

n—y—+oeo

Exercise 2.9. Let &, be the approximation rate of an irrational number x € [0, 1] by
the dyadic numbers, defined by

Ec=sup{E >0:|x—k2 /| <27 for i.m. pairs (j,k), j > 1, k odd}.
1. Prove that for every irrational number x € [0, 1], & > 1.

2. Let Sg = {x: |x—k27/| < 27/ for i.m. pairs (j,k), j > 1, k odd} and S = {x:
&, = &}. Prove that

Se={ N Ser |\ | U Se

§'<é &>¢

3. Prove that for & > 1, dim (S¢) < 1/£ and dimjf(gé) <1/¢&.
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4. Prove that for £ > 1, %1/5(S5) = %1/5(55) = doo,
5. Deduce the value of the Hausdorff dimension of S¢ and 55, forevery & > 1.

Exercise 2.10. Let &, be the Diophantine approximation rate of an irrational number
x € [0,1] by the rationals, defined by

E=sup{E>0:|x—p/q| < g 2 fori.m. ¢ > 1 and p with pAg = 1}.

Here, the notation p A g stands for the largest common divisor of the two integers p
and q.

1. Prove Dirichlet’s theorem: for every irrational number x € [0, 1], & > 1. (Hint:
Use the pigeon-hole principle).
2. Let

Seg={x:|x—p/ql < g% for infinitely many ¢ > 1 and p with pAg = 1}

and S‘Vé = {x: & =&}. Prove that

Se=| NS |\ [ U Ser

&r<& &'>¢&

3. Prove that for & > 1, dim(Sg) < 1/& and dim,;f(gé) <1/E&.
4. Prove that for & > 1, %1/5(S5) = %1/5(55) = oo
5. Deduce the value of the Hausdorff dimension of S(: and 5,5, forevery & > 1.

Other methods will be probably used hereafter, we will mention them along the
proofs.

2.2.4 Local Dimensions of Measures

Recall that the support of a Borel positive measure, denoted by Supp(u), is the
smallest closed set E C R? such that u(R¢\ E) = 0.

Definition 2.5. Let u be a positive measure supported on R? at xo € Supp(u). The
(lower) local dimension Ay, (x0) (also called local Holder exponent) is

hu(x0) = liminf log t(B(xo, 7))

2.10
r—0t logr ( )

where B(xp,r) denotes the open ball with center xy and radius r. When xo ¢
Supp(), by convention we set /1, (xg) = +oo.
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Of course, in R, there is a correspondence between the local dimension of a
measure and the pointwise Holder exponent of its primitive F (x) = [ d/i.

Exercise 2.11. Prove that if & (xo) ¢ N, then g (xo) = hy (xo). Is the converse true?
(Hint: consider the Lebesgue measure).

Iso-Holder sets and multifractal spectrum are quantities that can be defined for
measures using the same ideas: One sets

Ey(h) = {x € R : hy(x) = h}

and
dy:h —dy(h):=dimy Ey(h).

Contrary to what happens for measures, there is a strong constraint valid for all
measures: for every i > 0, for every positive Borel measure on R4, one has (see next
sections)

dy(h) <min(h,d).

This is one major difference between measures and functions from the multifrac-
tal standpoint (essentially due to the fact that measures have bounded variations).

2.2.5 Legendre Transform

The Legendre transform appears in many places in analysis, we recall the properties
that are needed in the following.

Definition 2.6. Let L : R — R be a concave increasing function. The Legendre trans-
form of L is the mapping L* : R — RU{—co} defined by

hs L*(h) == qigﬂg (gh—L(q)).

The assumption that L is increasing is not necessary for the definition of the
Legendre transform, but it will be the case in our context in the following. In our
cases, the function L satisfies L(0) < 0, and in this case one shall keep in mind the
following properties:

e The support of L* is included in the smallest interval containing L'(R), the
extreme points may or may not belong to the support, depending on L.

e L*is concave on its support.

o Ifh=1'(q) (ie., Lis differentiable at g), then L*(h) = gh — L(q).

e When L'(0") exists, the Legendre transform L* reaches its maximum at h =
L'(0T), and L*(L'(0T)) = —L(0).

e L* is increasing on the interval when h < L/ (O*), and is decreasing when h >
L'(0") (again, the extreme points may not belong to the support).
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We draw the attention of the reader that L is not necessarily continuously differ-
entiable, and that difficulties may appear to find the precise range of real numbers &
such that L*(h) > 0. These problems occur in many contexts, too numerous to list
in detail now.

Exercise 2.12. Prove each of the preceding items.

2.3 Pointwise Holder Exponent

2.3.1 Characterization by Decay Rate of Wavelet Coefficients

Recall the Definition 2.2 of the pointwise Holder exponent of a locally bounded
function f at a point xo € R?. The definition of / £(x) involves some function spaces
C*(x), which can be (almost) characterized by the decay rate of the coefficients
located around xy, as stated by the next theorem of Jaffard [22].

Theorem 2.4. Let s € R\ N, and let f € L*(RY).

Assume that f belongs to C*(xq). Then, there exist two constants M > 0 and
C > 0 such that for every A = (j,k,1) such that j >0, |xo —k27/| < M, and for
everyl € L2, one has

ldy,| <C277 + |xo—k27])". @.11)

Conversely, if the wavelet coefficients of a function f € U Ccé([o, 1]d) satisfies
>0

(2.11), then f € Cfog(xo).

Recall that f € Cfog (xo) when locally around xo, there exists a polynomial P of
degree less than |s] such that

1F(x) = P(x —x0)| < Cl — xo[*[ log | — xo. (2.12)

As usual, the symbol A < B means that inequality A < CB holds for some constant
C independent of the parameters involved in the formula.

Proof. We start by the direct implication. Assume that f € C*(xp), and let us call P
the unique polynomial such that if |x — x| < M (for some constant M), (2.1) holds
true.

Fix A = (j,k,1) such that j > 0 and

lxo— K277 <M :=M)2. (2.13)
One has

dy =297 [ 10 Wdx =2 [ (1)~ Plx—x0)) ¥ ()

a ™
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where we used the vanishing moments up to the order |s| to introduce the
polynomial in the integral. Then,

<2 [ 1) - Plr— )| (9)dx

lx—xo|<M

L= VT EACT
x—xp|>

424 /‘ PO )|
x—xp|>

Let us call Iy, Jyr, and Ky the last three terms. Using (2.1), the first term is bounded
above by

In < 2df/ e — x| (27 — K) [dx

[x—xo|<M

5/ 27 (A K) — xof* [P (u) .
lu|<M2/

Since each ¥, is continuous and compactly supported, say, with support included
in [-M’,M"]%, it is uniformly bounded (independently of A, due to the choice of the
L~-normalization for the wavelet family) and one gets

Iy ,S / |27j(u+k)—x0|sdu
[7M/,M/]d
< / 127 ul* + |xo — K27/ |*du
[7M'7M']d
<@t -k ) S (2 + - k2 ),
where we used the double-sided inequality (x+y)* < 25(x* +y*) <257 (x +y)*.

Let us now treat the second term. By the Cauchy-Schwarz inequality and using
that f € L*(R?), one obtains

‘ 1/2 1/2
w2 ([ repa) ([ eopa)
Sx—xo|>M |x—xo|>M
) ) 1/2
< 24 < / |‘Pl(2-’x—k)|2dx)
Jx—xo|=M

‘ 12
<2472 ( / _ |‘Pl(u)|2du> . (2.14)
J2i (k) —xo| =M
Observe that our choice (2.13) for A imposes that
{u: 277 (u+K) —xo| > M} C {u:|u| > M2/} (2.15)

The wavelets y° and y! being compactly supported, (2.15) tells us that the integral
in (2.14) is O for j large enough.
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The third term is treated almost similarly. The polynomial P being of degree at
most ||, one can write

2
Ku <24 / |P(x_x°i|d | dx
[x—xo|>M \ 1+ |X —X()|S

1/2
([ el R )Fax)
[x—xo|>M

140]

1+ |'|s+d+2

1/2

s2Y

L2(R4)

' 1/2
X (/ (1+ |x—x0|”d+2)2|lf"(2fx—k)|2dx>
[r—xo|>M
) ) 1/2
< 2dil? (/ 1+ |2f(u+k)—x0|s+d+2)2|lff'(u)|2du) .
|u|>M2J

where (2.15) has been used. Again, the last integral is zero when j becomes large.
Hence the first assertion.

Exercise 2.13. Prove that the same holds when the wavelets are not compactly sup-
ported (Hint: use their rapid decay at infinity).

Let us move to the converse implication, which is more delicate to handle with.

Assume that (2.11) holds for every A = (j,k,1) such that j >0, |xo—k27/| < M,
andl € L4,

We start from the decomposition (2.7). Since each P, is at least C*J+1(R?), this
is also true for every function f; defined as the sum over each fixed generation j of
the wavelet coefficients of f, i.e.

fj(-x): Z d?LlPl(-x)v

A=(jk,): k2=i€[0,1)9,1eL4

The partial derivatives of f; are: for every a := (ay,...,04) € N such that |o| :=
o +---+ 0y < |s|+1, one has
9“fj(x) = )y dy 9" (x),

A=(jk)): k2—i€[0,1]4,1eLd

Each partial derivative of y” and ! is compactly supported, hence they satisfy the
inequalities for all v € RY

C

| < 1+ |v[2st2d+4 (2.16)

99 (v)
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where the constant C is uniform in o ranging in the set of indices such that |o;| <
|s| + 1. Since ¥ (x) = ¥'(2/x — k), the last upper bound yields

c2ilel

0% ()] < 14 |2x — K[|2s+2d+4°

From this we deduce that

109 f;(x)| < 3 ;| c2ilel
e & ix — Kk|2s+2d+4°
A=(j.k,1): k2=ic[0,1]4, 1eL4 1+ |2J_x k| s

Observe now that, up to a modification of the constant C, (2.11) is also true for
A = (j,k,1) such that j >0, |xo —k27/| < 1 (not only for |xo —k2~/| < M), since the
sequence of the wavelet coefficients of f are necessarily bounded above by || f]|;2,
thus when for all A such that |xo —k27/| > M, one has |d; | < || f]l;2 < [xo —k27/|°
(with uniform constants). This yields the upper bound

27100277 4 |xg — k277))*
14 [2/x — k[2s+2d+4

09 fi(0] 5 Y

A=(jk,)): k2=i€[0,1)9,1eL?

< )y

A=(jk)): k20,14, 1eLd

271902705 4 |x — xo|* + |x — K277]9)
1+ |2jx _ k|2s+2d+4 :

The first two terms in the last sum are independent of k, and thus the corresponding
sums are bounded above by 2/1%/(277 4 |x — xo|*). It is easy to see that the last one
satisfies

¥ zj‘a”x —k27p° < g i(s+d+2)
=Gkl ke nerd 1T 270 — k[Prradid ™

We finally get the inequality
0% £ (0] S 2127 4 e = xo ).

Since the wavelets are compactly supported, it is easily seen that f; has at least
same uniform Holder regularity as y° and y', i.e. fj belongs at least to C Ls]+1 (RY).
Using the Taylor polynomial P; of order |s| of each f;, one has

1£i(x) = Pi(x—x0)| < [x—xo*/TT sup  [9%f;(x))|
ja=ls]+1

< = x2S 27 |y — ). (2.17)
It is time now to construct the polynomial associated with f. Obviously one has
the decomposition f(x) = ¥ ;~ fj(x), hence it is natural to consider the polynomial

P =350 P; as potential candidate. From the above estimates one easily sees that
this polynomial is well defined.
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We fix some x close to xgp. Let us call jj the unique integer such that
2700 < |y — x| < 2700FL,

Recall that f is supposed to belong to C"(R?), for some 1 > 0. We then introduce
the integer

. { SJ>.
J1=1Jo Jos
n

where we can assume that j; > jo since 1) can be taken as small as we want. It re-
mains us to bound above the difference |f(x) — P(x — xo)| by the desired quantity,
i.e. |x —xo|*|log |x — xo||. Let us split this quantity into four terms, depending on the
generations of the associated wavelet decomposition. More precisely,
Jo J1
f0) =P(x—x0) = Y (fi(x) = Plx—x0)) + D, fi(x)

=0 J=jot1
Jroo

+ Y i)=Y Pilx—x).

Jars i=jor1

We call Sy, S5, S3, and S4 the four sums above.
First, we have by (2.17)

Jo
111 < D 1i(x) = Pilx —xo)|
j=0

Jo . .
S =g HH2I D (27 4 — o)
j=0
/S |x_xO|[sJ+1 i (Zj(\_strlfs) +2j([sj+l)|x_xO|s)
j=0
< o — x| LT Jo(slH1=9)  dollsl+1) | — xo19)

5 |x_x0|sv

where the last “miracle” follows from (2.18). Then, by (2.17) with oz = 09,

J1 J1 )
20 Y WIS X @ +l—xol)
J=jo+1 J=jo+1

< (1 =jo) (2770 + e —x0l*) < |x —xo[*| log |x — o,

since j1 — jo ~ jo(1 —s/n) ~log|x — xo|| by (2.13). Further, recalling that the func-
tion f € C(R?), the wavelet coefficients of f; satisfy |d) | < 277", one sees that
|| £l < 2791 (here the assumption that the wavelets are compactly supported makes
the computations easier). Hence,
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305 X2 fils X 27T g2 M g2 S v —xol”
J=itH j=itH

Finally, each polynomial P; has the form

Pi(x—x0) =Y, Y cad®fj(x0)(x—x0)",

for some universal coefficients c,,. Hence it can be bounded above as follows us-
ing (2.17)

[s]
Pi(x—x0)| £ D, Y, cald®fi(xo)|lx—xol"

n=0|a|=n

ls) ‘
< Z 2 x —xo|" (277 + |x — x0)*)
n=0

< 2 x| @7 o xol),

where we used that j > jo, implying 2/|x — xo| > 1. Finally,

18 Y IP@IS Y 20— x| (27 4 Jx —xof) € Jx— o
=i+ j=jo+1

This concludes the proof.

Let us end this section with an important remark: Theorem 2.4 tells us that to
find the value of /¢ (xp), it is not enough to look at the wavelet coefficients that lie
inside the “cone of influence” around xp, i.e. the A such that [k277 — x| < M277.
The cone of influence contains the wavelet coefficients whose value is influenced
by the value of f at x, and one may believe that they are the only ones that play a
role in the value of the pointwise Holder exponent of f at x. In fact, when the largest
coefficients are located within the cone of influence of xg, xq is a cusp.

But it may happen that coefficients located very far from the cone of influence are
the most important ones, in the sense that the inequality (2.11) is saturated for the
coefficients. Actually, when (2.11) is saturated for wavelet coefficients d; satisfying
|x — xo| ~ 27/P for some p < 1, one can prove that x is an oscillating singular-
ity with singularity exponent 1/p — 1 (see the next sections for more details). So
it is definitely not enough to concentrate on the cone of influence, especially when
building local regularity algorithms. This is also one main motivation for introduc-
ing wavelet leaders.

Exercise 2.14. Construct a wavelet series in R such that all its wavelet coefficients
are either 0 or equal to 27/% and such that 1£(0) = 2a, hs(x) = o if x # 0.

Is it possible to have h¢(x) = 2a if x € Q, hy(x) = a if x ¢ R\ Q? What if one
inverses the values o and 2c?
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Exercise 2.15. Prove that, under the same assumption, it is enough for the recon-
struction part to assume that (2.11) holds only for those wavelet coefficients d,
such that the corresponding A = (j,k,1) satisfies [xg — k27| < 27//10gJ,

Exercise 2.16. Consider the continuous wavelet transform defined for a > 0 and
b € R and for an L? function f : R¢ — R by

1 t—b
wiva) = g [ s0v (")
Prove an analog of Theorem 2.4 for this wavelet transform.

Exercise 2.17. Consider the Riemann series

2

3 sin(zn x).

R(x) = n2

n>1

1
and the wavelet y(x) = (eri?
1. Compute the continuous wavelet transform of R, and relate it to the Jacobi Theta

function O(z) =Y, PLied (Hint: use the residue formula.)
2. Prove that R is at least C'/ 2(x) at every x (difficult).
3. To learn more about R, see in chronological order [13, 19, 20, 25, 34].

Exercise 2.18. Let 0 < H < 1, and consider the Weierstrass function

Wi (x) = Y, 27" sin(2"x).

n>1
1. Prove that Wy € CH(R) (Hint: directly prove that |Wy (x) — Wy (v)| < Clx—y|*.)
2. Using a suitable wavelet y (for instance, assuming that its Fourier transform @

has support in [1/2,2]), prove that for every x € R, hw, (x) = H. Hence, Wy is
monofractal.

2.3.2 Characterization by Decay Rate of Wavelet Leaders

Wavelet leaders are a theoretical tool introduced by S. Jaffard in [28] essentially for
numerical reasons. The main idea comes from the fact that in multifractal analysis
(see next section for the details), it is natural to consider sums of wavelet coeffi-

cients like
D, il
A:|A|=j

for a varying parameter ¢ € R. In particular, as we will explain, the behavior of the
sum when j — +oo for g < 0 is related to the decreasing part of the multifractal
spectrum of functions. It is thus natural to try to estimate the values of such sums.
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Unfortunately numerical experiments show that this quantity is extremely unstable
due to the presence of small wavelet coefficients, which, when they are taken to a
negative power, can be extremely large. Wavelet leaders have been thought to stabi-
lize these sums, and they are in fact related to multifractal analysis of capacities [30].

Definition 2.7. For every A = (j,k,1), one defines the dyadic cube I, associated
with A by

L =[k277, (k+1)27Y)
= 27 kg 27 27 X x kg2 kg2 427,
where k = (ki,...,kg) € Z°.

Let f be a function of the form (2.7). For every A = (j,k,1) with j > 0 such that
k27 € [0,1]¢, one defines the wavelet leader D; by

D) =sup| |dy/|: Iy C U L +i277
ie{—1,0,1}4

In other words, the wavelet leader D), is in fact the maximal value (in absolute
value) amongst all the wavelet coefficients d)+ such that the corresponding cube I/
lies inside 7, or inside one of its 3¢ — 1 immediate neighbors.

Exercise 2.19. Prove that for every f € L? each wavelet leader is a maximum (not
only a supremum).

It is immediate that if I, C I, D,, < D, . Hence, instead of having wavelet
coefficients that may be sparse, we end up with leader coefficients that enjoy a nice
decreasing property (the set of wavelet leaders forms a capacity as a function of the
dyadic cubes, i.e. a decreasing set function on the dyadic wavelet tree). Multifractal
analysis of capacities has been studied in [5, 30] for instance.

Definition 2.8. For every xo € [0,1]¢ and j > 0, let us denote by A;(xo) the unique
cube (up to the value of 1 € LY) such that xp € A with |1| = j, and we set

Dj(X()) = ij(x()) and Ij(X()) = ij(xo)'

We also set A;(xo) = (j,Kj(xo),1) (the index 1 has no importance here, only the
location matters).

The main theorem relating wavelet leaders and pointwise regularity is the fol-
lowing.

Theorem 2.5. Let f be locally bounded of the form (2.7). Then

. logDj(xo)
o) = 111§41r§of log2—J

3

where log(0 = —oo by convention.
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Proof. The proof is rather quick and is based on Theorem 2.4. Let & := hy(x).

Let € > 0. Inequality (2.11) implies that for large j, all wavelet coefficients
around x satisfy

ldy] < C(277 4 |xg — k27 |)"¢.

LetJ > 0and A = (J,K,L) be such that [K2™/ — xo| < M (the constant M being the
one such that (2.11) holds).

Let A" = (j,k,1) be such that I, C I, +i2~7, for some i € {—1,0,1}. Obviously
one has [k27/ —xo| <2-277/, thus

dpr S 277 + o — k27| S 2709
We deduce that |D; | <2/("~%) and thus that

liming °E2700)
j—+e  log2~J

Letting € go to zero gives one inequality in (2.18).

Moving to the converse inequality, we know that (2.11) must be saturated for
some coefficients. Let € > 0, and consider one coefficient A = (j,k,1) such that

|3l = (277 + o —K27|)"e.

There are infinitely many such coefficients. _
Let J be the unique integer such that 27/~! < |xg —k27/| < 27/. Then, by con-
struction, I; C I;(xp) + 27 for some i € {—1,0,1}¢. This yields that

Dy(x0) > |dy| = (277 + |xg — k2 7/])He > 2/ 0+28),

Taking liming of both sides, we get
logD;
liming ©8P7 ) <4 e
j—=+e  log2~J
and the result follows when € tends to zero.

Exercise 2.20. Prove that there must exist (an infinite number of) A such that
Dj, = |dy].

2.3.3 Prescription of Holder Exponents

As said in the introduction, the exponent mapping x — A ¢(x) of a locally bounded
function may not be regular, and one may wonder what form this mapping can take.
It is also natural, for practical purposes, to try to build functions with prescribed
Holder regularity. This problem is completely solved (see [23]).
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Exercise 2.21. Let g be a strictly positive and continuous function. Build a function
f such that its pointwise Holder exponents are exactly &¢(x) = g(x) at every x (Hint:
modify the Weierstrass function Wy introduced in Exercise 2.18).

Proposition 2.1. Let f € C"(R?) for some 1 > 0. Then the mapping x v+ h(x) is
the liminf of a sequence of continuous functions.

Conversely, if (gn)n>1 is a sequence of continuous functions satisfying g, > 1,
then there exists a function f € C"(R?) such that

hy(x) =liminfg, (x).
Proof. Let us start by remarking that any function f has the same pointwise Holder
exponents everywhere as the sum f + g where g is the wavelet series whose wavelet
coefficients are all equal to +2-7 for J 2 0 (there is no need to precise how the signs
are chosen). Hence, up to a modification that does not affect the pointwise Holder

coefficients, one may assume that the wavelet coefficients of f satisfy |d) | > 27
for every j > 2.
Then, (2.11) implies that

. log|d, |
hp(x) = liminf . .
r0) = imind rog(2i 4 x— k2o

logldy|
log(27/+|x—k2~/|
with respect to x. Hence, i (x) is indeed the liminf of a sequence of continuous
functions.

Let us denote by g, the map x — ) It is obviously continuous

Conversely, consider a sequence (g,),>; of continuous functions greater than
n > 0. We work only on the cube [0, 1]¢, the extension to R is immediate by con-
catenation. We build iteratively a wavelet series by the following method.

Let us first start by remarking that we can assume that each function g, is C'.
Otherwise we replace g, by any C! function g, such that ||g, — gx/|- < 1/2". Then
it is obvious that

g(x) = liminfg,(x) = liminfg,(x).

n—r—oo n—r-oeo

We first construct a sequence J,, as follows.

Fix Jy = 1, and assume that J,, is found. To find J,,; 1, consider g, 1. By uniform
continuity, there exists J, 4| such that [x — y| < 2%+ implies |g,41(x) — guy1(y)| <
2~ (+1) We also assume that

zflninf{gn(x):xe[o,l]d} > 27.I~,1+1(sup{gn+l(x):xG[O,l]d})'
Finally, we choose J,,+| as the integer

Jn1 = max(J, +n,ﬁl+1vsuP{|Vgn+l(x)| :x €[0,1]}).
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Then, we prescribe the wavelet coefficients d; for all A = (j,k,1) as follows: if
Jn < j<Jpt1,thend; =0, and if j = J, for some n > 1, one sets

dy = o—jen(k27/)

Fix xo € [0,1]¢, and recall the Definition 2.8 of A;(xo) and k;(xo). It is a triv-
ial matter to check that our construction implies that for every J,, for the wavelet
leader Dy, (xo),

_ n D (X ) n
Jn/2 Jn \A0 Jn/2
2 S zfjngn(kzijn) S 2 )

By (2.18), one has hf(xg) < liminf,_, e gx(ky, (x0)2~’*). But our construction im-
plies that for every n, |g,(ky, (x0)27%) — gu(x0)| < 1/2", hence

liminf g, (ky, (x0)2~"") = liminfg, (xo),

from which we deduce that /17 (xp) < g(xo).

Conversely, by Exercise 2.15, it is enough to consider those wavelet coefficients
around x that satisfy |xo — k2 /| < 27//1°2/» One sees that for such a coefficient
A=,k 1),

(dy | = 227 < o= (10 (x0) —sup{IVgn (v):x€[0,1]}-fxo—k2 1)

But our construction implies that
0 < sup{|Vgn1(x)] : x € [0, 1]} |xo — k2| < J 27/ loehn,
which tends to zero when # tends to infinity. This yields
|d; | < 2.2 Insnx0)

for n large. In particular, h¢(xg) > liminf,_, ;. g, (x0) = g(xo0). This gives the con-
verse inequality.

Exercise 2.22. Extend last Proposition to functions that are only continuous, or only
with bounded variations.

We finish this section by drawing the attention of the reader that what we have
achieved for functions is not known for measures: one does not know what the
possible forms of the local dimension map of a measure are like. The situation is
much more complicated, as proved by next exercise [11].

Exercise 2.23. Consider the local dimension mapping x — h(x) associated with a
probability measure i on R?. Prove that if it is continuous on an open set £, then it
is constant and equal to d on (2.
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2.3.4 Other Exponents

The pointwise Holder exponent does not fully describe the local behavior of a con-
tinuous function. For instance, it does not reflect the local oscillatory behavior: the
functions fi(x) = |x|'/* and f>(x) = |x|'/*sin(|x| ") have the same exponent 1/4
at 0, but they exhibit obviously a different behavior.

There are many other local regularity exponents that allow one to distinguish
functions with the same pointwise Holder exponent. Let us mention two of them.

Definition 2.9. The local Holder exponent of f at xj is defined as

hl(xo) = lim sup{a: > 0: f € C*(B(x0,€))},

where B(xo, €) stands for the ball (using any norm) centered at xy of radius .

Exercise 2.24. Prove that the formula (2.18) makes sense, and that the value does
not depend on the choice of the norm.

The local Holder exponent is always lower than the pointwise Holder exponent
(Exercise: prove it!). This other exponent is often used when studying local regu-
larity of stochastic processes, for which it is often difficult to obtain results that are
valid almost surely for all points (while it is often easy to get an exact value for
every point almost surely). For instance, for a multifractional Brownian motion (see
[9, 29] for definitions), one can compute almost surely the value of every hlf(x),
and sometimes the value of /7(x) is not known (only for every x almost surely, not
almost surely for every x: nevertheless under some conditions the pointwise Holder
exponent is known everywhere almost surely).

Another exponent encapsulates the oscillatory behavior of a function.

Definition 2.10. For every € > 0, let /¢ be a fractional primitive of f of order &.
Then the oscillating exponent of f at x¢ is defined as

Br(xo) = lim <8h§éxo)) o —1.

£—0

Recall that a fractional primitive f¢ of order € of, say, a L* function can be
defined via the formula

Fo00) = (=8)2(f) (),
or via its Fourier transform by

A

7()
(1+[gP)ere

Exercise 2.25. Prove that for every € > 0, hye(x0) > hy(xo) + €. Deduce that the
formula (2.18) makes sense.

feE) =

umolter@dm.uba.ar



42 S. Seuret

As an example, it is quite easy to see that for the functions f; and f, introduced
at the beginning of this section, S, (0) = 0 while f£,(0) = 1. The term sin(|x| ') is
responsible for the value f7,(0) = 1, and one can prove that the oscillatory content
is indeed contained in ¢ (x).

When By (x) > 0, x is called an oscillating singularity of f. Itis also often referred
to as a chirp, on the opposite to the case where B¢ (x) = 0, where the singularity is
called a cusp.

Detecting oscillatory singularities is an important issue in signal processing, one
knows that many phenomena occur only on such points (for instance, dissipation of
energy in turbulent fluids may be due to this kind of singularities [17]).

2.3.5 An Example

Let u be a positive Borel probability measure on [0, 1]%. Let us construct the wavelet
series Fy, by prescribing its wavelet coefficients as follows: for every A, we set

dy, = (L)

Assume that the measure is uniformly regular, in the sense that there exist a
constant C > 0 and an exponent s, > 0 such that for every ball with center x and
radius 0 < r < 1, one has

W(B(x,r)) < Cy/tmin,

These assumptions can be weakened, as the reader can easily check.

Proposition 2.2. Under the assumption above, the wavelet series Fy, converges,
Fy € Cwin(RY), and for every x € [0,1)%, one has

hr, (x) = hy(x).
In particular, d;, = dpu.
Proof. We let the proof as an exercise. The idea is essentially to prove that there is a

universal constant C > 1 such that for every xo € Supp(u), for every j > 0, one has

c! < Dj(xo) <c,
H(B(x0,27))
where D(x) is the wavelet leader of Fj,.

Exercise 2.26. Let (&;) be a family of i.i.d random variables with common law

the normal Gaussian law. Consider the (random) wavelet series i’; whose wavelet
coefficients are

dy = u()éy-

This is a random modification of (2.18) and of F),.
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1. Prove that, almost surely, for every x, i, (x) = hﬁ; (x), and thus dr, = dﬁ;.

2. Can one weaken the i.i.d. assumption on the random coefficients? (the answer is
yes, but to what extent...)

Exercise 2.27. What happens if (2.18) is replaced by
dy =277l

for some o, § > 0?

2.4 Multifractal Formalism

2.4.1 The Intuition of U. Frisch and G. Parisi

Multifractal analysis and formalism for functions were introduced by physicists in
order to interpret some experimental observations related to Kolmogorov’s theory
of fully developed turbulence. Since the 1940s, Kolmogorov emphasized the role
in fluid mechanics played by the scaling function associated with the fluid velocity,
defined as follows. Let v(x) be the velocity at time ¢ and position x of a turbulent fluid
contained in a bounded domain Q. For every g € R, one studies the g-th moment of
v defined by

S(g.t) = /Q W(x+1) — v(x)|%dx.

In his K41 model, Kolmogorov models the small fluctuations of the velocity by a
fractional Brownian motion with Hurst exponent H = 1/3, for which one can prove
S(g,1) enjoys a nice scaling behavior of the form, for every g > 0,

S(g,1) ~ |1|""  when |I| tends to 0.
But very quickly, some experiments showed that in reality
S(g,1) ~ |1|° when |{| tends to 0, (2.18)

where the mapping ¢ — {(q), called the scaling function of the velocity, is a
strictly concave, increasing function. This has been eventually confirmed by exper-
iments that took place at the ONERA in Modane by Y. Gagne [18] (see Figure 2.1
for the one-dimensional trace of the 3D velocity of a turbulent fluid).

Uriel Frisch and Georgio Parisi had this insightful idea that the non-linearity of
the scaling function shall be a consequence of the multifractality of the velocity, i.e.
the fact that there are different pointwise Holder exponents occurring at different
places, the corresponding iso-Holder sets Ey(h) = {x €  : h,(h) = h} having non-
zero Hausdorff dimension, whose value depends on 4.
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Their heuristics was the following: Assume that there are many exponents 4 such
that their associated iso-Holder set E, (%) is non-empty, with Hausdorff dimension
dimE, (h) = d,(h) > 0. Intuitively, around every point x € R? with 4, (x) = h, one has

v(x+1) —v(x)| ~ |1

Since dimE, (i) = d,(h) > 0, there are approximately |I|~%(") cubes of size length
|I| (hence, of volume |/|*) that contain points x whose exponent is . Hence,

S(g.1) = /Q W+ 1) — v(x)|9dx ~ /h 12120 1P ~ /h 1|+ g,

When [ — 0, the most important contribution in the integral comes from the smallest
possible value for the exponent gh — d,(h) + 3. Combining this with (2.18), one
deduces that

§(g) = inf (gh —dy(h) +3).

This expression is a Legendre transform, which explains a priori the concavity of
the scaling function {. Moreover, by inverse Legendre transform, one gets

dy(h) = inf (gh—6(q) +3), (2.19)

which suggests us that the multifractal spectrum of v should also have a concave
shape.

The remarkable, and surprising, point is that despite the successive approxima-
tions made along this proof, the formula (2.19) (or resembling formulas) holds true
for many mathematical objects, from self-similar functions and measures to generic
functions. In fact, as soon as the function enjoys some nice scaling properties, this
kind of formula is expected to hold.

Definition 2.11. When a formula like (2.19) holds true, one says that the multifrac-
tal formalism is true for the function f at the exponent h.

The definition is intentionally imprecise, since the right formulation for the scal-
ing function and for the range of parameters ¢ (¢ € R, ¢ € R™, g belongs to some
interval, ...) may depend on the context (the support of the function, the function
space, ...).

It is important at this point to emphasize once again that this multifractal formal-
ism is the main reason for the use of multifractals in applications. Indeed, as said in
the introduction, it is useless to try to estimate directly the multifractal spectrum of
a signal or an image, too many limits are involved. Nevertheless, when the object
under consideration enjoys some specific scaling properties (deterministic or sta-
tistical self-similarity, independence or stationarity of increments, ...), it is natural
to look for a multifractal formalism-like formula involving a scaling function {(g),
which is hopefully easy to estimate numerically.
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2.4.2 A Rigorous Formulation of the Multifractal Formalism

It is possible to give an effective meaning to the multifractal formalism in many
contexts. The easiest one is obtained through a scaling function associated with the
wavelet leaders.

Definition 2.12. For every ¢ € R, one considers the leader scaling function of the
function f defined by

1
L¢(q) =liminf ~ log, > 1D |?
Jote = A=(j k)):k2-i€[0,1]4

From this value one deduces an upper bound a priori for the multifractal spectrum

of f.
Theorem 2.6. For every function f € C"(R?) for some 1 > 0, one has

dy(h) < Li(h) = inf (ah—Ly(q)).

L? is called the Leader Legendre Spectrum of f.

Actually we will prove a much stronger result:

e forevery h < L*(L'(0")), i.e. in the increasing part of the Leader Legendre spec-
trum,

dim - {x: hy(x) <h} < Ly(h),
e on the decreasing part & > L*(L'(07)), one has
dim e {x: hy(x) > h} < Ly(h),

where A ¢(x) is the limsup exponent defined by

logD;
hy(x) = limsup o8 JEXQ).
jtee  lOg27J

From (2.20) and (2.20) one easily deduces Theorem 2.6, since in the increasing part
dp(h) =dimy Ef(h) = dim{x € [0,1] : hy(x) = h} < dimy{x:hp(x) < h},
and in the decreasing part, one has

df(h) = dimjfEf(h) = dimﬁn{x S [0, 1] : hf(x) = h} < dimﬁn{x : hf(x) > h}
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Proof. This is actually a standard proof coming from large deviations theory, which
is only based on formula (2.18)

L logDjn)
hy(xo) = lminf ) oo

)

and on a counting argument.

From the recalls on the Legendre transform in Section 2.2.5, one knows that L’;

reaches its maximum at L(L'(07)). It is obvious that this maximum is equal to
Ls(0)=d.

Leth <L;(L'(0")). We are going to prove (2.20). In that case, the maximal value
of L*(h) is reached for a positive value of g.

Let £ > 0 be small.

Since f € C"(R?), it is enough to consider 7 > 1, and the set E¢(h) = {x €
[0,1]9 : hr(x) < h}. For every x in this set, by (2.18), there exists an infinite number
of generations j such that

27j(h+8> <Dj ()C()) .

Let us denote by N;(h,€) the number of wavelet leaders D, of generation j such
that (2.20) holds for D, (instead of D(x)). From Definition 2.12 of L, there exists
a generation J; such that for every j > Jg,

D D, |9 < 27 Es(a)=¢),
A=(jkJ):k2=i€[0,1]4

One deduces that when g > 0,

2—ilLs(q)—€) > Z |D; |1 > N]_(h,g)zqu(ths)'
l:(j,kJ):kZ*je[Oyl]d

In particular,
Nj(h,e) < 2J(ah—Ls(g)+e(1+q))

From (2.20), the set E¢(h) is included in

Eshc () U U B(k27/,2.277).

J21 j2J p=(jk):Dy>2-i(+e)
Hence a covering of E +(h) by sets of diameter less than § > 0 is given by the union

U U Bk2/.2.27),

J2T p=(j kJ):Dy >2-i(+e)

where J is such that 4.2~/ < §. Let s > gh — L¢(q) + €(1 +q). We use this covering
to bound from above the J7;’-Hausdorff pre-measure of E¢(h) as follows:
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‘%prﬁ(gf(h)) < 3 B2 7,227
=(j.k,):Dy >2-i(h+e)

A
< 2 Nj(h,s)ijs < 2 2/'(qh*Lf(q)+«€(1th1)*5)7
j=J j=J

which is finite by our choice of s. Hence, dim ;» E f(h) <'s, and letting s tend to
gh —Ly(q) + £(1 +¢) and then € to zero, one deduces that

dim - E¢(h) < gh—Ly(q).
This holds true for every g > 0, hence

dim s Ef(h) < inf gh — Ly(q).
¢>0

Finally, as said above, the positive g’s are the only ones that matter in the range
h < L}(L'(07)), hence (2.20).

Inequality (2.20) is obtained similarly, by inverting liminf and limsup and replac-
ing h¢(x) by the limsup exponent (2.20) h¢(x).

Exercise 2.28. Prove (2.20).

Theorem 2.6 yields an (adaptive) upper bound for the multifractal spectrum of
every function f. This is of course important for the applications, since the Legendre
transform of the Leader scaling function can be estimated numerically, at least if the
data set is large enough (i.e., there are many generations j available).

2.4.3 Upper Bounds for the Multifractal Spectrum
of Functions in Classical Function Spaces

In the previous section we found an upper bound for the multifractal spectrum,
but this upper bound is not related directly to “classical” function spaces. In other
words, the value of the Leader scaling function of f is not equivalent to the fact that
f belongs to a Sobolev or a Besov space. Stéphane Jaffard introduced new function
spaces, that he named “Oscillation spaces,” which are naturally associated with the
leader scaling function; we refer the reader to [28] for further details.

We explain now how to obtain a priori upper bounds for the multifractal spectrum
of a function f that belongs to a Holder or a Besov space, or when f € .Z([0,1]) =
{f:]0,1] = R: f monotonic}.

1. For the Holder space C*(R?): it is quite straightforward.

Exercise 2.29. Prove that forevery f € C*(R?), dy(h) = —if h <s,and dy(h) <d
if h >s.

Exercise 2.30. Construct a function f € C*(R?) for which d(h) =d - 1 (h).
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Exercise 2.31. Construct a function f € C*(R¢) for which ds(h) =d - 1> 000 (h)-

Exercise 2.32. Construct a function f € C*(R?) for which dy(h) =d - 1> (h).

2. For a Besov space: It is more tricky. Let 0 < s < o0, 0 < p,g < co. Assume
that the wavelets y” and y' are at least [s+ 1]-regular. The B3, ([0,1]¢) Besov
norm (quasi-norm when p < 1 or ¢ < 1) of a distribution f on [0, 1]¢ (with wavelet
coefficients dy ) is

1

18, = (2 (2“””‘ 3 W) )

i1 1A=

with the obvious modifications when p = o or g = co. The Besov space B;, ([0, 1]
is the set of functions with finite norm. It is a complete metrizable space, normed
when p and g > 1, separable when both are finite.

The following standard embeddings are easy to deduce from (2.20): For any
0<s5<0,0<p<Loo,0<g<qg <o,e>0,

B, ,([0,1]%) = B3, ,([0,1]%) — B}, *([0,1]) (2.20)

We prove the result of Jaffard [24]: belonging to a Besov space yields an upper
bound on the multifractal spectrum.

Theorem 2.7. Let 0 < p < o and d/p < s < e. For every f € B}, .([0,1]9) and
everyh>s—d/p,

d¢(h) <min(d,d+ (h—s)p),
and Eg(h) =0 if h<s—d/p.

Remark 2.1. The results have been stated for Besov spaces with g = o but it is clear
from classical Besov embeddings (2.20) that they hold identically for any g > 0.

Theorem 2.7 is not only optimal, the upper bound is actually an almost sure
equality in Bj, ([0, 1]9) in the sense of genericity or prevalence, as explained next
in Section 2.5.

Proof. The proof follows the same lines as the one of Theorem 2.6. We indicate
the main steps, and let the reader complete the missing parts as exercises. Let f €
BS, ,([0,1]?). Hence |[|BS, ,f < +ee.

1. The Sobolev embedding B5, ,([0,1]¢) < C*~4/7([0,1]¢) implies that Ez(h) = 0
forallh <s—d/p.
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2.

The inequality (2.21) is trivial when & > s, hence we fix & € [s —d/p,s). Then,
for every &’ < h, one has

Nj(H') =#{A: 2] = j and |dy| 227"} < c2/PM oo,
this inequality following from the fact that || B, . f < +-ee.

Let 2 = (j,k,1) and D; be a wavelet leader such that D; > 277", This means
that there exists A’ = (j',k’,I') such that j' > j, Iy C Ujeq_1,9,13¢ 3 +i27/ and
|dys| > 277", For every j' > j, the number of wavelet coefficients satisfying

i —j'h .
|dy| > 27" =277 7" is less than

Ny

(jh> < 2.i’p(}}hﬁ+d/p) — pJph—j'pstjd

j/
Hence,

. g . . .

#{A= (k1) : Dy > 27"y < 3 olrhTpeid

J'=i
< 9J(ph—ps+d)

The last argument implies that the leader scaling function Ly associated with f
satisfies

L¢(p) > ps—d.

at the specific value p associated with the Besov space B3, ([0,1]¢) we have
chosen. Indeed, one has

Siplr> Y D> 2i(ph=ps+d)n—jph _ o j(=ps+d)
A )L:DAEZ*J"?

Finally, apply Theorem 2.6 to get
ds(h) < ph—ps+d.

3. For monotonic functions: There are many constraints on the multifractal

spectrum of a monotonic function f € .#([0,1]) = {f:[0,1] - R: f monotonic}.
The main reason is the fact that a monotonic function has (obviously) bounded vari-
ations, and that f is the integral of a positive measure. We will work with measures
rather than functions, but the two are equivalent.

The first constraint on the multifractal spectrum is due to the famous Lebesgue

theorem on Lebesgue density, which implies that for every positive and finite Borel
measure U, for Lebesgue-almost every x € R,

i H(B5.8))

0, +o0).
e—0 ed 6[7_'—)
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This obviously implies that for Lebesgue-almost every x € R, hy(x) >d.
Theorem 2.8. For every probability measure [ supported on [0,1]¢,

dy(h) <min(h,d).

Proof. Fix a measure [, and an exponent 0 < & < d. As in the preceding proofs, we
find an upper bound for Ey, (h) = {x: hy(x) < h}.

Fix € >0,and n > 0.

Let x € E” (h). By definition of the local dimension of a measure, there exists
0 < r, < 1 such that u(B(x,r)) > (ry)"*e.

The set of balls (B(x,rx)),. Eu(n) forms a covering of E” (h) by balls centered
at points belonging to it. By the Besicovich’s covering lemma, there exists Q(d)
disjoint families F’, ' ..., F24) each of them being formed by pairwise disjoint
balls F/ = (B(x!, r! ))ieN, such that

'

Let us estimate by above the z%”nh*g Hausdorff pre-measure of Eﬂ (h) using this
covering. One gets

%}H’E (E,J

o(d)
Z orhie< ¥ Y nBed.r)
eN j=1 ieN

~.
I MA
L

©
=
s

< ¥ u((0,11) = 0(a),

J

Il
-

the last inequality following from the fact the balls constituting one family ¥ J are
pairwise disjoint. Hence dim » E, (h) < h+ ¢, for every € > 0.

Exercise 2.33. Let ¢; be the partition of [0, 1) into dyadic boxes that we denote I,

where A = (j,K) (in this section the index 1 (due the use of wavelets) does not exist).
The L7-spectrum of a measure u € .# ([0, 1]¢), which is the analog of the scaling

function associated with functions, is the mapping defined for any ¢ € R by

1
Tu(g) =liminf—  log,s;(g) where s;(g)= Y, u(l).
e [Al=j. 1(13)£0

Prove that for every probability measure on [0, 1]¢,

duh) < ()" (1) 1= inf (gh = %u(q).

Hint: use the same ideas as the one developed in Theorems 2.6 and 2.8.
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Exercise 2.34. Consider the measure

1 4
V=Y, X 2780,

2147 kodd

where &, is the Dirac mass at x. Let
& =sup{€ >0: |x—k27/| <27/ for infinitely many j > 1 and odd k}.

&, is called the approximation rate of x by the dyadic numbers.

1. Prove that &, € [1,4-o] for every x € [0, 1].
2. For every £ € [1,+o9|, construct a real number x € [0, 1] such that & = & (Hint:
use a dyadic decomposition).

. Prove that for every x, hy(x) < 1/&,.

4. Using that the dyadic numbers are well distributed in [0, 1], prove that one has
hy(x) =1/&,.

5. Conclude that the support of the multifractal spectrum of v is exactly the interval
[0,1].

6. (Difficult) Prove that for every h € [0, 1], dy(h) = h.
Hint: One can:

W

e cither prove it directly by computing dim j Ey (h) = dim z{x: & = 1/h} and
use the mass distribution principle (Theorem 2.2),

e or use the theorem by Beresnevich and Velani [10], recalled before (Theo-
rem 2.3 and Exercise 2.9). The method consists in applying Theorem 2.3 to

i —j pi i i d
the family ((k2 ,2 ))jzl,kzﬁ'e[o,l]d of dyadic balls in [0, 1]¢, to prove that

dimy{x: & =1/h} =1/(1/h) = h.

Exercise 2.35. Build a measure y supported on [0, 1] such that for Lebesgue-almost
every x € [0,1], 2y (x) > 2. (Hint: build a devil’s staircase.)

2.4.4 Another Multifractal Spectrum: The Large Deviations
Spectrum

The large deviations spectrum d}d of a function is related on the asymptotic his-
togram of wavelet coefficients, see [4, 6, 31] for a complete study of this spectrum
and an application to heart beat rates analysis. It is also relatively easy to estimate,
in practical cases.

Definition 2.13. Let f of the form (2.7), and let € > 0. For every A such that |A| = j
and k277 € [0,1]%, let hy = —j~'log, |dy | (we set hy = +oo if d; = 0). We set

NE(h) = #{A : [ —h| <&} 2.21)

and d¢ (e,h) =limsup; , .. j~'log, N¥ (h).
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The large deviations spectrum d}d(h) is defined as the mapping d}d(h) = limg_,
di¥(e,h).

Exercise 2.36. Prove that the definition makes sense, and that the mapping % —
d'(h) is lower semi-continuous.

The large deviations spectrum clearly depends on the choice of the wavelet y.
While one always has d}d (h) < (ny—d)*(h) (the Legendre transform of the wavelet

scaling function), there is no general relationship between dﬁfd and dy. The examples
we later consider illustrate this statement.

2.5 Generic Results for the Multifractality of Functions

In the previous section, we obtained upper bounds for the multifractal spectrum of
many functions, based on the function spaces to which these functions belong. It is a
natural question to ask whether these bounds are optimal. In the cases developed be-
fore, they are indeed. Even more, one can show that “almost every function” in these
spaces realizes the upper bound. This can be interpreted by the fact that the worst
regularity is the most common one, since the iso-Holder sets for typical functions
have the greatest possible dimension, as we will see.

Let us start by recalling how one can talk about “almost every” element in infinite
dimensional spaces.

Definition 2.14. A property & is said to be generic in a complete metric space E
when it holds on a residual set, i.e. a set with a complement of first Baire category.
A set is of first Baire category if it is the union of countably many nowhere dense
sets. As it is often the case, it is enough to build a residual set which is a countable
intersection of dense open sets in E.

Genericity is essentially a topological notion, and this is the one that we are going
to use in this course.

Exercise 2.37. Prove that a generic set in R must be uncountably dense.
Exercise 2.38. Find a generic set in R of Lebesgue measure 0.

There is another notion for describing the “size” of a set. Prevalence theory is
used to supersede the Lebesgue measure in any topological vector space E. This
notion was proposed by Christensen [14] and later by Hunt [21]. The space E is en-
dowed with its Borel o-algebra Z(E).

Definition 2.15. A Borel set A C E is said to be shy if there exists a positive Borel
measure U, supported on some compact subset K of E, such that

foreveryx e E, u(A+x)=0.
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A set that is included in a shy Borel set is also called shy.
The complement of a shy set A in E is called prevalent.

Prevalent sets are stable under translation, dilation, union, and countable inter-
section. Moreover, when E has finite dimension, being prevalent in E is equivalent
to having full Lebesgue measure. This justifies that a prevalent set A is referred to
as a “large” set in E and extends reasonably the notion of full Lebesgue measure to
infinite dimensional spaces.

Exercise 2.39. Prove the above claims about prevalent sets.

In what follows, we essentially deal with multifractal properties of generic func-
tions (i.e., of all functions in a generic set of some function space), but most of the
time, these results also hold true for prevalent functions (i.e., for all functions in a
prevalent set). The reader can have a look at the numerous results on the subject for
further details.

2.5.1 Holder Spaces

Theorem 2.9. There exists a dense open set (hence, generic) % C C*([0,1]¢) such
that for every f € % and every x € [0,1]%, hy(x) =s.

In particular, generic functions in C*([0, 1]¢) are monofractal,i.e. E¢(h) =0 if h #s.

Proof. Let us recall that for any f € C*(]0, 1]), there exists a constant C > 0 such
that

f= Y d¥(x) with |d|<c27”
A:A|>1

and || f||cs = inf{C > 0 : (2.22)is satisfied for all A} is a Banach norm on C*(R9).
For each integer N > 1, let us introduce the sets:

& = {f e Cs([0,1]%) : YA, 255V, e Z*}

(2.22)
Fy = {g eC'([0,1)%) : 3f € &, If — glles(oe) < 2*”*2} .

Lemma 2.1. For every N > 1, all functions in %y are monofractal with exponent s.

Proof. This follows from the fact that, given f € &y, all the wavelet coefficients of
f satisfy . .
27 <dy| < Iflles27

Thus for any function g € %y with coefficients g; and its associated f € &y:

2N 2N gy < 2 2R
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i.e.
2N < g < ([l 2V )2

In particular, g € C*(x) for any x € [0, 1]¢ and there is no xy € [0,1]¢ and s’ > s such
that g € c’ (x0). Indeed, (2.11) with s’ > s is not compatible when j tends to infinity
with the left hand-side of the above inequality.

We prove now that the set
7= P
N>1
is a dense open set in C*([0, 1]¢) containing only monofractal functions with expo-
nent s.

The preceding lemma ensures that & is composed of monofractal functions.
According to (2.22), %y is an open set and thus, so is Z. Let us check the den-
sity. Fix f € C%(]0,1]%) with wavelet coefficients d; .

Let 1 > 0, choose N > 1 so that 27V < 1. We use the “non-zero integer part”
function

-1 if —2<x<0,
E'(x)=< 1 if0<x<2,
[x] if |x] >2.
Obviously E* : R — Z* and |x— E*(x)| < 1. Let us finally define a function g € Fy
by its wavelet coefficients g; :

gL = 27js7NE* (2js+Ndl) .
By construction,
0Js |d)L _g}b| — 27N|2js+Nd)L _E* (2./'S+Nd)L) | < 2—N <n

thus || f — g|lcs < 1. This proves the density of % in C*([0,1]%).

2.5.2 Besov Spaces

One starts by constructing a measure whose multifractal spectrum is the “worst
possible” in a given Besov space B, ([0, 1]9).

Lemma 2.2. Let § = 1/p+1/q. Consider the measure v built in Exercise 2.34, and
the wavelet series F, whose wavelet coefficients f; are given by

1

fr= g2y )P,
jB
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Then, Fy € B, ,([0, 11%) and its multifractal spectrum is

foreveryh e [s—d/p,s|, dr,(h) =p(h—s)+d,
and Er,(h) =0 if h > s.

Exercise 2.40. Prove Lemma 2.2 by combining Exercises 2.27 and 2.34.
Prove that for all A such that || = j, |f3| > ]_i} 2778,

We now prove the multifractal nature of generic functions in Bj, , ([0, 1]9).

Theorem 2.10. In B, ,([0,1]?), generic functions f are multifractal with the “as
worse as possible” multifractal spectrum, i.e.

foreveryh e [s—d/p,s|, di(h)=p(h—s)+d,
and Eg(h) =0 if h > s.

Proof. The strategy to build a residual set with the desired multifractal properties
is the following. Consider a dense sequence of functions ( fn),,>1 in the separable
space Bj, ([0, 1]9) (each f, having (d") as wavelet coefficients) and replace it by
the sequence (f,),>1 whose wavelet coefficients (@} ) are defined as follows:

di =
AT R A >

{ & if || <n,

In other words, one replaces the wavelet coefficients of f,, by those of F for
large |A|.

It is easy to see that each f; has the same multifractal behavior as F, since only
the wavelet coefficients of large generation (corresponding to high frequencies) are
important for the local behavior, and that the sequence is still dense in B, ([0, 1]%).

Exercise 2.41. Prove that (f,) is indeed dense in B), ([0, 1]9).

Definition 2.16. Let § = 1/p+1/¢, and r, = nP27"4/7 /2. One defines the set Z

% = ﬂ U B(fu,7n)

N>1 n=N
where B(g,r) = {f € B}, ,([0,1)?) - ||f — gHB‘q(Ol <r}

The set Z is an intersection of dense open set, hence a residual set in B, ,([0,1]%).
The choice for the radius 7, is small enough to ensure that any function f in
PB(fn,ra) has its wavelet coefficients at generation n close to those of f, (and thus
to those of F').
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Lemma 2.3. If f € B(f,,ra) has wavelet coefficients d, then |dy —d3 | < |d}|/2.

Proof. By definition, one has d} = F;, VA such that [1| = n. Hence, by definition
of the Besov norm and the inclusion ¢4 C £:

1/p

2Pn(s7d/p) z |d;L—F,1|p < ry.
AfA=n

In particular, for any A such that [A| =n,
ld), — Fy| < r,27"6=d/p) = 2715 =B /2,

By Exercise 2.40, if [A| = j, |[F;| > 277/ jB. Combining both inequalities ensures
the result.

Let us now prove Theorem 2.10.

Let f € 2. There exists a strictly increasing sequence (n,,),>1 of integers such
that f € B(gn, Ty )-

Lemma 2.3 provides a precise estimate of the wavelet coefficients of f, namely
for any m > 1:if |A| = nyy,

1 3
F, <l|ld;| < _F;.
21_|A|_2/1

The (almost) same proof as the one used for Exercise 2.34, Exercise 2.27, and
Lemma 2.2 ensures that for any x € [0, 1]:

s—d/p<hp(x)<s—d/p+d/(p&) <s,
where Ex is the approximation rate by the family (n,,)n>1, defined by
Ex = sup{& >0: [x— k2| < 27™¢ for infinitely many m > 1 and odd k}.

The definition is almost the same as in Exercise 2.34, except that only a subsequence
of the integers is used in the dyadic approximation.

Given h € [s — Q/p,s] and the unique £" such that h = s —d/p +d/(p&E"), one
introduces the set

_ oo
£={x: &=\ U xel01hpx) <h—1/i).

i=1

By Theorem 2.7 and the remarks thereafter, one knows that dim_y{x € [0,1]¢ :
hy(x) <h'} < p(h' —s—d/p) for any i’ < h. In particular, for every i > 1, one has:
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dimy {x € [0,1]% : hyp(x) <h—1/i} < p(h—1/i—s—d/p)
<p(h—s—d/p)
=d/E".

But according to Theorem 2.3 that can be applied to the subsequence of dyadic
numbers

(kZ*Vlm ) zinm)le )
one has %Q/éhi({x: Ex = EM) = oo, thus %Q/éh(g) = o0 and
dimy & > d/E".

Next, one observes that & C E(h), since every x € {x: Ex = &M} satisfies hf(x) <
s—d/p+1/(pE") = h and, by definition, & does not contain those elements x which
have a pointwise Holder exponent strictly smaller than 4. One finally infers that:

dimyy Ef(h) > dimy & > d/E"=p(h—s—d/p).

The converse inequality is provided by Theorem 2.7 because f € B3, ,([0,1]4).

2.5.3 Measures (or Monotonic Functions)

We do not give the complete proof of the main result of this section, we refer the
reader to [11] for the details. Nevertheless we explain the context and we let the
reader observe that the main ideas to prove the results are comparable to the ones
used in last sections. Theorem 2.11 is an important result because it does not require
anything specific on the measures (no self-similarity or scaling behavior), it simply
says that typical measures are multifractal.

We recall the notion of L7-spectrum for a probability measure i supported on
[0,1]¢. We denote I, where 2 = (j,k) andk € {0,1,---,2/ — 1}, the dyadic boxes
of generation j included in [0, 1]d (in this section the index 1 (due to wavelets) does
not exist).

The L9-spectrum of a measure u € .2 ([0, 1]¢), which is the analog of the scaling
function associated with functions, is the mapping defined for any g € R by

- 1
7u(q) = liminf - logysi(q) where si(q)= > p(l)?
’ / [A1=, 1{)#0

To be able to talk about “generic” or “typical” measures in the sense of Baire cat-
egories, we need to define the topology on the set of probability measures on [0, 1]¢.
We endow it with the weak topology induced by the following metric: if Lip([0, 1]9)
stands for the set of Lipschitz functions on [0, 1]¢ with Lipschitz constant < 1, and
if u and v belong to . ([0, 1]%), we set
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d(u7V)=sup{}/fdu—/fdv

: f € Lip([0, 1]")} : (2.23)

Theorem 2.11. There is a dense G set % included in .4 ([0,1]?) such that for every
measure L € X%, we have

Vhel0,d dy(h)=h, (2.24)

and Ey(h) =0 if h > d.
In particular, for every q € [0,1], 7, (q) = d(1 — q), and u satisfies the multifrac-
tal formalism at every h € [0,d), i.e. dy(h) = 1, (h).

Remark 2.2. Theorem 2.11 has been extended by F. Bayart in [8] to measures sup-
ported on every compact set K C R,

2.5.4 Traces, Slices, Projections...

Given a multifractal function f : RY — R, it is very natural to ask whether its traces,
i.e. its restrictions to subspaces or submanifolds of R are still multifractal. This is
actually a fundamental question since, for instance, multifractality has been proved
for 1D-traces of the 3D-velocity of turbulent fluids, not for the 3D-velocity itself.
Only few is known, we give one theorem proved in [3] and [32].

Theorem 2.12. Let 1 < d' < d be two integers. For every a € R et Hy, be the
affine space

d. _ _ _
Hy={x=(x1,%2,...,%3) ERY 1 xp 1 =ay, Xy 0 =a2,...,Xg=aq_q}

Consider two positive real numbers s and p such that s —d/p > 0.
For every f € B;q(Rd), for Lebesgue-almost every a € R4 the trace of

f over s, denoted by f,, belongs to () B;"W(Rd'). If g < p, one has f, €

s'<s
s d'
Bp,qp/(pﬁ)([o’l] )
Moreover; for typical functions in B;’Q(Rd), for Lebesgue-almost every a €
R the trace of f over F, has the following multifractal properties:

e the exponents of f, all belong to the interval [s —d'/ p,s),
o foreveryh € [s—d'/p,s|, the multifractal spectrum of f is

dg,(h)=p(h—(s—d'/p)).

What is surprising in this theorem is that the typical traces of f on affine sub-
spaces possess a regularity which is better than the one guaranteed by the stan-
dard trace theorems (one knows that traces of functions belonging to B;’q(Rd) all
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b s—(d—d'd)/p ;mpd’ . .

elong to B}, 4 (R?"), but we prove that their regularity is actually better than
expected). In addition, we compute their exact multifractal spectrum which is not
the worst possible regularity, as it is the case in the preceding section. A lot is still
to be done on multifractal properties of traces of functions, and also of slices and
projections of multifractal measures (see [3, 12, 16, 26]).

2.6 Some Examples of Multifractal Wavelet Series

2.6.1 Hierarchical Wavelet Series

We come back to the example of Section 2.3.5, which was originally developed
in [7]. Let 1 be a positive Borel probability measure on [0, 1]¢, and let F, be the
wavelet series whose wavelet coefficients are

dy =277u(n)P.

Assuming that the measure is uniformly regular, i.e. there exists a constant C > 0
and an exponent /i, > 0 such that for every ball with center x and radius 0 < r < 1,
one has

w(B(x,r)) > Cylmin,

Then by an adaptation of Proposition 2.2, f € C'min(R?), and for every x € [0, 1]¢,
one has

hp(x) = o+ B-hy(x).

In particular, dr (h) = d (hﬁo‘).

Also, by Exercise 2.26, the multifractal spectrum is quite stable if one perturbs
the wavelet coefficients by multiplying them by random variables which are “not
too bad.”

Such wavelet series are nice models, since they are relatively easy to simulate
numerically, and there are some parameters that allow one to fit the multifractal
parameters of real data, by choosing relevant values of ¢, 3, and the measure y.
In addition, the hierarchical structure of the wavelet coefficients (due to the mea-
sure, if ), C I, then dy, < d) ) imply that large coefficients must be located around
the same position through scales, which correspond to real situations (for instance,
contours of images are irregular and large coefficients are located around them). Un-
fortunately, it has many unrealistic characteristics: there is no sparsity, and almost
no small coefficients.
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2.6.2 Lacunary Wavelet Series

A model somehow orthogonal to the previous one was introduced by S. Jaffard
in [27]. In his model, all coefficients are independent, but not with common law.
The model is as follows (we focus on the one-dimensional model, the extension to
R? is immediate): Let o > 0, 0 < < 1 be two parameters. Let (g,l);L:‘le be a
sequence of independent random variables in a probability space (Q,%,P), whose
law are Bernoulli laws with parameter 214N e

1 with probability 2=/

for every A such that [A| =/ > 1, = )
Y Al=i=1 e {0 with probability 1 — 21,

Then consider the (random) wavelet series Ry, whose wavelet coefficients
d) are
for every A = (j,k,[) such that [A| = jand k277 € [0,1], dj =27/%;.
Theorem 2.13. There exists an event of probability one in (Q,2,P) such that

n
o

foreveryh € [o,o /1],  dg,,(h)= "h

3

and ER,, ,, (h) = 0 otherwise.

The proof is written as a succession of Lemmas and exercises that are individu-
ally accessible (hopefully...).
Proof. 1. Observe that for all A, |dy| < 271*1% hence Ry 5 € C*(R).

2. The upper bound for the exponents is obtained thanks to the following uniform
lower bound for the wavelet leaders.

Lemma 2.4. For every € > 0, almost surely, there exists J > 1 such that for all
j>J, forall A suchthat || = j and k2=7 € [0, 1], the wavelet leader D), satisfies

D > p—ila/n+e)

Prove Lemma 2.4 using the Borel-Cantelli Lemma.

3. By (2.25), one infers that almost surely, for every x € [0, 1],
gy () < 0/ £

Since (2.25) holds true for every € > 0, one gets that almost surely, hR%17 (x) <
o/n for every x € [0,1] (observe that it is stronger than “for every x € [0, 1],
almost surely, we have...”).

Hence we get the correct range [0, a/n] for the possible exponents for Ry p,
and it remains us to compute the Hausdorff dimension of the iso-Holder sets.
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4. There is a relationship between the value of the pointwise Holder exponent A

of Rg 5 at a point x and the approximation rate of x by some random family of
intervals, which cover the interval [0, 1].

Lemma 2.5. Let us denote by (A, = (ju,kn,ln))n>1 the sequence of cubes for
which g; =1, re-ordered so that j, < juy1 for every n > 1. With probability
one, there exists a positive non-increasing sequence (€,),>1, converging to zero,
such that

[0,1] C limsup B(k,2 /n, 2~ n(1=&n)),

n—y—+oeo

Prove Lemma 2.5 using the Borel-Cantelli Lemma (this is a sort of refinement
of Lemma 2.4).

. Following Lemma 2.5 and also exercises 2.9 and 2.10, let us introduce the

approximation rate of a real number x € [0,1] by the random family (k2 I,
218y <\ as

& =sup{&é > 1:x € limsupB(k,2 I, 2~ In(1=&)Cy}

n—r-oeo

the associated (random) sets

Se={x€0,1]:x¢€ limsup B(k,2 ~/n, 2~ n(1-&n)C )}

n—r+-oeo

and finally B
Sg={x€[0,1]: & =&}

Using the same techniques as in Exercise 2.9 and 2.10, prove that almost surely,
for every & > 1, dim» Sg = dim 4 Sg = 1/&.

We now find a first inequality between the approximation rate and the pointwise
Hoélder exponent.

Lemma 2.6. If & € [1,1/n] and x € Sg, then hg,, (x) < a/(n&).

Prove Lemma 2.6. (Hint: when x € B(k,2/»,2~/»(1=8)8) find a lower bound
for the wavelet leader D, (_, )¢ (x).)

Prove that if x ¢ S¢, then for every € > 0, for all j large enough, D;(x) >
2—Jj(a/(né)+e),

Deduce that if h = ot/ (n&) with & € [1,1/7], then Eg, , (h) = S¢.

Conclude.

. Compute the almost-sure large deviations spectrum of Ry, 5. Does this spectrum

satisfy a multifractal formalism?

A generalization of these random wavelet series is developed in [4].
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2.6.3 Thresholded Wavelet Series

Thresholding is an important method in signal and image processing. As is well
known, it provides efficient methods in compression (the JPEG 2000 algorithm uses
such techniques for instance).

In this section, we give some connections between multifractal properties and
adaptive threshold methods, which are essentially based on results published in [35].

Theorem 2.14. Let f be a function satisfying (2.7), and assume that f € C%([0,1])
for some € > 0. Assume that there exists an exponent h > 0 such that d}d (h) < dg(h).
Then there exists a set E C E¢(h) of dimension dy(h) of oscillating singularities

for f.

Exercise 2.42. Demonstrate Theorem 2.14 by proving that for € < d¢(h) — d}d(h),

there is not enough wavelet coefficients A = (j,k,1) satisfying d; ~ 2~1*1" to create
a set of Hausdorff dimension d (k) of points such that |x — k27| <27/(1-¢),

Essentially, the last Theorem asserts that if the multifractal and the large devia-
tions spectra do not coincide, there are oscillating singularities! It is thus a simple
theoretical way to detect chirp-like behaviors. Unfortunately it is not applicable,
since it requires the knowledge of the multifractal spectrum.

This theorem is completed by the next one. Let us introduce an adaptive thresh-
old to keep, at each generation, the greatest wavelet coefficients. The same can be
achieved by keeping only the smallest wavelet coefficients.

Definition 2.17. Let f be a function satisfying (2.7). Let y > 0. The function
series f7, defined by

fyiz z dk']l\dl\ngjvlpx
J21 A=)

is said to be obtained from f after an adaptive threshold of order 7.

We learn from Theorem 2.14 that for any function f which is sufficiently smooth,
d}d(h) < dy(h) for some exponent /2 > 0 ensures the existence of oscillating singu-
larities for f. For such a function f, if d¢(h) > 0 for some & > 0, a threshold of
order Y < h imposes d?{, (h) = 0. But since a threshold increases (local and global)
regularity, every point x€E +(h) has a pointwise Holder exponent for f7 at x which
is greater than . These points are good candidates to be oscillating singularities
for f7.

Theorem 2.15. Let f be a function satisfying (2.7), ¥ > 0, and assume that f €
C4([0,1)) for some € > 0. Assume that E}((h) £ 0. Let [V be the function obtained

after an adaptive threshold of f of order Y < h. Then for every x € E¢(h), either
hyr(x) = oo, or x is an oscillating singularity for f7.
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Exercise 2.43. Prove Theorem 2.15. One can first observe that necessarily /¢y (x) >
hy(x), and then estimate what is the loss of value for the wavelet leader D;(x) in
terms of h — 7.

This theorem can be interpreted as a sort of Gibbs phenomenon for the adap-
tive threshold we proposed. It is also a very convenient method to create functions
with homogenous non-concave multifractal spectra, as stated by the following (last)
theorem, proved in [35], in which a concrete case is treated.

Theorem 2.16. Let U be the binomial measure on the interval [0, 1] with parameter
0 < p < 1/2, whose multifractal spectrum ranges in [—1og, (1 — p), —log,(p)], and
consider the wavelet series g whose wavelet coefficients are built according to the
hierarchical model of Section 2.6.1, i.e. dj = u(I).

Let @y : [y,—log,(p)] — (0,+00) be the increasing function

u+1+1log, p
y+logp

Let hlox = ()o],’1 (—log,(p)). The multifractal spectrum of g¥ ranges in [—log,(p),
hhax), and equals

dy(h)  if he [logy(1— p).1,
dyr(h) = {dg«ﬁyl(h)) e (3l

*

& h

Fig. 2.4 Multifractal spectrum of g (left) and of g¥ (right) when —log, (1 — p) < v < —log,(p).

See Fig. 2.4 for the multifractal spectra of g and g7.
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Chapter 3
An Introduction to Mandelbrot Cascades

Yanick Heurteaux

Abstract In this course, we propose an elementary and self-contained introduction
to canonical Mandelbrot random cascades. The multiplicative construction is ex-
plained and the necessary and sufficient condition of non-degeneracy is proved.
Then, we discuss the problem of the existence of moments and the link with non-
degeneracy. We also calculate the almost sure dimension of the measures. Finally,
we give an outline on multifractal analysis of Mandelbrot cascades. This course was
delivered in September 2013 during a meeting of the “Multifractal Analysis GDR”
(GDR n° 3475 of the french CNRS).

3.1 Introduction

At the beginning of the seventies, Mandelbrot proposed a model of random measures
based on an elementary multiplicative construction. This model, known as canonical
Mandelbrot cascades, was introduced to simulate the energy dissipation in intermit-
tent turbulence [19]. It was probably inspired by previous heuristics described by
Richardson in [22]. In two notes [20, 21] published in *74, Mandelbrot described
the fractal nature of the sets in which the energy is concentrated and proved or con-
jectured the main properties of this model. Two years later, in the fundamental paper
[15], Kahane and Peyriere proposed a complete proof of the results announced by
Mandelbrot. In particular, the questions of non-degeneracy, existence of moments,
and dimension of the measures were rigorously solved.

Y. Heurteaux ()

Clermont Université, Université Blaise Pascal, Laboratoire de Mathématiques, BP 10448, F-63000
CLERMONT-FERRAND - CNRS, UMR 6620, Laboratoire de Mathématiques, F-63177 Aubiére,
France

e-mail: Yanick.Heurteaux @math.univ-bpclermont.fr

© Springer International Publishing Switzerland 2016 67
A. Aldroubi et al. (eds.), New Trends in Applied Harmonic Analysis,
Applied and Numerical Harmonic Analysis, DOI 10.1007/978-3-319-27873-5 3

umolter@dm.uba.ar


mailto:Yanick.Heurteaux@math.univ-bpclermont.fr

68 Y. Heurteaux

Mandelbrot also observed that in a multiplicative cascade, the energy is dis-
tributed along a large deviations principle: this was the beginning of the multifractal
analysis.

Multifractal analysis has been developed a lot in the 1980s. Frisch and Parisi
observed that in the context of the fully developed turbulence, the pointwise Holder
exponent of the dissipation of energy varies widely from point to point. They pro-
posed in [12] a heuristic argument, showing that the Hausdorff dimension of the
level sets of a measure or a function can be obtained as the Legendre transform
of a free energy function (which will be called in this text the structure function).
This principle is known as multifractal formalism. Such a formalism was then rig-
orously proved by Brown Michon and Peyriere for the so-called quasi-Bernoulli
measures [10]. In particular, they highlighted the link between the multifractal for-
malism and the existence of auxiliary measures.

The problem of the multifractal analysis of Mandelbrot cascades appeared as a
natural question at the end of the 1980s. Holley and Waymire were the first to obtain
results in this direction. Under restrictive hypotheses, they proved in [14] that for any
value of the Holder exponent, the multifractal formalism is almost surely satisfied.
The expected stronger result which says that, almost surely, for any value of the
Hoélder exponent, the multifractal formalism is satisfied was finally proved by Barral
at the end of the 20" century [2].

Let us finish this overview by saying that there exist now many generalizations
of the Mandelbrot cascades (see, for example, [8] for the description of the principal
ones).

In the following pages, we want to relate the beginning of the story of canonical
Mandelbrot cascades. As a preliminary, we explain the well known determinist
case of binomial cascades. It allows us to describe the multiplicative principle, to
introduce the most important notations and definitions, and to show the way to cal-
culate the dimension and to perform the multifractal analysis. Then, we introduce
the canonical random Mandelbrot cascades (Theorem 3.1), solve the problem of
non-degeneracy (Theorem 3.2) and its link with the existence of moments for the
total mass of the cascade (Theorem 3.3). In Section 3.5, we prove that the Mandel-
brot cascades are almost surely unidimensional and give the value of the dimension
(Theorem 3.4). Finally, in a last section, we deal with the problem of multifractal
analysis, and prove that for any value of the parameter § the Hausdorff dimension
of the level set of points with Holder exponent 3 is almost surely given by the multi-
fractal formalism (Theorem 3.8). To obtain such a result, we use auxiliary cascades
and we need to describe the simultaneous behavior of two cascades (Theorem 3.6)
and to prove the existence of negative moments for the total mass (Proposition 3.5).

Part of this text is inspired by the founding article [15] by Kahane and Peyriere.
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3 An Introduction to Mandelbrot Cascades 69

3.2 Binomial Cascades

In order to understand the multiplicative construction principle, we begin with a very
simple and classical example, known as Bernoulli product, which can be regarded
as an introduction to the following.

Let .%, be the family of dyadic intervals of the n™ generation on [0,1),0 < p < 1
and define the measure m as follows. If € ... g, are integers in {0, 1}, and if

Ieyey = igi igi-i- ez
E1& — ) P ns
S22

then
m(l.e,) = p(1—p)" ", where S,=g +--+&. (3.1)

The measure m is constructed using a multiplicative principle: if I = I, ..s, € Fp
andin I’ = I,...,0 and I" = I¢,...¢,1 are the two children of / in .%,, 1, then

m(l'y = pm(I) and m(I") = (1 —p)m(I).

If x€[0,1), we can find €1,...,€en,--- € {0,1} uniquely determined and such that
forany n > 1, x € I¢...ep. We also denote Igj..e, = I,(x) and we observe that

i) = (o (13 -0)

where |I| is the length of the interval I. By the strong law of large numbers applied
to the sequence (en), we can then conclude that

logm(l,(x))

lim log 1) =h(p) dm— almost surely

where i(p) = —(plog, p+ (1 = p)logy (1 — p)).
Using Billingsley’s theorem (see, for example, [11]), it is then easy to con-
clude that
dim, (m) = dim*(m) = h(p)

where dim, (m) and dim*(m) are the lower and the upper dimension defined by
dim,(m) = inf(dim(E) ; m(E) > 0)
3.2)
dim*(m) = inf(dim(E) ; m([0,1]\ E) = 0).
It means that the measure m is supported by a set of Hausdorff dimension 4(p) and

that every set of dimension less that 4(p) is negligible. We say that the measure m
is unidimensional with dimension A4(p).
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If Dim(E) is the packing dimension of a set E and if

Dim, (m) = inf(Dim(E) ; m(E) > 0)
(3.3)
Dim*(m) = inf(Dim(E) ; m([0,1]\ E) = 0),

we can also conclude that

Dim,(m) = Dim*(m) = h(p).

3.2.1 Multifractal Analysis of Binomial Cascades

Binomial cascades are also known to be multifractal measures and it is easy to com-
pute their multifractal spectrum. Let

B L logm(ln(x))_
e~ {rsm ol 8

The multifractal spectrum of the measure m is the function 8 > dim(Eg).
Recall that

T = (w2 )owi)

Without lost of generality, we can suppose that 1/2 < p < 1, so that —log, p <
—logy (1 —p).

Suppose that 8 € [—log, p, —log, (1 — p)]. We can find 6 € [0,1] such that
B =—(Blog, p+(1—6)log(1 - p)).
It follows that Eg = {Sn” — 9} and we can conclude that
dim(Eg) = —(01og, 6 + (1 — 0)logy(1 —0)) = h(0) := F(B) (3.4)

B+logy(1-p)
where F() =h (logz(log;) loizp)'

Suppose now that 8 ¢ [—log, p, —log, (1 — p)] and observe that

logm(l,(x))
loglh (] = o)

It follows that Eg = 0 and dim(Eg) = —

—log,(p) <
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We can finally give the graph of the multifractal spectrum of the measure
m (Fig.3.1).

o
3
=

- N
n [==]
T T T Y T |

(=}
1

dim (E,,) =h(p) T-----

W15 TT T TTT T T T T T T T I T T T T T B
00 10 15 20 25

-'Ogj(sp) : “-log,(1-p)
h(p)

Fig. 3.1 The graph of the multifractal spectrum of the measure m. The dimension of the measure
m is the abscissa of the point where the curve intersects the first bisector.

3.2.2 Binomial Cascades Satisfy the Multifractal Formalism

We can also rewrite formula (3.4) in the following way. If mg be the binomial cas-
cade with parameter 6, the measure my is supported by Eg and we have

dim(Eg) = dim(mg) = h(0).
Moreover, if g € R is such that
q
o= P
pi+(1=p)
and if I € .%,, we have
mo(I) = 05 (1— )" 5n
p?r(1— p)atn=sn
(1 =p)a)"
= m(1)?|1|"
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where 7(g) = log, (p?+ (1 — p)9) is the structure function of the measure m at
state g.

Finally, if we observe that § = —(01log, p+ (1 — 0)log,(1 — p)) = —7'(q), we
can conclude that

dim(Eg) = —(0log, 0 + (1 —8)log, (1 —8))
= —q7(q)+1(q)
=1°(=7(q))
=7(B)

where 7°(3) = inf; (¢ + ©(¢)) is the Legendre transform of 7.

We say that the measure m satisfies the multifractal formalism and that myg is a
Gibbs measure at state g. Such a construction of an auxiliary cascade will be used
in Section 3.7.

Remark 3.1. The new measure mg is obtained from m by changing the parameters
(p,1—p)in P! (7P ). The quantit ! is just the renormal-
p,t=p pi+(1=p)1? pi+(1-p)? J° q Y prt(i-pyr 9

ization needed to ensure that the sum of the two parameters is equal to 1. A similar

idea will be used to construct auxiliary Mandelbrot cascades (see the beginning of

Section 3.7).

Remark 3.2. If m is a binomial cascade, we have

>, m)? =Y p'mI)+(1-p)imI)? = (p?+(1-p)7) 3, mI1).
1€F 04 1€ 1%,

Finally,
1
log, (p?+ (1 —p)9) =limsup log, ( Z m(I)")

n—ytee N 1%,

which is the classical definition of the structure function 7 (see Section 3.6).

3.2.3 Back to the Existence of Binomial Cascades

We want to finish this section with an elementary proposition which gives a rigorous
proof of the existence of a measure m satisfying (3.1). Denote by A the Lebesgue
measure on [0, 1) and let

my = fudA  where f,=2" % po(1—p)"y, .

IfI =1Igy..¢j € #}, we have

mi(I) = pi(1—p)y~Si=mp ()= =mj(I) = -+

umolter@dm.uba.ar



3 An Introduction to Mandelbrot Cascades 73

1
7
08 ,//
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0.5 05 1 L3

Fig. 3.2 The repartition function of the measures m, my, mz, and m.

and the sequence (m,(1)),>1 is convergent. We can then use the following elemen-
tary proposition (Fig. 3.2).

Proposition 3.1. Let (my),>1 be a sequence of finite Borel measures on [0,1).
Suppose that for any dyadic interval I € J;o %}, the sequence (my(I))n>1 is con-
vergent. Then, the sequence (my),>1 is weakly convergent to a finite Borel mea-
sure m.

Remark 3.3. In Proposition 3.1, we can of course replace the family of dyadic
intervals by the family of ¢-adic intervals (¢ > 2). Proposition 3.1 will be used in
Section 3.3 to prove the existence of Mandelbrot cascades.

Proof (Proof of Proposition 3.1). Observe that if f is a continuous function on [0, 1]
and € > 0, we can find a function ¢ which is a linear combination of functions 1i;
with I € ;> #; and such that ||f — @[/ < &. By the hypothesis, the sequence
J ©(x)dmy,(x) is convergent and we have

’/fdm,,—/fdmp < ’/(pdm,,—/(pdmp
< ‘/(pdmn—/(pdm,,

It follows that the sequence [ f(x)dmy,(x) is convergent. The conclusion is then
a consequence of the Banach-Steinhaus theorem and of the Riesz representation
theorem.

F 11 = @lleo(ma([0,1]) +m,([0,11))

+ Ce.

3.3 Canonical Mandelbrot Cascades: Construction
and Non-degeneracy Conditions

3.3.1 Construction

In all the sequel, £ > 2 is an integer and .%, is the set of {-adic intervals of the n™
generation on [0, 1). We denote by ., the set of words of length n written with the

umolter@dm.uba.ar



T4 Y. Heurteaux

letters 0,... .0 —land A =, #,. f € =€ ---&, € My, et
n n
Ek Ek 1
lgy.e, = [Z pk’ 2 V3 T €n> € Fn.
k=1 k=1

Let W be a non-negative random variable such that E[W] = 1 and (Wg)ec.z be a
family of independent copies of W.
If A is the Lebesgue on [0, 1], we can define the sequence of random measures by

my = fuA  where f, = Z We, We,ey -+ We, g 11181",6".
el--en€M

The construction of the measure m,, uses a multiplicative principle and
m(lg,..e,) =L "We, Weyg, -+ W, ., -

We have the following existence theorem :

Theorem 3.1 (existence of m). Almost surely, the sequence (my),>1 is weakly con-
vergent to a (random) measure m. The measure m is called the Mandelbrot cascade
associated with the weight W.

Remark 3.4. The condition E[W] = 1 is a natural condition. Indeed if

Yn::mn([O,l]):/olfn(t)dl(t):f” S WeWee, Wepoeys

€1 EnEMn

then

E[Yn] =" 2 E [Wsl W€1€2 ’ “Wsl'“en—l} E [Wsl'“en]

&1 EnE My

= E[Y, 1] x E[W]

and the condition E[W] = 1 ensures that the expectation of the total mass does not
goto 0 or to +oe.

Proof. Let <7, be the c-algebra generated by the W, € € .#| U--- U .#,. Define
Y, :=my([0,1]). An easy calculation says

E[Yn+l|£{n] = gi(nﬂ) Z E[W81W8182 ' "W€1"'8nW€1"'8n+1 |J2{n]

€1 & EMp 1

=N W Wee, o Weyog, E[Wey ey |
€1 Enp 1 €My

:Yn

and the sequence Y}, is a non-negative martingale. So it is almost surely convergent.
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More generally, if I = I,...q, € F,

_ p—(k+n
Myin (1) = £~ > Way o WoyeoaWoyagery * Wonone 1 -6m

i1 Eptn€EAMn

and a similar calculation says that my.,(I) is a non-negative martingale. Finally, for
any I € Jy>o % the random quantity m, (1) is almost surely convergent (Fig. 3.3).

Observing that the set Uk>0Zx is countable, we can also say that almost surely,
for any I € Uyso-Fk,» ma(I) is convergent and the conclusion is a consequence of
Proposition 3.1.

n=2 : : H H H H |

0.6 n=4 e
n=7 | ; ; ; ; ; ; ;
n=10}: : : : : : :

0.5 N=12 |0 4

035 oo SO TOUU U RO UUUUUUNS SORUUURO SUUURO
Lo R e S R AR

e S T s T

0 i I I I I I I I I I

Fig. 3.3 The repartition function of the random measures myp, mq, my, mjg, and my (from
[9]).The total mass is not equal to 1.

3.3.2 Examples

3.3.2.1 Birth and Death Processes

We suppose in this example that the random variable W only takes the value 0 and
another positive value. Let p = 1 — P[W = 0]. To ensure that E[W] = 1 we need to

take P [W = 117 ] = p. When m # 0, its support is a random Cantor set.

3.3.2.2 Log-Normal Cascades
This is the case where W is a log-normal random variable, that is, W = eX where X

follows a normal distribution with expectation m and variance 6. An easy calcula-
tion says that
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E [EX] /exef(x m)? /202 dx
V21
_ [ mtow) jutj2 AU
V21
_ [ w022 gmio?2 AU

V2n

2
— MO /2'

In order to have E[W] = 1 we need to choose m = —c? /2. In other words,

W = ¢ON—0%/2

where N follows a standard normal distribution.

3.3.3 The Fundamental Equations

Define ¥, = m, ([0, 1]) as above. Then,

_ (n+1)
Y”H_E 2 We Weye, -+ Wey g,y
€1 &t

lf 1 (35)
ZW/ e Z stz' J-En

€t

and the sequence (¥,) is a solution in law of the equation

Yoi1 = Z WY, (3.6)

where the Y;,(0),...,Y, (¢ — 1) are independent copies of ¥;, and are independent to
Wo,... . Wo_1.
Taking the limit in the equality (3.5), the total mass Y., = m([0, 1] is also a solution

in law of the equation
1 1

2 W, Yool 3.7)

where Y.(0),...,Y(¢ — 1) are independent copies of Y.., and are independent to
Wo,... . Wo_1.

Equations (3.6) and (3.7) are called the fundamental equations and will be very
useful in the following.
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3.3.4 Non-degeneracy

As proved in Theorem 3.1, the sequence ¥, = m, ([0, 1]) is a non-negative martingale
and we only know in the general case that E[Y..] < 1. In particular, the situation
where E[Y..] = 0 is possible and is called the degenerate case. The first natural prob-
lem related to the random measure m is then to find conditions that ensure that m is
not almost surely equal to 0 (i.e., E[Y..] # 0). An abstract answer is given by an equi-
integrability property. We will see further a more concrete necessary and sufficient
condition (Theorem 3.2) and more concrete sufficient conditions (Proposition 3.4
and Theorem 3.3).

Proposition 3.2. Let m be a Mandelbrot cascade associated with a weight W.
Denote as before Y, = my ([0, 1)) and Yoo = m([0,1]). The following are equivalent

LEY.]=1
2. E[Y.] >0 (ie., P[m([0,1]) #0] > 0)
3. The martingale (Y,) is equi-integrable.

In that case, we say that the Mandelbrot cascade m is non-degenerate.

Proof. Suppose that 2 is true. Considering Z = , it follows that the fundamental

equation

Yeo
E[Y..]

1 /-1
Z=, 2WiZ(j)
=0

has a solution satisfying E[Z] = 1.
Iterating the fundamental equation, we get

Z= Y We o Wepe, Z(€1 -+ &)

n
€1 EnEMp

in which the Z(el--- en) are independent copies of Z, independent to the We. Let
27, be again the o-algebra generated by the We, € € .4, U ---U . #,. We get

Elzle) = |

n

Y W Weg,E[Z(€1- &) =Y,
€1 EnEMy

and the martingale (Y,) is equi-integrable.

The proof of 3 = 1 is elementary. Indeed, if we suppose that the martingale (Y,,)
is equi-integrable, it converges almost surely and in L' to its limit Y... In particular,
E[Y.] = r}grgoE[Yn] =1.

Remark 3.5. In fact, the proof of Proposition 3.2 says that the condition of non-

degeneracy of the cascade m is equivalent to the existence of a non-negative solution
Z satisfying E[Z] = 1 for the fundamental equation
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1371
Z= ' ;)sz(j). (3.8)
=

Remark 3.6. Equation (3.8) may have non-integrable solutions. For example, if £ =2
and W = 1, equation (3.8) becomes

Z- ;(2(1)+z(2)).

If Z(1) et Z(2) are two independent Cauchy variables (with density (1de2) ), then Z
is also a Cauchy variable.

In the non-degenerate case, we only know that P[m # 0] > 0 almost surely. A nat-
ural question is then to ask if P[m # 0] = 1 almost surely. The answer to this question
is easy.

Proposition 3.3. Suppose that the Mandelbrot cascade m is non-degenerate. Then,
Pm#0l=1 ifandonlyif P[W =0]=0.

Proof. Suppose that (¥,) is equi-integrable. Let us write again the fundamental

equation
141

Yo = ¢ ZWJ'Yw(j)'
j=0
Then
PY.. =0] = P[WpY(0) =0and --- and W;_Y..(£{ — 1) = 0]

= PWY.. = 0]
= (1—P[W #0and Y., #0])"

If » = P[W = 0], it follows that P[Y.. = 0] is a fixed point of the function

fo) = (r+(1=rp)".

We know that P[Y.. = 0] < 1. The second fixed point of the function f is equal to 0
if and only if r = 0. The conclusion follows (Fig. 3.4).

In the L? case it is easy to obtain a condition on the second order moment which
gives non-degeneracy.

Proposition 3.4. Suppose that E[W?| < +oo. The following are equivalent

1.EW? </
2. The sequence (Y,,) is bounded in L?
3.0 < E[Y2] < +oo.

In particular, if 1 is true, the sequence (Y,,) is equi-integrable and the cascade m is
non-degenerate.
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-3

0.2 "/

Fig. 3.4 The function f has two fixed points.

Proof. Let us write the fundamental equation

Y1 = ZWY

We get

-1
E[Yn2+1] ;2 <Z [(Wz +2E Wi¥ )W/Yn(f)]>

Jj=0 i#]

xL(L—1)

It follows that the sequence (E[Y,?]) is bounded if and only if the common ratio
éE [W?2] is lower than 1. So 1 is equivalent to 2.

2. = 3. Suppose that the sequence (V) is bounded in L?. We know that the
martingale (Y;,) converges in L. In particular

E[Y2] = lim E[Y?] < 4oo.
n——oo
Moreover the sequence (Y2) is a submartingale and the sequence (E[Y,?]) is non-
decreasing. It follows that E[¥2] > 0, which gives 3.
3. = 1. Suppose that 0 < E[¥2] < 4. According to Proposition 3.2, the mar-
tingale (Y,) is non-degenerate. In particular, E[Y..] = 1. The fundamental equation

says that
1 1

ZWY
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It follows that

{—1
BV =, (jzoE[(w,?Ywum +§E[vvim<z’>w,-m<j>1>
1

= éE[WZ]E[Yi]—i— 12 x(l—1)

14

so that
(¢—EW)E[YZ=(—1.

In particular, E[W?] < £.

A generalization of Proposition 3.4 in the case where the weight W admits an L9
moment is possible. This is the object of Section 3.4. Nevertheless, we can also give
a characterization on the non-degeneracy of the cascade m. It is given in terms of
the Llog L moment of the weight W.

Theorem 3.2 (Kahane, 1976, [15]). Let m be a Mandelbrot cascade associated with
a weight W. The following are equivalent

1. The cascade m is non-degenerate
2. The martingale (Y,) is equi-integrable
3. E[WlogW] < log¥.

We begin with a geometric interpretation of the condition E[WlogW] < log¥.
Let us introduce the structure function 7, which is defined by

-1

1(q) =log,E [2 DWJ_] q] — log, (E[]W]) — (g —1). (3.9)

J=0

Such a formula makes sense when 0 < g < 1 (and perhaps for other values of ¢) and
we always use the convention 0¢ = 0. In particular,

7(0) = 1+ log,(P[W # 0))

which will be seen as the almost sure Hausdorff dimension of the closed support of
the measure m.
The function 7 is continuous and convex on [0, 1] and we will show that

7(17) =E[Wlog,W] — 1 < 0.

It follows that Condition 3 in Theorem 3.2 is equivalent to 7/(17) < 0.

Set ¢(q) = E[WY]. In order to prove that 7/(17) = E[Wlog,W] — 1, we have
to understand why we can write ¢'(17) = E[WlogW], with a possible value
equal to +oo. Indeed, using the dominated convergence theorem, we have ¢'(g) =
E[W7logW] when 0 < g < 1. On one hand, the convexity of the function ¢ allows
us to write
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lim ¢'(q) = ¢/(17) < +oo.

q—1-

On the other hand,
¢'(q) = E[W7logW] = E[W?logW 1y 13] + E[W7logW 1l fyy > 1]

The non-negative quantity E[W%logW 1l sy~ ;] increases to E[W logW 1l ;> 1] and
by the dominated convergence theorem, the quantity E[W4logW ]1{W<1}] goes to
E[WlogW ll;y-1y]. The formula ¢'(17) = E[W logW] follows.

Proof (Proof of Theorem 3.2). According to Proposition 3.2, we just have to prove
that Conditions 2 and 3 are equivalent.

Step 1. 7(17) < 0 is a necessary condition.

Suppose that the sequence (Y,,) is equi-integrable. Then, the fundamental equation
1 /-1
Z=, 2 WZ(j)
j=0
has a non-negative solution with expectation equal to 1. If 0 < g < 1, the function
x +— x? is subadditive (that is, satisfies (a + b)? < a?+ b?). We get
1
Elz9) < ¥ EWIZ(j)] = (E[W9)E[2).
j=0

Observe that E[Z7)] > 0, so that
1 <(EW1].
Finally, 7(q) > 0ifg<1and 7/(17) <O0.

Step 2. More precisely, T'(17) < 0 is a necessary condition.

We have to improve the previous result. We need a lemma which gives a more
precise estimate than the subadditivity of the function x — x9.

Lemma3.1. [f0< g < land if 0 <y <x, then (x+y)9 <x9+4 gy’

Proof. Using homogeneity, we may assume that y = 1 and x > 1. The inequality
(x+1)7—x7 < g is then an easy consequence of the mean value theorem.

We also need the following elementary lemma on random variables.

Lemma 3.2. Let X and X' be two non-negative i.i.d. random variables such that
E[X] > 0. There exists 6 > 0 such that for any q € [0, 1], E[X91y/>x] > SE[X1].

Proof. We claim that for any g € [0, 1], E[X?lly/~x] > 0. Indeed, if E[X?lly~x] =0
for some g, then X is almost surely equal to 0 on the set {X’ > X}. By symmetry,
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X’ is almost surely equal to 0 on the set {X > X'}. Then XX’ = 0 almost surely,
which is in contradiction with E[XX'] = E[X]E[X'] > 0. Moreover, the functions
g+ E[X?1y~x]| and ¢ — E[X4] are continuous on [0, 1] and the conclusion follows.

We can now prove that 7'(17) < 0 is a necessary condition. Let
A= {WiZ(1) > WoZ(0)}.

Using subadditivity of x — x? and Lemma 3.1, we have :

{—1
(€2)7 < Y, (W;Z(j))

j=0
(€Z)7 < q(WoZ(0))? + E(sz(j))q onA.
j=1

Then,

E[((Z)7] = E[(tZ)T 4]+ E[(£2)" N ac]

—1 —1
< GE[(WoZ(0)71a] + Y E[(W;Z(j)) " 1a] + Y, E [(W;Z(j)) lac]
Jj=1 j=0

= (¢ — DE[(WoZ(0))? 1] + LE[WYE[Z7]
< (g— 1)SE[WYIE[24] + (E[W)E[29).

We get
1
(' IEWY) > s
1+(g—1)9
so that
o
(q) = ~log/ {1+ (¢=1), ).
Finally,

6
1)< - 0.
Tl s Llogt <
Step 3. 7(17) < 0 is a sufficient condition.

We suppose that E[WlogW| < log/ (i.e., T'(17) < 0) and, according to Proposi-
tion 3.2, we want to prove that E[Y..] > 0. Now, we need a precise lower bound of

q
quantities such as (Z‘;-:l X j) . We will use the following lemma.
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Lemma 3.3. Ifxi,...,x, >0, and if 0 < g < 1, then
[ 7 )
ij > Zx‘;—Z(l—q) Z(Xixj)"/ : (3.10)
j=1 j=1 i<j

Suppose first that the lemma is true and let us write again the fundamental equa-
tion

-1
Yy =Y WiYu_1()).
j=0
Lemma 3.3 ensures that
z W iYn— 1 2(1 -q) Z(WiYnfl( )W Y- 1( ))q/z

i<j
Taking the expectation and using that ¥,/ is a supermartingale, we get
CENYS) > EWIE (XS] 60— 1)(1 - QEW P x £ [v2]
> CEWIIE [¥g) — (6= 1)(1 = ) EW < E [v?/]] g
Finally,
E[Y{) (79 —1) = E[/] (' “E[W*) — 1)

<090 —1)(1 - q)E [Yffﬂ ' E [W‘Iﬂr

< 90— 1)(1 - q)E [Yffﬂ S EWA).
Dividing by 1 — ¢ and taking the limit when g goes to 1™, we get

1% (—7(17) x logl) < ({ — 1)E [Ylfﬂ x 1

which gives that £ { yY 2} > C > 0. Observing that the supermartingale (Y / 2) on-

verges almost surely to ¥./? and is bounded in L?, we conclude that (Yn/ ) is equi-

integrable and converges in L' In particular,

E[Y}? = 1im E[r))] >C.

n—>—-o0

So E[Y.] > 0 and the cascade m is non-degenerate.
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Let us now finish this part with the proof of Lemma 3.3. Suppose first that £ = 2.
By homogeneity the inequality is equivalent to

(x+x )" >x4x71-2(1—¢q)
for any x > 0. Let
Q(x) =x7+x 97— (x+x")".
If 0 <x <1, we have
o' (x) = gx—(@+D) |:x2q 141 _x2) (1 +x2)471}
> qx*(flJrl) [xzq_ 1+ (1 _xz) (1 +(g- 1)x2)]

= gx@tD) [xz" +(g—2)x*—(¢g— 1)x4] .

By studying the function y(y) = y7+ (¢ —2)y — (g — 1)y?, it is then easy to see that
w(y) > 0foranyy € [0,1].
Finally, for any x > 0,

p(x)=p(x ) <p(1)=2-27<2mn2(1—q) <2(1—q),

and the proof is done in the case £ = 2.
The general case is easily obtained by induction on ¢, using once again that the
function x — x9/2 is subadditive if 0 < g < 1.

Remark 3.7. In fact, the proof of Lemma 3.3 says that the constant —2(1 — g) in
(3.10) can replaced by —2In2(1 — g) which is the optimal one.

Example 3.1 (Birth and death processes). Suppose that the law of the random vari-
able W is given by dPy = (1 — p)&y+ po1. Then
r

E[W9) = 0P[W = 0] + (;)qp[ _ 11)] _ i

and
7(q) = log (EW]) — (¢ —1) = (1 —¢q) x (1 +log, p).

The cascade is non-degenerate if and only if p > 1//, that is, if and only if P[W =
0]<1-— é. In that case, the box dimension of the closed support of the measure m
is almost surely d = 7(0) = 1 +log, p on the set {m # 0}.

Example 3.2 (Log-normal cascades). Suppose that

W = ecNfo'z/Z

where N follows a standard normal distribution.
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EW) = / ptlov-0*/2) 22 A%
V21
:/e*(qua)z/Zeqzoz/Zefwz/Z dx
V2

2. 2/ 2
— ¢1707/2,=407/2

and
2

t(q) = log(EW) ~ (= 1) = 7 (@*~a)~(a—1).

The cascade is non-degenerate if and only if 6% < 2log¥.

Fig. 3.5 The graph of the structure function 7 for a non-degenerate log-normal cascade.

3.4 On the Existence of Moments for the Random Variable Y.,

In Proposition 3.4, we obtained a necessary and sufficient condition for the mar-
tingale (Y,) to be bounded in L?. This condition can be generalized in the follow-
ing way.

Theorem 3.3 (Kahane, 1976, [15]). Ler g > 1. Suppose that E[W9] < oo

The following are equivalent

1. EW9] < ¢27 ! (i.e.,, t(q) < 0)
2. The sequence (Y,) is bounded in L1
3. 0 < E[YVd] < +oo.

In particular, if 1 is true, the sequence (Y,,) is equi-integrable and the cascade m is
non-degenerate.

Remark 3.8. The condition E[W9] < ¢4~! is equivalent to 7(¢) < 0. The graph of
the function 7 allows us to determine the set of values of ¢ > 1 such that (¥,,) is
bounded in LY (see Figure 3.5 for the case of log-normal cascades).
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Proof (Proof of Theorem 3.3).
2.=3.1If (¥,) is bounded in LY, the martingale (¥, ) converges in L9. In particular,

E|Yd) = lim E[Y]] < H-eo.

n—r—+oo

Moreover the sequence (Y,/) is a submartingale and the sequence (E[Y,/]) is non-
decreasing. It follows that E[YJ] > 0, which gives 3.
3. = 1. Suppose that 0 < E[Y:Z] < +ec and write the fundamental equation

-1 q
Yo)! = (Z W.,-Ymm) : (3.11)
j=0

Recall that the function x — x4 is superadditive. More precisely, (a+ b)? > a? + b?
with equality if and only if ab = 0.
Taking the expectation in (3.11) we get

E[Y8) > 3 E(Wva ()] = CEWAE(Y:]
=0

and the equality case would imply that Hﬁ;(l) (W;Yo(j)) = 0 almost surely, which is

impossible by independence. In particular, E[W9] < ¢4~
1. = 2. This is the difficult part of the theorem. Let us begin with the easier case
1 < g < 2. Recall once again the fundamental equation

(-1
LAREDN HAT)
i=0
The function x — x9/2 is subadditive so that

01 2
(Yni1)? < (Z, (Wan(j))qn)

= E(W Ya(7))9 4 X (Wila(0)) 92 (Wi ()42,
Jj=0 i#]j

Taking the expectation, and using that (¥,/) is a submartingale, we get
2
| < CE[YI)E W9+ (¢ — 1)EW9*PE [Y,?/ 2}

<LEVIEWI+ (= DEWE[Y,]!
= (E[Y! \JEWI)+0((—1).

eV,
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Finally,

£y -1

] S g _ E[wa) (3.12)

Suppose now that k < g < k4 1 where k > 2 is an integer and write

k+1 0,
(V)7 < (& (WY, (j))#/ 4D ) = 2 (W (j)'+T
Jj=0 j=0

where the quantity T is a sum of £A*! — ¢ terms of the form
(Wi, Ya(ji)) 19/ 5 (ijYn(jp))apq/(kH)

with p > 2 and o +---+ ), = k+ 1. The expectation of such a term satisfies

E (W3 Ya(in) @9/ 500 oo (W, Y, (7)) %09/ 64D |

oyq/k(k+1) opq/k(k+1)

< E[(W;¥a(n))"] X E (W, ()]

= (e we[])”

so that

ME[Yd ] < LE[YY) E W9+ (6 — 1) (E [W"} E [Y DQ/k.

Using that (Y;/) is a submartingale, we get

e —Ew < -0 (Ewie[]))" G

which is the generalization of (3.12). It follows that (¥,) is bounded in L7 as soon
as (¥,,) is bounded in L*.

Let us finally observe that the hypothesis E[W9] < £4~! (i.e., T(¢) < 0) implies
that E[W’] < £/~ (i.e., 7(t) < 0) for any 7 such that 1 < ¢ < ¢. Replacing ¢ by j+ 1
in (3.13), we also have

E [Y,jjﬂ (¢ — EWit)) < (¢ = 1) (EWIE [vi]) "

for any integer j such that 2 < j < k. Step by step we get that (¥;) is bounded in L2,
L3, ... Lk L.

umolter@dm.uba.ar



88 Y. Heurteaux

3.5 On the Dimension of Non-degenerate Cascades

The Mandelbrot cascade is almost surely a unidimensional measure as was proved
by Peyriere in [15].

Theorem 3.4 (Peyriere, 1976, [15]). Suppose that 0 < E[YelogYe] < +oo. Then,

almost surely,

logm(I,(x))

m log ()| =1—E[Wlog,W] dm— almost everywhere.

Let us recall that it is possible that m = 0 with positive probability. So, the good
way to rewrite Theorem 3.4 is

Corollary 3.1. Suppose that 0 < E[YelogYe.] < 4oo. Almost surely on {m # 0} we
have :

1. There exists a Borel set E such that
dim(E) =1—-E[Wlog,W] and m([0,1]\E)=0

2. Ifdim(F) < 1 — E[Wlog, W), then m(F) = 0.

It follows that
dim,(m) = dim"(m) = 1 — E[Wlog, W]

where dim,(m) and dim*(m) are, respectively, the lower and the upper dimension
of the measure m as defined on (3.2).
The measure m is unidimensional with dimension

dim(m) = 1— E[Wlog,W].

Remark 3.9. The condition 0 < E[Y.logY.,| < 4o is stronger than E[W logW] <
log ¢ which ensures the non-degeneracy of the cascade m. Indeed, suppose that 0 <
E[Y.logY.] < +ec and observe that the function ¢ — tlogt is superadditive. More
precisely, (a+ b)log(a+ b) > aloga+ blogh with equality if and only if ab = 0.
The fundamental equation implies that

/—1
olog(f¥.) > 3 (WY () log (WY (1)).
=0

Taking the expectation,

E[(Y..log(fY..)] > (E[(WY.)log(WY..)]

and the equality case would imply that H§

impossible by independence.

—0(W;Y(j)) = 0 almost surely, which is
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Finally,
E[Y.log({Y.)] > E[W10gW]E Y| + E[Yeo log Yoo |E[W]

so that
E|Y.]logl > E[WlogW]E|[Y).

It follows that E[Wlog W] < log{ and the cascade is non-degenerate.

Remark 3.10. Under the hypothesis of Theorem 3.4 and Corollary 3.1, we have the
following relation:

dim(m) =1 —E[Wlog,W] = —7'(17).

N/

-1 ['] 1 2 3

Fig. 3.6 The graph of the structure function 7 and its tangente at point 1. The quantity dim(m) is
the intercept of the tangente.

In particular, 0 < dim(m) < 1 almost surely on the event {m = 0} (Fig. 3.6).

Example 3.3 (Birth and death processes). Suppose that dPy = (1 —p) &y + pd: with
P
p>1/¢. Then,

7(q) = (1—¢q) x (1+1log, p) and dim(m) = 1+log, p

almost surely on the event {m # 0}.
Let ., be the set of words € € .#, such that m(I¢) > 0. The closed support of
m is nothing else but the Cantor set

supp(m) =K =) | I

n>lec

Theorem 3.4 and Corollary 3.1 ensure that almost surely on the event {m # 0}, the
Hausdorff dimension of K satisfies dim(K) > 1+ log, p which is also known as the
box dimension of K. Finally,

dim(K) =1+1log,p

almost surely on the event {m #£ 0} = {K # 0}.
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Example 3.4 (Log-normal cascades). Suppose that N follows a standard normal dis-
tribution and W = e"V=9"/2 with 62 < 2log{. We know that

2
2
= — 1 —
7(q) 210g€(q q)+1-q
and we find )
dim(m) =1— 2og! almost surely.

Proof (Proof of Theorem 3.4). As observed before, under the hypothesis
0 < E[YelogYe] < oo,

the cascade m is non-degenerate. In particular, E[Y.] = 1.
We first need to precisely define the sentence “almost surely dm-almost every-
where.” Let 2 = Q X [0, 1] endowed with the product o-algebra. Define the measure

Q by
Q[A]_E[/ﬂAdm}

Observe that the measure m depends on @ € Q2 so that Q is not a product measure.
Nevertheless,

Q[Q]_E{/dm] —EV.]=1

so that Q is a probability measure. If a property is true on a set A C Q satisfying
QO[A] = 1, then, almost surely, the property is true dm-almost everywhere. The mea-
sure Q is now very often referred as the Peyriére measure.
Recall that the measure m is constructed as the weak limit of the sequence m,, =
fuA where
fn = Z Wel Wslsz te Wel---sn ]1151,,,8,1 .

e EnEMy

The proof of Theorem 3.4 is an easy consequence of the two following lemmas.

Lemma 3.4. Suppose that E[W logW] < log{. Then, almost surely,

i 102A0)

n—y—+oeo n

WlogW] Sfor dm — almost every x.

Lemma 3.5. Suppose that E[Yo10gYe| < +oo. Let U, = ;n m. Then, almost surely,

i Jo2 i)

= —log/ for dm — almost every x.
n—r+oo n
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Suppose first that Lemma 3.4 and Lemma 3.5 are true and recall that dm = f,,d,.
The density f, is constant on any interval of the n'" generation, so that

m(I(x)) = fn( VA (¥) = fu () (1 ().

Sy (x
It follows that
log(m(f,(x)) _ log fu(x) +1og tn(la(x))
log |1, (x)| —nlog/
— —E[Wlog,W]+1

almost surely dm-almost everywhere.

Proof (Proof of Lemma 3.4). Let us write

Ja=g1 X xXgy where 8n = 2 Welenlliy oy
el---enc.My,

We get
1
ngn 2 log gk

and Lemma 3.4 will be a consequence of the strong law of large numbers in the
space Q associated with the probability Q.

Let us calculate the law of the random variable g, = >.c 4 Welly,. If E is the
expectation related to the probability Q and if ¢ is bounded and measurable,

E[¢(g.)] = E l/ D ¢(W£)11,Edm]

e€My

= 2 E[¢p(We)m(I¢)]

eE€My

Moreover, if k > 0, using the independence properties,

EpWemill)] = % E[oWe) " OWer -+ WeWeg - Weay.oq |

O EM

iy [0 (W)W].

Taking the limit, we get
E[9(gx)] = E[p(W)W]. (3.14)

Equation (3.14) remains true if ¢ is such that E [|¢(W)W|] < +ee. In particular, the
random variables g, have the same law and log(g,) are integrable with respect to Q.

The independence of the sequence (g,) is obtained in a similar way. If ¢y,..., ¢,
are bounded and measurable, we can also write
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E[91(g1)-- ¢n(gn)] = 2/‘/, E[¢1(Wey) - 0n(We,..e, )m(le)]

= E[¢1(W)W] x --- x E[¢,(W)W]
=E[¢1(81)] x -~ X E[gu(gn)]

and the independence follows. Finally, the strong law of large numbers gives

lim 2 loggi = E[logg] = E[WlogW] dQ — almost surely,

n——+eopl

which says that almost surely,

lim ful) = lim 2 loggi(x) = E[WlogW] for dm — almost every x.

n—+e n—r—+oo n

Remark 3.11 (On the importance of the order of the quantifiers). Let x € [0, 1] and
€1 ...& ... such that x € I¢,...¢, for any n. We have

log(fn(x))

1
i = n(logWEI +---+logWe,..q,)-

Using the strong law of large numbers, we get:

For any x € [0, 1], almost surely, ~ lim EllogW]

n—r-oeo

log(f(x)) _

which is different from the conclusion of Lemma 3.4 !

Proof (Proof of Lemma 3.5). Let us begin with a comment on the definition of the
measure L1,. The function f,, is constant on any interval of the n'* generation. More-
over, if f, is equal to zero on some interval I of the n'* generation, then m(I) = 0.
Finally, f,, # 0 dm-almost surely and p, = m is well defined. We can also write
m= fol, andif e =g ---¢, € My,

m(Is) = W£1 .. 'WEI---S,, Iin(ls)

We claim that p,(I;) is independent to W, , ..., W, ...s, and has the same distribution
as /7 "Y... Indeed,

Myt = fn(gnJrl e gnik) dA

and
Hn = hT (8nt1°+"gnk) dA.

In particular,

tale) = tim / i1 (0)+ gurik () dA ()

k=00
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is clearly independent to We, , ..., We, ..., and an easy calculation gives that it has the
same distribution as {~"Y..
Using the previous remark, we get

B [ 1)) = |7 [ )2t

=Y E () )|
ec My

_ é,n/z Z E[W£1 "'ng"'en]E |:,un(lg)1/2:|
ecy

—E [Y;/ 2] .
It follows that

E < oo

Y L)

n>1

In particular, dQ-almost surely, "4, (I,(x)) > 1/n* if n is large enough and we can
conclude that almost surely,

liminf log (" (In(x)))

>0 dm— almost everywhere.
n—y—+oeo n

In other words, almost surely,

i (OB o)
n—r—+oo

) > —logl dm— almost everywhere.
n

We have now to prove that almost surely,

log (un(In(x)))

lim sup (
n

> < —logl dm— almosteverywhere.
n—r+-oo

Recall that m(lg) = W, - - - We, ...e, ln(I¢) with independence properties. If o > 0,
Ol tn(In(x)) > "] = E [/H{é”un(ln(x))>oc”}(x) dm(x)}

= 3 E| [ Mot ()]

e€My

= 2, E[m(le)Lgmp, (1)>am]
ecMy

- %{ EWg, -+ We,..e]E [un(le)n{énunggwn}]
ec Ay

=E [Yollyy —om] -

umolter@dm.uba.ar



94 Y. Heurteaux

In particular,

Y 010" un(In(x)) > "]

n>1

E|Y Yol >an}]

n>1
< E [Yologg (Y-)]
< oo,

Using Borel Cantelli’s lemma, we get
dQ — almost surely, £"u,(I,(x)) < o" if nis large enough.
In particular, almost surely,

Oy (1
limsup 0g (£t (1n(x))) <o dm— almost everywhere
n—+oo n
and the conclusion is a consequence of the arbitrary value of .

Remark 3.12. In the eighties, Kahane proved that the condition 0 < E[Ywlog¥..] <
+o0 is not necessary.

3.6 A Digression on Multifractal Analysis of Measures

In order to understand the approach developed in Section 3.7, let us recall some
basic facts on multifractal analysis of measures. In this part, m is a deterministic
measure on [0, 1] with finite total mass. As usual, we define the structure function as

(g )_hmsup log, < Y, m(I )

noyfoo 1 1€EF,

and we want to briefly recall the way to improve the formula

dim(Eg) = 7°(B)

iy logm(n() _
Eﬁ‘{ el P }

where

and

7 (B) = inf(¢B + 7(q))

geR

is the Legendre transform of 7.
The function 7 is known to be a non-increasing convex function on R such that
7(1) = 0. Moreover, the right and the left derivative —7'(1") and —7/(17) are re-
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lated to the dimensions of the measure m which are defined in formula (3.2) and
(3.3). In the general case, as we can see, for example, in [13], we have

Theorem 3.5.

—7/(17) < dim,(m) < Dim*(m) < —'(17).

0.5

-0.5

Fig. 3.7 A structure function 7 such that 7/(1) does not exist.

We cannot ensure in general that 7/(11) = 7/(17) (Fig. 3.7). Nevertheless, if 7/(1)
exists, the measure m is unidimensional and the following are true.

Corollary 3.2. Suppose that T'(1) exists. Then

1. dm-almost surely, Llrf 101g0(;1|(11"(();)|)) =—-7(1)
n o n X

2. dim (Ef‘r’(l)) = —T’(l)
3. dim,(m) = dim*(m) = Dim,(m) = Dim*(m) = —7'(1).

The equality dim (E,T/“)) = —17/(1) can be rewritten in terms of the Legendre
transform of the function 7. More precisely, if § = —7/(1), then 7*() = 8 and
dim(Eg) = 7*(f). This is the first step in multifractal formalism (Fig. 3.8).

In order to obtain the formula dim(Eg) = 7* () for another value of f3, the usual
way is to write B = —17/(g) and to construct an auxiliary measure m, satisfying for
any ¢-adic interval

DD < (1) < Cn(1) 1
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1.5+

in
o4
in

Fig. 3.8 If B = —7/(1), then t*(B) = B

This is the way used in [10]. If such a measure m, exists, its structure function T,
is such that

Ty (1) = T(qt) —17(q).
In particular,
~T, (1) = —q7'(q) + 7(q) = T°(B).
If we observe that

log(my(Ix(x))) _ log(m(I,(x)))

oglh ()| 9 gl T r@Fel);

we can conclude that
dim(Eﬂ) =dim(my) = -t (1) =1%(B).

mq

3.7 Multifractal Analysis of Mandelbrot Cascades:
An Outline

In this section, we make the following additional assumptions:

PW=0]=0
(3.15)
For any real g, E [W] < +oo.

In particular, assumption (3.15) is satisfied when m is a log-normal cascade or when
é < W < C almost surely.
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We can then list some easy consequences.

e The function 7(gq) = log,(E[WY]) — (¢ — 1) is defined on R, convex and of
class C~

e There exists 7 > 1 such that 7(r) <0 (and so E[Y]] < 40)

e The cascade is non-degenerate

e Pim=0]=P[Y.=0]=0.

In order to perform the multifractal analysis of the Mandelbrot cascades, we
want to mimic the proof developed for the binomial cascades. It is then natural
to introduce the auxiliary cascade m’ associated with the weight W' = E‘[}[‘;‘I] (the

renormalization ensures that E[W’'] = 1). The structure function 1,/ of the cascade
y
m’ is

Ty (1) = log (EW"]) — (¢ — 1)

= log, (E [EF;Z]’]) —(t—=1)
= log, (E [W?]) —tlog,(EW9])) — (t—1)
)

= 1(tq) —tt(q).

In particular,

T, (17) = —q7(q) + 7(q) = 7" (-7 (9))
and the cascade m' is non-degenerate if and only if T*(—17'(g)) > 0. This suggests
to consider the interval

(Qminaqmax) = {q eR; T*(—T,(Q)) > O}
Example 3.5 (The interval (qmin,qmax) in the case of log-normal cascades). If m is
a log-normal cascade, the function 7 is given by

t(g) = log (EW) — (g— )= . (@ —a)— (g~ 1)
q) =108, q ~ 2Ins q9 —q q

and the numbers g, and gy are the solutions of the equation

©(q) = q7'(q).
We find

V2In/¢ V2In/
qmin = — and qmax = .
() (e}

See Fig.3.9.

When g € (qmin, Gmax ), we would like to compare the behavior of the cascades m
and m'. In the following subsection, we give a general result which can be applied
to the present situation.
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gqmax

Fig. 3.9 The structure function 7 and the interval (guin, gmax) in the case of a log-normal cascade.

3.7.1 Simultaneous Behavior of Two Mandelbrot Cascades

Theorem 3.6. Let (W, W') be a random vector (with coordinates not necessarily in-
dependent) such that the Mandelbrot cascades m and m' associated with the weight
W et W' are non-degenerate. Suppose that :

e There exists r > 1 such that E[Y)] < +eo and E[Y.!] < +oo
o There exists a > 0 such that E[Y, %] < oo

Then, almost surely,

logm(l,(x))

Jim Tog |1, (x)| =1—E[W'log,W] dm' — almost everywhere.

Proof. The ideas are quite similar to those developed in the proof of Theorem 3.4.
The probability measure on the product space 2 = Q x [0, 1] is now

Q'(A)=E [/IIAdm/}

and the related expectation is denoted by [E’. The notations are the same as in The-
orem 3.4. In particular

log(m(ly(x)) _ log fu(x) +1og in(In(x))

dm—f.d —
m= fyduy, fa=g1x X &n, 10g|In(x)| —nlogl

and we have to prove :

L} >/i_ilogg(x) convergesto E[W'logW] dQ' almost surely
2. rlllog Un(I,(x)) converges to —log¢ dQ' almost surely.
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Step 1: behavior ofrll Yiologg;.
In the same way as in Lemma 3.4, we have :

E'l¢(en)] = Y, E[o(We)n'(Le)] = E[p(W)W']

eclln

when ¢ is a bounded measurable function and the g, are identically distributed. On
the other hand,

B [91(g1)+ 9n(gn)] = E[¢1 (W)W'] X -+ X E[¢(W)W']
=E'[¢1(g1)] % - X E [9n(gn)]

which proves the independence of the random variables (g,) with respect to Q'.
Observing that E'[|logg,|] = E[W'|logW|] < oo, the strong law of large numbers
says that

1 n
Y loggy — E[W'logW] dQ' —almost surely.
3 e

Step 2 : behavior of | log i, (I, (x)).
Let € = € ---& € M, and recall that m(lg) = We, ---We, ..., Un(I¢). It is easy to
see that u,(I;) is independent to ng, ., We, ..., and has the same law as £ "Y.,.
If we write m'(Ie) = We, - Wg, g, ly (Ig) we can more precisely say that the vec-
tor (m(lg),m’(I¢)) is identically distributed to ({~"Y..,£"Y.) and independent to
We, ... ,Wsl,,,en,Ws/l, W,L./1 &, It follows that

E' [(" () "] = [ "”/“ ) (x )}
=" 2 [/Jn(le) ”m/(lg)}
ec My
=B E W W] E [tlle) ")
= E[¥."Y]]

< B E (v v

where ’ is such that ! .t , = 1. If we choose 1 such that N7 = o, we get
RS -
E 2,1 2 (0"t (In(x))) < oo
n=

and we can conclude as in Lemma 3.4 that

almost surely, liminf log (£ (In(x)))

>0 dm' — almost everywhere.
n—r+-oeo n
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In the same way,
B [(0"pn (I (x)))"] = E[¥.Y.]

< E2 1 E [v2] v

which is finite and independent of 7 if we choose 7 such that 7’ = r. We can then
conclude that

log (" (In(x)))

almost surely, limsup <0 dm' — almost everywhere.

n—>—-o0

3.7.2 Application to the Multifractal Analysis
of Mandelbrot Cascades

If we apply Theorem 3.6 to the case where W’/ = E‘[}[‘j‘;{q] ,

result on multifractal analysis of Mandelbrot cascades.

we obtain the following

Theorem 3.7. Let m be a Mandelbrot cascade associated with a weight W. Suppose
that (3.15) is satisfied and define gy, and gmqy as above. Let B = —17'(g) with

q S (qmin;qmax)- Then
dim(Eg) > 7°(B)

_ x: 1m logm(ln(x)) —
E“‘{ a5 log I () B}'

where

Proof. As suggested at the beginning of Section 3.7, let W' = E‘[A‘;I‘I] . The condition
q € (Gmin> Gmax) €nsures that the associated cascade m’ is non-degenerate. More pre-
cisely, observing that 7'(1) < 0 and 7;(1) = —7*(=7(¢q)) = —7*(B) < 0, we can
find r > 1 such that E[¥/] < 4o and E[Y.”] < +co. Finally, all the hypotheses of
Theorem 3.6 are satisfied. Observe that

w
1—EW'log,W]=1—E [

i o8| =@ =B,

The conclusion of Theorem 3.6 says that almost surely, the set Eg is of full mea-
sure m'. It follows that

dim(Eg) > dim(m') = —1,(1) = —q7'(q) + ©(q) = T (=7 (q)) = T°(B).

Remark 3.13. We can observe some analogies between the construction proposed
in Theorem 3.7 and similar ones developed in the context of the thermodynamic
formalism (see, for example, [23]) or in the context of quasi-Bernoulli measures
(see [10] or [13]).
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3.7.3 To Go Further

It is natural to ask if the inequality proved in Theorem 3.7 is an equality. Indeed we
know that the inequality

dim(Eg) < 7°(B) where %(g)=limsup ! log, < D m(I)q>
noyfoo 1 €%,

is always true (see, for example, [10]).
Our goal is then to compare the convex functions 7 and 7. Such a comparison
can be deduced from the existence of negative moments for the random variable Y...

Proposition 3.5 (Existence of negative moments). Suppose that (3.15) is satisfied.
Then, for any o > 0, E [Y,S %] < 0.

Proof. The argument is developed, for example, in [1] or [18]. Let
F(t)=E [e "]

be the generating function of Y... The fundamental equation /Y., = 2?;(1) WY ()
gives the following duplication formula : '

+o0

14
F(ét)_< F(tw)dPW(w)> . (3.16)

0

We claim that it is sufficient to prove that for any o > 0, F(f) = O(t~%) when
t — +oo. Indeed, if it is the case,

PlYo<t '|=Ple™ >e'|<eF(t)=0(0"%)
and we can conclude that

/ Foo / oo /
E[Y;“}:/ P[Y;“Zt}dt:/ P{ngt’l/“}dt<+°°
JO 0

forany o < o.
Let us now observe that (3.16) gives for any ¢ > 0 and any u € (0, 1],

2

Flt) < (/()+°°F (" yw) dPW(w)>

< (P[W < lu] + F(tu))*
< 2P[W < fu)? +2F (tu)*.

Moreover, for any 3 > 0, assumption (3.15) ensures that

PIW < tul=P|wP> (éu)’ﬁ} < (tu)PE [Wﬂ = cuP.
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Proposition 3.5 is then a consequence of the following elementary lemma.
Lemma 3.6. Let B > 0and y : [0,4o0) — [0,+00) a continuous function such that

lim y(r)=0.

t—too
Suppose that there exists K > 0 such that for any t > 0 and any u € (0,1],

w(t) < Ku*P + 2y (tu)>. (3.17)
Then, for any oo < B, y(t) = O(t~%*) when t — oo

Proof. Let oo < B and tp > 1 such that 4Kt§(a7ﬁ) + % < 1.Let A > 1 such that

1
2
foranyt € [19,15], w(Ar) < r

Define y; (t) = w(Ar). Equation (3.17) remains true if we replace y by v, . More-
over, if u = }, we get

v (1) <Kt 2P 295 (1),

If t € [t9,13], we obtain

2
v, (%) §Kt23+2( ! )

4o
1 siag 1
= 420 |:4Kt (a ﬁ>+ 2:|
< 1
- 4(t2)06

Define the sequence (,) by #,,1 = 2. Using the same argument, we obtain step by
step

forany n >0, forany? € [ty,t,41], W, (1) < 4:05
and the conclusion follows.
Corollary 3.3. Suppose that (3.15) is satisfied. Then,

almost surely, forany g € R, T(q) < 1(q).

Proof. Using the continuity of the convex functions 7 and 7, it is sufficient to prove
that for any ¢ € R, almost surely, T(¢) < 7(g). Let

g0 =sup{g > 1; t(q) <0}.

It is possible that gg = +-oo. Nevertheless, if gg < 4+ and if ¢ > gg, we obviously
have 7(q) <0< 1(q).
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We can now suppose that g < go and we claim that
E[Ya] < Hoo. (3.18)

Indeed, the case g < 0 is due to Proposition 3.5, the case 0 < g < 1 is obvious and
the case 1 < g < g is due to Theorem 3.3.
Lete=¢€---€, € #,. As observed in Lemma 3.5, we have

m(Is) = W£1 .. 'WEI---S,, Iin(ls)

where p,(I¢) is independent to W, ,---,We,...e, and has the same distribution as
{~"Y... It follows that

E

2 m(ls)q] = Z E[Weql"'Weql---s,, /in(la)ﬂ

ec.My, ecMy
= ("E[WI" ¢t ME Y4
= ("IE Y.

Let7 > 7(q). In view of (3.18) we get
: [2 Y mus)q] = 2 CMOTIE V] < e
n>1 eE€My n>1

It follows that almost surely, ¥.c 4 m(I¢)? < " if n is large enough and we can
conclude that T(g) < ¢ almost surely. This gives the conclusion.

We can now prove the following result.

Theorem 3.8. Suppose that (3.15) is satisfied. Then, for any B € (—7'(gmax),

_T/(Qmin)),
dim(Eg) = 7°(B) almost surely.

Indeed Theorem 3.7 and Corollary 3.3 ensure that for any B € (—7'(gmax),
_T/(Qmin)),
T (B) < dim(Ep) <T°(B) < 7°(B)

which gives the conclusion of Theorem 3.8.

Remark 3.14. The proof of Theorem 3.8 shows that

T*(ﬁ) = %*(ﬁ) for any ﬁ € (_T/(Qmax)a_T/(Qmin))'

It follows that 7(q) = T(q) for any g € (Gmin, Gmax)- When ¢uin and gmq, are finite,
it is possible to prove that

T(q) = T/(qmin)q if g <gmin and T(q) = T/(qmaX)q if ¢ 2 Gmax

(see, for example, [8]).
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Let us finish this text by recalling that Barral proved in [2] the much more difficult
result:

forany B € (—7'(gmax), — T (gmin)); dim(EB) =1(B)

almost surely,

forany B & [~ (qmax), =T (qmin)] Eg =0.

This text about Mandelbrot cascades can be viewed as the beginning of the story.
Since then, important generalizations have been proposed. In 1985 Kahane intro-
duced the so-called T-martingales (see [16, 17]). In particular, log-infinitely divis-
ible multifractal processes [4] and compound Poisson cascades [3] are models for
which similar fine results on multifractal analysis have been proved (see [5-7]).

Acknowledgements I would like to thank Stéphane Jaffard and Stéphane Seuret who offered me
the opportunity to deliver this course during the GDR meeting at Porquerolles Island (September
22-27, 2013)
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Chapter 4

Lebesgue-Type Inequalities for Greedy
Approximation

Vladimir Temlyakov

Abstract The estimation of a solution that satisfies a certain optimality criterion
is the goal of many engineering applications. In many contemporary problems one
would often like to obtain an approximation of the solution using a sparse linear
combination of elements of a given system (dictionary). This paper is devoted to
theoretical aspects of sparse approximation. The main motivation for the study of
sparse approximation is that many real world signals can be well approximated by
sparse ones. Sparse approximation automatically implies a need for nonlinear ap-
proximation, in particular, for greedy approximation. The paper is a survey on re-
sults in constructive sparse approximation. Two directions are discussed here: (1)
Lebesgue-type inequalities for thresholding greedy algorithms with respect to bases,
and (2) Lebesgue-type inequalities for Chebyshev Greedy Algorithms with respect
to a special class of dictionaries. In particular, these algorithms provide constructive
sparse approximation with respect to the trigonometric system. The technique used
is based on fundamental results from the theory of greedy approximation. Results
in the direction (2) are based on deep methods developed recently in compressed
sensing. We present some of these results with detailed proofs.

4.1 Introduction

The estimation of a solution that satisfies a certain optimality criterion is the goal of
many engineering applications. In many contemporary problems one would often
like to obtain an approximation of the solution using a sparse linear combination of
elements of a given system (dictionary). This paper is devoted to theoretical aspects
of sparse approximation. The main motivation for the study of sparse approxima-
tion is that many real world signals can be well approximated by sparse ones. Sparse
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108 V. Temlyakov

approximation automatically implies a need for nonlinear approximation, in particu-
lar, for greedy approximation. We give a brief description of a sparse approximation
problem. In a general setting we are working in a Banach space X with a redundant
system of elements 2 (dictionary Z). There is a solid justification of importance of
a Banach space setting in numerical analysis in general and in sparse approxima-
tion in particular (see, for instance, [28], Preface, and [22]). An element (function,
signal) f € X is said to be K-sparse with respect to & if it has a representation
f= nglxigi, gi€92,i=1,...,K. The set of all K-sparse elements is denoted by
Xk (9). For a given element f we introduce the error of best K-term approximation

ox(f,7) = lnf Hf all.

We are interested in the following fundamental problem of sparse approximation.

Problem. How to design a practical algorithm that builds sparse approximations
comparable to best K-term approximations?

Clearly, the most difficult part of the above problem is to identify the dictionary
elements which are good for the K-term approximation. In the case of an orthonor-
mal basis in a Hilbert space the recipe is evident: pick the elements with the largest
in absolute value coefficients from the expansion. This idea leads to a greedy algo-
rithm with respect to a basis in a Banach space that we call the Thresholding Greedy
Algorithm (TGA). It turns out that this algorithm works excellent for bases alike the
univariate Haar basis. However, it does not work well for the trigonometric system
where interference between harmonics is essential. Recently, we discovered that an-
other greedy algorithm—the Weak Chebyshev Greedy Algorithm (WCGA)—works
well for both the trigonometric system and the Haar basis. Results for both algo-
rithms the TGA and the WCGA are presented in this paper. We begin our discussion
with the TGA.

Let a Banach space X, with a basis ¥ = {yi};_,, be given. We assume that
lwk]l > C>0,k=1,2,..., and consider the following theoretical greedy algorithm.
For a given element f € X we consider the expansion

Mz

c(f W)Wk 4.1

k

1
For an element f € X we say that a permutation p of the positive integers is decreas-
ing if

|Ck1(f7lf’)|Z|ck2(f7lfl)|2"'7 (42)
where p(j) = kj, j=1,2,..., and write p € D(f). If the inequalities are strict in
(4.2), then D(f) consists of only one permutation. We define the mth greedy approx-

imant of f, with regard to the basis ¥ corresponding to a permutation p € D(f), by
the formula

Gu(f) == Gu(f,¥) := Gu(f.¥,p): zck fY
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The above algorithm G, (-,'P) is a simple algorithm which describes the theo-
retical scheme for m-term approximation of an element f. We call this algorithm
the Thresholding Greedy Algorithm (TGA) or simply the Greedy Algorithm (GA).
In order to understand the efficiency of this algorithm we compare its accuracy with
the best-possible accuracy when an approximant is a linear combination of m terms
from '¥. We define the best m-term approximation with regard to ¥ as follows:

On(f) == om(f,¥)x :== in/f\ If— Z crillx,
k> keA

where the infimum is taken over coefficients c; and sets of indices A with cardinality
|A| = m. The best we can achieve with the algorithm G, is

”f_Gm(falPap)HX = Gm(f,lf’)x,

or the slightly weaker

||f_ Gm(fa 'PvP)HX < GGm(fv lII)Xv (4.3)

for all elements f € X, and with a constant G = C(X,¥) independent of f and m.
It is clear that, when X = H is a Hilbert space and £ is an orthonormal basis, we
have

Hf_ Gm(fa%ap)”H = Gm(fvgg)H'
The following concept of a greedy basis has been introduced in [13].

Definition 4.1.1 We call a basis ¥ a greedy basis if for every f € X there exists a
permutation p € D(f) such that

Hf_ Gm(f7lPup)||X S CGm(f7 lP)X

with a constant C independent of f and m.

Lebesgue [15] proved the following inequality: for any 27-periodic continuous
function f we have

1= $u()l < (4t ) (f)-. “44)

where S,(f) is the nth partial sum of the Fourier series of f and E,(f). is the
error of the best approximation of f by the trigonometric polynomials of order n
in the uniform norm || - ||. The inequality (4.4) relates the error of a particular
method (S,) of approximation by the trigonometric polynomials of order n to the
best-possible error E,(f). of approximation by the trigonometric polynomials of
order n. By the Lebesgue-type inequality we mean an inequality that provides an
upper estimate for the error of a particular method of approximation of f by el-
ements of a special form, say, form 7, by the best-possible approximation of f
by elements of the form «7. In the case of approximation with regard to bases (or
minimal systems), the Lebesgue-type inequalities are known both in linear and in
nonlinear settings (see surveys [14, 26] and [27]).
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By the Definition 4.1.1 greedy bases are those for which we have ideal (up to
a multiplicative constant) Lebesgue inequalities for greedy approximation. In Sec-
tion 4.2 we obtain Lebesgue-type inequalities for greedy approximation with respect
to the trigonometric system. In Section 4.3 we study Lebesgue-type inequalities for
greedy approximation with respect to the Haar basis and prove that the Haar basis is
a greedy basis for L,, 1 < p < . In Sections 4.2 and 4.3 we obtain the Lebesgue-
type inequalities for the TGA. Sections 4.4—4.6 are devoted to the Lebesgue-type
inequalities for the WCGA.

In Section 4.2 we consider the case X = Lp(Td), 1<p<o, ¥=9:=
{ei(k*x> } ez is the trigonometric system. We give a remark on approximation of one
special function by trigonometric polynomials that shows an advantage of nonlinear
approximation over linear approximation.

Let us denote for f € L,(T)

Eif,7)p:= inf |f(x)= X cxe™™],.

e lkl<n P
De la Vallée Poussin (1908) and S.N. Bernstein (1912) proved that
E,(|sinx|, 7)o =n"".
R.S. Ismagilov [12] (1974) proved that
On(|sinx|, 7)o < Cen 03¢
with arbitrary € > 0. Later V.E. Maiorov [18] (1986) proved that
o, (|sinx|, 7)e < n3/2.

These results showed an advantage of nonlinear approximation over linear approx-
imation for typical individual functions. Now, when we know that efficiency of the
m-term best approximation is good the following important problem arises. Con-
struct an algorithm which realizes good m-term approximation. It is clear from the
definition of o,,(f, 74) p that a good algorithm should be a nonlinear algorithm.
In Section 4.2 we concentrate on efficiency of the Thresholding Greedy Algorithm.
We prove the following theorem [23].

Theorem 4.1.1 For each f € L,(T%) we have
1f =G, Tl < (1 430" o (f, T, 1< p<en,

where h(p) :=|1/2—1/p].

In Section 4.3 we discuss another important class of bases, wavelet type bases.
We discuss in detail the simplest representative of wavelet bases, the Haar basis.
Denote 7 := {H;};_, the Haar basis on [0, 1) normalized in L,(0,1): H; =1 on
[0,1) and fork=2"+1,n=0,1,...,1=1,2,...,2"
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M2 xel(1-2)27" 1 20 —1)27" )
Hy={ —2"2 xe[@2l—1)27""1 21271

0, otherwise.

We denote by 77, := {Hyp}r_, the Haar basis /Z renormalized in L,(0,1). We
will use the following definition of the L,-equivalence of bases. We say that ¥ =
{wi}i_ is Ly-equivalent to @ = {¢ };°_, if for any finite set A and any coefficients
ck, k€ A, we have

Ci(p,¥. D) Y, cxtellp <11 Y, cxvillp < Ca(p, W, @) Y el 4.5)
keA keA keA

with two positive constants C;(p, ¥, ®),C,(p, ¥, ®) which may depend on p, P,
and @. For sufficient conditions on ¥ to be L,-equivalent to JZ see, for instance,
[28], Section 1.10. We prove the following theorem in Section 3 (see [24]).

Theorem 4.1.2 Let 1 < p < o and a basis ¥ be Ly-equivalent to the Haar basis
€. Then for any f € L,(0,1) and any p € D(f) we have

|Lf“(7m(f}qy7P)Hp Sgc(pvq])oh(fuqqp (4£D
with a constant C(p, W) independent of f, p, and m.

Theorem 4.1.2 shows that each basis ¥ which is L,-equivalent to the univariate
Haar basis .7Z;, is a greedy basis for L,(0,1), 1 < p < e=. We note that in the case of
Hilbert space each orthonormal basis is a greedy basis.

We now give a definition of democratic basis (see [13]) that is needed in a char-
acterization theorem.

Definition 4.1.2 We say that a basis W = {y}7_, is a democratic basis for X if
there exists a constant D := D(X,V') such that for any two finite sets of indices P
and Q with the same cardinality |P| = |Q| we have

1Y wiell <DIIY, wiell-

keP keQ

We proved in [13] the following theorem.
Theorem 4.1.3 A basis is greedy if and only if it is unconditional and democratic.

In Section 4.4 we consider the general setting of greedy approximation in Banach
spaces. We demonstrate in Sections 4.4-4.6 that the Weak Chebyshev Greedy
Algorithm (WCGA) which we define momentarily is very good for construction
of sparse approximations comparable with best m-term approximations.

Let X be a real Banach space with norm || - || := || - ||x. We say that a set of
elements (functions) & from X is a dictionary if each g € 2 has norm one (||g|| = 1),
and the closure of spanZ is X. For a nonzero element g € X we let F, denote a
norming (peak) functional for g:
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The existence of such a functional is guaranteed by the Hahn-Banach theorem.

Let 7:= {f};7, be a given weakness sequence of nonnegative numbers 7 < 1,
k=1,.... We define the Weak Chebyshev Greedy Algorithm (WCGA) (see [25])
as a generalization for Banach spaces of the Weak Orthogonal Matching Pursuit
(WOMP). In a Hilbert space the WCGA coincides with the WOMP. The WOMP
is very popular in signal processing, in particular, in compressed sensing. In ap-
proximation theory the WOMP is called the Weak Orthogonal Greedy Algorithm
(WOGA). We study in detail the WCGA in this paper.

Weak Chebyshev Greedy Algorithm (WCGA). Let f; be given. Then for each
m > 1 we have the following inductive definition.

(1) @ == @i" € Z is any element satisfying

F,

x=1, F(g)=lglx-

s (@m)| = tmsup [F,_, (8)]-
gED
(2) Define
@, 1= @, :=span{ @},

and define G,, := G5 to be the best approximant to fy from @,,.
(3) Let
Sm = frffr = fo—Gp.

In this paper we only consider the case when 7, =1 € (0,1],k=1,2,....

The trigonometric system is a classical system that is known to be difficult to
study. In Sections 4.4—4.6 we study among other problems the problem of nonlin-
ear sparse approximation with respect to it. Let Z.7 denote the real trigonometric
system 1,sin27x,cos2mx,... on [0,1] and let .7, to be its version normalized in
L,(0,1). Denote %Z,d =RT, % - X BT, the d-variate trigonometric system. We
need to consider the real trigonometric system because the algorithm WCGA is well
studied for the real Banach space. In order to illustrate performance of the WCGA
we discuss in this section the abovementioned problem for the trigonometric system.
We discuss performance of the Weak Chebyshev Greedy Algorithm (WCGA) with
respect to the trigonometric system. We prove here the following Lebesgue-type
inequality for the WCGA from [29] (see Example 2 in Section 6).

Theorem 4.1.4 Let 9 be the normalized in Ly, 2 < p < oo, real d-variate trigono-
metric system. Then for any fo € L, the WCGA with weakness parametert gives

I fei.p.aymin(mi1) lp < COm(fo, 2)p- .7

The Open Problem 7.1 (p. 91) from [26] asks if (4.7) holds without an extra
In(m + 1) factor. Theorem 4.1.4 is the first result on the Lebesgue-type inequalities
for the WCGA with respect to the trigonometric system. It provides a progress in
solving the abovementioned open problem, but the problem is still open.

Theorem 4.1.4 shows that the WCGA is very well designed for the trigonomet-
ric system. We show in Example 1 of Section 4.6 that an analog of (4.7) holds
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for uniformly bounded orthogonal systems. We note that it is known (see [28] and
Theorem 4.1.2 above) that the TGA is very well designed for bases L,-equivalent
to the Haar basis, 1 < p < oo. We discuss performance of the WCGA in more detail
in Sections 4.6 and 4.7.

The proof of Theorem 4.1.4 uses technique developed in [29] for proving the
Lebesgue-type inequalities for redundant dictionaries with special properties. We
present these results in Sections 4.4—4.6. These results are an extension of earlier re-
sults from [17]. In Section 4.6 we test the power of general results from Section 4.4
on specific dictionaries, namely, on bases. Section 4.6 provides a number of exam-
ples, including the trigonometric system, where the technique from Sections 4.4 and
4.5 can be successfully applied. In particular, results from Section 4.6 demonstrate
that the general technique from Sections 4.4 and 4.5 provides almost optimal m-term
approximation results for uniformly bounded orthogonal systems (see Example 1).
Example 7 shows that an extra assumption that a uniformly bounded orthogonal
system ¥ is a quasi-greedy basis allows us to improve inequality (4.7):

I few.ppymminms3)llp < Com(fo,'¥)p-

The paper is a survey based on papers [17, 23, 25], and [29].

4.2 The Trigonometric System

We prove Theorem 4.1.1 from Introduction in this section. We formulate it here for
convenience.

Theorem 4.2.1 For each f € L,(T?) we have

1f =Gl Tl < (1 430" Pon(f, T, 1< p<en,
where h(p) :=1|1/2—1/p|.

Proof. We treat separately the two cases 1 < p <2 and 2 < p < 0. Before splitting
into these two cases we prove one auxiliary statement for 1 < p < eo. Here we use
the notation

7k = 2m) ¢ / F0)e )

Td

Lemma 4.2.1 Let A C Z¢ be a finite subset with cardinality |A| = m. Then for the
operator S, defined on Ly (T%) by

Sa(f) = X Flk)e ™,

keA

we have for all 1 < p < oo,

ISA (F)llp < m" P £]]. (4.8)
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Proof. For a given linear operator A denote by ||A||,—» the norm of this operator as
an operator from L,(T¢) to L, (T?). Then it is obvious that

ISall252 = 1. 4.9)
Consider
Da(x) =Y k9 (4.10)
keA
then

SAU) =+ Tn = m) [ flx=y) 2 ()
and for p =1, or p = o> we have
1allpsp < 124111 < | Zall2 = m'2. @11

The relations (4.9) and (4.11) and the Riesz-Thorin theorem (see [36]) imply (4.8).

We now return to the proof of Theorem 4.2.1.

Case 1: 2 < p < . Take any function f € L,(T¢). Let t,, be a trigonometric
polynomial which realizes the best m-term approximation to f in L, (T%). For the
existence of #,,, see Theorem 1.7 from [28], p. 10. Denote by A the set of frequencies
of ty, i.e. A := {k : f,,(k) # 0}. Then |A| < m. Denote by A’ the set of frequencies
of Gu(f) := Gu(f, T?). Then |A’| = m. Let us use the representation

f=Gu(f) =f=8Sar(f) = f —=Sa(f) +Sa(f) = Sar(f)-

From this representation we derive

1f =GNy < 1f = SaA(Dlp + 1S4 (F) = Sar(H)ll - (4.12)

We use Lemma 4.2.1 to estimate the first term in the right-hand side of (4.12)

£ =Sa(Dlp = I1f = tm—SaA(f —tw)lp < L+ m" PGy (f, T4, (4.13)

In estimating the second term in (4.12) we use the well-known inequality || f]]> <
| fll, for 2 < p < e and the following lemma.

Lemma4.2.2 Let A C Z¢ be a finite subset with cardinality |A| = n. Then, for
2 < p <o, we have
1A ()l < 2" ]]2- (4.14)

Proof. For p = oo we have

1SA(N)]le < 3 1F(R)] <0 2CS | F (R < 02 £l (4.15)
keA

keA

For 2 < p < oo we use (4.15) and the following well-known inequality

2 _
gy < llgll3 " llgll /7.
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We continue estimating ||Sa (f) —Sa/(f)||,. Using Lemma 4.2.2 we get
1S4 (f) = Sar(D)llp = [1Sa\ar(f) = Sana (Nl <

[Saa(Dllp+ 18414 (Dllp < P USaiar (A2 + 118474 (D). (4.16)
The definition of A" and the relations |A’| = m , |A| < m imply
1S4\ (H)ll2 < [1Sana (Fll2- (4.17)

Finally, we have

ISana (D2 < 1F =SaDll2 S 1f = tull2 S If = tullp = Gl f, T9)p. (418)

Combining the relations (4.16)—(4.18) we get

ISA(f) = Sar(F)llp < 2" P (f, 7). (4.19)

The relations (4.12), (4.13) and (4.19) result in
1f = Gu(f)llp < (1+3m"P) G (£, 7).

This completes the proof of Theorem 4.2.1 in the case 2 < p < oo,

Case 2: 1 < p < 2. We keep the notation of Case 1. We start again with the
inequality (4.12). Next, the inequality (4.13) holds also for 1 < p <2 because it is
based on Lemma 4.8 which covers the whole range 1 < p < oo of the parameter p.
Thus, it remains to estimate ||Sa (f) — S/ (f)|| - Using the inequality || f||, < || f|l2
we get

154 (F) = Sar(D)llp = [1Savar () = Sana (Hllp <
1Savar (Do + 15ana (Dl < [Savar(Hll2 + 1Sana () l2- (4.20)

In order to estimate |[Syn\ (f)2 we use the part of the Hausdorff-Young theorem
(see [36]) which states that

p

I(FR)ezalle, < Ifllp, 1<p<2, p’::p_l-

We have .
[1Sana (H)ll2 = [[(F(k))keanalle, <

ANAP (PR keanalle,, < m" PN (FK) = (k) regalle, <
"D f —tullp = m"P 0 (£, T, @.21)
Gathering (4.12), (4.13), (4.17), (4.20), and (4.21) we get

If = Gul(f)lp < (14 3m"P))o,,,(f, T),,

which completes the proof of Theorem 4.2.1.
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REMARK 4.22 Lemma 4.2.1 implies for all 1 < p < o

G ()l p < m" P f]]- (4.23)

REMARK 4.24 There is a positive absolute constant C such that for each m and
1 < p < oo there exists a function f # O with the property

1Gu (Nl = Cot" P £

REMARK 4.25 The trivial inequality 6,,(f, 7%), < ||f||, and Remark 4.24 show
that the factor m"P) in Theorem 4.8 is sharp in the sense of order.

REMARK 4.26 Using Remark 4.24 it is easy to construct for each p # 2 a function
f € L,(T) such that the sequence {||Gn(f)||p i, is not bounded.

Remarks 4.24—4.26 show that the TGA does not work well for the trigonometric
system. Here are two more results in this direction from [26].

Theorem 4.2.2 There exists a continuous function f such that G, (f,7) does not
converge to f in L, for any p > 2.

Theorem 4.2.3 There exists a function f that belongs to any L,, p < 2, such that
Gun(f,T) does not converge to f in measure.

We now make some remarks about possible generalizations of Theorem 4.2.1.
Reviewing the proof of Theorem 4.2.1 one verifies that all arguments hold true for
any orthonormal system {¢;}7_, of uniformly bounded functions ||¢;/|.. <M, j =
1,2,.... The only difference is that instead of the Hausdorff—Young theorem we
shall use the F. Riesz theorem and the constants in Lemmas 4.2.1 and 4.2.2 will de-
pend on M. Let us formulate the corresponding analog of Theorem 4.2.1. Let @ :=
{9;}7_, be an orthonormal system in Ly(T%) such that ||¢j]|. <M,j=1,2,....

Theorem 4.2.4 For any orthonormal system @ = {¢j}7:1 of uniformly bounded
functions || ;]| < M there exists a constant C(M) such that

If = Gn(f, @)l < CM)M" P65, (f, @), 1< p<es,

where h(p) :=|1/2—1/p|.

4.3 The Wavelet Bases

In this section it will be convenient for us to index elements of bases by dyadic
intervals: Y =: Yo ;] and

Yoy =1y, 1= [(l_ 1)27}15127”)

umolter@dm.uba.ar



4 Lebesgue-Type Inequalities 117

We note that there is another natural greedy-type algorithm based on ordering
lek(f, W) || instead of ordering absolute values of coefficients. In this case we
do not need the restriction ||y || > C >0,k =1,2,.... Let A, (f) be a set of indices
such that

min, | lleelf, ®)will = max flee(f, ) v

kEAp k¢t Am (f)
We define GX (f,¥) by the formula
Gh(f. W) :=Sa,(5)(f.¥), where Sp(f):=Se(f,¥):= Y c(f.¥

keE

It is clear that for a normalized basis (||yk|| = 1, k = 1,2,...) the above greedy
algorithm coincides with the TGA. It is also clear that the above greedy algo-
rithm GX(-,¥) can be considered as a greedy algorithm G,,(-,"¥’), with ¥’ :=
{wi/l|wil|}5; being a normalized version of the . Thus, we will concentrate on
studying the algorithm G,(-,¥). In the above definition of Gy, (-,'¥) we impose
an extra condition on a basis ¥': infy ||yi|| > 0. This restriction allows us to de-
fine G, (f, W) for all f € X. We begin with proving Theorem 4.3.1 (see [24]) and
note that Theorem 4.1.2 from the Introduction follows from Theorem 4.3.1 by a
simple renormalization argument.

Theorem 4.3.1 Let 1 < p < oo and a basis ¥ := {y;}; be Ly-equivalent to .
Then for any f € L, we have

1 = Go(fs P)llp < C(p, W) om(f, ) -

Proof. Let us take a parameter 0 < ¢ < 1 and consider the following greedy type
algorithm GP* with regard to the Haar system. For the Haar basis % we define

1
ci(f) = (f, Hy) = /0 F)H; (x)dx

Denote A, (2) any set of m dyadic intervals such that

Hl|, > H 4.27
13\11“ ller(f) IHP_th/l&?n)((t)”CJ(f) 7lps (4.27)
and define
GU!(f) =Gl (f, ) := Y, clf)Hr. (4.28)
IeA, (1)

For a given function f € L, we define

=Y a(f,¥)H,. (4.29)
1
It is clear that g(f) € L, and

On(8(f): 7 )p < C1(p) " om(f,¥)y, (4.30)
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here and later on we use brief notation C;(p) := Ci(p,¥, ), i = 1,2, for the con-
stants from (4.5). Let

Gh(f,¥)= 2 alf.¥)w

IeAn

Next, for any two intervals I € A,,, J ¢ A,, by the definition of A,, we have
ller(f ) willp = lles (F, )l -
Using (4.5) we get from here
ler(g( D Hlp = ller(f,¥)Hillp = Cap) et (F )il p >

>Ca(p) es(F, ¥)wirllp = Ci(p)Ca(p) e (g(f))Hallp- (4.31)

This inequality implies that for any m we can find a set A, (¢), where t = C;(p)
C>(p)~', such that A,,(t) = A, and, therefore,

I1f = GL(£, W)y < C2 ()18 (f) = GR (8 (F))lp- (4.32)

The relations (4.30) and (4.32) show that Theorem 4.3.1 follows from Theo-
rem 4.3.2.

Theorem 4.3.2 Let 1 < p <o and 0 <t < 1. Then for any g € L, we have

lg = Gh'(8,70)|lp < Cp,t)Om(g, 7))p-

Proof. The Littlewood-Paley Theorem for the Haar system gives for 1 < p < oo

||2|c1 VHI)'2 |, < llglly < Ca(p) H2|c1 A2, (433)

We formulate first two simple corollaries from (4.33):

lgllp < Cs(p lecz H )P, 1< p<2, (4.34)

gl < Co(p ZHCI Hi|2)2, 2<p<e. (4.35)
The dual inequalities to (4.34) and (4.35) are

lgll, > Ca(p Zch (@H})'?  1<p<2, (4.36)

llgll, > Cs(p ZHCI H|D)VP,  2< p <o (4.37)

We proceed to the proof of Theorem 4.3.2. Let T;,, be an m-term Haar polynomial
of best m-term approximation to g in L, (for existence see [1, 7] and also Theo-
rems 1.8 and 1.9 from [28]):
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Tm = Z a1H1, |A| =m.
IeA

For any finite set O of dyadic intervals we denote by Sy the projector

So(f) ==Y, ci(f)Hr.
Iz,

From (4.33) we get
g —Sa(@)lp =g —Tm—Sa(8 = T)llp < 1d = Sall p—pOm(8,7)p <

C4(p)C3(p) " Ou(g, 7)), (4.38)
where Id denotes the identical operator. Further, we have
Gh'(8) = Sa, ) (&)

and
lg =G (&)lp < llg = Sa(@)llp+ 1Sa(8) = Sae) (&)l - (4.39)

The first term in the right side of (4.39) has been estimated in (4.38). We now esti-
mate the second term. We represent it in the form

Sa(8) = San)(8) = Sa\an(r) (&) = Sanin\a (8)

and remark that similarly to (4.38) we get

[Sana (@)llp < Co(p)Om(8, 7)p. (4.40)

The key point of the proof of Theorem 4.3.2 is the estimate

1SA\Aw() (&) lp < C(P) IS A, (1)\A ()1l p (4.41)
which will be derived from the following two lemmas.

Lemma 4.3.1 Consider

f=cH, |Ql=N.
ico

Let 1 < p < oo, Assume
llerH ||, < 1, IeQ. (4.42)

Then
1£1lp < Cro(p)N'?.

Lemma 4.3.2 Consider

f=2 aH, |Q| =N.
i€
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Let 1 < p < oo, Assume
leiHillp 21, T€Q.

Then
1£1lp > Cri(p)N'P.

Proof. First we prove Lemma4.3.1. We note that in the case 1 < p < 2 the statement
of Lemma 4.3.1 follows from (4.34). We will give a proof of this lemma for all
1 < p < oo. We have

lezHillp = lea|l|'/7 /2.

The assumption (4.42) implies
jes| < 1)1,
Next, we have

£l < I X lerHalllp < || X 11 P52, (4.43)
1€Q 1€Q

where y;(x) is a characteristic function of the interval [

1, xel

1) = {0 xé¢l

In order to proceed further we need a simple lemma. Statements similar to Lemma
4.3.3 are often used in the theory of wavelets (see, for instance, [11]).

Lemma 4.3.3 Let ny < ny < --- < n, be integers and let E; C [0, 1] be measurable
sets, j=1,...,s. Then for any 0 < g < oo we have

1 s
(X205, () < Cuatg 224E|

j=1
Proof. Denote
F(x)= Y 2"y (x)

j=1

and estimate it on the sets
E =E\U_E, [I=1,..,5-1; E :=E.

We have forx € £

!
2 214 < C(q)2"/4.
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Therefore,

1 s s
| Fayax < cla) 327 E | < Cla)? 3 2" EI
0 =1 =1

which proves the lemma.

We return to the proof of Lemma 4.3.1. Denote by n; < ny < --- < ny all integers
such that there is I € O with |I| = 277", Introduce the sets

Ej'

= UIGQ;‘I‘:Zind'

Then the number N of elements in Q can be written in the form

N=Y |Ej2". (4.44)

S
j=1
Using these notations the right-hand side of (4.43) can be rewritten as

Jj=1

vim ([ (290,00 a)
Applying Lemma 4.3.3 with g = p we get
I <7 < Colp)(3, 207 = Cralp)N'
j=
On the last step we used (4.44). Lemma 4.3.1 is proved now.

Proof. We now prove Lemma 4.3.2. We derive Lemma 4.3.2 from Lemma 4.3.1.
Define
wi="Y leg| 1V 2Hy,

IeQ
where the bar means complex conjugate number. Then for p’ = ? | we have
P
erles| 2P 2Hy )y = 1
and by Lemma 4.3.1
Il < Cro(pIN'/7. (4.45)
Consider (f,u). We have on one hand
(fouy =X ledll]/7=12 = 3 esHillp = N, (4.46)
1€Q IeQ
on the other hand
(fsu) <\ f1lplluellpr- (4.47)

Combining (4.45)—(4.47) we get the statement of Lemma 4.3.2.
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We now complete the proof of Theorem 4.3.2. It remained to prove inequality
(4.41). Denote

A:= ma Hy||,,
IGA\Ai(t)Ilq(g) 1llp

and

B:= min C Hl|,.
IGAM@\AH 1(&)Hil

Then by the definition of A,,(¢) we have
B>1A. (4.48)
Using Lemma 4.3.1 we get
1544, (&)llp < AC10(P)IA N\ A ()7 < 17! BC1o(p) AN Am(2)[/7. (4.49)

Using Lemma 4.3.2 we get

IS anna (8)]lp = BC11(p)|An(t) \ A|'/P. (4.50)

Taking into account that |A,,(t) \ A| = |A \ An(?)| we get from (4.49) and (4.50)
inequality (4.41).
The proof of Theorem 3.2 is complete.

4.4 Lebesgue-Type Inequalities: General Results

A very important advantage of the WCGA is its convergence and rate of conver-
gence properties. The WCGA is well defined for all m. Moreover, it is known (see
[25] and [28]) that the WCGA with t = {¢} converges for all f; in all uniformly
smooth Banach spaces with respect to any dictionary. That is, when X is a real
Banach space and the modulus of smoothness of X is defined as follows

1
plu):=,  sup |faxtuy|+[}x—uy| 2], (4.51)
xylel=lyll=1

then the uniformly smooth Banach space is the one with p (u)/u — 0 when u — 0.

We discuss here the Lebesgue-type inequalities for the WCGA with 7 = {r}, 1 €
(0,1]. This discussion is based on papers [17] and [29]. For notational convenience
we consider here a countable dictionary 2 = {g;}7* ;. The following assumptions
A1l and A2 were used in [17]. For a given f let sparse element (signal)

f=r=Y xgi, &€,

i€T
be such that || fo — f¢|| < € and |T| = K. For A C T denote

fai=f5 =Y xigi.

icA
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Al. We say that f = Y7 x;g; satisfies the Nikol’skii-type ¢;X inequality with
parameter 7 if
2l <alAllfal, AcT. (4.52)
icA
We say that a dictionary & has the Nikol’skii-type /1 X property with parameters K, r
if any K-sparse element satisfies the Nikol’skii-type ¢; X inequality with parameter r.
A2. We say that f = Y ;.7 x;g; has incoherence property with parameters D and U
if forany A C T and any A such that ANA =0, |A| 4 |A| < D we have for any {c¢;}

1fa— cigill > U fal]- (4.53)

i€A

We say that a dictionary 2 is (K,D)-unconditional with a constant U if for any
f =Yicrxigi with |[T| < K inequality (4.53) holds.

The term unconditional in A2 is justified by the following remark. The above
definition of (K,D)-unconditional dictionary is equivalent to the following defini-
tion. Let Z be such that any subsystem of D distinct elements ey, ... ,ep from & is
linearly independent and for any A C [1,D] with |A| < K and any coefficients {c¢;}
we have

D
1Y cieil <U|IY ciei.-
i=1

icA

It is convenient for us to use the following assumption A3 introduced in [29]
which is a corollary of assumptions A1 and A2.

A3. We say that f = ;7 x;g; has £1 incoherence property with parameters D, V,
and r if for any A C T and any A such that ANA =0, |A|+|A| < D we have for
any {c;}

> il < VIAFfa = X cigill- (4.54)

icA i€A

A dictionary 2 has ¢, incoherence property with parameters K, D, V, and r if for
any A C B, |A| <K, |B| < D we have for any {c;}icp

D leil S VIAL Y cigill.
icA icB

It is clear that A1 and A2 imply A3 with V = C U. Also, A3 implies A1 with
C; =V and A2 with U = VK”. Obviously, we can restrict ourselves to r < 1.

We now proceed to main results of [17] and [29] on the WCGA with respect to
redundant dictionaries. The following Theorem 4.4.1 from [29] in the case g = 2
was proved in [17].

Theorem 4.4.1 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose K-
sparse f€ satisfies A1, A2 and || fo — f¢|| < €. Assume that rq' > 1. Then the WCGA
with weakness parameter t applied to fo provides

1 f o ycr e mus e | < Ce - for K+C(t,7,C)UY n(U + 1K™ <D

with an absolute constant C.
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It was pointed out in [17] that Theorem 4.4.1 provides a corollary for Hilbert
spaces that gives sufficient conditions somewhat weaker than the known RIP condi-
tions on Z for the Lebesgue-type inequality to hold. We formulate the correspond-
ing definitions and results. Let & be the Riesz dictionary with depth D and parameter
6 €(0,1). This class of dictionaries is a generalization of the class of classical Riesz
bases. We give a definition in a general Hilbert space (see [28], p. 306).

Definition 4.4.1 A dictionary 9 is called the Riesz dictionary with depth D and
parameter 6 € (0,1) if, for any D distinct elements ey, ..., ep of the dictionary and
any coefficients a = (ay, .. .,ap), we have

D
(1=8)|all5 < || Y aiei|* < (1+8)]|all3. (4.55)
i=1

We denote the class of Riesz dictionaries with depth D and parameter § € (0,1)
by R(D,§).

The term Riesz dictionary with depth D and parameter 6 € (0, 1) is another name
for a dictionary satisfying the Restricted Isometry Property (RIP) with parameters
D and 4. The following simple lemma holds.

Lemma 4.4.1 Ler P € R(D,0) andletej € 9, j=1,...,s. For f =Y}_, ae; and
A C{l,...,s} denote

SA(f) = Zaiei.

i€A
If s <D, then
ISA()I7 < (148)(1—8)"I£11%,

Lemma 4.4.1 implies that if 2 € R(D, d) then it is (D, D)-unconditional with a
constant U = (14 8)"/2(1—8)~1/2.

Theorem 4.4.2 Let X be a Hilbert space. Suppose K-sparse f¢ satisfies A2 and
Ilfo— f¢|| < &. Then the WOMP with weakness parameter t applied to fy provides

I fepu)xl| <Ce  for K+C(t,U)K <D
with an absolute constant C.

Theorem 4.4.2 implies the following corollaries.

Corollary 4.4.1 Let X be a Hilbert space. Suppose any K-sparse f satisfies A2.
Then the WOMP with weakness parameter t applied to fo provides

Ilfeqvkll < Cok(fo,2)  for K+C(t,U)K <D

with an absolute constant C.
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Corollary 4.4.2 Let X be a Hilbert space. Suppose 9 € R(D, ). Then the WOMP
with weakness parameter t applied to fy provides

I fews)k |l < Cok(fo,2) for K+C(t,6)K <D

with an absolute constant C.

We emphasized in [17] that in Theorem 4.4.1 we impose our conditions on an
individual function f¢. It may happen that the dictionary does not have the Nikol’skii
£,X property and (K, D)-unconditionality but the given f; can be approximated by
f€ which does satisfy assumptions A1 and A2. Even in the case of a Hilbert space
the above results from [17] add something new to the study based on the RIP prop-
erty of a dictionary. First of all, Theorem 4.4.2 shows that it is sufficient to im-
pose assumption A2 on f¢ in order to obtain exact recovery and the Lebesgue-type
inequality results. Second, Corollary 4.4.1 shows that the condition A2, which is
weaker than the RIP condition, is sufficient for exact recovery and the Lebesgue-
type inequality results. Third, Corollary 4.4.2 shows that even if we impose our
assumptions in terms of RIP we do not need to assume that & < &. In fact, the
result works for all § < 1 with parameters depending on 0.

Theorem 4.4.1 follows from the combination of Theorems 4.4.3 and 4.4.4. In
case ¢ = 2 these theorems were proved in [17] and in general case ¢ € (1,2] —
in [29].

Theorem 4.4.3 Let X be a Banach space with p(u) < yu?, 1 < g < 2. Suppose for
a given fo we have || fo — f¢|| < € with K-sparse f := f€ satisfying A3. Then for any
k>0 we have for K+m < D

ci(m—k)

/o
Il < Idlexp (=0 )+ 22, 4

g—1

/!
where c1 := o
2(16y)1-1vd
In all theorems that follow we assume rg’ > 1.

Theorem 4.4.4 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose
K-sparse f¢ satisfies A1, A2 and || fo — f¢|| < €. Then the WCGA with weakness
parametert applied to fy provides

| fergt w1y | < CUE - for K+ C'U (U + DK™ <D

1 / /
with an absolute constant C and C' = C;(q)ys'C{ 179
We formulate an immediate corollary of Theorem 4.4.4 with € = 0.

Corollary 4.4.3 Let X be a Banach space with p(u) < yu?. Suppose K-sparse f
satisfies A1, A2. Then the WCGA with weakness parameter t applied to f recovers
it exactly after C'U? In(U 4+ 1)K iterations under condition K+ C'U9 In(U + 1)
K" <D.
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We formulate versions of Theorem 4.4.4 with assumptions A1, A2 replaced by
a single assumption A3 and replaced by two assumptions A2 and A3. The corre-
sponding modifications in the proofs go as in the proof of Theorem 4.4.3.

Theorem 4.4.5 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose
K-sparse f¢€ satisfies A3 and || fo — f¢|| < €. Then the WCGA with weakness param-
eter t applied to fy provides

ety mvigee | < CVKTe for K+C(t,7,9)V? In(VK)K™ <D

1 ’
with an absolute constant C and C(t,7y,q) = C2(q)ys-1t 9.

Theorem 4.4.6 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose
K-sparse f€ satisfies A2, A3 and || fo — f¢|| < €. Then the WCGA with weakness
parametert applied to fo provides

ey mw e | S CUE - for K+C(t,7,q)V In(U + 1)K <D

with an absolute constant C and C(t,7,q) = C; (q)}/qil .
Theorems 4.4.5 and 4.4.3 imply the following analog of Theorem 4.4.1.

Theorem 4.4.7 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose K-
sparse f€ satisfies A3 and || fo — f€|| < €. Then the WCGA with weakness parameter
t applied to fy provides

Hszy, W In(VEKH | <Ce for K+C(t,7,q )Vq ln(VK)K”’ <D

1 /
with an absolute constant C and C(t,7y,q) = C2(q)ys-1t 9.

The following edition of Theorems 4.4.1 and 4.4.7 is also useful in applications.
It follows from Theorems 4.4.6 and 4.4.3.

Theorem 4.4.8 Let X be a Banach space with p(u) < yud, 1 < g < 2. Suppose
K-sparse f€ satisfies A2, A3 and || fo — f¢|| < €. Then the WCGA with weakness
parametert applied to fy provides

et yave mw g || <C& - for  K+C(1,7,q)V* In(U + 1K™ <D

1 /
with an absolute constant C and C(t,7,q) = Ca(q)ys-1t 9.
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4.5 Proofs

Proof of Theorem 4.4.3. We begin with a proof of Theorem 4.4.3.

Proof. Let
f=r=Yxg, IT|=K, g€

i€T
Denote by 7" the set of indices of g; € & picked by the WCGA after m iterations,
I'™ ;=T\ T™. Denote by A|(2) the closure in X of the convex hull of the sym-
metrized dictionary 2+ := {+g,g € D}. We will bound || f;,|| from above. Assume
Il fin—1]] > €. Let m > k. We bound from below

Smi= sup |Fy,_ (9)]
0€A (D)

Denote A, := I'"™~!. Then

Sm > Fp, o (fan /1 fan 1),

where || fal|1 := Xjca |xi|. Next, by Lemma 6.9, p. 342, from [28] we obtain

Fr,  (fan) = Fp  (F) > [ fn-1ll — €.

Thus
S 2> Iy et || — £). (4.56)

From the definition of the modulus of smoothness we have for any 4

A
et =Agull + Lt 2ol <2l (140 (2 )) s

and by (1) from the definition of the WCGA and Lemma 6.10 from [28], p. 343,
we get

|, (@m)| > tsup |Fy, ()| =
gED

t sup |Fy, (@) =1tSp.
$€A ()

Then either Fy, (¢n) > 1Sy or Fy,  (—@n) > tS,. Both cases are treated in the
same way. We demonstrate the case Ff, | (@n) > 1S,,. We have for 1 >0

Vot 20ull > Epy Gt +200) > [ foa ||+ A1S,n

From here and from (4.57) we obtain

”fm” < ”fmfl _A'(pmH < Hfmle +}ibr;fo(_ktsm+2||fm71Hp()L/”fm—1”))'
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We discuss here the case p(u) < yu?. Using (4.56) we get

A4 A
ol < L fonr (1_ > eht

M +2y +
Il fa 1 I fn-tll7) " N fanllt

Let A; be a solution of

1
At A4 HM1W)“
= 2 5 A, =
bl = T Mfwalle ™ (MUMM

Our assumption (4.54) gives

I fanllt = 1€ = Gm-1)anllt VK = G|

V. Temlyakov

S VK (Ilfo—Guall + 1fo— 1) < VK ([ fn-rll + €)-

Specify

1
(T
16y(VK")4

Then, using || f;—1]| > € we get

q—1 q
(2=l <
A 4| fn-1ll7(VKT)4

and obtain
17 erd
[l fonll < [ fon—1 (1 - ! ) + | ,
2(16y)e-t (VK)7 ) (16y)a=1 (VKT)4
Denote ¢; := “ . Then
2(16y)4-1vd
ci(m—k)
IﬁMSHmem<— i >+n.

Proof of Theorem 4.4.4. We proceed to a proof of Theorem 4.4.4. Modifica-
tions of this proof which are in a style of the above proof of Theorem 4.4.3 give

Theorems 4.4.5 and 4.4.6.

Proof. We use the above notations 7" and I'"™ := T \ T™. Let k > 0 be fixed. Sup-

pose
2t <k <on.

For j =1,2,...,n,n+ 1 consider the following pairs of sets A;,B;: A,y =TT, k
Byy1=0; forJ<n Aj:=T*\B; with B; C I'* is such that |B;| > |T'*| -2/~ 1and

for any set J C I'* with |J| > |Fk| 2/=! we have
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78,11 < M1l
We note that this implies that if for some Q C I'* we have
Ifoll < Ilfs;ll  then |Q] < [I*|—2/"1. (4.58)
For a given b > 1, to be specified later, denote by L the index such that (By := I'¥)

7ol <11 /3, I,
178, [l < f3, I,

/8,21l < bll.f3, i [l

/B, || > bl f, |-
Then .
/3, < B5 | fp Il j=1,2,... L. (4.59)

We now proceed to a general step. Let m > k and let A,B C I'* be such that
A=T* \ B. As above we bound S, from below. It is clear that S,, > 0. Denote
Ay :=ANT""! Then

Sm = Fp,  (fan /[ fanll)-
Next,
Fpyos (fan) = Fpo s (fan + 18— fB)-

Then fa, + fp = f° — fa with Fy,_ (fa) = 0. Moreover, it is easy to see that
Fy,  (f%) = || fn—1]| — €. Therefore,

Ffmfl(fAm +fp—1fB) > ”fmfl” —€— HfBH

Thus
S > || fa Iy max(0, (| £ || — & — 1| 73]])-
By (4.52) we get
[ fa,ll1 < CilAm|"|[ fa,, | < CLIA[™ (| fa,,]-
Then

o Wfmtll = [1/5] — &

Sm =
" CilA] || fal

(4.60)
From the definition of the modulus of smoothness we have for any A

[ fin-1 =A@ + [ fin-1+ A @ml| <2/ frn—1[|(1+p( )

A
[ fn-1ll
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and by (1) from the definition of the WCGA and Lemma 6.10 from [28], p. 343,
we get
|Fi (@m)| = 2 sup [Fy,_ (g)] =
gED

! Sup |Ffmfl(¢)|
0€A(2)

From here we obtain

[fonll < W[l + 10f (= A8+ 21| frn-1llp A/ frn-11))-

We discuss here the case p(u) < yu?. Using (4.60) we get

At A > At(||fBll +€)

Jmll < | fm—1 <1— +2y .
Wl < W = Al T2 o) T ulAP

Let A; be a solution of

1
At A tl fn 14 )

= 2 5 A, == .
2 Al fanll = Ml (4yc1 A fan ]

Our assumption (4.53) gives

Il fanll LU frn1ll +€).

1
A’ — l’”JCAm”qi1 e
16yCi|AlUe)

Then A < A; and we obtain

|fm|§||fm1||(1— ltq >+ tq(leB”J’g) . 4.61)
2(16y)s- (CIUJAD)Y ) (16y) ! (GIIA"U)Y

Specify

!
Denote ¢; := o . This implies for my > m; >k

2(16y) 71 (CU)Y

2C1(m2—m1)

Wl < W 11 = /Ay 58 L

(/8] + €)- (4.62)

Define mg := k and, inductively,
m]:mjfl+[ﬁ|A/|rq]7 jzlv"'vnv

where [x] denotes the integer part of x. The parameter  is any which satisfies the
following inequalities

B>1, e P22, 16Ue “1B/2 < 1.
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We note that the inequality 8 > 1 implies that
BIA,I"] = Bl /2.
Atiterations from m;_; + 1 to m; we use A = A; and obtain from (4.61) that
fnll < [ 11 =)+ 20| fo| +-€), w:=calA] .

Using 1 —u < e *and ¥5_o(1 — u)* = 1/u we derive from here
g | < W oy lle™ VP2 2(( fis, || €.

We continue it up to j = L. Denote 1 := e “1B/2 Then

L
I < I fillm™ +2 7 (13, | +€)n" .
j=1

We bound the || f¢||. It follows from the definition of f; that || f|| is the error of best
approximation of fj by the subspace @y. Representing fy = f + fo — f we see that
|l /x| is not greater than the error of best approximation of f by the subspace @y plus
[|fo— f|| This implies [| fi|| < [| /5,[| + €. Therefore we continue

L . .
< (/3o ll +&)n*+2 Y, (I.f3,_, | (nb)* b~ +-en*)
j=1

2¢e
_’rl'

J

<o\ | ((nb)L +2

gl

(nb)-7 ) +
Our choice of B guarantees 11 < 1/2. Choose b = 2111 _Then
o || < NS5, |18 1P/2 + 4e. (4.63)
By (4.53) we get

frm | S U fon, |l +€) < U fi, I8¢ 1P2 + 5e).

We note that in the proof of Theorem 4.4.5 we use the above inequality with U =
VK" <VK.If || fs, || < 10UEg, then by (4.63)

[[fm || < CUE.

If || f5,_, || > 10U«, then by our choice of B we have 16Ue “1F/2 < 1 and

U(||fs,_, |18 P72 +5€) < || i, II
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Therefore

|l < lfp I

This implies
|| < |7k =282,

We begin with fy and apply the above argument (with k = 0). As a result we either
get the required inequality or we reduce the cardinality of support of f from |T| = K
to || < |T| =252, my, < B2, a:= rq'. We continue the process and build a
sequence my,; such that my; < B2%Li and after m;, ; iterations we reduce the support

by at least 252, We also note that my,; < B29K®. We continue this process till the
following inequality is satisfied for the first time

mp, + - +myp, > 2% BK°. (4.64)

Then, clearly,
my, 4. +an < 22a+1ﬁKa'

Using the inequality
ar+-+a)? <al+-+dl, a;>0, 0€(0,1
1 n J

we derive from (4.64)
1
224y ol2 > (zam 24y 2a<er)) a

2 272 (2aL1 4t 2(1Ly,) (lt

> 22 ((B) (i + -+ mi))* 2 K.

Thus, after not more than N := 22¢*1 8K iterations we recover f exactly and then

vl < llfo—fll <e.

4.6 Examples

In this section we discuss applications of Theorems from Section 4.4 for specific
dictionaries . Mostly, Z will be a basis ¥ for X. Because of that we use m instead
of K in the notation of sparse approximation. In some of our examples we take
X =L,,2 < p < . Then it is known that p(u) < yu* with y = (p —1)/2. In some
other examples we take X = L,, 1 < p < 2. Then it is known that p (u) < yu”, with
y=1/p.

Example 1. Let ¥ be a uniformly bounded orthogonal system normalized in
LP(Q), 2 < p < oo, Q is a bounded domain. Then we have
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G2 p) il < llwilly < C2(2, D) Wjll2,  J=1,2....
Next, for f =Y, ci(f)w;
> i)l = (£, X (signei(f)) il willy )

i€cA i€cA

<N flall Y (signei(f) will will [l < C3(€2, p)|A[? 1] -
i€cA

Therefore ¥ satisfies A3 with D = o, V = C3(€2, p), r = 1/2. Theorem 4.4.7 gives

||fC(t,p,D)mln(m+1)HP < CGm(an'P)P' (4.65)

Example 1q. Let ¥ be a uniformly bounded orthogonal system normalized in
LP(Q), 1 < p <2, Q is abounded domain. Then we have

G2, p)lwjll2 < llwillp < (2, P)llWjll2, J=1,2...
Next, for f =Y, ci(f)w;
> leiNl = (f, X Gsignei( ) wallwill;*)

icA icA

< |F1oll Y (signei () will willy 2l < Ca(€, p)lAl= 7| £
icA

Therefore ¥ satisfies A3 with D =0, V = C4(2,p), r=1—1/p’. Theorem 4.4.7
gives

||fc(,,p7p)mp’—1 In(m+1) Ip < Com(fo,¥)p- (4.66)

Example 2. Let ¥ be the normalized in L,, 2 < p < oo, real d-variate trigono-
metric system. Then Example 1 applies and gives for any fy € L,

I fei p.ayminman)lp < COm(fo, ¥)p- (4.67)
We note that (4.67) provides some progress in Open Problem 7.1 (p. 91) from [26].

Example 2q. Let ¥ be the normalized in L), 1 < p < 2, real d-variate trigono-
metric system. Then Example 1q applies and gives for any fo € L,

||fC(t,p7d)m1’"l In(m+1) llp < Com(fo,¥)p- (4.68)

We need the concept of cotype of a Banach space X. We say that X has cotype s
if for any finite number of elements u; € X we have the inequality

1/s 1/s
(AverageiHZﬂ:uiH‘Y) > G <Z|“1|Y> :
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It is known that the L, spaces with 2 < p < e have cotype s = p and L, spaces with
1 < p <2 have cotype 2.

REMARK 4.69 Suppose 9 is (K, K)-unconditional with a constant U. Assume that
X is of cotype s with a constant Cs. Then & has the Nikol’skii-type £1X property
with parameters K, 1 —1/s and C) = 2UC;1.

Proof. Our assumption about (K, K)-unconditionality implies: for any A, |A| < K,
we have

> +xigill <20 Y xigill.
i€A i€A

Therefore, by s-cotype assumption

I X xigill* > QU) G Y il

i€cA icA
This implies
1/s
> il < A (Z Ixz'ls> <20C Al Y il
i€A icA icA

Example 3. Let X be a Banach space with p(u) < yu?, 1 < g <2 and with co-
type s. Let ¥ be a normalized in X unconditional basis for X. Then U < C(X,¥)
and YV satisfies A2 with D = oo and any K.

By Remark 4.69 ¥ satisfies Al with r =1 — 1 Theorem 4.4.4 gives

e x wymi-190 | < Com(fo, ¥) (4.70)
under condition (1 —1/s)q’ > 1.

Example 4. Let ¥ be the normalized in L, 2 < p < oo, multivariate Haar basis
%d J, x -+ x J,. It is an unconditional basis. Also it is known that L, space
Wlth 2 < p < = has cotype s = p. Therefore, Example 3 applies in this case. We give
a direct argument here. It is an unconditional basis and therefore U < C(p,d). Next,
for any A by (4.37)

icA i€cA icA

1/p
1Y xiHipllp > C(p,d) <Z|xz|”> > C(p,d)lAl7~ 'Y Ixil.
Therefore, we can take r = ;,. Theorem 4.4.4 gives

||fC(t,p,d)m2/1" ||[7 < Ccm(foa%d)[" (4.71)

Inequality (4.71) provides some progress in Open Problem 7.2 (p. 91) from [26] in
the case 2 < p < oo.
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Example 4q. Let ¥ be the normalized in L,, 1 < p < 2, univariate Haar basis
¢, = {Hy,p}1, where Hj , the Haar functions indexed by dyadic intervals of support
of Hj , (we index function 1 by [0, 1] and the first Haar function by [0, 1)). Then for
any finite set A of dyadic intervals we have for f =Y, ¢;(f)Hy,

Sl = (f.f0), fi= . (signcs(f)HpplHiplls .

IcA IcA

Therefore,

2 et < [ AlpIfA -

IcA

It is easy to check that
HL [ Frp 1> = 27 2] 7 1~ 0 2P0 = 1.
By Lemma 4.3.1 (see also Lemma 1.23, p. 28, from [28]) we get

If3ll,y < Clp)IA|V7"

Thus
S lerl < Cp)IAP| £l -

IcA

This means that .7, satisfies A3 with V = C(p) and r = 1/p’. Also it is an uncon-
ditional basis and therefore satisfies A2 with U = C(p). It is known that L, space
with 1 < p <2 has modulus of smoothness p(u) < yu?. Therefore, Theorem 4.4.8
applies in this case and gives

HfC(Lp)m”P SCGm(fON%)P' (4.72)

Inequality (4.72) solves the Open Problem 7.2 (p. 91) from [26] in the case
1<p<2.

Example 5. Let X be a Banach space with p(u) < yu®. Assume that ¥ is a nor-
malized Schauder basis for X. Then for any f =Y, ¢;(f) v

> la(H)l < CP)AlIfI-
icA

This implies that ¥ satisfies A3 with D = oo, V = C(¥), r = 1 and any K. Theo-
rem 4.4.7 gives

HfC(t,X,'I’)mzlnm” < CGm(anlP)' 4.73)

We note that the above simple argument still works if we replace the assumption that
¥ is a Schauder basis by the assumption that a dictionary & is (1,D)-unconditional
with constant U. Then we obtain

I fcwyxemgll < Cok (fo,¥), for K+C(t,7,U)K*InK <D.
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Example 5q. Let X be a Banach space with p(u) < yu?, 1 < g <2. Assume that
¥ is a normalized Schauder basis for X. Then for any f =Y, ¢;(f)w;

D la(Hl < cP)lAllfll-

i€cA

This implies that ¥ satisfies A3 with D = oo, V. = C(¥), r = 1 and any T. Theo-
rem 4.4.7 gives

1t it mll < COm (o, ¥). (4.74)

We note that the above simple argument still works if we replace the assumption that
¥ is a Schauder basis by the assumption that a dictionary & is (1,D)-unconditional
with constant U. Then we obtain

||fC(t,y7q7U)K‘7/an” < CGK(f(),@), for K—i—C(l,}/,q,U)Kq InK <D.

We now discuss application of general results of Section 4.4 to quasi-greedy
bases. We begin with a brief introduction to the theory of quasi-greedy bases. Let X
be an infinite-dimensional separable Banach space with a norm || - || := || - ||x and let
¥ :={ym};_, be a normalized basis for X. The concept of quasi-greedy basis was
introduced in [13].

Definition 4.6.1 The basis 'V is called quasi-greedy if there exists some constant C
such that

sup [|Gn(f,#)| < CIf]I

Subsequently, Wojtaszczyk [34] proved that these are precisely the bases for
which the TGA merely converges, i.e.,

lim G, (f) = f.

n—soo
The following lemma is from [4] (see also [6] and [8] for further discussions).

Lemma 4.6.1 Let V¥ be a quasi-greedy basis of X. Then for any finite set of indices
A we have for all f € X

15 (F, )| < Cn([A[+ D] £

We now formulate a result about quasi-greedy bases in L, spaces. The following
theorem is from [30]. We note that in the case p = 2 Theorem 4.6.1 was proved
in [34]. Some notations first. For a given element f € X we consider the expansion

= Z cr(f) Wi
k=1
and the decreasing rearrangement of its coefficients

lek, ()] = ley ()] = - -
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Denote

an(f) := lex, ()]

Theorem 4.6.1 Let ¥ = {y,};_, be a quasi-greedy basis of the L, space, 1 < p <
oo, Then for each f € X we have

=

Ci(p)supn'Pan(f) < |Iflp < Calp) X Pan(f), 2<p <o

n=1
Cs(p)supn'%a,(f) < || fllp < Ca(p) i n/Pla,(f), 1<p<2.

Example 6. Let ¥ be a normalized quasi-greedy basis for L,, 2 < p < . Theo-
rem 4.6.1 implies for any f =Y, ¢;(f)y;

4|

DN < Y an(f) < Cilp lzn PIfll, < Al PIA -
n=1

icA

This means that ¥ satisfies A3 with D =, V =C(p), r=1- zlv' Theorem 4.4.7
gives
ch(hp)mZ(l*l/P) 1n(m+1)|| < Ccm(fmly)' (4.75)

Example 6q. Let ¥ be a normalized quasi-greedy basis for L,, 1 < p < 2. The-
orem 4.6.1 implies for any =Y, ¢;(f)y;

A|
ZICr(f)ISZIan( <Gl 1er”zl\fllp C(p)IAI"| £l
i€cA n=

This means that ¥ satisfies A3 with D = e, V = C(p), r = 1/2. Theorem 4.4.7 gives

HfClpmp/zln m+1) || <C0m(f05 ) (476)

Example 7. Let ¥ be a normalized uniformly bounded orthogonal quasi-greedy
basis for L, 2 < p < . For existence of such bases see [21]. Then orthogonality
implies that we can take r = 1/2. We obtain from Lemma 4.6.1 that ¥ is (K,oo)
unconditional with U < Cln(K + 1). Theorem 4.4.8 gives

I few.ppymminms3)llp < Com(fo,'¥)p- (4.77)

Example 7q. Let ¥ be a normalized uniformly bounded orthogonal quasi-greedy
basis for L, 1 < p < 2. For existence of such bases see [21]. Then orthogonality
implies that we can take r = 1/2. We obtain from Lemma 4.6.1 that ¥ is (K,oo)
unconditional with U < Cln(K 4+ 1). Theorem 4.4.8 gives

e pym?' P nnns3)lp < COm(fo, ) p- (4.78)
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4.7 Discussion

We study sparse approximation. In a general setting we study an algorithm (approx-
imation method) & = {A,,(-,2)};_, with respect to a given dictionary Z. The
sequence of mappings A, (-, Z) defined on X satisfies the condition: for any f € X,
An(f,Z) € Z,(2). In other words, A, provides an m-term approximant with re-

spect to Z. It is clear that for any f € X and any m we have

”f_Am(fa@)” Z Gm(f,@)-

We are interested in such pairs (2, <) for which the algorithm < provides ap-
proximation close to best m-term approximation. We introduce the corresponding
definitions.

Definition 4.7.1 We say that 9 is a greedy dictionary with respect to <f if there
exists a constant Cy such that for any f € X we have

If 9 is a greedy dictionary with respect to .o/ then .o provides ideal (up to a constant
Cp) m-term approximations for every f € X.

Definition 4.7.2 We say that & is an almost greedy dictionary with respect to </ if
there exist two constants C| and C such that for any f € X we have

Hf_ACIm(fa-@)H SCZGm(f,-@) (480)

If 2 is an almost greedy dictionary with respect to <7, then <7 provides almost
ideal sparse approximation. It provides Cjm-term approximant as good (up to a
constant C;) as an ideal m-term approximant for every f € X. We also need a more
general definition. Let ¢ () be a function such that ¢ (u) > 1.

Definition 4.7.3 We say that 9 is a ¢-greedy dictionary with respect to < if there
exists a constant C3 such that for any f € X we have

”f_Ad)(m)m(fu@)H §C3Gm(f7@) (4‘81)

If 2 =V is a basis, then in the above definitions we replace dictionary by basis.
In the case &/ = {G(-,'¥)};_, is the TGA the theory of greedy and almost greedy
bases is well developed (see [28]). We present two results on characterization of
these bases. A basis ¥ in a Banach space X is called democratic if there is a constant
C('P) such that

1Y well <) Y vkl (4.82)

keA keB

if |A| = |B|. This concept was introduced in [13]. In [5] we defined a democratic
basis as the one satisfying (4.82) if |A| < |B|. It is known that for quasi-greedy
bases the above two definitions are equivalent. It was proved in [13] (see Theorem
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1.15, p. 18, [28]) that a basis is greedy with respect to TGA if and only if it is
unconditional and democratic. It was proved in [5] (see Theorem 1.37, p. 38, [28])
that a basis is almost greedy with respect to TGA if and only if it is quasi-greedy
and democratic.

Example 4q is the first result about almost greedy bases with respect to WCGA
in Banach spaces. It shows that the univariate Haar basis is an almost greedy basis
with respect to the WCGA in the L, spaces for 1 < p < 2. Example 1 shows that
uniformly bounded orthogonal bases are ¢-greedy bases with respect to WCGA
with ¢(u) = C(t,p,D)In(u+ 1) in the L, spaces for 2 < p < eo. We do not know
if these bases are almost greedy with respect to WCGA. They are good candidates
for that.

It is known (see [28], p. 17, and Theorem 4.3.1 of this paper) that the uni-
variate Haar basis is a greedy basis with respect to TGA for all L,, 1 < p < oe.
Example 4 only shows that it is a ¢-greedy basis with respect to WCGA with
¢(u) = C(t, p)u' /P in the L, spaces for 2 < p < oo. It is much weaker than the
corresponding results for the JZ),, 1 < p <2, and for the trigonometric system,
2 < p < oo (see Example 2). We do not know if this result on the Haar basis can be
substantially improved. At the level of our today’s technique we can observe that
the Haar basis is ideal (greedy basis) for the TGA in L,, 1 < p < oo, almost ideal
(almost greedy basis) for the WCGA in L,, 1 < p <2, and that the trigonometric
system is very good for the WCGA in L, 2 < p < oo,

Example 2q shows that our results for the trigonometric systemin L,, 1 < p <2,
are not as strong as for 2 < p < co. We do not know if it is a lack of appropriate
technique or it reflects the nature of the WCGA with respect to the trigonometric
system.

We note that properties of a given basis with respect to TGA and WCGA could be
very different. For instance, the class of quasi-greedy bases (with respect to TGA) is
arather narrow subset of all bases. It is close in a certain sense to the set of uncondi-
tional bases. The situation is absolutely different for the WCGA. If X is uniformly
smooth, then WCGA converges for each f € X with respect to any dictionary in X.
Moreover, Example 5q shows that if X is a Banach space with p (u) < yu? then any
basis ¥ is ¢-greedy with respect to WCGA with ¢ (u) = C(t,X,¥)ud 'In(u+1).

It is interesting to compare Theorem 4.4.3 with the following known result. The
following theorem provides rate of convergence (see [28], p. 347). As above we
denote by A1 (2) the closure in X of the convex hull of the symmetrized dictionary
9t ={+g:5€ 7).

Theorem 4.7.1 Let X be a uniformly smooth Banach space with modulus of smooth-
ness p(u) < yu?, 1 < g < 2. Take a number € > 0 and two elements fy, € from X
such that

lfo—foll <€ [f/A(e) € Ai(2),
with some number A(g) > 0. Then, for the WCGA we have

k=1

17" < max (2s,c<q,y><A<s> fo1+Y t,?’wq/) .
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Both Theorem 4.7.1 and Theorem 4.4.3 provide stability of the WCGA with
respect to noise. In order to apply them for noisy data we interpret fy as a noisy
version of a signal and f* as a noiseless version of a signal. Then, assumption
fE/A(e) € A1(2) describes our smoothness assumption on the noiseless signal and
assumption f¢ € Xk () describes our structural assumption on the noiseless signal.
In fact, Theorem 4.7.1 simultaneously takes care of two issues: noisy data and ap-
proximation in an interpolation space. Theorem 4.7.1 can be applied for approxima-
tion of fy under assumption that fy belongs to one of interpolation spaces between
X and the space generated by the A (2)-norm (atomic norm).

We now give some historical remarks on the Lebesgue-type inequalities for re-
dundant dictionaries. By the Lebesgue-type inequality we mean an inequality that
provides an upper bound for the error of a particular method of approximation of
f by elements of a special form, say, form .27, by the best-possible approximation
of f by elements of the form .27. In our paper the method of approximation is the
WCGA which provides an m-term approximant after mth iteration. Thus, form &7
is a linear combination of at most m dictionary elements. Therefore, we compare
an error of the WCGA after m iterations with the best m-term approximation. First
Lebesgue-type inequalities for redundant dictionaries were proved for the Orthog-
onal Matching Pursuit (OMP), which is the WCGA in a Hilbert space with the
weakness parameter ¢ = 1, under incoherence assumption on the dictionary.

Denote

M(2):= sup |(g.h)]
g#hig,he?
the coherence parameter of a dictionary Z. The first general Lebesgue-type inequal-
ity for the OMP for the M-coherent dictionary was obtained in [9]. The authors
proved that for the residual f;, of the OMP after m iterations one has

I£5] < 8m'%0,(f) for m<1/(32M).
The constants in this inequality were improved in [32]:
Ifll < (14+6m)2G(f) for m<1/(3M).

Further results were obtained in [3]: Assume m < 0.05M 2/3, then we have

Hf[(;nlogm] H < 246m(f)

The following inequality was obtained in [31]. For any § € (0,1/4] set L(8) :=
[1/8]+ 1. Assume m is such that 20Mm'+321) < 1. Then we have

Hf,fl(zL(é)ﬂ,l)H <V30u(f).
Recently, the above Lebesgue-type inequality was improved in [16]:

/2]l < 30m(f)

for m < (20M)~".
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The incoherence assumption on a dictionary is stronger than the Restricted Isom-
etry Property (RIP) assumption. The corresponding Lebesgue-type inequalities for
the OMP under RIP assumption were not known for a while. As a result new
greedy-type algorithms were introduced and exact recovery of sparse signals and
the Lebesgue-type inequalities were proved for these algorithms: the Regularized
Orthogonal Matching Pursuit (see [20]), Compressive Sampling Matching Pursuit
(CoSaMP) (see [19]), and the Subspace Pursuit (SP) (see [2]). The OMP is sim-
pler than CoSaMP and SP, however, at the time of invention of CoSaMP and SP
these algorithms provided exact recovery of sparse signals and the Lebesgue-type
inequalities for dictionaries satisfying the Restricted Isometry Property (RIP) (see
[19] and [2]). The corresponding results for the OMP were not known at that time.
Later, a breakthrough result in this direction was obtained by Zhang [35]. In partic-
ular, he proved that if 2 € R(31K,0), 6 < 1/3, then the OMP recovers exactly all
K-sparse signals within 30K iterations. In other words, f5,, = 0. Itis interesting and
difficult problem to improve the constant 30 to the optimal one. There are several
papers devoted to this problem (see [10, 33], and [17]). In this paper we developed
Zhang’s technique to obtain recovery results and the Lebesgue-type inequalities in
the Banach space setting.

Concluding, we briefly describe the contribution of [17] and [29]. First, we pre-
sented in [29] a study of the Lebesque-type inequalities with respect to the WCGA
in Banach spaces with p(u) < yu?, 1 < g <2, under conditions A1 and A2. In the
case g = 2 it has been done in [17]. The case 1 < g < 2 uses the same ideas as
in [17]. Second, we introduced in [29] a new condition A3 and studied the WCGA
with respect to dictionaries satisfying either A3 or A2 and A3. Condition A3 and
a combination of A2 and A3 turn out to be more powerful in applications than A1
combined with A2. Third, we applied in [29] the general theory (see Sections 4.4—
4.5 above) for bases. Surprisingly, this technique works very well for very different
bases. It provides first results on the Lebesque-type inequalities for the WCGA with
respect to bases in Banach spaces. Some of these results (for the 77, 1 < p <2,
and for the %Z,, 2 < p < oo) are strong. This demonstrates that the technique used
is an appropriate and powerful method.
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Chapter 5

Results on Non-linear Approximation
for Wavelet Bases in Weighted Function Spaces

Eugenio Herndndez and Maria de Natividade

Abstract The material in this paper comes from various conferences given by the
authors. We start with a brief survey of harmonic analysis methods in linear and
non-linear approximation related to signal compression. Special emphasis is made
on wavelet-based methods and some of the mathematical theory of wavelets behind
them. We also present recent results of the authors concerning non-linear approxi-
mation in sequence spaces and the validity of Jackson and Bernstein inequalities in
general smoothness spaces.

5.1 Introduction

Images from the real world can be mathematically described in various ways [3].
A simple model considers analog images as non-negative functions of two variables
f(x,y) supported in the unit square [0, 1]2, which physically may be interpreted as
light intensity fields upon a given screen. For most pictures from the real world, a
precise mathematical expression is not known. Analog images must be “digitized”
in order to be stored and manipulated by computers. We briefly describe how to
produce a digital version of f(x,y) (we follow [11, p. 324]): a photometer averages
the light intensity over small squares (of side length 2~™) distributed dyadically
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146 E. Hernandez and M. de Natividade

along the picture frame [0, 1]2. So if M is large (typically, M > 8), we can codify the
image as a sequence of 22" coefficients: for k = (k,k,) € Z2,

1
=t = [ [ fedsay o<kl <2 s
|IM ,k| In

where Iy x denotes the dyadic square [2",}4 , klzzl] X [2/‘,\2,, , %;;1 ]. These squares are usu-

ally called pixels (or picture elements) located at positions 2~ Kk, and correspond to
the number of “dots” that form a computer screen. To each of them we associate a
single number py (typically a rounded integer between 0 and 2%), which represents
the “color level” of the picture at that point. In this way we have converted f(x,y)
into a “digital image” {pk}, a sequence of integer numbers which can be stored and
processed by computers.

Once the image is digitally stored, it can be manipulated with mathematical
tools. Given a sequence of integer numbers {pg}, we construct the observed im-

age 9 (x,y) by:
£y =Y prdmx(x.y), (5.2)
k

where ¢y k(x) = ¢(2x — k) and the function ¢ may be simply chosen as X012 Or
replaced by smoother versions such as splines or wavelet-type scaling functions. In
general, when M is sufficiently large, f(°) (x,y) is an almost indistinguishable copy
of f(x,y), and thus can be identified for mathematical purposes with the original
image. The compression problem then consists in representing f () (x,y) with much
less than 22" coefficients without losing the visual resemblance with the original
image.

With this example in mind, we can describe a general mathematical setting for
compression problems, which is based in classical approximation theory. We are
given a general class of functions .# (typically a Banach space), endowed with a
metric d #, and an increasing sequence of subsets Dy C . % ,N = 1,2,... We define
the error of approximation of f € F by Dy to be

8€DN
Then, the following questions have attracted the interest of scientist:

1. Decide, depending on applications, what metric d# and what classes Dy are
suitable in order to approximate functions in .%.

2. Find simple and fast algorithms to produce approximations fy € Dy which are
close to realize the infimum described in (5.3).

3. Investigate the rate of decay of the approximation error o(f,Dy).s. More pre-
cisely, given a prescribed rate, say N~¢, determine the class of functions f € .F
for which o(f,Dy) s <N €forallN=1,2,...
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5 Non-linear Approximation with Wavelet Bases 147

In the above example of images, one can take .7 = L? ( [0, 1]2) and let Dy be
a subset of functions with at most N non-null coefficients in the expansion (5.2).
Then, when N < 2?M the best approximation fy can be seen as a “compressed ver-
sion” of the original image f(x,y), from which we have removed the less essential
information in order to speed up transmissions or reduce storage memory.

Of course, this setting of approximation can also be applied to other situations,
such as the processing of other types of signals (music, digital TV, etc.) or the nu-
merical solutions of PDEs. In this last case fy is an approximation by a certain
numerical method of the (unknown) solution f. In all these cases it is essential that
the compressed signal fy is a faithful representation of the original f, for which
often we do not know a precise expression or this cannot be measured in the whole
continuous range of space.

One way of obtaining a compressed signal fy which is a faithful representa-
tion of an original signal f is to use Linear approximation in Hilbert spaces. For
this method, one of the oldest and best known, we need a Hilbert space # and an
orthonormal basis {e; : j =1,2,...} of ., so that the original signal f is repre-
sentedby f =37 | (f, e;)e;. Select the linear subspaces Ly = span{ey,... ey} as
approximating sets. Then, the infimum defined by o(f,Ly) ¢ as in (5.3) is attained
by the orthogonal projection of f onto Ly, that is

N
Iv=2{fej)e. (5.4)
j=1
This gives a precise estimate of the error for f € .7
- 1/2
o(f.Lw)oe =l =fule = ( 3 [ren)P) " 5.5)
Jj=N+1

Since X7, [(f e;) |> < oo, we always have limy_.. 6(f,Ly)» = 0. The interest-
ing question is to find subspaces of ¢ for which the decay rate of o(f,Ly). ¢ is
prescribed.

The first positive answers to this question were given by D. Jackson and S.N.
Bernstein for approximation of continuous periodic functions by trigonometric
polynomials, using L™ norms rather than L? norms (see [10] for a detailed account
of these type of inequalities).

Linear methods of approximation do a good job in analyzing signals with “uni-
form smoothness.” Audio signals is an example, since they are only perceived in a
range of harmonics smaller than 20 kHz, and therefore have a reasonably uniform
smoothness over R [42, p. 49].

But, linear Fourier Approximation is however a bad model for images, due to
the discontinuities that they often present at the edges of objects. Low dimensional
discontinuities will produce a low exponent of global smoothness. For instance, if
J = Xja) 1s the characteristic function of an interval in R, then the error decay is like
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N2 (see [42, p. 380]). The representation of such signals can be largely improved
by using non-linear approximation and wavelet bases.

In this article we start reviewing some important results in non-linear Approx-
imation methods developed in the last fifteen years and study the behavior of the
thresholding greedy algorithm for wavelet basis in weighted Lebesgue, Triebel-
Lizorkin, and Orlicz spaces.

5.2 Non-linear Approximation: Definitions and First Results

We start describing the general setting of non-linear approximation. A good refer-
ence for the results stated in this section is the monograph [57] written by V. N.
Temlyakov. Let (B, || - ||z) be a quasi-Banach space. In some proofs we will use
that there exists p = pp € (0, 1] such that the following p-power triangle inequality
holds:

Ix+ylG < IIxIE+yl5, xyeB (5.6)

(see [5, Lemma 3.10.1]). Observe that if (5.6) holds for p = pp, it also holds for any
w with 0 < u < pg. The case pg = 1 gives a Banach space.

A sequence of vectors B = {e 1}7:1 is a basis of B if every x € B can be uniquely
represented as x = ¥.7_; c;je; for some scalars c;, with convergence in || - ||. The

basis # is unconditional if the series converges unconditionally, or equivalently if
there is some K > 0 such that

HZ)LjCjejH SKHZCjejH 5.7
= ¥ =t B

for every sequence of scalars {4;}7_; with [;| <1 (see e.g., [30, Chapter 5]).

Let Xy, N=1,2,3,---, be the set of all y € B with at most N non-null coefficients
in the unique basis representation of y. For x € B, the N-term error of approxima-
tion with respect to Z is defined by

oy(x) = on(x; #B,B) = inf |x—y|g, N=1,2,3- (5.8
YEZN

We also set Xy = {0} so that op(x) = ||x||5-
Given x =37 cje; € B, let w denote any bijection of N such that

lexiper(yll = lenij+nengsnll, forall jeN. (5.9)
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5 Non-linear Approximation with Wavelet Bases 149

A thresholding greedy algorithm of step N is a correspondence assigning

x—ZceJEIBl—)GN =
i=1

() €nr(j)

T Mz

for any 7 as in (5.9). The error of the thresholding greedy approximation at step
N is defined by

Ww(x) = w(x2B,B) = sup|lx— Gy(x)||s- (5.10)

Notice that oy(x) < yv(x), but the reverse inequality may not be true in general.
The following definition was given in [38].

Definition 5.1. A basis 4 is said to be greedy in the quasi-Banach space B if there
is a constant ¢ > 1 such that

W 2,B) < coy(x; B,B), VxeB, N=1,2,3, -

Since greedy bases are those for which the thresholding greedy algorithm behaves
essentially as the best approximation, they do a good job of finding and approxima-
tion to a signal that faithfully resembles the original one.

Orthonormal wavelets is an example of bases that are greedy in some Lebesgue
spaces. The first result in this direction was proved by V.N. Temlyakov [53] for the
Haar basis in L”(0,1),1 < p < oo, and for all orthonormal wavelet bases that are L?-
equivalent to the Haar wavelet. Although in [53] the results were stated and proved
for the case LP(0,1),1 < p < oo, with minor modifications in the proof they also
hold for orthonormal wavelet families in P (R?), 1 < p < co. Thus, we will describe
them in this more general situation.

Let Z(d) be the collection of all cubes in RY of the form Q;x =27/([0,1)4 +k),
j €Z,k € Z4. Observe that |Q; | =27/, and all the cubes of the same level j € Z
are disjoint. Given Q = Q4 € Z(d) and y a function defined in RY, we denote by
Y the function

o(x) = 2Py (2x —k).

Definition 5.2 ([40]). A finite collection of functions ¥ = {y1,y»,...,y} C L?
(R?) is said to be an orthonormal wavelet family if the set

W ={wp,, (x) =2Py(2x—k): Qju € P(d),l =1,2,...,L}
is an orthonormal basis for L2 (R?).

Wavelet theory has been developed in the last 30 years. There are by now good
monographs describing both the mathematical theory of wavelets and its applica-
tions. We refer the reader to [16, 30, 42, 44].
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150 E. Hernandez and M. de Natividade

As far as we know, the definition given above was first published in [40] in the
year 1986. Nevertheless, as earlier as 1910, A. Haar described a simple system in
one dimension that fits Definition 5.2 [28]. Taking

h(x) = X0,1/2)(%) = X210,  *YER,

the system 7 = {h;(x) : I € (1)} is an orthonormal basis of L*>(R) which is
known as the Haar basis.

To define the Haar system in R? we proceed as follows. Let /g (x) = Xo,1) and
hi(x) = Xj0,1/2)(*) = X[1/2,1)(x), x € R. Let E be the set of indices € = (e1,...,&)
such that £; = 0,1 and not all ¢; are zero. The set E has 2" — 1 elements that corre-
spond to the non-zero vertices of the d-dimensional unit cube. For each € € E let

d
he(x):rllhgj(xj), x=(x1,...,%q)-
=

The collection,
A ={hfy: Q€ 2(d), e €E}

is an orthonormal wavelet family of L?(R?), known as the d-dimensional Haar
system.

Many other wavelets have been constructed since the beginning of wavelet the-
ory: Lemarié-Meyer wavelets [40], spline wavelets, compactly supported wavelets
[15] or Minimally Supported Frequency wavelets (MSF) [30]. Observe that our
wavelet families will always be normalized in L?(R?).

It can be shown that 7 is a basis for LP(R?), 1 < p < eo. A wavelet family %’
as given in Definition 5.2, with the set of indexes {1,2,...,L} replaced by E, is said
to be LP-equivalent to ¢4 if there exist constants 0 < C; < C; < oo such that for
any finite set A C Z(d) x E and any complex coefficients {cj, : (Q,€) € A} we have

ClHZCSQ%H < HZCSQ]’ISQ SCZHZCEWE (5.11)
A P A P A

p

Theorem 5.1. Let 1 < p < oo and let W be a wavelet family in R? which is LP-
equivalent to the Haar basis 7. Then, there exists a constant C < oo such that for
any f € LP(R?) and any N = 1,2,3,... we have

W L) = Slilzpllf— GRS L) |p < Con(f; 7, L7).

This result was proved by V.N. Temlyakov in [53] and the reader can also find
a proof in the monograph [57]. We will prove a similar result for Triebel-Lizorkin
spaces in Section 5.3, and this result includes Theorem 5.1 as a particular case.

A well-known basis of LP([0,1)%),1 < p < e, is the trigonometric system .7¢ =
{e*™xk ;€ 74}, Contrary to the case of Theorem 5.1, where it is shown that the
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5 Non-linear Approximation with Wavelet Bases 151

Haar basis is greedy in L”,1 < p < oo, the trigonometric system is far from greedy
in LP([0,1)4),1 < p < o, unless p = 2. This is contained in the following result due
to V.N. Temlyakov [54]:

Theorem 5.2. For each f € LP([0,1)?),1 < p <o, and N = 1,2,3,--- we have
(s T4 L) = sup||f = GR(f: T4L7)|p < (143N"Pyow (f: 74, 17).
V

1
p

where h(p) := |} — |, and this result is best possible.

Comparing Theorems 5.1 and 5.2 one can see the better performance of wavelet
bases with respect to the thresholding greedy algorithm compared to the trigono-
metric system.

The other result that we consider fundamental in the theory of non-linear approx-
imation with the thresholding greedy algorithm is the characterization of Greedy
bases due to S.V. Konyagin and V.N. Temlyakov given in [38]. To state the result
we need the concept of democratic basis. Given a basis % = {ej}jf’zl in a quasi-
Banach space B, the functions
€k

ok and hy(N:%Z,B) = inf

hy(N;%,B) = sup H
kel llexl|s 1B IT|I=N

IF|=N

kel ”ekHIBSH]B7

are called the right and left democracy functions of % (see also [17, 25, 33]). We
shall omit % or B when these are understood from the context.

Definition 5.3. A basis 8 = {e;}7_, in a quasi-Banach space B is said to be demo-
cratic if there exists D < oo such that forall N = 1,2,3,... we have

h,(N;%,B) < Dhy(N;%,B).

Equivalently, the basis Z is democratic in B if there exists D < e such that for any
two finite sets of indices A, B C N with the same cardinality |A| = |B| we have

(474 €
I1Z 1eie s =20 2 s s

keA ”ekHIB keBHekHIBS
This was the original definition given in [38].

The reason for introducing this concept is the following result proved originally
in [38]:

Theorem 5.3. A basis # = {e;}7_, in a quasi-Banach space B is greedy if and
only if # is unconditional and democratic in B.

This result was originally stated for Banach spaces. The proof for quasi-Banach
spaces requires minor modifications using the p-power triangle inequality (5.6).
A proof of this result for quasi-Banach sequence spaces can be found in [24].
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5.3 Weights in R?

In this section, we are going to collect all results that we need about weights in R?.
We denote by W = W (R?) the set of positive functions w defined on R? such that
0 < w(x) < oo almost everywhere x € R? and are locally integrable. A weight w
belongs to the Muckenhoupt class A,, 1 < p < o (w € A, = A,(RY)), if there
exists a constant C,, < o such that

(g1 fow) (g fwi r1ax)” " <c,

for every cube Q C R?, where |Q| denotes the Lebesgue measure of Q. The A;
condition for weights can be seen as the limiting case of the A, conditions when
p {1, thatis,

(|;| /QW("M") essgsup(w ') <Gy

The smaller constant C,, for which these inequalities hold is known as the A, con-
stant of the weight w. We have A C A, CA,, if 1 < p; < pp < oo (see [14] Theo-
rem 1.14). The class A..(R?) = A.. is defined by

A= JA,.
p>1

For a weight w(x) in R?, and a measurable set A C R? we write

The condition A.. can be characterized in the following way: w € A.. if and only if
there exist § > 0 and 0 < C,, < oo such that for every cube Q C R¢

w(A) A9
o) S cw(|Q|) , VA C 0O, A measurable. (5.12)

(see Theorem 2.9, Chapter IV of [14]).

For the results that we are going to prove here it is enough to assume a weaker
condition than the one in (5.12), namely that the inequality holds only for Q' C Q
with Q' € 2(d). Thus, we define the class A as the set of all weights w € R? for
which there exist § > 0 and 0 < C,, < o= such that for all Q € Z(d)

w(Q') [e3

é
w0 |Q|) YO co, 0 e (5.13)

<a
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5 Non-linear Approximation with Wavelet Bases 153

Whenw €A, 1 < p < oo, there exists C,, 0 < C,, < o0, such that forall Q C R4

C, ( ||g|| )p < ::((gi , VACQ, Ameasurable (5.14)

(take f(x) = xa(x) in part (b) of Theorem 2.1 of Chapter IV in [14]). In some of our
results it will be sufficient to assume the following weaker condition: w € BY, 1 <

p7
p < oo, if there exists C,, 0 < C,, < o, such that for all Q € Z(d)
|Q/| p W(Q/) / /
C < , VO CQ, 0 €9d). (5.15)
(o) = wio) @

Define
BL :=Up>1BY.

For future use we prove the following result:

Proposition 5.1. Let w be a weight in A2 N BY (in particular if w € A..). Then, for
any given T > 0, there exists a sequence of disjoint cubes {Rj}jf’zl C 9(d), such
that

Ct<wRj)<rt, Vj=123,-,
where C is a positive constant independent of j and 7.

For the proof we will need the following result:

Lemma 5.1. Let w € AL(RY). If {Q«}7_ .. is a family of dyadic cubes such that
Ok C Qxy1 and |Qxi1| = 29|Qx| for all k € Z, then

lim w(Qy) = and kinl w(Q) =0. (5.16)

k—oo
Proof. Since w € AL if k > 0, we use (5.13) to obtain

oo < (o) =)

Hence, w(Qy) > (C,) 1253 w(Qyp) and lim;__,.. w(Qy) = oo. On the other hand, if
k <0, from (5.13) we obtain

w(Qk) 1ONG . s
W(QO)SCW(|Q0|) — 2k

Thus, w(Qx) < C,,2M%w(Qy) and limy__, .. w(Qy) = 0.
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Proof. (Proof of Proposition 5.1) Let Q; = [0,2%)¢, k € Z. By Lemma 5.1 there
exists k; € Z such that

w(Qk ) < T <w(Qky+1)- (5.17)

Choose Ry = Qy, . We have

w(R) =w(Q) <7

On the other hand, from the Bi condition (see (5.15)) we deduce

w(Qk,) |0k, |

P
Cy =C,27%,
w(Qr+1) w(|Qk1+1|) "

so that
w(R1) = w(Qx,) > C2 Pw(Qy, 1) > C2 1.

Hence, we can take C = C,,2 %" in this first step.

Suppose that we have chosen a collection of disjoint cubes Ry, --,R,,—1 such
that Ct < w(R;j) < v forall j=1,2,---,m — 1. Without loss of generality, we can
assume that all cubes R; are in the positive cone of R, that is, the set of all points
of R? with non-negative coordinates.

Choose Qp = 2%[0,1)?, ky, € Z, such that R; C Qo for all j=1,2,---,m— 1.
Consider the increasing family of dyadic cubes given by @ = 2k»+k[0,1)4) k =
0,1,2,---.Let Oy, k=1,2,---,bea dyadic cube contained in Qy such that |Q| =
% and GxN Q1 = 0. w(Qy) < T forall k=1,2,3, -, since w € BY, we obtain

w(Ok) ION? o ap
w(Qk) ZCW(|Q1«|) =G

Hence, contrary to Lemma 5.1, we have w(Q;) < (C,,)~ 12977 for all k = 1,2,---,.

Therefore, there exists k), € Z such that w(Qk% ) > 7. Now consider a family of

decreasing dyadic cubes contained in ék% . By Lemma 5.1 there exists ékm D ka
such that

Ww(0p,) < 7 < w(0y,) (5.18)

and |§km| = ‘Qz’j;"‘. Choose R, = ka. Since (5.18) are the same inequalities as
(5.17), we have
C,2 1 < w(Rpm) < 1.

Observe that R,, has been chosen in the positive cone of R? and disjoint with
Rla"'vafl-
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We will also need the following result:

Lemma 5.2. Let w € A, a weight in R? with r > 1. Let 0 < § < 1 and u(x) = w(x)‘s.
We have that u € A, and wg ~ (uQ)tl‘? , where

1 1
= = d
wo |Q|W(Q) 0l /wa X

Proof. When r > 1, since w € A, and 0 < 0 < 1, using Jensen’s inequality, we

deduce
(|;|/Qu(x)dx)(|;|/Qu(x)lr/dx)rl
1 1 _/ r—1
= (1g L) (g fyrax)
—116
< [(1gy fyrra0)(1gy fyret7ax) ] <

Hence, u € A,. To show the equivalence wg ~ (uQ)tl‘? , by Jensen’s inequality with
6 < 1, we have

w0) = (1 fv wi)ds)® < (g weax) =wo.

The function &(z) = 1~(=18 't > 0, is convex; using again Jensen’s inequality we

obtain
(|;| /QW” (x)dx)f(rfl)é < (| él /Q p(0)dx) = uo.

Hence, for w € A, we deduce

o= (jg) Jyriois) <6(1gy [pw' " 9as) " <t

If r =1, since w € Ay, by Jensen’s inequality, for almost every x € Q we have

(|;| /Qu(x)dx) = (|;| ./Qw‘s(x)dx) < (|;| ./Qw(x)dx)é < Cw(x)® = Cu(x).

Hence, u € A;. On the other hand, we can again use Jensen’s inequality to obtain
1
(ug)s < wg. Moreover, the condition w € A implies that

wo = 0l / x)dx < Cesspinfw = C(esstfu)

< C(|é| ./Qu()c)dx)(13 =C(uQ)t13.
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5.4 Thresholding Greedy Algorithm for the Haar Wavelet
in Weighted Lebesgue Spaces

In this section we are going to prove that the d-dimensional Haar system is a greedy
basis for the weighted Lebesgue space LP(w), 1 < p < oo, provided that w € A ,,(Rd).
This result has been obtained as a corollary to more general results in a couple of
recent papers. It is proved for d = 1 in [34] and for more general d in [47]. The latter
is obtained as a corollary of results for weighted Orlicz spaces (see also Section 5.6
in this paper). The proof that we give here is direct and appears in the Ph.D thesis
of M. de Natividade [46].

The Haar system 74 = {h: Q € Z(d),e € E} (see section 5.2) is an uncon-

ditional basis of L” (w) when w € A,(R?) (see theorem 6 in [1]). In view of Theo-
rem 5.3, 57 will be greedy in L” (w) if we show that #¢ is democratic in the same
space. We recall the definition of the Haar system in R? given in Section 5.2. Let
1o(1) = Xjo,1)(t) and hl(t) = Xo,1) (1) X (t). Define E as the set of all sequences

€= (g, --,€&) such that &; = 0 or 1 and not all &; = 0. For each € € E let

d
Hhef xj).

. 1 .
The collection 7 = {hy : Q € 7, € € E} (where thch (x) =1Qjx|"2h*(2/x —k))
is the Haar system in R?, normalized in L?(R9).

Lemma 5.3. Let 1 < p < oo and w be a weight in R? such that w € A(R?). There
exists a constant 0 < Cp, 4 < oo such that
he

| Z s,

1
Cpall'|? (5.19)
Qel’ ”hSQ”LI’(w) P

<
LP(w)

forall T C [Tecg Ze(d) (297" copies of 2(d)) finite.
Proof. Fix € € E and assume first that I’ C Z,(d). We have

1

. 1
v = [ W) " = w(@) 0l *.

Thus, we have

hS

0
2 1851 ow)

Qer

WW(A&MQM@z
<( /R » Z2ol¥) }pw(x)dx);. (5.20)
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Given x € Uper @, let Oy be the smallest cube in I" that contains x. There ex-
ists a sequence of dyadic cubes Qx = Qy C Q1 C Q> C --- C Q; C --- such that
|Q;| = 27|Qx|. Observe that the cubes in I" that contain x must be contained in this
sequence. Then, we have

oer W(Q) (Q/)”
Using (5.13) we obtain
Q) _ . (10 5
Cy =C,27/
w(Q)) ~ (Ile)

That is, w(Q;) > £ 2/°w(Q,). Hence, we have

i CP2 jé/p <C XQx( )

ger W(Q) j=0 (Qx)p w(Q.)?
<cC ( DI, XQ ) (5.21)

ger W
where the last inequality is due to the fact that the last sum contains the term Ao L
W(Qx) r
Replacing (5.21) in (5.20) we deduce
ho

p

Qel’ ”hSQHLP(w)

LP(w) = C[/R (Q%_ )fVQ((Qx)) )W(x)dx} ; = C,JIFIII’. (5.22)

I Cllecg Ze(d), write I; ={Q €T : Q € Z,(d)}; then |I'| = Xecf |Iz|- Apply-
ing (5.22) to each € € E we deduce
hS

| Z s

1 1
I G X |17 < Cpall'l
Qel QIILP (w
. diy 1
with C,, 4 < 22 a 1’)Cp.

ecE

<
) LP(w)

The following Lemma gives the reverse inequality to (5.19) using duality argu-
ments when 1 < p < oo,

Lemma 5.4. Suppose that for all g € (1,00) the inequality (5.19) holds. If | < p < oo
and w € A,(R?) (see definition in section 5.3), then we have

ho
r (5.23)
‘Q%_M ollrow) ‘ LP(w) C/d| |

Sor all finite set I' C [1eeg Ze(d).
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Proof. Given f € LP(w), by duality we have

Il =50 ] [ rs] Nl |,y <1g#0} 524

P(w 14

Since w € A,(R?), we deduce w~ b e Ay (RY). Let

1 h(x)

g(x) = 1
/ h€ X
&yt &N, g

Using our hypothesis with ¢ = p’ and w » € A, we deduce

€
el . H 1 | s hj(x) .
L (wr) Cy|l|” QeFHhQ(x)H y 7pp’) (wr)
1
<  Cy |F|1’ =1.
Cy |F/|1'

From (5.24) we obtain
he

| Z s

= ||hg||u<w

fo(®) x)dx
L2 (w) = ’/R(Q%" |Q|iw(Q);)g( )d ’

o(x) h(x)
‘/ ) 1 1(2 1 QJ/ ,)’dx

Qer|Q| b > Cy|T|7 O |0 4w ()]
= LD /XQ )dx
Cp,|F|p’ Qcr W(Q 17 w 17
1 0l

V4 I

1
CyIT|7 e w(Q)r w7 (Q)]7

Since w € A, we have

/ 1 / 1

w(@)rhw (@) = ( /Q w(ydx) " ( /Q Wb ()dx)” <Gulol.

Hence,
Cy |T| Cy

> I
LP(w) CP' |F|11 C 'd| |

y To

ocr 1Hgllron

|

From Lemmas 5.3 and 5.4 we deduce the following result:
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Theorem 5.4. Let | < p < o and w € A,(R?). For the Haar system ' in RY we
have

1
hy(N; 59,17 (w)) = h(N; °d,LP (w)) = N».
Hence, the Haar basis is greedy in LP(w), when 1 < p < e and w € A,(R?).

To end this section we will show that Lemma 5.4 is not valid if w ¢ A ,(RY). We
will consider d = 1. Let w(x) = p|x|?~! ¢ A,(R), and I; = [0, 21,-)7 j=0,1,2,--

Observe that
1

: 1
2] —1
w(l;) =/0 pPdx= =117

Then,
N-1 hy. ) 1
J d )p
H th HLP (w) LP(w) / ’ 1 W(x) X
j=0 Jj=0 |I| 2w )
N ! 1 N-1 ]
LSt = [ 5 2 i)
j=0
But,
N—1 . . 1—’—2—}—_’_2]\7717 1f0§x<2}\,
Y 27n(27x) =
0 -1 if Jy <x<I.
Thus,
p

J

HN*I h[.

\ 1
= /ZN (2N — 1)ppx”71dx+/ pxPdx
j=0 ”hleLl’(w) ) 0 2}\/

= (2N2;p1)p + (1 — 21{/1:) <2.

LP(w

Hence, we can never have (5.23) for w(x) = p|x|[P~!.

5.5 Thresholding Greedy Algorithm for Wavelet Bases
in Weighted Triebel-Lizorkin Spaces

Under certain decay and smoothness conditions, wavelet bases provide characteri-
zations of classical Lebesgue and Sobolev spaces. For p € (1,0) (and wavelets with
enough decay) it is known that
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160 E. Hernandez and M. de Natividade

Wl ~[[3 5 e vz, o 629

(=109(d) (R)

Equivalence (5.25) reduces to Plancherel theorem for p = 2 and it is essentially
a Littlewood-Paley characterization of Lebesgue spaces for p # 2. Conditions on
¥ = {y! ..., yk} for which (5.25) holds can be found, for instance, in [30, 44] or
[58]. A collection ¥ = {y!,..., w!} of functions in L, (R¢) for which (5.25) holds
is called admissible wavelet family for L,(R).

When p € (1,0) and s > 0, Sobolev spaces on R? are defined as
WY = {feL,®) : FUA+EDFE] L’ ®R) ). (526)

They also have a characterization using wavelets. When y/ 0 =1,2,...,L, have
enough smoothness and decay it is known that

L s 21172
||f|W;<Rd)z\\[gDeé(d>(|Q| S Vo) ], ey 52D

We refer to [30, 41, 44] for conditions under which the collection ¥ is an admissible
wavelet family for W5 (R?).

The above spaces are particular cases of a more general class called Triebel-
Lizorkin spaces Fg’q(Rd). The Lebesgue spaces L,(RY) coincide with F,?,z(Rd)

when 1 < p < . Also the Sobolev spaces W, (R?) coincide with F3,(R?) when
1 < p <eoand s > 0. To include all the previously known results, in this section we
consider weighted Triebel-Lizorkin spaces, with weights in an appropriate A ,,(Rd )
class. The results that follow are part of the PhD. thesis of Maria de Natividade [46].

Let .7 be the set of functions ¢ in the Schwartz class .7 (R“) such that
. a. 1 . 3 5
Suppp C {& eR*: 5 < |€] <2} and |@| ZC>01f5 <&l < 3 (5.28)
We define .o as the set of all functions @ € .#(R?) such that
. . 5
Supp® C {E € RY: || <2} and |D(E)| >C > 0if €] < ;o 629

Given a function ¢ defined on RY we use the notation
or(x) = 24 (2).

Definition 5.4. Let sc R, 0 < p < oo, 0 < g < oo, 0 € &, @ € ofy and w be a
weight in R9.
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5 Non-linear Approximation with Wavelet Bases 161

i) The homogeneous weighted Triebel-Lizorkin space F;  (w) is the set of all the
tempered distributions f € .#’(R?)/ % (modulo polynomials) such that

1ty = | (Z 21005 1)’
€

LP(w)

ii) The (non-homogeneous) weighted Triebel-Lizorkin space F; q(w) is the set of
all tempered distributions f € .#/(R¢) such that

< oo,
LP(w)

£ 1l

Pq

=12l + [ S0 17)’

When w = 1, Definition 5.4 coincides with the definition of Triebel-Lizorkin
spaces F,qu and F,f’q given in [20]. As in Section 5 of [20] it can be proved that

(Al

120

) 2 1 lepwy + 1 L o)
whens >0, 1 < p <o, 0<g<ooandweA,RY).

Definition 5.4 depends on ¢ € <7 and @ € 9%, but it can be proved that different
choices of these functions satisfying (5.28) and (5.29) give the same spaces with
equivalent norms.

It is well known that the spaces F »qand Fy  are characterized in terms of wavelet
coefficients and that such families of wavelets are unconditional bases of the Triebel-
Lizorkin spaces. These wavelets must have some properties (such as smoothness
and vanishing moments) depending on the space we want to characterize. For future
reference we give the definition of the regularity class %2"M.

Definition 5.5. (Regularity classes) Let r be a non-negative integer and M > d +r.
The regularity class %”¥ is the set of all functions f : RY —; C such that

i) [gex®f(x)dx=0 VaeN 0<|a|<r
.o C d
i) |[f(x)] < (e VXER

i) |D* f(x)| < (1+€4>M7 VxeRIVaeN 0<|a|<r+1

We now described the known results about characterization of weighted
Lebesgue, Hardy and Triebel-Lizorkin spaces using wavelet coefficients.

For the case of weighted Lebesgue spaces, we have LP(w) = F,?,z(w) ifwe

Ap(R?), 1 < p < . The following result about characterization of weighted
Lebesgue spaces with wavelet coefficients is given in [23] and [1].

Proposition 5.2. Let 1 < p <o, w € A,(RY) and ® = {y',--- ,yL} C L*(RY) with
L =29 —1 be a wavelet family obtained from a 1-regular Multiresolution Analysis
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(MRA) (see definition in [44] and [1]). Then, # = {I/IIQ Qe 9(d),l=1,2,---,L}
is an unconditional basis for LP (w) (see also [22]) and we have the following char-
acterization:

241

W ~|(E 2 (rvhler Hro)?)’

,Q@

Lr(w)’

The result given in Proposition 5.2 is also true for the Haar wavelet in R when
we Agy(]Rd) (see theorem 6 in [1]).

For the weighted Hardy spaces H”(w), 0 < p <1 (see [14]) defined in R with
w € A(R) we consider the critical index of w as ¢, = inf{g > 1:w € A4,(R)}.

Proposition 5.3. (See theorem 4.2 in [23]). Let 0 < p < 1, w € A(R) and q,, be
the critical index of w. Let L > 1 such that L > q[‘;’ and y € [? (R) and orthonormal

wavelet with y € %L (see Definition 5.5). Then, the collection W = {yy: Q € 9}
is an unconditional bases of HP (w) and

oo ~ || (S (1 vollel Hx0)?)

QE.@ 1) LP(w) '

The following result is due to M. Izuki and Y. Sawano [32] and gives a char-
acterization of weighted Triebel-Lizorkin spaces F,qu(w) with) < p <o, 0 < g <
o, s € R and w € A.(RY). We need some notation before stating the result. For
W € Aw(RY) let g,y = inf{u € [1,00) : w € A, (RY)} be the critical index of w. Define

Gp(W) = d(min(qlv;%v‘) - 1) + (Clw B 1)d7 %= Gq(l) B d(min(l% 1) - 1)

and
Opq(w) :=max{c,(w),0,}.

Proposition 5.4. (See theorems 1, 14, and 15 in [32]). Let s € R, 0 < p < o0, 0 <
g <o and w € Au(RY). Let r = (1 +[s])+ and suppose that @ = {y° ¢! : | =
1,2,---,L} C Cr(Rd) contains a scaling function y° and a family of d-dimensional
wavelets y! with compact support [15]. Furthermore, assume that Jra xP v (x)dx =
0 for all |B| < max{r,Lr} where Ly = [0, 4(w)—s], | =1,2,---,L. Then

1Al o0 = || (2 105 wg>|2;cg<->)é

€9 L (w)
lo]=1
+|[3 3 tor e,
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Moreover, if 0 < p < oo, 0 < g < oo, W:{wg‘k,y/j‘k:jeN, kezZd 1=1,2,---,L}
is an unconditional basis of F, ,(w).

Remark. A similar result for the homogeneous case can be found in [7].

Taking into account Proposition 5.4 we define the following sequence spaces
associated to the Triebel-Lizorkin spaces F, ,(w) and F}; ,(w). We will consider
only the case L = 1 since the case L > 1 changes only the constants in the following
results.

Recall that Z(d) denotes the set of all dyadic cubes in R?. By Z(d) we denote
the set of all cubes Q € Z(d) such that |Q| = 1, and by 2 (d) we mean the set of
all 0 € Z(d) such that |Q| < 1.

Definition 5.6. Let s € R, 0 < p < o0, 0 < r < oo and w a weight in R?.

i) Define ng’r(w) as the space of all sequences of complex numbers s = {sp: Q €
2(d)} such that

Isllars o0 = || Z 1017 Isolxo())) 1\

0€7(d)

< oo,
LP(w)

ii) Define ng’r(w) as the space of all sequences of complex numbers s = {sp: Q €
2°(d)} U{sg: Q€ Z7(d)} such that

1

Isllarg, o0 = | X Isol"w(0)]”

0€%0(d)

(X e Hsolzot)y)’

077 (d)

< oo,
LP(w)

It is not difficult to prove that 5F,§’r(w) and sF), ,(w) are quasi-Banach spaces. For
these sequence spaces we consider the element ep defined by

1, ifg=0
€p =
0,if 0# 0.
From Definition 5.6 we deduce that %, = {eg: Q € Z(d)} and B. = {eg: Q €
2°(d)} U{eg: Q€ 2" (d)} are unconditional bases of sFs (w) and sF ,(w), re-
spectively. Therefore, according to Theorem 5.3, to show that wavelet bases are
greedy in Triebel-Lizorkin spaces all we need to study is its democracy functions.

Lemma 5.5. Let 0 < p < o, 0 < r < co, and w € A% (see (5.13)) be a weight in R.
ForallI" C 9(d) finite we have

2o) \r  xo) o 0
(Q%“ w(Q)Z) Ww(Qy)” QLEJF

where Q, is the smallest cube in I" that contains x.
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Proof. There exist a unique sequence of dyadic cubes Oy =Qp C Q1 C 0, C -+ C
Q; C --- such that |Q;| = 2/4|Q,|. Since all the cubes in I" containing x belong to
this sequence, for x € UQeF Q we have

Xo(x) X0
(310 <G 2

Using condition (5.13) we obtain

(Qx) 6d
w(0)) <C,27/

Hence,

(2 XQ(x)r) < p(z Xo.(x 1d51’,)i

oer w(Q)” Sow(Qx)r
X X
Scw,p XQX( )1 SCWJJ(Z ( )r)
w(Qx) P ger w(Q)»
where the last equality is due to the fact that the last sum contains the term XQX(‘”>1 .
W(Qx) p
For I C 2(d) finite, we use the notation
Ir=>Y (5.30)

& lleolls

to denote the normalized characteristic function of I' in the space E = sF) .(w) or
E =sFy (w).

Theorem 5.5. Let s € R, 0 < p < o0, 0 < r < coand w € A% (see (5.13)) be a weight
in R4,

i) If " C 2(d) is a finite set, we have

leHsFPS,,(w) ~N»

Hence,
1

hi(N; Be,sF3 (W) & by (N3 B, sEy (W) =N 7.
i) IfT C 2o(d)U 2% (d) is a finite set, we have

1
ITrllsr, o) = IT17.

P, r
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Hence,

1
h(N; B, sF, (w)) ~ h(N; B,sF, .(w)) =N».
Proof. i) For Q € 2(d), from Definition 5.6 we deduce

R | 1
”eQHsF;,,(w) = |Q| ¢ 2W(Q)p'

Hence,

(5.31)

il 0= (. 2 rot) )

Qerr W

Lr(w)’

1
Let Sr(x) = (ZQ XQQ()XP) From Lemma 5.5 we obtain Sp(x) ~ X(QQx(;i .
Define now Zr(x ) ZQd— (; Using Lemma 5.5 with r =1 and p =1 we
obtain Zp(x) = W(Qx)' Thus, (Sr(x))? ~ Zr(x) for every x € Uger Q- From
(5.31) we deduce

1

T oty o = ISPl = ([ (S wix)ar) "

~( [zt o)’ :(/RZ"Q ()

4 0er

( Y Zo(¥) w(x)dx) ’ = |F|11’.

Ocr /R4 w(Q)

i) Let ' =T°Ur " with ' € 2y(d) and I'" C 2 (d), in such a way that |I"| =
[T+ " |. An argument similar to the one above gives

1 1 1
ITrllsrg, o = [TOL2 T2 2 T

P, r

The abstract transference framework designed in Section 6.2 of [24] together
with Theorem 5.5 and Propositions 5.2, 5.3, and 5.4 allows us to write the following
result:

Theorem 5.6. Consider the following cases that appear in Propositions 5.2, 5.3,
and 5.4.

(A)1 < p<oo, weALRY) and W a l-regular wavelet basis.

(B)0< p <1, we€An(R) and # a wavelet basis L-regular with L > q[‘;’ and gy,
the critical index of w.

(C)sER,0<p<oo, 0<g<oo, weAu(RY) and W a system of wavelets as in
Proposition 5.4.
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Let E(w) = LP(w), H?(w) or F; ,(w) according to each one of the cases (A), (B)
or (C). Then,

1
h(N;H E(w)) = h(N;# ,E(w)) =Nr,
and these wavelet systems are democratic in the corresponding space. Conse-

quently, due to Theorem 5.3, they are also greedy when they are unconditional in
the corresponding space.

5.6 Thresholding Greedy Algorithm for Wavelet Bases
in Weighted Orlicz Spaces

We will start recalling the definition of Orlicz spaces with a weight as well as their
basic properties needed in the sequel. A Young function is a non-decreasing con-
vex function @ : [0,00) — [0,00] such that lim; .. @(¢) = = and doubling, that
is there exists C > 0 such that @(2¢t) < C®(t) for all + € (0,e0). In this paper we
will assume that @(0) = 0, @ is strictly increasing and finite everywhere, so that
@ is a continuous bijection of [0,e0). We will write %" to denote the class of such
functions.

Definition 5.7. Let @ € % be a Young function and w € W(R?) be a weight in
RY. The weighted Orlicz space L®(w) is the class of all measurable functions

f:RY — C such that <D( ‘f;x)‘) € L' (w) for some A > 0.

The spaces L® (w) are Banach spaces with the Luxemburg norm (see [4]) given by

1Al o) = inf{)L >0: /]Rd ‘P(Vix)' )w(x)dx < 1}. (5.32)

Lemma 5.6 ([4]). Let @ € % be a Young function and w € W(R?) be a weight in
R, Then, for any measurable set E C R? we have

1

D ()

el =

Proof. The result is obtained directly from (5.32). For A > 0 we have

/R (A () wlx)dx = B(R) /E w(x)dx = O(A)w(E).
Hence, from (5.32) we deduce

IxE ]l Lo () = Inf{A" > 0: @(A)w(E) <1}

_ [sup{/l >0:P(A) < w(lE)Hl _ @71(“)1 )
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The function @(t) := , 0<t <o, satisfies @(t) = || xe|| 0, for any mea-

1
;)
surable set E C R? such that w(E) = ¢, and is called the fundamental function
of L?(w). The function ¢ is a continuous bijection of [0, ), and strictly increasing.
()

Moreover, ¢ is quasi-concave, that is, (Pt

hence, ¢ is doubling.

is non-increasing (see [4], page 67), and,

The Boyd indices of L (w) can be computed directly from the Young function
@ or from the fundamental function ¢. Define

hy (1) = sup olst)

, 0<t <o,
s>0 (p(S)

The Boyd indices of L? (w) are the dilation indices of ¢, that is,

logh} (¢t logh (¢
o = lim g(p()zsup ghy (1)
t—0 logt o<r<1 logt
and
logh (¢ logh (¢
jo = lim g(p():.f ghy(t)
t—  logt I<t<ew logt

(see [4], page 277 or [39] page 54). It is known that
0<ip<Ip <1
Assuming that i, > 0, it can be proved that
@(st) < Cemax{s'e ¢ s €} (r), s,6>0 (5.33)
and
@(st) > Cemin{s" ¢ s €1 o(t), s,6>0 (5.34)

forall € > 0 and some C > 0 (see [37], page 3). In what follows we will always con-
sider weighted Orlicz spaces with non-trivial Boyd indices, thatis, 0 < iy <1y <1,
since only in this case we have characterizations in terms of wavelets.

A particular case of weighted Orlicz spaces are the weighted Lebesgue spaces

1
LP(w). When @(t) =P, 1 < p < oo, then L?(w) = L”(w), and ¢@(t) = t». Thus,
1

hg(¢) =t and this implies that ip = Iy = 11,.

The next result shows that wavelet bases that belong to the regularity class Z%¥ |
M > d, are unconditional bases for the weighted Orlicz spaces L? (w) (see also [45])

for an appropriate weight w, since the norm of these spaces can be characterized in
terms of a quadratic function.
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Theorem 5.7. Let L? (w) be a weighted Orlicz space with w € W(R?) whose Boyd
indices satisfy 0 <ip <Ip < 1. Let W ={yj: Q € 7, € € E} be a wavelet bases

in L*(R) with w&¢ € #°M M >d. If w € Ao (R?), where p® = pr, then every

function f € L® (w) can be written in the form

=3 Y (fvpvp (5.35)

e€EQe9

with convergence in L® (w). Moreover, we have the equivalence

110 () = ISyl o, Sorall feLP(w), (5.36)
where
1
Suf@= (X 3 1. vh) Prollel ™) (537)
e€E Qe

From (5.36) we deduce that the convergence in (5.35) is unconditional in L® (w).
This result is also true for the d-dimensional Haar wavelet.

For the proof we will use the following extrapolation result:

Theorem 5.8 ([13]). Let % be a family of pairs of non-negative measurable func-
tions (f,g). Suppose that for some 1 < py < oo, and every weight w € A,,, we have

/Rd Fx)Pow(x)dx < C i g(x)Pow(x)dx, forall (f,g) € Z.

Then, if L® (w) is a weighted Orlicz space such that the Boyd indices satisfy 0 <
ip <Ip <landweA,o, p? = I}P , we have

[f o) <Cllgll ey, forall(f.g) € F.
Proof. (Proof of Theorem 5.7) In [23] (see also [1]) it is proved that

£l 2oy = NSy ()l o) (5-38)

for all 1 < p < e and w € A,, when y*® € oM. Consider the family .7 =
{(f1;8y(f)) : Sy(f) € LP(w)}. From the equivalence (5.38), there exists a constant
C} > 0 such that

L i< [ 1sy(f)rweds,

forall 1 < p < eoand w € A,(R?). By Theorem 5.8 we obtain

£ lLo ) < CrllSy (Al o) (5.39)
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when w € A 0. For the reverse inequality we take .7 = {(Sy/(f),|f]),f € L?(w)}.
From equivalence (5.38) there exists C; > 0 such that

[ ISuNIPwdx < [ 1701wds

forall 1 < p < eoandw € A,(R?). From Theorem 5.8 we obtain

1Sy (Nl w) < C2llF X Lo ) (5.40)

when w € A p- Inequalities (5.39) and (5.40) prove (5.36). To prove (5.35) we use

the fact that the projection operators Pj(f) = Yi__.. ez (S, Wsk) Wsx are bounded
in L? (w). We could again apply Theorem 5.8 since it is known that P; are bounded
in L”(w) (see also [45]).

In view of Theorems 5.3 and 5.7, to study the greediness of wavelet bases in
weighted Orlicz spaces we need to study its democracy functions. This will be com-
puted for wavelets in Z%M in terms of the fundamental function of L?(w). The
results proved in this section have appeared in [47].

We consider the case L = 1 since the finite sum that appears in Sy (f) will only
change the constants in the calculations. The equivalence given in (5.36) allows us
to study the democracy functions of weighted Orlicz spaces studying the democracy
functions of the corresponding sequence spaces.

Definition 5.8. Let w € W and @ € %. Define sL?(w) as the set of all sequences
s={sp:0€ 2(d)} (2(d) dyadic cubes in R?) of complex numbers such that

Lo < (5.41)

oo = [( T bolrotoler ™)’

0€7(d)

o __ 1

The space sL® (w) is a normed space. By Theorem 5.7, when w € Ape, p o

and {yp : Q € 2(d)} is a wavelet basis in Z°M \M > d, we have

11l = I{(f: Wo) : Q € Z}H|srow)

)

and hence, the spaces L (w) and sL® (w) are isomorphic via the application f —
{(f, vo)}0cz- Due to this identification, it is enough to consider the canonical basis
B.={eg: Q€ Z(d)} in the sequence space sL? (w).

Proposition 5.5. Let sL® (w) be a weighted Orlicz sequence space with ip >0, let
weWbeaweightian, and ® € ¥ .

i) IfT" C 2(d) is a family of pairwise disjoint cubes, then

‘z €o xo(")

5.42
& llegllozon QE o(w(Q)) (42

sLP(w) N ’ sLP(w
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ii) Moreover, if w € AL NBZ, then for any © > 0 and any N € N there exists a family
of disjoint cubes ' C 9(d), with |I"'| = N, such that

’ y o . P(NT)

~ . (5.43)
Qe_@HeQuqu’(w) sLw)  @(T)

Proof. For an element of the basis %, by (5.41) and Lemma 5.6 we deduce that

fealus = | (%))’ .0

Hence, using again (5.41) we obtain

1
‘ 2 SLP(w) H( 2 |Q|)EQ((3)Q)|2 )

_ 20l @) _ o(w(Q))
® (1) 0|2 02

€0

oer HeQHsL‘I’(w) ocy PW L®(w)
_ ’ z 49
o ow(Q)) o)’

where the last equality is due to the fact that the cubes in I" are pairwise disjoint.

i) Given 7 > 0, by Proposition 5.1 there exists a family of disjoint dyadic cubes
I'={Ry,R,---,Ry} such that w(R;) =~ 7, j=1,2,---,N. In this case, due to i) we
have

N
€R;

H/ 1 ”eR Hqu) (w)

N :
L) H; ) Low) H AU R

N o(N7)
@ D=

where the last equality is due to Lemma 5.6.

REMARK 5.44 From part ii) of Proposition 5.5, when w € A2 N B% | we deduce

N
h(N; B.,sLL (w)) > ililg (p(;( g) = hy(N)

and

hi(N: e, 5L (w)) < inf (”qf( )) =y (N).

We will prove that the right and left democracy functions of sL® (w) coincide
with h$ and h,, (see Remark 5.44) under some assumptions on w € W. We start

linearizing the square function (see (5.37)) of IrwithF C 2 (d), that is
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5 Non-linear Approximation with Wavelet Bases 171

~ _ Xo(x) 2
Sy(r)(x) = (Q% omo)

Lemma 5.7. Let w € A%(RY) (see Section 5.3) and ¢ increasing with iy > 0. If
I' C 2(d) is finite, for x € Uger Q we have

XQ > xo.(%)
(Qé o(w ) ~ pw(0.)’ (449

where Q. denotes the smallest cube in I that contains x.

Proof. We have the following estimate:

(Q%F(P(W(Q))zxgm)é <(Z o0y,
0e9(d)
N
= (/Z()Q)(W(Q)JC))Z) X0, (%)

where Q;é denotes the unique cube of measure 2jd|Qx| which contains Q). Since
Q. :=0%C Q! c @2 C --- we can use the condition w € A (see (5.13)) to show
that exists 6 > 0 such that

w(Qx ) (|Qx|) — 08,
w(Q{ ) 01
Thus, we have
w(Q)) = C,'w(Q.)2/%
and
o(w(Q]) = 9(C,'w(Q.)2/).

Hence,
1 oo 1 1

o 1 2 2
(20 <p<w<Q-!;>>2) - (26 (G- w(g2ie)

Since iy > 0, by (5.34) we can choose € such that 0 < € < iy and find a con-
stant Ce > 0 such that @((C,,)~ 240 p(w(Q.)) > Ce((Cy) 12748 i0=8) o (w(Qy)).
Hence, we have

1

(.fZEHP(W(Qi))Z) - (26 )’12f"5)i“’ fo(w(Q )))2)
s (g

umolter@dm.uba.ar



172 E. Hernandez and M. de Natividade
Hence,

xo(¥) 2 Xo¥) Xo(x) 2 5.46

(Z omioy?) = otmio) S (Z otmoyp) - 49

where the last inequality in (5.46) is true because the sum on the right-hand side
contains at least the cube Q.

To prove our results we need to explain the concepts of light and shade of a cube
in a finite collection of dyadic cubes I'" and also the concepts of shaded and lighted
cubes introduced in [25].

Let I'}in be the set of all minimal cubes in I", that is

Fmin:{QxeF:xe U Q}.

ger

From Lemma 5.7 we deduce
Xo(x) V2 _ Xo.(X) 2
(Z otmin?) (2 piuionr)

Hence, only the cubes of I, are relevant for our purposes. Nevertheless, since the
cubes in I, are not necessarily pairwise disjoint, we need to do a further selection.

Given a finite set I’ C 2(d) fixed, for any Q € I we define the shade of Q as the
union of all the cubes in I strictly contained in Q, that is,

Shade(Q) = | | {R ‘RET,RC Q}.
We define the Light of Q as:

Light(Q) = Q\Shade(Q).

It is clear that Q € Iy, if and only if Light(Q) # 0, and

UJo= | Light(0Q).

Qer O€lhin

The sets in the last union are pairwise disjoint. Hence, due to Lemma 5.7 we obtain

Xo(x) \3 ALight(0) (X)
(Q%“ ‘P(W(Q))z) NQ;F:‘mn o(w(Q)) ’ (5.47)

where the sum in the right-hand side contains at most one non-zero term for each

x€RY. A cube Q € I is called shaded if |Shade(Q)| > 2”’251 |Q| and we write I for
the collection of all cubes in I" that are shaded. A cube Q in I' is called lighted if it
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is not shaded, that is, if |Light(Q)| > zld |Q|. We write I}, to denote the collection of
all lighted cubes in I".

REMARK 5.48 It is clear that I, C I, and by lemma 4.3 in [25] we have

24 1
2d |F|§|FL|§|Fmin|§|F|7 VI CZ finite.

Proposition 5.6. Let sL® (w) be a weighted Orlicz sequence space such that iy > 0,
let w € AY be a weight in R? and ® € % . Then, for all T C 9(d) finite, we have

| Z el

§h$(N), N=1I|. (5.49)
Qer ”eQ”sL‘I’(w)

sLP (w)

In particular
hy(N; B, sL® (w)) < by (N).

Proof. Given a set of dyadic cubes I' = {Q1,0>,---,0n}, using (5.47) we deduce

A

2 XLight(Q) (x)
Oer HeQHsLd’(w)

sL®(w) - ‘ 0Tin (p(W(Q))

L)’ (5.50)

Thus, it is enough to estimate the right hand side of (5.50). Let A = h$(|1" min|); we
have @(W(Q)|Imin|) < A@(w(Q)) for all Q € Iip. Since the set {Light(Q) : Q €
Iin} is a collection of pairwise disjoint sets and @ is increasing, we deduce

ALight(0)(%)

20ehin  p(w(Q))
/R . QD( Py )w(x)dx

= 2 (4 00m00)

O€Iin

% ptuioirl)*@

O€Iiin

= 2 22 (o) @ =

O€Iiin

Using (5.50), Remark 5.48 and taking into account that the function h$ is non-
decreasing we have

| Z el

< by (Tnin|) < g ().
ocr lleollszo ) prm ¢

SLP(w) ™

Proposition 5.7. Let sL® (w) be a weighted Orlicz sequence space such that ip >0,
2et we B’f, be a weight in R? and @ € % . Then, for every set I’ C 9(d) finite we
ave
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| Z eol

>ho(N), N=|T|. (5.51)
ot lleollszo )

sLP(w) ™~ ¢

In particular,
h(N: Be,sLP (w)) 2 hy (N).

Proof. Using (5.47) together with I, C I, we can write

A

Oer HeQ”sL‘I’(w)

Z XLight(Q) ('x )

sL®(w) - ’ 0eT: ( (Q) sL®(w)

)
XLight(Q) (x)
2 " ow(0))

Let A < h,(279C,|I1]); we have A@(w(Q)) < @(w(Q)2 PC,,|I1|) for every Q €
I7. Usingw € B’f, and since |Light(Q)| > 27%|Q| for Q € I;. we deduce

N’QGFL o(w(Q SLP(w

ALight(0)(¥)

2oen. " o(wl0)
/Rd (D( A )w(x)dx

=3 o ,up(vlv(Q)))w@ight(Q))

Qcl;

1 -
> 2 (D((p(zfdpcww(Q)lFL'))sz de(Q)

Qeli
1

Y (D(qu(2*dpcww(Q)|rL|))pow(Q)CW: 1.

Qcl;
Using (5.32) and Remark 5.48 we obtain

A

Oer HeQ”sL‘I’(w)
> Iy (Cp27P(1=279)|I)).

>h

oy 217G

By (5.34) we have

B w2 dp —d r
hp(Cul2 (12 i) = jug 2 T 2O

o) _ -
> Cinf o(0) = Chy (|T)).

This proves the result.

Combining Remark 5.44 and Propositions 5.6 and 5.7 we obtain the following
result:
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Theorem 5.9. Let sL®(w) be a weighted Orlicz sequence space such that ip >
0, we AL ﬁBgforsome p,and ® € & . Then, for every N=1,2,3,... , we have

hy(N; Be,sL? (w) = hyy (N)  and (N3 Be,sL? (w)) = hy (N).

Since the spaces L (w) and sL®(w) are isomorphic, the abstract transference
framework design in Section 6.2 of [24] allows us to write the previous Theorem in
the following way, taking into account Theorem 5.7:

Theorem 5.10. Let L? (w) be a weighted Orlicz space such that iy >0, w € Ao be
a weightin R, @ € % and W = {v5: Q€ 2(d),e € E} be a wavelet basis for
the class %°M with M > d. Then, we have

he(N;# ,L® (W) = hy(N) and by (N:# ,L® (w)) = hy, (N).

If @(¢t) =7, from Theorem 5.10 we obtain that admissible wavelet bases are
democratic in weighted Lebesgue spaces L” (w) if w € A,,.

Corollary 5.1. Let @(t) =17, 1 < p < oo, w €A, be a weight in R? and W = {v5:
Q € 9(d), € € E} be a wavelet basis in the class %M with M > d. We have

he(NsH/ 1P (w)) ~ Iy (N3 #,LP (w)) ~ N (5.52)

REMARK 5.53 It has been proved in Lemma 5.2 of [25] that if h; (N) < Cihy, (N)
VYN =1,2,3,---, then ¢(t) =t* for some o € (0,0) and every t > 0. Therefore,
L®(w) = LP(w) with 1 < p < oo. Hence, the only weighted Orlicz spaces for which
wavelet bases in the class Z#%M are greedy correspond to weighted Lebesgue spaces
L?(w) for some p € (1,0).

5.7 Approximation Spaces: General Results

Given a quasi-Banach space (B, || - [|g) and a basis # = {e; : j € N} in B, a funda-
mental question in the theory of non-linear approximation is to identify the approx-
imation spaces 7% (%,B), 0 < o < e, 0 < g < oo. These spaces are defined as the
set of all x € B such that the quantity

1
Iells + | S5 (Now(x: Z.B))7 4] ", 0<g <o
||X|\%a(¢@,ma) =

||XHB+SupNZlNOCGN(x;937}B)a q = o

is finite (recall that oy(x;%,B) is the N-term error of approximation defined
in (5.8)).
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Since oy (x;%,B) = oy(x)p is non-increasing, an equivalent quasi-norm in the
approximation spaces can be obtained with dyadic numbers that is, if & > 0 and
0<g<e,

1
Ills + [ 5702 0x ()5)] . 0<g <o,
[1x]].cre (2, 8) =

xllg + supio,1 2.. 25 O (X)m, g ==

The identification of approximation spaces (or inclusions, if such identifications
are not possible) are often done in terms of “smoothness” classes of the sort

b(%,B) = {XZ ZCjej eB: {chejHB};o:l € b},
=1

J

where b is a suitable sequence space whose elements decay at infinity, such as ¢° or
the discrete Lorentz classes 79,

The simplest case is when % = {e : k > 1} is an orthonormal basis in a Hilbert
space H. In this case, S.B. Stechkin in 1955 [52] for the case ¢ =1, and R. A. DeVore
and V. N. Temlyakov in 1996 [19] for g general, proved the following result:

A BH) = (%(B,H), 00> 0, 0< g < o, (5.54)

1

for . =a+ é, with equivalent norms.

Let % be an unconditional basis in a quasi-Banach space B with the property that
there exists p € (0,e0) such that

€k

1
e <| <clrys (5.55)

kel ”ekHBHB

for every finite set I' C N. In 2004, G. Kerkyacharin and D. Picard [35] (see also
E. Herndndez and G. Garrigés [24]) proved the following characterization for the
spaces <7, (%, B) :

A (B,B) = 7(B,B) (5.56)

where i =o+ 117 > 0, with equivalent norms.

Condition (5.55) is sometimes referred to as 2 having the p-Temlyakov property
[35], or as B being a p-space [24, 31]. For instance, wavelet bases in L? satisfy this
property [53]. With our notation, condition (5.55) is equivalent to the democracy
property of %, with democracy functions equivalent to the function A(N) = N p,

Still, a further generalization is proved in [27] (see also [36]). In [27], R. Gribon-
val and M. Nielsen proved the following inclusions for the spaces %“(%’,IB%) :let
2B be a basis such that there exist 1 < p < g < o0 and constants 0 < A < B < oo such
that for x =3 jcn s e; € B we have
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All{llsjejllB} o= < lIxllm < Bl lIsjejlle e (5.57)
then
(%5(,B) — SH(B,B) < (% (H,B), 0< & < o0, 0 <5 <o»,
1 _ 1 1 _ 1
where % =o+, >0y % =o+, > 0.

Condition (5.57) is referred in [27] as (%, B) having the (p,q) sandwich prop-
erty, and can be shown to be equivalent to

A< || Y el <BIre (5.58)
kel

for all I' C N finite. Observe that (5.58) coincides with (5.55) when p = g.

All these results are particular cases of the following results, which involve the
left and right democracy functions of the basis (see Section 5.2 for the definition).
To state the results we need to introduce weighted discrete Lorentz spaces.

Let 1 = {n(k) : k > 1} be a non-decreasing sequence of real numbers such that
limy_,.. 1 (k) = oo, and 7 is doubling, that is, there exists C > 0 such that 11(2k) <
Cn(k) for all k > 1. We denote by & the set of all real sequences having these
properties.

For n € & and 0 < g < o, the weighted discrete Lorentz spaces are defined
as the set of all sequences s = {s;};_, € ¢ (that is limy__,., |s¢| = 0) such that the
expression

1

S K1), 0< g <,
Isll g = (5.59)

supy 1 (k)sp, q=-ce,
is finite, where {s7} denotes the non-increasing rearrangement of |s|.

The particular case {n(k) = ki} gives the classical discrete Lorentz spaces
074, 0 < T < oo, defined as the set of all sequences s = {s;};7_; € ¢ such that
the expression

1
1 q
[Zkgl(kfs;ﬁ)q}( 1,0< g <o,
||S||[t,q = (560)
supkkis,’;, q = oo,
is finite.

The space é% is a rearrangement invariant quasi-Banach space (see [9], p. 28)
and a Banach space when ¢ > 1 and {n(k)?/k} is decreasing (see [9], p. 28).
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The weighted discrete Lorentz spaces for a general weigh 7, and in particular its
interpolation properties, are studied, for example, in [9, 43, 49].

The spaces E% have been used in the study of the approximation spaces .7;* (4,
LP(0,1)¢) for the multidimensional Haar system (see [33]) and in the study of the
approximation spaces .<7;* (#,L®(R?)) in [25]. In the results given below we will
use the sequences 1 (k) = k*h,(k; #,B) and n (k) = k%h;(k; #,B), k=1,2,3,...,
for appropriate o > 0, in such a way that they will belong to the class &. Recall that
h(N;%B,B) and h;(N;2,B) are the right and left democracy functions of the basis
P (see Section 5.2).

Definition 5.9. Given a quasi-Banach space (B, || - ||g) with a basis # = {e,} jen
and n € &, define

03 (%#.B) = {x: chek €B: HXHz‘j,(t@,B) = ”{”CkekHB}kHZ‘,’, < °°}' (5.61)
k=1

When 1 € & these spaces are quasi-norm spaces.

In some of our results we need a stronger condition on 7. For a non-decreasing
sequence 1 define

My (m) = sup k)

, m=1,2,3--
keN M (mk)

Since we are assuming that 7] is non-decreasing, it follows that My, (m) < 1. Define
& as the class of all sequences 1) € & such that for some integer my > 1 we have
My (mp) < 1. This is equivalent to iy > 0, where iy is the lower dilation index,
defined by

logM
in 1= sup o8 ,,(m)
m>1 —logm
When 7 (k) = {k*logP (k+ 1)} we have iy = o and, hence, 1 € &, if and only
if & > 0. In general, if 7 is obtained from an increasing function ¢ : RT™ — R™

as n(k) = ¢(ak), for some a > 0, then i, > 0 if and only if iy > 0, where iy > 0
denotes the standard lower dilation index of ¢ (see [39] page 54).

REMARK 5.62 It is easy to see that if N € &, then k*n (k) € & for all o0 > 0. Also,
ifn € &, thenn” € & for all r > 0 with the same my.

We can now state the promised general results.

Theorem 5.11. (Theorem 3.4 in [26]). Let 2 = {e; : j € N} be an unconditional
basis in a quasi-Banach space (B, |- ||). Let o > 0 and 0 < g < o fixed. Then, for
any sequence {1n(k)};_, € &4, the following statements are equivalent:
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1. There exists C > 0 such that for every N =1,2,3,---, and every set I' C N with

|I"| = N we have
<cn(N). (5.63)
|2 el 5

€k

2. ézan(k) (%,B) — 9/ (%,B).
3. (Jackson type inequality for Kzan(k) (%,B)) There exists Co 4 > 0 such that for
every N =1,2,---, we have

on(;B,B) < CagN %|xllm, (mm), VXE Ly (BB).

ko (k)\7 U(k)(

REMARK 5.64 Observe that if any of the statements (2) or (3) in the above Theo-
rem are true for a fixed oo > 0 and q € (0, 0|, then the same statements are true for
all o and q, since (1) is independent of these parameters.

REMARK 5.65 The implications (1) = (2) = (3) hold assuming the weakest
condition {k®n(k)} € &;. On the other hand, the stronger hypothesis 1 € &4 is
crucial to obtain (3) = (1), and cannot be removed as it is shown in Example 5.6

of [26].
The best choice for 17 in Theorem 5.11 is when 1(N) = h(N; %,B) with C =1

in (5.63). The right democracy function %,(N) := h,(N;%,B) is always doubling.
In fact, for N € N, choose I, C N with|I;;| = 2N such that

1
Jhe(2N) < ‘

ol
kel llexlls I8

Write I, =TUT"’ with I’'NTC =0 and [I''| = || = N. Then, if (B, || - ||p) satisfies
the p-triangular inequality with 0 < p < 1, we have

EIY S D Y I DI Y

kel ”ekHB B kerHek”]B keF’ ||ekHIB
zph (N),
<OZ oo e 1)

1
which proves that 4, is doubling with C =2'" ¢ . Therefore, the sequence {k*h.(k)}
ren, 0 > 0, belongs to & by Remark 5.62. In view of Remark 5.65, Theorem 5.11
gives the following:

Corollary 5.2. (Corollary 3.9 in [26]). Let 8 = {e;} jcn be an unconditional basis
in a quasi-Banach space (B,|| - ||g). Let o > 0 and 0 < g < oo be fixed. Then,

kel |

g‘]

tan, i) (B, B) = I (#,B). (5.66)
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We now state results that characterize the reverse inclusions to that in (2) of
Theorem 5.11. Results of this type are usually called Bernstein type inequalities in
the theory of Approximation spaces.

Theorem 5.12. (Theorem 3.4 in [26]). Suppose that % = {e;}7_, is an uncondi-
tional basis of a quasi-Banach space (B, || - ||g). Let o0 > 0 and 0 < g < o be fixed.
Then, for any increasing sequence of positive numbers {1 (k)}7>_,, having the dou-
bling property, the following conditions are equivalent:

1. There exists C > 0 such that for all N =1,2,3,--- and I C N with |I'| = N we
have

Ly < (DA (5.67)

C kel ”ekHIBSH]B'

2. (Bernstein type inequality for Zzanm (%,B)) There exists Cy, > 0 such that

”foq

o
(ot 1) (ZB) < CaN’|x|[B

forallxe Xy, N=1,2,3,---

3. A (B B) > Ly ) (B, B).

REMARK 5.68 Observe that if any of the statements (2) or (3) in the above Theo-
rem are true for a fixed o0 > 0 and g € (0, 0|, then the same statements are true for
all o and q, since (1) is independent of these parameters.

REMARK 5.69 We remark that the implications (3) = (2) <= (1) can be proved
with the weaker hypothesis {k®n(k)} € &.

The best choice for 1 in Theorem 5.12 is when 1(N) = ;(N; %,B) with C=1 in
(5.67). Contrary to what happens with the right democracy function, which is always
doubling (see the proof that follows Remark 5.65), the left democracy function of
a basis, iy(N) := h;(N;%,B), is not always doubling. For an example of a Banach
space and a basis for which the left democracy function is not doubling see [59].
Hence, in order to apply Theorem 5.12 we need to assume that /; is doubling. We
have the following result:

Corollary 5.3. (Corollary 4.4 in [26]). Let P be an unconditional basis in a quasi-
Banach space (B, || - ||B). Let o > 0 and 0 < g < oo be fixed. If hj(N) is doubling,
then

A (B, B) = ]

kahl(k) (93718)
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When the unconditional basis % = {e;}7_, is democratic in B, that is #;(N) ~
he(N) :=h(N), we can apply both Corollaries 5.2 and 5.3 to obtain the identification

A (B, B) = (1

tonp(Z.B)  @>0,0<g <<, (5.70)

with equivalent quasi-norms.

5.8 Approximation Spaces for Wavelet Bases
in Weighted Spaces

Several results have been proved in the literature similar to (5.54) when H is re-
placed by a particular space, for example L”, and the basis # is a particular one
(say, a wavelet basis). We refer the reader to the articles [18, 55, 56].

In this section we are going to apply the results of the previous section to the
problem of finding the approximation spaces of wavelet basis in weighted Triebel-
Lizorking spaces (in particular weighted Lebesgue spaces), and give inclusions for
the approximation spaces of weighted Orlicz spaces.

We start with wavelet basis in weighted Triebel-Lizorkin spaces. In this case,
for wavelets with enough regularity and decay as stated in Proposition 5.4, wavelet
bases are unconditional in the weighted Triebel-Lizorkin spaces F), ,(w), s € R,0 <
p <0,0<q<ooandw € A.(R?). Moreover, in this situation, by Theorem 5.6 (part
(C)), wavelet bases # are democratic in F;q(w) and

m(N;H FS (w)) = hy (N W Fy (w)) & NP

Therefore, we are in the ideal situation that (5.70) holds, and we conclude

AW Fy (W) = L)y (W Fp (W), 00> 0, 0 <1 < oo

with equivalent quasi-norms. As we have observed in (5.60), the space Eza 1p

(W ,F, ,(w)) coincides with the discrete Lorentz space {%(% ,F, .(w)) with i =

o+ 11,. Thus, we have

AW FS (W) = (9 (W F3,(w)), (5.71)

1

— 1
=0+

a>0,0<g<oo, seR, 0<p<oo, 0<r < oo, p,withequivalent

quasi-norms.

For particular values of the parameters, the discrete Lorentz spaces on the right-
hand side of (5.71) can be identified with weighted Besov spaces. We recall the
definition of weighted Besov spaces and its characterization using wavelet bases.
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Lt .o7] be the set of functions ¢ belonging to the Schwartz class .7 (R?) such that
. a1 . o 3 5
Suppp C {E R ty <|é] <2}, |9l >C>0 if 5 <€l < 3 }.
Define <% as the set of all functions @ € .%(R¢) such that
R A 5
Supp® C {§ €RY:[E[ <2}, [D(§)| > C >0 if |§] < ).

Given a function ¢ defined in R? we use the notation
Pu(x) = 2" p(2%).

Definition 5.10. Let ot >0, 0 < p,q < oo, ¢ € o7}, ® € of) and w a weight in R,

i) The homogeneous weighted Besov space B (w) is the set of all tempered
distributions f € .#/(R¢)/ 22(modulo polynomials) such that

1

1f 11z ) = [Z(ZkaH(Pk*fHLp(W))q} ! < oo, (5.72)
kEZ

ii) The (non-homogeneous) weighted Besov space B;‘,‘!q(w) is the set of all tem-
pered distributions f € .%”(R?) such that

1

”fHB"‘ (w) — ”(D*f”LP(w) + {Z(Zka”(l)k *fHLp(w))q} / < oo, (5.73)
k=1

Pq

If Hf”Bf,"q(w) = 0, we must have @ * f = 0 for all k € Z. Taking Fourier trans-

forms we deduce ¢(27%E)f(E) = 0 for all k € Z. Due to the definition of ¢ € .o,
this is equivalent to Supp f = {0} and hence f is a polynomial. This explains why
is necessary to use equivalent classes modulo polynomials in the definition of ho-
mogeneous weighted Besov spaces. On the other hand, this is not necessary in the
definition of non-homogeneous Besov spaces since ®(0) # 0.

When w = 1, Definition 5.10 coincides with the definition of Besov spaces B[‘f’q
and B;‘,"q given in [21, 48] and [20]. The spaces B;‘,"q coincide with classical Besov
spaces defined in terms of modulus of continuity when o > d/( 11, — 1) (see [48]).

The weighted case has been considered by several authors. A complete study
of the properties of weighted Besov spaces when w € A,,(Rd) was done in [8],
including interpolation results. S. Roudenko [50, 51] has considered these spaces
in the context of matricial weights in the homogeneous case. D. Haroske and H.
Triebel [29] have considered weights of the form wy = (14 [x|?)2, x € R?, and
other variants of similar nature. Finally, in [32] the spaces B} ,(w) are considered

when w € A, As in Section 5 of [20] one can prove the following equivalence

17115

1204

(w) ~ Hf”Lp(W) + HfHBg,q(W)’

when ot >0, 1 <p<ooy0<g<oo,
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The definitions given in 5.10 depend on the election of ¢ € 27] and @ € %, but
it can be proved that different choices of these functions produced equivalent results
in (5.72) and (5.73), so that the spaces that they define coincide (see, for example,
theorem 1.8 in [50]). The spaces BY ,(w) and B ,(w) are quasi-Banach spaces with
the quasi-norms given by (5.72) and (5.73) respectively (see the references given
above). In some of these references more general classes .«#] and .o are considered,
but the definitions given produce equivalent quasi-norms.

We now state the known results concerning characterizations of weighted Besov
spaces using wavelet coefficients.

Proposition 5.8. (see Theorem 10.2 in [50] or Theorem 6.2 in [51]) Let € R, 1 <
p <o, 0<q<ooandweAy(RY). Suppose that ® = {y':1=1,2,--- L} isa
Sfamily of d-dimensional wavelets of Lemarié-Meyer type. Then,

L q_1

g, =2 [T (2 el i3 1r v @) ],

I=1"jez "|g|=2-/d

and the wavelet basis W = {l[/lQ 21 =1,2,---,L,0 € 9(d)} is unconditional if
g < oo.

For the notation used in the next result see the paragraph that proceeds the state-
ment of Proposition 5.4.

Proposition 5.9. (See Theorems 1, 14, and 15 in [32]). Let ¢ € R, 0 < p < o0, 0 <
g < oo and w € Au(R?). Suppose that ® = {y° yt: L=1,2,--- L} C C"(RY),
r=(14[s])¢, are a scaling function W° and a family of d-dimensional wavelets
with compact support [15] such that [ga xPy'(x)dx = 0 for all |B| < max{r,Lg},
where Lg = [6,(w) — ], [ =1,2,---,L. Then,

111z () ~ H (Qg,@l@‘a W&)IZZQ(-))%
o1

LP(w)

~

q_1

X[ 3 (2 e Hrvpre@y)’]

I=1"jeNy "|Q|=2-/d

IfO<p<eoand0<q<oo, then W ={yg, ¥, jeNkeZ 1=12,-- L}
is an unconditional basis of By, ,(w).

REMARK 5.74 Proposition 5.8 is proved in the context of matrix weights and
Proposition 5.9 is proved for Ao, local weights. A similar result to the one of Propo-
sition 5.9 is proved in [6] for the case of homogeneous Besov spaces.

Taking into account the results stated in the above two Propositions, we are going
to define sequence spaces associated with weighted Besov spaces. We take L = 1,
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since L > 1 does not significantly change the constants in the computations below.
Recall that 2(d) is the set of all dyadic cubes in R?. We denote by Zy(d) the set
of all O € Z(d) such that |Q| =1 and by 27 (d) the set of all Q € Z(d) such that

0| < 1.
Definition 5.11. Let 0 < p,qg < oo, ¢ > 0 and w be a weight in R,

i) Define 5qu(w) as the set of all sequences of complex numbers s = {sp : Q €
2(d)} such that

Isllaag,

w=[Z( S (o tolw@hy)]" <.

JEZL ‘Q‘:Q*]’d

i) Define 5B,‘ffq(w) as the set of all sequences of complex numbers s = {sp : Q €
2°(d)} U{sg: Q€ 27 (d)} such that

1

Islag,o0 = X IsolPw(@)]”
0€Py(d)
oo q_1

(S 1o Hem@y) ] <m

J=0 " jol=2-id

2301 o 1
The spaces ng!q(w) and '5Bp’q(w) are quasi-norm spaces. In these sequence
spaces we consider the canonical elements

LifQ=0,
eQ/:

0,ifQ£0.

From Definition 5.11 we deduce that %, = {ep: Q € 2(d)} and B. = {ep: Q €
2°(d)}U{eg : Q € Z"(d)} are unconditional bases for sB% (w), and sBY (w)
respectively, when 0 < p,g < eo. They will be called canonical basis of the corre-
sponding space.

Theorem 5.5 gives the democracy functions of the canonical bases in the se-
quence spaces sFy .(w) and sF; ,(w). They are all equivalent to A(N) = NP N =
0,1,2,.... Thus, by (5.70) we have the identifications

A (B, SFy (W) = 0B, sFy (W) (5.75)
and
AL (B, sFy (w)) = L09( B, sF (W), (5.76)

where s €ER, 0 < p < oo, 0 < g,r < oo, w € AL (see (5.13)) and i = a—i—}), with
equivalent quasi-norms.
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For particular values of these parameters, the discrete Lorentz spaces that appear
in (5.75) and (5.76) can be identified with weighted Besov sequence spaces, as we
prove next.

Lemma 5.8. Let o« > 5, 0 < p <o, 0 <7 <ooandw € Au(R?). Let T be defined
byfl‘—lz;;—ll).Wehave,

T
) 05T (B sES, () = sBY (wr)  and i) (7% (Be,sF3,(w)) =SB (w).
Proof. i) Since w € A.(R?), there exists r > 1 such that w € A,. Applying
T 1
Lemma 5.2 with § = | <1 we deduce that u(x) = w(x)» €A, and Q| »w(Q)»
~|0|” : u(Q) t. Hence, we have

1

Ilees(erg, o = ( znsQegnsFY(W) = (3 bsellleelzy; )

0c9 €9
= (3 (e Hsghw(@)r)7)*
(0137
~ (Q§9<|Q|dz s0lu(@))7) " =8l o 15,

ii) The proof of case ii) is similar.

The Lemma we just proved allows us to characterize some of the approxima-
tion spaces generated by the canonical basis in weighted Triebel-Lizorkin sequence
spaces as particular weighted Besov sequence spaces.

Corollary 54. Let 0 < p < oo, ¥>0,0<r<coandw & Aw(Rd). Let T be defined
by i = g—l—:’. We have

: 700 s S T ;s 7 s _ +V
i) ' (PBe,sF, (W) =sBr (wr)  and ii) o' (P.,sF,,(w)) = 5B, (wp).

Proof. i) From Lemma 5.8 we have (**(sF; .(w)) —5B?T(w1’) ifg—1=73- 1.
Taking oo = s+ 7y > s, the result follows from (5.75) with T =gq. The proof of 11) is
similar.

The abstract transference framework design in Section 6.2 of [24] allows us to
translate Corollary 5.4 in terms of weighted Triebel-Lizorkin spaces F,f,q(w) and
F, ,(w) when there exists a characterization of these spaces with wavelet coefficients
(see Propositions 5.2, 5.3, and 5.4). We start with the result for L”(w).
Corollary5.5. Let 1 <p <, y>0, L =741 b, wEA(RY) and W be a d-

7T
dimensional wavelet basis of Lemarié-Meyer type We have

A (W LP(w)) = BL o (w?).
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For the weighted Triebel-Lizorkin spaces Fj ,(w) we use the characterization
given in Proposition 5.4 together with the characterization of Besov spaces given
in Proposition 5.9 to obtain the following result, that generalizes the previous
Corollary.

Corollary 5.6. Let 0 < p < oo, 0 < g < oo, ¥> 0, ; = 2;—1— ,1, and w € A(RY). Let
W' be a d-dimensional wavelet basis with compact support as in Propositions 5.4
and 5.9. We have

Y T
AWy (W) = BLE (wr).

We now consider briefly the case of weighted Orlicz spaces. Wavelet bases #
that satisfy the conditions stated in Theorem 5.7 are unconditional in weighted Or-
licz spaces L (w) if the Boyd indices ip and [, are between 0 and 1 and w is a
weight in the class A ,o (R4), where p® = 1(1,, . But wavelet bases are not democratic,
hence not greedy, in weighted Orlicz spaces unless the Orlicz space coincides with
a weighted Lebesgue space L” for 1 < p < o (see [25]). By Theorem 5.10, for
N=1,2,3,... we have

hr(N;W,L@(w))%th) and Iy (N;# ,L%(w)) =~ hy (N),

where h$ and h; are defined in Remark 5.44.

Since the fundamental function ¢ is doubling (see the paragraph that follows
the proof of Lemma 5.6) the functions h$ and h, are also doubling. Therefore, by
Corollaries 5.2 and 5.3 we have the continuous inclusions:

EZ%(W,L@(W)) = d2 (W ,LP(w)) < éz% (W ,L®(w)), (5.77)
where or > 0,0 < g < oo, @ is a Young function as introduced in the first paragraph

of Section 5.6, @(t) = 1/®~(1/t), 0 < t < oo, the fundamental function of L% (w),
and w EAP@(Rd).

The inclusions 5.77 were proved for the case w = 1 in [25] (see Corollary 6.15 for
the case of sequence Orlicz spaces). When w = 1 the spaces that appear in the left-
and right-hand side of the inclusions given in 5.77 can be related to the so-called
Besov spaces with generalized smoothness, introduced in [12, 43] in the context
of real interpolation with a function parameter. See Section 6.5 of [25] for details,
including the wavelet characterization of Besov spaces with generalized smoothness
proved in [2].

The case of identifying the spaces that appear in the left-and right-hand side of
the inclusions given in 5.77 for a general weight w in the appropriate A, class is
still open, since, to the best of our knowledge, a characterization of weighted Besov
spaces with generalized smoothness in terms of wavelet coefficients is not known.

umolter@dm.uba.ar



5 Non-linear Approximation with Wavelet Bases 187

Acknowledgements The author “Eugenio Herndndez” was supported by MINECO Grants MTM-
2010-16518 and MTM-2013-40945-P. The author “Maria de Natividade” was supported by MCT-
Angola and FCUAN-Angola.

References

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

. H.A AIMAR, A.L. BERNARDIS, AND EJ. MARTIN-REYS, Multiresolution Approximation and

Wavelet Bases of Weighted LP Spaces, J. Fourier Anal. and Appl. 9, n 5, (2003), 497-510.

. A. ALMEIDA, Wavelet bases in generalized Besov spaces, J. Math. Anal. Appl. 304 (2005)

198-211.

. M. BARNSLEY AND L. HURD, Fractal image compression. AK Peters Ltd. Wellesley, Mas-

sachusetts (1993).

. C. BENNET, AND R. C. SHARPLEY, Interpolation of Operators, Pure and Appl. Math. vol.

129, Academic Press, Orlando, F1, 1988.

. J. BERGH AND J. LOFSTROM, Interpolation spaces. An introduction, No. 223, Springer-

Verlag, Berlin-New York, 1976.

. M. BOWNIK, Afomic and molecular decompositions of anisotropic Besov spaces, Math. Z.

250, (2005), 539-571. DOI: 10.1007/s00209-005-0765-1

. M. BOWNIK, AND K.-P. HO, Atomic and molecular decompositions of anisotropic Triebel-

Lizorkin Spaces, Trans. Amer. Math. Soc., 358, (2006), 1469-1510.

. H.-Q. Bu1, Weighted Besov and Triebel spaces: interpolation by the real method, Hiroshima

Math. J., 12(1982), no. 3, 381-605.

. M. J. CARRO, J. RAPOSO, AND J. SORIA, Recent Developments in the Theory of Lorentz

Spaces and Weighted Inequalities, Mem. Amr. Math. Soc., no. 877, 187(2007).

E. W. CHENEY, “Introduction to Approximation Theory”, McGraw-Hill, 1966.

A. CHAMBOLLE, R. DEVORE, NAM-YONG LEE AND B.J. LUCIER, “Nonlinear wavelet
image processing: variational problems, compression, and noise removal through wavelet
shrinkage”. IEEE Trans. Image Processing 7 (3), 319-335, March 1998. Available at
http:/fwww.math.purdue.edu/~lucier.

F. CoB0OS AND D. FERNANDEZ, Hardy-Sobolev spaces and Besov spaces with a function
parameter, in: M. Cwikel, J. Peetre, J. Shager, H. Wallin (Eds.), Function Spaces and Ap-
plications, Lund, 1986, in: Lecture Notes in Math., vol. 1302, Springer, Berlin, 1988, pp.
158-170.

D. CRUZ-URIBE, J.M MARTELL, AND C. PEREZ, Weights, Extrapolation and the Theory of
Rubio de Francia, Operator Theory: Advances and Applications, Vol. 215, (2011).

J. GARCIA-CUERVA, AND J.L. RUBIO DE FRANCIA, Weighted Norm Inequalities and Related
Topics, North Holland Mathematical Studies 116, Elsevier Sciences Publishers, 1985.

1. DAUBECHIES, Orthonormal bases of compactly supported wavelets, Comm. Pure Appl.
Math., 42, (1988), 909-996.

1. DAUBECHIES, Ten Lectures on Wavelets, CBMS-NSF Regional Conference Series in ap-
plied Maths., Philadelphia, Pennsylvania, 61, 1992.

S.J. DILWORTH, N.J. KALTON, D. KUTZAROVA AND V.N. TEMLYAKOV, The Thresholding
Greedy Algorithm, Greedy Bases, and Duality, Constr. Approx., 19, (2003),575-597.

R.A. DEVORE, Nonlinear Approximation. In Acta Numerica 7, Cambridge University Press,
1998, 51-151.

R.A. DEVORE, AND V.N. TEMLYAKOV, Some remarks on greedy algorithms, Adv. Comp.
Math. 5, (2-5)(1996), 113-187.

M. FRAZIER, B. JAWERTH, AND G. WEISS, Littlewood-Paley theory and the study of function
spaces, CBMS Regional Conference Series in Mathematics, 79 (1991).

M. FRAZIER, AND B. JAWERTH, Decomposition of Besov spaces, Indiana Univ. Math. J., 34,
(1985), 777-799.

umolter@dm.uba.ar



188 E. Hernandez and M. de Natividade

22. J. GARCIA-CUERVA, AND K. S. KAZARIAN, Calderén-Zygmund operators and unconditional
bases of weighted Hardy spaces, Studia Math., volume 109, no. 3, (1994), 255-279.

23. J. GARCIA-CUERVA, AND J. MARTELL, Wavelet characterization of weighted spaces, .
Geom. Anal. 11, no. 2,(2001), 241-262.

24. G. GARRIGOS AND E. HERNANDEZ, Sharp Jackson and Bernstein Inequalities for N-term
Approximation in Sequence Spaces with Applications, Ind. Univ. Math. Journal, 53 (6) (2004),
1741-1764.

25. G. GARRIGOS, E. HERNANDEZ, AND J.M. MARTELL, Wavelets, Orlicz spaces and greedy
bases, Appl. Compt. Harmon. Anal., 24, (2008), 70-93.

26. G. GARRIGOS, E. HERNANDEZ, AND M. NATIVIDADE, Democracy Functions and Optimal
Embeddings for Approximation Spaces, Advances in Comp. Math.37, (2012), 255-283. DOI
10.1007/s10444-011-9197-0

27. R. GRIBONVAL, M. NIELSEN, Some remarks on non-linear approximation with Schauder
bases, East. J. of Approximation, 7(2), (2001), 1-19.

28. A.HAAR, Zur theorie der orthogonalen funktionen systeme, Math. Ann., 69, (1910), 331-371.

29. H. HAROSKE, AND H. TRIEBEL, Wavelet bases and entropy numbers in weighted function
spaces, Math. Nachr. 278, no 1-2, (2005), 108-132.

30. E. HERNANDEZ AND G. WEISS, A First Course on Wavelets, CRC Press, Boca Raton, FL,
(1996).

31. C. Hs1AO, B. JAWERTH, B.J. LUCIER AND X.M. YU, Near optimal compression of almost
optimal wavelet expansions. Wavelets: mathematics and applications, 425-446, Stud. Adv.
Math., CRC, Boca Raton, FL, 1994.

32. M.IzUKI, AND Y. SAWANO, Wavelet bases in the weighted Besov spaces and Triebel-Lizorkin
spaces with Al’f’”—weights, Journal of Approx. Theory, 161, (2009), 656-673.

33. A. KAMONT AND V.N. TEMLYAKOV, Greedy approximation and the multivariate Haar sys-
tem, Studia Math, 161 (3), (2004), 199-223.

34. K. KAZARIAN AND V.N. TEMLYAKOV, Greedy bases in LP spaces, Trady MIAN, 280 (2013),
188-197. English translation in Proc. Steklov Inst. Math, 280 (2013), 181-190.

35. G. KERKYACHARIAN AND D. PICARD, Entropy, universal coding, approximation, and bases
properties, Constr. Approx. 20 (2004), 1-37. DOI:10.1007/s00365-003-0556-z

36. G. KERKYACHARIAN AND D. PICARD, Nonlinear Approximation and Muckenhoupt Weights,
Constr. Approx. 24, (2006), 123-156 DOI: 10.1007/s00365-005-0618-5.

37. V. KOKILASHVILI, AND M. KREBEC, Weighted Inequalities in Lorentz and Orlicz Spaces,
Word Scientific, Singapore, 1991.

38. S.V. KONYAGIN AND V.N. TEMLYAKOV, A remark on greedy approximation in Banach
spaces, East. J. Approx. 5 (1999), 365-379.

39. S. KREIN, J. PETUNIN, AND E. SEMENOV, Interpolation of Linear operators, Translations
Math. Monographs, vol. 55, Amer. Math. Soc. Providence, RI, 1982.

40. P.G. LEMARIE, AND Y. MEYER, Ondelettes et bases Hilbertiannes, Rev. Mat. Iberoameri-
cana, 2, (1986), 1-18.

41. G. KYRIAZIS, Multilevel characterization of anisotropic function spaces, SIAM J. Math.
Anal. 36, (2004), 441-462.

42. S. MALLAT, A wavelet tour of signal processing. Academic Press Inc., San Diego, Second
Edition 1999.

43. C. MERUCCI, Applications of interpolation with a function parameter to Lorentz, Sobolev
and Besov spaces. Interpolation spaces and allied topics in analysis, Lecture Notes in Math.,
1070, Springer Berlin, (1984), 183-201.

44. Y. MEYER, Ondelettes et operateurs Vols 1 and 2, Hermann, 1990. [English translation:
Wavelet and operators, Cambridge University Press, 1992.]

45. F.G. MONTENEGRO, Caracterizacion de espacios de Orlicz pesados a través de wavelets, Ph.
D. Thesis, Universidad Nacional del Litoral, 2006

46. M. NATIVIDADE, Aproximacion no lineal con bases de ondiculas, 2010. Available in Spanish
from: https://repositorio.uam.es/xmlui/handle/10486/4868

47. M. NATIVIDADE, Best approximation with wavelets in weighted Orlicz spaces, Monatsh.
Math. 164, no. 1, 87-114 (2011).

umolter@dm.uba.ar



5 Non-linear Approximation with Wavelet Bases 189

48
49
50

SI.

52.

53.

54.

55.

56.

57.
58.

59.

J. PEETRE, New thoughts on Besov spaces, Math. Dept. Duke University, 1976.

L. PERSSON, Interpolation with a parameter function, Math. Scand. 59(1986) 199-222.

S. ROUDENKO, Matrix-weighted Besov Spaces, Trans. Amer. Soc., 355(1),(2003),273-314.
S. ROUDENKO, The Theory of Functions Spaces with Matrix Weights, Ph. D. Thesis, Depart-
ment of Mathematics, Michigan State University, (2002).

S. B. STECHKIN, On absolute convergence of orthogonal series, Dokl. Akad. Nauk SSSR 102
(1955), 3740.

V.N. TEMLYAKOV, The best m-term approximation and greedy algorithms. Adv. Comput.
Math. 8 (3), (1998), 249-265.

V.N. TEMLYAKOV, Greedy Algorithm and m-Term Trigonometric Approximation, Constr. Ap-
prox., 14 (1998), 569-587.

V. N. TEMLYAKOV, Nonlinear methods of approximation, Found. Comp. Math., 3 (1), (2003),
33-107.

V. N. TEMLYAKOV, Greedy approximation. Acta Numer., vol. 17, pp. 235-409, Cambridge
University Press (2008)

V.N. TEMLYAKOV, Greedy approximation. Cambridge University Press, 2011.

P. WOITASZCZYK, Wavelets as unconditional bases in L,(R). J. Fourier Anal. Appl. 5 (1999),
no. 1, 73-85.

P. WOJTASZCZYK, On left democracy function. Funct. Approx. Comment. Math. Volume 50,
Number 2 (2014), 207-214.

umolter@dm.uba.ar



Chapter 6

Consequences of the
Marcus/Spielman/Srivastava Solution
of the Kadison-Singer Problem

Peter G. Casazza and Janet C. Tremain

Abstract It is known that the famous, intractable 1959 Kadison-Singer problem
in C*-algebras is equivalent to fundamental unsolved problems in a dozen areas
of research in pure mathematics, applied mathematics and Engineering. The recent
surprising solution to this problem by Marcus, Spielman and Srivastava was a signif-
icant achievement and a significant advance for all these areas of research. We will
look at many of the known equivalent forms of the Kadison-Singer Problem and see
what are the best new theorems available in each area of research as a consequence
of the work of Marcus, Spielman and Srivastava. In the cases where constants are
important for the theorem, we will give the best constants available in terms of a
generic constant taken from (A. Marcus, D. Spielman and N. Srivastava, Interlac-
ing families I1: Mixed Characteristic Polynomials and the Kadison-Singer Problem,
arXiv 1306.3969v4). Thus, if better constants eventually become available, it will
be simple to adapt these new constants to the theorems.

6.1 Introduction

The famous 1959 Kadison-Singer Problem [31] has defied the best efforts of some
of the most talented mathematicians of the last 50 years. The recent solution to this
problem by Marcus, Spielman and Srivastava [36] is not only a significant mathe-
matical achievement by three very talented mathematicians, but it is also a major
advance for a dozen different areas of research in pure mathematics, applied math-
ematics and engineering.
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Kadison-Singer Problem (KS) Does every pure state on the (abelian) von Neumann
algebra D of bounded diagonal operators on {5 have a unique extension to a (pure)
state on B({), the von Neumann algebra of all bounded linear operators on the
Hilbert space £5?

A state of a von Neumann algebra Z is a linear functional f on % for which
f(I)=1and f(T) > 0 whenever T > 0 (whenever T is a positive operator). The
set of states of Z is a convex subset of the dual space of % which is compact in the
w*-topology. By the Krein-Milman theorem, this convex set is the closed convex
hull of its extreme points. The extremal elements in the space of states are called the
pure states (of Z).

This problem arose from the very productive collaboration of Kadison and Singer
in the 1950s which culminated in their seminal work on triangular operator algebras.
During this collaboration, they often discussed the fundamental work of Dirac [24]
on Quantum Mechanics. In particular, they kept returning to one part of Dirac’s work
because it seemed to be problematic. Dirac wanted to find a “representation” (an
orthonormal basis) for a compatible family of observables (a commutative family of
self-adjoint operators). On pages 7475 of [24] Dirac states:

“To introduce a representation in practice

(i) We look for observables which we would like to have diagonal either because
we are interested in their probabilities or for reasons of mathematical simplic-
ity;

(ii)) We must see that they all commute — a necessary condition since diagonal
matrices always commute;

(iii)) We then see that they form a complete commuting set, and if not we add some
more commuting observables to make them into a complete commuting set;

(iv) We set up an orthogonal representation with this commuting set diagonal.

The representation is then completely determined - - - by the observables that
are diagonal - --”

The emphasis above was added. Dirac then talks about finding a basis that diag-
onalizes a self-adjoint operator, which is troublesome since there are perfectly re-
spectable self-adjoint operators which do not have a single eigenvector. Still, there
is a spectral resolution of such operators. Dirac addresses this problem on pages
57-58 of [24]:

“We have not yet considered the lengths of the basic vectors. With an orthonormal
representation, the natural thing to do is to normalize the basic vectors, rather than
leave their lengths arbitrary, and so introduce a further stage of simplification into
the representation. However, it is possible to normalize them only if the parameters
are continuous variables that can take on all values in a range, the basic vectors
are eigenvectors of some observable belonging to eigenvalues in a range and are
of infinite length- - -”

In the case of D, the representation is {e;}ics, the orthonormal basis of I,.
But what happens if our observables have “ranges” (intervals) in their spectra?
This led Dirac to introduce his famous §-function — vectors of “infinite length.”
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6 The Solution to the Kadison-Singer Problem: Consequences 193

From a mathematical point of view, this is problematic. What we need is to replace
the vectors e; by some mathematical object that is essentially the same as the vector,
when there is one, but gives us something precise and usable when there is only a
S-function. This leads to the “pure states” of B(¢;) and, in particular, the (vector)
pure states @, given by @y (7T) = (Tx,x), where x is a unit vector in 5#. Then, ,(T)
is the expectation value of T in the state corresponding to x. This expectation is the
average of values measured in the laboratory for the “observable” T with the system
in the state corresponding to x. The pure state ®,, can be shown to be completely
determined by its values on ID; that is, each @,, has a unique extension to B(¢5). But
there are many other pure states of . (The family of all pure states of D with the
w*-topology is B(Z), the B-compactification of the integers.) Do these other pure
states have unique extensions? This is the Kadison-Singer problem (KS).

By a “complete” commuting set, Dirac means what is now called a “maximal
abelian self-adjoint” subalgebra of B(¢;); D is one such. There are others. For
example, another is generated by an observable whose*“simple” spectrum is a closed
interval. Dirac’s claim, in mathematical form, is that each pure state of a “complete
commuting set” has a unique state extension to B(¢;). Kadison and Singer show [37]
that is not so for each complete commuting set other than D. They also show that
each pure state of D has a unique extension to the uniform closure of the algebra of
linear combinations of operators Ty defined by Tre; = ey(;), where 7 is a permuta-
tion of Z.

Kadison and Singer believed that KS had a negative answer. In particular, on page
397 of [31] they state: “We incline to the view that such extension is non-unique”.

Over the 55-year history of the Kadison-Singer Problem, a significant amount
of research was generated resulting in a number of partial results as well as a
large number of equivalent problems. These include the Anderson Paving Con-
jectures [2-4], the Akemann-Anderson Projection Paving Conjecture [1], the
Weaver Conjectures [42], the Casazza-Tremain Conjecture [21], the Feichtinger
Conjecture [14], the R.-Conjecture [22], the Bourgain-Tzafriri Conjecture [21]
and the Sundberg Problem [19]. Many directions for approaching this prob-
lem were proposed and solutions were given for special cases: All matrices with
positive coefficients are pavable [27] as are all matrices with “small” coefficients
[11]. Under stronger hypotheses, solutions to the problem were given by
Berman/Halpern/Kaftal/Weiss [8], Baranov and Dyakonov [7], Paulsen [33, 37,
38], Lata [32], Lawton [34], Popa [40], Grochenig [26], Bownik/Speegle [12],
Casazza/Christensen/Lindner/Vershynin [14], Casazza/Christensen/Kalton [15],
Casazza/Kutyniok/Speegle [20], Casazza/Edidin/Kalra/Paulsen [16] and much more.

Our goal in this paper is to see how the solution of [36] to the Kadison-Singer
Problem answers each of the above problems in a quantitative way and to compute
the best available constants at this time.

The paper is organized as follows. In Section 6.2 we introduce the basics of
Hilbert space frame theory which forms the foundation for producing equiva-
lences of the Paving Conjecture. Next, in Section 6.3 we give the basic Mar-
cus/Spielman/Srivastava result proving Weaver’s Conjecture. In Section 6.4 we
present their proof of the Akemann-Anderson Projection Paving Conjecture and
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the Anderson Paving Conjecture. In Section 6.5 we prove the Casazza/Tremain
Conjecture, the Feichtinger Conjecture, the R.-Conjecture, and the Bourgain-
Tzafriri Conjecture. In Section 6.6 we prove the Feichtinger Conjecture in Har-
monic Analysis (the stronger form involving syndetic sets), and solve the Sund-
berg Problem. Section 6.7 contains equivalents of the Paving Conjecture for Large
and Decomposable subspaces of a Hilbert space. Finally, in Section 6.9 we will
trace some of the history of the Paving Conjecture.

6.2 Frame Theory

Hilbert space frame theory is the tool which is used to connect many of the equiv-
alent forms of the Paving Conjecture. So we start with an introduction to this area.
A family of vectors {f;}ic; in a Hilbert space .77 is a Riesz basic sequence if there
are constants A, B > 0 so that for all scalars {a;};c; we have

AY lail® <Y aifil? < BY lail.

i€l i€l i€l

We call A, B the lower and upper Riesz basis bounds for { f; };;. If the Riesz basic
sequence { f; };cs spans 5, we call it a Riesz basis for 7. So { f; }ics is a Riesz basis
for 7 means there is an orthonormal basis {e;}ic; so that the operator T (e;) = f;
is invertible. In particular, each Riesz basis is bounded. That is, 0 < infic/ || fi|| <
supie [|fil| < e.

Hilbert space frames were introduced by Duffin and Schaeffer [25] to address
some very deep problems in nonharmonic Fourier series (see [44]). A family {f;}ic;
of elements of a (finite or infinite dimensional) Hilbert space J# is called a frame
for 7 if there are constants 0 < A < B < oo (called the lower and upper frame
bounds, respectively) so that for all f € 7

AlFIF < S ) < Bl (6.1)

icl

If we only have the right-hand inequality in Equation 6.1, we call {f;};c; a Bessel
sequence with Bessel bound B. If A = B, we call this an A-tight frame and if
A =B =1, it is called a Parseval frame. If all the frame elements have the same
norm, this is an equal norm frame and if the frame elements are of unit norm, it
is a unit norm frame. It is immediate that || f;||> < B. If also inf || ;|| > 0, {f;}ics
is a bounded frame. The numbers {(f, fi)}icr are the frame coefficients of the
vector f € J. If {fi}ier is a Bessel sequence, the synthesis operator for { f;}ic;
is the bounded linear operator T : ¢5(I) — 5 given by T(e;) = f; forall i € I. The
analysis operator for { f; }ics is T* and satisfies: T*(f) = Y;c;(f, f;)ei. In particular,

1T f11* = |(f. fi) |7, forall f €2,

iel
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and hence the smallest Bessel bound for {f;}:cs equals ||T*|?> = ||T||>. Comparing
this to Equation 6.1 we have

Theorem 6.1. Let 5 be a Hilbert space and T : U2 (1) — F, Te; = fi be a bounded
linear operator. The following are equivalent:

1. {fi}ier is a frame for F.
2. The operator T is bounded, linear, and onto.
3. The operator T* is an (possibly into) isomorphism.

Moreover; if {fi}icr is a Riesz basis, then it is a frame and the Riesz bounds equal
the frame bounds.

It follows that a Bessel sequence is a Riesz basic sequence if and only if 7*
is onto. The frame operator for the frame is the positive, self-adjoint invertible
operator S = TT* : 7 — . That is,

iel iel iel

w;TﬂﬂJ<ZU%M>—ZU%ﬂE—ZU%M-

In particular,

(SF.1) =X (f )l
icl
It follows that { f; } ;s is a frame with frame bounds A, B if and only if A- 1 < S < B-1.
So {fi}ics is a Parseval frame if and only if S = I. Reconstruction of vectors in ¢
is achieved via the formula:

f=8s =Y )
iel
=Y(f.S S
icel
=Y (S
el
=Y (.87 V28712

icl

Recall that for vectors u,v € 7 the outer product of these vectors uv* is the
rank one operator defined by:

(™) (x) = (x,v)u.

In particular, if ||u|| = 1, then uu* is the rank one projection of .7 onto span u. Also,
v*u = (u,v). The frame operator S of the frame { f;};c; is representable as

S=Y hifi.

iel
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The Gram operator of the frame { f;}ic; is G = T*T and has the matrix

G = ({fis[7))ijer = (f} fi)ijer-

It follows that the non-zero eigenvalues of G equal the non-zero eigenvalues of S
and hence |G| = ||S]|.

It also follows that {S—/2f;};c; is a Parseval frame isomorphic to {f;};c;. Two
sequences {f;}ic; and {g;}ics in a Hilbert space are isomorphic if there is a well-
defined invertible operator T between their spans with 7' f; = g; for all i € I. We now
show that there is a simple way to tell when two frame sequences are isomorphic.

Proposition 6.1. Let { f;}ic, {gi}icr be frames for a Hilbert space S with analysis
operators Ty and Ty, respectively. The following are equivalent:

(1) The frames {fi}icr and {gi}icr are isomorphic.
(2) ker T\ = ker T.

Proof. (1) = (2): If Lf; = g; is an isomorphism, then Lf; = LTie; = g; = Te;
quickly implies our statement about kernels.

(2) = (1): Since Ti|(ker Tyt is an isomorphism for i = 1,2, if the kernels are equal,
then

I (Tl | ker Tz)i) B fi=gi

is an isomorphism. O

In the finite dimensional case, if {g;}_, is an orthonormal basis of £; consisting
of eigenvectors for S with respective eigenvalues {4; <}” 1» then forevery 1 < j <n,

Sicr|(fingi) > = A;. In particular, 3¢, || fil|> = trace S (= n if {fi}ies is a Parseval
frame). An important result is

Theorem 6.2. If {f;}ic; is a frame for S with frame bounds A,B and P is any
orthogonal projection on J, then {Pf;}ics is a frame for P with frame bounds
A,B.

Proof. Forany f € P,

SUFPEE =X (PL P =X i) 0

iel iel iel

A fundamental result in frame theory was proved independently by Naimark and
Han/Larson [23, 30]. For completeness we include its simple proof.

Theorem 6.3. A family {f;}ic; is a Parseval frame for a Hilbert space 7 if and
only if there is a containing Hilbert space 7€ C (»(I) with an orthonormal basis
{ei}icr so that the orthogonal projection P of {,(I) onto ¢ satisfies P(e;) = f; for
alliel
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Proof. The “only if” part is Theorem 6.2. For the “if” part, if {f;};cs is a Parseval
frame, then the synthesis operator T : {5 (I) — ¢ is a partial isometry. So T* is an
isometry and we can associate .7 with T* 5. Now, forall i€ I and all g =T"*f €
T*7 we have

(T"f,Pei) = (T"f,ei) = (f,Tei) = (f. fi) = (T"f,T"fi).
It follows that Pe; = T* f; for all i € I. O

For an introduction to frame theory we refer the reader to Han/Kornelson/Larson/
Weber [29], Christensen [23] and Casazza/Kutyniok [19].

6.3 Marcus/Spielman/Srivastava and Weaver’s Conjecture

In [36] the authors do a deep analysis of what they call mixed characteristic polyno-
mials to prove a famous conjecture of Weaver [42] which Weaver had earlier shown
is equivalent to the Paving Conjecture which Anderson [2] had previously shown
was equivalent to the Kadison-Singer Problem. We will mearly state the main the-
orem from [36] here and use it to find the best constants in the various equivalent
forms of the Kadison-Singer Problem.

Theorem 6.4 (Marcul/Spielman/Srivastava). Let r be a positive integer and let
Uiy, uy € C4 be vectors such that

and ||u;||* < & for all i. Then there is a partition {Sy,S,---,S,} of [m] such that

>

iESj

2
< ! +V8 yforall j=1,2,---r.
T

In [42], Weaver reformulated the Paving Conjecture into Discrepancy Theory
which generated a number of new equivalences of the Paving Conjecture [18, 21]
and set the stage for the eventual solution to the problem. Setting r=2and § =1/18
[36], this implies the original Weaver Conjecture K5, [42] withn =18 and 6 = 2.

Theorem 6.5 (Marcus/Spielman/Srivastava). There are universal constants 11 > 2
and 6 > 0 so that the following holds. Let uy,uy,- - ,u, € C? satisfy ||u;|| < 1 for
all i and suppose

M
Y | (u, u;)|* =, for every unit vector u € C.
i=1
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Then there is a partition S1,S3 of {1,2,---,m} so that

> ) <n -8,

iESj

for every unit vector u € C? and each j € {1,2}.
Moreover, N = 18 and 6 = 2 work.

To make Theorem 6.4 more usable later, we will reformulate it into the language
of operator theory. Recall, for a matrix operator

T = (aij)ij=1
we let
6(T) = max |a;.
1<i<m

Theorem 6.6. Let r be a positive integer. Given an orthogonal projection Q on (%'
with §(Q) < 8, there are diagonal projections {P;}";_ with

Pi=1,
Jj=1

and
1

Vv

Proof. Letting u; = Qe; foralli=1,2,---,m, we have that Q = (”7“./')7‘”]:1- Choose a
partition {S;}"_, of [m] satisfying Theorem 6.4 and let P; be the diagonal projection
onto {e;};cs;. For any k € [r] we have

2
|P;OP;|| < < r+\/5) Jforall j=1,2,---.r

* * 1 :
10 = s )esi] =1 X wal < (), +) 0

LIS\

6.4 Marcus/Spielman/Srivastava and the Paving Conjectures

Perhaps the most significant advance on the Kadison-Singer Problem occurred when
Anderson [2] showed that it was equivalent to what became known as the (Ander-
son) Paving Conjecture. The significance of this was that it removed the Kadison-
Singer Problem from the burden of being a very technical problem in C*-Algebras
which had no real life outside the field, to making it a highly visible problem in
Operator Theory which generated a significant amount of research—and eventually
led to the solution to the problem.
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Definition 6.1. Let T : £5 — (3 be an operator. Given r € N and € > 0 we say that T
can be (r,€)-paved if there is a partition {A;}’,_, of [n] so thatif P, is the coordinate
projection onto the coordinates A ; so that

|IBTP| < e€|T]|, foralli=1,2,---,r.

Or equivalently, there are coordinate projections {P;}/_, so that

.
P;=TIand |PTP]| <&|T]|.
=1

A major advance was made on the Kadison-Singer Problem by Anderson [2].

Theorem 6.7 (Anderson Paving Conjecture). The following are equivalent:

(1) The Kadison-Singer Conjecture is true.

(2) For every 0 < € < 1 there is anr =r(€) € N so that every zero diagonal operator
T on a finite or infinite dimensional Hilbert space is (r,€)-pavable.

(3) For every 0 < € < 1 there is an r = r(€) € N so that every zero diagonal self-
adjoint operator T = T* on a finite or infinite dimensional Hilbert space is
(r,€)-pavable.

This result became known as the Anderson Paving Conjecture and became a
major advance for the field. For the next 25 years a significant amount of effort was
directed at proving (or giving a counter-example to) the Paving Conjecture. We give
a brief outline of the history of this effort in Section 6.9.

In 1991, Akemann and Anderson reformulated the Paving Conjecture for oper-
ators into a paving conjecture for projections. They also gave a number of conjec-
tures concerning paving projections and the Paving Conjecture. This was a major
advance for the area reducing the problem to a very special class of operators. The-
orem 6.4 also implies the Akemann-Anderson Projection Paving Conjecture [1]
which they showed implies a positive solution to the Kadison-Singer Problem.

Theorem 6.8. Given € > 0, choose 6 > 0 so that

(\}2+\/6>2§1—g.

For any projection Q on U5 of rank d there is a diagonal projection P on {3 with
6(P) < 0 so that

|POP|| <1—gand|(I-P)QUI—P)||<1—c¢.

Proof. This is immediate from Theorem 6.6 letting r = 2 and noting that
P = (I — Pl). O

The authors [36] then give a quantitative proof of the original Anderson Paving
Conjecture [2]. To do this, we will first look at an elementary way to pass between
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paving for operators and paving for projections introduced by Casazza/Edidin/
Kalra/Paulsen [16]. In [16] there is a simple method for passing paving numbers
back and forth between operators and projections with constant diagonal 1/2 (or
1/2F if we iterate this result). This was a serious change in direction for the paving
conjecture for projections. The earlier work of Akemann/Anderson [1] and Weaver
[42] emphasized paving for projections with small diagonal while the results in [16]
showed that it is more natural to work with projections with large diagonal. The
proof is a direct calculation.

Theorem 6.9 (Casazza/Edidin/Kalra/Paulsen). If T is a self-adjoint operator with

IT| <1, then
A_| T VI-T?
C\Vi-12 -T

is an idempotent. Le. A> = I.

Hence,
I+A
P =
2 b

is a projection.

It follows that the paving numbers for self-adjoint operators are at most the square
of the paving numbers for projections. Using Theorem 6.9, in [16] they prove the
following (See also [36]):

Proposition 6.2 (Casazza/Edidin/Kalra/Paulsen). Suppose there is a function r :
R+ — N so that every 2n x 2n projection matrix Q with diagonal entries equal to
1/2 can be (r(g), 1sz'S)-paved, for every 0 < € < 1. Then every n x n self-adjoint
zero diagonal matrix T can be (r*(€),€)-paved for all 0 < € < 1.

Proof. Given Q as in the proposition, Q = (u;u;); je[2n) 1s the gram matrix of 2n
vectors uy, uy, - -+, up, € C" with ||u;||> = 1/2 = 8. Applying Theorem 6.6 we find a
partition {A;}}_, of [2n] so that if P; is the diagonal projection onto the coordinates
of A; we have for k € [r],

11\ 1 3 1+e¢
BTE| = ||(ufu;); = uf]| < + <.+ < )
TRl =l send =1 3wl < (), 5 J,) <50 <
if r = (%)2. So every Q can be (r, '}¢)-paved. 0

It follows that every self-adjoint operator can be (r,€)-paved for r = (2)4, in
either the real or complex case.

Using this and Theorem [21, 36] gives a quantitative proof of the Anderson
Paving Conjecture and hence of the Kadison-Singer Problem.

Theorem 6.10. For every 0 < € < 1, every zero-diagonal real (Resp. complex) self-
adjoint matrix T can be (r,€)-paved with r = (6/€)* (Resp. r = (6/€)3).
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6 The Solution to the Kadison-Singer Problem: Consequences 201

Important: For complex Hilbert spaces, given an operator T, we write it as T =
A +iB where A,B are real operators. Paving A, B separately and intersecting the
paving sets, we have a paving of T but with the paving number squared.

Remark 6.1. In [16] it is shown that 1/82 < rin Theorem 6.10. We can compare this

to the value r = (2)4 we are getting from the theorem.

6.5 Equivalents of the Paving Conjecture

Casazza/Tremain reformulated the Paving Conjecture into a number of conjectures
related to problems in engineering. They also gave several conjectures related to the
Paving Conjecture. Theorem 6.5 answers the Casazza-Tremain Conjecture [21].

Theorem 6.11. Every unit norm 18-tight frame can be partitioned into two subsets
each of which has frame bounds 2, 16.

Proof. Let {u,-}gf be a unit norm 18-tight frame in C¢. By Theorem 6.5, we can
find a partition {S,S,} of [18d] so that for all ||u|| = 1 we have

2 |(u, ;) |* < 16.

€S

Thus,

18="3 [(,u)[*+ Y, |(u,u:)?

i€Sy ic€Sy
<164+ Y [(u,u)]*.
€Sy
It follows that
> ) |* > 2.
€Sy
By symmetry,
z |<u,u,‘)|2 > 2.
icSy

a

In his work on time-frequency analysis, Feichtinger [21, 26] noted that all of
the Gabor frames he was using had the property that they could be divided into
a finite number of subsets which were Riesz basic sequences. This led to a con-
jecture known as the Feichtinger Conjecture [14]. There is a significant body of
work on this conjecture [5, 6, 26] (see also [32] for a large listing of papers on
the Feichtinger Conjecture in reproducing kernel Hilbert spaces and many classi-
cal spaces such as Hardy space on the unit disk, weighted Bergman spaces, and
Bargmann-Fock spaces). The following theorem gives the best quantitative solution
to the Feichtinger Conjecture from the results of [36].
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Recall, if € > 0 and {u;};, is a unit norm Riesz basic sequence with Riesz
bounds A =1 —¢,B =1+ ¢ we call {u;};c; an e-Riesz basic sequence. This is now
a special case of the Feichtinger Conjecture, Theorem 6.12

Theorem 6.12. Every unit norm B-Bessel sequence can be partitioned into r-subsets
each of which is a €-Riesz basic sequence, where

6(B+1)\*
rz( ( : )> in the real case ,

and

6(B+1)\°
rz( ( : )) in the complex case .

Proof. Fix 0 < & < 1 and let {e;};*, be an orthonormal basis for £. Let T : £, — ¢,
satisfy ||Te;|| =1 foralli=1,2,---. Let S = T*T. Since S has ones on the diagonal,
I — S has zero diagonal and so by Theorem 6.10 there is an

= (S

4
c ) in the real case ,

and

S

= (S0l

8
) ) in the complex case ,

and a partition {S;}’;_; of N so that if Qg; is the diagonal projection onto {e;}cs;,

we have
€

[IS]+1

Now, forall j=1,2,---,randall u = Ziesj a;je; we have

10s,(1 = 8)Qs; || < 11=S]-

2 2
I > aiTei||* = | TQs,ul

ics;
= (T Qs;u, T Qs;u)
= (T"TQs;u,Qs,u)
= (Qs;u, Qs;u) — (Qs,(I — S)Os,u, Os,u)

£
2 HQSju”z_ HS” +1H1_S||||QS/MH2
> (1—e)||Qs,ul
=(1-¢) 2 |ai|.
I€S;

Similarly,
Iy, aiTeil|* < (1+€) Y, |aif, forall j=1,2,--,r.

iESj iESj
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This result also answers the Sundberg Problem [19]. The question was: Can
every bounded Bessel sequence be written as the finite union of non-spanning sets?
The answer is now yes. We just partition our Bessel sequence into Riesz basic se-
quences. It is clear that Riesz basic sequences can be partitioned into non-spanning
sets. I.e. Take one vector as one set and the rest of the vectors as the other set.
Neither of these can span the Hilbert space.

This result answers another famous conjecture known as the R.-Conjecture.
This was introduced by Casazza/Vershynin (unpublished) and was shown to be
equivalent to the Paving Conjecture.

Theorem 6.13. For every 0 < € < 1 there is an r € N so that every unit norm
Riesz basic sequence with upper Riesz bound B is a finite union of €-Riesz basic
sequences, where r is as in Theorem 6.12.

We note that Theorem 6.13 fails for equivalent norms on a Hilbert space. For ex-
ample, if we renorm ¢, by letting |{a;}| = ||ai||¢, + sup; |a;|, then the Re-Conjecture
fails for this equivalent norm. To see this, let f; = (es; +e2iy1)/(v/2+ 1) where
{ei}ien is the unit vector basis of ¢,. This is now a unit norm Riesz basic sequence,
but no infinite subset satisfies theorem 6.13. To check this, let J C N with |[J| =n
and a; = 1/+/n fori € J. Then,

%ai‘ﬁ' - ¢21+1 <¢2+ Jn)

Since the norm above is bounded away from one for n > 2, we cannot satisfy the
requirements of theorem 6.13.

In 1987, Bourgain and Tzafriri [10] proved a fundamental result in Operator
Theory known as the Restricted Invertibility Principle.

Theorem 6.14 (Bourgain-Tzafriri). There are universal constants A,c > 0 so that

whenever T : 05 — U} is a linear operator for which ||Te;|| = 1, for 1 <i < n, then
there exists a subset 6 C {1,2,---,n} of cardinality |G| > cn/||T||? so that for all
Jj=1,2,---,nand for all choices of scalars {a;} jco,
2 2
I 2 aiTejl|* =A% |a;l*.
jeo jeo

In a significant advance, Spielman and Srivastava [41] gave an algorithm for
proving the restricted invertibility theorem. Theorem 6.14 gave rise to a problem
in the area which has received a great deal of attention [11, 21] known as the
Bourgain-Tzafriri Conjecture. No one really noticed that this result is the finite
version of the Feichtinger Conjecture. This conjecture is now a theorem. The proof
is identical to the proof of Theorem 6.12

Theorem 6.15. For every 0 < € < 1 and for every B > 1 there is a natural number
r satisfying: For any natural number n, if T : {5 — {3 is a linear operator with
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|T|| < B and ||Teil| =1 for all i = 1,2,---,n, then there is a partition {S;}’;_, of
{1,2,-+-,n} so that for all j =1,2,---,r and all choices of scalars {ai}iegj we have

(1—&) Y lail* <|| Y, aiTeil|* < (1+€) Y |ail*,

i€S; I€S; i€S;
where .
6(B+1
r= ( ( : )> in the real case
and 0
6(B+1
r= < ( : )) in the complex case .

6.6 Paving in Harmonic Analysis

Recall the definition of Laurent Operator:

Definition 6.2. If f € L=[0, 1], the Laurent operator with symbol f, denoted Mg,
is the operator of multiplication by f.

In the 1980s, a very deep study of the Paving Conjecture for Laurant Operators
was carried out by Berman/Halpern/Kaftal/Weiss [8, 9, 27]. They produced a parade
of new techniques and interesting results in this direction including the introduction
of the notion of uniform paving. They also showed that matrices with positive
coefficients are pavable.

We need the following notation.

Notation: If I C Z, we let S(I) denote the L?([0,1])-closure of the span of the
exponential functions with frequencies taken from I:

S(I) = cl(span{e*™"},c;).

A deep and fundamental question in Harmonic Analysis is to understand the
distribution of the norm of a function f € S(I). It is known [8, 9, 27] that if [a,b] C
[0,1] and € > 0, then there is a partition of Z into arithmetic progressions A; =
{nr+ j}nez, 0 < j <r—1sothat forall f € S(A;) we have

(1=&) b=l I < If xn I < (L+ )b —a)| f1.

What this says is that the functions in S(A4 ;) have their norms nearly uniformly dis-
tributed across [a,b] and [0, 1]\ [a,b]. The central question is whether such a result
is true for arbitrary measurable subsets of [0, 1] (but it is known that the partitions
can no longer be arithmetic progressions [12, 27, 28]). If E is a measurable sub-
set of [0,1], let Pz denote the orthogonal projection of L2[0, 1] onto L?(E), that is,
Pe(f) = f - xe- The fundamental question here for many years, is now answered by
the following result which is an immediate consequence of Theorem 6.12.
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Theorem 6.16: If E C [0, 1] is measurable and € > 0 is given, there is a partition
{S;}i—1 of Z so that forall j=1,2,--,r and all f € S(A;)

(L=e)E[IfI* < 1P(HI* < (1 + &) EIIIfI%,

(5

Recall that {¢?™"},c7 is an orthonormal basis for L*[0,1]. If E C [0,1] of
positive Lebesgue measure and L?(E) denotes the corresponding Hilbert space of
square-integrable functions on E, then f,(t) = ™" yp for n € Z is a Parseval frame
for L?(E) called the Fourier Frame for L?(E). Much work has been expended on
trying to prove the Feichtinger Conjecture for Fourier Frames.

If f € L?[0,1] and O # a, we define

(Taf)(t) = f(t = a).

Casazza/Christensen/Kalton [15] showed that if f € L?[0, 1] then {7,,(f)},en is a
frame sequence if and only if it is a Riesz basic sequence.

Halpern/Kaftal/Weiss [27] studied uniform pavings for Laurent operators. In
particular, they asked when we can pave Laurent operators with arithmetic progres-
sions from Z? They showed that this occurs if and only if the symbol f is Riemann
Integrable. As a consequence of [36], a result of Paulsen implies that we can at least
pave all Laurent operators with subsets of Z which have bounded gaps.

where

Definition 6.3: A set S C N is called syndetic if for some finite subset F of N we
have
UHEF(S_ n) = N,

where
S—n={meN:m+neS}.

Thus syndetic sets have bounded gaps. Le. There is an integer p so that [a,a +
1,---,a+ p]|NS # ¢ for every a € N. We will call p the gap length.

Paving by syndetic sets arose from the fact that the Grammian of a Fourier Frame
is a Laurent matrix. Moreover, dividing frames into Riesz sequences is equivalent
to paving their Grammian [17, 37, 38].

At GPOTS (2008) Paulsen presented a quite general paving result which included
paving by syndetic sets. The idea was to work in #>(G) where G is a countable
discrete group and G-invariant frames—i.e. frames which are invariant under the
action of G. Fourier frames are thus Z-invariant. Paulsen next shows that a frame is
G-invariant if and only if its Grammian belongs to the group von Neumann algebra
VN(G). Paulsen then shows that an element of VN(G) is pavable if and only if it is
pavable by syndetic sets. Unraveling the notation, it follows that G-invariant frames
which can be partitioned into Riesz sequences can also be partitioned with syndetic
partitions. These results then appeared in his paper [37, 38]. Lawton [34] gave a
direct proof of syndetic pavings for Fourier Frames. We now give this result with
the constants available from [36].
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Theorem 6.17: The Fourier frame {e**" yg},cz for L*(E) can be partitioned into
r syndetic sets {S;}";_, with gap length p <r so that

2rint . . .
{e XE}neSj is a €-Riesz sequence forall j=1,2,---,r,

S

6.7 “Large” and ‘“Decomposable’” Subspaces of .77

where

In this section we give some new theorems arising from [36] relating to large and
decomposable subspaces of a Hilbert space. These ideas were introduced in [18].
Throughout this section we will use the notation:

Notation: If E C I, we let Pr denote the orthogonal projection of ¢, (1) onto ¢,(E).
Also, recall that we write {e; }ics for the standard orthonormal basis for ¢,(7).

For results on frames, see Section 6.2.

Definition 6.4: A subspace 7 of ¢,(I) is A-large for A > 0 if it is closed and for
each i € I, there is a vector f; € J# so that || fi|| = 1 and |f;({)| > A. The space .7#
is large if it is A-large for some A > 0.

It is known that every frame is isomorphic to a Parseval frame. The next lemma
gives an alternative identification of these Parseval frames and relies on Proposi-
tion 6.1.

Lemma 6.1: Let T* : 52 — {5 (1) be the analysis operator for a frame { f; }icj for 7
and let P be the orthogonal projection of £3(I) onto . Then {Pe;}ic is a Parseval
frame for T* () which is isomorphic to {f;}icr.

Proof: Note that { Pe; };cs is a Parseval frame (Theorem 6.3) with synthesis operator
P and analysis operator 7}* satisfying 7;*(#") = P({»(I)) = T*(J¢). By Proposi-
tion 6.1, {Pe; }ics is equivalent to {f; }ie;. m|

Now we will relate large subspaces of a Hilbert space with the range of the analy-
sis operator of some bounded frame. We also give a quantitative version of the result
for later use.

Proposition 6.3: Let 57 be a subspace of (»(I).

(I) The following are equivalent:

(1) The subspace H is large.

(2) The subspace H is the range of the analysis operator of some bounded frame.
(Il) The following are equivalent:
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(3) The subspace F is A-large.
(4) If P is the orthogonal projection of y(I) onto F, then ||Pe;|| > A, forall i € I.

Proof: (I) (1) = (2): Suppose S is large. So, there exists an A > 0 such that for
each i € [, there exists a vector f; € S with || fi|| = 1 and |f;({)| > A. Given the
projection P of (2) we have

A< |fi(D)] = Kei, fi)| = [(Pei, fi) | < || Peill[| fill = || Peil -

Note that this also proves (II) (3) = (4).

(2) = (1): Assume {f;i}ics is a bounded frame for a Hilbert space .2~ with anal-
ysis operator T* and T*(¢") = . Now, {Pe; }ics is a Parseval frame for .7 which
is the range of its own analysis operator. Hence, {f;}ics is equivalent to {Pe;}ics
by Proposition 6.1. Since { f;}ies is bounded, so is {Pe;}ic;. Choose A > 0 so that
A <||Pe;]| < 1,foralli eI Then

A< |<Pe,~,Pe,~>| = |<Pe,~,e,~>| = |Pe[(i)|.

So S is a large subspace.
Note that this also proves (II) (4) = (3). a

Now we need to learn how to decompose the range of the analysis operator of
our frames.

Definition 6.5: A closed subspace ¢ of ¢5(I) is r-decomposable if for some nat-
ural number r there exists a partition {S;}’,_; of I so that Ps () = £5(S;), for all
j=1,2,---,r. The subspace 7 is finitely decomposable if it is r-decomposable for
some I.

For the next proposition we need a small observation.

Lemma 6.2: Let {f;}ic; be a Bessel sequence in 7 having synthesis operator T
and analysis operator T*. Let E C I, and let { f;}icg have analysis operator (T |g)*.
Then

PeT* = (T|p)*.

Proof: Forall f € 7,
PET™(f) = Pe <Z<f7fi>€i> = Y (f:fidei = (T|e)"(f)-

iel i€E

‘We now have
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Proposition 6.4: If { f;}ic; is a unit norm frame for J¢ with analysis operator T*,
then for any 0 < € < 1, T*() is r-decomposable for

e <6(|T';+1)>4v

(with power 8 in the complex case).

Proof: We can partition [ into {S;};_; so that each {f}ics; is a Riesz basic se-

quence where
(ST + D)
8 )

for any 0 < € < 1. Thus, (see the discussion after Theorem 6.1) (T| Sj)* is onto
for every j = 1,2,---,r and hence (by Lemma 6.2) PSjT* is onto for all
j=12,---r O

Now we can put this altogether.

Theorem 6.18: For every 0 < A < 1 and 0 < € < 1, there is a natural number

()

(power 8 in the complex case) so that every A-large subspace of lr(I) is
r-decomposable.

Proof: By Proposition 6.3, if P is the orthogonal projection of ¢»(I) onto H, then
||Pei|| > A, for all i € I. Then

Pe‘,'
ber={ i},

is a unit norm frame with Bessel bound 1/A2. So by Proposition 6.4, our subspace

is r-decomposable for
6(A2+1)\*
r=
€A? ’
forany 0 <e < 1. ad

6.8 Open Problems

There are a number of important open problems which remain even after the work
of [36].

Problem 6.1: Can the ) and 6 in Theorem 6.5 be improved?
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Problem 6.2: Can the values of r in the various results be improved?

It has been shown [14, 21] that every unit norm two tight frame can be partitioned
into two linearly independent sets. But, there do not exist universal constants A, B
so that all such frames can be partitioned into two subsets each with Riesz bounds
A,B [16, 17]. This result raises a fundamental problem.

Problem 6.3: Can every unit norm two tight frame be partitioned into three subsets
each of which are Riesz basic sequences with Riesz bounds independent of the
dimension of the space?

Perhaps the most important open problem:
Problem 6.4: Find an implementable algorithm for proving the Paving Conjecture.

The most important case is really finding an algorithm for proving the Feichtinger
Conjecture. The Feichtinger Conjecture potentially could have serious applica-
tions if we could quickly compute the appropriate subsets which are Riesz basic
sequences.

6.9 Acknowledgement

For many years the Kadison-Singer Problem was a major motivating force for many
of us. Its challenges made every day an exciting event. It also brought together math-
ematicians from many diverse areas of research—especially as the “polynomial peo-
ple” came in to give the solution. As we discovered more elementary formulations
of the problem, it became clear that this problem represented a fundamental idea for
finite dimensional Hilbert spaces which was not understood at all. This just made
the problem even more interesting. Almost everyone believed that the problem had
a negative answer—which probably contributed to the problem remaining open for
so long since we were only looking for a counter-example. The solution to this
problem by Marcus/Spielman/Srivastava was a major achievement of our time and
earned them the Polya Prize, a trip to the International Congress of Mathemati-
cians and recognition yet to be established.

The 54-year search for a solution to the Kadison-Singer Problem represented a
large number of papers by many brilliant mathematicians which culminated in the
solution to the problem by Marcus/Spielman/Srivastava. We enclose here a brief
summary of the historical development of the Kadison-Singer Problem from the
direction of the Paving Conjecture. Since the authors are not experts in C*-Algebras,
we have chosen not to trace the history of the problem from that direction. So we will
start in 1979 with the introduction of the Anderson Paving Conjecture. Also, there
are hundreds of papers here so we will just consider those papers which introduced
new directions (equivalences) of the Paving Conjecture.
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e [31](1959) Kadison and Singer formulate the Kadison-Singer Problem.

e [2] (1979) Anderson reformulates the Kadison-Singer Problem into the Ander-
son Paving Conjecture. This was significant because it changed the Kadison-
Singer Problem from being a specialized problem hidden in C*-Algebras and
opened it up to everyone in Analysis.

e [8, 9,27, 28] (1986) Berman/Halpern/Kaftal/Weiss make a deep study of the
Paving Conjecture for Laurant Operators. They introduced the notion of uniform
pavability and they show that matrices with positive coefficients are pavable.
They also give a positive solution for paving for the Schatten Cp-norms for p =
4,6.

e [10] (1989) Bourgain-Tzafriri prove the famous Restricted Invertibility Theo-
rem which naturally leads to the Bourgain-Tzafriri Conjecture.

e [11](1991) Bourgain-Tzafriri show that matrices with small entries are pavable.

e [1] (1991) Akemann and Anderson formulate the Akemann-Anderson Projec-
tion Paving Conjecture and show it implies a positive solution to the Kadison-
Singer Problem. This was important since it reduced paving to paving for a much
smaller class of operators—projections.

e [26](2003) Grochenig shows that localized frames satisfy the Feichtinger
Conjecture. This conjecture was formulated in [14] but appeared much later.

e [42,43] (2003-2004) Weaver formulates the Weaver Conjectures and gives a
counter-example to a conjecture of Akemann and Anderson which would have
implied a positive solution to the Kadison-Singer Problem.

e [14] (2005) Casazza/Christensen/Lindner/Vershynan introduce the
Feichtinger Conjecture and show it is equivalent to the Bourgain-Tzafriri
Conjecture.

e [12] (2006) Bownik/Speegle make a detailed study of the Feichtinger Conjecture
for Wavelet Frames, Gabor Frames and Frames of Translates and relate the Fe-
ichtinger Conjecture to Gowers’ work on a generalization of Van der Waerdan’s
Theorem.

e [18,21] (2006) Casazza/Tremain and Casazza/Fickus/Tremain/Weber show that
the Kadison-Singer Problem is equivalent to the Feichtinger Conjecture, the
Bourgain-Tzafriri Conjecture, the R.-Conjecture, the Casazza/Tremain Con-
jecture, and a number of conjectures in Time-Frequency Analysis, Frames of
Translates and Hilbert Space Frame Theory.

e [39] (2008) Paulsen and Raghupathi show that paving (respectively, paving
Toeplitz operators) is equivalent to paving upper triangular matrices (respec-
tively, paving upper triangular Toeplitz operators).

e [16] (2009) Casazza/Edidin/Kalra/Paulsen show that paving projections with
constant diagonal 1/2 is equivalent to the Paving Conjecture. This is a new di-
rection for paving projections as all previous work involved paving projections
with very small diagonals. They also show that the Paving Conjecture fails for
2-paving.

e [34] (see also [38]) (2010) Lawton and Paulsen independently showed that if the
Feichtinger Conjecture holds for Fourier frames, then each set in the partition into
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Riesz basic sequences can be chosen to be a syndetic set. Paulsen first presented
this at GPOTS (2008).

e (2007-2010) A large number of papers on the Feichtinger Conjecture appeared.
Too numerous to list here. See [32] for a somewhat complete list—especially for
reproducing kernel Hilbert spaces and for classical spaces.

e [17] (2011) Casazza/Fickus/Mixon/Tremain give concrete constructions of non-
2-pavable projections.

e [13](2012) Casazza introduces the Sundberg Problem which is implied by the
Paving Conjecture.

e [36] (2013) Marcus/Spielman/Srivastava surprise the mathematical community
by giving a positive solution to the Kadison-Singer Problem.

Remark 6.2: We were recently made aware of the thesis [35] of Y. Lonke from 1993
which has a proof that BT is equivalent to KS. Since it was written in Hebrew, it
seems to have been overlooked. We now have English translations [35].
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Chapter 7

Model Sets and New Versions of Shannon
Sampling Theorem

Basarab Matei

Abstract In these notes distinct approaches to define model sets/quasicrystals are
discussed. We also discuss some improvements on Shannon sampling theorem
obtained by using simple model sets/quasicrystals.

7.1 Introduction

These notes are written as a contribution to the Summer School entitled New Trends
in Applied Harmonic Analysis Sparse Representations, Compressed Sensing and
Multifractal Analysis which was organized by Akram Aldroubi, Carlos Cabrelli,
Stéphane Jaffard, and Ursula Molter and took place in Mar del Plata, Argentina in
August 2013. These notes are not an original contribution, they are based on the
synthesis paper of Y. Meyer [29] and on my early works [20-22] and [23].

In the first part of these notes we try to give an answer to the question “What is
a quasicrystal?” This question was raised by Yves Meyer in [29]. Are quasicrystals
almost periodic patterns ? For answering this question we need to define quasicrys-
tals and almost periodic patterns. In the second part of these notes we investigate
the universal sampling property of simple quasicrystals.

These notes are divided into sixteen sections (including the introduction and the
conclusion).

In the second section some standard facts on almost periodic functions or dis-
tributions are listed for the reader’s convenience. In the third section generalized
almost periodic measures will be defined and studied. Following [29], we aim at
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relating the arithmetical properties of a Delone set A to the analytical properties
of the corresponding measure 64 = Y34 0, . We say that A is an almost periodic
pattern if the measure 0, is a generalized almost periodic measure (Definition 13).
Yves Meyer shows that model sets are almost periodic patterns [29]. This improves
on a theorem by J. Lagarias [12]. The proof of this theorem will be fully detailed in
these notes. Let Ag, 6 > 2, be the set of all finite sums ¥~ £.0F with g, € {0,1}.
Yves Meyer proved in [29] that Ag is an almost periodic pattern if and only if 8 is
a Pisot-Vijayaraghavan number. We detail this result in the fifth section. Pisot and
Salem numbers are defined in the fifth section.

Almost lattices are studied in the sixth and seventh sections following [29].
Almost lattices are sets A C R” of points which generalize lattices. An almost lattice
A is a Delone set such that A — A C A + F where F is a finite set. If F = {0}, A isa
lattice. Model sets and the cut and projection algorithm are presented in Section 7.7.
The eighth and ninth sections are devoted to the properties of harmonious sets. The
€—dual A; of a harmonious set A is defined in Section 7.8 and Theorem 14 answers
the issue of knowing whether the é—dual of A; is A. The aim of Theorem 15 due
to Y. Meyer [29] is to relate almost lattices to model sets and to harmonious sets.
Every mean-periodic function f whose spectrum is contained in an almost lattice is
in fact an almost periodic function. A stronger statement proved by Y.Meyer [29] is
fully detailed in Section 7.10. Several Poisson type identities from [29] are recalled
in Sections 7.11 and 7.12. Again these sections are not original and can be viewed
as a survey of the remarkable achievements by J. Lagarias, R. Moody, and Y. Meyer.

The recently discovered sampling properties of simple quasicrystals are men-
tioned in Sections 7.13-7.14. In Section 7.15 we improve the main result of [21].
This last section of this essay contains original results.

We conclude with some comments on three tentative definitions of quasicrystals.

7.2 Almost Periodic Functions and Measures

Quasicrystals are almost periodic patterns. As it was stressed by J. Lagarias in [12]
this statement cannot be true if a naive definition of almost periodicity is being
used. (see also [13—15] and [19]). The definition of almost periodic patterns will be
unveiled in Section 7.3.

7.2.1 Almost Periodic Functions

The reader who is familiar with the theory of almost periodic functions in the sense
of Bohr is urged to skip this subsection. The next one should also be skipped if
one has previously read La théorie des distributions by Laurent Schwartz ([38]). In
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Lagarias [12] almost periodic functions in the sense of Bohr are called “uniformly
almost periodic functions.”

The Fourier transform .% (f) = f of a function f € L'(R") is defined by

7&) = [ exp(—ix-£) f(x)dx a1

and the Fourier inversion formula reads

A

10 = @m)" [ expliv-£)7(€)de 12)

A continuous function f : R” — C is almost periodic (in the sense given by Har-
ald Bohr) if for each positive € there exists a relatively dense set A¢ of €-almost
periods 7 for f. These two concepts (relatively dense and e-almost period) are now
defined.

A subset A C R" is relatively dense if there exists a positive R such that each ball
with radius R (whatever be its center) contains at least a point A in A. This definition
was introduced by Besicovitch.

We say that 7 is an €-almost period of a function f : R" — C if

sup [f(x+7) = f(x)] < € (7.3)

xeR?

The space of almost periodic functions on R” equipped with the norm || f]|e is
a Banach space which will be denoted by &. Here and in what follows, || f]|< =

esssupyegn |/ (%)]-

Let f be an almost periodic function. The orbit of f under translations is the
collection & of all functions f(- —y),y € R". The orbit & of an almost periodic
function f is a precompact set for the topology of uniform convergence on R”. In
other words for every sequence x; € R" there exists a subsequence x;, such that
f(x—xj,) converges to an almost periodic function g uniformly on R”".

Every finite trigonometric sum P(x) = ¥, -¢¢(A) exp(iA - x) is an almost periodic
function (S being an arbitrary finite subset of R"). H. Bohr proved that a function
f:R" — C is almost periodic if and only if, for each &€ > 0, there exists a finite
trigonometric sum Pe(x) = X c5(¢) ¢(A,€) exp(id - x) such that || f—Pe || < &.

The construction of S(g) and Pg(x) will be detailed below. A detour to the Bohr
compactification of R” is needed to better understand what an almost periodic func-
tion looks like.

The Bohr compactification of R” is denoted by ¥,. It is the dual group (in the
sense of Pontryagin duality) of the group R” equipped with the discrete topology.
The elements of the compact group ¥, are the characters y on R"” which are de-
fined now.
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Definition 1. A function ) : R” — T is a character on R” if it maps the additive
group R” to the multiplicative group T of complex numbers of modulus 1 and if it
is a group homomorphism: y (x +y) = x(x)x(y) (Vx,y € R").

A character does not need to be continuous. Any product  y’ between two char-
acters is still a character. As it was said above the group ¢, is the multiplicative
group of all such characters. Then R” is a subgroup of ¥, since every contin-
uous character is a character. More precisely each w € R” will be identified to
the character x, defined by x,(x) = exp(i® - x). Moreover R” is dense in ¥,.
The canonical embedding of R” into ¥, will be denoted by _#,. We obviously
have ¥4, = 4 x --- x ¢4,. With these notations we have

Lemma 1. Let F be a continuous function on 4,. Then its restriction f = F o _#, to
R"™ is an almost periodic function. Conversely any almost periodic function f on R"
is the restriction to R" of a continuous function F on %,. This F is unique and is the
continuation of f to ,.

Let f be an almost periodic function. The ball centered at x, with radius R is
denoted by B(x,R) and the constant ¢, is the inverse of the volume of the unit ball.
Then the limit

A(f) = Jim ek [ TV (7.4)

R—oo
is attained uniformly in x.
Moreover .# (f) = [4 F(x)dx when f and F are related by Lemma 1.

Is the Bohr compactification of R” actually needed in Lemma 1 ? Two definitions
will be used to answer this question.

Definition 2. A compact abelian group G is a compactification of R” if G is the dual
group (in the sense of Pontryagin duality) of a dense subgroup I' C R”. We then
denote by J : R" — G the canonical embedding.

In other words, G is the compact group of all weak characters y : I' — T. For
answering our question we need to define the spectrum S of an almost periodic
function f (see Definition 3 below). As in [29], it will be proved that the “small-
est” group G on which f extends continuously is the dual of the additive group I
generated by the spectrum S of f.

For each o € R", exp(—i® - x) f(x) is also an almost periodic function. This
remark paves the road to the definition of the Fourier coefficient of f at the frequency
o € R". This Fourier coefficient is denoted by f(®) and is defined as

A

f(@) = Alexp(—io-x) f(x)] (7.5)

The notation f() is confusing since f() is not the value at o of the distributional
Fourier transform of f. However we have f(®) = F(®) when f = Fo ¢, as in
Lemma 1. Here F(w) is the ordinary Fourier coefficient at the frequency @ of the
continuous function F.
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If £ is almost periodic, so is | f|?, and one has

A1) = Y| f (o) (7.6)

Definition 3. The set S of frequencies @ for which () # 0 is at most a numerable
set. This set S is named the spectrum of f.

In a sense f is the sum of its Fourier series expansion:

f(x) ~ Y fo)e~. (7.7)

weSs

The Fourier series expansion (7.7) of f becomes an ordinary Fourier expansion
when f is viewed as a continuous function F on ¥,,.

The issue raised by the convergence of the series (7.7) needs to be elucidated.
An almost periodic function f is uniquely defined by its Fourier coefficients and
(7.7) becomes a true fact after some manipulations which will be detailed below. If
Y »es|f(®)] is finite, the Fourier series expansion of f converges to f uniformly on
R”. If it is not the case, some summation procedures generalizing Cesaro summation
are needed to give a meaning to (7.7). H. Bohr proved the following theorem:

Theorem 1. For each numerable set S C R" and each € > 0 there exist a finite subset
S(e) C S and a family Bs(e, ) of weight factors with the following properties

(@) 0 < Bs(e, @) < 1

(b) limg o Bs(€,w) = 1 for each ® € S,

(c) Bs(e,®) =0 if @ does not belong to the finite set S(€)

(d) and finally for every almost periodic function f whose spectrum is contained in
S we have || f—Pe||.« — 0, € = 0, when

P(x) = Y Bs(e,0)f(w)exp(io-x) (7.8)

weS(g)

As indicated by the subscript S, Bs(g,®) does not depend on f but only on the
additive properties of the set S.

One is tempted to say that the distributional Fourier transform f of fis (2m)"
Y wes f(©)3, where 8 is the Dirac mass at . This is not true at this naive level.
We cannot write f = (27)"Y,, s f(®)8e since this sum of Dirac masses is not
defined unless Y., ¢ | f(w)| is finite. If it is the case, the two definitions of the Fourier
transform of an almost periodic functions agree as indicated in the following lemma:

Lemma 2. Let us assume that f is an almost periodic function and that ¥ e | f(0)]
is finite. Then the distributional Fourier transform of f is (27t)" Y, pes f (©)8g. Con-
versely if the distributional Fourier transform of a function f € L™ is a finite atomic
measure 0 = Y,,sc(®)8¢ then f is an almost periodic function and its Fourier
coefficients are f(w) = (21) "c(o).
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We now answer the problem raised by Lemma 1. Let f be an almost periodic
function. Let S be the spectrum of f and I" be the additive sub-group of R” generated
by S. Let G be the dual group of I'. Then R" can be viewed as dense subgroup of
G since every continuous character on R” can be restricted to I'. We denote by
J : R" — G this embedding. With these notations we have

Lemma 3. The almost periodic function f can be uniquely written f = F oJ where
F is continuous on G.

Indeed the finite trigonometric sums

P(x) = Y Bs(e,0)f(w)e® (7.9)

weS(g)

converge uniformly to f. These sums P:(x) extend continuously to G since their
frequencies belong to I". Therefore f extends continuously to G.

The convolution product between two almost periodic functions is defined by

(f@g)x) = #[f(x—-)g()] (7.10)

and we have

M(fog)= 4 (f)#(g) (7.11)

If f and g are two almost periodic functions on R” and if F and G denote their
continuation to ¥, then the restriction of F x G to R" is f © g. The identity (7.11)
becomes obvious since [, (F* G)dx = ( [y F dx)([4 Gdx).

We now compute the Fourier coefficients of the convolution product between two
almost periodic functions.

Lemma 4. The convolution product h = f © g between two almost periodic func-
tions is an almost periodic function and the Fourier coefficients of h are given by

h(w) = f()2() (7.12)
We write fi,(x) = exp(—i®-x)f(x) and use the same notations forgand h = f© g.

Then it suffices to observe that hy = f» © ge and to use (7.11). It is important to
observe that the Fourier series of % is absolutely convergent: Y, |2(®)] is finite.

The following proposition will be used in this essay:

Proposition 1. Let H be an additive subgroup of R" and f be an almost periodic
function on R"™. Then there exists a unique almost periodic function g such that

8(&)=/(8)ifé e Hand 3(§)=01if& ¢ H. Moreover |||« < || ]|

Let us sketch the proof of Proposition 1. Let .7# be the dual group of H and let F;
be a sequence of continuous functions on J# which are an approximation to the
identity. We can assume Fj; > 0 and [,, Fj(y)dy = 1. Let h : R" — ¢ be the canon-
ical embedding. We then consider the almost periodic function f; = F; o h. We have
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fi(€)=0if & ¢ H and f;(E) = F;(&) if & € H. We form the convolution prod-
ucts g; = f © f; in the sense of the convolution between almost periodic functions.
The Fourier coefficients of g; are §;(&) = f(£)f;(€). That is why g;(£) vanishes
outside H. Moreover ||g;||- < ||f]|- by the properties of the convolution product.
Finally f,(f) — 1 as j tends to infinity. These convolution products converge to a
function g uniformly on R" and g possesses the required properties.

If A C R"is a model set and ¢ a compactly supported continuous function, then
f(x) =Xaea ¢(x —A) is not an almost periodic function. This was observed by
J. Lagarias and paves the road to the definitions which are given in Section 7.3.

7.2.2 Almost Periodic Measures

The reader who is familiar with the theory of distributions by Laurent Schwartz is
invited to skip this subsection and to jump to the next one. Almost periodic measures
are called “uniformly almost periodic measures” by J. Lagarias.

Schwartz proposed the following definition of an almost periodic distribution.

Definition 4. A distribution S is almost periodic if for every testing function ¢ € 2
the convolution product S * ¢ is an almost periodic function in the sense of Bohr.

This immediately extends to almost periodic measures. The only difference is
that the class Z of testing functions is replaced by the class & of compactly sup-
ported continuous functions. Yves Meyer proved in [29] that this definition of al-
most periodic measures is too demanding since the sum 04 of Dirac masses on a
model set A is not an almost periodic measure in general (see Theorem 18 below).
This was already observed by J. Lagarias. In contrast 6, is a generalized almost pe-
riodic measure which motivates the definitions given in Section 7.3. Lagarias proved
that for every compactly supported continuous function ¢ the convolution product
o, * ¢ is a Besicovitch almost periodic function. This can be found in [12] and this
result was improved in [29]. In this subsection the well-known properties of almost
periodic measures are listed for the reader’s convenience.

Definition 5. A Borel measure y on R” is almost periodic if for every compactly
supported continuous function g the convolution product u x g = f is an almost
periodic function.

If u is an almost periodic measure, the closed graph theorem implies that

sup |[di| =C < o (7.13)
x€Rn J B(x)

Here B(x) is the ball centered at x with radius 1. Following A. Hof [6] we say
that u is a translation bounded measure. We then have
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Lemma 5. A translation bounded measure | is almost periodic if and only if | is
an almost periodic distribution.

The Banach space of translation bounded measures is equipped with the norm
sup,cpn |1t|[B(x)]. The weak convergence of a bounded sequence u; of translation
bounded measures is defined by the duality with compactly supported continuous
functions.

Here is an example of an almost periodic measure. Let 0 be a real valued con-
tinuous function of x € R and let us assume that 6(x+ 1) = 6(x). Let Ag consist of
all real numbers k + 0(v/2k), k € Z. We define a measure 6y by 6g = 3, cAg O
where 8, is the Dirac mass at a.

Lemma 6. The measure Gg is almost periodic.

This example is playing a seminal role in the forthcoming analysis of almost
periodic patterns and quasicrystals. The set Ag is an almost periodic pattern (see
Definition 13 below). However this set is not a quasicrystal in any sense of this
word. For instance, Ag is not an almost lattice (see Definition 22). The proof relies

on the following Diophantine approximation property.

Lemma 7. Let € be a positive number. Then the set

M ={t € Z; inf|V21—k| < &}
kEZ

is relatively dense.

This being recalled, let ¢ be a compactly supported continuous function and let
f(x) =Y ¢ (x—k—0(+/2k)). We need to show that f(x) is an almost periodic func-
tion. If 7 € Z, we obviously have

fa+1) =Y ¢(x—k—0(V2(k+1))).

keZ
But |0(v2(k+ 1)) — 0(v/2k)| < n(¢) uniformly in k by the continuity of 6 and for

every T € Me. It now suffices to observe that 7)(€) tends to O with € and that the
series defining f(x) is locally finite. This concludes the proof.

The following observation is trivial but crucial in what follows.

Lemma 8. Let U be a translation bounded measure and Y be the indicator function
of the ball {x; |x| <R}. IfR > 1 and if f is a bounded Borel function we have

R / Fardu| < ClIf |l (7.14)

We now define the mean value of an almost periodic measure.
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Lemma 9. If the closed ball centered at x with radius R is denoted by B(x,R), then
the mean value 4 (L) of an almost periodic measure U is defined by

M) = Jim ek "u[B(xR) (7.15)

and this limit is attained uniformly in x.

A proof of Lemma 9 is given for the reader’s convenience. The indicator func-
tion of B(x,R) is denoted by .. Next ¢ denotes a non-negative continuous func-
tion supported by B(0, 1) with [ ¢(x)dx = 1. Let us furthermore assume that ¢ is
an even function. Then as R tends to infinity we have

[ xedi = [ Grer) e 9)dx+0(®") (7.16)

The proof of (7.16) is almost obvious. Since ¢ is even the integral in the RHS
can be written J = [(xxr* ¢)(y)du(y) = Ji +Jo where J; is the integral over |y —
x| <R—1and J; runs over R— 1 < |y —x| < R+ 1. We split the LHS similarly as
I=0L+5hL Ifly—x| <R—1,wehave (g *9)(y) = 1 and I; = J;. But the error
terms I, and J, are O(R"~!) since u is translation bounded.

If  is an almost periodic measure, T is a measure with a finite mass, and I(7) =
[ dz, the convolution product  * 7 is still an almost periodic measure and

M (7)) = A ()I(7T) (7.17)
We now prove the following lemma

Lemma 10. If u is an almost periodic measure and f is an almost periodic function,
then the product fL is an almost periodic measure.

We first consider x(x) = exp(i® - x) and we shall prove that y, is an almost
periodic measure. Let us assume that ¢ is continuous and compactly supported. We
then have [(Yopt) * 9](x) = [ xo(x—y)dp(x—y)9(y)dy = Yo (x) [ 0 (V) Xo(—y)du
(x—y)dy = Yo (x) (1t * §o)(x) Where ¢o(x) = @(x)xw(—x). Finally yt x ¢ is an
almost periodic function and so is (U * @y )Xe- By linearity Lemma 10 holds for
every trigonometric polynomial and by density for every almost periodic function f.

The convolution product (1 * g between g in the Schwartz class . (R") and an al-
most periodic measure U is an almost periodic function. Therefore the distributional
Fourier transform of an almost periodic measure makes sense. The Fourier coef-
ficients of an almost periodic measure y are not defined through its distributional
Fourier transform fi but as follows.

Definition 6. The Fourier coefficients of an almost periodic measure p are

(o) = A[u(x)exp(—ix- )], @ € R". (7.18)
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An almost periodic measure is uniquely defined by its Fourier coefficients fi(®)
and one can write a formal expansion

du(x) ~ Y (o). (7.19)

weS

as it was the case for almost periodic functions.

Lemma 11. Let u be an almost periodic measure and f an almost periodic function.
Then we have for every compactly supported continuous function g

AMN(frgu] = A (1) f] (7.20)

By definition g(x) = g(—x). It suffices to check this property when f(x) = exp(i® - x)
where it is trivial. The following result will be needed below.

Proposition 2. Ler [t be an almost periodic measure such that .# (fi1) > 0 for every
non-negative almost periodic function f. Then |l is a non-negative measure.

Let ¢ be a non-negative compactly supported function such that [ ¢ (x)dx = 1. Since
U is translation bounded we have .Z[(f * ¢)u] = .#[f (1 * ¢)]. Since the LHS is
non-negative so is the RHS. We then use the following lemma

Lemma 12. Let F be a real valued almost periodic function such that for every non-
negative almost periodic function f we have .# (fF) > 0. Then F is non-negative.
The proof is straightforward. It suffices to consider the function f = —inf(F,0).
We then have .# (fF) > 0 but .4 (fF) = —. (|f|*) which implies inf(F,0) = 0.
Returning to Proposition 2 we have t x ¢ > 0 for every ¢ > 0 which implies y > 0.

Lemma 13. If u and v are two almost periodic measures, their convolution product
T = U ©V is still an almost periodic measure.

We shall define this convolution product. As above the indicator function of the
closed ball B(0,R) centered at 0 with radius R is denoted by g and we write g =
U xr- Next the measure 7 is defined by

TR =R "Ug* Vv (7.21)

The convolution product T = tt ® v is the limit in the distributional sense of 7x.
Lemma 14 yields a stronger result.

Lemma 14. For every continuous and compactly supported function g the functions
hr = g * g are almost periodic and converge uniformly on R" to an almost periodic
function h as R tends to infinity.

The measures T are uniformly translation bounded since the total mass of ¢,R™" g
does not exceed a constant C. It suffices to prove Lemma 14 for a dense collection
of functions g to obtain the general case. Let us assume that g = g * g» where g1, g2,
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are continuous and compactly supported. Then Tg xg = c,R ™" (Ug* g1) * (V*g2) and
Ur*g1 = (1 *g1)xr +O(R" ) since y is translation bounded. The two functions
hy = U *gy, hp =V gy are almost periodic and ¢,R™"h| g * hy converges uniformly
on R” to the convolution product i) ® h;.

Lemma 15. If u and v are two almost periodic measures, we have
MO V) =AM (1) A (V) (7.22)

The proof is left to the reader.

Here is an example of the convolution product between two almost periodic mea-
sures. We consider the Dirac comb u = Y7 & and for some positive ot ¢ Q we
consider V = & Y ;<7 0. Then the convolution product it ® v is the Lebesgue mea-
sure on the real line.

A specific example of an almost periodic measure will be detailed now. This
example is aimed at proving the following fact

Proposition 3. There exists an almost periodic measure L such that |L| is not an
almost periodic measure.

Two constructions of u will be given. Here is the first one. We consider the
set Iy = 2Z + 1 of odd integers and write I} = 2/I5, j € N. Then Z \ {0} is the
disjoint union of I’j, j > 0. We let ; be the sum e, 6 of Dirac masses at k € I.
Then 0; is a 2/+1 _periodic measure. Let T be the Dirac comb Y., &. Then ¢ =
O+ 01 +--- =T — &. Therefore ¢ is not an almost periodic measure.

Lemma 16. Let j = 6% (8 — 8,-j-1). Then the sum |1 = Uy + W1 +- - - is an almost
periodic measure.

We first observe that  is translation bounded since |u|([k,k+1]) = 2 for k € Z.
It then suffices to prove that u * g is an almost periodic function for every smooth
testing function g. We set g; = g* U; and observe that g is 2/+1 _periodic. Moreover
18|l < €277 which implies that ¥ ;> g; is an almost periodic function.

Lemma 17. The measure |L| is not almost periodic.

Indeed [u| =¥ ;>0 [4j| = X >0 O * (80 + 85—j-1). If || was an almost periodic func-
tion, then the sum u + || = 26 would also be an almost periodic function which is
not the case.

In the second construction we consider the set Iy = 3Z + 1 and write I =
3'Iy, j € N. We let 0; be the sum ¥;cr; 6 of Dirac masses at k € I. Then o;

is a 3/*! —periodic measure.
Lemma 18. The sum 6 = 6y + 0] + - - - is not an almost periodic measure.
The proof relies on the following observation.

Lemma 19. Ler A C Z. Then 6 = Y cp O is an almost periodic measure if and
only if A is a periodic set.
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The proof is left to the reader. In our case Uj>ol is not a periodic set. The measure
0 = 0p+ 01 +--- will be an example of a generalized almost periodic measure.
We proceed to the construction of L.

Lemma 20. Let tj = 0% (8 — 8;-j-1). Then the sum |1 = Uy + W1 +- - - is an almost
periodic measure but |L| is not an almost periodic measure.

The proofs are the same as above.

The duality between almost periodic measures and almost periodic functions is
defined by

< fou>=4(fp) (7.23)

This makes sense since the product between an almost periodic measure and an
almost periodic function is an almost periodic measure. In other words an almost
periodic measure u defines a Borel measure _# (1) on the Bohr compactification
% of R" and the Fourier coefficients of u are identical to the Fourier coefficients of
7 (u). The mapping i — _Z (i) from the space of almost periodic measures to the
space of Borel measures on ¢ is injective but is not onto. This motivates the second
definition of almost periodic measures.

If a measure p is a Poisson measure as defined below, then pt is an almost periodic
measure and the distributional Fourier transform [l agrees with the Fourier transform
of u.

Definition 7. A Poisson measure is an almost periodic measure { whose distribu-
tional Fourier transform f is also an almost periodic measure.

Let i be a Poisson measure and ¢ a function in the Schwartz class. Then T = f1$
is a bounded measure and is the Fourier transform of f = pi*x ¢. Let us write T as
sum between a continuous component 7; and an atomic component 7,. The inverse
Fourier transform of 7 is f. The inverse Fourier transform of 7, is an almost periodic
function & with an absolutely convergent Fourier series. Let us show that 7; = 0.
We know that the inverse Fourier transform of 7; is the almost periodic function
g = f — h. Since 1) is a continuous measure its inverse Fourier transform g satisfies
A (|g]) = 0. Since g is almost periodic we have g = 0 as announced. We just proved
the following.

Lemma 21. A Poisson measure and its distributional Fourier transform are purely
atomic measures. Conversely let us assume that both |1 and its distributional Fourier
transform are translation bounded atomic measures. Then L is an almost periodic

measure.

Let u be a Poisson measure. We have (I =Y, ,c5c(®)0,. With an abuse of language
we say that S is the support of fi. Then we have

Lemma 22. If © ¢ S, we have # [exp(—iow-x)du(x)] = 0. If ® € S, then .# [exp
(—io-x)du(x)] = a({o}).
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In short one has L(®) = fi({®w}) where the left-hand side is the Fourier coef-
ficient of the Poisson measure |1 at @ and the right-hand side is the mass of the
atomic measure [l at ©.

To prove Lemma 22 it suffices to consider a testing function ¢ whose Fourier trans-
form satisfies ¢ (@) = 1 and to apply to ¢ * it the known properties of almost periodic
functions with an absolutely convergent Fourier series.

A construction of Poisson measures will be given in Sections 7.11 and 7.12. The
measure described in Lemma 6 is not a Poisson measure.

7.3 Generalized Almost Periodic Functions and Measures

Generalized almost periodic functions are defined now and pave the way to general-
ized almost periodic measures which are the right tool to analyze quasicrystals. The
main theorem of [29] says that if A is a quasicrystal then the sum fy =Y, 4 8; of
Dirac masses on A is a generalized almost periodic measure. Here we differ from
Lagarias [12] and from Laurent Schwartz. The definition given by Schwartz is too
restrictive. The measure (14 is not an almost periodic distribution in the sense given
by Schwartz. A generalized almost periodic measure is a Besicovitch almost peri-
odic measure as defined by Lagarias in [12]. Therefore this result implies Lagarias
theorem. Similarly for every compactly supported continuous function ¢ the func-
tion f(x) = ca ¢ (x—A) is a generalized almost periodic function. This function
f is not an almost periodic function.

The notation ./ is defined by (7.4).

Definition 8. A real valued function f defined on R”" is a generalized almost pe-
riodic function if it is a Borel function and if for every positive € there exist two
almost periodic functions g¢ and /¢ such that

ge < f < he (7.24)

and
///(hs _gs) <e (7.25)

It is easily checked that the collection of all g-a-p functions is a vector space 2.
This vector space can be equipped with the L™ norm and is then a Banach space.
A saddle issue will soon appear since some g-a-p functions shall be identified to 0
while they do not have a zero norm. For instance, any compactly supported contin-
uous function f is a g-a-p function which should be identified to O while || ||« > 0.

Returning to Definition 8 we set € = 1/j and with an obvious abuse of notations
we have g; < f < hj and €; = .# (hj — g;) — 0. Replacing g; by sup(g1,---,&;)
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and hj by inf(hy,---,h;) we can further assume that g; is an increasing sequence of
almost periodic functions and that %; is a decreasing sequence of almost periodic
functions.

We now abbreviate “almost periodic” into a-p and “generalized almost periodic”
into g-a-p. We have proved the following lemma.

Lemma 23. A real valued Borel function f is a g-a-p function if and only if there
exist an increasing sequence g; of a-p functions and a decreasing sequence hy of
a-p functions such that

(@) gi<f<h (j,keN)
(b) A (hj— g;) tends to 0 as j tends to infinity.

The reader is warned that we do not have in general lim;_,.. g;(x) = f(x). If in-
deed f(x) is a non-negative continuous function on the real line with a compact
support, we can decide that g; = 0 while g; will be a suitable 2/ —periodic func-
tion. This example will be detailed below. Similarly we do not have in general
Ty () = ().

Note that a generalized almost periodic function f is not an almost periodic dis-
tribution in general. It is not true that f * ¢ is an almost periodic function when ¢
is a testing function. To give an example, we need to anticipate a little. Let A be a
quasicrystal (see Section 7.3), and let us consider f(x) =3, 4 6(x — A) where A
is a quasicristal which is not a lattice and 6 is a testing function. Then f * ¢ cannot
be almost periodic in the sense of Bohr.

A g-a-p function f belongs to L (R"). Keeping the preceding notations we have
[1£ ]l < sup(llgu]]eo; [[/21]ec)-

Theorem 2. Let f be a g-a-p function. For every sequence x; € R" there exist a
subsequence x;j, and a g-a-p function g such that

(a) f(x—xj,) — g(x) in the weak topology defined by the duality between L™ and
Ll
(b) A[|g(x) = f(x—xj)]] =0, k= eo.

We know that u, < f < v, where us and v, are almost periodic functions and
M (ve —ug) < €. We extract subsequences in such a way that (a) f(x —x;, ) — g(x)
where the weak convergence is defined by the duality between L™ and L' together
with (b) ug(x —xj, ) — U where the convergence is uniform on R” and (¢) ve(x —
xj,) — Ve where the convergence is also uniform. We still have .# (Ve —Ug) < € and
passing to the weak limits we obtain Us < g < V;. Therefore g is a g-a-p function.
The proof of the second claim in Theorem 2 is immediate. We have

|g(x) = flox—xj)| < [8(x) = Ue ()| + |Ue (x) — e (x = xj, ) + |ute (x = xj,) = f (e =2, )|

But |Ug(x) —ue (x —xj, )| < € if k > ko while the mean values of the two other terms
in the RHS do not exceed €. This ends the proof.
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Almost periodic functions extend by continuity to the Bohr compactification ¥,
of R”. In a sense to be made precise the extension to &, of a generalized almost
periodic function is a Riemann integrable functions (see Theorem 4 below for a
more precise statement). The definition of Riemann integrable functions is given for
the reader’s convenience:

Definition 9. A Borel function f on a compact abelian group G is Riemann inte-
grable if and only if for every positive € there exist two functions f; and g which
are continuous on G and satisfy the following:

(a) fe < f < ge everywhere on G
(b) Jg(ge — fe)dx <€

The definition of Riemann integrable functions can be generalized to other con-
texts, a generalization which will not be used below. A function f is Riemann inte-
grable if and only if the set of points x € G where f is not continuous is a null set.
Returning to Definition 9 it suffices to check (a) and (b) whene=1/j, j=1,2,---.
Replacing fj by sup(fi, f2,-- -, fj) we can assume that f; is an increasing sequence
of continuous functions. Similarly we can assume that g; is a decreasing sequence
of continuous functions and we have

(i) fj < f<gjeverywhereon G
(i) f;(gj— fj)dx — 0 as j tends to infinity.

In general we cannot expect f to be at the same time the pointwise limit of the
sequence f; and of the sequence g;. More precisely if for every x € G we have
gj(x) = f(x) and f;(x) = f(x), then f is a continuous function. The pointwise con-
vergence of the sequence fj(x) to f(x) holds only almost everywhere. This seems
inconsistent with the fact that a Riemann integrable function is defined everywhere.
If f(x) = g(x) almost everywhere and f is Riemann integrable, this does not imply
that g is Riemann integrable. Let us stress that a Riemann integrable function can
be restricted to a set of measure O since it is defined everywhere.

In general a g-a-p function does not need to be Riemann integrable. A counterex-
ample will be given below.

A complex valued function f is a generalized almost periodic function if Rf
and g are generalized almost periodic functions. The vector space of generalized
almost periodic functions is a Banach when equipped with the norm || f||e. In the

following lemma, B(x,R) denotes the ball centered at x with radius R and ¢, is the
inverse of the volume of B(0, 1).

Lemma 24. If f is a g-a-p function, the limit

R—+oo

A(f) = lim c,R™ /B SOV (7.26)

is attained uniformly in x.
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The function f will be assumed to be real valued which suffices for proving
the general case. One writes M(f,R,x) = cuR™" [g(, gy f(v)dy. Then (7.4) and
Lemma 23 imply

(a) M(gj,R,x) < M(f,R,x) < M(hy,R,x)

(b) limRH‘”M(gijax) = %(g/)

(C) limRHmM(hk,R,x) = j/(hk)

(&) A (hy) — A (g)) < €if j,k = jo.

(e) .#(g;) is an increasing sequence and .2 (hy) is a decreasing sequence.
Properties (d) and (e) imply that the increasing sequence .# (g ;) and the decreas-

ing sequence .# (h;) are converging to the same limit A and (a), (b), and (c) imply
that M(f,R,x) tends to A uniformly in x as R tends to infinity.

Proposition 4. If f is a g-a-p function, so is | f|. If f and g are two g-a-p functions,
so are sup(f,g) and fg.

The proof of the first statement is almost obvious. Let us assume that f is a g-
a-p function and prove that f* = sup(f,0) is a g-a-p function. Indeed g; < f < h;
implies g < f* < hi and h] — g} < h;— g;. This yields the first claim and the
second follows immediately.

Let us prove the last claim. Using the first or the second claim one can assume
f > 0and g > 0. Then we have with obvious notations 0 <u; < f <v;and0 < g; <
g <hjwhereu;,vj,g;,h;are a-p together with # (v;j —u;) < ¢g;, # (hj—gj) <¢€j.
Thenujg; < fg <vjhjand vjhj—ujg; < (vj—u;)|hille+ (hj = gj)|[Vi|ee There-
fore .# (vjhj—ujg;) tends to 0.

Corollary 1. Let f and g be two g-a-p functions. Then the following limit exists

R—o0

A (fg) = lim ¢,R™" /B (xR)f(y)g(y)dy (7.27)

This follows from Lemma 24 and Proposition 4.
We need to define the Fourier coefficients of a g-a-p function f.

Definition 10. The Fourier coefficient of a g-a-p function f at the frequency w €
R" is
f(w) =.4[f(x)exp(~ie-x)] (7.28)

A g-a-p function is not characterized by its Fourier coefficients. Indeed we have:

Lemma 25. Any bounded Borel function 6 with compact support is a g-a-p func-
tion. We have 6(®) = 0 identically.

To prove the first claim it suffices to treat the case when 0 is non-negative and
vanishes outside [—1, 1]"”. We can assume 0 < 0 < 1. We simply decide that g: =0
and construct a continuous function s, with the following properties:
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(a) he is 2/e—periodic in each variable
(b) he =1on[-1,1]"
() 0<he<landhs=0o0n[—1/g,1/€]"\[-2,2]"

Then .# (he) < €" which ends the proof. The second claim is obvious. This ex-
ample is showing that a g-a-p function is not Riemann integrable in general. It is
also showing that we cannot expect f to be the limit of g¢ or of Ae.

The same argument shows that a continuous function vanishing at infinity is a
g-a-p function. However there exists a continuous function f such that (a) f is uni-
formly bounded on the real line, (b) .Z[|f(x)|] = 0 but (c) f is not a g-a-p function.
An example will be given below.

Theorem 3. Let f be a g-a-p function. Then for every positive € there exists a rela-
tively dense set A such that

teA=H(f(+1)-f())<e (7.29)

The proof is straightforward. The notations of Definition 8 being kept, we have
Sfe(x) < f(x) < ge(x). The relatively dense set M is defined by the two conditions

(a) Hfs(x"‘f) _fe(x)Hw <e&
(b) |lge(x+17) —ge(¥)[| < €

Here we use the fact that the vector valued function (f¢,g¢) is almost periodic. We
then have

[fet7) = f)] < sup(|ge(x + 7) = fe (0], [ fe (x+ T) — ge(x)]) (7.30)

But
8e(x+7) — fe(x)] < |ge(x+T) — ge(x)[ +[ge(x) — fe(x)] (7.31)

The first term in the RHS of (7.31) does not exceed € as well as the mean value of
the second term. The second term in the RHS of (7.30) is treated similarly.

Corollary 2. Keeping the notations of Theorem 3 we have
teA= A(f(+T)—f()) <e (7:32)

Therefore a g-a-p function is almost periodic in the sense of Besicovitch.

The convolution product f © g between two g-a-p functions is defined by

(feg)x)=A[f(x—")g(-)] (7.33)

Corollary 3. Let f and g be two g-a-p functions. Then their convolution product
f © g is an almost periodic function in the sense of Bohr.

Indeed |(f ® g) (x+ 1) — (f® §)(x)| < [|gll-aZ[LF(- +7) — £(-)]] and it suffices
to apply Theorem 3.
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Lemma 26. Keeping the same notations we have
M(fe8) = (A[f)(A¢g) (7.34)

By linearity we can assume f,g > 0. We have by Lemma 23, u; < f < v; and
gj <g<h;j. Then

M uj(x—-)gj()] < A[f(x—)g()] < A [vilx— ()]
In other words
Uj©g; < f@g<vi®hy.
Next

Jwogpmar< [(fogymar< [(xom)gmds

Multiplying by ¢,R™", passing to the limit as R tends to infinity and using (7.6)
we obtain

M (uj) M (8j) < AM(f©g) < M (vie) M ().

Finally
A (vi) M (hye) — A (uj)# (g)) < €

if j,k > jo. Indeed these four sequences are bounded and satisfy property (b) in
Lemma 23. Then the proof ends as the one in Lemma 24.

Let us provide the reader with examples of generalized almost periodic functions.

The simplest example is the 2w —periodic function f = sign(sinx) where sign(x)
=1ifx>0, —1ifx <0and 0 if x = 0. More generally a T —periodic Borel function
is g-a-p if and only if it is Riemann integrable on [0, T].

We continue with another example.
Lemma 27. The function ®(x) = sign[sin(x) + sin(v/2x)] is a g-a-p function.
Indeed we have sign(x) > 60;(x) where
(@) 6;(x)=—1ifx<0
(b) 6;(x) =1ifx>1/j
(© 6;(x) =—1+2jxif0<x<1/].
This sequence 6; is increasing. But we also have sign(x) < n;(x) = 6;(x + ﬁ)
and the sequence 17); is decreasing. Finally . [n;(sin(x) + sin(v/2x)) — 6;(sin(x) +
sin(v/2x))] tends to 0 as j tends to infinity. Indeed 1; — 6; is supported by the inter-
val [—1/j,1/}] and the support of 1;(sin(x) + sin(v/2x)) — 0;(sin(x) + sin(v/2x))
is E; = {x;|sinx +sin(v/2x)| < 1/,j}. These E; are a decreasing sequence of sets

and their intersection N ;e E; is the union of (v/2—1)27Z with (v2+1)(n +277Z).
Therefore the averaged measure of E; tends to 0 as j tends to infinity and @ is g-a-p.
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This example can be generalized as follows. Let F be a Riemann integrable func-
tion on the two-dimensional torus T2. Then the function f(¢) = F(t,/2t) is g-a-p.
Following [29], the proof will be given in a more general context. Let I be a dense
subgroup of R" and let G be the dual group of I". This dual group is the multiplica-
tive group consisting of all characters on I'. As it was said above, a character
is a mapping I' — T which satisfies the identity y(x+y) = x(x)x(y) (Vx,y € I').
Then G is a compact abelian group. Each y € R" is a character on R” defined by
Xy(x) = exp(ix-y). This remark implies that R" can be viewed as a dense subgroup
of the compact group G. Let us denote by J the canonical embedding of R” into G
defined by J(y) = yy.

Lemma 28. Let F be a Borel function on G. If F is Riemann integrable, then the
function F oJ is g-a-p.

Let us insist on the fact that a Riemann integrable function is defined everywhere.
It is not a class of functions. Therefore F o J makes sense.

We now prove Lemma 28. Definition 9 implies the following property. For every
positive € there exist two functions A and B such that (a), (b), and (c) hold:

(a) A¢ and B; are continuous on G
(b) Ae <F <B;
(©) Jg(Be —Ag)dx <e.

We set g¢ = AgoJ and hg = Be oJ. These two almost periodic functions have the
required properties and F o J is g-a-p.

The converse statement is true. Let ¢, be the Bohr compactification of R” and
# be the canonical embedding of R” into ¥,.

Theorem 4. Let [ be a g-a-p function. Then f can be written f =F o _§ +r where

(a) F is Riemann integrable on %,

(b) We have A (f) = [y F(x)dx

(c) More generally we have f(®) = F(o) for every ® € R"
(d) r satisfies 4 (|r]) = 0.

In the LHS of (c) f () denotes the Fourier coefficient of f viewed as a g-a-p func-
tion while F(®) is the ordinary Fourier coefficient of F defined on the compact
abelian group ¥%,. The function F is not unique.

Definition 11. With the notations of Theorem 4 we say that F is an extension of f
t0 %,.

If F and F’ are two such extensions of f, then F = F’ almost everywhere on ¥,,.

If, for instance, f is a continuous function with compact support, F = 0 and
f = r. For proving Theorem 4 we lift f to &, i.e. we consider the auxiliary function
f defined on _# (R") C ¢, by fo ¢ = f. The a-p function f; which is defined
by (i) and (ii) of Lemma 23 extends to a continuous function F; on ¥, and sim-
ilarly the function g; which is defined by (i) and (ii) of Lemma 23 extends to a
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continuous function G; on ¥,. We have Fjo _# = f;j and Gjo ¢ = g;. Therefore
fi < f < gk implies F < f<Gi;on /(R”) But _# (R") is dense in %,,. Finally
Fj(x) < G(x), Vx e % Let F(x) be the pointwise limit of the increasing sequence
F(x) and let G(x) be the pointwise limit of the decreasing sequence G (x). We know
that ||G; — Fj||, = .#(g;j — f;) tends to 0 as j tends to infinity. It implies that the
function F is Riemann integrable on ¢, and F = G almost everywhere. We would
have F(x) = G(x) everywhere if and only if F was continuous on ¥, and this hap-
pens if and only if the function f we started with is almost periodic in the sense of
Bohr. Every point xo where F(xy) = G(xo) is a point of continuity of F. Then F(x)
is the limit of f(x) as x tends to xo in %,.

It remains to relate F to f which is not entirely obvious. The function F o ¢
makes sense since F' is defined everywhere on 4,. We set r = f — F o _# and claim
that ./ (|r|) =0.Indeed f; < f <gjand fj=Fjo ¢ <Fo ¢ <Gjo ¢ =g;imply
fi—gj <r<gj—fjand |r| <g;— f;. The claim follows from .# (g; — f;) — 0.

The reader has observed that in the proof the function G could have been used
instead of F. Any Borel function U such that F < U < G would have played the
same role. We then say that U is an extension of f to &,. The proofs of (b) and (c)
are straightforward. Indeed these properties hold for each pair (f;, F;) and it suffices
to pass to the limit using Lebesgue’s dominated convergence theorem on 9.

Lemma 29. If f and g are two g-a-p functions and if F and G are their extensions
to %y, then FG is an extension of fg to 9.

It suffices to prove Lemma 29 when f and g are non-negative. Then the claim fol-
lows from the proof of Theorem 4.

Lemma 30. Let f be a g-a-p function. Then we have

S 1f(o)? = 2] fP] (7.35)

The proof is straightforward. An extension of the g-a-p function |f|? is |F|? if F
is an extension of f to &,. Property (b) in Theorem 4 implies that the RHS of (7.35)
equals [, |F(x)|*dx and it then suffices to use (c) and Plancherel theorem on %,.

Definition 12. The spectrum of a g-a-p function f is the set S of all @ such that
Flw)#0.
We know from (7.35) that S is a numerable set.

Theorem S. Let f be a g-a-p function, let S be the spectrum of f and H be the
additive subgroup of R" generated by S. Then the conclusion of Theorem 4 is valid
when 9, is replaced by the compact abelian group G which is the dual group of H.

Let Gp be the annihilator of H in &,. A character y € ¥, belongs to Gy if and
only if x(x) = 1,Vx € H. Then G is the quotient group ¥,/Gy. With an abuse of
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notation we write ®(y) = (o) forevery ® € H and y € ¥,. Then o is a character
on ¥,. Keeping this notation we have w(x) = 1, (Vx € Gy), for every o € H. For
any function u € L!'(%,) we denote by v € L!(%,) the function defined by v(x) =
JG, u(x+y)dy. For almost every x € &, we have v(x+y) = v(x), Vy € Go. Then
v(x) defines a function on G = %, /Gy. This function will also be denoted by v by
an abuse of notations and we have

/ u(x)dx:/v(x)dx (7.36)
, G

If € H and if o(x), x € ¥, denotes the corresponding character on ¥, we apply
(7.36) to the auxiliary function u(x)(x). We observe that o(x+y) = o(x), (Vy €
Go) and we obtain

(o) =9%o), (Vo € H) (7.37)

We return to the proof of Theorem 5. The notations of Theorem 4 are kept and
F € L'(4,) is an extension of f. We know from (c) that the Fourier coefficients of
F vanish outside H. We define three functions F}, F', G by

@ F'(x) = [g, F(x+y)dy
(b) Fi(x) = Jg, Fj(x+y)dy
(© Gji(x) = Jg,Gj(x+y)dy

This makes sense for every x € 4,. These three functions F j’ ,F’, and G;- are
Go—invariant and are therefore defined on G = %,/ Gy. We then have F () = F' (o)
by (7.37) for every @ € H. Moreover the functions F j’ and G;- are continuous on G.
Then F;(x) < F(x) < G;(x) on &, implies F}(x) < F'(x) < G(x) everywhere on G.
Moreover [;(G) — Fj)dx — 0. It follows that F’ is Riemann integrable on G.
We set f/ = F'oJ where J : R" — G is the canonical embedding. It remains to
prove that .Z (|f — f'|) = 0. For proving this claim we observe that the two g-a-
p functions f and f’ have the same Fourier coefficients. This is obvious if w ¢ H
since f(w) =0 = f'(»). If ® € H, we have f(®) = F(w) by (c) and similarly
f'(w)=F'(w). But F(w) = F'(w). Finally we apply the following lemma to f — f".

Lemma 31. If f is a g-a-p function and if f(®) = 0 everywhere, then .4 (|f|) = 0.

Lemma 31 follows from Lemma 30 and concludes the proof of Theorem 5.

Lemma 32. If f and g are two g-a-p functions and if F and G are their extensions
to some compactification of R" | then F % G is an extension of f © g.

The argument used in Lemma 29 applies here.

The conclusion of Lemma 4 is still valid for g-a-p functions as it will be proved
now.

Lemma 33. If f and g are two g-a-p functions, the Fourier coefficient of f © g at
the frequency @ is the product a(®)b(®) between a(®) = f(®) and b(w) = g().
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We write fg, (x) = exp(—i®-x) and use the same notations for g and h = f ® g. Then
it suffices to observe that i, = fy © g¢ and to apply Lemma 26.

Corollary 4. If f and g are two g-a-p functions, then the Fourier series of f © g is
absolutely convergent.

Indeed the Fourier coefficient of f © g at the frequency @ is the product ¢(®) be-
tween a(®) = f(w) and b(®) = ¢(w). But a,b € (%> implies c € I'.

The error term r in Theorem 4 satisfies .Z[|r|] = 0. This raises the following
issue. Let f be a continuous function on the real line satisfying ||f|||l < C and
A f|] = 0. Is it a g-a-p function? The answer is no, as the following example
shows.

Proposition 5. Let A C R be the increasing sequence A, = k*> +kv/2, k € N. Let ¢
be a non-negative compactly supported continuous function with ¢(0) = 1. Let us
consider f =Yy cp ¢(x—A). Then f is not a g-a-p function.

The proof relies on the fact that A is dense in the Bohr compactification ¢ of R. We
will prove a stronger statement

Lemma 34. For every almost periodic function u we have

GN(u)zl N u(he) — A (u) (7.38)

N 1<k<N

For proving Lemma 34, it suffices by density to treat the case where u(x) =
exp(iwx). We use a theorem by van der Corput saying that if P is a polyno-
mial with at least one irrational coefficient (other than the constant term) then the
sequence P(n) is uniformly distributed modulo 1. If u(x) = exp(iwx), we have
on(u) = Ay(®) where Ay () = | ¥ <ty exp(io (k> +kv/2)). At least one among
the two numbers @, @+/2 is irrational and van der Corput’s theorem applies. Then
An(®) tends to O for @ # 0.

We now return to Proposition 5 and argue by contradiction. Let us assume g, <
f < he with A [he — g¢] < €. Then he > 1 on A which implies s > 1 everywhere
by density. But .# [he — g¢| > A [he — f] > #[1 — f]. We reach a contradiction
since A [f] = 0.

Here is a second counterexample. We denote by 6 > 2 a real number which is
not a Pisot number. For instance, 6 = 5/2. We define Ay as the set consisting of all
finite sums ¥~ & 0% where & € {0,1}.

Lemma 35. Ay is dense in the Bohr compactification of R and the Beurling density
of Ag is 0.

Lemma 35 will be proved below. Then the argument used for the sequence k> + kv/2
works if we replace it by Ag and Proposition 5 is still true when A = Ay.

umolter@dm.uba.ar



7 Model Sets 237

7.3.1 Generalized Almost Periodic Measures

Definition 13. A real valued Borel measure U is a generalized almost periodic mea-
sure on R” (a g-a-p measure) if the following property holds:

For every € > 0 there exist two almost periodic measures [le and Ve such that
Ue S U< Ve (7.39)

and
M (Ve — Ue) < € (7.40)

We aim at relating the arithmetical properties of a Delone set A C R” to the
analytical properties of the corresponding measure 64 = Y3 c4 0y

Definition 14. We say that A is an almost periodic pattern if the corresponding mea-
sure G4 = Y3 ¢q Oy 18 a generalized almost periodic measure.

Before moving further let us give a motivating example. Let 8 > 2 be a real
number and let Ag be the set consisting of all finite sums ¥~ & 6% with g, € {0,1}.
With these notations we have

Theorem 6. The set Ag is an almost periodic pattern if and only if 0 is a Pisot-
Vijayaraghavan number.

The definition of Pisot numbers will be given in the next section. Let us first
prove the easy part of Theorem 6, following [29]. If 6 is not a Pisot number, then
the sequence P;j(x) = cos(x)cos(x8)---cos(x6/~!) tends to O for every x # 0. This
follows from the following theorem by Charles Pisot:

Theorem 7. The following two properties are equivalent ones

(a) There exists a real number o # 0 such that 08/ = mj+&j, jEN,wherem;€Z
and €; € 2
(b) 0 is a Pisot number.

Let ¢ be the Bohr compactification of the real line and let [i; be the image of the
measure 27/ 1; by the canonical embedding ¢ : R — ¥.

Lemma 36. As j tends to infinity the measures [i; weakly converge to the Haar
measure on 9 .

Let cj(®) be the Fourier coefficients of fi;. We then have |cj(®w)| = Pj(®/2). This
remark and Theorem 7 imply the weak convergence of the probability measures fi;
to the Haar measure on ¢. Lemma 36 is proved.

Therefore Ag is dense in . We return to the proof of Theorem 6 and argue
by contradiction. Let us assume that 6 is not a Pisot number and that oy is a g-
a-p measure. We then follow the lines of the proof of Proposition 5. We denote
by ¢ a non-negative continuous function supported by [—1, 1] such that ¢(0) = 1.
Then op * ¢ is a g-a-p function. There exist two a-p functions u, and v, such that
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ue < 0gx ¢ < ve with # (ve —ug) < €. The definition of ¢ implies oy * ¢ > 1
on Ag. Since Ag is dense in 4 we have ve > 1 everywhere. On the other hand,
ug < 0g * ¢ which implies u} < 0 * ¢. The density of Ag is 0 which implies that
the mean value of oy * ¢ is also 0. Therefore .# (1) = 0. This yields the required
contradiction since we have proved that .Z (ve —ug) > 1.

Another proof is provided by the following lemma.

Lemma 37. Let us assume that an almost periodic measure [ exists such that
W > og. Then 0 is a Pisot number. Conversely if 0 is a Pisot number such an almost
periodic measure exists.

If the hypothesis is relaxed and if one assumes that u is a g-a-p measure such that
U > Og, then the conclusion will be the same. Indeed there exists an almost periodic
measure p such that p > u > op.

We now prove Lemma 37. Once more let ¢ = ¢, be a continuous function of the
real variable x supported by [—ot, o], such that ¢(0) = 1 and 0 < ¢(x) < 1. We have
p > 0 which implies u * ¢(x) > ¥; cp, ¢ (x — 4). Therefore i+ ¢(x) > 1 on Ag
and { x @(x) > 1 everywhere if 6 is not a Pisot number. Indeed y * ¢ is an almost
periodic function and Ag is dense in the Bohr compactification of the real line. We
now let o tend to 0 and we have U * ¢y (x) — u{x} everywhere. We arrive at a
contradiction since p{x} > 1 everywhere is impossible.

If 6 is a Pisot number, then Ag is contained in a model set M and the mea-
sure [t = Y3 ¢y 0, is a g-a-p measure (Corollary 13 of Theorem 24, Section 7.11).
We obviously have 1t > op.

We return to the proof of the second claim in Theorem 6. One has for every
j>1, Ag = 6/Ag + F; where the cardinality of F; is 2/. Let u(x) be the almost
periodic measure of Lemma 37. With an obvious abuse of notations we define
Ti(x) = 6’-"2;L€Fj,u(9’j(x— A)). We then have 7; > oy together with .Z(1;) =
C2/6~/ which tends to 0 as j tends to infinity. Therefore the definition of a g-a-p
measure is satisfied with 7; > 69 > 0.

Let us return to the properties of g-a-p measures.

Lemma 38. If 1 is a g-a-p measure and f is an almost periodic function, the product
fU is a g-a-p measure.

The proofis obvious if f is non-negative. The general case follows from the fact that
any almost periodic function f can be written f = f; — f, where f and f, are non-
negative and almost periodic. This argument does not work if f is a g-a-p function.

Lemma 39. If i is a g-a-p measure, then

A(w) = Jim c,R"(B(xo.R) (7.41)

exists uniformly in xy € R" and we have
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A () = lim 2 (u) (7.42)

£—0
when U is defined by (7.39).
The proof is the same as the one of Lemma 24.

Corollary 5. Let u be a g-a-p measure. Then for every almost periodic function f
the limit

A (fu) = lim C,,Rf"/ fdu (7.43)
R—yeo B(xo,R)
exists uniformly in xy € R".

It suffices to combine Lemma 38 and Lemma 39.

Definition 15. Let it be a g-a-p measure. The Fourier coefficients i (), ® € R" are
defined by .# (e L) where e (x) = exp(—io - x).

The following remark will be used in Section 7.11. We have

Lemma 40. With the notations of Definition 13 we have

(o) = lim fie (o) (7.44)

£—0

If moreover the measures [ng are Poisson measures, we have
fi(o) = lim i ({0}) (7.45)
£—0

This follows from Lemma 39.

In Section 7.11 will be treated some examples where the measures U, are Poisson
measures and the computation of fl¢ (@) will be trivial.

Lemma 41. If 4 is a g-a-p measure and if f is continuous with compact support,
then the convolution product | x f is a g-a-p function.

The proof is immediate if f is non-negative. The general case follows since every
compactly supported continuous function f is a difference f = f; — f> between two
non-negative ones. This leads to the following definition.

Definition 16. A translation bounded measure U is a weakly g-a-p measure if y * f
is a g-a-p function for every compactly supported continuous function f.

Proposition 6. Let [ be a weakly g-a-p measure and let f be an almost periodic
function. Then the limit

M(fu) = lim R / fdu (7.46)
R B(x(hR)

—-eo

exists uniformly in xo € R".
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The proof of Proposition 6 relies on Corollary 6 of Lemma 42 which is stated now.

Lemma 42. Let U be a translation bounded measure, f be a function in L (R") and
g be a continuous function with a compact support. For R > 0 we denote by g the
product [Lyg where Xy is the indicator function of the closed ball Br = {x; |x| < R}.
Then

[ )due= [ e pefdx+o®) (7.47)

Here g(x) = g(—x). The LHS is I = [ [ yr(x)f(y)g(x —y)dp(x)dy and the integral
in the RHS is J = [ [ xr () f(y)g(x —y)du(x)dy. We have |x —y| < Cy which is
given by the compact support of g. The triangle inequality yields

_ _ _ n—1
FIS [ ] VORIl = 0GR

Corollary 6. The notations of Lemma 42 being kept, if one of the limit exists we
have

MN(frg)p] = A[(1u*8)f] (7.48)

We return to the proof of Proposition 6. Almost periodic functions are uniform
limits of finite trigonometric sums and a standard argument shows that it suffices to
prove Proposition 6 when f(x) = exp(i® - x). Then f = f x ¢ for a suitable testing
function ¢. We assume that ¢ is even and we use Corollary 6. We obtain .Z[(f *
O )u) = A[(u*0)f] if the RHS exists. But i x ¢ is a g-a-p function and it now
suffices to use Corollary 5.

Here is an example of a weakly g-a-p measure which is not a g-a-p measure. We
consider in one dimension the series 6 = Y7 (0kt¢, — 6k) Where & tends to 0 as k
tends to infinity. We then have

Lemma 43. The measure © is a weakly g-a-p measure but is not a g-a-p measure.

The measure o is translation bounded. If ¢ is a testing function the convolution
product g = ¢ * G is a continuous function tending to O at infinity. Therefore g is
a g-a-p function. We need to prove that ¢ is not a g-a-p measure. The first and
immediate observation is .# (fo) = 0 for every almost periodic function f. This
is obvious since f(k + &) — f(k) tends to O as k tends to infinity. We then argue
by contradiction and assume that g < o < v, where i, and v, are close. If f is a
non-negative almost periodic function we obtain A [fe] <0 < A [fV].

Lemma 12 implies that v¢ > 0 and pe < 0. Therefore o < v, implies T =
Yke7 Okre, < Ve While 0 > e implies p = — Y7, Ok > Ue. Finally 4 (ve —pe) < €
implies .# (T — p) < € which is not the case.
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If p is a weakly g-a-p measure, the linear functional f — .# (f1L) is continuous
on the space of all almost periodic functions. Therefore this functional defines a
Borel measure i on the Bohr compactification ¢4 of R”. The mapping p +— [t is not
injective.

Definition 17. The Fourier coefficients i(®w) of a weakly g-a-p measure y are
defined by (7.46) for f(x) = exp(—iw - x), Vo € R". The spectrum of u is the nu-
merable set of @ € R” such that {i(®) # 0.

A weakly g-a-p measure U is not uniquely defined by its Fourier coefficients
[i(®). However these Fourier coefficients uniquely determine {i which is a Borel
measure on the Bohr compactification ¥, of R". More precisely the Fourier series
expansion of [ is given by

i(x) =2 (o) ().

We now define the convolution product between two generalized almost periodic
measures.

Lemma 44. Let 1L be a compactly supported measure and v be a translation
bounded measure. Let u and v be two compactly supported continuous functions.
We then have

/(u*v)d(u*v) :/(a*u)(vw)dx (7.49)

The trivial identities [ f(x)g(x)dx = (f *£)(0) and (f % g)(—x) = f * g are applied
to f =1i* U, g = v+ V and this ends the proof.

As above the product between the measure y and the indicator function of the
ball B(0,R) is denoted by g and ¢, is the inverse of the volume of the unit ball
B, C R". We then have

Theorem 8. Let (L and v be two weakly g-a-p measures. Then the convolution prod-
ucts g = c,R™" Ug x vV converge weakly to an almost periodic measure L ®V : for ev-
ery compactly supported continuous function g, the convolution product (L© V) x g
is an almost periodic function in the sense of Bohr.

We first observe that the measures 7 are uniformly translation bounded. To prove
the weak convergence it suffices to replace g by an approximation u* v where u and v
are two compactly supported continuous functions. We then prove the convergence
of I(R) = [(u*v)d1g as R tends to infinity. Lemma 44 yields I(R) = [ (ug * i) (V *
v)dx. Using Lemma 42 we have I(R) = [(u*ii)(V*v)xrdx+O(R™"*!) and finally
Proposition 6 implies the first claim. The proof of the second claim is similar. The
measure L © V is translation bounded and it suffices to prove the claim when g =
u*v. Then (U® V) % (uxv) = (U *u)® (v*v) and Corollary 4 implies Theorem 8.

Model sets will be defined in Section 7.7. The following theorem will be proved
in Section 7.11.
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Theorem 9. The sum 64 =Y ;cx Oy, of Dirac masses on a model set A is a gener-
alized almost periodic measure.

Theorem 8 implies that the autocorrelation measure T = o4 * 64 is an almost
periodic measure. This measure T is a Poisson measure which will be computed
explicitly in Section 7.12.

7.4 Diffraction Measures

Physicists (see [41]) are not interested in the distributional Fourier transform of an
almost periodic function f but rather in describing how the energy of f is distributed
in the frequency domain. Before computing this distribution let us start with a few
trivial remarks. If f € L'(R") and if f(x) = f(—x), the autocorrelation of f is de-
fined as (f * f)(x) = [gn f(x+¥)f(y)dy. Taking the Fourier transforms we then
have

F(f+pH=IfP (7.50)

This convolution product f % f does not make any sense if f is an almost periodic
function. If, for instance, f = 1, f * f is infinite. In the frequency domain it would
amount to compute the square of the Dirac mass &y. That is why Nobert Wiener pro-
posed a new definition of the autocorrelation ¢ = f * f when f belongs to L™(R").
In his remarkable book [42] Wiener focused on functions of one real variable and
defined two classes S C L”(R) and §' C L*(R). A function f belongs to S if the
limit

1 T
000 = tim [ plee s dy (751)

exists for every x € R and f belongs to S’ if moreover ¢(x) is continuous on
the real line. Wiener proved that whenever f belongs to S’ the Fourier trans-
form of ¢ is a non-negative measure ¢ with a finite mass. In other words ¢ (x) =

o [ exp(iux)do (u). Wiener writes:

“As o determines the energy distribution in the spectrum of f we may call it briefly the
“spectrum” of f. The author sees no compelling reason to avoid a physical terminology in
pure mathematics when a mathematical concept corresponds closely to a concept familiar
in physics.”

The definition of the Wiener spectrum given in [24] is incorrect and differs from the
one given by Wiener. The spectrum in [24] was defined as the closure of the support
of the measure ¢. The spectrum of an almost periodic function f is the numerable
set S of frequencies which are present in the Fourier series of f while it would be
defined in [24] as the closure of S.

Wiener gave the following examples in [42], p. 151. If f(x) = exp(ix?/2), then
¢(0) = 1 while ¢ (x) = 0 when x # 0. Therefore exp(ix? /2) belongs to S but not to §'.
This example shows that the Fourier transform of f and the Fourier transform ¢ of
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the autocorrelation of f are unrelated in general. When f(x) = exp(ix?/2), we have
F(&) = /2mexp(—i&?/2) while ¢ (x) = 0 almost everywhere. Therefore ¢ (&) = 0,
a result which differs from the expected | f(&)[> =27 If f(x) = ay on [k, k+ 1),k €
Z and if the random variables @y are i.i.d. and equidistributed in [—1, 1], then ¢ (x) =
1 —|x| on [~1,1] and O outside. If f(x) = exp(i\/|x|), then ¢ (x) = 1 identically.

Wiener did not treat the case where the limit in (7.51) does not exist. We follow
[24] in the general case f € L (R"). We then define for R > 0, fz by fr(x) = f(x)
if |x| < R and 0 otherwise. Let ¢, be the inverse of the volume of the unit ball.

Definition 18. An autocorrelation function ¢ of f is defined as
0= le.iian”R;n Ir; * ij (7.52)

where R; is any sequence for which the right-hand side converges in the topology
o(L=,L").

Let us observe that if f € L™(R"), then ¢,R™"||f& * f& |l < || f]|%- The unit ball
of L (R") is compact when it is equipped with the topology o(L,L"). This is why
Definition 18 makes sense.

The limit would be the same in (7.52) if Fp = ij * ij. was replaced by Gg =

IR * f. Indeed Gg — Fg converges to 0 uniformly on compact sets when R tends to
infinity as the following lemma shows.

Lemma 45. Ifu,v belong to L (R"), if u(x) = 0 for |x| > R and v(x) = 0 for |x| <R,
then | (uv)(x)| < Calx[R"™[ulloo[[V]-

We have (u*v)(x) = [, u(x—y)v(y)dy where A= {y; [y| > R, |[x—y| < R}.Itimplies
R — |x| < |y| < R. The measure of A is v, (R" — (R — |x|)" = O(|x|R"~") where v,, is
the volume of the unit ball.

There are in general several autocorrelation functions of a given f € L™(R").
Let us assume, for instance, n = 1 and let g;, j € N, be an increasing sequence of
integers such that go = 1 and ¢ 1/g; — e as j — oo. Let f(x) be the step function
defined by f(x) =0 when g2; < |x| < g2j41 and f(x) =1 when g1 < |x| < g2j42.
Then any constant ¢ € [0, 1] is an autocorrelation function of f.

The convergence of the sequence of functions c,,R]T” IR, * ij for the topology

o (L™, L") implies the convergence in the distributional sense. Therefore the Fourier
transforms cnR;” | IR, |? also converge in the distributional sense. By construction we

have ¢,R;" [gu | f{gj |2(£)dE < (2m)"||f|2 which implies that the weak limit of the
sequence c,,R]T” /& |? is a non-negative Borel measure ¢ with a finite total mass.

Definition 19. Each such measure o is a diffraction measure of f. The inverse
Fourier transform of ¢ is ¢.

In [24] Yves Meyer defines the spectrum S of f as being the closed support of
the measure ¢, which following Meyer [29] it’s a mistake. Wiener did not make
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that mistake. Indeed if the Meyer definition was followed, the spectrum of an al-
most periodic function would not be a numerable set, but its closure. Let us be
more specific. The autocorrelation of an almost periodic function f can be given
three equivalent definitions. The first definition uses the definition of the convolu-
tion product between two almost periodic functions which is given by ¢ = f ® f.
The second definition is (7.52). A third definition is given by

0 = lim (R ") fiex f (7.53)

Then for an almost periodic function f the RHS of (7.53) converges uniformly to ¢
on R” which would be impossible if (7.52) was used. The three definitions of ¢ are
equivalent ones when f is almost periodic.

We then have

Proposition 7. Let f be an almost periodic function and S denote the spectrum of f.
The autocorrelation ¢ of f is an almost periodic function and its Fourier transform
¢ is the atomic measure 6 = (21t)" Y pcs | f(1)|?8;, where 8y, is the Dirac mass at A.
The total mass of G is finite and equals (27)". 4 (| f|?).

We now turn to the autocorrelation 4 @ fi of a weakly g-a-p measure. Theorem 8
implies the following result:

Theorem 10. The autocorrelation T = U ® [i of a weakly g-a-p measure |l is an
almost periodic measure. The Fourier transform in the distributional sense of U ©
[l is the non-negative atomic measure (21)" Y pcs|A(®)[>8p where [i(w) are the
Fourier coefficients of UL.

The total mass of this atomic measure is infinite.

Let us treat a simple one dimensional example where 4;, j € Z, is a strictly in-
creasing sequence of real numbers. We denote by A the set {4;, j € Z} and we
consider the measure g = ¥ 6;Lj. Is it a g-a-p measure ? What is its spectrum ?
We will try to address these two issues.

It will be assumed that A is a Delone set: infjcz(A;+1 —A;) > 0 and sup;y,
(Aj+1—A;j) <. We then consider the partial sum fig = 33 |<r 63, and its Fourier

2
transform Pg(®) = flr(®) = X3, |<rexp (—i®A;). Let us study the sequence ‘PRZ‘;)‘ .

Since A is a Delone set we have for any interval I of length |7| > 1,

/|PR(a))|2dw < C(R (7.54)
JI

where C(I) only depends on the length |I| of I. It implies that there exists a
sequence Ry tending to infinity such that the measures o} defined by the densities
|Pr, (@)

Ry

If 1 is a g-a-p measure, the subsequence Ry, is not needed to insure the required
convergence. The spectrum of the g-a-p measure U is the set S of frequencies  such

do converge to a limit o as k tends to infinity.

umolter@dm.uba.ar



7 Model Sets 245

that fi(®) = limg_.. "§®) 0. Then Theorem 10 implies that the weak limit of the

2
sequence ‘PRS‘;)‘ is the atomic measure Y, |l (®)|* 8. Finally we found a neces-
sary condition for U to a g-a-p measure. Here is the algorithm. We simultaneously
2
study the sequence Ng(®) = limg_c P’%") and the sequence Og(®) = ‘PR%)‘ . The
sequence Mg (®) shall converge pointwise to a limit ¢(®). We denote by S the set of
o for which ¢(®) # 0. Then the sequence Og(®) shall converge weakly to the limit

Yocs c(@)8o.

7.5 Pisot-Vijayaraghavan Numbers and Salem Numbers

If A is a quasicrystal and if for a real number 8 > 1 we have 6A C A, then 6
is a Pisot-Vijayaraghavan number or a Salem number. Following [29], this will be
proved in Section 7.8, Theorem 17. For the time being let us define these remarkable
algebraic integers.

Definition 20. A Pisot-Vijayaraghavan number is a real number 8 > 1 with the fol-
lowing two properties :

(a) O is an algebraic integer of degree n > 1
(b) the n — 1 conjugates 6,,- - -, 0, of O satisfy

6] < 1,---,]6,] < 1. (7.55)

For example, the natural integers 2,3, - - - are Pisot-Vijayaraghavan numbers and
condition (b) is vacuous in that case. When the degree n of 8 exceeds 1, the minimal
polynomial of 6 is " +a;x*! +--- +a, = 0 where a; € Z,---,a, € Z. Then the
conjugates 6,,---, 6, of 6 are the other solutions to this equation and can be either
real or complex numbers. Raphaél Salem proved that the set S of all Pisot numbers
is closed. The smallest Pisot number p = 1.324717 - - - is named the plastic number
and is the real solution to the equation x> —x — 1 = 0. The two other solutions z;
and z, to this equation are complex numbers. They satisfy z; =z, and z120 = |71 |2 =
|z2|* = 1/p which is fully consistent with the fact that p is a Pisot number.

Salem numbers (see [37]) are defined in the same way as follows: in Defini-
tion 20, the condition (a) is unchanged and condition (b) is replaced by |6;| <
1,---,16,] <1 with, at least, equality somewhere. Then the degree n of 6 is even.

Up to some permutation between the conjugates we always have 6, = é and

163 == 6] = 1.

7.6 Additive Properties of Almost Lattices

The material which is presented now can either be found in the Meyer’s book [27]
or in some remarkable papers by F. Lagarias or R. Moody. See ([13-15, 30-32] and
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[33]) Quasicrystals will be given several definitions in this essay. These definitions
are closely related but are not equivalent ones. The first definition which can be
found in [27] or [28] is stressing the connection between a quasicrystal and a lattice.
As it was said above a lattice A C R” is an additive discrete subgroup with a compact
quotient. A subset A of R” is a subgroup if and only if A—A C A where A—A is
the collection of all A—A/, A € A, A’ € A and C denotes inclusion. A lattice A is
also a Delone set. Let us define Delone (or Delaunay) sets.

Definition 21. A subset A of R” is a Delone set if there exist two radii R, > R; >0
such that

(a) each ball with radius R, whatever be its location, shall contain at most one
pointin A

(b) each ball with radius R, whatever be its location, shall contain at least one point
in A.

Given Ry > R; > 0 the collection of all Delone sets satisfying (a) and (b) will be
denoted by Z(R2,R1).

The first requirement can be given the following equivalent formulation : there
exists a positive number r such that VA € A, VA’ € A and 4 # A’ we have
|A’—A| > r. A collection of points fulfilling the second condition is relatively dense.

If A is a Delone set and F is finite, it is not always true that A + F is a Delone
set. Let us discuss this property. Let A be a Delone set and for every R > 0 and
y € A let A, g be the intersection between A —y and the closed ball |x| < R. These
Ay g are named a R—patch of A and the corresponding A;r = Ay g — y is a centered
R—patch [15]

Lemma 46. The following two properties of a Delone set A are equivalent ones

(a) For every finite set F, A + F is a Delone set
(b) For each R > 0, there are only finitely many centered R—patches A;R, yEA.

Property (b) is exactly the Penrose tiling property. There are finitely many local
configurations in A only.

We now define almost lattices. Almost lattices were named “Meyer sets” by
J.C.Lagariasin [11, 13].

Definition 22. An almost lattice is a subset A of R” fulfilling the following two
conditions:

(a) For every finite set F, A + F is a Delone set
(b) There exists a finite set Fy C R” such that A—A C A+ Fp.

J. C. Lagarias proved in [13] that the definition of almost lattices is be the same
if (a) was replaced by the weaker condition that A is a Delone set and if (b) was
replaced by the weaker condition that A — A is a Delone set. See also [11] or [15].

This approach is great since it is elegant and concise. However an almost lat-
tice in that sense may not have the other properties we would like to impose
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to quasicrystals. Indeed almost lattices are not almost periodic patterns since any
subset of an almost lattice with a positive lower density is an almost lattice as the
following lemma shows.

Lemma 47. Let A be an almost lattice and M an arbitrary subset of A. Then the
following properties are equivalent ones

(a) M is an almost lattice
(b) M is a Delone set.

An almost lattice is a Delone set. Therefore (a) = (b). Let us prove (b) = (a).
We use the following observation.

Lemma 48. I[f M C A is a Delone set, there exists a finite set A such that A C M +A.

Let us prove this remark. Since M is a Delone set, there exists a constant R such
that for every A € A there exists am € M such that [A —m| < R.ButA—me€ A —
A C A+F. The intersection A = (A + F)N{|x| <R} is finite. Therefore A —m € A,
as announced.

We return to the proof of Lemma 48 and write M —M C A —A+A—-ACA+
F+A—-ACM+A+A—A+F asannounced.

Lemma 48 implies that an almost lattice can be extremely irregular. For instance,
any set E of integers with a positive lower density is an almost lattice. We cannot
expect the corresponding measure 4 = Y 6 to be a generalized almost periodic
measure.

7.7 Almost Lattices and Model Sets

A lattice I' C RY is a discrete subgroup with compact quotient. In other words
I = A(Z") where A is an N x N invertible matrix. We define vol (I") as the volume
of any fundamental domain V of I". A fundamental domain is any Borel set V such
that V47, y € T', is a measurable partition of RY. Then vol (I") = |det A|. The dual
lattice I'* C R is defined by exp(iy-x) = 1 for every x € I" and every y € I'*. We
obviously have I = (I'*)*.

The definition of a model set A C R" is given now.

One starts with an integer m > 1, we set N = n+m, RY = R” x R and consider
alattice I C RV If (x,y) = X € R" x R™, we write x = p;(X) and y = ps(X).

Let us assume that p; : I’ — p(I") is a one-to-one mapping and that p,(I") is
a dense subgroup of R™. Let I'* C RY be the dual lattice and pj, p5 be defined
as p1,p2. Then p} : I'* — pi(I'*) is a one-to-one mapping and p}(I"*) is a dense
subgroup of R™. A set K C R™ is Riemann-integrable if its boundary has a zero
Lebesgue measure. The boundary of K is K \ L where K is the closure of K and L
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is the interior of K. The interior of K is the largest open set contained in K. If K is
Riemann-integrable, then K has a positive measure if and only if K has a non-empty
interior.

Definition 23. Let K be a Riemann-integrable compact subset of R™ with a positive
measure. Then the model set A defined by I' and K is

A={A=pi(y);v€T, pa(y) €K} (7.56)

A subset A of R" is a model set if either A is a lattice or if one can find m,I", and K
such that A is the model set defined by (7.56).

The compact set K is named the window of the model set A. The reader is referred
to Definition 4, page 48 of [27]. But in this reference the compact window K is
replaced by an open set €2 with a compact closure. For proving that a model set has
a uniform density, we were assuming that the closure of €2 is Riemann integrable.
Following [29], it will be proved (Theorem 14, Section 7.8) that the definition of a
model set by an open window (2 is inconsistent with the definition of the dual model
set A*. The issue of replacing a Riemann integrable compact set by an arbitrary
compact is addressed in [33]. If K is an arbitrary compact set, it may happen that A
is the empty set while K has a large measure. Another issue is the problem of the
uniqueness of the triple (m,I",K) for a given model set A. This will be discussed
later on in these notes.

Let 2 : pi(I") — pa(I") be the mapping defined by 2 (p(y)) = p2(y), v €T .
This mapping satisfies Z(x+y) = Z(x) + P (y), Vx,Vy € p1(I). It will be proved
(see Corollary 14 of Theorem 24, Section 7.11) that &?(A) is equidistributed in K.

A lattice cannot be defined by (7.56). If A = Z was defined by (7.56) then L =
@(Z) would be contained in K. But L = aZ for some o € p,(I"). This forces ot =0
and implies K = {0} which is not permitted by Definition 24. The same argument
shows that Z + {0,+/2} is not a model set. J. Lagarias defines a perfect crystal as a
sum A = Ag + F between a lattice and a finite set.

Proposition 8. The class of model sets is not translation invariant.

If A is a model set and if 7 € py(I"), then A + 7 is still a model set defined by the
new window K + (7). But this observation breaks down if 7 ¢ p;(I"). This is not
a proof of the fact that A + 7 is not a model set. The proof will be detailed below
(see also [29]).

In [27] the definition of model sets was slightly more general than the one which
is given here. Indeed R™ was replaced by a locally compact abelian group. Here is
an example where such a generalization is relevant. Let Z, be the ring of g—adic
integers. Here g does not need to be a prime number. Then Z can be considered as
a dense subgroup of Z,. Let £ C Z, be an open set. Then A = £2NZ is a repetitive
set of integers. An example is given by A = UTA; where n; is a given sequence of
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integersand A; =n; + ¢'7. 1f Ajy intersects the union M; = A U--- UA; for some
J, then A; | C M;. This remark implies the following: either A = mj, for some jo
or A is the disjoint union of a subsequence A, , k € N. In the first case A is periodic
and in the second one A is a repetitive set of integers which is not periodic. This
repetitive set is not a model in the sense given by Definition 24.

Here is the simplest example of a model set. For a real number x we denote
by m = [x] the integral part of x, and by {x} the fractional part of x. Then x =
[x] +{x},m € Z, {x} €]0,1). Let > 0 be irrational. Then

Ag = {k+{ka}, k e Z} (1.57)

is aimed to be the first example a model set. Unfortunately this example fails to sat-
isfy the requirements of Definition 24. To prove this observation let the uniqueness
of the triple (m,I",K) be taken as granted. Then A; = k4 {ko'} can also be written
as 4 = k+ (koo —1) = k(1 + &) — 1 where 0 < kot — 1 < 1. Then I C R? is defined
byx; =k(1+ o) —1,x, =ka—1,k,I € Z. Here K is replaced by [0, 1) which is not
compact. This is not a serious issue and the union A}, = Ay U {1} is a model set.
Should the compact set K be replaced by a bounded open set ? For answering this
issue we now follow Lagarias [15] and introduce an interesting class of Delone sets.

Definition 24. A Delone set A C R” is repetitive if for each finite subset F C A
there exists a relatively dense set M such that F +M C A.

We could think that every model set is repetitive. A weaker statement is not
even true. The weaker statement says that for each finite subset F' of a model set A
there are infinitely many 7’s such that F + 7 C A. If F = {0, 1}, the configuration
{x,x+ 1} appears only when x = 0 in the model set A, U{1} which is defined above.
Therefore the model set Ay, U {1} is not repetitive.

Lemma 49. Let 0K be the frontier of K. Then any model set A for which dK N
p2(I) =0 is repetitive.

The proof can be found in [15].
The set A, which was defined above can be given another definition.

Lemma 50. Let O : R > T? the continuous homomorphism defined by O(t) =
(t,at). Let V C T? be defined by

V={xcT*x =s5,0=(14+a)s,0<s<1} (7.58)

Then
Ay={teR;0(t) eV} (7.59)

The following Lemma will be proved below in a more general setting.

Lemma 51. If A = k+ {ka}, k € Z, then the sequence O(Ay), k € Z, is equidis-
tributed in'V.
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The construction given in Lemma 50 can be generalized. We keep the notations
of Definition 24. As above I' C RN, N = n+m, is a lattice and I'* is the dual
lattice. Let A = RY/T" be the compact quotient group which is isomorphic to TV
and let { : RV ++ A = RV/TI" be the quotient map. The dual lattice I'* is the dual
group of A. Let us identify R” with L = R" x {0} C R" and define © : R" A by
O(x) = §((x,0)). Then O is injective if and only if p, : I — R™ is injective. The
mapping { restricted to {0} x R™ is one-to-one. Let W be the subgroup {[{0} x R™]
of A. As above K C R” is a Riemann integrable compact set. We embed K into
A into V = {[{0} x (—K)]. Let us stress that V C W. This will not be satisfied
by y+V,y € A, unless y € W. This observation will be seminal in the proof of
Proposition 8. Let A be the model set defined by I" and K. Then we have

Lemma 52. With the preceding notations the model set A can be defined by
A={xeR"0Ox) eV} (7.60)

Indeed x € A reads x = y; with (y1,%) € T', 1» € K. Then (y1,0) — (1,12) =
(0,—7) € {0} x (=K). Therefore ©(x) = {(7,0) € V. Conversely O(x) € V im-
plies (x,0) — (y1,72) = (0,—y) for some y € K. Therefore x € A.

An equivalent version of Lemma 52 is needed in the proof of Proposition 8. Let
us consider the subgroup H = p;(I"*) C R" equipped with the discrete topology
and let us denote by A the dual group of H. Then A and A are isomorphical since
p] : I’ — H is an isomorphism. Let us denote by h : H — I'* the inverse of pj :
I'* — H. The isomorphism .# between A and A maps a point (x,y) € RV /A to a
character x(, ) : H — T. This character is defined by

A(xy) = explilx-u+y-p3(h(u)))], Yu € H. (7.61)

The following definition will clarify the discussion.
Definition 25. A model set is primitive if py : I’ — p,(I") is injective.

This is equivalent to the assumption that H is a dense subgroup of R”. Then the
compact group A is a compactification of R” as in Definition 2. A model set A is
primitive if and only if A + 7 = A implies T = 0. Generic model sets are primitive
but model sets which are not primitive are not uninteresting, as it will be shown
below. The proof of Proposition 8 does not depend on that assumption, even if it is
much more appealing in the case of a primitive model set.

The map J : R” — A is dual to the natural embedding H C R”". This amounts to
saying that J(x), x € R" is a character on H = pj(I"*) which is defined by

J(x) =exp(ix-u),Vu € H. (7.62)

We observe that the definition of © : R" — A is consistent with the definition of
J:R"+— A. Indeed (7.62) implies

J=900 (7.63)
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This mapping J : R” — A is injective if the model set A is primitive (see
Lemma 53 below). The subgroup .# (W) of A will be denoted by W. It consists of
the characters y, = ¥(0,,) defined by (7.61). More precisely x, : H — T is indexed
by y € R and defined by

Xy () = expli(y- pa(h(u)))], Vu € H (7.64)
We have for every x € R”
J(x) EW == xep(I) (7.65)

Let us prove this assertion. If x = p; (%), then J(x) is a character on H = pj(I'")
defined by exp(ip1(10) - 1(v*)) = exp(—ip2(30) - p2(¥"))- It implies J (x) =, € W
with y = —pa ().

If conversely J(x) € W, there exists a y € R"™ such that exp(ix - u) = expli(y -
p3(h(u)))], Vu € H. Since this hold for every (u, p5(h(u))) € I'* it implies (x,—y) €
I" which concludes the proof of (7.65).

Finally we denote by V C A the image of V by . : A — A and (7.60) together
with (7.63) yield
A={xeR"J(x)eV} (7.66)

We now return to Proposition 8 and prove a more precise result.

Proposition 9. Let A be a model set defined by a lattice ' C RN . If t ¢ p1(I"), then
A + 7 is not a model set.

Let us begin with a wrong proof. We observe that/(A + 7) = J(A) +J(t) which
is dense in V4 J(t). But V. C W and V +J(7) cannot be contained in the group
W unless 7 € p1(I"). Here we used (7.65). This implies that J(A + 7) cannot be
described by (7.66).

The error in this proof is the following. We only proved that A + 7 cannot be
constructed with the same J and the same A as the ones used in the construction
of A. Are there other choices ? We now answer this question by the negative and the
wrong proof will be validated. Let us assume that A’ = A + 7 is a model set defined
by N' = n+m' and a lattice I'’. We denote by I'’* the dual lattice and begin the
proof with finding the structure of the subgroup H' = p3(I'"*).

Let us use Theorem 13 or Proposition 12, Section 7.11 to compute the mean
value over A’ of exp(i® - x), @ € R". Let us denote by y,/(®) this mean value. We
obtain Y,/ (®) =0 if @ ¢ H'. Moreover Theorem 13 tells us that H’ is the subgroup
generated by the set E = {@; x4/ (@) # 0}. But y4/ (@) =exp(io - T)xa (®). There-
fore H' = H. Once H' is known so are the compact group A’ (which is the dual
group of H') and the map J' which is dual to the canonical embedding H' C R".
We have A’ = A and J' = J. Let us prove that the subgroup W’ of A’ = A which
is used in the construction of the model A’ coincides with the group W. Since
A’ is assumed to be a model set we know that V' = J(A’) is contained in the
group W’. Moreover the subgroup of W’ generated by V' is dense in the group W'.
But V' = J(A') = J(A) +J(7). which implies V' — V' = J(A) — J(A). That forces

umolter@dm.uba.ar



252 B. Matei

V' — V' to be contained in the group W and forces the group W’ to be contained
in the group W. Therefore J(7) € W. It implies 7 € p;(I") by (7.65) and we have
reached a contradiction.

In a remarkable contribution R. Moody studied the compactified orbit A + 7,
T € R", of a model set. For this purpose R. Moody introduced a topology on the
collections Z(R»,R;) of Delone sets defined in Definition 21. The reader is urged
to consult [34].

What happens when p, : I' — p»(I") is not a one-to-one mapping ? We then
define the subgroup Iy C I" by pa(y) = 0. We obviously have Iy = H x {0} where
H = p;(I) is a subgroup of R”". Finally the model set A is H—periodic: A = A +H.
Here is a simple example where this situation occurs. We return to Definition 24 and
setn=2,m= 1, = {(k; +k3v/2,ka + k3\/3,k; — ka\/2); k1, ko, k3 € Z} with K =
[0,1]. The model set A is defined by A = {4 = (k; +k3v/2,ks +k3\/3); ky —ky\/2 €
[0,1]}. Then A is invariant by translation by the subgroup H = (v/2,v/3)Z c R.
This model set A is the direct sum M + H where M C Z? is the strip defined by
ki —kav/2 € [0, 1]. Therefore we cannot expect to write A as a direct sum A = L-+H
where L would be a one dimensional model set contained in a line. This example is
generalized as follows.

Proposition 10. Let x1, - - -, X, be m linearly independent vectors of R" and let H be
the subgroup 7Zx\ + - - - + Zx,,. We assume that

(a) HNZ" = {0}
(b) for every k € Z"", the m conditions k-xj =0 (1 < j < m) imply k = 0.

Let K C R™ be a Riemann integrable compact set and let Mg C Z" be the strip
defined by (k-xi,--+,k-xpy) € K. Then A = Mg + H is a model set.

The proof is trivial. We denote by x;(q), 1 < g < n, the coordinates of x;.
The lattice I' C RN, N = n+m, is the set of points ¥ = (ky + ljx;(1) + -+ +
Lnxm(1), -+ kn + Lixy(n) + -+« + Lpxm(n)s k- x1,-- -,k - x,,) where k € Z",1; € Z.
Then p; : I' — R" is given by pi(y) = (ki + Lxi (1) + - + Lpxu (1), -+ kn +
lixm(n) + -+ + Lpxm(n)). This map is one-to-one since H NZ" = {0}. Similarly
p2(y) = (k-x1,-+-,k-x,) has a dense range since H NZ" = {0}.

These remarks pave the road to the definition of a primitive model set.
The examples are showing that the study of model sets cannot be restricted to the
study of primitive model sets.

The relevance of primitive model sets is coming from the following observation.

Lemma 53. The mapping J : R" — A has a dense range. This mapping J : R" — A
is injective if and only if py : I' — po(I") is injective.

The proof is obvious.

This section ends with a few more properties of model sets. Proposition 10 which
is coming now will be proved in Section 7.11. Keeping the preceding notations we
have:
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Proposition 11. Let f be an almost periodic function and let g be the projection of
f on the frequencies belonging to the subgroup H. Let § be the continuation of g
to A. Then the mean value of f on the model set A is [V|~! [;; §(x)dx.

In other words J(A) is equidistributed on V.

A model set is always an almost lattice. But an almost lattice cannot be a model
set in general. Indeed the class of almost lattices is translation invariant while the
class of model sets is not, as Proposition 9 is showing. These remarks explain the
role of the finite set F in the following theorem.

Theorem 11. A model set is an almost lattice. Conversely if A is an almost lattice
there exist a model set M and a finite set F such that A C M+ F.

Theorem 11 is proved in [25, 27]. One can also consult [13] or [32]. The main
result of [29] can be stated now

Theorem 12. Let A be a model set. Then 6 = Y5 ca 6y, is a generalized almost
periodic measure.

This fundamental fact proved in [29] will be fully detailed in the Section 7.11.

7.8 Diophantine Approximations and Harmonious Sets

Harmonious sets are defined now and, as it will be shown, almost lattices are harmo-
nious sets. Let A C R” be an arbitrary set of real numbers and let I"(A) be the sub-
group of R” generated by A, equipped with the discrete topology. A weak character
on A is the restriction to A of an algebraic homomorphism from I"(A) into the group
T of complex numbers of modulus 1. No continuity property is required on this
algebraic homomorphism y. It satisfies y(x+y) = x(x)x(»), x,y € R". A strong
character £ is a restriction to I'(A) of a continuous homomorphism from R” to T
and is therefore given by h(x) =exp(i -x), & € R™.

Definition 26. Let € € (0,2). A set A C R" is e—harmonious if for every weak

character y, there exists a strong character & such that

sup [x(4) —h(A)[ <e. (7.67)
AeA
An equivalent definition is given now, without using weak characters.

Definition 27. Given a subset A of R” and € € (0,2), let A; C R” be the set of all
& € R” such that sup, |exp(i& - 1) — 1| < €. This set A} C R” is named the e-dual
set of A.
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We now have

Lemma 54. Let € € (0,2). A set A C R" is e—harmonious if and only if A} is
relatively dense in the sense of Besicovitch.

Definition 28. A subset A of R" is harmonious if it is €—harmonious for all € €
(0,2).

A subset of harmonious set is a harmonious set. Any finite set F' is harmonious. If
A is harmonious and if F' is finite, then A +F is harmonious. If A is harmonious,
so is A—A. It implies that the union of two harmonious sets is not harmonious in
general. To give an example in the one dimensional case A; = Z and A, = \/27Z are
harmonious. If A} U A, was harmonious, then A; — A, would also be a harmonious
set. This is impossible since any harmonious set is uniformly discrete : there exists
a positive § such that L € A, A’ € A and 1" # 4 imply |A'—A| > B.

We now prove that model sets are harmonious sets. From now on A will denote a
model set defined by a lattice I" and a Riemann-integrable compact set K. Replacing
A by a larger set we can assume that K is connected and that O is an interior point
inK.LetI'* C R" x R™ be the dual lattice of I". It means that I"* is the collection of
all (£,1) e R" x R™ such that x- & +y-1 € 2nZ for each (x,y) € I'. Then py : '* —
p1(I'*) is still a one-to-one mapping while p,(I'*) is still dense in R™. For proving
that A is harmonious we need to compute its e—dual A*. Theorem 14 indicates that
this e—dual is still a model set. Therefore it is a Delone set and A is harmonious
by Lemma 54. Lemma 55 and Theorem 13 are needed in the computation of the
€£—dual. They are now stated without proof and will be proved in Section 7.11.

Lemma 55. If A is a model set as above, then each ball B(x,R) centered at x with
radius R contains cR" +o(R") points in A where ¢ = . and where the little o is
uniform in x.

Here c,, is the volume of the unit ball.

If ¢;, A € A, is any bounded sequence, its mean value over A (if it exists) is
defined as the uniform limit as R tends to infinity of

Y(x,R) Z cy (7.68)
AEB(x,R)NA

where y(x,R) is the inverse of the cardinality of {B(x,R) N A} in such a way that
the mean value over A of 1 be 1.

With these definitions in mind, one can state the following theorem. This theorem
will be proved in Section 7.11 (see Proposition 12). One can also consult [29] and
[26], page 32, Proposition 1.

Theorem 13. Let A be a model set as above. Let ® € R" and let us assume that
o ¢ p1(T*). Then the mean value over A of ¢'®* is 0.
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If ® = pi(y*) and y* € T'*, then the mean value of €®* over A is given by
|K| "1k (p2(7*)) where 1k is the indicator function of K, 1g denotes the Fourier
transform of this indicator function and |K| is the Lebesgue measure of K.

Theorem 13 is needed to compute the £-dual of A when 0 < € < V2. The com-
pact set K is now assumed to be connected. Then |¢/* —1| < & uniformly over A
implies R(e/**) > B(e) > 0. By convexity the same inequality will be valid for any
average of ¢/®*, A € A. Therefore o € p; (I'*) (otherwise the mean value of el
would be 0).

If ® = p;(y*) while AL = p;(y), then

-A+pa(y)-p2(Y") € 27 (7.69)
which implies
exp(i-A) = exp[—i(p2(¥)- pa(v"))] - (7.70)

Since py(I') is dense in R™, so is KN pa(I") in K. Then |exp[i(p2(y) - p2(¥*))]—
1| < € for pa(y) € K implies |exp[i(y- p2(7*))]—1] < € for any y € K. In other
words for every y € K there exists an m € Z such that |y - px(y*) — 2mmn| < 6 where
2sin(6/2) = ¢€,0 < 0 < mr/2. For m € Z let us define the strip S,, by

ly-pa(y") —2mm| < 6, m e Z. (7.71)

Then K is contained in the union of the disjoint strips S,,. Since K is a connected set
and 0 € K we have K C S.

The preceding discussion yields the following.

Lemma 56. Let K be a connected compact set with 0 € K. Let 0 < & < V2 and
25in(0/2) = &,0 < 0 < 1t/2. Let Ak the model set defined by K. Then |e'®* —1| <
£ < V2, A €A, is equivalent to the following : there exists a y* € I'* such that

(a) @ =pi(v*), v eI
(b) If2sin(0/2) = €,0 < 0 < 1/2, then for everyy € K we have |y - p2(v*)| < 6.

Using the following definition, Lemma 56 will be rephrased.

Definition 29. If K C R” is a set, then its dual convex set K* is defined by

K ={yil-y| < 1,x K},
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We then have

Corollary 7. Let K be a connected compact set with 0 € K. Let 0 < € < \/2 and
2s5in(6/2) = €,0 < 0 < /2. Let Ak be the model set defined by K. Then |e'®* —
1| < &< V2, VYA € A, is equivalent to @ € Agg+ which is defined using the lattice
I'* instead of T

If K is a compact and convex set and if we keep two times the same value of €,
then we obtain (A*)* = A. This argument breaks down if & > v/2.

Before reading the remarkable contribution [32] we did not know the optimal
value of € ensuring that |e”"‘)L —1| < & uniformly over a given model set A implies
o € A* where A™ is also a model set. Robert Moody proved this fact for any € €
(0,2).

Let us assume that K is symmetric with respect to the origin, convex and compact
with a positive measure. We then have a full symmetry between the model set A
defined by K and its e-dual A} defined by K = 6K*. This discussion is summarized
in the following theorem.

Theorem 14. Let K be a compact and convex set, symmetric with respect to the
origin, with a positive measure. Let us consider the model set defined by A = {A =
p1(v); YET; pa(y) €K} Let us assume 0 < € < /2 and define 6 by 2sin(6/2) =
€,0< 0 < /2. Then the e—dual

Al ={yeR"; [e*—1]<e,VA €A}
of A is also a model set defined by

Ay = {7 =pi1(Y): v €T pa(v*) € 6K*}
and the e-dual of A} is A.

Any model set is contained in a larger model set for which K = {x; |x| < R}.
Then Theorem 14 applies. Therefore any model set is harmonious. The converse
implication is provided by Theorem 15.

Theorem 15. The three following properties of a set A C R" are equivalent ones

(a) A is an almost lattice
(b) A C M+ F where M is a model set and F is a finite set
(c) A is harmonious and relatively dense.

The implication (a) = (b) is proved in Meyer’s book [27] or in [11, 13, 15].
The implication (b) = (c) is provided by Theorem 14. Let us prove (¢) = (a) and
assume that A is harmonious. Then A) = A —A is also harmonious as it was men-
tioned earlier and A; is uniformly discrete. Since A is a Delone set, it is relatively
dense and so is A. Therefore A; is a Delone set. Finally Lagarias’ theorem implies
that A is an almost lattice.
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This discussion ends with the following observation.

Lemma 57. There exists an almost lattice A such that (A}); # A for every
O0<e<l.

The simplest example is given by A = Z+{0,+/2}. Thenif 0 < & < 1, the e-dual
A} of A is 2tM, where M, C Z defined by |exp(2mim+\/2) — 1| < €. This follows
from an obvious lemma:

Lemma 58. Let x be a real number. If |1 — exp(2mixk)| < 1 for every k € Z, then
x € Z.

We now compute the e-dual of A;. We use the following lemma.

Lemma 59. Let 0 be a real number with the following property: there exists € €
(0,1] such that for every k € Z, |exp(2mikyv/2) — 1| < &€ = |exp(2mikf) — 1| < e.
Then @ = +/24+m, m € Z.

Let us denote by T the multiplicative group of complex numbers of modulus 1
and by I the dense subgroup of T consisting of the points exp(27ik\/2), k € Z.
Let x : I +— T be the map defined by y[exp(27ik\/2)] = exp(27ik®), k € Z. We
first prove the continuity of y at 1. We assume by contradiction that a sequence
z; = exp(2mikj/2) exists such that z; — 1 while the distance from &; = y(z;) to 1
exceeds 11 > 0. Let J C T denote the interval defined by |z — 1| < . We consider
the sequence zj-”, m € N. Then z;." €J when j > jo(g) and 0 <m < N;. Moreover N;
tends to infinity with j. The hypothesis says that y(I'NJ) C J. But {7 is forced to
leave J for some m < m(n) since |{; — 1| > 1. We reach the required contradiction
when N; > m(n). Therefore x is continuous at 1. But y is a morphism. Therefore
x is uniformly continuous on I'. Finally y can be extended by continuation on T
which implies (z) = z? for some integer g. It is now immediate to conclude to
q = £1. Indeed I NJ is dense in J which implies that z cannot remain in J if
|g| >2andzeI'NJ.

Lemma 59 implies (A}})% = Z+{0,+/2}. If we had begun with A = Z+{0,/2},
then we would obtain the same £-dual as above and (A;); = A. This example raises
the problem of characterizing the Delone sets for which (AJ); = A when € > 0 is
small enough. This issue was not addressed in [28].

The relationship between Pisot numbers, Salem numbers, and harmonious sets is
given by the two following theorems.

Theorem 16. Ler 0 > 1 be a real number and let us consider the set S = {1, 0, 02,

03,---}. Then S is harmonious if and only if 8 is a Pisot or a Salem number.

The proof is given in [26], p. 19, Proposition 3.
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A simple corollary is the following observation.

Theorem 17. Let A C R" be a quasicrystal. If 8 > 1 and OA C A, then 0 is either
a Pisot number or a Salem number.

Conversely for each dimension n and each Pisot or Salem number 0, there exists
a quasicrystal A C R" such that 6A C A

Let us prove the first statement in Theorem 17.

We have 0"A C A, n € N.If lg € A, 49 # 0, and S = {1,0,62,63,---}, then
AoS is contained in A. But a quasicrystal is a harmonious set and any subset of a
harmonious set is still a harmonious set. Therefore A¢S C R” is a harmonious set.
Finally S is harmonious and Theorem 16 can be used.

We now prove the second statement. Let . be an algebraic number field of
degree n over Q. The ring €2, of algebraic integers of K is isomorphic to Z" as
a Z-module. In other words there exist n algebraic integers oy, - -, ®, which are
linearly independent over Q and such that

Qy =T+ +7Zw, . (7.72)

Letoy: # —C,---,0,: & — C be the n— 1 embeddings of ¢ into C. It will be
assumed that o) maps 2 to R. Then % will be identified with its image by this

mapping.
Lemma 60. The set M of all Pisot or Salem numbers belonging to J is a model set.

Some definitions are needed to prove Lemma 60. If the algebraic number field 2

is totally real, we define I" in R" by
I'={o1(®), -, 0n(@); ®€ Qy}.

If o; is complex valued on %, then we can always assume that the complex con-
jugate of o; is indexed by j+ 1. We have ;.1 = 0; and o0, will be deleted in
the definition of I'. Then I' is a lattice. Let A » be the collection of all algebraic
integers A € Q. such that |62(A)| < 1,---,]0,(1)| < 1. We can conclude.

Lemma 61. With the preceding notations, Ay is a model set for whichm = n—1,
p2 = (0y,---,0,) and py is the identity mapping.

Here is another proof of Theorem 17 when 6 is a Pisot number. We consider the
set A, = {Zk>0 g0k, 6 €7, gl < m}, where g, # 0 for finitely many k’s only
and m is the integral part of 6. Then we obviously have 0A,, C A,,. Moreover A,
is relatively dense. We have A,, — A,, = Apy,. Lagarias’ theorem applies if we can
show that a positive 3 exists such that |’ — A| >  whenever A and A’ belong to
Ay and A # A'. But the algebraic integer r = A’ — A belong to Ay, and its n — 1
conjugates o, - - -, ¥ — n satisfy
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| | < 4dm | | < 4m
r 7..., r S .
S TN "= 106,

Therefore |rp---ry| < C. But |(A' —A)ry---ry| > 1. Indeed the product between
an algebraic integers of degree n and its n — 1 conjugates is an ordinary integer. It
implies |A" — 4| > 1/C as announced. Lagarias’ theorem yields the required conclu-
sion.

We have obtained a one dimensional model set A such that BA C A. If one needs
an n-dimensional model set, it suffices to consider A x --- x A C R".

The sum 04 = Y, <4 0, will be analyzed when A is a model set.

Theorem 18. Let A be a model set. Then G, is not an almost periodic measure
unless A is a lattice. However 04 is a generalized almost periodic measure.

The proof of Theorem 18 begins with a lemma:

Lemma 62. If 6 is an almost periodic measure, then for every positive € there
exists a relatively dense set T (€) of T € R" such that the Hausdor{f distance between
A and A + 7T does not exceed €.

For r > 0 let g-(x) = (1 — |x|/r)+ and consider f, = 04 * g,. We have f, = 1 on A.
If 0, is an almost periodic measure, f, will be an almost periodic function. It can be
assumed that [ — A/| > 2r, VA # A/, A,A” € A if r > 0 is small enough. Let T be an
re almost period of f.. Then |f(A) — f-(A +7)| < re implies |fr(A+ 1) — 1| <re
and |A + 17— A'| <€ forsome A’ € A. Lemma 62 is proved.

We return to Theorem 18. Without losing generality we can assume 0 € A
since the hypothesis and the conclusion are invariant by translation. We con-
sider two arbitrary A;,A, in A. With the notations used in Lemma 62 we have
M+T=A{+¢ and A, + T = A+ & with 1{,A] € A and |g||,|&| < &. This im-
plies A3 = A1 — A, — A + A} = & — & and |A3] < 2e. But A3 belongs to the model
set A+ A + A + A and if € is small enough we have A3 = 0. Therefore €, = &, and
this is true for every pair of two elements A1, A, in A. It implies that there exists an
o € R"suchthat gy = ovisfor A} € A. Weset M =T — v and we have M +A C A.
Since 0 € Lambda it implies M C A.

A+vCA,veM (7.73)

But A is a model set and (7.73) can be lifted to the lattice I" and then be projected
on R™. We then have v = p; (1), 1 € I'. We set w = pa(1) = @(v) and obtain by
density K +w C K which implies w = 0. Therefore M is contained in the kernel N of
@ and 0 € K. Since M was relatively dense so is N. Finally N C A and N is a Delone
set. This implies that N is a lattice. Moreover N is the largest lattice contained in A.
Since A is a model set we have A = N.

The proof of the second statement is postponed to Section 7.11.
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7.9 More on Harmonious Sets

The e-dual A7 of a set A C R" is defined by Definition 27. The characterization of
harmonious sets given by Lemma 54 leads us to raise to the following problem.

Conjecture 1 There exists a positive number o € (0,1) with the following prop-
erty : any set A of real numbers such that A, is relatively dense is harmonious.

A counterexample is given by the following theorem.

Theorem 19. Let oc € (0,1) and 6 > 4w /o.. Let us consider the set
A={1,6,6%6°--}
of powers of 60 > 1. Then A}, is relatively dense.

To prove Theorem 19, we start with the trivial remark that for every real number ¢ we
have |exp(it) — 1| < |¢t|. We will prove that every interval [2kn — ¢, 2k + o], k € Z,
intersects Ag,. Therefore A}, will be relatively dense. The required point A € A/} is
constructed by successive approximations, as described by the following lemma:

Lemma 63. There exists a sequence p; € Z of integers with the following property :
for every k € Z and each integer m there exists a Am € [2kmt — o, 2km + @] such that
[An6) —2pim| < a for0 < j<m.

The key point is that the sequence p;, j € N, of integers does not depend on m.
The construction will show that A,, is a Cauchy sequence. The limit A of this se-
quence belongs to [2k7 — o, 2km + o] and satisfies |10/ —2p ;7| < «t, j € N. There-
fore A belongs to [2km — o, 2km + o] N A as announced. It then suffices to prove
Lemma 63 to obtain Theorem 19. We now start the construction and decide that A¢
is any point in Iy = [2kw — o, 2k + o] and set pg = k. Since 6 > 47/, the length
of the inflated interval 81 exceeds 47 which implies that 61 contains a full interval
I = 2p1m— o,2p1mt + o). We now freeze p; and replace Ao by 4; € 6~} C Iy.
We proceed and observe that the length of 01 exceeds 47. Therefore there exists
a full interval I, = [2p,m — a,2p,w+ ] C 61;. We now freeze p, and replace 4,
by A; € 02, C 8 'I; C Iy. The construction proceeds easily and Theorem 19 is
proved.

To obtain the required counterexample, we fix a transcendental number 8 >
47 /0. Then A is not harmonious.

We return to Conjecture 1. Robert Moody proved the following

Theorem 20. Let A C R" be a Delone set and let o € (0,1/2). If the a-dual A}, of
A is also a Delone set, then A is harmonious.

The proof can be found in [11] where J. Lagarias is telling that this theorem is
dued to R. Moody.
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7.10 Coherent Sets of Frequencies

We are interested here in the behavior at infinity of mean-periodic functions. Let
me briefly explain what mean-periodic functions are. A complex valued continuous
function f defined on R” is mean-periodic if the closed linear span of the translates
f(-—y),y €R", is not the space of all continuous functions on R”. Here the topology
is defined by uniform convergence on compact sets. An equivalent definition is given
by the following:

Definition 30. A mean-periodic function is a continuous solution f of a convolution
equation
fx1=0 (7.74)

where 7 is a compactly supported Borel measure.

The case T = 0 is obviously excluded. We now restrict the attention to the one-
dimensional case. The Fourier-Laplace transform of 7 is the entire function F(z) =
Jrexp(—izx)dt. Let A denote the zero set of F(z) where each zero A4 is counted
in A as many times as its multiplicity m; indicates. Then f(x) = P(x)exp(idx) is a
solution to (7.74) if and only if A € A and P(x) is a polynomial of degree less than
or equal to my — 1. A finite sum of these building blocks is still a solution to (7.74).
Finally any solution f to (7.74) has a Fourier series expansion

f(x) ~ Y, Py(x)exp(irx) (7.75)
AEA

where P, (x)exp(idx) are the abovementioned elementary solutions. It means that
any solution to (7.74) is the limit of a sequence of finite linear combinations of
elementary solutions to (7.74). The convergence is uniform on compact intervals.
This does not mean that f is the limit of the sequence of partial Fourier sums in
(7.75). Some summation procedures are needed.

The set A C C is not arbitrary since it is the zero set of the Fourier-Laplace
transform of a function with compact support. Such sets A have been characterized
by A.Beurling and P. Malliavin. If A C R has this property, we denote by C, the
Frechet space consisting of all mean-periodic functions which are limits of finite
trigonometric sums Y 4 @, exp(iAx). The Frechet space C, is equipped with the
topology of uniform convergence on compact sets. By construction finite trigono-
metric sums g(x) = X, 4 a), exp(idx). are dense in C4 . From now on multiplicities
will be excluded in A.

Is it possible to relate the arithmetical structure of the given set A to the growth
at infinity of all f € C,? The most natural problem is given by the following
definition.

Definition 31. With the preceding notations and definitions we say that A C R is
a coherent set of frequencies if every f € C, is an almost periodic function in the
sense of Bohr. This cannot happen if polynomials are allowed in the definition of Cy .
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The simplest case where this is true is given by A = Z. Then every f € Cy is 27-
periodic. Another example is given when A is a finite set. The following theorem
relates harmonious sets to coherent sets of frequencies.

Theorem 21. For any subset A C R the following two properties are equivalent:

(a) For each positive € there exists a Delone set T, such that
1€l = [|[f(x—1)—f¥)||l <€l fll- , fECa. (7.76)

(b) A is harmonious.

Ifit is the case, then every f € C4 is an almost periodic function in the sense of Bohr.

If £(x) = e, then (7.76) implies |¢**—1| < € for each T € T,. Therefore A is
harmonious. Conversely let us assume that A is harmonious. Let A7 be the £-dual
of A. The following lemma (N. Varopoulos, oral communication) will be used in
the proof of Theorem 21.

Lemma 64. Let 1 € (0,70/2] and 6(x) be the 2n—periodic odd function of the real
variable x defined by

(a) 0(x) =sinx if |x—kn| <N, k€ Z,
(b) 6(x) = sin if n <x< 7.

Then the Fourier coefficients Y, k € Z, of 0(x) satisfy

> Il < Cnlog(1/n) (7.77)
keZ

where C is a numerical constant.

The proof is straightforward and will be omitted.

Corollary 8. For every real number x one has

|sinx| < sinn = sinx =Y ¥ exp(ikx)
keZ

where the Fourier coefficients 7y, have a small I' norm as indicated in (7.77).

This immediately implies the following:

Corollary 9. There exists a constant C such that for every x € R and every € > 0,
lexp(ix) — 1| < & = exp(ix) — 1 = 2iexp(ix/2) Y, v exp(ikx/2) (7.78)

where the Fourier coefficients v satisfy (7.77) with 2sin(n /2) = &.
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One writes exp(ix) — 1 = 2iexp(ix/2)sin(x/2) and uses Lemma 64. In what follows
the factor 2iexp(ix/2) in front of (7.78) will be incorporated in the Fourier series ex-
pansion which changes the meaning of the coefficients 9 without any modification
in the claim.

Corollary 10. For every € > 0, f € Cx and T € A}

1f(x+7)=f (%) ||. < Celog(1/€)]f]|-- (7.79)

The proof is simple. We assume that f is a finite trigonometric sum and write f(x) =
Y.c(A)exp(idx). The definition of A} and Corollary 10 imply f(x+ 1) — f(x) =
S 3 c(A)exp(in)[exp(ir ) — 1] = £ X (A )y exp(i (x+kT/2)) = Sy f (e + ke /2).
Finally || f(x+ 1) — f(x)|le < ||f]l 2 |7%| which ends the proof of Corollary 11.
Keeping the same notations we have

Corollary 11. Let us assume that k = Celog(1/e) < 1 and that A} is a Delone set.
Then A is a coherent set of frequencies.

Indeed let T > 0 be defined by [0, 7]+ A =R. Therefore every x € R can be written
x=y+71, 1€ Al, y€0,T]. Corollary 10 implies

f+1) = O < xllfllw
for every f € C,. This yields

< sup [F()]+ K[ fleo-

y€(0,T]

Finally || flle < supyc(o 7] [£(¥)| + k]| f]l and a simple bootstrap yields the required
result since x < 1. This proves Theorem 21.

This argument can be improved. We follow [27] and prove that A is a coherent
set of frequencies under a weaker hypothesis than the one used in Corollary 11.
An improved version of Lemma 64 will be used for achieving this goal. We first
consider an auxiliary function @(x) defined by the following properties

(a) o(x)is2m/5-periodic
(b) ®(x) is an even function
(¢) o(x) =sin(m/10—x) on [0,7/5].

Then a brute force calculation yields

Lemma 65. The Fourier series expansion of ®(x) is given by

o(x) = o exp(iSkx)
where the Fourier coefficients oy are non-negative. We have

Y o = sin(7/10) (7.80)

umolter@dm.uba.ar



264 B. Matei

To prove Lemma 65 it suffices to observe that

d

00+ ()

Y o(x) = —2cos(r/10)8 + 2cos(m/10)8, 5.

Therefore 2(Y, | Bk|)|| f||- The definition of B; and Lemma 65 yields k =2Y. |Bi| =
23 0 = 2sin(/10) = V5! =0.6180339--- < 1. We then obtain

Theorem 22. Let A be a set of real numbers. Let us assume that A, € = ‘/5271 , IS

a Delone set. Then A is a coherent set of frequencies.

We know from Section 7.8 that such sets A are not harmonious in general. It is
likely that the critical value € = ‘/52’1 can be replaced by a larger one. If instead of @
one used the function @y which is even and 27 /3 periodic with @y = sin(7/6 —x) on
[0, /3], the Fourier coefficients & of @y would still be non-negative. But we have
K =Y 6 = 2sin(r/6) = 1 which is forbidden by the bootstrap argument. Finally
one observes that Theorem 22 is implied by Theorem 20 when A is a Delone set.

Indeed sin(7/10) < 1/4.

Let us now consider the case where we are given a real number 6 > 1 and where
A() is the set of all finite sums A = ¥;-0&0%; & € {0,1}. This set played a
key role in elucidating the problem of spectral synthesis for the Cantor type set
constructed with the dissection ratio 1/0 [27].

Theorem 23. The following two properties are equivalent ones

(a) every f € Cx () is an almost periodic function in the sense of Bohr
(b) 0 is a Pisot number.

The implication (a)=- (b) is not difficult. We use the following lemma.

Lemma 66. Let us assume that 6 is not a Pisot number. Then Py(x) = I}~
cos(6%x/2) tends to 0 uniformly on compact sets not containing 0.

Indeed the sequence |P,(x)| is decreasing and it suffices to prove that P, (xp) — 0
for every xg # 0 for obtaining the required uniform convergence. We use the simple
observation that an infinite product II°(1 — &) converges to 0 when 0 < g, < 1
and Y5 & = +oo. Then the required pointwise convergence is implied by a famous
theorem dued to Charles Pisot. This theorem says that the following two properties
are equivalent ones:

(a) O is a Pisot number
(b) There exists a o # 0 such that for k € N,

00  =my+me, m €N, Y mi* < o0 (7.81)
k

We have |P,| = |Qy| where Q,(x) = T} ' ( He"pz(iekx) ). Therefore Q, € Cyg) con-
verges uniformly to 0 on any compact set not containing 0 while Q,(0) = 1.
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Piling up some translates of Q, it is quite easy to construct an unbounded f € Cy (g)
of the form f(x) = Y40 axQn, (x —xx).

For proving (b)=-(a) in Theorem 23, we prove a stronger statement. In fact A (0)
is a harmonious set when 6 is a Pisot number (see the second proof of Theorem 17)
and every harmonious set is a coherent set of frequencies, as Theorem 21 indicates.

7.11 Poisson Summation Formula and Model Sets

Let A be a model set defined as above by a lattice I" C R” x R™ and a compact set
K C R™. We let H denote the group p(I"*) where I'* is the dual lattice of I". Let
us assume K to be Riemann-integrable with a positive measure and let ¢ denote any
Cy (R™) function vanishing outside K.

The corresponding weight factors w(4), A € A, are defined on the model set A
by w(pi1(y)) = @(p2(y)), y € T'. If @ was the indicator function of K (this indicator
function is not smooth), we would have w(1) =1 on A.

With these notations, one obtains

Theorem 24. Let u be the sum ¥, ., w(A)8;, of Dirac masses over A where the
weight factors w(A) are defined as above. Then the distributional Fourier transform
v = [l of U is the atomic measure v defined by

V= 0(p2Y")) 8 ) (7.82)
F*
where the dual weights o(p2(Y*)) are
_ (@n) _ .
oy) = ), y=p(y), v el (7.83)

For proving Theorem 24 it suffices to show that [#du = [udv for every testing
function . This reads

2 wA)a(d) = ;w(pz(y*))u(m(y*)) (7.84)

AEA

But w(A) = w(pi(y)) = @(p2(y)) and one can forget the restriction A € A which
is given for free by the support of ¢. Then (7.58) follows from the ordinary Poisson
formula applied to the lattice I" and the dual lattice I"*.

If one could find a testing function ¢ € Ci’(R™) with a compactly supported
Fourier transform, {1 would then be supported by a variant of the dual quasicrystal
A* of A. This is not the case. But let us assume that K is a convex set, symmetric
with respect to 0 and Riemann-integrable. Then the dual quasicrystal A* = A{ is
defined by the convex set K* which is the dual of K. For each integer m > 1, let us
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define A,; using the enlarged window mK* instead of the window K*, py,p, and I'*
being kept fixed. This notation differs from the one we used in Section 7.8.
Then Theorem 24 yields ft =3, Vi, Where v,, is supported by A, and where
this series has a rapid decay. More precisely
V| (B) = O(m™V) (7.85)

for every ball B and each integer N.

Corollary 12. The measure U defined by Theorem 24 is a Poisson measure.
This is obvious. We have more

Corollary 13. Let A be a model set. Then the measure Gy = Y5 c4 0y, is a general-
ized almost periodic measure.

For each positive € we construct two testing functions u, and v such that 0 < ue <
xx <ve and [(ve —ug)dx < €. We then construct the measures e and v, in terms
of us and v, as in Theorem 24 and we obviously have u, < o4 < U, It suffices to
observe that A [Ve — Ue| = [(ve —ue)dx < €.

Proposition 12. Let A be a model set. Then the Fourier coefficients of the general-
ized almost periodic measure G, =Y, c 0y, are given by

(a) 64 (@) = VOIU_ Jxexp(io-x)dxif o =p>(y*), vy eI'*
(b) 6x(0) =0if o ¢ pa(I').

Proposition 12 follows immediately from Lemma 40.

Corollary 14. If A is a model set and f is an almost periodic measure whose spec-
trum is contained in H = p|(I'*). Let G be the dual group of H and F the continu-
ation of f to G. Then we have

M fu] = /K F(x)dx (7.86)

We now return to the notations used in Section 7.8. The role played by the e-dual
in the diffraction pattern of a model set A can be explained by the following obser-
vation. Let f(x) =%, -, w(A)e** where the weights w(A), A € A, are nonnegative
and Y3 4 w(4) = 1. Then we obviously have |f(x)| < 1 = £(0).

Lemma 67. The continuous function | f(x)| almost attains its maximum on the dual
model set. Indeed we have

2
x€A§:>9Tf(x)21—82.

This observation explains why the Fourier transform of the measure 64 peaks on
the dual model set A;.
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7.12 Algebras of Generalized Almost Periodic Measures

The notations of the preceding sections being kept we define a functional space 2 of
Riemann integrable functions. A real valued function ¢ belongs to Z if and only if
for every positive € there exist two functions u, and ve in the Schwartz class .7 (R™)
such thatu; < @ <vgand [(ve —ue)dx < €. Let, for instance, K be a compact subset
of R™ and let us assume that the boundary of K has a zero Lebesgue measure. Then
the indicator function of K belongs to 4. It is easily proved that ¢ € & implies
|| € . Moreover £ is closed under convolution. A complex valued function @
belongs to # if and only if its real and imaginary parts belong to . If ¢ € #, we
define the atomic measure

to =Y, 0(p2(1))8p,(y) (7.87)
yell

Lemma 68. The atomic measure [y is a generalized almost periodic measure and
its Fourier coefficients are

1

volT" (ﬁ(_y)a yZPZ(Yk) ) Yk er: (7.88)

fip(y) =
The proof is the same as in Corollary 13. We denote by .7 the collection of these
measures [ly. Then 7 is closed under the convolution product between g-a-p mea-
sures and the mapping T : ¢ — < satisfies T(f xg) = T(f) © T (g). Finally we de-
fine f by f(x) = f(—x) when f is a function or a measure and we have 7¢ = T(¢).
This applies to the calculation of the autocorrelation tt ® fi when ft = >, 4 6,
where A is a model set. We then have u = tt,, which implies v =y © fi = g where
0 = xk * ¥x- This continuous function 6 is compactly supported and its Fourier
transform belongs to L'. Therefore v is a Poisson measure.

7.13 Model Sets and Irregular Sampling

Let K C R”" be a compact set and Ex C L*(R") be the translation invariant sub-
space of L>(R") consisting of all f € L*(R") whose Fourier transform f(&) =
Jexp(—2mix- &) f(x) dx is supported by K. Note the 27 in the definition of the
Fourier Transform. Let us assume that the measure of the compact set K does not
exceed some fixed small constant 3. The problem which is addressed here is to take
advantage of this property in order to sample f efficiently.

H.J.Landau in [16] studies the sampling and the interpolation of functions
f € Eg. He introduce in [16] the definitions of stable sampling and stable inter-
polation. We now follow [16].
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Definition 32. A set A C R” is a set of stable sampling for Ex if there exists a
constant C such that

feEk=|flE<CY [F(A) (7.89)
AEA

A set A C R" is a set of stable interpolation for E if every sequence c(1) € [*(A)
is the restriction to A of a function f € Ek.

H.J.Landau [16] discovered necessary conditions for stable sampling and stable
interpolation. These conditions are relating the upper or lower density of A to the
measure of K. Let us recall their definitions.

Definition 33. If A C R" is a collection of points, the upper density of A is de-
fined as
densA = limg_yeocy,R™" sup #{ANByr} (7.90)

xeR?

where B,  is the ball centered at x with radius R, ¢, is the inverse of the volume of
the unit ball, and #E denotes the cardinality of E. In this definition balls could be
replaced by cubes as well [16]. The lower density is defined similarly :

densA = limg_, .c,R™" ir]lRf #{ANB.r} (7.91)
xeR"? '
A collection A of points has a uniform density (denoted by densA) if the upper
density and the lower density of A coincide.
Here is Landau’s theorem.

Theorem 25. If A be a set of stable sampling for Ex, then

densA > [K|. (7.92)
Similarly if A be a set of stable interpolation for Ex, then

densA < [K|. (7.93)

These necessary conditions are not sufficient. The main result of this section shows
that Landau’s necessary conditions are sufficient for some sets of points A. To this
end, we also need the following.

Definition 34. A model set or quasicrystal is simple if m = 1 and K =1 is an interval
in Definition 24.

Note that now we fix the definition of a model set. In the sequel a model set is
defined by a cut and project scheme. In cite[8] the main result is the following.

Theorem 26. Let A C R" be a simple model set and K C R" be a compact set. Then

(a) |K| < dens A implies that A is a set of stable sampling for Ex.
(b) If K is Riemann integrable, then |K| > dens A implies that A is a set of stable
interpolation for Ek.
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A lattice cannot be a simple model set. This is fortunate since a lattice cannot be a
“universal sampling set,” see the results obtained by A. Olevskii and A. Ulanovskii
[35] and [36]. A model set is not a random set, this is again fortunate since a ran-
dom set cannot be a “universal sampling set,” see the results of G. Chistyakov, Y
Lyubarskii, R. F. Bass, and K. Gréchenig [1] and [3].

In this essay we will not detail the proof of this result. The interested reader can
consult [21] and [22]. A similar problem was studied in periodic setting in [23].

Let us indicate the strategy of the proof of (a) in Theorem 26. It will be assumed
that A is symmetric which simplifies some calculations. The interested reader will
have no difficulty to extend the proof to the general case. The proof of (a) is using
two ingredients, namely (i) Ingham inequality and (ii) transference methods. Ing-
ham inequality gives a solution to the problem of stable interpolation in the one
dimensional case. We wanted to stress this surprising fact and that explains why we
recall now the famous result which was proved by A. Ingham in 1936 [7] and which
says the following :

Theorem 27. Let B > 0 and A be an increasing sequence Aj, j € Z, of real numbers
such that Ajy —A; > B, j € Z. Let I be any interval with length |I| > 1/B. Then
we have

CY el < /|26jexp(27riljt)|2dt (7.94)
1
2 1
where C = 7 (1 — \I\ZﬁZ)'

This estimate of the constant C is not optimal. The condition |/| > 1/ cannot be
replaced by |I] < 1/ and Theorem 27 does not tell anything in the limiting case

| =1/B.

Theorem 27 was generalized in 1950 by A.Beurling (see [2]) who proved the
following :

Proposition 13. Let B > 0, o« > 0 and A = {A;, j € Z} be an increasing sequence
of real numbers fulfilling the following two conditions

(a) /'Lj+1 —/'Lj >a>0
(b) there exists an integer T > 1 such that for every j € Z we have Aj .7 —A; > BT.

Let I be any interval with length |I| > 1/B. Then we have

Sl <c / IS ¢jexp(2midjr)|dr (7.95)
1

where C =C(B, o, T,|I]).

Here the requirement on the length of 7 only depends on the averaged distance be-
tween A j+1 and Aj. Let us observe that (a) is a necessary condition for (7.95). Using
the general tools introduced by Jean-Pierre Kahane (see [8]), Beurling’s theorem
can be deduced from Ingham’s inequality. This deduction is explained in Kahane’s
paper. The result which is used in the proof of Theorem 26 is the following :
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Theorem 28. Let A be an increasing sequence A;j, j € Z, of real numbers such that
Aiyi—A; > o > 0and let

densA = Igim R 'supcard{A N[x, x+R]} (7.96)

e xeR

be the upper density of A. Then for any interval I fulfilling |I| > dens A there exists
a constant C such that

2|c,|2 < C/|ZCjexp(2ni7th)|2dt (7.97)
1

Theorem 28 easily follows from Proposition 13.

Corollary 15. If |I| > dens A, there exists a constant C such for any square summable
sequence cj, j € 7, there exists a function f € L?(R) which is supported by the in-
terval I such that f(A;) =c;j, j € Z and

Jroo
£l <X leiH)'2. (7.98)

The constant C in (7.98) depends not only on ¢ and dens A but also on the speed at
which the upper density is reached in (7.96).

The second ingredient is the transference method of Coifman and Weiss (see [4])
which permits to transfer L? estimates on an interval / to /> estimates for the
quasicrystal defined by I. This piece of the argument is fully detailed in [21].
More precisely, let I' C R” x R be a lattice and if (x,¢) € R" x R, let us write
p1(x,t) =x, pa(x,1) = 1. We now assume that p; once restricted to I is an injective
mapping onto p;(I") = I]. We make the same assumption on p,. We furthermore
assume that p;(I") is dense in R” and p,(I") is dense in R. The dual lattice of I"
is denoted I'* and is defined by x-y € Z,x € I', y € I'*. We use the following no-
tations. For y = (x,) € I' we write t =%, 7= x and similarly for a function f
defined on py(I"), we write f(x) = f(%). The same notations are used for the two
components of y* € I'*. If I = [— o, ], let

Ar={p1(y);y e, pa(y) €1} (7.99)
Let us define
Mk ={p(Y');v" €T", p1(¥") €K} (7.100)

Following Meyer’s theory for model sets, the density of A; is uniform and is given by
c|I| where ¢ = ¢(I") and similarly the density of Mk is ¢'|K| (see [26] and [27]). After
that, we sort the elements of Mk in increasing order and denote the corresponding
sequence by {my;k € Z}. Then we have

Lemma 69. The sequence {ry;k € Z} is equidistributed on K.
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We now sketch the proof of the first claim of the Theorem 26.

We replace K by a larger compact set still denoted by K which is Riemann integrable
and satisfies |K| < dens A. By density, we only consider the case f € ¢y (K). As a
consequence of Lemma 69 we get

1

K| 7] = lim 2 |f (1 (7.101)

T—o0 2T
The right-hand side in (7.101) is given by

hmeZ | (em) |*[f ()|
£l0 keZ

, (7.102)

where @ € .7 (R) and @(0) = 1. At this stage we use the auxiliary function of the
real variable x defined as

=€ z o(emy) f (i) exp (2mimyx). (7.103)
keZ

We denote by ¢ the Fourier transform of ¢. We will suppose that ¢ € 6;°([—1,1])
is a positive and even function. But |K| < densA; = co|I| implies |I| > dens Mk.
Therefore Beurling’s theorem applies to the interval /, to the set of frequencies Mg
and to the trigonometric sum defined in (7.103). Then one has

e lo(emy)?| f () |2<c/|F )|?dx. (7.104)
keZ

Let us compute the limit as € — 0 of the term in the right-hand side of (7.104). To
this aim, we use the definition of Mg and write

Fe(x)=ve 3, o(ep(v')f(pi(v"))exp (2mipa(y")x). (7.105)

y-elr*

The Poisson identity reads Yycp u(y) = c(I') X+ 4(y*) where u € ' (R" x R)
and yields

x
R =ar) ), 3 o0 "D, (7.106)
yel’
It remains to calculate
lim / |Fe(y)*dy, (7.107)

where F; is given by (7.106). To this end, we notice that all terms in the right-
hand side of (7.106) such that |p;(y)| > o + € vanish on I = [—a, &]. Indeed the
support of ¢ is contained in [—1, 1]. We can restrict the summation to the set A7 ¢ =
{p1(y);ve,|p2(y)] < a+¢e}.For0 < e <1 we have

lim A[’g = Ay and A17£ C A1‘1. (7.108)
e—0 ’
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We split F; into a sum Fy = Fév + Ry where

1 x—pa(y)
FY(x) = o )f(p1(Y)), (7.109)
% Yel |p1(y)ISN,|p2(7)|<a+e €
and
Ry = o). o)

VE yer I (ISNipa(n)|<ate

The triangle inequality yields ||Ry||2 < ey]|@]|2 with

N = > F (P (V) (7.111)
YET I (1) SN pa(y) <o+ 1

For the term (7.109) the estimations are more involved. Since |p;(y)| < N, the points
p2(7v) appearing in (7.109) are separated by a distance > By > 0. If 0 < € < By, the
different terms in (7.109) have disjoint supports which implies

1 |2y < (N, €)]19]]2 (7.112)

where

o(N,e) = > IF(pr (7))
YEL Ip1(V)ISN|pa(v)|<a+e

If € is small enough, we have

{relpMI <N Ip(V)| <atet ={yel,|pi(y)| <N,|p2(y)| < a}.

and (N, €) = oy,. Therefore

im [1F0)Pdy < T £+, (7.113)

/’LGA[

and letting N — oo we obtain the first claim.
This sketch of the proof of Theorem 26 explains why we have been unable to extend
the argument to general quasicrystals. Indeed Ingham theorem is missing in several
dimensions. The proof of (b) is simpler and is given in [21]. Here also the proof
relies on the fact that the problem of stable sampling is solved for intervals. Once
more the transference method relates sampling and interpolation. In the periodic
case which was solved in [23] the proofs are much simpler since the complement
of a set A of stable sampling for Ex is a set M of stable interpolation for Ey where
U=T"\K.

Finally we investigate the issue of retrieving a function f from its samples on a
quasicrystal A when we only know that the measure of the closed support of f is
less than 3, this support being unknown. Partial answers will be given in 7.12.
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7.14 An Open Problem

Let us fix a parameter § € (0,1/2) and define a collection Mg of functions f €
L*(R") as follows : we write f € Mg if f is supported by a compact set K C R”
whose measure |K| does not exceed 3. This compact set K depends on f and Mg
is not a vector space. If f, g belong to Mg, then f + g belongs to My, a situation
which is classical in nonlinear approximation.

Lemma 70. For every 3 € (0,1/2) and every d > 23 there exists a set A C R" with
the following properties :

(a) density A =d
(b) the mapping @ : Mg — (2(A) defined by ®(f) = (f(1))aea,, is one-to-one.

Any f € My can be retrieved from the information given by the “irregular sam-
pling” f(A) =a(d), A € A.

The open problem is to achieve this retrieving by some efficient and fast algorithm.
We now prove Lemma 70.

We set a0 = 2‘} and let A = Ay be a simple quasicrystal as in Theorem 26. If
f,8 €Mgand f=gonA,then f—g € Mpg and f — g =0 on A. Then Theorem 26
implies f = g.

The condition d > 23 in Lemma 70 is sharp. Indeed we have

Lemma 71. If B > d/2, there exist two distinct functions in Mg which coincide
onA.

The proof of this remark can be found in [21]. We now return to the main problem
in this section and formulate the following:

Theorem 29. Let A be a simple symmetric quasicrystal as above with density d.

(a) Let us assume f € Mg with B < d/2 and F = f > 0. If a function g € L*(R")
satisfies § > 0and g(A) = f(A),A € A, then g = f.

(b) As in (a) let us assume f € Mg with B<d/2and F = f > 0. Then F is the
unique solution u of the following variational problem

inf{||ul|;;u € L'(R"), 4(1) = F(A), A € A}. (7.114)

In (a) we do not assume g € Mﬁ. There are no restrictions in (b) on the sign of # and
we do not assume u € Mg. Since A = —A we can use in (b) the Fourier transform #
of u instead of the inverse Fourier transform. The fully detailed proof of this result
can be found in [21]

7.15 An Improvement

If A is a set of stable sampling for Ex any “band-limited” f € Ex can be recon-
structed from its samples (1), A € A, and this reconstruction can be achieved by
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a linear algorithm. Let us now prove this remark. Let L?(K) be the space of all res-
trictions to K of functions in L?(R"). The norm of f € L*(K) is ([i | f(x)[>dx)'/>.
Then A C R” is a set of stable sampling for Ex if and only if the family of functions
exp(27mil -x),A € A, is a frame of L?(K). Frames were defined by R.J. Duffin
and A. C. Schaeffer in [5]. We list some properties in the general context of Hilbert
spaces.

Definition 35. Let H be a Hilbert space and let us consider a family € = {e;, A €
A} of vectors of H indexed by a set A. We say that % is a frame if the two following
properties are satisfied

(a) The mapping J : [?(A) — H defined by J((c})) = Y.5ca c1 e is continuous.
(b) This mapping J is onto.

In other words every x € H can be written as x = Y, 0(A)e; where
Sica|a(A)]? < C|lx||%. This decomposition is not unique in general. If the map-
ping J : I>(A) — H is an isomorphism, the family {e;, A € A} is a Riesz basis of
H. An equivalent definition is given by the following lemma.

Lemma 72. A family € = {e;, L € A} of vectors of H indexed by a set A is a frame
if and only if there exist two constants C; > Cy > 0 such that for every x € H

Gl < Y [ <xep > <Callxl (7.115)
AEA

Here is a counterexample. Let e;, k € N, be an orthonormal basis of a Hilbert space
H. Then this basis is obviously a frame but the family

{e()ael7e()a617627607617627637607e17e27e37e47e07 o }

is not a frame of H. Indeed each ¢; is repeated infinitely many times. This will not
happen below and in all the examples which are discussed in this essay, the mapping
A+ ey from A to theset {ey, L €A}is1tol.

If 7.89 holds the operator .# = JJ* : H — H is an isomorphism. We set f; =
Z e, , A € A, and we have for every x € H,

x=3Y <xe>fi =Y <xfiL>e (7.116)
AEA AEA

This family f;, A € A is named the dual frame.
We now return to the property of stable sampling. The Hilbert space H is L (K)
and the operator J : [>(A) + L*(K) is defined by

J(c(A) =Y c(A)exp(2mil - x). (7.117)
AEA

Then we have

Lemma 73. With the preceding notations A is a set of stable interpolation if and
only if the family of functions exp(2miA -x), A € A, is a frame of L*(K).
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Let L%( denote the Hilbert space of all square integrable functions supported by
K. The adjoint operator J* maps F € L% to the sequence of Fourier coefficients
{F(A), A € A.} This observation and 7.116 imply the following lemma.

Lemma 74. If A is a set of stable sampling, there exists a dual frame ¢), € Ex, A €
A, such that for every f € Ex we have

fx) =23 f(A)os(x). (7.118)

AEA

Note that if A is a set of stable interpolation there shall exist a positive number o
such that [A —A'| > a if A # A/, A,A’ € A. We conclude this discussion with the
following remark, if A is both a set of stable sampling and of stable interpolation
for Ek, then the family of functions exp(27il -x),A € A, is a Riesz basis of L*(K).

7.15.1 Wealthy Frames

As it was said before a frame % is a family of vectors which span the Hilbert
space H. Moreover the energy of the decomposition of x € H is controlled by the
norm of x. In most cases this family & is overcomplete. This leads to the following
definition:

Definition 36. A family e, , A € A, of vectors of H is a wealthy frame if for every
finite F C A, the subfamily e), A € A, A ¢ F, is still a frame of H.

An overcomplete frame is not wealthy in general. Let us consider, for example,
the union € between an orthonormal basis of a Hilbert space H and a finite set
E C H. Then % is an overcomplete frame which is not a wealthy frame.

The following theorem yields a characterization of wealthy frames.

Theorem 30. Let ey, A € A, be a frame of H, let F C A be finite and A’ = A\ F.
Then the following properties are equivalent

(a) The set {e;, A € A'} is total in H.
(b) If y € H is orthogonal to every vector ey, A € A’ theny = 0.
(c) There exists a constant C such that for every x € H one has

IxP<C Y [ <xen >
AEA!

(d) {ey, A € A’} is aframe of H.
(e) For every Ay € F there exists a sequence o.(A,Ay) € I2(A’) such that

el = 2 OC()L,)L())e,l

AEA!
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The equivalence between (a) and (b) is trivial. For proving (a) = (c) we argue
by contradiction and assume that a sequence x; € H exists such that ||x;|| = 1 and
Yoea| <xjep > |> < j 2. Extracting a subsequence one can assume that Xj—y.
Then we have < y,e; >=0 for every A € A’. This implies y = 0 by (b). Therefore
for every Ag € F we have < x;,e; >— 0. We then use the Lemma 72 and conclude
to ||x;|] — 0. The implication (c)=- (d) is also given by Lemma 72 and (e) is a
rephrasing of (d). Finally (e)=> (a) is obvious.
The first statement in Theorem 26 can be improved.

Corollary 16. If F C A is any finite set, then A\ F is still a set of stable sampling
for Ex.

This will be proved by induction on the cardinality m of F. More precisely we fix a
simple quasicrystal A and denote by &7, the following property:

For every finite set I of cardinality not exceeding m and every compact set K
whose measure |K| satisfies |K| < densA the set A\ F is a set of stable sampling
for Ex.

Property & is given for free by Theorem 26 We now prove that &, = 2,1 .
Let us assume that the cardinality of F equals m+ 1. Translating A if needed we can
assume 0 € F. We write F/ = F\ {0}, A,, = A\ F',and A, ;1 = A\ F. Let us observe
that Ay, 1 = A \ {0}. Theorem 30 will be applied to the Hilbert space L% of square
integrable functions supported by K and to the frame of H consisting of the functions
exp(2mid - x), A € A, To prove that the family of functions exp(2mid - x), A €
Am+1, 18 still a frame of H it suffices to prove that the only function g € L%( which
is orthogonal to exp(2miA - x),A € Ay is 0. We consider h(x) = g(x) — g(x —y)
where |y| < £. Then the Fourier transform of 4 vanishes on A,,. Indeed /(0) = 0. But
if € is small enough the compact set K = K + B(0, €) still satisfies |K;| < densA.
Since h is supported by K, we have 4 = 0 by the induction hypothesis. It implies
that g is a periodic function which contradicts the assumption that g is supported by
K. Therefore g = 0 as claimed.

7.16 Conclusion

The most elegant definition of a quasicrystal is the one using Diophantine approxi-
mations. If this is accepted, a tentative definition of a quasicrystal A is given by the
following conditions:

Definition 37. We say that A is a quasicrystal if it satisfies the following three prop-
erties

(a) A is a Delone set
(b) For every € € (0,1) the e-dual set A} is also a Delone set.
(c) The e-dual set of A; is A.

As above the e-dual set A} is defined by {y € R" : [e?* —1| < e, A € A}.
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This definition has some advantages and some drawbacks. Let us begin with
the good news. The Diophantine approximation definition of quasicrystals explains
the role played by Pisot and Salem numbers as inflation factors of quasicrystals
(271, [28].

Moreover the Diophantine approximation characterization is exactly what is
needed for proving that quasicrystals are coherent sets of frequencies.

Here comes the bad news. The weak point of this definition is the absence of
characterization of such sets. As noticed above, M = Z + {0,+/2} does not satisfy
the third condition while A = Z + {0,++/2} does. But A is not a model set. There-
fore a quasicrystal in that sense is not a model set in general. A model set does not in
general fulfil the third requirement (see Corollary 7). Finally the class described by
Definition 37 is not translation invariant, as Corollary 7 is showing. If A is defined
by a convex and symmetric window, then it is a quasicrystal but it suffices to move
A by T = p(7y) with p,(y) small enough to produce a counterexample.

A second tentative definition of a quasicrystal is given by the “cut and projection”
algorithm (model sets). The following example shows how much this definition is
natural in some cases. Let #” C R be an algebraic number field and let us consider
the set S of all Pisot or Salem numbers in #". This set S is a model set closed
under multiplication: if 8 and 6’ belong to S, so does 66’. This example fits quite
naturally in the framework of the “cut an projection” definition of a quasicrystal.
But this approach is suffering from a severe drawback. The class of model sets is
not translation invariant.

Almost lattices are providing a third tentative definition of quasicrystals. Almost
lattices are defined by the two conditions

(a) A—A CA+F
(b) A is a Delone set.

Here as above, F is finite. This approach is striking by its elegant simplicity. But the
diffraction pattern of an almost lattice does not have the expected properties which
are the distinctive feature of a “true quasicrystal” (see Lemma 47 of Section 7.6).

We end this essay by mentioning some recent result in the world of quasicrystals.
Recent results was obtained in the construction of Riesz Basis [10, 17] and [9], for
the Poisson formula in [18].
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Chapter 8

Stylometry and Mathematical Study
of Authorship

Xianfeng Hu, Yang Wang, and Qiang Wu

Abstract Inspired by various authorship attribution problems in the history of
literature and the application of machine learning in the study of literary stylom-
etry, we develop a rigorous new method for the mathematical analysis of authorship
by testing for a so-called chrono-divide in writing styles. Our method incorpo-
rates some of the latest advances in the study of authorship attribution, particu-
larly techniques from support vector machines. By introducing the notion of relative
frequency as a feature ranking metric our method proves to be highly effective
and robust.

Applying our method to the Cheng-Gao version of Dream of the Red Chamber has
led to convincing if not irrefutable evidence that the first 80 chapters and the last 40
chapters of the book were written by two different authors.

Applying our method to the novel Micro, we are able to confirm the existence of the
chrono-divide and identify its location so that we can differentiate the contribution
of Michael Crichton and Richard Preston.

We have also tested our method to the other three Great Classical Novels in Chinese.
As expected no chrono-divides have been found. This provides further evidence of
the robustness of our method.
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8.1 Introduction

Did Francis Bacon or Christopher Marlowe write some of the plays that were
attributed to William Shakespeare? Did Cao Xueqin write the last forty chapters
of Dream of the Red Chamber, one of the greatest masterpieces in the history of
Chinese literature? Who wrote the Federalist papers? Did Bill Ayers write Obama’s
autobiography Dreams From My Father? There have been no shortages of author-
ship controversies throughout the history, and these are just a few of them. These
questions have often generated fierce debates among historians and literary scholars.
Historically connoisseurship, disciplinary knowledge, and background history have
been central in such debates. In recent years, however, the “unemotional approach”
using quantitative analysis based on mathematics, statistics, and computation has
gained prominence in the study of authorship attribution.

Broadly speaking, the authorship attribution problem is to determine the author-
ship of a given sample of text. There are two classes of problems in authorship
attribution [7]. The most common one is the close class, where it is known that
the sample of text is by one of the authors from a given set, usually a very small
set with two to three authors. For example, Federalist papers mentioned earlier is a
typical closed class problem, where the authors are confined to Alexander Hamil-
ton, James Madison, and John Jay. Far more challenging is the open class problem,
where the sample text may come from a far larger set of authors. An example of
an open class problem is to determine the authorship of books written anonymously
or under pseudonyms, e.g. The Primary Color or Imperial Hubris: Why the West is
Losing the War on Terror. The study of authorship attribution has seen rapid growth
in recent years. Still, there remains many challenges even for the closed class prob-
lem. Accuracy is one of the most prominent concerns. For the open class problem
the challenge is far greater, and so far there have been few attempts and none of the
known techniques can be reliably scaled to handle the open class problem.

There is yet another important class of authorship questions, namely to deter-
mine whether a body of text is written by a single author. Such a study is valuable in
a number of ways. For example, it is widely speculated among the Shakespearean
scholars that some of Shakespeare plays were in fact collaborate efforts between
Shakespeare and others, e.g. Middleton and Fletcher. It is of scholarly interest to
not only confirm it but also to find out exactly which parts of the plays were writ-
ten by playwrights other than Shakespeare. There were also historical controversies
involving suspected fraud, as in the case of Dream of the Red Chamber, where a
particular book or sequel attributed to certain well-known author might in fact be
perpetrated by someone else. A related practice was for a well-known and prolific
author to write only the first few chapters of a book and then pass it on to a ghost
writer. There are clear benefits both ethically and scholarly to detect frauds and ghost
writings. Modern days see an explosion of coauthored books and articles. It would
be interesting to detect stylistic inconsistencies among parts of such books. As we
shall see, mathematics can play a central role in the study of authorship, leading to
the rapid growth of the field stylometry.
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The problem of style quantification and authorship attribution in the literature
goes at least as far back as 1854 by the English mathematician Augustus De Morgan
[3], who in a letter to a clergyman on the subject of Gospel authorship, suggested
that the lengths of words might be used to differentiate authors. In 1897 the term
stylometry was coined by the historian of philosophy, Wincenty Lutaslowski, as a
catch-all for a collection of statistical techniques applied to questions of authorship
and evolution of style in the literary arts (see, e.g., [9]). Today, literary stylometry is
a well-developed and highly interdisciplinary research area that draws extensively
from a number of disciplines such as mathematics and statistics, literature and lin-
guistics, computer science, information theory, and others. It is a central area of
research in statistical learning (see, e.g., [5]). A popular classic technique for stylo-
metric analysis of authorship involves comparing frequencies of the so-called func-
tion words, a class of words that in general have little content meaning, but instead
serve to express grammatical relationships with other words within a sentence. Al-
though this technique is still widely used today, the field of literary stylometry has
seen impressive advances in recent years, with more and more new and sophisti-
cated mathematical techniques as well as softwares being developed. We shall not
focus on these advances here. Instead we refer all interested readers to the excellent
survey articles by Juola [7] and Stamatatos [11] for a comprehensive discussion of
the latest advances in the field.

This paper focuses on the detection of multiple authors with a given body of
text. We use two case studies to show ways it can be done, and to illustrate the
effectiveness and robustness of our methods. The first case study is the classical
Chinese novel Dream of the Red Chamber. The controversy surrounding the book
was well known and intensely debated in the Chinese literary circle for over 250
years. The second case study is the book Micro written by Michael Crichton and
Richard Preston. The research for the first case study has been done in our work
[6], and much of what we present here is reproduced from [6]. All materials in the
second case study are new.

The rest of the paper is organized as follows: In Section 8.2 we detail our method-
ology for detecting multiple authors, which includes feature construction and selec-
tion techniques in machine learning. In Section 8.3 we present the case study for
Dream of the Red Chamber. In Section 8.4 we analyze other books as a comparison.
We also present an alternative technique for detecting multiple authors, and apply-
ing it for our second case study of the book Micro. Finally in Section 8.5 we close
with our conclusions.

8.2 Chrono-Divide and Methodology

The main idea behind statistically or computationally supported authorship attribu-
tion is that by measuring some textual features we can distinguish between texts
written by different authors. Nearly a thousand different measures including sen-
tence length, word length, word frequencies, character frequencies, and vocabulary
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richness functions had been proposed thus far [10] over the years. Some of these
measures, such as frequencies of function words, have proven effective while oth-
ers, such as length of words, have proven less effective [7]. The field of literary
stylometry has seen impressive advances over the years, and has become an increas-
ingly important research field in the digital age with the explosion of texts online.

This paper focuses on a particular class of authorship controversies, in which
there is a suspected change of authorship at some point of a book. In other words,
one suspects that the first X chapters of a book were written by one author while the
remaining Y chapters were written by another. Clearly, the authorship controversy
for Dream of the Red Chamber falls into this category. Since no two authors have
exactly the same writing style, no matter how similar they might be, a book written
in such a fashion would have a stylistic discontinuity going from Chapter X to Chap-
ter X + 1. If we can quantify the styles of the two authors by a stylometric function
S(n) (a classifier) where n denotes chapters, or chronologically ordered samples, of
the book in question, this stylistic discontinuity will appear as a dividing point in
the stylometric function S(n) going from n = X to n = X + 1. Because the sam-
ples are ordered by time, we shall call this divide in the stylometric function S(n) a
chrono-divide in style, or simply a chrono-divide. This paper develops a technique
for verifying and detecting chrono-divides in books or other body of texts. Knowing
X and Y, as it is the case with Dream of the Red Chamber, can help validating the
conclusion but is not always necessary for our method. Our method does not ap-
ply to any body of texts where two authors share the writing in an interwoven way
without a chrono-divide.

The underlying principle of our study is that if a book is in fact written by two
authors A and B, then there should exist a group of features that characterize the
difference of their respective styles. These features will lead to a stylometric func-
tion that separates the book into two different classes. In the rest of the paper we
shall use the more conventional term classifier for such a stylometric function. The
foundational principle for literary stylometry is built around finding such classifiers.
Suppose that a chrono-divide in style exists. Then an effective classifier will show a
break point somewhere in the middle of the book, before and after which the clas-
sifier gives positive values and negative values, respectively. Thus in analyzing a
book suspected to be written by two authors with a chrono-divide, one can look for
a classifier that gives rise to such a break point. The existence of such a classifier will
provide strong support for the two-author hypothesis. Conversely, if such a classifier
cannot be found, then we can confidently reject the two-author with a chrono-divide
hypothesis.

We use function characters and words to build and select a group of stylometric
features having the highest discriminative power, and from which we construct our
classifier. We shall detail our method in the following subsections.
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8.2.1 Initial Stylometric Feature Extraction

Suppose the book in question is suspected to be written by two authors. For simplic-
ity we shall call the part written by author A Part A and the part written by author
B Part B. In many cases, such as with Dream of the Red Chamber, both Part A and
part B are known. In some cases, they are not precisely known. However, for books
suspected to have a chrono-divide from authorship change, there is usually a good
estimate for where the divide is. Typically the first few chapters can be confidently
attributed to A and the last few chapters to B.

We begin by choosing a feature set consisting of the kinds of features that might
be used consistently by a single author over a variety of writings. Typically, these
features include the frequencies of words (or characters for books in Chinese),
phrases, mean and variation of sentence length, and frequencies of direct speeches
and exclamations, and others. In our analysis, to get a better understanding of an
author’s writing style, we first find the most frequently used characters and words in
the book, e.g. we would find the 500 most frequently used characters in the whole
book, from which we pick out only, say, n function characters. We choose m words
(combinations of characters) among the 300 most frequently used words in the same
way. An important point is that by selecting only function characters and words we
obtain a selection of characters and words that are content independent. This leads
to an initial set of features consisting of the frequencies of the n characters and the
m words, plus the mean and variance of sentence length as well as the frequencies of
direct speeches and exclamations. These features will be computed over given sam-
ple texts of the book (e.g., chapters). We normalize each sample text in the following
way: set the median of the mean and variation of sentence length and the frequen-
cies of direct speeches, exclamations, n characters, and m words in each work of A
and B to be 1. For each sample, we now get n + m + 4 features.

8.2.2 Data Preparation

Having constructed the appropriate feature vectors, we build a distinguishing model
through a machine learning algorithm. To do so requires careful data preparation.
Since we usually have in hand only limited samples while the number of features
will be very large, building a model directly on the entire book will easily lead to
over-fitting. To overcome the over-fitting problem, we use the standard technique of
separating the whole data into samples consisting of training data and test data. Our
model will be established based only on the training data while its performance is
tested over the independent test data. If we know Part A and Part B already, then
a subset of each can be designated as training data. For books suspected to have a
chrono-divide in style, the training data will consist of the first few chapters and the
last few chapters. The rest of the book will be used as test data.

In order to obtain more training sets and testing sets we shall chunk the book
in question into smaller pieces of sample texts of relatively uniform size and style.
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In all the books we have studied, we have kept the sample texts to be at least 1000
characters long. In the case of Dream of the Red Chamber each sample text is a
chapter.

8.2.3 Feature Subset Selection

When we build authorship analysis the model using the training data only, we do
not use all the features (n+ m + 4 features). Instead we start out with all of them, but
eventually select a subset of features that achieves the highest discriminative powers.
Feature subset selection has been well understood for high dimensional data analysis
in the machine learning context. First, the number of discriminative features may be
small because the number of features an author uses in a consistently different way
from others is usually not very big. Moreover, the classifier can perform very poorly
if too many irrelevant features are included into the model. In this paper we will use
Support Vector Machines Recursive Feature Elimination (SVM-RFE) introduced in
[4] to realize feature selection.

SVM-REFE is a feature ranking method. Given a set of samples we can use linear
SVM to build a linear classifier. It ranks the importance of the features according
to their weights. As mentioned above, because of large feature size and small sam-
ple size, the classifier might not be robust. In addition, the high correlation between
features may result in small weights for relevant features. Thus the ranking by SVM
classifier directly may be inaccurate. In order to refine the ranking, the least impor-
tant feature is removed and the linear SVM classifier is retrained. This new classifier
provides a refined ranking for the remaining features. The process is then repeated
until the ranking of all features are refined. This is the SVM-RFE method intro-
duced in [4]. The idea underlying SVM-REFE is that in each repeat, although the
overall ranking may be poor, the least important feature is very unlikely a relevant
one. By iteratively eliminating the least important features the new classifiers will
become more and more reliable and hence will provide better and better ranking. In
the application of gene expression data analysis SVM-RFE has been proven to be
substantially superior to the SVM direct ranking without RFE.

However in general SVM-REFE is not stable under the perturbation of samples.
A small change in samples may result in very different feature ranking. There are
two possible reasons. One is that the highly correlated variables are too sensitive
and may be ranked in different orders by different classifiers. Another is that, due to
the randomness, some subset of samples might be singular in the sense that they are
less representative for the whole data structure. As a result the SVM classifiers are
over-fitting and the feature ranking by SVM-RFE is therefore unreliable. The first
situation is less harmful for classification performance while the second is vital.
To overcome this phenomenon and guarantee the stability of the ranking, we use
a pseudo-aggregation technique. We randomly choose a subset of training samples
to run SVM-REFE to select the top important features. This process is repeated tens
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or hundreds times and only those features that appear important very frequently are
deemed as truly important ones. This removes the randomness and results in a much
more reliable ranking.

With this ranking of features, we can conclude which statistics are useful for
quantifying the writing style. We use cross validation to select the number of fea-
tures included in the final classification model. This group of features is a stable and
most discriminative subset of features. A final classifier is built to classify the test
data.

8.2.4 Data Analysis

The classifier we have built is used to analyze the authorship question. We exam-
ine the discriminative power of the classifier on the training data. If it cannot even
reliably classify the training data, we can convincingly reject the two-author hy-
pothesis. Even if it can the telling story will be whether it can classify, or detect
a chrono-divide, from the test data. If it fails, then again we should reject the two-
author hypothesis. On the other hand, if the classifier classifies the training data, and
it can also classify the test data accurately or detect a clear chrono-divide, we can
then convincingly conclude that the book does contain two different writing styles
and can therefore be confidently attributed to two different authors. Moreover, the
feature subset and the classifier describe the difference of the two authors’ writing
styles.

8.2.5 The Algorithm

In the following we summarize the process of our algorithm:

1. Initialize the data (the book), which contains parts A and B suspected to be writ-
ten by two different authors.

2. Split part A and part B into many sections and extract the features for each section
as described in Section 8.2.1. This forms the whole data set D, containing Dy
and Dg.

3. Choose a portion (e.g., 20%—30%) of D4 and Dp, respectively, to form the test
data set and leave the remaining as the training data set. The test data will not be
used until the final model is built.

4. Randomly choose a subset from the training data as modeling data and the rest
(again 20%-30%) as the validation data. Run SVM-RFE on the modeling data
and use the validation data to determine all the parameters used. This provides a
ranking of all the n + m + 4 features extracted in step 2.

5. For d range from 1 to n+ m+ 4, build a classifier using only the top d features
and evaluate their performance on the validation data. The best model is the one
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with minimal validation error and minimal number of top features. The feature
subset of this best model is recorded.

6. Repeat T times step 4 and step 5 to obtain 7 best models and 7 subsets of cor-
responding important features. We recommend 7 to be larger than 50. Rank all
the features in these subsets according to their appearance frequency. Denote N
as the total number of features included.

7. For d =1,---,N, using cross validation to select the number of features that
should be included in the final classifier. Denote it by d.. Note we require both
the cross validation error and the number of features to be as small.

8. Retrain the model using the whole training set based on this top d, important
features.

9. Using the classifier to classify the test data. Draw the conclusion according to the
performance.

Since our ranking process involves aggregation of large number of models that
are trained using SVM-RFE based on different subsets of the same data source, we
refer to our approach as pseudo-aggregation SVM-RFE method.

8.3 Case Study: Analysis of Dream of the Red Chamber

8.3.1 Background

Dream of the Red Chamber (4. 1% %) by Cao Xueqin (& & J7) is one of China’s
Four Great Classical Novels. For more than one and a half centuries it has been
widely acknowledged as the greatest literary masterpiece ever written in the history
of Chinese literature. The novel is remarkable for its vividly detailed descriptions of
life in the 18th century China during the Qing Dynasty and the psychological affairs
of its large cast of characters. There is a vast literature in Redology, a term devoted
exclusively to the study of Dream of the Red Chamber, that touches upon virtually
all aspects of the book one can imagine, from the analysis of even minor characters
in the book to in-depth literary study of the book. Much of the scope of Redology is
outside the focus of this paper.

The original manuscript of Dream of the Red Chamber began to circulate in the
year 1759. The problems concerning the text and authorship of the novel are ex-
tremely complex and have remained very controversial even today, and they remain
an important part of Redology studies. Cao, who died in 1763—4, did not live to
publish his novel. Only hand-copied manuscripts — some 80 chapters — had been
circulating. It was not until 1791 the first printed version was published, which was
put together by Cheng Weiyuan (F£{7T) and Gao E (/55F) and was known as the
Cheng-Gao version. The Cheng-Gao version has 120 chapters, 40 chapters more
than various hand-copied versions that were circulating at the time. Cheng and Gao
claimed that this “complete version” was based on previously unknown working
papers of Cao, which they obtained through different channels. It was these last 40
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chapters that were the subject of intense debate and scrutiny. Most modern scholars
believe that these 40 chapters were not written by Cao. Many view those late add-
itions as the work of Gao E. Some critics, such as the renowned scholar Hu Shi (%
i), called them forgeries perpetrated by Gao, while others believe that Gao was
duped into taking someone else’s forgery as an original work. There is, however, a
minority of critics who view the last 40 chapters as genuine.

The analysis of the authenticity of the last 40 chapters has largely been based on
the examination of plots and prose style by Redology scholars and connoisseurs. For
example, many scholars consider the plotting and prose of the last 40 chapters to be
inferior to the first 80 chapters. Others have argued that the fates of many characters
in the end were inconsistent with what earlier chapters have been foreshadowing.
A natural question is whether a mathematical stylometry analysis of the book can
shed some light on this authenticity debate.

Although there is a vast Redology literature going back over 100 years, the num-
ber of studies of the book based on mathematical and statistical techniques is sur-
prisingly small, particularly in view of the fact that such techniques have been used
widely in the West for settling authorship questions. There have been some notable
efforts however. Cao [1] meticulously broke down a number of function characters
and words into classes according to their functions. By analyzing their frequencies
Cao concluded that the first 80 chapters and the last 40 chapters were written by
different authors. Zhang & Liu [14] examined the occurrence of characters in the
book that are outside the GB2312 encoding system, and found that the vast majority
of them appeared exclusively in the first 80 chapters. Yue [13] studied the author-
ship by combining both historical knowledge and statistical tools. By focusing his
study on a few stylometric peculiarities such as the frequencies of 5 particular func-
tion characters and the proportion of texts to poems in each chapter, he concluded
that it is unlikely that the first 80 chapters and the last 40 chapters were written by
the same author. In the opposite direction, the studies of Chan [2] and Li & Li [8]
concluded that the entire book was likely written by a single author. The study [8]
focused on the usage of functional characters while [2] examined the usage of some
eighty thousand characters. Both studies tabulated the frequencies of the selected
characters, which led to a frequency vector for each of the first 40 chapters, the mid-
dle 40 chapters, and the last 40 chapters. The correlations of these frequency vectors
were computed. In [8] the correlations were deemed large enough to conclude that
the entire 120 chapters of the book were written by the same author. In [2] a fourth
frequency vector using parts of a different book The Gallant Ones (JL 2 JalifE (%)
was added for comparison. The correlations are significantly higher among the first
three frequency vectors. This led to the same author conclusion in [2].

Although some of these aforementioned studies are impressive in their scopes,
missing conspicuously from the Redology literature are studies based on the latest
advances in literary stylometry, particularly some of the new and powerful methods
from machine learning theory. While comparing the frequencies of function charac-
ters and words is clearly a viable way to analyze the authorship question, care needs
to be taken to account for random fluctuations of these frequencies, especially when
some of the function characters and words used for comparison have limited occur-
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rences overall in the book and sometimes not at all in some chapters. None of the
aforementioned studies employed cross validation to address random fluctuations.
We have substantial reservations about drawing conclusions from correlations alone
as in the studies of Chan [2] and Li & Li [8], because the differentiating power of
any single variable such as correlation is rather limited. It would be interesting to
see a more comprehensive study of correlations on a large corpus of texts in Chinese
to determine its effectiveness as a metric for authorship attribution, something the
authors failed to do in both studies. The use of the book The Gallant Ones in [2] for
benchmark comparison is curious to us in particular, especially considering that the
author did not limit to just function characters. The two books are of two different
genres and are different in their respective background settings. It is possible that
the correlation computed in [2] tells more about the genre than the authorship of the
books.

Having established a rigorous protocol for finding chrono-divides, we are now
in position to apply this protocol to investigate the authorship controversy of the
Cheng-Gao version of Dream of the Red Chamber. In particular we investigate the
existence of a chrono-divide at Chapter 80.

8.3.2 Separability of the Chapters by Cao and Gao

The book is first divided into samples. To balance the number of samples, we gener-
ate one sample for each of the first 80 chapters while using the conventional practice
of duplicating each of the last 40 chapters into two chapters to obtain 80 samples.
From those samples we extract the features by calculating the statistics proposed
in Section 8.2.1. These features are then normalized for fair comparison. In total
we have 196 variables. They are the 144 characters and 48 words, the normalized
mean and variation of sentence length, and the frequencies of direct speeches and
exclamations.

To investigate the authorship controversy we perform three separate tests. First
we build a classifier for the whole book and look for the existence of a chrono-divide
at Chapter 80. For added robustness and reliability we also perform the same tests
only on the first 80 chapters and the last 40 chapters.

In the first experiment we apply our method to the whole Chen-Gao version of
Dream of the Red Chamber. Samples from the first 60 chapters are designated as
training samples for one class while samples from the last 30 chapters are designated
as training samples for another class. The remaining samples, from Chapter 61 to
90, are held out as testing samples. The training samples are further randomly split
into modeling data of 80 samples and validation data of 40 samples. The SVM-RFE
is repeated 100 times and d, is chosen using 50 cross validation runs. We have the
following observations.

Instability of SVM-RFE. The randomness of the modeling set has resulted in
very substantial fluctuations in the number of features selected as well as feature
rankings. The resulted classifier may also perform quite differently. Table 8.1 lists
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the features selected using two different modeling data sets. One selects 11 features
and the other selects only 4, with only one feature in common. The classifiers also
perform differently. The experiments clearly establish the instability of SVM-REF.

Given such instability one cannot reliably draw any conclusion from any single
run. For example, if a modeling data set separates the training data well, it might be
due to over-fitting. Conversely, if it separates poorly, it might be due to under-fitting.
This problem is overcome with our Pseudo Aggregate SVM-RFE method.

Modeling set Features Selected Validation Error
1 FPR & R IS W11 IR A << | 5/40
2 B, . &, hri 1/40

Table 8.1 The features and validation errors of the classifiers obtained from two randomly selected
modeling subsets.

Stability of Pseudo Aggregate SVM-RFE. Our pseudo aggregate SVM-RFE ap-
proach repeats SVM-RFE 100 times using randomized data sets. The data set from
each repeat is used to select a set of features, from which a classifier is being built.
For simplicity we shall refer to the data set, features, and the resulting classifier
together from a repeat as a model. To counter random fluctuations we consider im-
portant features to be those that appear frequently among the 100 classifiers. This
reduced the instability caused by randomness. In fact, our belief is as follows: if the
two classes are well separated, there should exist a set of features that help to build
a good classifier. Most modeling subsets should be able to select these features out
and only a limited number of modeling sets might be singular and miss them. Con-
versely, if the two classes cannot be well separated, no consistently discriminative
features exist. Different modeling set may lead to totally different feature subset. As
a result, no feature appears with high frequency in all 100 models. This philosophy,
however, is only partially true. When the two classes cannot be separated, the mod-
eling process sometimes can overfit the data by selecting a lot of variables which
results in high absolute frequencies for some less important or irrelevant features.
Such a phenomenon is usually accompanied by a large number of variables and low
validation accuracy. To improve the process we propose a more appropriate metric,
which we call relative frequency. In relative frequency we weight the frequency by
two criteria. In the first criterion a variable appearing in short models is weighted
more than the variables appearing in long models. This leads to a weight of h(n;)
for a variable in the j-th model, with n; being the number of variables in the j-th
model. In the second criterion a variable in a model with high predictive accuracy is
weighted more than a variable with poor predictive accuracy. This provides another
weight g(A;) for a variable in the j-th model, where A; denotes the accuracy of
the j-th model computed from the validation process. Mathematically the relative
frequency for a variable x; in a test run of M repeats is defined as
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1 M

rf(x) = M > g(Aj)h(n;)1(x; appears in model j). (8.1)
j=1

In our study we always set M = 100. For the weight g(A;), we wish it is equal
to 1 if the model is very effective (i.e., A; = 100%) and decays fast to O if the
model is not effective (i.e., A; is close to or less than 50%). This motivated us to
set g(A;) = exp( [22;:11]+) where [t]; = max{0,}. The weight h(n;) is designed to
decrease linearly as n; increases and reaches zero when n; is unreasonably high.
This leads to h(n;) = [1 —cn;]+ for some constant c. We have chosen ¢ = 1/30. It
indicates the model becomes unreliable when more than 30 variables are selected
and seems to work well in our experiments.

Our experiments show that features yielded from relative frequency rankings are
very stable and consistent. We have performed runs of 100 repeats using different
random seeds in MATLAB, and the results are always similar. An additional benefit
of using relative frequency instead of absolute frequency is that the existence of an
effective classifier is typically accompanied by high relative frequencies for the top
features, while low relative frequencies for the top features usually imply poor sep-
arability. Hence we can use relative frequency as a simple guide on the separability
of the samples. We will show some examples in the next section.

Results and conclusion. In Experiment 1 we have performed a run of 100 repeats
on the entire Cheng-Gao version of Dream of the Red Chamber. Altogether 70 fea-
tures have appeared in at least one model. However, of those only a small number
of them have appeared with high enough frequency to be viewed as being impor-
tant. We apply cross validation to select the number of features, and the mean cross
validation error rate against different number of features is plotted in Figure 8.1 (a).
The figure tells us that 10 to 50 features are enough to tell the style difference be-
tween the two parts. Using less characters and words is insufficient, while using
more degrades the performance also by bringing in too much noise. The small cross
validation error rate is encouraging, and it is already hinting a strong possibility
that the two training sample sets have significant stylistic differences to support the
two-author hypothesis.

To settle the two-author hypothesis more definitively we apply our classifier on
the test data, which until now have never been used during the feature selection and
classifier modeling process. In particular we investigate the existence of a chrono-
divide in the values obtained through classifier. Figure 8.1 (b), which plots these
values, clearly shows a chrono-divide at Chapter 80: For Chapter 81-90 the classifier
yields all negative values while for Chapters 61-80 the classifier yields all positive
values with the exception of Chapter 67. Allowing some statistical abberations to
occur, our results provide an extremely convincing if not irrefutable evidence that
there exist clear stylometric differences between the writings of the first 80 chapters
and the last 40 chapters. This difference strongly supports the two-author hypothesis
for Dream of the Red Chamber. We also note that our investigation did not need to
assume that the knowledge that the stylistic change should be at Chapter 80. The fact
that the chrono-divide we have detected is indeed at Chapter 80 lends even stronger
support to the two-author hypothesis.
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Fig. 8.1 Experiment 1: (a) Mean cross validation error rate; (b) Values of SVM classifier on chap-
ters 61-90.

Interestingly, the fact that Chapter 67 appeared as an “outlier” in our classifica-
tion serves as further evidence to the validity of our analysis. It was only after the
tests we realized that the authorship of Chapter 67 itself is one of the controversies
in Redology. Unlike the main controversy about the authorship of the first 80 chap-
ters and the last 40 chapters, experts are less unified in their positions here. Again,
our results strongly suggest that Chapter 67 is stylistically different from the rest of
the first 80 chapters, and it may not be written by Cao. Our finding is consistent with
the conclusion of [12].

8.3.3 Non-separability of the First 80 Chapters

To further validate our method we apply the same tests to the first 80 chapters of
Dream of the Red Chamber to see whether we can get a chrono-divide (Experi-
ment 2). We use the first 30 and last 30 chapters as the training data and leave chap-
ters 31-50 as the test data. Figure 8.2 shows the mean cross validation error and the
values of SVM classifier on the test data (chapters 31-50). The experiment shows
much more features have been selected in the 100 repeats, implying the difficulty of
find a consistent subset of discriminative features. The large errors on the training
data also indicate the difficulty for separation. When the classifier is applied to the
test data, there is clearly no chrono-divide. This suggests that our method yields a
conclusion that is completely consistent with what is known.
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Fig. 8.2 Experiment 2: (a) Mean cross validation error rate; (b) Values of SVM classifier on chap-
ters 31-50. Note there is no chrono-divide.

8.3.4 Analysis of Chapters 81-120: Style Change over Time

We next apply our method to the last 40 chapters (Experiment 3). Our first exper-
iment has already confirmed that they are unlikely to be written by Cao. However,
there are still debates on whether these were written entirely by one author (most
likely Gao himself), or by more than one author. Our mathematical analysis may
offer some insight here.

We split the 40 chapters into two subsets as before. The training data include
Chapters 81-95 as one class and Chapters 106—120 as another. The test data are the
middle 10 chapters. Because of the relatively small number of samples we have
subdivided each chapter into 2 sections to increase the sample size. As a result
we now have 60 samples in the training data and 20 in test data, with 2 samples
corresponding to one chapter. The mean cross validation error of the final classifier
and its classification values on the test samples are shown in Figure 8.3 (a) and (b),
respectively.

In this experiment we observe that the performance in terms of both the classifier
and feature ranking is noticeably worse than that in Experiment 1 but substantially
better than that in Experiment 2. Furthermore, unlike the results from the first two
experiments, the values from the classifier show an interesting trend. Compared with
Figure 8.2 (b) where the values appeared to lack any order, the values here exhibit
a clear gradual downward shift. On the other hand, compared to Figure 8.1 (b) the
values plotted in Figure 8.3 (b) do not show a clear sharp chrono-divide, even though
the values change gradually from being positive to being negative. What it tells us
is that the writing style of the last 40 chapters had undergone a graduate change, but
this change is unlikely to be due to change of authorship.
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Our results here could be subject to several interpretations. One plausible inter-
pretation is that Gao might indeed obtained some incomplete set of manuscripts
by Cao, and tried to complete the novel based on what he had obtained. The style
change is a result of the lack of genuine work by Cao as the story developed. A more
plausible interpretation is that the last 40 chapters were written by someone such as
Gao trying to imitate Cao’s style, and over time the author became sloppier and
returned more and more to his own style.
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Fig. 8.3 Experiment 3: (a) Mean cross validation error rate; (b) Values of SVM classifier on chap-
ters 96-105, which correspond to the samples 31-50 in all 80 samples. Note two samples come
from one chapter in this experiment.

8.3.5 Comparison with Continued Dream of the Red Chamber

It is worth mentioning that there are several other attempts to complete Dream of the
Red Chamber from its first 80 chapters, among them is Continued Dream of the Red
Chamber (Z1FEF4E) by Qi Zichen (ZF#L). Using the same features for building
the classifier in Experiment 1, we can compute the Euclidean distances between all
chapters and their distances of chapters from Continued Dream of the Red Chamber,
see Figure 8.4. Surprisingly, although these features are obtained in favor of the
differences between Cao and Cheng-Gao, they lead to even larger distance between
the first 80 chapters and those chapters of Continued Dream of the Red Chamber. It
obviously implies that the style of the 40 chapters by Cheng-Gao is more similar to
the 80 chapters by Cao compared to Continued dream of the Red Chamber. Maybe
that’s why the Cheng-Gao version is more popular than other versions.
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Fig. 8.4 Distances between the first 80 chapters of the Cheng-Gao version, the last 40 chapters of
the Cheng-Gao version, and 30 chapters of Continued Dream of the Red Chamber:

8.4 Analysis of Micro and Other Books

To further bolster the validity of our approach we test our method on another book
Micro by Michael Crichton and Richard Preston, which is known to have a chrono-
divide, as well as the other three Great Classical Novels in Chinese literature, Ro-
mance of the Three Kingdoms (= [E# ), Water Margin (7KJ¥1%), and Journey to
the West (F91§#1C), which, unlike Dream of the Red Chamber, do not have author-
ship controversy. Thus if our method is indeed robust we should expect a positive
answer for Micro for the two-author hypotheses and negative answers for the other
three.

8.4.1 Chrono-Divide of Micro

Micro, a techno-thriller published posthumously in 2011, is Michael Crichton’s fi-
nal novel. It was found on his computer upon his death in 2008 as an unfinished
manuscript. HarperCollins commissioned science-writer Richard Preston to com-
plete the novel from Crichton’s notes and research. Although Dream of the Red
Chamber is in Chinese, the principle of our method should apply to books in other
languages. Micro thus provides us with a good test example. In this case study, we
will use our approach to confirm and detect the chrono-divide of Micro. We will also
perform a different new test using classifiers built directly from other books written

umolter@dm.uba.ar



8 Mathematical Study of Authorship 297

by Crichton and Preston for comparison. The new test serves both as a validation
of our method and as a comparison. Note that the second option is not available for
Dream of the Red Chamber.

In the direct classifiers test we use the other books written by Crichton and Pre-
ston to generate the training data. A total of 17 books written by Crichton and 2
books by Preston were used for training. The initial features consist of the frequency
of 241 most frequently used words in these books. To build classifiers each book was
divided into multiple pieces with each piece containing approximately 2000 words.
The frequencies of the 241 selected words of each piece form a sampling point.
Overall 782 data points for Crichton and 104 data points from Preston were gener-
ated. To overcome the imbalance of the sampling points for Crichton and Richard,
we only used 728 samples for Crichton and they are split into 7 subsets. Each subset
is combined with the samples for Preston to form a training data set, from which
we build a linear classifier. So totally 7 classifiers were constructed. Applying the
classifiers to detect the chrono-divide in Micro, we chunk the book into 56 parts,
each containing about 2000 words. Each part provides a testing sample point. We
applied the 7 classifiers to this testing data. The average of the 7 classifiers are plot-
ted in Figure 8.5 (a). The result shows a break point at around the 15th-16th sample
points.

We can now compare the above method to the earlier method for Dream of Red
Chamber. We assume that, compared with the overall style of an author across mul-
tiple books, the style of the author in a single book would be more consistent. As a
result we divided Micro into 112 parts of approximately 1000 words each. Note that
here we use less words for each piece in order to get enough training samples. The
most frequently used 265 content independent words from the book were used as
the initial features. We use the first 22 sample points and the last 22 sample points
as training and validation data and the middle 68 sample points as test data. The
classification results are shown in Figure 8.5 (b). A clear break point can be seen
around the 29th—30th parts.

These two experiments confirm the existence of a chrono-divide in Micro, and
provide further evidence of the validity of our original approach for discovering and
locating chrono-divides. As a by-product, our results show that the change of au-
thorship for Micro had occurred between 1/4 and 1/3 of the book. This is consistent
with what Richard Preston had indicated in several interviews about the book.

8.4.2 Analysis of the Three Chinese Classical Novels

For the analysis of the other three Chinese novels, as with Dream of the Red Cham-
ber we split each into training samples and test samples. Both Romance of the Three
Kingdoms and Water Margin have 120 chapters. In both cases we designate the first
30 chapters and the last 30 chapters as the two classes of training data, and the mid-
dle 60 chapters as test data. For Journey to the West the two classes of training data
are the first and last 25 chapters, respectively, with the middle 50 chapters as test
data.
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Fig. 8.5 Micro: (a) Average values of the 7 classifiers obtained by using the books of Crichton and
Preston other than Micro as training samples. (b) Classification result by the classifier obtained
using the first 22 parts and the last 22 parts of the book Micro as training samples.

We use the same procedure to test for chrono-divides on the three novels. Com-
pared to Dream of the Red Chamber, the selected features show much lower rela-
tive frequencies, indicating difficulty in differentiating between the writing styles.
Table 8.2 shows the relative frequencies (with ¢ = 1/30) of the top 8 features for
each of the four Great Classical Novels. Also of note is that in the case of Water
Margin, 51 features are used to build a classifier from the 60 training data, which is
clearly another strong indication of the difficulty.

Novel Relative frequencies of the top 8 features
Dream of the Red Chamber ~ 0.57 0.46 0.43 0.36 0.31 0.30 0.29 0.19
Romance of the Three Kingdoms 0.31 0.27 0.26 0.25 0.23 0.22 0.17 0.15
Water Margin 0.18 0.17 0.16 0.16 0.14 0.11 0.11 0.10
Journey to the West 0.03 0.03 0.02 0.02 0.02 0.02 0.02 0.02

Table 8.2 Relative frequencies of the top ranked 8 features for each of the four Chinese Great
Classical Novels.

Figure 8.6 plots the values from the classifiers for all three novels. In all cases the
values fluctuate in such a way that it is quite clear that no chrono-divides exist, as
expected. This analysis shows that our approach can reliably reject the two-author
hypothesis when it is false, lending further support to the effectiveness and robust-
ness of our method.
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Fig. 8.6 Classification results on the testing samples of the other three classical novels:
(a) Romance of the Three Kingdoms; (b) Water Margin; (c) Journey to the West.

8.5 Conclusions

Inspired by authorship controversy of Dream of the Red Chamber and the applica-
tion of SVM in the study of literary stylometry, we have developed a mathematically
rigorous new method for the analysis of authorship by testing for a chrono-divide in
writing styles. We have shown that the method is highly effective and robust.

Applying our method to the Cheng-Gao version of Dream of the Red Chamber
has led to convincing if not irrefutable evidence that the first 80 chapters and the
last 40 chapters of the book were written by two different authors. Furthermore, our
analysis has unexpectedly provided strong support to the hypothesis that Chapter 67
was not the work of Cao Xueqin either.

Applying our method to Micro, we are able to confirm the existence of chrono-
divide and identify its location. It provides strong evidence for us to attribute the
first 1/4 of the work to Michael Crichton and the left 3/4 to Richard Preston.

The robustness of our approach is also evidenced by its ability to reject the multi-
ple author hypothesis when there is no chrono-divide, as we have done for the other
three classical Chinese novels.
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Chapter 9

Thoughts on Numerical
and Conceptual Harmonic Analysis

Hans G. Feichtinger

Abstract If one compares the literature on abstract Harmonic Analysis or
publications with the word “Fourier Analysis” in the title with books describing
the foundations of digital signal processing or systems theory one may easily get
the impression that they describe two different worlds having little in common ex-
cept for some vocabulary, indicating their joint roots.

It is the purpose of this article to shed some light on the existing and sometimes
buried interconnections between these two branches of Fourier Analysis. We sug-
gest to take a broader perspective on Harmonic Analysis, re-emphasizing how they
are tied together in many ways and how numerical experiments may help to under-
stand concepts of Harmonic Analysis. Based on our experience we firmly believe
that Fourier Analysis provides opportunities to relate relevant mathematical theo-
rems to valuable algorithms, which also have to be properly implemented (typically
making use of the FFT, the Fast Fourier Transform). Thus this note tries to bridge
the gap between pure mathematics and real-world engineering applications.

In a previous paper (H. G. Feichtinger, Elements of Postmodern Harmonic Anal-
ysis, pages 1 — 27, Springer, 2015) the author has already outlined some ideas in
this direction, by introducing the idea of Conceptual Harmonic Analysis, as a link
between the two worlds. The best way to describe the connections between the two
worlds is by means of generalized functions (often called distributions). We will in-
dicate that the Banach Gelfand triple (Sy,L?, Sy ) (R?), which is based on a particular
Banach algebra of continuous functions, namely the Segal algebra (So(RY), | -[|s, ).
provides convenient vehicle to express many otherwise “soft transition” in a distri-
butional sense. In the context of the space Sy(IRY) of test functions approximation by
finite sequences makes perfect sense and one can justify many transitions between
the two worlds (continuous versus finite signals) in a clear mathematical context
(see H. G. Feichtinger and N. Kaiblinger, Quasi-interpolation in the Fourier alge-
bra, J. Approx. Theory, 144(1):103-118, 2007).

H.G. Feichtinger (P<)
Faculty of Mathematics, University Vienna, Oskar-Morgenstern-Platz 1, 1090 Wien, Austria
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The current text also contains various considerations of a general nature, which are
supposed to stimulate discussions and reflection of the work done in the field of
abstract and applied Harmonic Analysis in general.

9.1 Classical Fourier Analysis Seen Critical

So far Abstract Harmonic Analysis (AHA) and what we would like to call it nu-
merical Fourier Analysis are quite separated branches of mathematics. First of all,
AHA has been the subject of controversial discussions in the past (involving among
others my advisor Hans Reiter, who disliked the term). Following Edwin Hewitt
(see his monumental books on the subjects [38, 39]) Abstract Harmonic Analysis is
concerned with the generalization of results known in the Euclidean setting to the
realm of locally compact Abelian groups'. In contrast, my advisor Hans Reiter kept
teaching his students the spirit of the work of Andre Weil: The natural setting for
Harmonic Analysis (viewed as “Fourier Analysis in the proper setting”) is to study
functions over locally compact Abelian group ¢, without making use of the struc-
ture theory of such a group, making simply use of the basic facts concerning such
groups and their dual groups (see [68]).

The existence of a translation invariant Haar measure on such a group ¢ together
with the existence of sufficiently many characters (i.e. continuous homomorphism
from the group ¢ into the torus group T) provides a solid basis of this approach.
They form the dual group 52, and this allows us to define the Fourier transform (and
its inverse). One can prove the convolution theorem and Plancherel’s theorem in
this context. Thanks to Pontryagin’s duality theorem one has a complete symmetry
between time and frequency variables. This setting is well described in several math-
ematical books and at different levels of easiness (not to say difficulty) of reading,
see [14, 15, 28, 46, 50, 51, 53].

There is also a long list of books on Fourier Analysis which view the field from
a more concrete aspect, such as [33-35, 42, 48, 58, 66, 67], or Stein [57], Butzer
[9], Ramanathan [48], and Trigub [60]. They work in the concrete setting of R4,
endowed with the Lebesgue measure. Hence the Banach algebra (L' (R?), [|-|1)
(with respect to convolution) is well defined, and the Fourier transform, typically
given by the integral formula

fls) = ) ft)e ™5t dr ©.1)
JR
is well justified in this setting. For the inversion the usual summability tricks have

to be applied, except for the case of “nice functions.” Only if f € L! (R9), we can
expect to recover the values of f from f in a symmetric way:

f0= /Rd F(s)e st g, 9.2)

1 http://at.yorku.ca/t/o/p/d/07 dir/german.htm
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This pair of equations is often described as a continuous analogue of the expansion
of a vector in the Euclidean space (or Hilbert space) with respect to an orthonormal
basis, except that there are various problems involved (even if one has already un-
derstood how to interpret Plancherel’s Theorem), allowing to view the Fourier trans-
form as a unitary automorphims of (L*(R?), || - ||): According to (9.2) the function
f can be interpreted as a superposition of pure frequencies, and the amplitudes (co-
efficients) are obtained by taking scalar products, i.e. by taking the forward Fourier
transform (9.1). So in a way this looks like a continuous variant of the Fourier expan-
sion of vectors, viewed as functions over finite Abelian groups, where the characters
form a complete orthonormal system (maybe up to a suitable normalization factor).

It is true that the fact that the parameter s is in R4 (and not in a discrete set) causes
some problems, because one has to think in terms of a “continuous superposition,”
but it is more disturbing that in fact the members of this orthonormal system, namely
the pure frequencies y : t — e*™5* do not even belong to the Hilbert space L?(R?),
and therefore it is not so easy to think of them as a “continuous” orthonormal basis.

Still another group of books describes Fourier Analysis as it is used in the ap-
plication areas, among them most prominently in communication theory. Here the
concept of translation invariant systems (TILS) is predominant. They are usually
characterized as convolution operators, where the convolution kernel is called the
impulse response of the system, and its Fourier transform is the so-called transfer
function. Unfortunately the explanation of the corresponding claims is often quite
vague and mathematically less rigorous.

Aside from the use of complex-valued functions, mysterious objects such as
the Dirac 0-“function” appear, and divergent integrals are given—with some hand-
waving—a meaning which allows to manipulate certain integrals to reach the “de-
sired results.” Even if one finds occasionally some hints that “mathematicians know
how to interpret such concepts properly” most of the students and readers of such
books may be left with the feeling that this is a complicated matter which has little to
do with the numerical practice. After all, sets of measure zero are of course mathe-
matically relevant, but rarely encountered in real life, and even the perfect Lebesgue
integral is not used when it comes to the numerical approximation of values of in-
tegrals. And it certainly does not help at all when it comes to integrate over a pure
frequency y,(t) := e>™!

Although important for applications the correspondence between sampling and
periodization in the Fourier domain is not a standard part of modern books on
Fourier Analysis, but it is receiving more and more attention, partially with the ad-
vent of wavelet theory and time-frequency analysis (see, e.g., the books [3, 26, 70]).

Since the discovery of the FFT (Fast Fourier Transform, see [12]) it has become
a habit to mention the numerical computation of the DFT (Discrete or Finite Fourier
Transform) as a way to efficiently compute this discrete transform, but users are
often left alone with their possible questions concerning the connection between this
discrete version of the Fourier transform and the corresponding integral transform.
We think that this is a crucial point for the understanding of Fourier Analysis, both
from a theoretical and the applied point of view.
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Whatsoever is the frame work for (abstract or concrete) Fourier Analysis, the
essence is the decomposition of signals, functions or distributions into building
blocks which are invariant under translations. It turns out that the only natural build-
ing blocks are the characters (resp. pure frequencies in an engineering terminology)
on the underlying group. For a (post) modern perspective see [17].

9.2 Sociology of Fourier Users

The key idea behind [16] is the principle that it might be helpful to find out which
function spaces are useful for which purpose. Within Classical Fourier Analysis this
question appears to be well settled since the advent of Lebesgue’s integration theory
in 1904 (Lecons sur I’intégration et la Recherche des Fonctions Primitives (1904),
reprint [45]). In this setting (and more generally then using the Haar measure over
LCA groups) it appears to be very natural to treat the Fourier transform as a map-
ping defined on (L'(R?), ||-||1) resp. (L'(G), ||-||1). This is a nice Banach space,
the Fourier transform is a well-defined and in fact continuous function vanishing
at infinity (i.e., belonging to Co(R?)), according to the Riemann-Lebesgue Lemma.
Moreover L' (G) appears to be a very natural domain for the definition of convolu-
tion, if one wants to define it pointwise (a.e.) and via the usual integral definition.
Convolution (based again on the Lebesgue integral) gives us (commutative) “multi-
plication” on (L'(G), ||-||1), turning it into a Banach algebra, and the convolution
theorem is valid, namely

(7\>'<g)=f-§, f.g €L'(G). 9.3)

Finally we have (L*(R?),|-||2), which is the appropriate domain to formulate
Plancherel’s theorem, which tells us that the Fourier transform “is” (can be mod-
ified to be considered as) a unitary automorphism of this Hilbert space. Engineers
say, it is energy preserving, which in fact is a very important property. It is a histor-
ical fact that the scale of L”-spaces was then introduced, allowing us to formulate
the Hausdorff-Young theorem: .ZL”(G) C L(G), for 1 < p<2.1/p+1/q=1.

But if we ask ourselves, whether this is all we have to say about the Fourier trans-
form, we have to take a closer look on the user community of scientists involved.
As a matter of fact it consists of a number of separate groups who use the Fourier
transform, in a significantly diverse way, with different tools and motivations, and
surprisingly little interaction among these groups. Thus we are asking: Who are the
people using the Fourier transform and how can they make use of this mathematical
tool? How does it help them to solve their problems?

Let us try to mention various perspectives taken by the different communities:

1. Pure mathematicians may start from the Fourier transform showing up naturally
as an integral transform over R?, hence it is natural to care of the most general
form of an integral (they found that the Lebesgue integral is the perfect answer
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to this question). Since the Fourier inversion formula is not valid in the expected
form, all kinds of summability methods have been developed. On the other hand
one can point to some fine investigations which allow to conclude essentially
from smoothness of a function f to the integrability of its Fourier transform f,
which in turn implies that the inverse Fourier transform can be understood in the
pointwise sense: For every t € R it is possible to obtain f(z) via (9.2).

2. One can take this approach further and extend these methods to the realm of
LCA groups. The Lebesgue measure is replaced by the Haar measure on ¢ and
{!?, respectively. One has again the Plancherel theorem, and various abstract rules
(the dual of G/H is identified with Hl), or Weil’s formula. One has to settle
measure theoretical questions in order to avoid problems, but this can be done
(and makes up a major part of [50] resp. [51]).

3. Colleagues interested in PDEs or even pseudo-differential operators make use
of Fourier analytic methods in a rather different setting. For them it is important
that Fourier Analysis allows to properly define Sobolev spaces of fractional order
(not just the Sobolev spaces of integer order), to introduce the Schwartz space
Z(R4) of rapidly decreasing functions and hence the dual space, called the space
' (RY) of tempered distributions. This is not only a fairly large domain for
the Fourier transform, but also—at least in principle—a setting which allows
to deal with discrete and continuous, with periodic and non-periodic “signals”
in a unified way and thus also to address questions of mutual approximation
(see [22)).

4. Ever since the work of Cooley-Tukey [12] colleagues in numerical analysis have
taken a pride in developing a variety of fast algorithms for the realization of a
huge variety of versions of the discrete (finite) Fourier. A good and positive ex-
ample in this direction is the development of FFTW (the fastest Fourier transform
in the West by M. Frigo and S.S. Johnson [29-31], or [49]).

5. For engineers, especially in communication theory, a central question is the un-
derstanding of translation invariant linear systems (TILS). For them it is im-
portant to represent such a linear operator, commuting with group translations,
as a convolution operator by some impulse response. On the Fourier transform
side one expects a realization of such an operator via multiplication by the trans-
fer function, which is supposedly the Fourier transform of the so-called impulse
response. Depending on the author the so-called Dirac function (resp. Dirac-
measure or Dirac-distribution) is introduced in an intuitive way. Usually it is
mentioned that it is “not really a function, but can be used in the context of inte-
grals as if it was a function.” In other cases it is introduced as a “magic object”
whose existence is taken for granted with certain the rules for computations. even
if it is hard to explain it. The burden of showing that it is possible to establish a
theory justifying these relatively formal manipulations involving the Dirac func-
tion or Dirac combs can safely be left to the (pedantic) mathematicians. Unfortu-
nately such an approach does not save the engineering community from ignoring
that the derivations presented in many well-known books represent a “scandal in
systems theory,” because it is not true that an arbitrary BIBOS (bounded input
bounded output system) is a convolution operator (see Sandberg [54-56]).
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6. For a majority of engineers the following viewpoint appears to be fully legiti-
mate: Paraphrasing only slightly what one reads in engineering books we state:
In practice every signal is of finite energy, hence it is justified to work with the sig-
nal space (L*(R?), || - ||2). Moreover, whenever it comes to computations one can
handle only finite vectors. Hence one has to work with samples (typically regular
samples taken at equi-distant nodes) of a continuous function. As a consequence,
whenever a Fourier transform has to be computed it is natural to replace it by
the corresponding discrete, i.e. fast Fourier transform.

9.3 What We Find in the Applied Literature

After so many decades of separate development, it seems that the separation is
not seen anymore as problematic by the different communities, engineers and pure
mathematicians have settled in different worlds. Some see it as a natural situation, or
an unavoidable consequence of the different mindset, also due to the distinct goals
of these disciplines. But I find it sad (and worth formulating it) and problematic, that
we do not even discuss this matter in our communities. So we should try our best to
bridge the gap. Let me illustrate the problem by reviewing statements found in the
applied literature.

A common formulation in the applied literature reads like the following sentence:
“Since in the computer only finite data (of finite precision) can be handled, it is
necessary to work with (finitely many) samples of a given function instead of the
continuous functions.” As a consequence expressions involving integrals have to
be replaced by corresponding summation terms (i.e., summing over all the terms),
among them the all important convolution integrals.

In this sense it is more than plausible that Fourier integrals are replaced by the
FFT, and in fact there are good heuristic ways to indicate that “in some sense”
Fourier integrals approximated by Riemannian sums have an appearance close to
the DFT (hence the FFT). On the other hand, the definition of the Fourier transform
(as an integral transform, creating for every f € L!'(R?) some bounded and con-
tinuous function over the continuous frequency domain) and often also the Fourier
inversion formula appear as non-periodic limiting cases of the classical, periodic
Fourier transform. But in which sense can we expect these mutual approximations
to take place? Is there any chance for pointwise convergence, or at least almost ev-
erywhere? For all functions (whatever this means) or just certain “nice” functions?

According to most of the treatments in the current literature or also in the courses
(e.g., those which can be watched from MIT or Standford) offered in the internet (via
Youtube) this—in our view crucial—question is not well discussed in a mathemati-
cal satisfactory way, at least from the viewpoint of a (pedantic?) mathematician.

Of course, by ignoring to acknowledge that there might be a problem may cause
some unpleasant situations, because it is hard for most applied people to distin-
guish between heuristic considerations and well-settled mathematical claims. Many
of these problems are in fact model errors which are put under the rug when
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computations are carried out, and fortunately it is usually no problem for the daily
practice. Nevertheless one has to warn to be not too careless, because there is the
danger of making claims which are only valid under certain restrictions. If used
under unfavorable circumstances, i.e. whenever the range of applications of a for-
mula is stretched too much, the user may find himself way outside of the range of
validity of such a formula.

There is another aspect to this question. For heuristic considerations it may suf-
fice to know that eventually the discrete (sometimes finite) model will approximate
well the continuous limit. But for an actual computation one would like to have
a good approximation with as little computational costs as possible, and this may
require a completely different approach. Such questions are typical for experts in
numerical analysis, but not so much for engineers, nor for those coming from ab-
stract Harmonic Analysis and like to work in the most general setting.

Let us give a concrete example of a similar situation: We all know that the very
general definition of a Riemannian integral allows to show (via the concept of uni-
form continuity) that for every continuous function f on [a,b] the integral | ab f(x)dx
is well defined. But that Riemannian sums are not an efficient way to actually com-
pute this integral, while good integration rules allow to compute an approximate
numerical value of such an integral in a much more efficient way, but maybe with
a little be less of robustness (which respect to the choice of f). In fact, typical esti-
mates for such algorithms make use of size estimates of certain derivatives of f.

Similar things are also true in Fourier Analysis, but less common in the percep-
tion of users. So in fact, the community is challenged to provide more of such effi-
cient algorithms. In addition, one may want to find out under which conditions they
are applicable, and—in ideal cases—demonstrate the optimality of such statements,
leaving the user with the comfortable feeling to be sure to have made a good choice
whenever such a highly efficient algorithm can be used in a concrete situation.

To convince yourself, each of our readers is welcome and in fact encouraged
to collect further evidence of the poor reception of mathematical concepts in the
applied community, to point out misunderstandings and also to contact the author
of this article who tries to get an overall picture of the situation, with the slight hope
to improve teaching and communication between disciplines, once the problems are
recognized and mathematically valid alternative approaches are offered.

Hence readers should consult not only mathematical books but also “practical
guides” to the use of the Fourier transform, above all in order to see with their
own eyes how discrete Fourier transform is seen (and taught) by highly experienced
authors in the application areas, who know many practical tricks and pitfalls (to
use their own words). We will not discuss here all the ways to avoid such pitfalls,
but have to mention that some of them arise only because the finite vectors are not
properly identified with functions on finite groups, and the “center of a vector” is
not always easy (and the usual plotting routines are not a good guide!).

As books in this category let us mention the book Mastering the discrete Fourier
transform in one, two or several dimensions. Pitfalls and artifact, by Isaac Amidror,
see [1] or Computational Fourier optics. A MATLAB tutorial by David Voelz [65], an
SPIE publication. Another book of this kind is entitled Fourier approach to digital
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holography, by R. Jozweicki [52]. In such books, addressing the applied community
the authors show great experience with practical issues related to the discrete Fourier
transform, but at the same time reveal that they are not familiar (as the majority
of their peers) with some guiding principles which could be offered by modern
Harmonic Analysis.

Of course books vary greatly in their attempt to either ignore theoretical con-
cepts (which are viewed as a burden to practical people), or relate the reader to
the mathematical literature, where the interested reader (but why should she/he be
interested in the pedantic explanation of irrelevant technical details and strange con-
cepts?) could find explanations (or what mathematicians consider an explanation) of
concepts which for an engineer have anyway a “natural interpretation and meaning.”

There is not only the scandal in systems theory, but there are also some curious
inventions showing up in the applied area, e.g. the so-called epsilon-distribution, as
the “anti-thesis” to the Dirac distribution (see [61-64]).

Concerning Dirac sequences, i.e. sequences of ordinary function approximating
the Dirac “function” one can read in Kanwal’s book (see p.9 of [43]): It is not true
that one has limy_,e f(0) = o for any such Dirac sequence, it may equally be the
case that one has lim,_se.f(0) = —eo! Such statements leave the reader with the
impression that one may expect in any case lin,_.|f,(0)| = . But this is of course
wrong, because one can find other Dirac sequences which have any given limit, or
those where this sequence is divergent. So the correct conclusion would be: It is
not meaningful to talk about the value of § at x = 0! More generally, generalized
functions do not provide pointwise information, but rather average information.

A comparatively harmless lack of mathematical strength (or should one say even
mathematical correctness) can be spotted in the otherwise quite elaborate book of
Bracewell (([4]), p-27): Of course (?) convolution is associative, i.e. satisfies f * (g *
h) = (f * g) * h, whenever the involved convolutions make sense. But there is no
mathematical proof and thus evidence is only a wishful thinking (highly plausible
however, if one considers the “typical situations,” where in fact such an associativity
law is valid). But wouldn’t it be natural to slightly overinterpret this claim and expect
that it remains valid for the case of generalized functions (distributions)? But then
it suddenly would be wrong, because one can find examples of distributions, where
the claimed associativity law is violated! In fact, if convolution is defined in an
individual manner in the context of generalized functions, this associativity rule
may even fail to be valid (cf.[2], p. 111/112).

9.4 A Set of Questions

It is one of the goals of this note to address some of the following basic questions
(which according to our understanding are basic principles and cornerstones of what
we have called Conceptual Harmonic Analysis in [16]):
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How can Fourier Analysis over finite groups be realized using FFTs?
How can one approximate the continuous setting by finite sequences, in order to
carry out approximate computations?

e How can one use distribution theory based on (S, L?,Sy)(R¢) in order to come
up with the most general setting?

e How can one learn from numerical experiments and how should simulations be
set up?

e How much can/should one trust (qualitatively, quantitatively) the figures obtained
by such computations?

e Are we sure that we have a good implementation or is there room for further
improvement?

e What are open questions in this field?

This list of question is of course only a fragmented and subjective one, and each
reader should start a little reflection concerning her/his own questions. Even this
short list will not be answered point by point, but we will give some exemplary
answers to some of them, to convey the spirit in which we want to see (and in fact
stimulate) answers in the literature to come in the future.

9.5 Experimental Mathematics

In this subsection we want to share some ideas concerning another meeting ground
between abstract and applied Harmonic Analysis. We call it experimental Harmonic
Analysis. Looking back on the last 25 years this author observes that this part of his
work has been a very important one. It simply did not exist (maybe with a few ex-
ceptions) before. Only in the early 90th it became possible to develop code easily
in a high level language, and spending time on experiments instead of coding. Col-
leagues from our technical university reported, that a single master student was able
to convert existing C-code realized by a whole team within a couple of months into
MATLAB code. It became possible to run simulations, to test hypotheses by doing
numerical computations, or to observe certain phenomena which appear only when
systematic investigations are performed with variable parameters.

This experimental work (finally leading to the creation of NuHAG) started ap-
proximately 25 years ago, in the autumn of 1989, during a one-year visit to John
Benedetto, at the University of Maryland, at College Park. At that time our papers
[20] and [19] had been already published, but we had not done any algorithmic
work. In fact, the reviewing process for the first paper (which was also finished first)
was endless, for various reasons, which are also worthwhile being mentioned here:
The reviewing process revealed that the pure mathematical reviewers thought that
the general possibility of recovering a band-limited function from irregular samples
(under the given conditions) was known already. But this was true only in an ab-
stract sense and in the setting of the Hilbert space L?(R), without any indication of
a constructive recovery of f from the given, potentially irregular samples. It was also
clear that the standard building blocks (e.g., in the case of regular sampling) would
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not be useful for L' (R) or weighted versions of this space, because they would sug-
gest to use a series expansions using SINC-like functions, which are not integrable.
So we had to explain that our paper was about a concrete algorithm and guaranteed
convergence rates in weighted L”-spaces, under favorable conditions, i.e. whenever
the samples were given at a set of good density (better than the Nyquist rate).

But we also received critical comments from the applied reviewers, who simply
did not appreciate the use of weighted L”-spaces, because they were viewed as a
kind of abstract non-sense. But why should even a practically minded user be con-
tent with convergence in the simple-minded quadratic mean (i.e., in the L?-sense)
if the sampled functions show good decay at infinity. Shouldn’t we expect to have
better convergence, or more correctly, convergence at a given rate, for a variety of
useful function spaces norms, depending on the input?

It turned out to be even more important to point out that this convergence is
guaranteed to occur at a given rate, even if the user (or the person providing the
data) does not know that one has samples coming from some f € LJ(R?). It was
certainly during this period that the relevance of having families of alike function
spaces was recognized, which until now (e.g., in the context of coorbit theory) is
one of the central themes.

There are many similar stories to be told, therefore let us just present them in
the form of a list. Summarizing this author’s use of MATLAB over the years one
can say that there is quite a diversity of applications and settings where numerical
experiments have been helpful and sometimes enlightening:

1. Illustration of mathematical claims, e.g. inspection of the structure of a Gabor
frame operator, visualization of the concentration of the spreading distribution of
such an operator, time-frequency behavior of a signal, etc.

2. Carrying out demonstration of mathematical principles, such as a “visual proof”
of Shannon’s sampling theorem.

3. Development of efficient algorithms, ideally useful for applied scientists, e.g.
in the field of irregular sampling or for applications in mobile communication
(channel identification and channel decoding) or astronomical image processing
(in our ESO project, where we have been dealing with hyperspectral images).

4. Performing simulations which should give some indications, e.g. about the de-
pendence of a dual Gabor window on the Gabor lattice, estimates on the condition
number of Gabor frames, etc.

In the long run such experiments gave us the feeling that such simulations, if
done properly, allow to approximate very well the continuous limit. But this situ-
ation also quickly brought up another set of questions: Can we be sure about this
“intuitive approach”? Are we better prepared to defend claims derived from nu-
merical experiments than engineers, who often use finite, discrete computations to
support claims made in the continuous context (and vice versa).

It is natural (but by no means trivial) to expect that the transition from small
to large versions of a problem with increasing signal size and matrix dimensions,
should be discussed in detail using appropriate function spaces. Only then one can
understand this transition to the continuous limit qualitatively and then start to treat
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the transition in a quantitative way, instead of just watching (in good hope) certain
phenomena. In such a way, observations made during extensive numerical simula-
tions may become the basis for the formulation of a theorem, or an approximation
theoretic theorem may be relevant in guaranteeing certain rates of convergence, and
SO on.

There is even the chance to combine numerical and theoretical estimates prop-
erly. For example, one might verify the invertibility of some operator (or an estimate
for the size of its spectrum) by computing numerically the properties of a “approxi-
mating matrix,” combined with a guaranteed a priori estimate on the approximation
error.

9.5.1 Learning Fourier Analysis

In addition to testing hypotheses, developing efficient algorithms for signal pro-
cessing applications or carrying out numerical computations software packages, for
example MATLAB”M, can be quite useful, but they are also extremely important
and helpful in supporting the learning process. As we all know, “showing a few
pictures” is more instructive than a long explanation of the same situation.

This raises some new questions, which I would like to summarize as well:

1. Given a continuous problem, e.g. the fact that the sampling of a signal corre-
sponds to the periodization of its Fourier transform. This is easily implemented
and also verified, so to say manually, even if it realized in a relatively naive way.
The only thing to be observed is the necessity that the sampling rate has to be a
divisor of the signal length, if one wants to have perfect results. For example, for
N = 480 one could subsample by a factor of 3,4,6,8, 10, or 12 (for example).

2. Such demonstration case can also be used to train the group theoretical termi-
nology. The mentioned divisibility problem corresponds exactly to the fact that
the sampling set is a subgroup (with respect to addition) of the cyclic group of
order N. For each sampling rate (e.g., 6) the length of the period on the Fourier
transform side is given by the complementary divisor, which is N/6 in this case,
thus describing the so-called orthogonal subgroup, a subgroup of the frequency
group.

3. In some cases it will not only be necessary to explain, by which analogy the pre-
sentation of a finite dimensional example is derived from the continuous setting,
but it may also be of (hopefully great) interest to discuss the kind of errors in-
troduced by the finite dimensional approximation, and how it can be controlled
(e.g., via a priori estimates, or by making the convergence claims for suitable
classes of functions, in order to be able to guarantee some rate of convergence
for a whole class of functions, and not just individual functions).

One simple way to understand periodic functions f is to interpret them as func-
tion over the unit circle. So the graph of a real-valued function can be considered as
a subset of the cylinder (the direct product of the circle with the real line), with the
value of f being marked in the vertical direction (Fig.9.1).
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Fig. 9.1 The graph of a periodic function on the cylinder.

9.6 Fourier Analysis over Finite Groups

Since we discuss aspects of AHA (Commutative Harmonic Analysis over general
LCA groups) it is natural to start with functions on a finite, Abelian group G. Possi-
ble references are the books by A. Terras ([59]), Luong ([47]), or Wong ([69]).

Of course, on any such group G one has the translation operators 7y, x € G, given
by T.f(y) = f(y — x), x,y € G. They form a collection of N = #(G) (cardinality
of G) commuting operators, and their closed linear span is some N-dimensional
commutative algebra of N X N-matrices. For this commutative C*-algebra one can
find an orthonormal basis of joint eigenvectors for CN = ¢2(G), consisting of N
so-called pure frequencies. In fact, the translation invariance together with the fact
TN = Idg for any x € G implies that the only possible eigenvalues are the unit roots
of order N, which we want to denote by Uy.

In this first technical section let us describe the transition from a purely mathe-
matical description of signals over finite groups to the setting of MATLABM.

If we accept for now the fact that it is a valid claim that a computer can only
work with finite data, we should first understand the problem of Fourier Analysis
over finite groups. Clearly a complex-valued function on a finite group H is nothing
but a vector (vj,),cy indexed by the group elements.

To make it more concrete (and already point to a problem which I would like to
call a psychological problem or a problem of indexing) let us consider two cases.
In applications we may take an audio signal, say one second of a piece of sound.
Sampled at the well-known HiFi rate of 44100 samples per second, we get a vec-
tor in RY, N = 44100 and not a priori a function on any group H. A simple digital
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camera will produce a pixel image, let us assume it is a gray-level image of format
300 x 400, which can be loaded into MATLAB as a matrix A of size 300 x 400 with
8-bit binary entries, i.e. with values in the set {0,1,---,255} C R. Here the binary
(8-bit) value describes the level of brightness, i.e. 0 corresponds to complete dark-
ness (black pixels), while large values are displayed close to white in the standard
display format.

In a next step it is clear and quite plausible to look out for finite Abelian groups
with the right cardinality, in other words to choose a cyclic group of order N = 44100
as the domain of the audio signal, and something like Z39 X Zaqo, i.€. a product of
cyclic groups as the domain for the pixel image data.

But before simply applying the FFT resp. FFT2 routine to the signal (which has
to come in a suitable format in order to be loaded into MATLAB) let us verify how
the identification with the group indices has to be done. Clear enough, Zy, for any
value of N € N has a neutral element with respect to addition (the group law), which
is the zero-element, but a naturally occurring vector does not have any component
indexed by zero! So we have to see how to convert the finite sequence (engineers
would call it a finite, discrete signal) into a finite, periodic signal, i.e. an element
of the group algebra ¢! (Zy), consisting of all sequences x := 22/:’01 O, or using
different symbols Y= 22’:1 ¢k € . Moreover instead of just sampling a function
from left to right (the most left sampling point provides the first component in the
sampling sequence) it should be taken care that the sampling value of f at zero is
identified with the component in the unit circle which corresponds to the neutral
element there, which is of course (the multiplicatively neutral element) 1 = °,
whatever the primite unit root of order N, denoted by @, may be. Failing to choose
this correct assignment (with the slight advantage that functions are nicely plotted)
results in artificial extra tricks which are, however, not necessary if the assignment
is done properly.

9.6.1 DFT in Mathematical Notation

Let us recall the usual description of the DFT (discrete Fourier transform). Starting
from a finite sequence of length L € N, f = [£(0),---, f(L—1)] € CL, resp. an L-
periodic signal f its DFT as described in the book [5] by Briggs, Henson, and Van
Emden, entitled “The DFT. An Owner’s Manual.” The Discrete Fourier Transform
is defined by

N L1 2mik-l
flk)y=2 fhe ¢ k=0, ,L—1, (9.4)
1=0
the inverse transform (named IDFT) can be obtained via
fk) = 1L§ e’ k=0,--,L—1 9.5)
L 1=0 B ' '
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From the point of view of realization within, e.g., MATLAB”™ one can establish
the matrix which corresponds to this linear mapping. It is enough to apply the FFT-
routine (which works column-wise) to the unit matrix, i.e. the collection of unit
vectors in CV (Fig.9.2):
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Fig. 9.2 A plot of the FFT-matrix, obtained by the command: plot (££t (eye (17))) ;

Since MATLAB does not allow to label the coordinates with an index zero (in
fact: any “physical vector” has a first and a last coordinate, but no “zeroth coordi-
nate”) the more natural description (in terms of actual coordinates, used as running

index in these sums, now called k = 1,--- L) is to write:
F =3 e T ks 9.6)
I=1
and correspondingly
=" fwe ™ kL 9.7)

L =1

Of course these formulas are the routine realized via any mathematical software
program providing the FFT of a given sequence. It is also not difficult to verify
that (up to a normalizing factor /L) the DFT is a unitary mapping and the IDFT
(as given by the above formula) is in fact the inverse operator. In other words, the
matrix realizing the DFT as a linear mapping (which can be obtained in MATLAB
by the command F = fft (eye (L)) /sqgrt (L) is unitary, and consequently the
DFT just represents a change of bases, from the standard basis of unit vectors to the
Fourier basis, consisting of (discrete) pure frequencies (or the same: the monomials
restricted to the unit roots of order L).
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9.6.2 Comparison with Polynomial Evaluation

A good way to understand some of the amazing properties (both conceptually
and numerically) can be derived from the observation that the Fourier matrix is
a Vandermonde matrix. More precisely, the Fourier matrix describes the transi-
tion between the coefficient of a polynomial with L (possibly zero) complex co-
efficients, described in the usual mathematical order, i.e. with respect to the basis
{1,£,£%,-,t*71}, to the L points of the cyclic group Uy of order L, which are pre-
sented in their natural clockwise order. This means that we consider a vector ¢ € CF
as the coefficients of a polynomial and then look at the values of

L

L
_ k —(k—1)
(z) = E _ at the sequence (a) ) ,
Pc (Z) k:ICk 1< q el

where ® = o = exp(2mi/L) = cos(360/L) +i-sin(360/L) is the primitive unit root
of order L. In this interpretation we see that the DFT/FFT of a sequence ¢ € CV can
be described as the values of a polynomial with these coefficients (from constant to
highest order = N — 1) evaluated at the unit roots of order L starting from 0° = 1,
in the clockwise sense, resp. the mathematical negative sense.

One of the simple consequences of this identification is the fact that it is clear that
one can use the FFT for the fast realization of the Cauchy product, i.e. the operation
of convolution, which describes the coefficients of a product polynomial.

Given two polynomials the usual form of multiplications (corresponding to the
usual multiplication of natural numbers that pupils are already learning in elemen-
tary school) requires to a carry out a number of multiplications which is more or less
the products of the two orders of the polynomial factors. In other words, the com-
putation of the square of a polynomial of degree 99 requires 10.000 multiplications
(plus some reshuffling in between and at the end of the process).

The FFT allows to do the same thing considerably faster: We just have to consider
the fact that a product of two polynomials of degree 99 will certainly be of degree
< 255, hence it is enough to know it on the unit roots of order 256 = 28 (a power of
two makes a particularly fast FFT!) in order to find its coefficients by the (equally
efficient) IFFT algorithms (which is just the FFT plus some minor modifications).
So given the coefficients of the two polynomials it is enough to first extend the given
(100) coefficients via zero-padding to the length L = 256. This procedure does not
change the value of the polynomial at any point in the complex plane, but forces
the FFT-routine to sample the polynomial not only at the unit roots of order 100
but at the unit roots of order 256). The pointwise multiplication is then quite cheap
and allows to obtain the coefficient of the product polynomial, still over the unit
roots of order N = 256, from which the coefficients are easily obtained using the
IFFT routine. Here we are making use of the so-called convolution theorem for the
Fourier transform, one of the highlights of Fourier Analysis and systems’s theory,
in a very transparent way.

Of course this approach also opens the way to an efficient multiplication of large
natural numbers, because at the end in our usual decimal description of natural
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numbers every natural number is just the value of a polynomial at x = 10. Just to give
an example: everybody knows that 1234 is just the value of the polynomial with the
coefficient sequence [1,2,3,4] at x = 10. In fact, the convention of MATLAB for the
evaluation of polynomials is based on the same idea is the representation of number
in our daily life. The length of the string 1234 tells us that the leading term must go
along with the power 13, or represents the “thousands,” while the following digits
represent the lower powers (down to the constant term, corresponding to the last
digit, i.e. 4 in this case).

A simple MATLAB experiment verifying some of the claims made above can be
realized numerically as follows:

L = 5; aa = rand(1,L);

us5 = exp(2%pi*ix[0 : 1/L : (L-1)/L1);
norm(polyval (fliplr(aa),conj(u5)) - fft(aa)),
% the difference of normalized versions = 3.0405e-16

9.7 Poisson’s Formula

One of the formulas which are both at the heart of Harmonic Analysis seen as a
mathematical discipline, but also at the foundation of Digital signal processing is
Poisson’s formula, which has been also a crucial object of investigations in the work
of Paul Butzer, who is certainly one of the pioneers advocating cooperation between
mathematicians (he is mostly an approximation theory person) and engineers. He
has addressed Poisson’s formula in a series of papers, such as [6-8, 10].

The usual way of formulating Poisson’s summation formula is the following one:

Theorem 9.1. .
D [k =2 fn), 9.8)

kezd nezd

but mathematicians found out that it is “not always valid.” In other words one has
to make some extra assumptions in order to guarantee that not only both sides are
convergent, but in fact that the two infinite sums are equal. Katznelson’s book [44]
provides a counterexample. There is a more detailed discussion of this problem,
evaluating under which extra conditions such counterexamples are still possible,
despite a little bit of decay of both the function and its Fourier transform (however
in a somewhat balanced way), see [40].

The usual proof goes like this: Given an integrable function f € L!(R) one first
observes that it can be periodized, i.e. one takes fper(x) := X,z Tnf(x) and then
the Fourier coefficients of this new periodic functions, usually denoted by ( fpe,) (1)
coincide with the samples of the continuous Fourier transform of f at n, i.e. with
f (n), n € Z. At the heart of the proof are elementary properties of the exponen-
tial function. The “story” goes on by representing the periodic function f,, via its
Fourier series expansion, i.e. using the fact that
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fper(t) = Z fper(”)ezmm-

nez

It seems to suffice to set + = 0 in this equation in order to obtain the Poisson
formula, but there is a serious problem: it may well be that the Fourier series is
convergentfor ¢ = 0, i.e. the right-hand side is then of course Y,y f (n), but without
representing the actual value of fp,-(0).

For engineers the value of Poisson’s formula is more in a related situation. Given
a function f on the real line R, one can expect that a (regularly) sampled of the
function has a (generalized) Fourier transform (resp. in the usual sense, as the FT
of a discrete signal on Z), and that this function on the torus is in fact the same
as the periodized version of f. Changing the roles of the time and the frequency
variable one can say: If we periodize a function f, then the Fourier coefficients
of the periodized version of f are just the samples of f (taken at the lattice AL,
associated in a natural way with the periodization lattice). (See [26] for a recent
paper in this direction).

In the setting of Sy(IR¢) we have the following valid statements:

Theorem 9.2. For f € Sy(RY) one has
2 Sy =2 fn), 9.9)
kezd nezd
the sum being absolutely convergent on both sides.
There are of course similar versions for general lattices (using the orthogonal lattice
on the Fourier side then), also valid for all f € Sy(R?). For a proof of the above

formula (9.8) one simply has to set # = 0 (in the current context this is justified!) in
the statement below:

Theorem 9.3. For f € Sy(R?) one has: The periodized version Sper belongs to the

algebra (A(T), ||-||a) of absolutely convergent Fourier series, hence fper is point-
wise represented by the uniformly and absolutely convergent series
Jper(t) = 2 fper(”)ezmm = 2 f(n)ezmm, teR, (9.10)
nezd nezd

the sum being absolutely and uniformly convergent.

In the current setting the engineering viewpoint that sampling and periodization
are equivalent (one on the time, the other on the frequency domain) has a very
symmetric formulation and one can also claim:

Theorem 9.4. For f € Sy(RY), then the sampled version of f, i.e. the sequence
(f(k))reza is absolutely summable, i.e. belongs to the sequence space £' (Z). More-
over the periodic function h arising as absolutely convergent series, namely

h(x):= Y cxe?™N - x e RY
kezd

has as Fourier coefficients exactly the sampling values of the original function f.
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9.8 Transferring Data Between Groups

It is one of the key observations of Fourier Analysis that one should view signals or
even generalized functions as objects which /ive on some LCA group ¥ (see, e.g.,
[11] for a good example where an applied author makes this suggestion of a unified
signal processing approach). This author is obviously influenced by the book of
L. Loomis on Abstract Harmonic Analysis ([46]).

A typical problem which is rarely treated in a mathematical satisfactory way in
applied books is the transition from the continuous (and often non-periodic) set-
ting to the finite case. Of course this transition can be realized in two steps. First
we can try to approximate (in some—correctly in a distribution theoretic—sense)
the non-periodic function by a periodic version with a “very large periodization
constant.” Afterwards the resulting function (now a function on the torus or a multi-
dimensional version of the torus) has to be sampled properly in order to come up
with a finite vector which can be treated in the computer, using linear algebra tools.

We also observe that these two procedures commute if the sampling distance
(sampling grid) is a refinement of the periodization net. So for decent functions on
R? one can expect that it is a good idea to periodize with respect to p - Z¢ for some
integer p € N and to sample over the lattice (1/g) - Z¢, hence the resulting data-cube
generated forms a d-dimensional matrix of size n := p-q.

The viewpoint that a non-periodic function is the limit of its periodic versions

f]) = 2 T]kaa

kezd

for p — o is often used as an argument in the derivation of the formulas for the
continuous Fourier transform for function in L!(R¢) (not in a strict sense, but in
the sense a plausibility argument). On the other hand, it is obvious that a smooth
function, sampled at a high rate, is well approximated by, e.g., the piecewise linear
interpolation of the sampling values. Hence overall one can expect that for a function
f showing some good decay and enough smoothness a reasonable choice for the
integer values p, g (large enough) will allow to retain a finite data set which captures
the essence of the function f. A qualitative statement in this direction (involving the
Segal algebra So(R?)) is given in ([41]).

From a group theoretical point of view it is clear that the periodization operator
maps functions in L' (R¥) to functions (in fact in a surjective way) on R? /A, where
Ay = p-Z is the periodization lattice. On the other hand, the restriction mapping
(e.g., from SH(RY) to Sy(Az) = £'(A,)) is surjective as well and produces sequences
over Ay, typically Ay = (1/q) - Z°.

It is also clear that the periodization step can be practically ignored if the function
f has compact support, because then locally (over the fundamental domain of the
lattice Ay) the function f is just the same as its periodized version f,.

The combination of both operations maps function in So(R?) to functions on the
quotient group Az /Ay, which is a finite group and thus accessible to computations.
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That these transitions are not just vague limiting relations, but can be made math-
ematically precise using the Segal algebra (S)(RY),||-||s,) has been explained in
[21], and is used very much in the proof of [41]. A particular case of the results in
[21] is the following statement (formulated here for the case d = 1):

Lemma 9.1. Given f € So(R) let us write Sp,(f) for the piecewise linear interpo-
lation of the regular samples of f over (1/q)-Z. Then one has

[Sp,(f) = fllsy =0 as gq— oo

These operations can be well described in the setting of the Banach Gelfand
triple, because for any lattice A <R the corresponding Dirac comb LLI, :=
Yaca 8, belongs to Sy(R?), and sampling resp. periodization can be described
as pointwise multiplication f — LLI - f and convolution by such a Dirac comb:
p — Ly % u for any L'(RY)-function resp. bounded measure u € M, (R?). If we
have two such lattices, a coarse lattice A; which describes the periodization, and a
refinement of this lattice, fine lattice Ay <t A; (hence the quotient group is a finite
Abelian group), then in fact these two operations will commute. Let us write LLI
for the Dirac comb corresponding to the sampling lattice Ay, and LLI , for the Dirac
comb over the the periodization lattice A;. Then we have the following commutation
relation:

L p# (LW - f) = LW (L px f), forall  f € So(RY). ©.11)

It is clear that for every decent function, e.g. for any smooth function with com-
pact support, one can expect that the knowledge of these sampling values for large
p and sufficiently fine sampling lattice should suffice to produce a good approxima-
tion of the function f, by cutting out the relevant local profile of f (some of the basic
periods) and applying some form of (quasi-)interpolation on the data, in order to
come back from a finite set of samples to the function space Sy(R?). This is indeed
the fact and is properly described in [41].

We will describe here only the idea with a specific prescription, restricting our
attention to the case of the real line ¢4 = R and the simple method of piecewise
linear interpolation, which is also how MATLAB”M presents function using finitely
many sampling values.

Given N = p? we spend our budget (length of the vector to be stored) in two ways,
by taking the sampling rate 1/g = 1/p, i.e. we take p samples per unit interval of
the p-periodic version of f € Sy(R), or alternatively, we sample the function f over
the lattice (1/p)Z and periodize this sequence (which belongs to ¢! (Z)) afterwards,
with period N = p>.

In any case, we receive a function of the cyclic group of order N (which for us is
viewed as the group of unit roots of order N with the usual multiplication of complex
numbers).
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9.8.1 From Groups to Linear Algebra (and Back?)

Although in principle we have now an idea how to convert a function (up to some
loss of information by periodizing it coarsely and sampling it at a high rate, but
of course loosing some information) and to create from f a periodic and discrete
signal, we still have to describe how to work with this periodic (hence infinite)
signal (living on Z) into a vector that can be treated, e.g., using MATLAB or some
other mathematical software package.

It is quite clear that any basic period can be chosen to represent the periodic
function, but the question is, which offset should be preferred (Fig. 9.3).

periodic smooth signal, with four basic periods
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Fig. 9.3 Showing a basic period of a periodic function.

Although it may appear to choose, in the case of, e.g., a periodized Gauss func-
tion to choose the segment in such a way that the plot of that segment looks nice,
i.e. with the peak centered in the middle, this is not the correct form of transfer to
the finite setting. The MATLAB file conv example - Convolution: two
Gaussian functions provided with [65] shows the effect. It instructs the user
to apply the £ ft shi ft-command after pointwise multiplication of the two Fourier
transforms. But this is only necessary because in his transition the center is not cho-
sen properly. The peak should be found at the first MATLAB component, which
corresponds to the neutral element (w° = 1) of the group of unit roots.
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9.9 Time-Frequency Analysis and Gabor Analysis

According to the current understanding, the field of Time-Frequency Analysis can
be described as that part of mathematical analysis which is centered around the use
of the so-called time-frequency shift operators (see [36] for a general reference to
the field, but also [27]).

Although the natural domain for time-frequency analysis is the setting of LCA
groups (one needs only a locally compact Abelian group ¢ which comes with its
dual group, in order to properly define TF-shifts) we recall—for simplicity—the
situation for the case ¥ = R?. In addition to the commutative family of translation
operators 7, we have (another commutative group of) pointwise multiplication oper-
ators (multiplication by characters), resp. the modulation operators M, : My(f)(z) =
e*i57 5 7 € RY. When combined (first the time-shift is applied, then the modulation
or frequency shift) we obtain the time-frequency shifts, i.e. the unitary operator on
L*(RY), given by:

m(A) =MT,, for A=(x,s5)eR!xR? 9.12)

Although the mapping A — 7(A4) is not a usual group representation of the additive
group G x é, here RY x R? , it is still a so-called projective representation, i.e. the
composition of two operators 7(A,) and m(A,) gives m(A; + A7), but up to a phase
factor of absolute value one.

One of the key objects in TF-analysis is the so-called STFT (short time Fourier
transform), which gives us a picture of the “energy distribution” of a signal, by
localizing it to different locations (using the moving window g, which normally is
assumed to be centered around the origin, smooth, non-negative, and symmetric,
e.g. a Gauss-function or a B-spline), defined by

Ve(f)(A) := (f,m(A)g), A eRI xR (9.13)

Such an approach is also well motivated by the analysis of musical sound, where
the ear (and then the brain) are able to recognize a melody, find that two melodies are
similar (e.g., up to transposition) used another transform, the so-called Short-time
Fourier Transform, also called the Sliding-Window Fourier Transform, because
it can be interpreted as follows: if one wants to analyze the change of frequency
content within a given signal, one has to first localize the signal, and only subse-
quently apply Fourier Analysis methods to the localized pieces. The resulting func-
tion of two variables on the time-frequency plane is typically depicted by presenting
a color-coded intensity, i.e. either [V, (f)| or |V (f)[?. The latter can be interpreted as
the energy distributions (telling us at which point in time do we have a lot of energy
at which frequencies, e.g. which accord is played by which instrument), because
one can interpret that the total energy equals the total energy in the signal, usually
described by [ga | f(x)|?dx.
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In fact, via Plancherel’s theorem one can verify that one has

IVelH) 2 geay = Il for g € L2 (Y.

Obviously it makes a lot of sense to assume that ||g||2 = 1, because then V, maps

(L*(R?), || ||2) isometrically into (L*(R??), ||-||2), and thus the adjoint mapping
V, is the inverse mapping on the range, i.e. one has the (weak) recovery formula

f=,  Velpmgadr.
R¥ xR

The Segal algebra Sp(IRY) consists exactly of those functions f € L?>(R¢) with
Ve(f) € L'(R*?), while Sy (R?) can be characterized as the set of (tempered) distri-
butions & with V,(c) € L™ (R x RY).

So(R?) first appeared as a very natural space within TF-analysis. It is the smallest
Banach space with the property ||T(A1)f||s = ||f]l8,Vf € B, and consequently its
dual is the largest such Banach space. Moreover, both of them are Fourier invariant.
This was one of the original motivations to study this space [23-25].

Gabor analysis is an important branch of time-frequency analysis. It goes back
to the idea of D. Gabor [32] to represent “every complex-valued function” on R
as a superposition (in fact a double series) of the Gauss-function, shifted “in time
and frequency” along the integer lattice Z x Z. Even if it turned out that this is the
“limiting case” (to use a TF-lattice at the critical density = 1 is not a good idea),
but does not at allow to provide stable expansions of general functions f € L?(R)
(due to the Balian-Low theorem, see [36]) it is still a good general idea. In fact it
is meanwhile well known that for any pair of lattice constants (a,b), with 0 < ab <
1, it is true, that the Gabor family of the form (Mp, T xg0) (nx)ez2 form a (stable)
Gabor frame, at least for the choice gg equal to the Gauss function (more recently
a number of other functions known explicitly). Such families have as a dual frame
another Gabor family, with a so-called dual Gabor atom g, which is again a Schwartz
function.

There are various properties, where good windows, meaning windows (or Gabor
atoms) in Sp(RY) are welcome.

First of all one can show that for any lattice A </RY x RY the mapping f —
(Ve(f)(A)2en ). i.e. the restriction of the (continuous) STFT to the lattice A, maps
(S0,L%,8¢)(R?) into (£1,£2,07), whenever g € Sy(R?) (see [25]). Hence the Gabor

frame operator
S(f)= Y (f,m(A)g)m(A)g
AeA

is bounded linear mapping of the Banach Gelfand triple (Sy,L?,Sy) into itself, which
by assumption is invertible at the L2-level (cf. [13]). But as a matter of fact it is also
invertible as a BGT-mapping, meaning that its inverse is also mapping Sy(R?) into
itself and also extends in a natural way to an inverse mapping on Sy (R?) (cf. [37]).
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Consequently one has: whenever some g € Sy(R?) defines a Gabor frame (with
respect to the lattice A then the dual Gabor atom, i.e. § = S~!(g) also belongs to
So(RY).

Another nice feature shared by all the windows g € So(IR) is the robustness of
the lattice against jitter error (slight pointwise perturbation of the sampling points,
see [18]), but more importantly also against small perturbation (e.g., small dilation
or rotation) of the lattice. The main result of [21] states that for any g € So(Rd) the
set of all 2d x 2d invertible matrices A, such that with A = A(Z?%) the pair (g,A) is
an open set.

Of course also for Gabor analysis we have the problem of approximating (numer-
ically and computationally) the dual Gabor atom (with a small error in the Sp-norm,
because only this justifies to call the computed window an approximate dual Gabor
window. Qualitatively this problem has been settled in [41].

It is a nice experiment of thoughts to pursue (at least for a little while) the fol-
lowing question: Was it really a natural and unavoidable step to go from the Fourier
transform for periodic functions to the continuous Fourier transform, involving all
the necessary tools of integration theory and complicated summability methods in
order to describe the Fourier inversion results? Or was it partially (and undoubtedly
an important) a historical development that could have taken another route? What
if the community of people studying classical Fourier series would have first taken
the modern viewpoint of time-frequency analysis and would have introduced the
short-time Fourier transform before developing the Lebesgue integration theory.

In such a case it certainly would have been possible to define Sy(IRY), using just
the Riemannian integral, and then to extend the domain of the classical Fourier trans-
form to Sy (R?), in the way described above. Obviously such an approach would
have made it necessary to discuss the question of the choice of the window, and a
justification of the inverse STFT mapping.

Then one could have discussed the question of time-resolution, which can be
increased by allowing very short (and well concentrated, but smooth) windows, or
alternatively, guarantee a high frequency resolution by making use of a very large
window size. From such a point of view the so-called sifting property of the Dirac
measure would correspond to a “one-point” support of the window, i.e. the function
would be viewed as a continuous superposition of its point values (of course also
understood in the w*-sense within Sy (R9)!). But clearly the Dirac impulse is not
a function in the ordinary sense, and not even in L' (R¢), despite the generality of
the Lebesgue integral. It guarantees perfect time resolution, but creates obviously
some technical problems (e.g., because changing the pointwise values of a function
f € L'(R?) over a set of measure zero does not change the equivalence class of
measurable functions to which f belongs). In the same way we can make the win-
dow “infinitely long,” and take the resulting transform (which then has of course
perfect frequency resolution over the “continuous frequency domain” R¢) as a lim-
iting case. But clearly the constant function (with amplitude 1) is not an element
of the Hilbert space L*(R¥), and thus we face (the usual) problem of integrability!
The way out of this dilemma is of course to assume integrability of the function
f whose Fourier transform should be taken, as we are used to this extra condition.
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In other words, the time or frequency representations are kind of extreme cases of
a TF-representations for “objects,” which can be carried out without problems for
f € So(RY), but becomes a bit “dangerous” outside of this space. We refer the reader
to the classical sources in the field.

9.9.1 The Banach Gelfand Triple and w*-Convergence

There are many advantages if one works with the Banach Gelfand Triple. Let us just
pull out the advantages when working with the question of properly describing the
Fourier transform. Here the space of test functions Sy(R?) is well suited, because
it is not so small and contains, e.g., all the classical summability kernels, but, on
the other hand, allows to apply the Fourier inversion formula, and even Poisson’s
formula (in its strongest form). On the other hand, the dual space S (R?) is large to
contain all the LP-spaces, but also periodic functions of any kind, including the Dirac
combs, but also pure frequencies or Dirac measures. In this enlarged setting one can
describe the Fourier transform as the unique Banach Gelfand Triple automorphism
of (So,L?,Sy)(R?) which maps pure frequencies into Dirac point measures (very
much in the spirit of a musician listening to a pure tone and explaining to his friends
that he is hearing a particular frequency with a given small or large amplitude).

However, when it comes to such statements one has to be careful with the
type of convergence which one is taking into account. We suggest to use what is
called (in courses on functional analysis) the w* — wst-continuity, which means that
the Fourier transform is not only norm-to-norm continuous at each level (namely,
So(RY),L*(R?) or Sy (RY)) but also preserves w*-convergence.

Let us recall that a sequence (0,) of distributions in Sy (R?) is w*-convergent to
some limit oy € Sy (RY), if we have for every test function f € So(R¢)

r}g{}oon(f) = 0o(f)-

Let us thus show how easy it is to argue that the generalized Fourier transform,
defined for o € Sy (R?) by the rule

6(f):=0(f), feSHRY) (9.14)

maps w*-convergent sequences into w*-convergent sequences (with the correct lim-
its). We say that . is a w* — w*-continuous mapping.
For a proof of this claim we only have to verify that

Op = W* — limnHmGn = GAO = W* - llmnﬁmcfn (915)

This form of continuity is also quite important because it appears to be the correct
form of approximation of distributions by either ordinary functions or by finite sums
of Dirac measures (so-called finite discrete measures). It can also be used to deduce
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the validity of a general convolution theorem from the validity for point measures,
i.e. from the fact that
5/\’4< 5)7 = 6x+)77 X,y € R?

in conjunction with the fact that .%(5;) = y_, the pure frequency z +— exp(27i(—s)x),
and y,, - Xy = Yu+v (resulting directly from the exponential law).

The mentioned continuity property can also be used to show that the “tricky
method” (of defining the generalized Fourier transform as in (9.14)) is the only
method which has the following property:

Proposition 9.1. Assume that © is the w*-limit of a sequence of regular distributions
induced by test functions (g,) in So(R?) (or even L' (R?)), i.e. that

lim [ f(x)ga(x)dx=0(f), [€SHR.
n—eo Jpd
Then also the sequence of their Fourier transforms has the same property, i.e. the
limit

dim | 208 ()dy
exists for any h € So(R?). Consequently it is possible to extend the Fourier transform
by identifying & with the functional assigning to h € Sy(R?) exactly this limit.

Even if this viewpoint suggests that the extended Fourier transform is the only
natural extension of the ordinary, pointwise defined Fourier transform on the do-
main L' (R?) it would be cumbersome to establish this limiting relationship and
then verify that the so-defined Fourier transform actually satisfies ||6 gy = [0 ||s/-

9.10 Summary

Let us shortly summarize the most important point of this pamphlet, by providing
a “take-home message.” The points which should be kept in mind (and giving a
context in which to place our activities) are the following ones:

e First of all, we want to combine the advantages of Abstract Harmonic Analysis
(AHA, which is mostly Harmonic Analysis over LCA groups) with the efficiency
of Computational Harmonic Analysis, but unlike AHA we propose to keep an
eye on the interaction between the different settings. So it is not just analogy
which helps us to guess how to approximate (in a suitable sense) a continuous
problem by a finite dimensional one, which can be performed constructively on a
computer. The combination of these ideas is promoted by the idea of Conceptual
Harmonic Analysis which we would like to see to be promoted at many different
levels!

e The description of this connection between objects living on different groups is
best performed by means of families of Banach spaces of functions resp. their
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dual spaces, which are usually called generalized functions. A minimal setup
suitable for a correct treatment of mathematical questions arising in engineer-
ing applications resp. in the context of AHA is the so-called Banach Gelfand
triple (Sp,L%,5), based on the Segal algebra (S(G), | -||s,) and its dual. The
space Sy(G) contains all the “good functions” (for example, all the summability
kernels), while the dual space is large enough to contain, e.g., the Dirac comb.

e While the abstract viewpoint may help us to understand connections and ideally
enables us to develop efficient algorithms the opposite flow of information, i.e.
from numerical experiments to theoretical insight is much less established as a
research principle. According to our experience numerical simulations may pro-
vide a lot of evidence, but they also raise the question, whether what we observe
is related to a corresponding “truth” in the continuous setting, or just an artifact
of the involved discretization.

e In the future we should see how estimates proposed in the theoretical literature
can be computationally verified, and also how one can quantify the errors made
in such computations, based on smart a priori estimates.
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