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Big Data Analysis

e Tremendous increase of data acquistion: audio, images, video
medical /biological data, industrial processes, social networks...

e Automatic analysis becomes critical for industries, science
medecine, Internet search, new services.

e Memory and computational capacity now allow to sovle
large size complex classification problems.

e Effective but complex non-linear algorithms are developped
such as deep neural networks.

e LLack of Mathematics.
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Big Data Analysis

e (lassification problems:

find the label y(x) € {1, ..., K} for a data vector x € R

given a training set of examples: {(xz, yz)}
(/

Data dimension d > 10%, Number of classes 2 < K < 10*

Number of training examples per class from 10 to 1000

e An interpolation problem:

find a good approximation g(x) of y(x), with {?](%) = Z/z}

e Piecewise constant interpolation: nearsest neighbor classifier

~

y(x) =y, if ; = argming, ||z — ;|| Failure
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. Curse of Dimensionality

e Failure of standard analysis in high dimension: here d > 10°.

e Points are far away in high dimensions d:

- 10 points cover [0, 1] at a distance 10+

6—6—6—6—6—6—6—6—6—"0

- 10¢ points cover [0, 1]¢ at a distance 107 1.

volume sphere of radius r .

s
i volume [0, 7|9

. nearly all points are in the corners!

= there is typically no close data point in high dimension.

Monday, August 12, 2013




ClalTech 101

Beaver

e Considerable variability 1in each class.

e Euclidean distances are meaningless
e Need to find discriminative invariants.
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Low-Dimensional Manifold

e The curse of dimensionality is not a problem if signals

belong to low-dimensional manifolds:

= Fuclidean distances provide
local similarity measures

e Manifold technics: find intrinsic coordinates
for example by diagonlizing the Laplace-Beltrami operator.

e Applies to output of low-dimensional dynamical systems

but not valid for complex signals such as music, speech,

images, geop]

nysical data, medical signals, financial series...
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. Stochastic Models

e Each z € R? of class k is a realization of a process X}
of probability distribution pg(x)

= classification is about discriminating random processes.

e Not enough samples to estimate pg(x) in high dimension,

but can discriminate different pi(x) from their projections:

{E(Fm(Xk)) :/

” Fo () pr(z) df}

m

e For classification: F(F,,(Xg)) must be estimated from

one realization r = need ergodicity property

F,,(z) ~ E(F,,(X})) = u, invariant in the class k.
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) a;v .. lexture Discrimination i

e Textures are realizations of high-dimensional stationary
processes, which are typically not Gaussian or Markovian.

e Second order moment projections: E(X (t) X(t —m)) = R(m)
estimated with weak ergodicity conditions: power spectrum.

same second order moments

e Use higher order moments ?
Estimators have a large variance
= not sufficiently invariant.
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Audio Textures

J. McDermott textures

same second order moments

* Natural Sounds (1s) Original Gaussian model

— Hammer
— Water
— Applause
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_Learning Invariants

e Classifications can be reduced to multiple binary classification

e T'wo classes C;, and C; can be discriminated by finding

an invariant operator Fj ; with:
Vr € Cp. Fk’l(x) ~ U € R
Ve € C; Fii(x) = i #

e Linear classifier compute FJ ;(x) from a ®(z) = {P,, ()} <D

szl E Wy, nCIZ‘.

n<D

Strong classifier aggregating many ” weak features”.
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_Hyperplane Separation

Representation Supervised linear classification
R R” ?
rT— & Dx S (P, w) > p > class
D> d

Ck

e Support Vector Machines optimize the
choice of hyperplane: (w, 1) from examples.

For any two classes C; and C; finds w so that

(Px, w) E Wy, P,x

is nearly invariant and dlfferent in C, and C;.

e How to define @ to get linear discriminative invariants 7
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Representation Supervised linear classification

?
r— | & L Ox S| (Px,w) >T >class

e ® may be defined tfrom prior knowledge on data.

¢ Unsupervised learning of ¢ from unlabeled examples {z; }:

requires to model a very high dimension distribution.
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'i ‘,73";‘v . Deep Neural Networks -

J. Hinton, Y. LeCun ”State of the art results”

Hierarchical invariance
_——

T P (x)
1 .. 1 Non [ — — —
| Linear [ Linear — C T o
- — — u u - Le, Ranzato, Ng et. al.:
S B fH W B e B Hsva Lo fante Noel.
- > - - 15 ..., F unsupervised training
N ~ — N 5 n 1 billion variables
d = - - . = *
; —> g = — — .'__: L, Face
1 d; < d; ul ~ H detector
v do > dy d/2_§ do u —> Body
MEMEEEEEEMN = B ctector
HAEHNEEuaaE d > d
m

EEEEEEEEEE by 5
HlddANEEdE Grand-mother cells

1 7 I 7 I I 72 2

anmumaamma Hinton, Bengio, Ranzato et. al.:
HEdARAEdE=

Temmmamoms  usupervised learning with sparse auto-encoders
ENENNNEEES
Wavelets

Why and how does it work 7
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Over 30% of the brain for vision

Huge amount of memory

&/, ventfal (w
Ir;:i(or(l‘,empord/Corte/_ X
£

(
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. Psychophysics of Vision

Hypercolumns in V1:

directional wavelets .
co 8ot e Non-linear

e Large receptive fields

Complex Cells

Spatial Frequency
Columns

AN e Some forms of invariance
ARG
\\/ [ B
\/;/ v
NN £
v
N
N T Complex
N\ ottt coll

Right Eye

Simple cells Gabor linear models

«What» Pathway towards V4:
e More specialized invariance
e «Grand mother cells»
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6 > audito ry cortex
thalamus
inferior colliculus

Time and Frequency
”7translation” 1nvariance

cochlear nerve

Cochlea:
dilated wavelet filters

o Wavelets appear at early stages of vision and audition.
WHY 7
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Overview

Invariants and stability to diffeomorphisms

Scattering and deep neural networks

ePart 11:
Limit scattering transform
Expected scattering of stationary processes

e Part I1I:

e Texture discrimination and synthesis
Multifractal analysis
Scattering on Lie Groups
Unsupervised learning of representations
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A --3..v . Jranslations and Deformations _ =

e Patterns are translated and deformed (class dependent)

# KA Y aqdyd ¥y
5 59858

Group: R? x Diff (R?)
/.

two dimensions infinite dimensions

e Textures are stationary (translation invariant) processes
with deformations
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1011S

e Rotation and deformat

SO(2) x Diff(SO(2))

Group

P

=

S

OL-U—

=

=

=
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<
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o0

k=

PSR AT
2 Lt e
o

R x Diff(R)

Group
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H : Heisenberg group of ”time-frequency” translations

Monday, August 12, 2013



Time and frequency translations and deformations:

log(w) 4

e Learning frequency transposition invariance:

for speech recognition not for locutor recognition.
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Translation Invariance

e Specific deformation invariance must be learned.
Supervised learning:

3 Translation orbits

¢ 1 g (th)—dimensional) ] 4/ /Q /
/
: 8 Invariant to translations Py

4
./\/
) ;\i\/\“ »Linearizes” deformations nearly invariant
‘\[ 4_ % J to deformations
- 1

B

‘/i’ Discriminant
' 4

A Deformation orbits
(high dimensional)
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Stable Translation Invariants

e Invariance to translations x.(t) = x(t — ¢)

Vce R , ®(x.) =P(x) .

0 (| 2%@ = sl Foupce e
Not stable

>
0 . W
(pie) < ()]l > sup|' (1) o]
Fourier invariants
0 W are not stable either.

e Lipschitz stable to diffeomorphisms z,(t) = x(t — 7(t))

small deformations of x = small modifications of ®(x)

v @) = @) < Csup [Vr@)] fl]]

~—

l

diffeomorphism metric
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Fourier Translation Invariance_.

e Fourier transform #(w) = [ z(t) e~ " dt invariance:
if x.(t) = z(t — ¢) then |z .(w)| = |Z(w)

e Instabilites to small deformations z,(t) = x(t — 7(t)) :

|z, (w)| —| Z(w)|]| is big at high frequencies
T(t) = et
T(w) Tr(w) w

1 unstable

VAW WY

4 stable
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Wavelet Transform

e Complex analytic wavelet: 1 (t) = 1%(t) + i °(t)
e Dilated: ,(t) = a (e 7t) with A=a 7 .

A

[p(w)|? D (@)® ()]

o Wavelet transform: z x ¥y (t) = /x(u) Y (t — u) du

= ( o >
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o Complex wavelet: ©(t) = ¥%(t) +i¢°(t) , t = (t1,t2)
rotated and dilated: 1y (t) =277 (277rt) with \ = (27,r)

real parts

e Wavelet transform: Wa = ( % P(1) >
)
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Denote ||z]|2 = [ |=(t)|? dt

Proposition: (Littlewood-Paley)

The wavelet transform is unitary for xz(¢) € R
[Wzl|> = lzxo* + ) lzx ol = |||
A

if and only if for almost all w.

p(w)]? + % E}\: (W/\(W)\z + |1ﬁ,\(—w)|2) =1
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Why Wavelets ?

e The wavelet dictionary {¥x(t — u)}, » is translation invariant.

e Wavelets are uniformly stable to deformations:

if 4y () = ¥ (t — 7(t)) then

92 = ¥asll < C sup V(1)
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e The modulus |z % 1y, | is a regular envelop

e The average |x x 1y, | * ¢(t) is invariant to small translations

relatively to the support of ¢.

e Full translation invariance at the limit:
tim [z | 6(8) = [ o x i, ()] du = [l o,
but few invariants.
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Wavelet Stabilization

Window Fourier Wavelet time-frequency Time averaging

2 %y (t)] v TRl xo(t)

o '

VW WL &

MFSC (audio) on 25ms

Locally invariant to translations and stable to deformations
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Wavelet time-frequency Time averaging on 370ms

% A (1) ERRUNRZI()

|

rI‘h‘i l i . & ;
U “ ‘ _'.‘ ]
b (W R
by o h."w o L |
gl m 1:" iy e R e el

. : ” Mh _— .
Hﬂﬂ "i ‘ .
iy 'ﬂ-num 1 i vy hn"r'!hﬂ * el

g

Locally invariant to translations and stable to deformations

But loss of information = MFSC (audio) on 25ms : too small.
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. Recovering Lost Information

A ‘w*w)\l‘

A e S

e The high frequencies of |z x 1y, | are in wavelet coefficients:

B xx Yy, | * P(t)
W‘Zb*w)q‘ _ ( |Qj*¢)\j|*¢)\2(t) >t,>\2

e Translation invariance by time averaging the amplitude:

\V/Ala)\Qa |‘$*¢>\1‘*¢>\2|*¢(t)
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‘x*¢>\1|

‘x*¢>\1’*gb i . .
Wo]
| tha, [ x P, | 00 0 0 0 0 O 0 00O 0 0
Hx*wkl‘*wAzl*¢ | ‘

T K Pa, | *Un, | * ] 3006000500000 oooouumum 00000000

/A

I
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Scattering Vector

Network ouptut:

z % (u)
T x Py, | P(u)
Sz = |‘$*¢>\1‘*w>\2‘*¢(u)
@ %1 x; [ % x, [+ g | > P(u)

u,>\1 ,)\2,)\3,...
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zi(t) = a;(t) (c* h(t)) with c(t) =Y d(t—nT) .

log(A) o x o, (0]

<1977 Hz
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Music chord :

C Major

() m
Minor 3rd Qﬁ)\ (w)
Perfect Sth
W3 — W2
I w3 — wi m
wo — W1
Major 3rd 0 ﬂw
Interferences :
2
%) 5 (t)|]* = e5 + E Crn.m/ COS(Wpy — Wiyt )t
m’Z£m
Second order coefficients: ||x x ¥y, | * ¥, 255, (W)

12)\2 (w)

e AA i
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log()q) ‘Jf *P A, ’(t)

2000 Hz

131 Hz
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I

2% P, | % U, | * ¢ g Rt
W3] “
0000000000000000 OONNNNNNN 00000000
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. Scattering Properties

[ 75 (1)
‘CIZ * w)\l ’ * ¢(u)
Se=| b x vl * o)
Il 620 e+ |+ 60
U A1, A2,A3, ...
Iszl? = 3 > HH\x*W* I %0y, \*¢|

m= O 1

00000

Theorem: For appropriate wavelets, a scattering 1S

contractive ||Sx — Syl|| < ||z — vy

preserves norms ||Sx| = ||x|
stable to deformations x.(t) = x(t — 7(t))

|52 = Sa|| < Csup [Vr ()] ||
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Wx:< zx H() ) is linear and || Wz = |||
t,A

Y

Wiz = ( v % O(1) > is non-linear
£,

Y

- it preserves the norm |||W x| = ||z|]

- it is contractive ||[|W|x — |Wly| < ||z — |

because for (a,b) € C? ||a| — [b]| < |a — b
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e JM,,,LU,,L ,,AM,...M.. .l.l..W.IJ!...M\. .lt.\.V.IJL.J..‘.J..

e S is con




‘$*¢A1|

‘aj*wAl‘*¢ f ! y
W
|2 * P, [ > P, S 6 5938 060 dd b %
H‘/E*wkl‘*wAzl*¢ | ‘ ‘ ‘

‘WS‘ ”
|ZC * Tp)\l ‘ * w>\2 | * ¢>\3 ‘ 0000000003000000 ......QQ“".OO. 0000000

A

I

e S preserves the norm because inner layer energy converge

to zero as the depth increases.
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._ &A (w)

e The modulus |x x 1y, | is a regular lower frequency envelop

Modulus shift wavelet coefficient energy to low frequencies.
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. Lipschitz Stability to Deformations,

Wavelet transtorms "nearly commute” with deformations:

D x(t) =x(t — 7(1))

Commutator operator:

W,D,| =W D, —D, W

Lemma :

|[W.D] || < C sup|Vr(t)]

and || [[W], Dr| || < [[ [W, D] |

because modulus commutes with diffeomorphisms.

Monday, August 12, 2013



art 11: High Dimensional Classification
CalTech 101

Joshua Tree Beaver

Water Lily

>

e Considerable variability 1in each class.

e Euclidean distances are meaningless
e Need to find discriminative invariants.
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'i ‘,73";‘v . Deep Neural Networks -

J. Hinton, Y. LeCun ”State of the art results”

S
=

Non

Linear

0

—_—

Linear Linear

Classifier

|
|=

\/IIIIIIII|III|I

- Y

Q. IIIMMIIM S

S}
—
S¥
Q.
—_
A
QL
—_

v de > di dj < ds
MAEMEE=EEEER]
AV A A
EEEEEEEERE
HlddAlBEElE
pﬂmnnnnnmn
‘ﬂﬂ!ﬂﬂﬂﬂﬂﬂ
BElRARAEE =
1 W
ENENSNEEEN
Wavelets

AT T N L

=

3

> d

The W, are learned Why and how does it work 7

with a sparsity criteria
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¢ Invariance to translations x.(t) = x(t — ¢)

Vcee R , ®(z.) = P(x) .

e Lipschitz stable to diffeomorphisms x,(t) = x(t — 7(t))

v, ||@(zr) — @(2)|| < Csup [V7(2)] ||| -

l

Fourier Failure diffeomorphism metric
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‘x*¢>\1|

‘x*¢>\1’*gb i . .
Wo]
| tha, [ x P, | 00 0 0 0 0 O 0 00O 0 0
Hx*wkl‘*wAzl*¢ | ‘

T K Pa, | *Un, | * ] 3006000500000 oooouumum 00000000

/A

I
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Scattering Properties

[ 75 (1)
‘CIZ * w)\l ’ * ¢(u)
Se=| b x vl * o)
Il 620 e+ |+ 60
U A1, A2,A3, ...
Iszl? = 3 > HH\x*W* I %0y, \*¢|

m= O 1

00000

Theorem: For appropriate wavelets, a scattering 1S

contractive ||Sx — Syl|| < ||z — vy

preserves norms ||Sx| = ||x|
stable to deformations x.(t) = x(t — 7(t))

|52 = Sa|| < Csup [Vr ()] ||
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Part Il : Overview

* Deterministic Scattering transform
Limit scattering integral
Inversion

Image classification application

* High-dimensional stochastic models
Scattering models of stationary processes
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e'st () %y (t)] with A =27 > ¢

Frequencies w = mé& Paths p = (A1, Aa..., Apn)
el (1) = et .. ety (t) ||z * P, | % Uy |- | x N, (1)
Countable frequency set Countable path set

Local Fourier:

/ e 2 (1) Pt — u)du

Local scattering:

5) in [t [ 1w, () 6t = w)du
Fourier transform: ? :: é Scattering transform:
T(w) = /6“"“ x(u) du Sxz(p) = ,ngl / |z * iy, || x Y, (u)] du
() =1 Sé(p) = 1

Frequency set: R Path set P ~ ZN ~ R
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p = (291,272 273 ) yields a non-linear frequency subdivision.
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Limit Scattering Transform

e Glve a meaning to limy_1 S = 5.

e S is defined on finite paths: p = (ij)k< with 27 > €.
Countable path set. T p(w) in [—€, €]

e S is defined on inifinite paths: p = (ij>k with 27 > 0.
EN

Path set P = N% ~ R.

e Must define a measure du(p) on P hence a o—algebra.
finite path p = cylinder set of infinite path beginning by p.

du(p): scattering mass of a Dirac on a cylinder set.
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Scattering Transform

Theorem S converges weakly to S when ¢ goes to 1

There exists a measure du on P such that

Vz € L*(R) , Sz(p) € L*(P,dp)

/ Sa(p)|? du(p) < oo
P

We know that ||Sz||? = ||z||* and limy .1 S = S

Conjecture: / 1Sz(p)|* du(p) = ||z||* .
g5
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0.04 - - 1 - 1

z(t) Z(w)] Sz(p(w))]
0.02; 1 0.57 D 1 057
0 - - 0 NI LE = =V = W
0 20 40 60 0 2 4 0 2 4
271

/ ()2 (2 w)? dw = /  [Brp(w))? d
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Scattering Integral Examples

v (t) = z(t — 7(t)) with 7(t) = et .

0.02 - - 1 - 1 -
(1) Z(w)] Sz
0 w W I 05} /\ | 05} %\ -
~0.02 - - 0 - ob— I~ | = —
0 20 40 60 0 2 4 0 2 4
0.02 - - 1 - 1 -
r. (1) 1z (w)] Sz
0 I 05| I 05} %\ -
~0.02 - - 0 - 0 - o
0 20 40 60 0 2 4 0 2 4

18] “Airl |, |[Se = Sa,|lp

— 1.4
Jzlflr"llec\ (e [P

Fourier transforms maps regularity and decay and vice-versa.

What notion of regularity defined by the scattering decay 7

Depends on the sparsity /geometry of wavelet coefficients.
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Image Fourier Modulus Scattering ¢(t) =1

() Z(w)] Tk Pa [ x P [k hn, [ x s, x @
t = (t1,12) w = (w1, w2) lexbaglln Iz x| x i |
)\1 :2j1 0, )\1 — 2j1 o,

)\2 — 2j2 o,
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Second order Scattering Sx:

27 x(t) zxpa | x6(27n)  [lexdn | x| x 6(27n)

¢ ) v,("}’\\:."'
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Affine Space Classification .
Joan Bruna

Each image is represented by its scattering tranfsorm

Each class C;. is approximated by an affine space A}

computed from examples with a Principal Component Analysis
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Joan Bruna

Classification Errors

Training size | Conv. Net. Scattering
300 7.2% 4.4%
5000 1.5% 1.0%
20000 0.8% 0.6%
60000 0.5% 0.4%

LeCun et. al.




: Phase Recover

» L‘ = -

Wax = {:1; * @, T * wA} is linear and unitary.
A

Theorem For appropriate wavelets 1. Waldspurger
W x = {:c*gb, ‘f*wx\})\

1s invertible and the inverse 1s continuous.

400

S Y

0 L L L
0 100 200 300 400 500
40 - - -

ZOM
0 1

0 100 200 300 400 500

40

* \J“\//\\qAJ/\HJK[YfM/\A\,J//\\\//\\\//\\Mﬂ/&
0 1

0 100 200 300 400 500

) e

0 100 200 300 400 500

: QOWW

0 100 200 300 400 500

0 100 200 300 400 500
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cattering Inversion: Phase Recover
1. Waldspurger

Theorem For appropriate wavelets
Wlx = {:B*¢, \x*@bA\})\

1s invertible and the inverse is continuous.

Inverse scattering:
T W
{M’ ‘x*w’\l‘}xl
I\W\‘l

{‘x*,(p)q‘ *gb ) Hx*w)\l‘ *¢>\2‘}>\17>\2
%W -1 Propagation of errors

{lexnlevnlx o 1B pp sl conl}
W
{11z a5 nal % g | %@, [lllex thn, [+ o | % a0, |}

>\1 7>\27>\37
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Audio Reconstruction

J. Anden

Original audio signal x

Reconstruction from Sz for an averaging window ¢ of 1 s

from 1st layer coefficients |x x ¥y, | * ¢

adding 2nd layer coefficients ||z % 1y, | * Y, | *x @
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Expected Scattering Transform .

o If X (%) is a stationary process then
X %y, | *...] %y (t)] is also stationary.

Scattering : ( X xo(t)
‘X*¢>\1|*¢(t)
SX(t): “X*wkl‘*wAz‘*¢(t)
X % o, | % g [ % ¥ | * @(2)

>\17>\27>\37°“

e When ¢ — 1 with "appropriate” ergodicity conditions”
SX (t) may converge to the expected scattering transform:

/ E(X)
E(!X*%l’)
SX — E(]| X x| * ¥y, ])

E([[]X x thx, | * ¥a, [ * hxs)

)\17>\27>\37"'
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Bernoulli .X(t). . i SX(]O(w))2 :. Radon measure
i 1.5¢

1t

0 200 400 600 800 1000 O 0.5 1 1.5 2 2.5 3
6

4 | | | | 2x10 |

IRE

|

| 0.5¢ ‘
0 200 400 600 800 1000 Oo'|| 05 i s s a5 aw
Gaussmn White 0it1

[ Rl @) = [ 5X(p(w) do
2J
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Expected Scattering Transform .

X (t) stationary process: [ E(X)
_ E(|X * ¥, |)
SX = E(HX*¢>\1‘*¢>\2D
E(|[|X %ty [ * ¥x, | * xg])

A1,A2,A3,...

Theorem: A scattering is
contractive [|[SX — SY||? < E(|X —Y|?)
preserves norms ||SX||* = E(|X|?) (for finite random vectors)

stable to stationary deformations X, (t) = X(t — 7(t))

ISX — SX.|| < C sup|Vr(t)| B(|X|*)"? .
t
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X(t) Rx(w) Expected Scattering
: Power Spectrum
stationary process b E(X*¥nD)  E(1X * x| *tx,|)
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Fourier
Spectrum

log (A1) J. McDermott x5, | (1) Y

log(A1) 25 window ’33 * ?p)\lt‘ * ¢(t)

log(A2) & % ha, | * P, | * @) for Ay = 2000
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( E(X) = E{UX) \
B E(|X x¢y[) = EU1X)
SX = E([|X % x| *x¥a,]) = E(U2X)
(!\\X*@D/\Q\*%Q\*wg) = E(UsX))
' A1, A2, )3, ...

Theorem (Boltzmann) The distribution p(x) which satisfies
/ Unx p(x)de = E(U,,X)
RN

and maximizes the entropy — [ p(x) log p(z) dx

O

1
can be written: p(x) = ~ eXP ( A - Uma:>

m=1
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Synthesis from Second Order

J. McDermott textures Joakim Anden Joan Bruna

e Maximum entropy estimation of X (¢) :

- Gaussian model from 2nd order moments
(N power spectrum coefficients)

- Scattering model 1st & 2nd orders ((log, N)? coefficients)

- Original jackhammer
- Gaussian model

- Scattering model

- Original water
- Gaussian model
- Scattering model

- Original applause

- Gaussian model
- Scattering model
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'T"v .. Image Reconstruction e

Original Reconstructed
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28 +Part lll: High Dimensional Classificatios

« How to represent high-dimensional data = € R for classification ?
d > 10°

e Need to compute discriminative invariants.

MNIST digit classification

nd Music classification
8 R * it - R ? N g TPERAEY

‘|‘L i (‘ﬁy)” .“,“‘:‘\v“{"::“ ' ] T “1 T T
; : HIMRIRIOR IR o B o | |
' il Sty ) RN At
M‘M b HIRERRREE I RR ] i ”:.J‘p’,, ’.[\“\.
f | i O 0

| B s

v

g VWY
SRR b e ek L. ool . ! i P

‘ = S y : . -
: : : : o - .
g L . . 3%

CalTech 101

Joshua Tree Beaver Lotus
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y
A 1<
N =1

J. Hinton, Y. LeCun ”State of the art results”

Hierarchical invariance

X X1 p([El(U)) — |331(U)| @Q? ju— ((I)nx)n<D
H 1 1 Non [ — _ = |
1 M | Linear = T - Linear
0 Wi g P g We H = H Classifier :
:_1’:_’: _2)_:__,0)____)—): > Y = 1 lfzn’wnq’.nz>ﬂ
u m m - - u 0 otherwise
d - - 5 - m

d>d = : -

d2_> dy B E
D> d

e Deep network algorithms learn the W; with sparsity.

Why does it work 7
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e Invariance to translations x.(t) = x(t — ¢)
Vcee R , ®(x.) =P(x) .

Fourier invariant: ®(z) = |2(w)| = |f$(t) e~ dw

e Lipschitz stable to diffeomorphisms x,(t) = x(t — 7(t))

vr o, [[@(zr) — @(2)|| < Csup |[VT(t)] ||z -
b—_ __

l

Fourier Failure diffeomorphism metric
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e Complex analytic wavelet: 1 (t) = 1%(t) + i °(t)

A

-For t € R, dilated [B(w)? D@ iy (w)]?
with A = 27 0 A\ )'\’ »w

-For t € R?, dilated and rotated
Pa(t) = 27 (2rt)
with A = (27, 7)

Wavelet transform Wz = (ac* d(t) , T * 1Py (t)))\
Tight frame |[Wz|®> = lzx¢|® + ) [z x¥a]® = ||z
A
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‘x*wAJ*QS . ! 9
W,|
HZE*w>q *¢A2‘ e 50 ¢ ¢ 4 6 g
|z * hx, [ Pa, | *+ @ , 97 A

W3] A' A
|2 % hx, | * a, | * g 000000000G300000 00000000 ommum 0000000010000 600%
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o Wavelet scattering of x(?):

Theorem
z * ¢(t) \ |Sz — Syl < ||z -yl
@ %y, |+ P(t)
Se=|  lloxgn]x ol * () |52 = =]
HEREDWEEPWESDW ) Lipschitz continuous
A1,A2,)3,...  to diffeomorphism

o If z € L?(R"™) then full translation invariance with

/ f :E(t) dt \ similarities with
H T * 1Py, H ] Fourier transform
lim So — [l x e ) — Sz € L2(P)
[z % x, | * g | * ¥asla

A1,A2,A3,...
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Scattering Random Processes

o Wavelet scattering of x(?):

% P(t) \
zx x| * @(2)
Sx = |‘5’7*¢>\1|*¢A2‘*¢(t)
@ %, |+ s | * thag [+ o(t)

>\17>\27)\37"'

o If x(1) is a realization of a sationary process X (¢) then

convergence to an expected scattering:

E(X) |
E(|X %y, |) contractive
im Sr = SX = E([|X * x| x ¥, |) representation of
o—1 E(HlX % ’QD)Q’ % w}q’ % w}\S D a random proces

>\17>\27)\37“'
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Part Ill : Overview

* Scattering of Stationary Processes
Texture discrimination

Multifractal analysis and applications

e Invariance to Frequency Transposition, Rotation and Scaling
Scattering wavelets on Lie Groups

o Unsupervised Learning of Deep Networks
Scattering with frames
Sparsity and contraction.
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Classification of Textures

CUREt database Rotations and

1llumination

61 classes o
variations.
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Expected Scattering
estimated with ¢ =1

A X 1y, | % ¢ | X by, | %y, | * @
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CUREt database

61 classes
. | g, Q.Supel.’vised Linear
Classifier: PCA/SVM
Training | Fourier Histogr. Scattering
per class | Spectr. Features
46 1% 1% 0.2 %
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Self-Similar Multifractals

e Stochastic self-similarity: X (st) = A, X (¢)

where A, is a random variable independant of X and
E(|A|7) ~ s¢(q)

and X (¢) has stationary increments.

e A, is constant for fractional Brownians and Levy Stable:

= ((g) =¢(1)q.

e A, is a log-normal random variable for Mandelbrot cascades.
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_Scattering Multifractals
J.Bruna, E/.Bacry, J.F.Muzy

X(st) = As X (1) with FE(|Ag]|?) ~ s¢(a)
e ['irst order scattering coefficients
SX(20t) = B(IX 5, ]) ~ 20

Not sufficient to discriminate different selsimilar processes.
Avoid high order moments: numerical instabilities.

e Normalized second order scattering

E (|| X % tgiy | % o |)
E(| X * g |)

gX(le 7 2j2) —

Proposition If X has stationary increments and self-similar:

SX(271,272) = S X (271772)
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Proposition: For fractional Brownian motion and noise
E(HX * Wi ‘ * Pois D ~ 9~ (J2—7j1)/2

SX(271,292) =

Gaussian white noise
X(t)

Fractional Brownian

0 log SX (271) ~ ¢(1) ju

10

107"k

107t

107

10*

10°

10° ¢

10' +

10° ©

107"

slope = -1/2 = ¢(1)

| | N
log SX (271)
—22| slope —H = ((1)

E(| X * g, |)

log SX (271,271) ~ —(jo — 71)/2

10 w \
slope = -1/2

107t
107 ‘ ‘.,.1 — j2

0 5 10 15

log SX (271,272)
~ slope = -1/2 o

107, 4 6 8 ‘1](‘)1 _12j914
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Scattering Stable Levy Measures .

X(t)

a=1.5

16000
14000+
12000+
10000+
8000+
6000+
40001
2000+
0
2% > 4 6 8 10 12 ~2000 2 4 6 8 10 12
5 5
] x 10 — x10
log SX(271) ~ a™ Yy log SX (271,272) ~ (o™t — 1)(ja — j1)
& J1 g : J2 — )1
| 1} ol _ |
o | slope = o™ =
- ; 1072 ]
. » 10-0.47/
10' L .
5 LS S p—
13
10 ; 15
i ] 1078
10_1 1 I | | | L ! | | | | | | | | |
0 2 4 6 8 10 12 14 16 1 2 3 4 5 6 7 8 9 10 .11 .
J1 J2 —

o = 2 : Brownian motion.
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#X ¥ Mandelbrot Cascades "

Barral, Mandelbrot

e Stationary log normal random measure dX (t) obtained
as multiscale products of log-normal random variables.

(o) = (1+5)a— 5

1 18 an ”intermittency” factor.

300 T T T T 250

ZZ ‘ ILL — 0.04 2501 IU‘ — 007 1 lu — 01 ‘

2001
100

2001
150

1501

100
100

50
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|v’a?

“a

1= 0.04

50 '
0 1 2 3 4 5

p=70

07

pn=0.1 ‘

0" P PR PRI O L B S POPTR A Y mi PRI IR
0 3 4

_Scattering Mandelbrot Cascades

J.Bruna, E.Bacry, J.F.Muzy

Theorem: Mandelbort Random Measures d.X satisty:
lim SdX(2j1,27%) =Cspu .

J2—71—00

log SAX (271) ~ Cy

3.5

2.5

slope = 0

1.5

14

16

J1

log SdX (271, 272)

0.35

0.3f

0.25r

0.2r

0.15f

T

— MRM 0.04
— MRM 0.07
MRM 0.1

0.1
0

10
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dX (1

. dissipation energy

0.14 107
0.12F
0.1F )
107
0.08}
0.06}
10_5§
0.04} :
0.02
0 107°
0 1 2 3 4 5 6 0
x 10°

log S(271,272)

# F(j2 —j1) -

log SdX (27*)

| Kolmogorov decay

0 41

4 6

8

10 12 14

not self-similar.

10° ¢ | ‘
; values ;
of jl 3
4|
5
767
—7
107"k 8
—9
10_2 | | | | | . .
0 2 4 6 8 10 12 14 16 18 L
J2 —J1

16

18
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1 Trading day of German Bund.

0.35

_Financial Time Series

20

0.3
0.25f

0.2

0.05 4 MHN

WJWWMMMMWM

800

1000

log S(271,272) = F(ja — j1)

1 0—0.5

10708]

values
of j1

"y
[
o, -
[
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- Fetal Heart Rate Variability

P. Abry, J. Anden, V. Chudacek, M. Doret

Fetal heart rate monitoring gives information
on the stress level of babies before delivery.

True Unhealthy
False Healthy

True Healty

”Fractal behavior”

log SX (271,272) #+ F(jy — j1) = Not self-similar

-0.5

-0.5

i—?TP‘ _@_TP, | -e—Tp‘

~ |<FP ~~FP ~—FP
TN —~TN TN
-2.5¢ -2.5
o 2 4 s 8 10 ¥4 s 1
J2 — J1 J2 — J1 J2 — J1
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Invariance to Lie Group Actions

 Invariance to a Lie group action and stability to diffeomorphisms

—Translation and frequency transpositions

—Translations and rotations

—Tranvariance to translation-rotations and scaling
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J.Anden

e Frequency transposition is a common source of variability

e Transposition < translation and deformations in log A\

e Invariance with a ”frequency scattering” along log \;

z(t)

Scattering
along t

log \q

Scattering
along log A\

Scattering along log frequency v; = log, A1:
2(71) = [z % han (1)

> Oy
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Genre Classification (GTZAN) _
J.Anden

e GTZAN: music genre classification (jazz, rock, classical, ...)
10 classes and 30 seconds tracks.

e Fach frame is classified using a Gaussian kernel SVM.

1"= 370 ms
Feature Set Error (%)
A-MFCC (32 ms) 19.3
Time Scat., m = 1 17.9
Time Scat., m = 2 12.3
Time & Frequency Scat., m=2 10.3
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* ?"i“,v .Joint versus Separable Invariants_ .=

e Separable cascade of invariants loose joint distributions.

e Separable rotation and translation invariants can not
discriminate:

= need to build invariant on the joint roto-translation group.
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Roto-Translation Group

e Roto-translation group G = {g = (r,t) € SO(2) x R*}

(r,t).z(u) =z(r (u—1))

e Group multiplication:

(r',t") . (r,t) = (r'r, Pt +¢) : not commutative.

e An averaging invariant is convolution on L%(G): z(g) = z(r, t)

for teansipaimiations *:gb@;@:;(];) ;e(%); d( Bogd?" g) dg’

RZ

e Roto-translation Haar measure : dg = dt df (rotation angle )
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Scattering on a Lie Group
L. Sifre

e One can define separable complex wavelets ¢, (r,t) € L?(G)

T ® o(r,t) ) . . >
Wox = __ 1s unitarv over L<(G).
° ( 'CU@w)\Q(T?t) )\Q’T’t y ( )

e A roto-translation scattering applies

Walz = ( *® (1) > and |W,,| = |[Wa| for m > 2.

‘x & w)\z (T‘, t)| Ao, 7.t
translation Scak%gé;tﬁaﬂ%%ﬂg%)n on
Tl [Wi| |2 % 9, () |= w(PF, #) -t Wa > [w @i, (07, 11|
l )

T * ¢(t) Wj@&%@,,tﬁ, t)

Monday, August 12, 2013



) 3
()

7]

7
7
ZR

it

el

i';l

\

él ‘ -.‘ 2% a 4 « -: -
/7
7

:

i

i ,!
T
.
/

i

i

i
%
&

:
1,}1
il

i
i

()
2
/7

7

0

;1

I"

Scattering (‘.]H.S.Qiﬁ(‘ﬂ.f..iﬂﬂ errors
2l raining S’}Sranslai;i@n»suﬁce{ﬁéfe—(ﬁ Rotdation | Scyling
] Classifrer s BCA/S VM
20 20 % 2% = 0.6%

Monday, August 12, 2013




Learning Representations

Unsupervised Learning
Representation

CEERd—>

o

P c RP

Learn with labeled examples {(z;, y;)}:

Linear
L Supervised > class

Classifier

¢ Unsupervised learning of ¢ from unlabeled examples {z; }:

- model the {z;}; as realization of a random vector X € R¢

- adapt ® to the high-dimensional distribution p(z) of X

but we can not estimate p(x)...
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( E(X) = E(Xo)
_ E(|X x 9y, |) = BE(Xy)
SX = E([|X x [ *hr,|) = E(X2)
E(H’X*wk2’ *¢>\2‘ *¢>\3 ) — E(XS)
Az As,.
Initialize Xg = X
For W,,Z = (Zn Z(n) , Z %y (n)))\ iteratively compute
X1 = |[Wi(Xo — E(Xp))
Xo = (X1 — E(X1))
= [W3(X2 — E(X2))

o Expected scattering: SX = (E(Xm))

e [ixpected wavelet scattering transtorm:

meN
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l’a " . Generalized Scattering .

e Define W,z = (<:I:‘, 9n>) . from RYm to CNm+1: HOW 7
N>~INm+1

Tight frame: > [(x,0,)]° = ||z|* & WiW,, =1d

Xm — |Wm(Xm—1 — E(Xm—l)‘
= (I{Xm-1 = E(Xn1), 60)])

n

A ! +’?”‘W1|"X1]_+1?”\W2\"X2 0= W~ X5
E E E
E(Xo) E(X4) E(X3)

e Eixpected scattering transtorm: SX = {E (Xm)}mEN
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e Since W, is a tight frame operator ||W,,z| = |z| and

|[[Winlz — [Wnyl|| < llz —y|

Theorem: I. Waldspurger
|SX — SY|| < E(J|I X = Y*)
ISX]| = E(]X]]*)
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_Optimized Space Contraction

e A generalized scattering progressively contracts the space

e For classification, we need to squeeze the space while
minimizing the data volume reduction

W.
W3

ormalization

X3/ E(X3)

Proposition: The data volume reduction at layer m is

E([|Xm—1 = E(Xm-1)[") = E(|1Xm — E(Xm)[I) = [ E(Xm)|7

= for all m minimize ||F(X,,)| .
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. Sparse Layerwise Learning

o Given X,,_1 — F(X,,_1) we compute W,, by minimizing

B = [ E(IWn(Xnr ~ BE(Xmo)])|

11 norm across realizations

= W,, defines a sparse representation of X,, 1 — E(X;,_1)

Sparse dictionary learning problem.

X0 lt’@—’|W1|-*X1‘l—+:@—’\W2|’*XZ‘J(—+’§—’|W3“*X3‘1_+’?”

E E E b

EV(X()) EEXI) EV(XZ) E(V)(B)
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Binary
classification
y(x) =0 or 1

e A linear classifier approximates the frontier of y(x) by

Z W, P,x

e Problems of tunctional approximations in high dimension...
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Conclusion

* High dimensional classification algorithms have considerably
improved 1n the last few years with many applications.

» Beautiful problems but lack of mathematics and mathematicians
working 1n this area.

* Papers and Softwares: Www.d1.ens.fr/data/scattering
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